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Abstract

In this paper the asymptotic properties of ARMA processes with
complex-conjugate unit roots in the AR lag polynomial are stud-
ied. These processes behave quite dicerently from regular unit root
processes (with a single root equal to 1). In particular, the asymp-
totic properties of a standardized version of the periodogram for such
processes are analyzed, and a nonparametric test of the complex unit
root hypothesis against the stationarity hypothesis is derived. This
test is applied to the annual change of the monthly number of unem-
ployed in the US, in order to see whether this time series has complex
unit roots in the business cycle frequencies.

1 Introduction

The current literature on non-seasonal unit root processes focuses almost en-
tirely on the case of real unit roots (all equal to 1). A notable exception is
the recent work by Gregoir (1999a,b,c). In the ..rst two papers, Gregoir stud-
ies covariance stationary vector moving average (VMA) processes where the
determinant of the lag polynomial matrix involved has multiple real and/or
complex unit roots. In the third paper, Gregoir derives a parametric test for
a pair of complex conjugate unit roots in an AR(2) process with white noise
errors. In this paper, however, we will take a dicerent route.

As is well known, AR processes with roots on the complex unit circle are
non-stationary, and are actually more interesting than AR processes with a
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real valued unit root, because these processes display a persistent cyclical
behavior. Thus, if there exist persistent business cycles, it seems that the
data generating process involved is more compatible with an AR(MA) process
with complex conjugate unit roots than with a real unit root and/or roots
outside the complex unit circle.

In this paper we analyze the asymptotic properties of a standardized
version of the periodogram for ARMA processes with complex unit roots in
the AR lag polynomial, and derive a nonparametric test of the complex unit
root hypothesis against the stationarity hypothesis. This test will be applied
to US unemployment time series data! in order to see whether this series has
complex unit roots in the business cycle frequencies.

2 AR(2) Processes with Complex Unit Roots

2.1 Introduction
Consider the AR(2) process

ye = 2c0S(A)Yi;1 § Yej2 + L+ U (€Y)

where u, is i.i.d. (0;%2) with E juj®™ < 1 for some + > 0;  is a constant,
and A 2 (0;%). Throughout this paper we assume that y; is observable for
t =1;::;n: The AR lag polynomial ©(L) = 1 j 2cos(A)L +L? can be written
as ©(L) = (1 j exp(iA)L)(1 j exp(iiA)L), hence ©(L) has two roots on the
complex unit circle, exp(iA) = cos(A) + isin(A); and its complex conjugate
exp(iiA) = cos(A) j isin(A); provided that sin(A) & 0: The latter condition
will be assumed throughout the paper, because otherwise either cos(A) = 1;
which implies that y; is 1(2), or cos(A) = j1; which implies that y; + y¢;1 is
1(2): .

Note that (1) generates a persistent cycle of 2%=A periods. If A 2 (%; 24%);
the cycle length is less than two periods. Such short cycles are unlikely to
occur in macroeconomic time series, and if they occur, they are di€cult, if
not impossible, to distinguish from random variation. This is the reason for
only considering the case A 2 (0; %):

1The empirical application involved has been conducted with the author’s free software
package EasyReg (Version 1.28), which is downloadable from web page:

http://econ.la.psu.edu/~hbierens/EASYREG.HTM

The monthly unemployment time series involved is included in the EasyReg database.



As is well known, the general solution of the dicerence equation (1) is
a linear combination of a particular solution, which can be obtained by
backwards substitution, and the solution of the homogenous equation z; =
2c0s(A)z¢;1 i Zt;2: As has been shown by Gregoir (1999a,b,c), using the
operator
) x
St(Mug = sin(A(t+1 i j))y; (2)
j=1
for t _ 1; the general solution is of the form:

LEMMA 1: Under data generating process (1), Vi = Si(A)u; + d¢;where
and d; is a deterministic process of the form

d; = acos(At) + bsin(At); (3)

with a and b real valued time invariant random variables depending on initial
conditions.

It is a standard calculus exercise to show that

St(A)uy = sin(A(t+1)) cos(Aj)u;j i cos (A(t+ 1)) sin(AJ)u;
Jj=1 j=1
cos(A)  sin(A)
o i sin(A) cos(A)
b =1 sir](Aj) _
j=1 Uj cos(Aj)

= (cos(At); sin(At))

K
£

Moreover, it follows from the easy equalities

- ,
B sin(2Aj) = ZC;S;](?A)) (1§ cosQA(t + 1)) i %sin(ZA(t+ ) @
- ,
cos(2Aj) = 262;(?/&)) sin(A(t + 1)) %(1+cos(2A(t+ 1) (5)
j=1
that for A 2 (0; %);
1 X o 1 o1 X o1 _
o o (cos(A)))” = > + on o cos(2A)) = > + O(1=n)



X

1 X 1 o1
— in(A)))” = - i =— cos(2A)) = - + O(1=n);
n. 2 2n 2
i=t i=t
1 X . 1 X
5 sin(Aj)cos(Aj) = o sin(2A]) = O(1=n):
j=1 j=1

Therefore, denoting?

D Pogg Prg
Win() = igP= Ujsin(A); W, (X) = op=  ujcos(Af); ()
j=1 j=1
for x 2 [0;1]; it follows from Herrndorf’s (1984) functional central limit
theorem for ®-mixing processes that jointly?

Wi, D Wy and Wy, D Wo;

where W, and W, are independent standard Wiener processes. See Billingsley

(1968). The same applies to
M Wi T cos(h) singy TH w00 T )
Wa;n(X) i sin(A) cos(A) Wz (X)

because the matrix involved is orthogonal. Consequently, we have

LEMMA 2: Under data-generating process (1),

yPR = — o (cos(AWon(t=n) + Sin(AWon(t=n)  (8)

sin(A)” 2
_P—.,.
+0, (1= n);
where v T M il
Win W,
Wan W,

on [0; 1];th W; and W, independent standard Wiener processes. Moreover,
the O,(1=" n) remainder term is uniform in t = 1;::; n:

P
2Thoughout this paper we adopt the convention that for t < 1 the sum }:1 is zero.

3Following Billingsley (1968), throughtout this paper the double arrow ) indicates
weak convergence of random functions, or convergence in distribution in the case of random
variables. The single arrow ¥ indicates convergence in probability, unless otherwise stated.
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Thus, yt:pﬁ takes the form of a linear function of sin(At) and cos(At);
with random coe@cients Wy.,(t=n) and W,.,,(t=n); respectively, plus a vanish-
ing remainder term. Consequently, the series y; will display a rather smooth
cyclical pattern, with a cycle of 2%=A periods. A typical example is the ar-
ti..cial time series displayed in Figure 1. This time series is generated by
Ve = 1:9960534y¢;1 i Yij2 + U with ue i.i.d. N(0; 1), for t = 1;::;500: This
series has a cycle of 100 periods.

225, 2965

F281.7337

Figure 1: AR(2) process with complex unit roots and a cycle of 100 periods

2.2 Relaxing the i.i.d. error assumption
The assumption that the errors u; in (1) are i.i.d. is not essential. WWe may
replace it by:

ASSUMPTION 1: Let (1) hold, with u; azero-mean stationary ARMA
process: Uy = ~(L)"y;where "tisi.i.d. (0;1); E j"tj2+i < 1 for some = > 0;

P ]
“(L) = =0 " = Wy (L)=p2(L) is a rational lag polynomial with all the
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roots of po(L) outside the complex unit circle, and p; (e'*) & 0. *

Then we can write

MON '(e‘A)..t

u - eIA "o eIA = L -
t ( ) t 1 eIA i L

)
= 7™+ MW i Wi

where L
EOFMCOR
iA iL
say. Since %(L) is a rational lag polynomial: %(L) = %;(L)=pu(L); where
%1 (L) is a ..nite-order lag polynomial, it follows that wy is a (complex-valued)

stationary process.
Next, observe from (9) that

Wi = t = n(L)"g

exp(iAj)u; = ’(e'A) exp(iA))"j + exp(IA(t + 1))w;
Jj=1 j=1
i exp(iA)wo;
and consequently
x P
cos(Aj)u; = Re “(e") cos(Aj)";j

Jj=1 Jj=1

N DTN oS .
ilm “(e") sin(Aj)"j + Op(1);

i=1
x i i G
sin(Aj)u; = Re "(e") sin(Aj)";
i=1 i=1
i aeX
+1m "~ (e*) cos(Aj)"j + Op(1);
i=1

where the O,(1) term is due to the stationarity of w,: Thus

4_8jnce (L) is real valued, all complex-valued roots come in conjugate pairs. Hence
Uz (e'*) & 0 implies Py (e ') & 0; and vice versa.
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LEMMA 3: Let Assumption 1 hold. Rede..ne % as
%= "(e") ; (10)

and rede..ne Wy., and Wy., as

H Wi.n(X) K _ 1“ cos(A)  sin(A) K (11)
Won(X) % isin(A) cos(A)

. 1, iA ¢ 1. iA ¢ ﬂ“ ao ﬂ

g iRe () Im,"(e")e Win(x) .

Im "~ (e'*) Re “(e") W (x)

where
P Pok
Win() = iP=  "jsin(Ai);Wan() =Pz "jcos(Ai) - (12)
Jj=1 j=1

Then the result of Lemma 2 goes through. Moreover, (10) is related to the

spectral density * -

1 ..
t(») = o cos(»s) i i+isi (13)

s=jl j=0

of u, as follows: £(A) = 3 (exp(iA))j2 = %

The proof of the latter is a standard exercise, and therefore left to the
reader.

2.3 Filtering

The argument in the previous subsection also implies that, for example, dif-
ferencing of y; does not eliminate the cycle, because the dicerence operator
1§ L changes "(L) to "s(L) = (1 § L) " (L); which still satis..es Assumption
1. The same applies to any other linear ..Iter ¢ (L) with ¢ (e'*) & 0: In order
to show how (8) changes if y; is replaced by ¢ (L)yy, denote "o (L) = ¢ (L) (L).
Then

(e = Re?’n(eiA q:_|_!|mi' (eiA)¢ ' ' ¢
Re ¢ (e") Re (") i Im'c(e") Im™ (")
+i'Re'¢ (%) Im ') +Im (%) Re (") ;
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hence, denoting

= o) = 7€) (@) =% (@)
we have
i ¢ i ¢
1 iRe"n(e'A) Im!’n(e'A) K

2 € =(€g i =& )¢
Yo 1M a(e) ¢Re “a(e™) -
1 T Refe®) o Imig(e)
17 iRe "(e%) Im."(e")y .
% Im (') Re “(e")

Therefore, it follows from Lemma 3, with “ (L) replaced by ¢ (L)" (L):

LEMMA 4: Let ¢(L) be a linear ..Iter satisfying ¢ (e'*) & 0: Under
Assumption 1,

&('—)yt:pﬁ = Z:%(gi% cos(At) Wy, (t=n) + sin(At) W, (t=n)
+Op(1:pﬁ);

-

where % = ~ (") , and
A |
81 il
Wl;n 5 W, .
Wz;n W2 ’

on [0;1]; with W; and W, the same as before.

Strictly speaking, the result in Lemma 4 also applies to the double dif-
ference ..Iter (L) = (1 j L)> =1 j 2L + L? = &2 However, in practice this
.Iter would wipe out a complex unit root in ¢2y, if the complex unit root
involved corresponds to a business cycle frequency. For example, the AR(2)
lag polynomial of the process y; displayed in Figure 1 is 1 j 1:9960534L + L2,
which is numerically too close to 1 j 2L + L? to be distinguishable, hence the
AR and MA lag polynomials of the resulting ARMA(2; 2) process ¢2y, will
approximately cancel out, causing ¢2y; to look like a white noise process.
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3 Frequency Analysis

The periodogram %,(»); say, of a time series y; is de..ned by
2A 1, A 1,3
X

=2 =2

2 , X .
() =4 yicospt)  + yisin(:t)  S:
t=1 t=1

for » 2 (0;%) and odd n: See Fuller (1976, Chapter 7).
If y; is a stationary linear process, say:

ye =1+ (L)"; where “(L) and ", are the same as in Assumption 1, (14)
then for ..xed A 2 (0;%);
Hn(A) D 2(A)A; (15)

where %(A) is the spectral density of y;. See (13) and Fuller (1976, Theorem
7.1.2, p. 280). As is not hard to verify, this result |s (Ldue to the fact that un-
der the stationarity hypothesis (14), %n(») > ~ (Wl »(1)2+W,.,(1)?)
pointwise in » 2 (0;%); where Wy, and W, are mdependent standard Wiener
procesges depending on », which are also independent across the »’s; and

~ e = 2%x(»): Moreover, for » = A;W,,, and W,., are the same as W;
and W, in the complex unit root case. Furthermore, since
A 1, A !
S, x N S
e' = jcos(»j) + jsin(»j)

K X
. ’j2 cos?(»j) + 'jz sin?(»j) = sz = var(yt);
i=0 i=0 J=0

it follows that under the stationarity hypothesis,
I

Yon (») > . IelA i i
12 var(y)

- Wl:»(1)2 + W2:»(1)2;

Wi, (1) + Wz;»(l)2¢ (16)

b(>)

where
X

2 1 - \2
B=agT. 0iY
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is the sample variance, with y the sample mean.

The main idea in this paper is to use the standardized periodogram 1a(»)
as the basis for a nonparametric test of the complex unit root hypothesis
against the stationarity hypothesis, because in the complex unit root case
the properties of (») are quite dicerent from the stationary case. This is
illustrated in Figures 2 and 3. Figure 2 displays the periodogram of the com-
plex unit root process plotted in Figure 1. Figure 3 displays the periodogram
of the stationary Gaussian AR(2) process y; = 1:411423y;;1 i 5Yt;2 + U
t = 1;::;500; where the u¢’s are i.i.d. N(0;1). The lag polynomial of this
AR(2) process has complex roots outside the unit circle, corresponding to a
(vanishing) cycle of 100 periods.

4 53514E +02

! P, 1]
Radius: 0 0.06283 0.63
Cycle pernod: 100.00 10

Figure 2: Periodogram of the complex unit root process plotted in Figure 1

MW 6.95862E +01
MJW\A\/\JWf
R adius: 0 0.

Cycle period: 10

o
uﬁ
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Figure 3: Periodogram of a stationary AR(2) process with complex roots
and a cycle of 100 periods

We see that the two periodograms are very distinct, in shape as well as
in scale. In particular, the periodogram of the stationary process has many
more, and more widely spread, peaks than the periodogram of the complex
unit root process, and the peaks are much lower than in the latter case.

The following lemma, which is proved in the appendix, explains the dif-
ferences between these two cases.

LEMMA 5: Under Assumption 1,

1 X
y=— Ye=0(1) (17)
t=1
and HZ 7 1‘[
1 Xy2 D _ 1W (x)%dx + 1W (x)%dx (18)
n? _ L 4sinf(A) . 0 '
Moreover,
A R 1
1 Xy H cos(At) K S % Rol W, (x)dx (19)
non 0 sindy 2 2PZsinh) G wa(dx
Furthermore, for .xed » 2 (0; A) [ (A;%);
H ]
1 X cos(»t)  _ _P—..
nPR Y sinpt) T Op(1=" n): (20)

Lemma 5 implies that in the complex unit root case #(»)=n has a sharp
spike at » = A; with height asymptotically distributed as
3 - 3 -

1 2 Ry
Wi(x)dx + ; Wa(x)dx

0
n n
o Wi (x)2dx + W,(x)2dx

2

LAY

and asymptotically zero elsewhere, whereas (15) implies that under the sta-
tionarity hypothesis, #a(») is bounded away from zero, and asymptotically
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bounded from above by independent A3 random variables, pointwise in » 2
(0; %):
Summarizing, we have shown:

THEOREM 1: Consider the standardized periodogram
OA 1, A 1,1
2 X =X
a(») = pYves @ yicos(»t) + yesint) A » 2 (0;%);

y t=1 t=1

where hf, Is the sample variance. Under Assumption 1,

3 - 3 -
Ry 2 R, 2
B(») o W109dx + 5 Wa(X)dx —
A} 1A} » = A;
: o Wa(x)2dx + o Wa(x)2dx
RN ,
b(:) = 0,'1=PR ifreA

pointwise in » 2 (0;%); where W; and W, are independent standard Wiener

Processes.
Under the stationarity hypothesis (14),
i iA¢:2 :
B0) D o W (17 + W (17 - Wa (12 + W, (12
Var(yt) > 2 2 2 ]

pointwise in » 2 (0;%); where f(Wy.,;W>.,);» 2 (0;%)g is a collection of
independent bivariate standard Wiener processes. Moreover, for » = A;
Wl;» = Wl and WZ;» = WZ:

4 Multiple Cycles

4.1 The state space case

The periodograms of macroeconomic time series often display multiple peaks
in the business cycle frequencies. If k of these peaks are due to complex
unit roots, then one way of modelling the process involved is as an AR(2k)
process with all the roots of the AR lag polynomial on the complex unit circle.
However, as is already clear from Figure 1, the plots of such processes are
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very smooth; much smoother than for most economic time series. Therefore,
in ..rst instance we propose to model these time series as a state space model
of aggregates of ARMA processes with dicerent single pairs of complex-
conjugate unit roots, plus a stationary ARM A process representing the noise.
The AR(2k) case will be considered in the next subsection.

ASSUMPTION 2: The data-generating process is: y; = P};Oyj;t;
where Yot = o+ o(L)"o:¢ satis..es the conditions in (14), and for j = 1;::; k;
Vit = 2¢08(Aj)Yjti1 i Yitiz + 5 + (L)' with 0 < Ap < it < Ay < W
The lag polynomials “j(L) are rational: “j(L) = "1;;L)="2;(L); with “5;;(L)
having all its goots outside the unit circle, and the ("1.;:::;"kt)’S are i.i.d.
(0;1), with E j"jj*"* < 4 for some + > 0:

Admittedly, the assumption that the ";.;’s are uncorrelated across the j’s
IS quite restrictive, but is needed in order to derive nuisance-free asymptotic
null distributions of the tests we are going to propose.

The process yo.t will only play a role under the alternative hypothesis of
stationarity, which corresponds to the case k = 0:

It follows straightforwardly from Lemma 3 that under Assumption 2,

P— X %

Y= n = pEST(A) (COS(Aj Wy (t=n) + Sin(Aj )Wa;j:n(t=n))
i=1 D 1
+0,(1=" n);
hence (17) still holds, and (18) becomes
1 X ) 1 X 3/4]2 Mz, , Z, , il
ﬁ ~ yt ) Z N sinz(Aj) o Wl;m(x) dx + o W2;m(x) dx ;
t=1 j=1
where ]
% =175 (exp(iA))i;
and

(Wl;j;niwz;j;n)0 DW= (Wl;jiW2;j)0

jointly, with Wjy;::; Wy independent bivariate standard Wiener processes.
Note that without the assumption that the "j.i’s are uncorrelated across the
J’s, the W;’s would be dependent, but that is the only dicerence.
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Except for parts (22) and (23), the following results follow straightfor-
wardly from Lemma 5:

THEOREM 2: Let I; = (1:p§)%j:sin(Aj): Under Assumption 2,

X
yi= n = Ui (COS(Amt)Wimn(t=n) + sin(Ant)Wo,mn(t=n)) (21)

m=1
i, p_t
+0, 1-p :
and consequently,
2“3R1 -, 3R1 -
b(A) LK o Wij(x)dx  + 7 Wy;(X)dx )
D Ay = P Ry L —
m=1 'm0 Wim(X)?dx + ; Way;n(X)2dX

Minj=1.. B(A;)=n ) minj=y...,« Ac(A;): Moreover,

max Ac(A;) . By mm Ak(A) By; (22)
J:

where (0] 1,

x M W ( )2d +R " Wa.m (X)2d
m(X)“dx m(X)“dx _
Bo=8 et e K L (@)
m=1 Wl m(X)dx + W2 m(X)dx

Furthermore,
= Op(lzpﬁ);

1(>)
n
pointwise in » 2 (0; %)nfA; :::: Acg:
Theorem 2 suggests to test the complex unit root hypothesis:
Ho: Assumption 2 holds for given k and A; = Agq; 2 A = Aok, (24)
by using the test statistic

B, = max ta(Ao,) n (25)



with ® £ 100% critical values c, (®); say, based on the lowerbound By of the
asymptotic null distribution of B):

P (Bk - ¢ (®)) =®:

In Table 1 we present the critical values ¢, (®) for k = 1;::;10, and ® =
0:05, 0:10, which have been computed by Monte Carlo simulation.®

Table 1: Values of ¢, (®)
k ®=0:05 ®=0:10
1 0:1403 0:2411
2 0:0667  0:1146
3 0:0441 0:0732
4 0:0313  0:0519
5 0:0249  0:0409
6 0:0210  0:0337
7 0:0177  0:0287
8 0:0154  0:0250
9 0:0137  0:0222
10 0:0120  0:0196

Given that k and Ag.1; ::2; Agy are speci..ed in advance, this test is consis-
tent against the stationarity hypothesis, as well as the hypothesis that none
of the given values of Ao;l; i Ao;k correspond to the ones in Assumption 2. In
particular, for the speci..ed frequencies Ag.1; :::; Ao under the null hypothe-
sis, we have under stationarity that for M > 0, and independent A2 variates
A2(1); = As(K);

3 - H

- 8 M I exp(iAny))i 5 "

”Jr=nlaxk var(yt).IT A0) . M (26)

M

1=
U

)
3
i
o

= 1j(iexp(iM=2)";

The critical values ¢, (®); k = 1; ::; 20, have been computed by Monte Carlo simulation,

on the basis of 10;100 replications of 20 independent Gaussian randonvalks zp t =

;in = 5;000, zo, = 0; and the well-known convergence results (1=n) ?:1 zZ= n )
OlW(x)dx; (1=n?) L,2%D 01W(x)2dx; where W is a standard Wiener process.
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where the last step follows from the fact that the A3 distribution is the same

as the exponential distribution with expected value 2. Setting
2 .

®=1j(liexp(it(®)=2)" , %@ =1i2In 1§Li®™ (27)

then yields an upperbound Tk (®) of the asymptotic ® £ 100% critical value
of a test of the stationarity hypothesis, with test statistic niBy:

4.2 The AR(2k) case

Consider the AR(2k) model with k pairs of complex conjugate unit roots:
th ) i
ASSUMPTION 3: j=1 (1 1 2€08(Ak+1;5)L + L) yi =2+ (L)

where “(L) and "; are the same as in Assumption 1, and 0 < A; < 1 <
Ak <Y

Let us = “(L)"¢: It follows similarly to Lemma 1 that
Ve = St(A)St(Ax;1):::Se(A)ug + di;
where S¢(A) is de..ned by (2), for each pair A;; A,
St(A2)St(A1) =  sin(Ax(t+1 i J))Sj(Ar);
j=1

and d is a deterministic process of the type (3).

Next, let
Ci(Aur = cos(A(t+1ijj))uy
j=1
and let for each pair A;; A;;
Sit(A2)Ci(Ar) = sin(A(t+1 i J))Ci(Ay):
i=1

Then we have:
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LEMMA 6:

St(A2)St(A) = (C1(Az A1) i £1(A2; A1) (Ce(A2) i Ci(Ar))
i °2(A2; A1) (Se(A2) i Se(Ar))
+15(Az; Ar) (Se(A2) + Se(Ar)) ;

St(AZ)Ct(Al) = 1 (°2(A2iA1) +i2(A2iA1)) (Ct(AZ) i Ct(Al))
i °1(A2; A1) (Se(A2) 1 Se(Ar))
i +1(Az; A1) (Se(A2) + Se(A)));

where

o (hyih) = - cos(Az) i cos(Ay) .
SR 2 cos(Ay) i cos(An))? + (sin(Ag) i sin(Ag))?
| sin(Az) i sin(A.) .
2R A) = 2 costhn) 1 cos(An) + (sin(Ar) § Sin(AD)”
(A Ay = 1 cos(Az) i cos(A;)

ST 2 cos(Ay) § cos(Ay)) + (sin(Ay) + sin(Ay))?
6 (A A) = 1 sin(A,) + sin(Ay) :
T 2(cos(Ay)  c0s(Ay))? + (sin(A,) + sin(Ay))?

The proof of Lemma 6 is pretty tedious, but involves only elementary
trigonometric operations, and is therefore omitted.
Lemma 6 implies that y; can we written as

X ) X )
Yt = °iSt(Aj)ue + 1 Ce(Aj)ue + dy;
j=1 j=1

where the °;’s and ;s are constants depending on the A:’s. Moreover, similar
J J J

to Lemma 2 it follows that there exist orthogonal 2 £ 2 matrices Qq;:::; Qk
and constants -; such that

°mSt(Am)U + £, Ce(Am) Uy
SR e |
b j=1Uisin(Amj)

= -m (cos(At); sin(At)) Qm §=1Uj €0S(Amj)
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Furthermore, it follows from Lemma 3 that there exist orthogonal 2 £ 2
matrices Ry; :::; Ry such that

Py T Py T
R IT . . i Aml)
b, = WSl = i ARy By izt 1 SNAmI)
j=1Uj cos(Anmj) J” (exp(iAm)] Rin i=1"1 €08(Anj)
Therefore, de..ning
H | noip; ptkP T
Wl:m(x) :QmRm ilp_ 2p‘_¢r|:)t jil jSlr!(A_mJ) :
Wi1.m(X) 2="n  ;_;"jcos(Amj)

it follows that there exist constants !; such that (21) carries over. Conse-
quently,

THEOREM 3: Apart from the de..nition of the constants !;; Theorem
2 holds under Assumption 3 as well.

This result also holds if we combine Assumptions 2 and 3, i.e.

P
ASSUMPTION 4: Let y, = h(é(:
k

Assumption 2, and for j = 1;:5K, ;o (1§ 2008(Aker;5)L + L) yje =

1y + 7j(L)"j;e; where “j(L) and " are the same as in Assumption 2, and
O<A<ii<A<¥u

o Vit where Yo is the same as in

Thus, in this case the processes y;j.; J = 1;::; K; have common complex-
conjugate unit roots. The condition in Assumption 2 that the "j.’s are
uncorrelated across the J’s is now no longer needed, because if the variance
matrix of ("¢ "kt)? is 8; say, we may without loss of generality replace
(Yit; 5 Vo) by QY1 2 Yiet)’; where Q is the K £K, matrix of eigenvectors
of 8 corresponding to the K. positive eigenvalues. Thus, without loss of
generality we may assume that 8 = I:

Under Assumption 4 there exist constants !;.,, such that (21) becomes

- K XK ) o

Vi= N = i:m (COS(AmB)W1 j:m:n (t=n) + SiN(Ant)Wa;j.m:n(t=n))
j=1m=1 p ¢

+0, '1="n

18



where jointly for i = 1;2; j = 1;:; K; m = 1;:;K, the Wi;j.m:n’s converge
weakly to independent standard Wiener processes W;.j.m: Denoting
I:)K

i=1 limWiiimin(X)

1 ’
-m

Wiimin(X) =

where v__
ul
_I.J:X
1 e 12 -
=m M Huk
i=1

we now have that

THEOREM 4: Theorem 3 carries over under Assumption 4.

5 Are Business Cycles Due to Complex Unit
Roots?

In conducting the test for complex unit roots, it is tempting to formulate
the null hypothesis (24) by looking at the periodogram of the time series
involved, and selecting the frequencies Ag1;:::; Aok corresponding to the k
highest peaks. However, this is akin to pretesting, and will a=ect the actual
size and power of the test. The correct way of conducting the test is to
formulate the null hypothesis prior to looking at the data. But all information
about business cycles is based on empirical investigations [see for example
Diebold and Rudebush 1999 and the references therein], so that even if we
would choose Ag.q;::; Ay, corresponding to the NBER business cycle dates
and durations listed in Diebold and Rudebush (1999, Table 2.1, p.39), prior
to looking at the periodogram, we would indirectly commit a pretesting-type
of sin as well. In testing for seasonal unit roots this problem does not occur,
of course, but is virtually impossible to avoid when testing for complex unit
roots in the business cycle frequencies. In our empirical application we will
therefore ignore this problem, and look at the periodogram ..rst, in order to
determine potential complex unit root frequencies.

The time series we analyze is the monthly number of civilian unemployed
for 15 weeks or more in the US, times 1000, from 1948.01 to 1999.07. This
series is seasonally adjusted, but in order to be sure that there are no seasonal
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unit roots left, and to eliminate a possible unit root 1 as well, we have
transformed the series to annual changes. The plot of the transformed series
is displayed in Figure 4.

DIF1 Z2[Civihan Unemploved [x1000] for 15+ Weeks SA]

288,

-1858.
1943.01 1999.07

Figure 4: The data

The standardized periodogram f(») is displayed in Figure 5. The dashed
lines are the 90% and 95% pointwise con..dence bands under the stationarity
hypothesis, based on (16).

9. 28561E+01

= S 1
Radius: a 0.52
Cycle pernod: 12
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Figure 5: Standardized periodogram f#(») of the data

The ..rst peak (with a little dip in the top) corresponds to a cycle duration
between 104 and 133 months. The second, and highest, peak corresponds to
a cycle of 65 months, and the four next highest peaks correspond to cycles
of 50, 43, 33 and 28 months, respectively. These cycle durations are pretty
close to the post-WW-11 NBER business cycle (trough to trough) durations
listed in Diebold and Rudebush (1999, Table 2.1, p.39). The longest post-
war NBER cycle duration is 117 month, which corresponds to the little dip
in the top of the ..rst peak.

We now test the null hypothesis that this series has 6 pairs of complex
conjugate unit roots, with frequencies corresponding to cycles of 117, 65, 50,
43, 33 and 28 months:

Tabel 2: Null hypothesis and test results

i Agj cycle H(Ag;)=n

1 0:05370 117 0:07238

2 0:09666 65 0:13934

3 0:12566 50 0:10855

4 0:14612 43 0:08387

5 0:19040 33 0:06667

6 0:22440 28 0:04361

Test statistic = max; ;1.6 B(Agj)=n = 0:13934
10% critical region = (0; 0:03366)
5% critical region = (0; 0:02095)
p i value % 1

Clearly, the complex unit root hypothesis involved is not rejected.

If the time series is actually stationary, then given the speci..ed frequencies
Ao1; s Aoe; max;; 16 B(Agj) is asymptotically bounded from above by a
random variable which is distributed as the maximum of 6 independent A2
variates. See (26). Dividing the corresponding critical values T¢(®) [see
(27)] by n then yields the critical values of max;; i #(Agj)=n under the
stationarity hypothesis:

Table 3: Stationarity test results
Test statistic = maxj;1...6 B(Ag;j)=n = 0:13934

5% critical region = (0:01570; 1)
10% critical region = (0:01335; 1)
p i value % 0
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Clearly, the stationarity hypothesis is ..rmly rejected, given the "a priori”
chosen frequencies Aq;; j = 1;::;6; under the null hypothesis.

These results provide evidence that business cycles may indeed be due
to complex unit roots. Whether this evidence is compelling depends on how
one weighs the pretesting problem mentioned before.
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APPENDIX
Proof of (17): First, observe that there exist functions a(»); b(»); c(»);
and d(»); not depending on t, such that for t =1, 2;:::;
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Z 111 Z 141
cos(»t) = a(») cos(»:x)dx + b(») sin(»:x)dx; (28)
Ztt+1 Zt t+1
sin(»t) = c(») cos(»:x)dx + d(») sin(»:x)dx:
t t

Therefore, it follows from (8) that

IC)Esin(A) X

— 2
%n'n ye (29)

=1

1 X 1 X p_
= 5 CoS(At)Wy.n(t=n) + o Sin(At)W-.,(t=n) + Op(1=" n)

tZi . t=1 7 .
= a(d)  cos(NA:X)Wyn(X)dXx +b(»)  sin(NA:X)Wq.,(X)dx
z° v
c(A) 1 cos(NA:X)Wy.,(x)dx + d(A) 1 sin(NA: X)Wy, (x)dx
0 0
+Op(1:pﬁ):

Moreover, it is not hard to verify that
E [Wi.n(x)Win(y)] = min(x;y) + O(1=n):

Therefore
HZ 112

E cos(NAX)Wy.,(X)dx
YA 1Z 1

= cos(nAx) cos(nAy) min(x; y)dxdy + O(1=n)
0 0
= 0(1=n);

where the last equality is an elementary calculus result. Thus,
Z, o
cos(NAX)Wy.n(X)dx = Op(1=" n):
0

Along _the same lines it can be shown that the other terms in (29) are
Op(1=" n): Q.E.D.

23



Proof of (18): It follows from (8) that

L - al icosz(At)W (t=n)? + sin?(At)Wo.n (t=n)?
n._ Yt 2sin*(A)n _, Ln 2in
+2 cos(AQSIN(AOW 1, (t=) W (1)) + 0,(1="1)
3,2 1 X 1 X
= — = Wi (t=n)2+ = W, (t=n)?
4sin*(A) n _, un(EN)°+ 3 _ 2n(t=N)

1 X ) , 1 X ) ,
+ﬁ CoS(2At)Wy.n (t=n)~ j 5 Cos(2At)W,.,(t=n)
t=1 t=1 []

I S
+Zﬁ SiN(2At)W 1. (t=n)W,.(t=n)
t=1

It is easy to show that

1 X Z 4
t=1 0

1 X Z,
t=1 0

hence by the continuous mapping theorem [see Billingsley (1968)],

1 X 1 X 1 ‘1
= Win(t=n)2+ = Wyon(t=n)>)  Wi(x)%dx+  Wy(x)%dx:

- L 0 0

Moreover, it follows similarly to (29) that

1 X ,
= cos(2At)Wy., (t=n)? (30)
t=1
YA 1
= a(2h)  cos(2nAX)Wy.,(x)?dx
z,

+h(28)  sin(2NAX)Wyn(X)%dX + Op(1=n);
0
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1 X ,
n SIN(ZAt)W ;0 (t=n)W2.(t=n) (31)

t=1

Z 1
= ¢(2A)  cos(2nAX)Wy.n (X)Wa.n(X)dx
OZ )
+d(2A)  siN(2NAX)Wy.n (X)Wa:n (X)dX + O, (1=n):
0
In analyzing the asymptotic properties of continuous functions of W;.,
and/or W,.,, it often succes to analyze the properties of the same functions of
the independent standard Wiener processes W1; W,; because of the Skorohod
(1956), Dudley (1968), and Wichura (1970) representation theorem. See also
Gaenssler, P. (1983, p. 83). Loosely speaking, this representation theorem
states that there exist versions W,, = (W10, Won) and W = (W ;W)
of Wi = (Wyn Wan)® and W= (Wy; W,)"; respectively, such that W, has
the same distribution as W,,; W has the same distribution as W (namely a
bivariate standard Wiener process), and W,, ¥ W a.s.b
Due to the representation theorem, the limiting distribution of
Z 1
c0s(2nNAX)W1.,(x)2dx
0

is the same as the limiting distribution of

YA 1

cos(2nAx)W, (x)?dx:
0

The latter limited distribution is constant zero, because.

Mz 12
E cos(2nAX)W, (x)?dx

. i £ ol
= cos(2nAx) cos(2nAy)E W1 (x)*W,(y)? dxdy

6More precisely, h Y
P Iim¥% W,W =1,
nt 1

where % is the Skorohod norm on the space D?[0;1] of right-continuous mappings from
[0; 1] into R?. See Billingsley (1968).
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Z,Z2,

] i ¢
= cos(2nAx) cos(2nAy) ' 2 (min(x: y))? + xy  dxdy
0 0
= 0(1=n):

The second equality is a standard Wiener measure calculus result, and the
last equality is an easy calculus exercise. Thus by Chebishev’s inequality
Z 1
cos(2nAX)Wy.,(x)?dx ¥ O: (32)
0
The same applies to the sinus case. Along the same lines it can be shown
that Z,
c0s(2NAX)W1.n (X)Wa.n (X)dx ¥ 0O; (33)
0
and the same applies to the sinus case. Q.E.D.
Proof of (19): It follows from (8) that

1 X ) Y, 1 X )
—p= Yy Cos(At) P=—-— COST(At)Wy.n(t=n)
nn._, 2sin(A)n .,
o1 X
+Pp=—-"—-— cos(At) sin(At)W,.,(t=n)
2sin(A)n _,
= ot L, )
2" 2sin(d)n _, "
Y, X

1 ]
+ = — — cos(2At)Wq.n(t=n
Prondyn _, CAWn(tn)

+—|e>3/4—i > SiN(RAY)W,.,(t=n)
2" 2sin(A)n _, an
Z

7 ! pP—
= — v Win(X)dx + O,(1=" n):
EBZST(A) . 1:n(X) o( )

The last step follows similarly to the proof of (17). Similarly,

X 3 YA 1
A T ysin(A) = b Won()dx + O,(1=0R):  (34)
nn_ ¢ 2 2sin(A) o " P '
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Part (19) of Lemma 5 follows now from the continuous mapping theorem.
Q.E.D.

Proof of (20): Similarly to the proof of (19). Q.E.D.

Proof of Theorem 2: We only need to prove the parts (22) and (23),
because the other results in Theorem 2 follow straightforwardly from Lemma
5 and its proof.

Denote
MZ , T. wmz, 12
am = Win(X)dx  + Wom(X)dx
z z, °
by = Wim(X)%dX + Wy (X)%dx
0 0
Then
~ !?q
Ac(Ay) = ‘PkJTb; (35)

m=1 ~m~m
hence for j = 1;2;:;k; o
12 — PaAc(A).
) ajAk(Al) .
Substituting (36) in (36) yields

(36)

X b,
Ak(Am)a_ =1,
m=1 m
hence
. XKy, . Ky,
min  Ax(Am) — -1 - max Ax(Am) —
m=1;::;:k m m=1;::;k m
m=1 m=1
Q.E.D.
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