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Abstract

Marginal structural models are commonly estimated using inverse probability of treatment
weighting (IPTW) to address time-varying confounding, but direct inversion of estimated treat-
ment probabilities can produce unstable weights. Marginal mean weighting through stratifica-
tion (MMWS) provides an alternative weight-construction strategy that has been extended to
longitudinal multivalued treatments but has received little comparative evaluation. We com-
pared sequential MMWS with multinomial IPTW in a Monte Carlo simulation varying sample
size, confounding strength, treatment-confounder feedback, number and prevalence of treatment
levels, treatment-model misspecification, and positivity. Both methods used identical fitted
treatment models, isolating differences in weight construction. MMWS had lower root mean
squared error than IPTW for every treatment contrast across all scenarios, with particularly
large advantages under treatment-model misspecification, although it generally incurred mod-
estly greater bias. Under positivity stress, MMWS retained lower root mean squared error but
exhibited substantially greater bias and poorer confidence-interval coverage, while exclusions
and cumulative-weight restarts revealed increasing support limitations as treatment complexity
increased. These findings suggest that MMWS can provide a more stable and robust alternative
to conventional IPTW when treatment-level overlap is adequate, but does not eliminate the
positivity challenges inherent in complex longitudinal multivalued treatments.
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1 Introduction

Treatments and exposures frequently vary over time and may take more than two possible values at
each treatment occasion. Examples include patients moving over successive visits among no treat-
ment and several alternative treatment modalities [1], and cancer patients whose chemotherapy
may be dynamically modified across treatment cycles through changes in dose or treatment delay
[2]. Causal inference in this setting is complicated when evolving characteristics both influence
subsequent treatment and are themselves affected by prior treatment. Such treatment-confounder
feedback creates a dilemma for conventional regression adjustment: controlling for a time-varying
confounder is necessary to address confounding of subsequent treatment, but may simultaneously
block part of the causal effect of earlier treatment [3-5]. The problem becomes increasingly chal-
lenging with multivalued treatments because the number of treatment probabilities and possible
treatment histories grows rapidly with the number of treatment occasions.

Marginal structural models (MSMs), typically estimated using inverse probability of treatment
weighting (IPTW), were developed to address time-varying confounding of this kind [4—6]. Rather
than conditioning on treatment-induced confounders in the outcome model, IPTW constructs a
weighted pseudo-population in which measured predictors of treatment are balanced across treat-
ment groups at each occasion. Longitudinal applications of this approach have appeared across
several substantive settings [7,8]. Although the foundational MSM literature largely emphasized
binary treatments, the framework extends naturally to multivalued treatment by estimating the
probability of the observed treatment category at each occasion using a multinomial treatment
model. Applications and methodological developments have extended MSMs to multivalued and
other complex longitudinal treatment settings, including multiple treatment categories, joint time-
varying exposures, and multiple treatment processes [1,2,9-11].

An alternative method for constructing propensity-score weights is marginal mean weighting
through stratification (MMWS). MMWS replaces direct inversion of an individual’s estimated
propensity score with weights based on treatment proportions within propensity-score strata [12].
The method was subsequently generalized to multivalued treatments [13] and, importantly for the
present study, to sequences of multivalued treatments [14]. In the longitudinal formulation, treat-
ment probabilities are estimated sequentially conditional on the observed history, occasion-specific
MMWS weights are constructed within treatment histories, and the resulting weights are multi-
plied across occasions. Thus, sequential MMWS and conventional sequential IPTW address the
same longitudinal causal-identification problem but differ in how estimated treatment-assignment
probabilities are translated into weights. Hong [12,14] argued that the stratification underlying
MMWS may make the resulting estimator less sensitive to poorly estimated or extreme propensity
scores and consequently more robust and efficient than direct IPTW.

These differences may be especially consequential for time-varying multivalued treatments.
With K possible treatment levels observed over T occasions, as many as K’ treatment histories
are possible. Increasing either dimension can produce sparse histories, limited overlap, and small
estimated treatment probabilities, while treatment-model misspecification can compound across
successive occasions. Despite the availability of both approaches, comparative evidence concerning
the finite-sample performance of sequential MMWS and conventional multinomial IPTW in this



setting remains limited.

The purpose of this study is therefore to compare marginal mean weighting through strat-
ification with inverse-probability-weighted marginal structural models for estimating the effects
of time-varying multivalued treatments. Using Monte Carlo simulation, we examine their perfor-
mance across conditions varying sample size, confounding strength, treatment-confounder feedback,
number and prevalence of treatment levels, propensity-model misspecification, and positivity. We
additionally develop a data-adaptive, balance-driven procedure for determining the number and
boundaries of propensity-score strata required by MMWS. Performance is evaluated in terms of
bias, precision, standard-error calibration, confidence-interval coverage, root mean squared error,
and the behavior of the resulting weights. The sequential MMWS and IPTW procedures evaluated
here are implemented in the community-contributed Stata package mmwsl [15].

2 Methods

2.1 The causal structure of time-varying, multivalued treatment

Consider N subjects observed at treatment occasions t = 1,...,7T. At occasion t, subject i receives
one of K mutually exclusive, exhaustive treatment levels, A;; € {0,1,..., K — 1}, with level 0
designated the reference level. Let A; = (Aj1,...,A;) denote the observed treatment history
through occasion ¢, and let L;; denote the time-varying covariates measured immediately prior to
Aj, with history Ly = (Li1, - .., Lit); let U; denote baseline covariates measured prior to occasion 1.
Let Y;; denote an outcome ascertained at occasion ¢; when interest lies in a single outcome measured
once, after the final wave, this is simply Y;p. For a fixed treatment history a = (a1, ..., ar), with
each a; € {0,...,K — 1}, and a; = (ay,...,as) its truncation through occasion ¢, let Y (a;)
denote the potential value of the occasion-t outcome under history a;, and let Y;r(a) denote the
corresponding potential value of a single terminal outcome measured once, after the final wave.

Figure 1 depicts the causal structure this notation is meant to capture, drawn for the T' = 4-
wave, K = 3-level case adopted as the baseline of the simulation described in Section 2.6. Two
features of this structure are central to everything that follows. First, at every wave, L; is a con-
founder of the concurrent treatment A;: it predicts which treatment level is assigned and, through
U and the accumulating history, is also associated with the outcome, so that comparing subjects
who received different levels of A; without accounting for L; conflates the effect of treatment with
pre-existing differences in L;. Second, L; is simultaneously a consequence of the prior treatment:
the arrow A;—1 — L; in Figure 1 means that later covariates carry forward the effects of earlier
treatment decisions, so that L; lies on the causal pathway between A;_1 and Y as well as being a
confounder of A;.

This dual role constitutes treatment-confounder feedback [3]. Conditioning on L;r in a conven-
tional outcome regression may block pathways through which earlier treatment affects the outcome,
whereas failing to condition on L;; leaves subsequent treatment confounded [3-5]. Both estima-
tors considered here address this problem through weighting rather than direct adjustment for
time-varying covariates in the outcome model.

Formally, this reweighting strategy is valid only if three conditions hold at every occasion ¢



[4,5]: sequential conditional exchangeability, Yi;(a;) 1L A | fli,t_l = @;_1, L, for every history
ag; positivity, 0 < P(A; = j | A_i7t_1 = a1, Ly) for every treatment level j with nonzero support
in the population; and consistency, so that a subject’s observed outcome equals the potential
outcome under their own observed history. The first condition requires that every time-varying
confounder of subsequent treatment be measured and included in L;; — graphically, that no arrow
into A; originates from an unmeasured node in Figure 1; the second requires that every treatment
level remain genuinely attainable at every wave and history, a condition stressed directly by the
“positivity stress” simulation scenario (Section 2.6); the third requires the observed outcome under
the treatment history actually received to equal the corresponding potential outcome, and we
additionally assume no interference between subjects and well-defined treatment levels. Sections 2.2
and 2.3 describe two different weight-construction strategies — direct inverse-probability weighting,
and marginal mean weighting through stratification — that both target these same identifying
conditions, and differ only in how the fitted treatment-assignment model at each wave is converted
into a subject’s weight.

Two related causal quantities can be defined within this framework. An MSM may target
E[Y;r(a)], a function of the complete treatment history a. The present study instead evaluates
the wave-specific marginal effect of current treatment A;; on Y, after weighting for treatment
and covariate history through occasion ¢. This estimand corresponds to longitudinal weighting
formulations in which weights and treatment effects are estimated sequentially at each occasion
[7,14]. Equation (2) in Section 2.2 states the corresponding marginal structural model.

2.2 Marginal structural models and sequential multinomial IPTW

Building on the causal structure and identification conditions established in Section 2.1, a marginal
structural model (MSM) specifies a model for the marginal mean of the potential outcome as a

function of treatment history,
ElYir(a)] = g(a; 8), (1)

for a known link function ¢(-) and parameter vector 3 [4-6]. Because the number of distinct histories
a grows as KT, applied MSMs typically summarize history through a lower-dimensional function
of @ — for example, current treatment level, cumulative exposure to a given level, or a small set
of history classes — rather than saturating on every possible sequence [1,7]. As established in
Section 2.1, the wave-specific estimand evaluated in this paper summarizes history through current

treatment level alone, giving a marginal mean of the occasion-t outcome Yj,
K—1
E[Yy(a)] = o+ Y B¥(a=j), (2)
j=1

so that (3; is the marginal causal contrast between treatment level j and the reference level 0 at
occasion t.

The most widely used estimator for 3 is inverse probability of treatment weighting (IPTW)
[4,5]. At each occasion, a treatment-assignment model — for K > 2, a multinomial model — is fit



for the conditional probability of the observed treatment level given the observed history,
ﬂ-it(j) = P(Ait:j|lei7t*17[jit)v J=0,1,....,K -1, (3)

and, optionally, a reduced “numerator” model conditioning on a coarser history (e.g., Ai7t_1 alone)
is fit to stabilize the resulting weights. The occasion-specific contribution to subject i’s weight
is "™ (ait)/7it(ait), and the cumulative (stabilized) sequential weight through occasion ¢ is the
product of these occasion-specific contributions,
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with sw;p, evaluated at the final wave, the special case t = T, and with the unstabilized weight
obtained by setting all numerator probabilities equal to 1, 7[,"™ (a;5) = 1 for h = 1,...,t. Fitting
model (2) (or its history-level generalization), pooled across occasions, by weighted least squares
with weight sw;; for the wave-t observation, and a subject-clustered sandwich variance estimator
to account for within-subject dependence across repeated observations, yields the IPTW estimator
of B evaluated in this paper. The finite-sample calibration of this variance estimator, whether it
adequately reflects the additional uncertainty contributed by using estimated rather than known
weights, is assessed empirically in Section 2.7 via the SE/SD ratio and confidence-interval cover-
age. This sequential-multinomial-IPTW construction generalizes directly from the binary treatment
case originally developed by Robins and colleagues [3,4,6] to multivalued and multiple treatments
[1,9,11], and remains the natural comparator against which alternative weight-construction strate-
gies are evaluated. Related refinements to how the treatment-assignment weights themselves are
estimated, rather than to the underlying causal framework, include covariate-balancing propensity
scores [16] and jointly calibrated treatment/censoring weights [10]; these are not evaluated here, as
our interest is in weight construction strategy (stratification versus direct inverse-probability weight-
ing) rather than in the estimation method for the underlying treatment-assignment probabilities
themselves.

2.3 Marginal mean weighting through stratification for longitudinal multival-
ued treatments

Marginal mean weighting through stratification (MMWS) was introduced by Hong [12], building
on an approach first described by Huang et al. [17], as an alternative to direct inverse-probability
weighting for a single (cross-sectional) treatment occasion. Rather than using the estimated propen-
sity score directly in the denominator of a weight, MMWS stratifies subjects on the estimated
propensity score and constructs a weight from the resulting within-stratum treatment proportions,
an approach subsequently generalized to multivalued and multiple treatments [13].

For a single occasion with K treatment levels, a multinomial model provides, for each subject
i, one estimated propensity score per treatment level, p;; = P(Al =j| L) for j=0,....,. K —
1. For each level j in turn, the sample is stratified on p.; into a set of strata s = 1,...,5;
(Section 2.4 describes how S; and the stratum boundaries are chosen). Within stratum s of the



j-th stratification, the MMWS weight assigned to a subject with observed treatment level j is

wi:;:jx?\;, it A =j, i€s, (5)
where ng is the number of subjects (of any treatment level) in stratum s, ng; is the number of
subjects with observed level j in stratum s, n; is the total number of subjects with observed level j
in the full sample, and N is the total sample size. The first factor, ns/ng;, reweights level-j subjects
in stratum s so that, within the stratum, they represent the stratum’s full composition rather than
only its level-j members; the second factor, n;/N, rescales this within-stratum reweighting so that
level j’s weighted total, summed across all strata, reproduces its actual marginal (sample-wide)
prevalence — the “marginal mean” property for which the method is named.

Hong [14] (Chapter 8) extends this construction to a longitudinal treatment process by applying
it separately within each treatment occasion and each distinct observed treatment history up to
that occasion. Let g index the set of subjects who share an identical observed treatment history
[1@,5_1 through occasion t—1 (a treatment-history subgroup). Within wave ¢ and history subgroup g,
a multinomial model for A; is fit using only the covariates and subjects belonging to that subgroup,
E;,g); these are stratified as above, and an occasion-specific
weight is computed using the same marginal-mean formula, now indexed by (¢, g):

yielding per-level propensity scores p

(t) Ntgs . Ttg,j

it - X ’ (6)
Ntg,sj  Tig

the direct K-category generalization of Hong’s per-occasion binary weight. The cumulative sequen-

tial MMWS weight through occasion ¢ is then the product of these occasion-specific weights,
t
h
Wie = [ wl, (7)
h=1

with W;p, evaluated at the final wave, the special case ¢ = T, and mirroring the multiplicative
structure of the sequential IPTW weight in equation (4), but replacing each occasion’s inverse-
probability contribution with a stratification-based marginal-mean contribution. Fitting model (2),
pooled across occasions, by weighted least squares with weight W;; for the wave-t observation, again
using a subject-clustered sandwich variance estimator, yields the MMWS estimator of 3 evaluated
against sequential IPTW in Section 2.6. Because stratifying on the propensity score, rather than
inverting it directly, smooths the influence of any single subject’s estimated propensity score on their
weight, Hong argued that this construction may be less sensitive to extreme or poorly estimated
propensity scores than direct IPTW while relying on the same identifying assumptions given in
Section 2.1 [12,14].

We implemented equations (6)—(7) in the Stata command mmwsl [15], which proceeds sequen-
tially by wave and observed treatment history. Within each wave-history subgroup, the command
fits the multinomial treatment model, obtains treatment-specific propensity scores, constructs the
occasion-specific MMWS weights (Section 2.4 describes how the underlying strata are formed),

and accumulates them through the current occasion. For direct comparison, mmwsl also constructs



stabilized sequential IPTW weights from the same fitted treatment models, ensuring that the two
estimators differ only in how the estimated treatment probabilities are converted into weights.

2.4 Data-adaptive propensity-score stratification

The MMWS estimator requires specification of both the number of propensity-score strata and
their boundaries. The original cross-sectional MMWS proposal and its longitudinal extension do
not provide a general rule for making these choices. Although five equal-frequency strata have
traditionally been used based on results for binary propensity-score subclassification [18,19], a
fixed stratum count is poorly suited to the longitudinal multivalued setting, in which sample size
and treatment prevalence may vary substantially across treatment occasions, treatment histories,
and treatment levels.

We therefore developed a data-adaptive, balance-driven procedure that determines the number
and boundaries of strata separately for each treatment-specific propensity score, using an iterative
search rather than a single fixed quantile count. The procedure begins by partitioning the propensity
score into an automatically determined number of equal-frequency quantile bins: when the starting
count is not specified by the user, it is set to

N -7
So = max (5, {MJ) , capped at a user-set ceiling Spax, (8)

where N is the analytic sample size and 7y is the observed sample share of the rarest treatment
level, so that the initial partition targets approximately 100 members of the rarest level per starting
bin (subject to a floor of five bins). The target of 100 is a pragmatic starting value rather than
a formally optimal one: it is intended only to keep the number of starting bins reasonable, and
thin enough that the subsequent balance-driven splitting described below has room to operate,
across the range of sample sizes and rarest-level prevalences considered here; because Sy is merely
a starting point for iterative refinement, and is bounded above by Spax, the final number of strata
is intended to be less sensitive to this particular choice. Each candidate stratum is then refined
independently: within a stratum, the maximum pairwise standardized mean difference (SMD) of
the propensity score is computed over every pair of treatment levels present in that stratum, and
the stratum is retained if this maximum SMD is at or below a pre-specified balance threshold, by
default 0.25, following the convention proposed by Rubin [20]. A stratum failing this criterion is
split into two new sub-strata (again by equal-frequency quantiles of the propensity score restricted
to that stratum’s own members) and each is independently re-evaluated. A stratum lacking even
one member of some treatment level present elsewhere in the data is excluded outright: no amount
of further splitting can manufacture a missing comparator, so this is treated as a stratum-level
positivity failure rather than a balance failure, and the observations it contains are left without a
defined MMWS weight. Finally, because further splitting a small stratum can produce cells too thin
to yield a stable SMD, a stratum whose thinnest present treatment level falls below the per-group

5.4 —‘
Nmin = | Z——75 (9)
IVSMD(Q:rit

reliability floor



is retained rather than split further. This floor follows from the standard large-sample approxima-
tion for the variance of an estimated standardized mean difference between two groups of size n each,
Var(S/M\D) ~ 2/n: requiring the half-width of a two-sided 90% confidence interval for the SMD,
20.951/2/n with zp.95 = 1.645, to be no larger than the balance criterion SMDy,;;, itself, and solving
for n, gives nmin = 222 95/SMD2,, &~ 5.4/SMD?,, (87 observations at the default SMD.j; = 0.25);
below this size, an observed SMD close to the criterion is not estimated precisely enough for the
balance check itself to be trustworthy, which is why it is flagged as floor-forced, to distinguish it
from a stratum that cleanly satisfied the balance criterion. This split/accept/exclude/floor-force
refinement continues, subject to a ceiling on the total number of strata formed, until every region
of the propensity score has been resolved, thereby supplying a fully automatic, reproducible, and
locally adaptive answer to the stratum-count question left open by Hong [12, 13, 14], one that
responds separately to each wave’s, each history subgroup’s, and each treatment level’s own sam-
ple size and degree of overlap. This general approach — combining propensity-score stratification
with weighting, and choosing the stratification data-adaptively — extends a line of work on com-
bining these two propensity-score strategies for a single binary treatment occasion [21-24] to the
longitudinal, multivalued setting considered here.

This procedure is implemented in the community-contributed Stata command pstrata [24]
and is invoked automatically by mmwsl whenever the number of strata is not fixed by the user, so
that, unless otherwise noted, every stratification performed in the simulation study reported below
(Section 2.6) used this balance-driven procedure rather than an arbitrary fixed stratum count.

2.5 [Illustrative application

To illustrate the longitudinal multivalued-treatment setting, we extend the three-level congestive
heart failure disease-management example of Linden et al. [25] from a single treatment occasion
to repeated treatment decisions. The original alternatives were usual care, nurse-based telephone
management, and remote telemonitoring (RTM). In this hypothetical extension, A; € {0,1,2}
denotes these three management levels at each of four quarterly follow-up visits, with management
intensity allowed to change as a patient’s clinical status evolves.

At each visit, L; represents current CHF status, such as symptom burden, recent weight
change, and unplanned utilization, measured before the management decision. Worsening sta-
tus may prompt escalation from usual care to nurse calls or RTM, whereas improvement may
permit de-escalation. Thus, a patient stabilized under RTM might follow the history RTM —
RTM — nurse calls — usual care, whereas a patient whose condition deteriorates might follow
usual care — nurse calls - RTM — RTM. Because prior management may itself affect subsequent
clinical status, L; is both a predictor of current treatment and a consequence of earlier treatment,
producing the treatment-confounder feedback represented in Figure 1.

In this setting, the same multinomial treatment model would estimate the probabilities of usual
care, nurse calls, and RTM at each occasion conditional on treatment and covariate history. Se-
quential IPTW would construct weights directly from these fitted probabilities, whereas MMWS
would use the same probabilities to stratify patients and construct weights from treatment pro-
portions within the resulting strata. The two approaches therefore address the same longitudinal



causal problem while differing only in how estimated treatment probabilities are translated into
weights.

2.6 Simulation strategy and design

Following the design approach of Linden et al. [25], who compared several modeling strategies for
multivalued treatments in a point-treatment setting, we conducted a Monte Carlo simulation in
which features of the data-generating process (DGP) expected to influence the relative performance
of sequential MMWS and sequential multinomial IPTW were varied one at a time from a common
baseline. The baseline DGP generated N = 2,000 subjects followed over T' = 4 waves. At the first
wave, a single continuous confounder was drawn X;; ~ N(0,1); at subsequent waves it evolved as
Xit =04 X 1+ F(Aip—1 =1) — (A -1 = 2)]+N(0, 0.9%), where § is the treatment—confounder
feedback coefficient (baseline § = 0, i.e., no treatment—confounder feedback at baseline). At each
wave, treatment was generated from a three-level (K = 3; levels 0, A, B) multinomial (softmax)
model linear in Xj;,

' exD (11
P(Ay =j | Xar) = Kli(lnm) o Mg =5+ 50 e X, (10)
1+ Zj’:l eXP(mj’t)

where ¢ is a confounding-strength scalar (baseline ¢ = 0.8), 7; is a level-specific sign/multiplier
applied to ¢, and «; is a level-specific intercept controlling relative treatment-level prevalence. The
wave-specific outcome followed Yz = 10 + 0.5 X;; + ¢ X2 + ZjK:_ll Ti W (A = j) + N(0,2%), with
quadratic-confounding coefficient g (baseline ¢ = 2.2) and true occasion-specific treatment effects
74 = 3, 78 = 6 (baseline). The simulation implements a restricted, wave-specific case developed in
Section 2.1, in which the direct effect on Yj; operates only through the current treatment A;;, while
earlier treatment affects Y;; indirectly, through its influence on the evolving confounder X;;. Each
of 14 scenarios altered exactly one baseline element, summarized in Table 1: overall sample size
(N =500; N = 5,000); confounding strength (weak, ¢ = 0.4; strong, ¢ = 1.2); outcome functional
form (linear-only, ¢ = 0); treatment—confounder feedback (moderate, § = 0.3; strong, § = 0.6);
number of treatment levels (K = 4; K = 5, with additional levels and true effects added in the
same pattern); treatment-level imbalance (one non-reference level’s intercept «; shifted sharply
negative, making it rare); propensity-model misspecification (a true quadratic term in X;; added
to the treatment-assignment log-odds at a mild and a severe dose, while the treatment model
actually fit by mmwsl remained linear in X;; in every scenario, reflecting an investigator who has
correctly measured but not correctly functionally specified the confounder); and positivity stress
(confounding strength increased further, to ¢ = 2.2, so that the estimated propensity for one
treatment level approaches zero in the tails of X;;’s distribution). Each scenario was replicated
R = 1,000 times.

Within each replicated dataset, five estimators of the occasion-specific contrasts 7; were com-
pared: (1) a naive estimator regressing Y on treatment-level indicators alone, ignoring X; (2) a
linear-adjusted estimator additionally conditioning on X; (3) a correctly specified outcome-adjusted
estimator additionally conditioning on X2 (matches the functional form of the baseline outcome
model, and available only because X and its true functional form are known by design); (4) the



MMWS estimator, weighting by the cumulative sequential MMWS weight from mmws1 (equation 7),
with strata formed automatically by pstrata; and (5) the IPTW estimator, weighting by the cor-
responding cumulative sequential stabilized IPTW weight (equation 4) computed by mmwsl from
the identical wave/subgroup-specific multinomial models used to construct the MMWS weight. All
five estimators were fit as a subject-clustered linear regression of Y on treatment-level indicators
(with appropriate weights for estimators 4 and 5), matching the working model in equation (2).
The naive and adjusted (linear and correctly specified) comparators anchor the weighted estima-
tors against the two conventional, non-propensity-score alternatives — no adjustment, and direct
outcome-model adjustment for the observed and, in the correctly specified case, correctly trans-

formed confounder.

2.7 Performance measures

Following established conventions for reporting Monte Carlo simulation studies in the biostatistical
and epidemiological literature [26,27], and consistent with the layout adopted by Linden et al. [25],
estimator performance for each treatment-level contrast 7;, within each scenario and estimator, was
summarized across the R = 1,000 replications using: (1) percentage relative bias, 100 x (7; —7;) /7,
where %j is the mean of the estimated contrast across replications; (2) the empirical standard devia-
tion of 7; across replications; (3) the mean model-based (cluster-robust) standard error of 7; across
replications; (4) the SE/SD ratio, the mean model-based standard error divided by the empirical
standard deviation, with values near 1 indicating well-calibrated inference, values below 1 indi-
cating anticonservative (understated) standard errors, and values above 1 indicating conservative
(overstated) standard errors; (5) 95% confidence interval coverage, the proportion of replications
in which the nominal 95% Wald interval, 7; 4+ 1.96 x S/]\E(%j), contained the true value 7;; and (6)
root mean squared error (RMSE), \/R—1 SR (Fe — )2

For the MMWS and IPTW estimators, we additionally monitored the consequences of wave-

level exclusions for cumulative weight construction. When a wave-specific weight was undefined
because the relevant propensity-score stratum did not contain all treatment levels represented in the
analytic sample, cumulative weighting resumed at the next occasion for which a valid weight could
be computed; we refer to this resumption as a restart. Four diagnostics were recorded for every
replication: (a) the number of wave-level observations excluded from weighting; (b) the number of
restarts of the cumulative weight, separately for MMWS and IPTW; (c) the number of subjects
experiencing at least one restart; and (d) the mean and maximum number of restarts per affected
subject. These diagnostics distinguish wave-level positivity failures from their consequences for
subsequent cumulative weight construction.

In total, the simulation encompassed 14 scenarios, each replicated 1,000 times, yielding 14,000
simulated panel datasets; all analyses were conducted in Stata using mmwsl and pstrata as de-
scribed in Sections 2.3 and 2.4.
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3 Results

3.1 Overall estimator performance

Table 2 reports performance of all five estimators in the baseline scenario (N = 2,000, T' = 4,
K = 3). The naive estimator had relative bias of 36.3% and 8.3% for contrasts A and B, respectively,
and the linear-adjusted estimator had corresponding biases of 26.4% and 13.2%. Coverage was 0%
for both contrasts with both estimators. The correctly specified outcome-adjusted estimator was
essentially unbiased, with RMSE of 0.057 and coverage of 95.8% and 95.2% for contrasts A and B,
respectively.

IPTW had relative bias of 0.3% and —0.1% for contrasts A and B, compared with —1.6% and
—2.0% for MMWS. MMWS had lower RMSE than IPTW for both contrasts (0.154 vs. 0.349 for
contrast A and 0.189 vs. 0.434 for contrast B), corresponding to IPTW-to-MMWS RMSE ratios of
2.27 and 2.30. Coverage was 95.5% and 91.2% for IPTW and 96.4% and 89.9% for MMWS.

3.2 Performance across data-generating conditions

Table 3 reports relative bias and RMSE for IPTW and MMWS across the 14 simulation scenarios.
MMWS had lower RMSE than IPTW for every treatment contrast in every scenario, with IPTW-
to-MMWS RMSE ratios ranging from 1.10 to 14.73.

For sample size, the RMSE ratios ranged from 1.57 to 1.64 at N = 500 and from 2.18 to 2.74
at N = 5,000. MMWS relative bias ranged from —3.6% to —2.9% at N = 500 and from —1.2% to
—0.4% at N = 5,000; IPTW relative bias remained within 0.8% of the true effect at both sample
sizes. Under weak confounding, RMSE ratios were 1.39 and 1.52; under strong confounding, they
were 1.90 and 1.76. MMWS relative bias under strong confounding was —4.2% and —3.7% for
contrasts A and B.

With moderate treatment-confounder feedback, IPTW relative bias was 1.6% and —0.5% and
MMWS relative bias was —1.5% and —2.6% for contrasts A and B, respectively. Under strong
feedback, corresponding biases were 5.1% and —0.9% for IPTW and 1.8% and —3.1% for MMWS.
RMSE ratios ranged from 1.23 to 2.23 across the two feedback scenarios.

With four treatment levels, RMSE ratios ranged from 1.45 to 2.31 across the three contrasts;
with five levels, they ranged from 1.40 to 1.82 across the four contrasts. In the treatment-imbalance
scenario, the RMSE ratios were 1.37 for contrast A and 1.96 for the rare-level contrast B. For
contrast B, relative bias was —2.0% for IPTW and 3.3% for MMWS.

The largest IPTW-to-MMWS RMSE ratios occurred under propensity-model misspecification.
Under severe misspecification, relative bias for contrast A was 62.1% with IPTW and 5.3% with
MMWS, with RMSEs of 3.230 and 0.219, respectively (RMSE ratio 14.73). For contrast B, relative
bias was —10.2% with IPTW and —4.3% with MMWS, and the RMSE ratio was 3.76. Under mild
misspecification, relative bias was 6.6% versus —0.2% for contrast A and —3.2% versus —2.4% for
contrast B, for IPTW and MMWS respectively; corresponding RMSE ratios were 4.89 and 1.74.

Under positivity stress, MMWS had greater relative bias than IPTW for both contrasts: —12.3%
versus —0.2% for contrast A and —8.4% versus —2.8% for contrast B. MMWS nevertheless had
lower RMSE for both contrasts, with IPTW-to-MMWS RMSE ratios of 1.28 and 1.52.
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3.3 Standard-error calibration and coverage

Table 4 reports the SE/SD ratio and empirical coverage of nominal 95% confidence intervals. For
IPTW, the SE/SD ratio was below 1 for every scenario and treatment contrast, ranging from 0.323
to 0.992. Coverage was between 90% and 96% for most scenarios but was lower for the rare-
level contrast under treatment imbalance (75.7%), both contrasts under severe propensity-model
misspecification (35.8% and 36.0%), and contrast B under mild misspecification (78.8%).

For MMWS, SE/SD ratios ranged from 0.664 to 1.269 and were at or above 0.90 except for the
two contrasts under positivity stress. Coverage was below 90% for contrast B under strong con-
founding (79.5%), moderate feedback (84.0%), strong feedback (81.7%), severe propensity-model
misspecification (55.1%), positivity stress (61.6%), and mild propensity-model misspecification
(84.1%); coverage for contrast A was 85.2% under severe misspecification, 74.4% under positiv-
ity stress, and 89.7% under treatment imbalance.

Under positivity stress, SE/SD ratios were 0.617 and 0.516 for IPTW and 0.664 and 0.732 for
MMWS for contrasts A and B, respectively. Coverage was 90.5% and 88.2% for IPTW and 74.4%
and 61.6% for MMWS.

3.4 Weight behavior, positivity, and restarts

Table 5 reports wave-level exclusions from weighting. The mean exclusion rate was 3.0% in the
baseline scenario. Exclusion rates were 22.1% at N = 500 and 0.4% at N = 5,000, and 0.9%
and 7.0% under weak and strong confounding, respectively. With moderate and strong treatment-
confounder feedback, exclusion rates were 4.0% and 5.8%.

The exclusion rate increased to 18.5% with four treatment levels and 32.7% with five treatment
levels. It was 13.2% when one treatment level was rare and 22.4% under positivity stress. Rates
under severe and mild propensity-model misspecification were 3.1% and 3.0%, respectively.

Under positivity stress, the mean maximum stabilized IPTW weight was 570.1 and the mean
Kish effective sample size was 298.2 from a nominal sample of N = 2,000.

Table 6 reports subject-level restart diagnostics for the six scenarios instrumented to record
them: baseline, N = 500, K = 4, K = 5, treatment imbalance, and positivity stress. For MMWS,
the mean number of cumulative-weight restarts per replication was 17.0 at baseline, 99.5 at N = 500,
146.6 at K = 4, 638.8 at K = 5, 427.8 under treatment imbalance, and 941.0 under positivity stress.
The proportion of subjects experiencing at least one restart followed the same pattern: 0.9% at
baseline, 19.5% at N = 500, 7.3% at K = 4, 31.8% at K = 5, 19.7% under treatment imbalance,
and 40.5% under positivity stress.

For IPTW, restarts were rare: the cumulative weight restarted in only one of the six scenarios
(treatment imbalance, a mean of 0.07 restarts per replication, affecting a mean of 0.07 subjects,
well under 0.1% of the sample) and did not restart at all at baseline, N = 500, K =4, K =5, or
under positivity stress.

Among affected MMWS subjects, the mean number of restarts per subject ranged from 1.00 at
baseline and K = 4 to 1.15 under positivity stress. The mean replication-level maximum ranged
from 1.00 at baseline to 2.14 under positivity stress and was 1.90 under treatment imbalance.
Where IPTW restarted at all (treatment imbalance), the mean and maximum were both 1.00.
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4 Discussion

This study provides direct finite-sample evidence comparing sequential MMWS with conventional
IPTW for time-varying, multivalued treatments. Across most conditions examined, MMWS ex-
hibited somewhat greater bias but substantially lower variability and RMSE. Its advantage was
particularly pronounced under treatment-model misspecification. Positivity stress represented the
clearest boundary condition: MMWS retained lower RMSE but exhibited substantially greater
bias and poorer coverage than IPTW. Increasing the number of treatment levels also produced
substantial losses of support, reflected in wave-level exclusions and MMWS restarts.

These findings are consistent with the different ways in which the two estimators convert propen-
sity scores into weights. IPTW directly inverts each subject’s estimated probability of the treatment
received, so errors or extreme estimated probabilities enter the weight directly and may compound
across occasions. MMWS instead constructs weights from treatment proportions within propensity-
score strata, thereby smoothing the influence of individual estimated propensities. This mechanism,
originally proposed by Hong [12,14], provides a plausible explanation for MMWS’s lower variability
and robustness to treatment-model misspecification. At the same time, smoothing cannot compen-
sate for inadequate treatment-level support and may introduce bias as overlap deteriorates. This
limitation becomes increasingly important with multivalued longitudinal treatments as the num-
ber of possible treatment histories grows as K. The increasing exclusions and restarts observed
with additional treatment levels and under positivity stress illustrate this underlying support prob-
lem. TPTW restarts were essentially absent because direct inverse-probability weighting does not
additionally require that each propensity-score stratum contain every treatment level.

The inferential results also differed between the estimators. IPTW model-based standard errors
underestimated empirical sampling variability throughout the simulations, although confidence-
interval coverage remained reasonably close to nominal in many conditions. A plausible ex-
planation is that occasional highly influential estimated weights disproportionately increase the
across-replication empirical standard deviation while having less influence on the typical replication-
specific sandwich standard error; coverage need not deteriorate proportionately when such replica-
tions are uncommon. MMWS standard errors were generally better calibrated, although coverage
deteriorated when estimator bias became substantial, particularly under positivity stress and severe
treatment-model misspecification.

The comparison evaluated here concerns two approaches to constructing weights within the
marginal structural model framework rather than competing causal-identification strategies. Se-
quential MMWS and IPTW rely on the same assumptions of sequential exchangeability, positivity,
and consistency and, in this study, were constructed from identical fitted treatment models; they
differ in how the resulting treatment probabilities are converted into weights. The present findings
extend Hong’s work on MMWS [12-14] by providing direct finite-sample evidence in a longitudinal
multivalued setting and complement other approaches to improving longitudinal weights, includ-
ing covariate-balancing propensity scores [16] and calibrated treatment and censoring weights [10].
Other methods for treatment-confounder feedback, most notably g-estimation of structural nested
models [6], provide alternatives to marginal structural models but use fundamentally different mod-
eling and estimation strategies. They were therefore outside the scope of a comparison designed
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specifically to isolate differences in weight construction within a common marginal structural model
framework.

A strength of this study is the controlled head-to-head design: MMWS and IPTW were con-
structed from identical fitted treatment models in every replication, isolating differences attributable
to weight construction rather than treatment-model estimation. The simulations also examined sev-
eral features particularly relevant to multivalued longitudinal treatment, including the number and
prevalence of treatment levels, treatment-confounder feedback, treatment-model misspecification,
and positivity. The findings should nevertheless be interpreted in light of the simulation design.
We considered four treatment occasions and a relatively parsimonious data-generating process, and
the scenarios varied individual features from a common baseline rather than attempting to rep-
resent every combination encountered in practice. The wave-specific estimand studied here also
represents one of several possible ways of summarizing longitudinal treatment effects. These design
choices allowed the comparison to isolate the behavior of the two weighting strategies; evaluating
more complex treatment and covariate structures and alternative longitudinal estimands provides

opportunities for future research.

5 Conclusion

Sequential MMWS provided lower RMSE than conventional IPTW across all simulated conditions
and was particularly robust to treatment-model misspecification. These advantages diminished
as treatment-level support deteriorated, emphasizing that MMWS does not eliminate the positiv-
ity challenges associated with complex multivalued treatment histories. When overlap is adequate,
MMWS provides a useful alternative approach to constructing weights for marginal structural mod-
els, with exclusions and cumulative-weight restarts serving as important diagnostics of treatment-
level support.
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Table 1. Simulation design and inputs.

Parameter

Value / Description

Baseline regression/outcome model

Outcome
Confounder process
Treatment model

True effects (1)

Y = 10 + 0.5X;; + ¢ X2 + Z]K:_ll T (A = J) + €it, it ~
N(0, 22)

X; ~ N(O, 1), Xi = O.4Xi7t_1 + 6[“4(142',75—1:1) -
W(A;1—1=2)] + N(O, 0.9%),t>1

multinomial softmax, 7;;: = o + vjcX;¢ (equation 10); lin-
ear in X;; at baseline

T4 = 3, T = 6 at baseline (K = 3); additional levels added
in the same increasing pattern for K = 4,5

Panel design

Sample size (N)
Waves (T)
Treatment levels (K)

2,000 (baseline); 500 and 5,000 examined (scenarios 02-03)
4 (fixed across all scenarios)

3 (baseline); 4 and 5 examined (scenarios 09-10)

Scenarios (one factor varied from baseline per scenario)

01 baseline

02 N =500

03 N = 5,000

04 confounding, weak
05 confounding, strong
06 linear outcome only
07 feedback, moderate
08 feedback, strong

09 K =4 levels

10 K =5 levels

11 imbalanced levels

12 PS misspecification, se-
vere

13 positivity stress

14 PS misspecification,
mild

every factor at its baseline value

smaller sample size

larger sample size

c=04

c=1.2

q = 0 (no quadratic confounding of the outcome)

0=0.3

0=0.6

one additional non-reference treatment level added

two additional non-reference treatment levels added

one non-reference level’s softmax intercept shifted sharply
negative (rare level)

true softmax log-odds include a quadratic term in X;; (coef-
ficient 0.2) omitted from the fitted (linear) treatment model
¢ = 2.2; propensity for one level approaches 0 in the tails of
Xit

as scenario 12, quadratic coefficient 0.05 (dose-response

companion to scenario 12)

Estimators compared
Naive

Linear-adjusted

Y regressed on treatment-level indicators alone

naive model plus X

Continued on next page
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Table 1 continued

Parameter

Value / Description

Correctly specified
MMWS

IPTW

naive model plus X and X2

weighted by cumulative sequential MMWS weight (mmws1;
equation 7), strata chosen automatically by pstrata
weighted by cumulative sequential stabilized IPTW weight
(mmwsl, iptw option; equation 4), same underlying
wave/subgroup propensity models as MMWS

Stratification (pstrata), when not fized by the user

Starting number of strata

Balance criterion

Per-group reliability floor
Stratum-level exclusion

auto-derived, equation 8 (floor of 5)

maximum pairwise SMD < 0.25 across treatment levels
present in a stratum

equation 9 (87 observations at the default SMD criterion)
any treatment level entirely absent from a stratum (posi-

tivity failure)

Monte Carlo settings
Replications per scenario

Variance estimation

Significance level

1,000
subject-clustered (sandwich) robust variance for all five es-
timators

a = 0.05 (two-sided Wald test), for coverage evaluation

Note: DGP = data-generating process; IPTW = inverse probability of treatment weighting; MMWS(L)
= (longitudinal) marginal mean weighting through stratification; PS = propensity score; SMD =
standardized mean difference. All 14 scenarios share the baseline DGP except for the single factor

listed for that scenario; scenario 01 (baseline) uses every baseline value.
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Table 2. Estimator performance at the baseline scenario (scenario 01; N = 2,000, T = 4,
K =3, R =1,000 replications), by treatment contrast.

Estimator Mean estimate Bias (%) RMSE SE/SD Coverage (%)
Contrast A (true effect = 3)

Naive 4.0875 36.25 1.093 0.978 0.0
Linear-adjusted 3.7924 26.41 0.798 1.013 0.0
Correctly specified 3.0000 -0.00  0.057 1.007 95.8
MMWS 2.9519 -1.60  0.154 1.008 96.4
IPTW 3.0094 0.31 0.349 0.676 95.5
Contrast B (true effect = 6)

Naive 6.4960 8.27  0.504 1.038 0.0
Linear-adjusted 6.7907 13.18  0.796 1.021 0.0
Correctly specified 6.0016 0.03  0.057 0.997 95.2
MMWS 5.8804 -1.99 0.189 1.029 89.9
IPTW 5.9941 -0.10 0.434 0.596 91.2

Note: RMSE = root mean squared error; SE/SD = mean model-based standard error divided by the empirical
standard deviation of the point estimate across replications; Coverage = empirical coverage of the nominal
95% Wald confidence interval. Contrast A: treatment level A vs. reference (true effect = 3). Contrast B:
treatment level B vs. reference (true effect = 6).
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Table 3. Relative bias and root mean squared error (RMSE) of the IPTW and MMWS

estimators, all 14 simulation scenarios.

IPTW MMWS
Scenario Contrast True Bias (%) RMSE Bias (%) RMSE Ratio®
01 baseline A 3 0.31 0.349 -1.60 0.154 2.27
B 6 -0.10  0.434 -1.99  0.189  2.30
02 N =500 A 3 0.78  0.487 -3.63  0.310  1.57
B 6 -0.46 0.541 -2.85 0.329 1.64
03 N = 5,000 A 3 0.14  0.242 -0.39 0.088 2.74
B 6 -0.10 0.248 -1.17 0.114 2.18
04 confounding, weak A 3 -0.42  0.132 0.13  0.095 1.39
B 6 -0.10  0.141 -0.40  0.093 1.52
05 confounding, strong A 3 0.13  0.502 -4.23  0.264 1.90
B 6 -1.00  0.566 -3.66  0.322 1.76
06 linear outcome only A 3 0.24  0.110 1.17  0.100 1.10
B 6 -0.06  0.146 -0.59  0.100 1.46
07 feedback, moderate A 3 1.55  0.317 -1.50  0.142 2.23
B 6 -0.52 0.348 -2.58 0.210 1.66
08 feedback, strong A 3 5.14  0.301 1.75  0.170  1.78
B 6 -0.93  0.293 -3.06 0.239 1.23
09 K =4 levels A 3 0.50  0.378 -1.83  0.164 2.31
B 6 -0.08 0.417 -1.92 0.193 2.16
C 9 -0.12 0.241 -0.51 0.166 1.45
10 K =5 levels A 3 1.71  0.323 -1.32 0177 1.82
B 6 -0.16  0.354 -1.83  0.203 1.74
C 9 0.04  0.277 -0.56  0.173  1.61
D 12 -0.30  0.271 -0.79  0.194 140
11 imbalanced levels A 3 0.35  0.166 -1.79  0.121  1.37
B 6 -1.96  0.592 3.28 0.302 1.96
12 PS misspec., severe A 3 62.05  3.230 527 0.219 14.73
B 6 -10.20  1.080 -4.26  0.287  3.76
13 positivity stress A 3 -0.18 0.806 -12.33 0.629 1.28
B 6 -2.81  1.038 -8.36 0.682  1.52
14 PS misspec., mild A 3 6.64 0.683 -0.17  0.140 4.89
B 6 -3.19 0.352 -2.39 0.202 1.74

Note: RMSE = root mean squared error. “RMSE ratio = IPTW RMSE / MMWS RMSE; values above 1
indicate MMWS achieved the smaller RMSE. Scenario labels correspond to Table 1.
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Table 4. Standard-error calibration (SE/SD ratio) and empirical coverage of nominal 95%

confidence intervals for the IPTW and MMWS estimators, all 14 simulation scenarios.

IPTW MMWS
Scenario Contrast SE/SD* Coverage (%) SE/SD® Coverage (%)
01 baseline A 0.676 95.5 1.008 96.4
B 0.596 91.2 1.029 89.9
02 N =500 A 0.748 94.5 0.999 94.3
B 0.720 93.5 1.054 93.3
03 N = 5,000 A 0.695 94.8 1.119 98.1
B 0.742 92.1 1.158 92.8
04 confounding, weak A 0.976 94.2 1.172 98.8
B 0.992 95.5 1.269 98.2
05 confounding, strong A 0.697 94.8 0.897 92.4
B 0.669 91.2 0.900 79.5
06 linear outcome only A 0.980 95.3 1.011 93.9
B 0.743 94.1 0.998 92.5
07 feedback, moderate A 0.713 96.7 1.107 96.5
B 0.707 92.3 1.071 84.0
08 feedback, strong A 0.911 92.0 1.020 94.5
B 0.883 93.3 1.090 81.7
09 K = 4 levels A 0.634 94.6 1.076 96.3
B 0.669 91.5 1.110 91.4
C 0.890 95.5 1.055 96.4
10 K =5 levels A 0.793 95.6 1.092 96.6
B 0.772 92.8 1.136 94.0
C 0.850 95.7 1.153 97.4
D 0.893 94.0 1.140 94.7
11 imbalanced levels A 0.902 94.7 0.923 89.7
B 0.666 75.7 1.087 92.2
12 PS misspec., severe A 0.323 35.8 1.070 85.2
B 0.366 36.0 1.104 55.1
13 positivity stress A 0.617 90.5 0.664 74.4
B 0.516 88.2 0.732 61.6
14 PS misspec., mild A 0.451 94.2 1.069 97.0
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B 0.781 78.8 1.051 84.1

Note: SE/SD = mean model-based (sandwich) standard error divided by the empirical standard deviation
of the point estimate across replications; a value below 1 indicates the model-based SE understates sampling
variability (anticonservative), a value above 1 indicates it overstates it (conservative). Coverage = empirical
coverage of the nominal 95% Wald confidence interval. “Ratio of mean SE to empirical SD, not its reciprocal.
Scenario labels correspond to Table 1.
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Table 5. Wave-level exclusions from weighting and, for the positivity-stress scenario,
extreme-weight diagnostics, all 14 simulation scenarios.

Scenario N Records® Excl.® Excl. (%) Max wt.° Kish ESS¢
01 baseline 2,000 8,000  236.6 3.0 — —
02 N =500 500 2,000  443.0 22.1 — —
03 N = 5,000 5,000 20,000 79.9 0.4 — —
04 confounding, weak 2,000 8,000 68.9 0.9 — —
05 confounding, strong 2,000 8,000  563.7 7.0 — —
06 linear outcome only 2,000 8,000 2354 2.9 — —
07 feedback, moderate 2,000 8,000 318.9 4.0 — —
08 feedback, strong 2,000 8,000  463.0 5.8 — —
09 K =4 levels 2,000 8,000 1480.4 18.5 — —
10 K =5 levels 2,000 8,000 2615.5 32.7 — —
11 imbalanced levels 2,000 8,000 1056.7 13.2 — —
12 PS misspec., severe 2,000 8,000  245.3 3.1 — —
13 positivity stress 2,000 8,000 1793.4 22.4 570.1 298.2
14 PS misspec., mild 2,000 8,000 237.0 3.0 — —

Note: T = 4 in every scenario. “Records = N x T, the total number of wave-level observations analyzed per
replication. *Mean, across 1,000 replications, of the number of wave-level observations excluded from weighting
because the relevant propensity-score stratum did not contain all treatment levels represented in the analytic
sample (Section 2.4); this is a property of the stratification step specifically, computed from propensity models
shared with IPTW, but its consequence is not: an excluded observation’s MMWS weight is undefined, while
its IPTW weight, computed directly from the same fitted propensities, is generally still defined (Section 3.4).
“Mean, across 1,000 replications, of the largest stabilized IPTW weight and the Kish effective sample size, out
of N subjects; recorded only for the positivity-stress scenario (13). Scenario labels correspond to Table 1.
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Table 6. Subject-level cumulative-weight restart diagnostics, the six instrumented

scenarios.
MMWS IPTW

Scenario N Restarts® Subj. >1° (%) Mean/Max® Restarts® Subj. >1° (%) Mean/Max®
01 baseline 2,000 170 17.0 (0.9)  1.00/1.00 0.00  0.00 (0.0) )
02 N = 500 500 99.5 977 (19.5)  1.02/1.26 0.00 0.0 (0.0) —/—
09 K =4 levels 2,000 146.6  146.4 (7.3)  1.00/1.02 0.00  0.00 (0.0) )

10 K =5 levels 2,000 638.8 636.0 (31.8)  1.00/1.16 0.00 0.0 (0.0) —/—

11 imbalanced 2,000 427.8 3944 (19.7)  1.08/1.90 0.07  0.07 (0.0) 1.00/1.00
13 positivity stress 2,000 941.0 809.7 (40.5)  1.15/2.14 0.00 0.0 (0.0) —/—

Note: A restart occurs when cumulative weight construction resumes at the next occasion for which a valid

wave-specific weight can be computed, following an occasion at which it was undefined (Section 2.7). Only

these six of the 14 scenarios were instrumented to capture subject-level restart diagnostics. “Mean, across 1,000

replications, of the number of wave-level restarts of the cumulative weight. *Mean, across 1,000 replications, of

the number of subjects experiencing at least one restart; the percentage in parentheses is this count divided by

N. “Mean, across replications, of the per-replication mean and maximum number of restarts among subjects

experiencing at least one restart; recorded as — when no subject in any replication restarted. Scenario labels

correspond to Table 1.
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Figure 1: Directed acyclic graph for a four-wave model with three treatment levels, illustrating time-
varying treatment, time-varying confounding, and an outcome measured after the final wave. L;:
time-varying covariates, measured before A;; A; € {0,1,2}: treatment at occasion ¢; Y: outcome,
measured after wave 4; U: baseline covariates, measured before wave 1. Each L, is affected by the
prior treatment A;_1 and, in turn, confounds the concurrent treatment A;; each A; may also affect
the outcome Y directly, independent of later treatment. Not every arrow from U is drawn (it is a
common cause of every subsequent L;, A, and Y'); the graph is acyclic, consistent with the causal
structure assumed by both the marginal structural model of Section 2.2 and the MMWS estimator
of Section 2.3.
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