
Mathematics 805
Homework 11

Due Friday, April 24, 1 PM

1. As before, let Bn(x) be the Bernoulli polynomial of degree n. Let p be a positive integer larger than 1,
and suppose 0 ≤ x ≤ 1. Show that
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Equating the coefficient of tn yields
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which is the desired result.

2. We saw in a previous homework that if Pk(x) = Bk(x+1)−Bk(1)
k , then Pk(n) = 1k−1 + 2k−1 + · · · + nk−1.

A quick computation gives

P2(x) =
x(x+ 1)

2

P3(x) =
x(x+ 1)(2x+ 1)

6

P4(x) =
x2(x+ 1)2

4

P5(x) =
x(x+ 1)(2x+ 1)(3x2 + 3x− 1)

30

P6(x) =
x2(x+ 1)2(2x2 + 2x− 1)
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P7(x) =
x(x+ 1)(2x+ 1)(3x4 + 6x3 − 3x+ 1)

42

P8(x) =
x2(x+ 1)2(3x4 + 6x3 − x2 − 4x+ 2)
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Some obvious patterns suggest themselves.
(a) Prove that Pk(0) = Pk(−1) = 0 if k ≥ 2. (In other words, x(x+ 1)|Pk(x).)
(b) If k ≥ 3 is odd, prove that Pk(− 1

2 ) = 0. (In other words, (2x+ 1)|Pk(x) if k ≥ 3 is odd.)
(c) If k ≥ 4 is even, prove that P ′k(0) = P ′k(−1) = 0. (In other words, x2(x+ 1)2|Pk(x) if k ≥ 4 is even.)
Answer: (a) We have Pk(0) = (Bk(1) − Bk(1))/k = 0 and Pk(−1) = (Bk(0) − Bk(1))/k = 0, because
Bk(0) = Bk(1).



(b) If k is odd, we have Pk(− 1
2 ) = (Bk( 1

2 ) − Bk(1))/k = 0, because we saw on the last homework
assignment that Bk( 1

2 ) = 0 if k is odd, and we showed earlier that Bk(1) = 0 if k is odd.
(c) We have P ′k(0) = B′k(1)/k = Bk−1(1) = 0, because k−1 is odd, and P ′k(−1) = B′k(0)/k = Bk−1(0) =

0, again because k − 1 is odd.
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(b) Let t = iy in the previous equation, and after some algebraic manipulation of the left-hand side of
the equation, find a power series expansion for y cot y.

(c) Prove that cot z − 2 cot 2z = tan z.
(d) Combine these results to show that
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Transferring t
2 to the other side of the equation gives the desired result.
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Let y = 2z, and we have
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(c) We have cot z − tan z = cos z
sin z −

sin z
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sin z cos z = 2 cos 2z
sin 2z = 2 cot 2z. Therefore, cot z − 2 cot 2z =
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(d) We have
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Notice that the n = 0 term in this sum is 0, so we have
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4. 10.7.25. For a function f : R×R→ R, define the partial functions fx(t) := f(x, t) and ft(x) := f(x, t).
Suppose that ft ∈ L1 for each t ∈ R and that fx is differentiable for each x ∈ R and such that, with
∂f
∂t := dfx

dt and some g ∈ L1, we have ∣∣∣∣ ∂∂tf(x, t)
∣∣∣∣ ≤ g(x) (∀x, t ∈ R).



Then the function x→ ∂
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Answer: Note that the hypotheses tell us that
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Now, we can apply Lebesgue’s Dominated Convergence Theorem to tell us that
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We can then repeat the argument, picking hn to be any sequence of negative real numbers.

5. 10.7.27. Consider the function
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(a) Differentiating under the integral sign, show that F ′(t) = − 1
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Answer: (a) We need to verify the hypotheses of the previous problem in order to differentiate under the
integral sign. Fix δ > 0, and suppose that t ≥ δ. We know that | sin xx | < 1, so
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Therefore, F ′(t) = − 1
t2+1 , so F (t) = C − arctan t.

(b) Returning to the original definition of the function, we see that lim
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Note that F (0) =
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Now, we can apply the Lebesgue Dominated Convergence Theorem and conclude that
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Because ε is arbitrary, we can conclude that ∫ ∞
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