MT90301
Graduate Seminar: Concrete Mathematics
Examination 1
Answers

1. (20 points) Let m and n be positive integers. Show that
[E—‘ _n+tm—1
ml m '
Answer: Suppose [%1 =k. Then k —1 < & <k, and multiplying by m yields mk —m <n < mk. Now
all of the terms are integers, so we can shift by 1 and get mk—m+ 1 <n < mk+ 1. Subtract 1, and we

have mk —m <n —1 < mk. Now add m, and the result is mk <n+m — 1 < mk + m. Finally, divide by
m, and we get k < ™M=1 < k4 1. But this precisely says that k = | 20=1 |,

2. (20 points) Prove using induction that

Z Hx =nH,, —n.

0<k<n

Answer: Let S, = > Hyg. Then S; =Hp =0 = 1H; — 1, so we can start the induction. Just to be sure,

0<k<n
we can check for n =2 also: So = H; =1=2H, — 2, because H; = %
Now,
Svt1=Shn+Hy=nH,—m+H, =(n+1)H,—n
1
=Mm+1DH+1T—-(Mm+1) :(n+])Hn+(n+])m—(n+])
1
=Mn+1) (H“+TL—|—1> — M+ =MmM+1Hp1—(n+1),

completing the inductive step.

3. (20 points) Try to sum the series
> (1R
1<k<2n
by using perturbation. What sum do you compute instead?
Answer: Let S, = 5 (—1)¥k?. Then
1<k<2n

Sn—(2n+1P2+ (2422 =Spp=—1+4+ ) (—DP=3+ ) (-1*?(k+2)?

3<k<2n+2 1<k<2n
=3+ ) (D) H4Ak+4)=3+Su+ Y (—1)FEk+4)
1<k<2n 1<k<2n

—(@n+an 4 1)+ (@nP+8n+4) =3+ >  (—1) (4k+4)

1<k<2n
m+3=3+ Y (-1)F(@4k+4)
1<k<2n
n= Y (=D¥k+1)
1<k<2n

Because Y (—1)% =0, we can actually conclude that Y (—1)*k =n.
1<k<2n 1<k<2n



4. (20 points) Let m and n be positive integers. Prove that

provided that neither denominator is 0.

Answer: We know that x™ = x(x — n)™, and also x™*™ = x™(x — m)™, This says that x*(x —n )™ =
X (x — m)2. Now divide by (x — n)™(x — m)%, and the result follows.

5. (20 points) Prove by rearranging terms that

n n n 2
Z (ajbk — akbj)z = <Z CL%) < bi) — (Z akbk> .
1<5<k<n k=1 k=1 k=1

Answer: LetS= Y (ajbx — akb]-)z. Reversejand k,andS= > (axb; — a]-bk)z. But (c—d)? =

1<j<k<n 1<k<j<n

(d—c)?, sowehave S = 5 (ajby — akbj)z. Finally, note that > (ajbx — akb]-)2 = 0. Adding,

1<k<j<n 1<k=j<n
2 . . . .
we have 2§ =} ;_; ., (ajbx — axb;)”. Now we have something which is much simpler to expand:

2S = Z (a3by — akbj)z = Z ajzbi —2ajaxbjby + (1§bj2

1<),k<n 1<,k<n
= Z ((llzbi—l-(lib]z)—z Z a;jaibjby
1<5,k<n 1<5,k<n
=2 Z (llzbi -2 Z aj akbjbk
1<5,k<n 1<j,k<n
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1<5<n 1<k<n 1<i<n 1<k<n
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1<5<n 1<5<n 1<5<n

Divide by 2, and we have the result, which proves the Cauchy-Schwarz-Bouniakouwski inequality

2

D oab | < > o[ > ¥f

1<j<n 1<j<n 1<j<n

This might be more familiar from linear algebra as |X - y| < ||X]|| - ||y]| for X, € R™. .



