Mathematics 805
Homework 8
Due Friday, March 27, 1 PM

1. A good reference for the history of factorials and I'(z) is an article by P.J. Davis in The American
Mathematical Monthly, vol. 66, 1959, pp. 849-869, available through www. jstor.org.

This proof of a less precise form of Stirling’s formula is taken from Rudin’s Principles of Mathematical
Analysis.

For m a positive integer, define

f(@)= (m+1—a)logm + (z —m)log(m +1) m<z<m+1

_Z 1 1
o)== 1+ logm m-t<r<m+}

You might find it helpful to graph f(z) and g(z) to see why one might define such functions.
Prove that

f(z) <logz < g(x).

This shows that if n is a positive integer,

/;Lf(x)dx < /lnlogxdx < /1ng(:1c)dx.

Use this inequality to show that
2 <log(n!) — (n+ 3)logn +n <1,

thereby proving that
n!

= (njervn

For many problems involving n!, this inequality is sufficient to give the desired result. Stirling’s formula
states that

ool

< e.

n!
lim ——— = V27,
e (nfe)i/n

Answer: The function f(z) is a chord from the point (m,logm) to the point (m+1,log(m+1)), so it is easy
to see visually that f(z) <logz for € (m,m + 1) (this is not a proof, only an explanation). The function
g(x) is a tangent line to y = log z at the point (m,logm), so again visually we can see that g(z) > log« for
m—3<z<m+ ;.

Proofs of these facts go as follows: Set F(x) = logz — f(x). We see that F'(z) = 1 — (log(m+1) —logm)
and F(m)=F(m+1) =0.

Take t € (m,m + 1). We compute F(¢) using the Mean Value Theorem. First, F(t) = F(t) — F(m) =
F'(&)(t — m) for some & € (m,t). Second, we have —F(t) = F(m + 1) — F(t) = F/'(§&)(m + 1 —t) for
some &2 € (t,m + 1). Because & > &2, we know that F'(&1) > F'(&). If F(t) = 0, that would imply that
F'(&) = F'(&2), which contradicts F’(&) > F'(£2). Moreover, because F'(£3) < F'(€1), we can conclude
that F'(&1) > 0, showing that F'(t) > 0. Hence, f(t) < logt.

For the other inequality, start with logy <y — 1. Substitute y = -, and we have log -~ < -~ — 1. That
says that logz < = — 1 +logm = g(x).

We now know that f(z) <logz < g(z). Therefore, we have

/f(x)dxg/ logxdx:nlognfn+1§/ g(z) dzx.
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We also have
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Therefore

1 1
nlogn—n+1< 3 + log(n!) — ilogn

g < log(n!) — (n+ %)logn +n

2. 8.7.41. Since e® = > 2" /n!, we know that (e® —1)/z =1+ x/2! + 2%/3! +

a power series expansion. The coefficients B,, in the expansion

are called Bernoulli numbers. Prove

(a) Bany1 = 0 for every positive integer n.
(b) We have By =1 and

(3>Bo+(?>Bl+<z>Bz+~~+(L)Bn—l0

(C) Show that Bl B2 B4 BG and BS
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-, and hence z/(e* — 1) has



Answer: (a) Set f(z) = F55 + 5 = 2”(7:!’7”7"‘:). Then

—x—xe® (—x—xze T)e® —xe®—ux re® +x

J0) = = = 27— 20— 2e -1 @)

In other words, f(z) is an even function.

We also have
T § E” n 1 E ETL n

Because only even powers of x show up in the Maclaurin series expansion of an even function, we conclude

that B, = 0 if n is a positive odd number other than 1 and that By = —%.
(b) Because the power series expansion of (¢* — 1)/a has constant term 1, we know immediately that
the constant term in the series expansion of z/(e* — 1) is 1. For the rest, we look at the identity

B, . xF B, .,
eon (2 i) (25 (25

If m > 2, then the coefficient of ™ must be 0. But that coefficient is

Z @) - @G -m 2 ()

n+k=m
k#0 k#0 k#0
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Z( )Bn—().
n=0 "
(¢) We have already seen that By = 1 and By = —%. Continuing, we have
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3. 8.7.42. If n is a nonnegative integer, the Bernoulli polynomials By, (x) are defined by

t (@) = Bn., = Bu(z),
eztet—lzz(xn!) Zﬁt :Z n('x)t

n=0 n=0 n=0

Prove
(a) Byp(x) is a polynomial of degree n given by

Bn(ﬁ) = <g) B(ﬂEn + (T) len—l + (;L) ngn_Q + -+ (n{’i 1) Bn71x1 + (Z) Bn

Show as well that B, (0) = B,, for every nonnegative integer n, and that B, (1) = B,, for n > 2.
(b) Byya(@) = (0 +1)Bu(2).

() Busa(2) = Bsr + (n+ 1)/ B (t) dt.

0
/ B, (z)dx = 0.

() =1, Bi(x) =x—%, Bo(x) = 2 —x+3, By(w) = 2° —32%+ 3z, and By(z) = 2* — 223427 — 55.

Answer. ( ) The tricky part here is using different variables in different summatlons. We have

Ool’tk oijJ OOann
IE DI LR

il
Jj= 0‘7 n=0

Matching coefficients of t” on both sides of the equation, we see that

B, (x) z* B;

o TR
n! j+k:nk 7!

Multiply by n!, and we have
N (M g
= % et = (1)
Jjt+k=n j=0

which is the desired result.
Substitution of x = 0 and observing that (Z) =1 gives B,(0) = B,.
For x = 1, we compute

iBn(l)—Bn(O)tn_ ett t _t(et—l)_t
~ n! Tet—1 et—1  et—1 7

Therefore, the terms on the left-hand side are 0 for n > 2, implying that B, (1) = B, (0) for n > 2.
(b) We have
Z n -1 + Z n+1 n+1
2 text _ 2 Z Bn+1(x) tn+1
Ox -1 Oz \ = (n+1)!

t2€mt

5 Banale) s
ee—1 = (n+1)!

But we also have

o0 o0
t2ert y te®t _ tz Mt" _ Z Mtn+1
et —1 et —1 n! n!

n=0 : n=0



Therefore,
B;’L-‘rl(x) . B, (x)
(n+1)!  nl
B (z) = (n+ 1) B (z)

(¢) Now the Fundamental Theorem of Calculus tells us that
(n+1) /Ow B, (t)dt = Bp+1(2) — Bpt+1(0) = Bpt1(x) — B
(d) Now we have
m+1) [ Bt dt = Bya(1) — Bua(0) =0,

forn+ 12> 2 ie., n > 1. The result of course is false for n = 0.
(e) Now we just apply the formulas:

Bo(z) = (8) By =1

1 1 1
Bl(l') = (O) B()xl + (1> leO =T — 5

2 2 2 1
BQ(I’) (0> Bo$2 + <1> lel —+ <2) BQ.IO = 1’2 —x+ 6

3 3 3 3 3 1
Bs(x) = (0> Box® + (1) Biz? + (2) By + (3) Bsa® =23 — 53:2 + 7%

4 4 4 4 4 1
By(z) = <0> Boz* + <1> Bz + <2> Byxz? + (3) Bsz! + (4) Bya® = 2% — 223 + 2% — 30

4. 8.7.43. Show that the following expansions are valid in the indicated intervals:

(a) x:PQZsmm (0 <z < 2m)
n= 1
(b) L +4Z " cosna (—r < <m)

Answer: Recall that if f(x) ~ 3 cre®*® then ¢, = (27)7! f:ﬁﬂ f(z)e=** dz. We always compute cq
separately.

(a) We have
I 4r?
o= — rdr = = .
21 Jo 2m -2
1 [ e 1 [ae—he]?™ 1 (27 ke
- - —ike g = i d
CTor ), T T op [ “ik L tor ) —a ™
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f(ﬁC) ~ i cke i ckeikz +c,ke_“”’ _ W+i ( ) ' —ik:m)
k=0

k=—o00 k=0

=7+ Z cos(kx) + isin(kx) — cos(—kx) — isin(—kx))

=7+ Z (2i sin(kx)) i 2sin(kz)

k
k=0



Notice, incidentally, that Parseval’s relation gives something rather interesting:

1
Z|Ck|2 = %/|f(x)|2dx
0 1 27

1 1 (8n3 472
2 2
7r+2§ - = dr = — | — | = —

k=1
<1 w2
2 57

k=1
S
k2 6

k=1

(b) We have

1 ™ ] 1 2 —ikx™ 1 ™ —ikx
cp = — 22e kT dp = Py [m e' } + —/ xe. dx
v

Again, Parseval’s relation gives an interesting result:

NS Lo L ()

k* 2w . 2r \U 5 5
k=1
£
4 45
k=1
1 90
— k 90

5. 10.1.2. Show that I'(1) = 1 and that I'(z + 1) = «I'(x) for all # > 0. Deduce that I'(n + 1) = n! for every

nonnegative integer n.
y
Answer: We have I'(z) = [t te~" dt, and therefore ['(1) = [[“e~"dt = lim —e™'| = lim (—e ¥)+1=

0 Yy—oo 0 Yy—oo

1. Setting u = t*, dv = et dt, du = tz'~! dt, v = —e~?, and integrating by parts gives
Nz +1) = / tYe tdt = {tz(—et)} + x/ t*le~tdt = al'(),
0 +=0 0

where we have used the fact that tlim t*/e! = 0 for any z. Induction now gives I'(n + 1) = nl.
— 00



