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Introduction

Structure of the Presentation:

o Local Asymptotic Normality Property (Le Cam 1960)
@ Linear model with spillovers

o Flexible Parametric Estimator

o Semiparametric Estimator

o Stata Implementation

o Monte Carlo Simulations

@ lllustration

@ Conclusion

Remark: This presentation is based on two papers prepared while working
as an Associate Researcher of the FNRS at University of Namur.

The Stata codes presented here will only be made available via SSC after

the original papers have been validated through the peer-review process.
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Introduction

Spillover regression models capture interactions between cross-sectional
units, often used in social networks, corporate finance, and public policies,
where outcomes are interdependent.

Technically, they are represented as:
yi=AW,y+xB+&

where

@ y; is the dependent variable for the i — th unit and y the vector of the
dependent variable for all the sampled units

o A is the autoregressive parameter capturing the degree of interaction
between units

o W, denotes the i — th row of the weight matrix indicating the structure
of the interactions

o Xx; is a vector of explanatory variables for unit i

o [ is the parameter vector measuring the effects of these variables

o & is the error term capturing unexplained variability.
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Introduction

Ordinary Least Squares (OLS) is unsuitable for estimating models with
spillover effects due to simultaneity among individual interactions. Many
alternative estimators are available in the literature:

o Two-Stage Least Squares (see for example Kelejian and Prucha, 1998
or Bramoullé et al., 2009)

o Generalized Method of Moments (see Liu at al. 2010)

o (Quasi-)Maximum Likelihood (under normality assumption) (see Lee,
2004)

o Adaptive Estimation (see Robinson, 2010)

In this presentation, we will discuss two alternative, efficient estimators

derived from the Local Asymptotic Normality (LAN) theory introduced by
Le Cam (1960):

o A flexible parametric estimator

o A semiparametric estimator
457
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The LAN property suggests that, under certain conditions, complex
models behave similarly to simpler Gaussian models in a local sense.

It examines model’s behavior for small perturbations around a true pa-
rameter value.

For instance, the Laplace distribution is QMD and thus enjoys the LAN
property while parameters cannot be estimated by ML
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Local Asymptotic Normality (LAN)

The concept is very well explained by Canay (2021). Suppose you have
probability distribution Py = N(G,Uz), with known ¢. Under Py,

dP(n) » 5 ) (n) 2 ; ) ,
'°g{ Zﬁgn}f};}i(*‘”eiﬂ #2071, (X7 -)

1
— 52
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2
where /(6) = é is the Fisher information matrix. Generalizing to the vector
case we have
dp”
log [—"“‘”}-W] = (t)TAa (g) — L (z()TI(8) (M) ~ N (=32T1(8) 7,2 T1(6)7)

)
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Local Asymptotic Normality

Definition

Consider a sequence of statistical models {Pg")} indexed by a parameter

0 € © and the sample size n. The model sequence exhibits LAN at a true
parameter value 0 if there exist sequences of random vectors A(")(G) and
symmetric positive semi-definite matrices 1(6) such that the log-likelihood
ratio satisfies the following approximation:

dP('_l) , 1
log — T — (T AM(9) — = ((M)TI(6) (") + op(1)
dP, =

where (i) 7 is a fixed vector representing the local perturbation of the pa-
rameter 0, (ii)A(")(8) converges in distribution to a normal random vector
A" (6) ~ N(0,1(6)) and (iii) 1(8) converges to the Fisher information ma-
trix 1(6).
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Important Implication of LAN

~(n)

An implication of the LAN property is that if one has 6" ", a /n-
consistent estimator of 6, then

§(") _ ’é(”) 4 % {I (’é(")ﬂ A (g ( (n))

is an asymptotically efficient estimator of 8 where A(")(8) is called the
central sequence for 8 (based on the score function):

a0 (6) = 2=y S L no.1(e)

and information matrix I(0) is

(6)— E Kalngee (y;-)) (a'”f@ (mﬂ
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Spillovers-effect regression model

Consider the following linear model with endogenous effects.
Fori=1.---.,n

T n
yi(n) — (Xi(n)> B | ngn)ngn) +8i(n)

8{"),...,8,(,") are i.i.d. error terms with unknown distribution function F

and density f assumed, without any loss of generality, to have a median of
zero (to identify Bo).

Assumptions similar to those of Lee (2004).
(n)

Excepted for the assumptions on distribution of €/ :
- s = [T ef(e)de <~ and 0 < vf = [, e*f(e)de -

- f is absolutely continuous with (almost everywhere) derivative f’ and finite
Fisher information for location .%r = [ ¢7(e)f(e)de, where ¢f(-) -

f(-)

- f i1s strongly unimodal 13/57



Efficient estimation

Assume first f is known and parametric (and belongs to the family of zero
median unimodal distributions, denoted .%; )

InL (9 [y, w("),x(")) ~In jdet (l,, i} w(">)} + Z Inf (e,(")(e))
i=1

As it enjoys LAN property, MLE can be based on the central sequence:

Agrn)(e):(Ag'r;%(e)>:ii{lnL<9|y(n)‘W(n)‘X(n))}

NAHOVERCED
) ( L1097 (e(8)) X" )
~ditr (GQA))  +Lr0r (e7(0)) Wiy
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Efficient estimation

However, if f is misspecified ( # g, the true distribution), 9 is generally
not \/n - consistent

o Flexible parametric solution: Consider a very flexible distribution to
approximate well f

o We consider Tukey g-and-h and Jones and Pewsey SAS distributions
(many others could be considered)

o Semiparametric solution: Don't make any assumption on the distri-
bution (apart those minimal above) and use a function of error terms
in the construction of the central sequence.

o This function preserves the information contained in the error term
constant across distributions.

o In our framework, the best function (maximum invariant) that can be
used is based on ranks and signs (Hallin and Werker, 2003)
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Flexible Parametric Solution

If we incorporate the parameters of the flexible distribution (y), the central

sequence is, up to op(1) given by

Ay (0)

AM@)=| All(g) |=
al(6)

y() Wm,_ X(M)
y() Wm_ XM
y(n), W(n), X(n) 1

Naturally, the dimension of Ag,")(e) depends on the number of parameters

characterizing the flexible density function.
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Flexible Parametric Solution

The distribution of the error term can be characterized by its distribution
function Fy or, equivalently, by its quantile function

Qy:(0,1)=R:u— Q«,(U)=Fy_1(u)

Consequently, since

1

” dFy(e)
@ (Q;*(e))

WA=, ™ % {Q (o)} =

with Q(u) = i%(li), the log-likelihood function may be written as :

InL(6]y™, WM X") = In ‘det (10— AW) - Z In@, (@* (¢”(B,24)))
i=1

This is particularly useful when the probability density functions are only
implicitly defined, as is the case with Tukey's g-and-h distribution.
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Flexible Parametric Solution

We therefore have the equivalent formulas:

[ )
Ay (o Z QG (e§”)(ﬁ,1)) x\")

\\ u$’7’?9> )

n \/ﬁlzl
and
A 1 & 0 /()
70) == ¥ 5 {In) (u"8)) }
where
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Preliminary Consistent Estimator

As explained earlier, the LAN property allows us to achieve a highly efficient
estimator by refining a consistent preliminary estimator.

For the regression coefficients, we consider a SAR model estimated by
2SLS that gives a preliminary residuals el

i
For the parameters of the density functions, we use quantile least
squares, as proposed by Xu et al. (2014).

The error terms 8,.(")(1' =1,...,n) are assumed to be i.i.d. with a distribution

characterized by the quantile function Q},(-). Hence, considering, for i =
| O ¢ &

o0 (B 40) = ()5 - TOowfrlyn

K "
— MY B Gyl y o)
k=1
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Preliminary Consistent Estimator

We may search for a preliminary estimate 7" of y by minimizing the
(squared) distance between some residual quantiles and the correspond-
ing theoretical quantiles of the distribution characterized by the param-
eter v :

m ~(n 2
'-'j"/(”) — arg min Z [eé?) (B( ) )L(”) Cp;]

rel pi=1

where eg,f) (E(n).i(”)) is the p;T" chosen sample quantile of the residuals

fitted using the preliminary consistent estimator, (,, is the correspond-
ing theoretical quantile and m is the number of chosen quantiles.

Let's consider the Tukey g-and-h distribution as an example
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Tukey g-and-h error term distribution

Tukey (1977) introduced the g-and-h distributions, a flexible family of
(implicitly defined) density functions derived from transformations of
the normal distribution to accommodate skewness and heavy tails.

Definition

Let Z be a random variable with standard normal distribution N(0,1).
Define random variable X through the transformation

X=E+ cTg.h(Z)

where & e R0 € Ry, and 7, 4(2) = %(exp(gz) —1)exp (hz%/2) with g€ R
(for g =0, 7o 4(2) = limg—0Tgn(z) = zexp (hz?/2)) and h € [0,0.25).

-

Parameter g controls the skewness , while h controls the tail heaviness.
To guarantee the existence of 4th order moment, Martinez & Iglewicz
(1984) have shown that h should be smaller than 0.25 .
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Tukey g-and-h error term distribution

Plot for g=0.00 and h=0.00
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Tukey g-and-h error term distribution

clear

set obs 1000

set seed 12345

gen x=rlaplace(0,1)

cumul(x), gen(F)

gen Z=invnorm(F)

pctile x2=x, nquantile(20) gen(Z2)
replace Z2=invnorm(Z2/100)

nl (x2={xi}+({w}/{e})*((exp({g}*Z2)-1)*exp(0.5*{h}*Z27~2))), init(w 1 g ©.1 h 0.1)
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Tukey g-and-h error term distribution

Tgh approximation

I
-10 -5 0 5
xi=-0.03, w=0.99, g=0.01, h=0.26
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Expressions for A(")(8) and 1(8) are explicit

Q(u) = 0% h(2u) = 0% 5 (072 (u))

Qy(u) = c; [exp (h—;‘% +gzu) =T hzufgh(zu)] ’

hz;
2

d d dQ(u) Qi (u ,
Qy(u) oy()_g(u) y() aﬁ):l“’y‘“)

dn _ do o

dQy(u) IQy(u c h23
a};fz ) = a’é ) — = [zuexp (7 -l—gzu> —Tg.h(zu)] ,

2Q. o Q. (u ., hz, hz} h
aiU) 2 ayg( b &Z) [(H > )exp( ; +gz“) _Efg"(z“)]
p J )

Qy(u) = ﬁ [(2hzu +2y+g)exp (— +gzu) +h (1 +2 +hz,2,) rg,h(zu)J ,

IQu) _9Q(u) _ oz, [ﬁexp (h—;‘z’ + 824 ) + (1+h—23) Tg.h (Zu)‘ '

275 oh 0(z) | 2
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Jones and Pewsey SAS-distribution

Jones and Pewsey(2005) introduced a flexible family of density functions
(called sinh-arcsinh or SAS) constructed by transforming a standard nor-
mal, to model skewness and tails heaviness.

Definition
Let Z be a random variable with a standard normal distribution N(0,1).
Define the random variable X through the transformation

X=E+0655(2Z)

where S_3(v) = S_e/51/5(v) = sinh(%sinh_l(v)—i-%), EeR and o €
RS’.Variable X is said to follow a sinh — arcsinh normal distribution with

location parameter &, scale parameter o, and shape parameters € and 6 :
X ~SAS; 5(€,0).

Parameter € € R controls the skewness and parameter ¢ Ra“ controls

the heaviness of the tails (tail weight decreases when & increases).
2757
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Expressions for A(")(8) and 1(8) are explicit

Qyu) = 05_@% (zu) = 05_§,§ (cb_l(u)) ;

o . -
Q(u) = 59 (20) m(‘_é.% (zu), Ce 5(t) = cosh (65|nh )~ 8)
Q) (u) = ° s 5C 2
) =Ty -4+ BT B
IQ(u)  2Quu) IQ)u) _IQj(u) 1
on ~ dJo =3_g.4 (@), dn ~ Jdo © Au)
IQy(u) IQy(u) o
dp  de _-SC“%'*%(Z”)
8Q;,(u) c)Q;,(u) c
dp 9t 82¢(z,)\/1+22 —€/51"5(2)
IQy(u)  IQy(u) (—o) 1. - €
s 98~ o il )(55'“" (u)+5)
G 2% _ (o)
I 98 §82¢(zu)\/1+73 Cg.3l2u)+3
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Transform the error terms in the central sequence construction using a
distribution-independent function.

For f € .%p, ranks and signs are the best transformation, i.e. yielding
a semiparametrically efficient estimator (under f ) (Hallin and Werker,
2003).

To obtain fully semiparametric efficient estimator (i.e. efficient not only

~ n*

under f ) we need a semiparametric central sequence A" (0) asymp-

totically equivalent to Eff")*(e) (under f), but which does not depend

on f anymore. Density f is replaced by a kernel estimate.
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Semiparametric Solution

Relying on a preliminary consistent (and potentially inefficient) estimator,
sign-and-rank of residuals can be calculated as :

N =

_.|_

N | =t

Ri(8)— (n— N.(8)) }

Ri(8) =1 [s:(8) = 1] {l i }“[5"‘5) - { V- (8)+1

where R;(8) is the rank of residual €;(8) and N_(6) and N.(8) are respec-
tively the number of negative and positive residuals

The sign-and-rank and the standard empirical CDF converge almost
surely (for n— oo ) to the exact CDF.
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Semiparametric Solution

n=10
1 —
.87
6
4 -
27
0 =
I I I I ]
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Rank and sign Empirical CDF — e COF

Thanks to Robert Grant to show how easy it is to generate animated graphs in Stata:

Grant, R. (2012). “Producing animated graphs from Stata without having to learn any specialized software”, United

Kingdom Stata Users' Group Meetings. https://ideas.repec.org/p/boc/usug12/02.html 33 /57
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Codes in Stata

We have programmed these estimators in Stata (as well as in Matlab).

They will be made available (on SSC) only after the underlying theoret-
ical papers have been peer-reviewed and published.

The general syntax is the following:
cmd depvar tindepvars, dvarlag(spatname) [options]

where cmd is the command name ( sarnp for the semiparametric estima-
tor and sarflex for the flexible parametric)

In the dvarlag(spatname) option, the user declares a npspat weighting
matrix that defines a connectivity lag of the dependent variable (like in
spregress).

Data have to be spset.
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Codes in Stata

Several command specific options are available. In the flexible paramet-
ric, est () option allows to declare TGH (the default), SAS or L1.

For post estimation, several predictions are possible:

rform generates the reduced form (or total effect) mean (default).
direct generates the direct mean.

indirect generates the indirect mean.

xb generates the linear prediction.

naive generates the naive prediction.

residuals generates residuals.

wy generates the spillover effect of the dependent variable.

The margins commands can thus be applied where applicable.
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Codes in Stata

set seed 123
drawnorm x1-x3
gen e=rlaplace(0,1)

gen y=Xx1+x2+x3+e
gen one=1

gen id=_n

gen longitude=runiform()*10

gen latitude=runiform()*10

spset id, coord(latitude longitude)
spmatrix create idistance W
spmatrix matafromsp W id = W

mata: W=1:/W

mata: _diag(Ww,e)

mata: W=(mm_ranks(W'))"':<=11
mata: W=W:-diag(W)

mata: vl=eigenvalues(W)
mata: W=W/max(Re(vl))
mata: st_matrix("W",W)

mata: mata matsave W W, replace
mata: mata matsave id id, replace

putmata x* one e, replace
mata {
rho=0.6

y=luinv(I(rows(W))-rho*W)*(1:+x1:+x2:+x3:+e)
}

getmata y, replace 37/57



Codes in Stata

spset

spregress y x*, ml dvarlag(W)
est store ML
pause

sarnp y x*, dvarlag(W)
est store NP
pause

sarflex y x*, dvarlag(W)

est store TGH

pause

sarflex y x*, dvarlag(W) est(SAS)

est store SAS
pause

estout *, cells(b(star fmt(%9.3f)) se(par)) legend label collabels(none) varlabels(_cons Constant) replace
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Codes in Stata

= Do-file Editor - Example*

File

Exary

Edit View language Project Tools

Be Q % % LI TR T

ple* X

Lo~V AWNR

PR RARRBRRRR
ONOUV A WNR®

19

*Clear memory

clear mata
est clear

pause on *
clear|

*Generate Explanatory variables and errors
set obs 500

set seed 123

drawnorm x1-x3

gen e=rlaplace(@,1)

gen y=x1+x2+x3+e
gen one=1

*Generate 1@ nearest neighbors

gen id=_n

gen longitude=runiform()*1e

gen latitude=runiform()*1@

spset id, coord(latitude longitude)
spmatrix create idistance W
spmatrix matafromsp W id = W

mata: W=1:/W

mata: _diag(w,@)

mata: W=(mm_ranks(W'))':<=11
mata: W=W:-diag(W)

*Standardize matrix W
mata: vl=eigenvalues(W)
mata: W=W/max(Re(vl))
mata: st_matrix("W",W)

mata: mata matsave W W, replace

- 0 x |®E: SE 185 - O
File Edit Data Graphics Statistics User Window Help
Be B®-), Y. B2 E
Command

Line: 6, Col: 6 NUM
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Codes in Stata

ML NP TGH SAS
x1 1.018*%** 1 025%** 1 (033%*%* 1 (032%**
(0.068)  (0.056)  (0.063)  (0.062)
X2 1.116%** 1 093*** 1 004*** 1 102%**
(0.068)  (0.057)  (0.063)  (0.063)
x3 0.989%** 1 Q12*** 1 002%** 1 002%**
(0.063)  (0.052)  (0.059)  (0.058)
Constant 1.341%*%*  (0.017**  1.194*%** ] 145%*x
(0.363)  (0.294)  (0.315)  (0.321)
Wy 0.487***  (.658*** (.543%** () 548%**
(0.140)  (0.106)  (0.116)  (0.115)
*p<0.05; ** p<0.01, *** p<0.001
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Simulations

Simulations setup

Yi = lW,-_y—l— 1+X;+ &
X ~ N(0,1),n = 300;500;900
@ 1000 replications

o 10 Nearest neighbors interaction matrix

o 20 quantiles used to compute the initial value of the distribution
parameters

o All proposed estimators, start with 2SLS

o Measured Bias: difference between the true value and the median
value of estimators over the replications

o Measured Variability: Interquartile range of the estimators divided
by 1.349
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Considered error distributions
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Autoregressive parameter, n=300
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Regression parameters, n=300
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Autoregressive parameter, n=300
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Regression parameters, n=300
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Simulations - Bias

S.E. of the Autoregressive parameter, n=300, NP
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Simulations - Bias

S.E. of the Autoregressive parameter, n=300, SAS

SAS, n=300

Normal Laptace Tgh ) SAS

1 15

)
| \I\|
j’. f
//
\
/:J
\ |
;}
/

0

3 1 0 1 3 2 1 0 ! 3 1 0 1 3 1 0 1
A A A A
Beta Student LogNormal Weibull
W % o w
e — P
B o B \ 2 ST e 2 P o “\
= -~
=] = o =
3 2 0 1 3 *4 -1 0 1 < -2 1 0 1 3 2 1 Q 1
A A A A
Gamma Chi2

%
\ 1
K
f
/!
#
|

Medianse. —-———-—- iqr dispersion

49 [57



S.E. of the Autoregressive parameter, n=300, Tgh

TGH, n=300
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lllustration

Behrens, Ertur and Koch (2012) estimate a trade model using spatial
econometrics methods to assess the effect of the Canada-US border on

trade flows.

Dataset on 40 regions (30 US States and 10 CAN Provinces), n=1600.

Fitted model: Wy

A

In(Zjj) = Bo+ Pidij+ B2 In(w;) + B3bjj + A ZZ#i LL& In (ij) + €jj
o Zji: Manufacturing exports from i to j, standardized by GDP
o d;i: Distance between / and j
o w;: Average hourly manufacturing wage in region |
o bjj: 1if i is CAN and j is US and vice-versa
o L; : Population in region 1.

There is then an additional internal distance control variable.
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The results are:

lllustration

TSLS ML NP Tgh SAS
d S1.219%FF  _1.223%%F ] 208%¥* ] 1909%k*  _] 206***
(0.034) (0.034) (0.024) (0.026) (0.025)
Inw S1.150%FF  _1.173%%F 1 264%¥* ] 188%**  _] 106%**
(0.177) (0.177) (0.124) (0.135) (0.130)
b S1.056%*F 1 052%** ] 190%kk  _] JQI¥**  _] 189%**
(0.066) (0.066) (0.046) (0.050) (0.049)
Constant -14.358%** _13.002%** _12.230%%* _12 753%** _]1D 6QQ***
(0.682) (0.667) (0.472) (0.523) (0.510)
Wy (A) 0.006 0.029 0.108***  (0.090%**  (0.090%**
(0.027) (0.026) (0.019) (0.021) (0.021)

¥ p<0.05, ** p<0.01, *¥** p<0.001
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Conclusion

Estimating linear models with spillovers requires specific techniques like
two-stage least squares, generalized method of moments or quasi-
maximum likelihood, as ordinary least squares is generally not applicable.

Maximum likelihood estimation is efficient when the error distribution
is known, but becomes infeasible with unknown distributions; quasi-
maximum likelihood remains consistent (unders normality) but not effi-
cient.

Two estimators based on Local Asymptotic Normality are proposed,
achieving high efficiency .

Monte Carlo experiments demonstrate that these estimators outperforms
existing methods under non-normal error distributions.

Work in progress considers extending the model to incorporate het-

eroskedasticity and /or non-independence between errors.
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