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1 Introduction

In Economics it is frequently assumed that an economic time series follows a martingale
dicerence sequence (MDS) given some information set. For instance, it is a common impli-
cation in Rational Expectations models (see, for instance, Hall (1978)). A MDS process is
de..ned as a process that has constant mean (usually zero) given some information set (that
typically includes just its past values). Testing the MDS assumption is rather challenging.
In Econometrics the common way of testing this property has been testing that the process
is uncorrelated. Hence, in the time domain the test statistics typically employed have been
based on the sample autocorrelations while in the frequency domain they have been based
on the periodograms. The test statistic most commonly employed has been the Box and
Pierce (1970) Q statistic for testing that a process is uncorrelated of a given order p (that is,
the ..rst p autocorrelations are equal to zero). For the general case of testing that a process
is uncorrelated of any order, alternative statistics have been proposed by Durlauf (1991),
Anderson (1993) or Hong (1996).

Notice that all these procedures do not test that the considered process is a MDS but
that it is uncorrelated. This distinction is crucial when nonlinear dependence is present, as
it commonly happens with ..nancial data. For processes with bounded second moment, a
MDS is an uncorrelated sequence, but an uncorrelated sequence is not necessarily a MDS.
An uncorrelated process cannot be forecasted using linear functions of lagged values, while
a MDS cannot be forecasted using either linear or nonlinear functions of past values. Hence,
for uncorrelated non-MDS processes the previous tests have no asymptotic power (see, for
instance, examples in Section 4). The fact that these tests are inconsistent can be under-
stood since they only employ information contained in the second moments of the process.
Contrary to these commonly employed tests, this paper provides consistent tests for the
null hypothesis that the process has zero conditional expectation given the information set
composed by the current value of some exogenous variables and some ..nite numbers of lags
of both the own process and some exogenous variables.

Consistent tests for the MDS assumption can be established using recently developed sta-
tistical theory on speci..cation testing. There are basically two approaches to constructing
consistent tests. First, to employ tests based on checking an in..nite number of orthog-
onality conditions (see, for instance, Bierens (1984, 1990), Stute (1997), Andrews (1997),
Bierens and Ploberger (1997) and Koul and Stute (1999)). Second, to employ tests based on
smoothed nonparametric estimates of the conditional expectation function (see, for instance,



Hardle and Mammen (1993), Hong and White (1995), Zheng (1996) and Li (1999)).

Test statistics based on the ..rst approach do not demand the selection of user-chosen
tuning parameters. However, they have the disadvantage of (typically) having non-standard
asymptotic null distributions. This is not a serious drawback, though, since critical values
can be estimated by the bootstrap. In addition, these tests are consistent against Pitman”s
local alternatives but inconsistent against certain local alternatives to the null, see Rosenblatt
(1975) or Horowitz and Spokoiny (1999).

Tests based on the second approach have the advantages of having standard asymp-
totic null distributions and being consistent against Rosenblatt’s (1975) local alternatives,
but three inconveniences. First, they require stronger smoothness assumptions on the data
generating process (DGP). Second, they have asymptotically no power against Pitman”s
alternative hypotheses tending to the null at the parametric rate. Third, their main disad-
vantage is that they require a user-chosen smoothing parameter and, in practice, statistical
inference is quite sensitive to the selection of this number.

For these reasons, in this paper we employ a test based on the ..rst approach. Since
the asymptotic distribution of the considered test statistic depends on the speci..c DGP,
standard asymptotic inference procedures are not feasible. In this paper we propose and
justify rigorously to estimate the distribution of the test statistic by using a modi..cation of
the wild bootstrap.

The organization of the paper is the following. In Section 2 we review the dicerent
approaches to construct consistent tests, and motivate the selection of our test statistics
which are introduced in Section 3. Section 4 analyzes the bootstrap tests and in Section
5 we present a Monte Carlo study of their ..nite sample performance. Section 6 reports
an empirical application to exchange rates and Section 7 concludes and establishes some
directions of further research. Proofs are in the Appendix.

2 Consistent Hypothesis Testing

Let y; be an ergodic and strictly stationary process of which a sample of n + p observa-
tions, (Yip+1;::5Yos Y1, yn); is available. Let B, = (Xyt,..., Xk;t)' be a K £ 1 ergodic
and stationary stochastic vector process of conditioning variables. We employ the super-
script to denote vectors. Notice that no assumptions are made about the moment structure
of B and, in particular, all their moments could be unbounded. Of each variable fx;.g,
i = 1;:::K, a sample of size n + p; is observed. Denote the whole observed sample by
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Xn = Yip+1 S5 Yo Y 55 Y Xaipo+1s S5 Xeng -0 XK ipe+1; o5 Xken). The null hypothesis of
interest that we consider in this paper is testing mean independence with respect to the
information set B e = fyt;1; 115 Yeips Xots Xuti1; 5 Xetgpas 225 Xkt X155 Xotgpe @ Where
B = (p;ps; 5 pe)’ and p; p1; i pk are any natural numbers. Notice that the conditioning
information set includes the past p values of the considered process and current and past
values of the other conditioning processes.

Thus, the considered null hypothesis is

Ho: E(yi=Be) =1 as: D
for some unknown 1 2 R, and the alternative
s -
Ha E(Yi=Be) =T B as:; (2)

where *(¢) is some unknown rgeasurable function of B, from RP into R, where P = p +
K + }il pj, such that Pr(* B, = *) < 1: A process that veri.es (1) is said to be
a martingale dicerence sequence of order p with respect to its past and of orders p; with
respect to x;; for i = 1;:::; K, (more briety, we say that y, is a MDS of orders ). In Sections
5 and 6 we consider the special case of testing that a process is just a martingale dicerence
sequence of order p with respect to its own past. We establish the theoretical results for the
general case since economic theory establishes the orthogonality with respect to the agent
information set that typically includes a set of additional explanatory variables.

In order to obtain consistent tests of the null hypothesis (1) there are two approaches:
the use of tests based on empirical processes indexed by classes of functions and the use of
tests based on nonparametric estimates. Both approaches are nonparametric in spirit. For
simplicity, we call the integrated approach to the ..rst (since the corresponding tests require
the selection of an integrating measure) and the smoothing approach to the second (since
the corresponding tests require the selection of a smoothing number). Both are based on
the following equivalence which is based on the de..nition of conditional expectation (see,
for instance, p.63 in Brockwell and Davies (1993))

Ho » E((yt i DYW(Be)) =0 as:

for any bounded measurable weighting function W (¢) with respect to B ... The tests are

based on evaluating the discrepancy of the sample analog of E((y: i *)W (&.e)) to zero.
Notice that any such test involves testing an in..nite number of orthogonality conditions.

The smoothing approach reduces the problem of testing Hy to testing a unique, appropriately
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chosen, orthogonality restriction. Namely, it employs Ws(eme) = E((Yt i 1)=B.p)- Hence,
this methodology is based on the following equivalence

Ho » E((yr i HWO(B,e)) = O:

Notice that this approach, although implicitly, involves testing an in..nite number of orthog-
onality restrictions as well, as we show now. First, express Ws(et;p) as a linear combination
of a basis fwig = fwi(g,e)g of the space of functions with ..nite second moment

>
Wo(B.e) =  ®w;
i
where ®; = E[VVS(et;p)wi]: Second, apply the law of iterated expectations to obtain ®; =
E[EW(Y: i 1)=B.p)Wi] T:)E[(yt i 1)W|%l. Finally, testing E((Vt i 1)Ws(eme)) = 0 is equivalent
to testing E((y: i 1) ;®wi) = [ ®E((y: i DYwi) = ;® = 0, that is, testing that
®; =0 for all i:

Since the function Ws(et;,s) is unknown, evaluating its sample analog will require the use
of nonparametric estimation techniques, that is, the introduction of a user-chosen smoothing
number. This approach presents three drawbacks. First, its main problem is that statistical
inference is sensitive to the selection of the smoothing parameter. There has been consider-
able research on how to select this parameter automatically from the sample for estimation
problems (see Marron (1988) for a survey). Unfortunately, there is not any completely sat-
isfactory answer yet and furthermore, most of this research has focused on estimation rather
that hypothesis testing. Second, tests based on the nonparametric approach have no power
against alternative hypotheses tending to the null hypothesis at the nil=? rage. Third, this
literature needs to impose strong smoothness conditions on the function * &, , see, for
instance, Zheng (1996) or Li (1999).

The integrated approach tests Hy by selecting a family of functions W so that Hy holds
if and only if (y; § 1) is orthogonal to every member of W almost surely. Depending on the
choice of W the corresponding test resembles certain classical goodness of ...t tests employed
in the statistical literature as we see now. There are two types of integrated tests. The ..rst
type has been employed by Bierens (1984, 1990), De Jong (1996), Bierens and Ploberger
(1997) and Stinchcombe and White (1999). They proposed testing procedures based on
families of analytic functions W = fW (y;g); € 2 *~, # 2 R”g and prove that

Ho » R" (€) = E((yt i YW(Be:€)) =0; foranye2 ™",



where, in general, the set "~ is an in..nite dense set, for instance, any neighborhood of
0 2 RP. In particular, Bierens (1990) considers W = fexp(ig'g); € 2 ~~; ® 2 RPg: Hence,
for this choice these tests resemble goodness of ..t tests based on the characteristic function.
Note that under both the null and the alternative hypotheses, RW (g) 2 C[ ], the space of
continuous functions on ~": We have called [A] the closure of A and, in case the function
is not de..ned for every a in the frontier of A, we extend the process by considering that
RW (@) = limg, 1o RY (&,): The dependence of the nuisance parameter vector g is avoided
by applying a norm of the space C[ "] onto the function RW (g) : Recall that a norm A, that
is a positive continuous functional, veri..es that forany f 2 C[[; Af) =0 (D f=0: A
main problem with this approach is that, the application of the norm requires the selection
of an arbitrary measure on "":

The second type of integrated tests has been employed by Brunk (1970), Su and Wei
(1991), An and Bing (1991), Delgado (1993), Andrews (1997), Stute (1997) and Koul and
Stute (1999). They have considered the family W1=fl(g., €);€ 2 RPg where I (A) is
the indicator function of the event A and @ 8 denotes that each element of a is less or
equal that the corresponding of 8 for any e;8 2 RP: For this family, the nuisance parameters
are evaluated in the support of the conditioning vector, B.., and hence, the natural inte-
grating measure is the joint empirical distribution function of the vector g . Therefore, the
corresponding tests resemble goodness of ..t tests based on the distribution function, such
as, the Cramer-von Mises test and the Kolmogorov-Smirnov test. Hence, the advantage of
this family is that the arbitrariness involved in selecting an integrating measure disappears.
In fact, Koul and Stute (1999) have shown that this family can be used to build consistent
tests for Hy for the case p=1and K =0:

Since both the smoothing approach and the ..rst type of integrated tests present the
problem of arbitrarily selecting the smoothing number and the integrating measure, respec-
tively, the test procedure proposed in this paper belongs to the second type of integrated
tests.



3 A Consistent Test for the Martingale Dicerence Hy-

pothesis of order B

4+t

We assume that Ey;"~ < 1, for some + > 0, and that y; given B, has a continuous bounded
density function. The proposed test is based on the following equivalence

Ho » R(ge) =0 for almost all ¢ 2 R";

where Z
RE=EMiVIEe €)= GiIHIE edF(9 2CRY; ()

where F (s; ) is the joint distribution function of the vector (y:; B ). In order to evaluate
the distance of R (g) to zero, a norm has to be chosen. Denote the general norm by

Te = AR (8)): 4)

The two norms considered in this paper are the Cramer-von Mises norm, that is,

) 34 11
A,RE) = [R(FdF(1L;e) (5)

where F(1;g) = limss 1 F(S;€), and the Kolmogorov-Smirnov norm, that is,
A1(R(g)) =supjR (e)i: (6)
€

A general consistent test would be based on the sample analog of (4). In particular, the
tests considered in this paper are based on the empirical versions of (5) and (6). Next, we
provide explicit formulae for these two test statistics. 3 -

Denote Ey Fn, the empiricaIFc)jistribution function of yi; B 0 and by y the sample
mean y = s dFp(s;® = nit Ty Notice that y = y© + o,(nit"2) where y€ is the
usual de..nition for the sample mean that takes into account all the available observations
(Y¢ = (n + p)it P{;ipﬂyt). We estimate the function R (g) given in (3) by its sample

analog 7

1 X
Ra(e)= (siVI(E e)dFn(s:® = o YeiMI(Be ©): (7)

t=1
Notice that R, (g) 2 DI[R]", where D[R]" is the natural extension of the cadlag space
D[R] considered by Koul and Stute (1999). Also, for a ..xed g; under the null hypothesis,
Rn (€) = Op(ni’™?); but under the alternative pﬁRn (e) diverges to in..nity for some g



pﬁRn (e).

The general test statistic considered is the empirical analog of (4) and we denote it by

(as we will show in Theorems 1 and 2). Hence, test procedures are based on

Te., = A(pﬁRn (e)). The two particular test statistics considered here are the Cramer-von

Mises test statistic

Z g . z z P
Ce.p = nR, (g) “dFn(1;e) =n (siVIE€ e)dFn(s;® dFa(1;e)

where Fn(L;e) = limgs 1 Fn(S;€); and the Kolmogorov-Smirnov statistic

P - 1 = z
Klﬁ;n = m_axn an(Ei;IE) :ig].axn _pﬁ (yj i y)l (Ej,lﬁ Ei;lﬂ)_:
i1
In order to consider the asymptotic distribution of the test statistic Tg,,, we need ..rst

pﬁRn (e). It turns out to be

to consider the asymptotic probability law of the process
Gaussian with the asymptotic covariance matrix depending on the DGP as the following
Theorem shows.

Theorem 1. Under the null hypothesis (1)

p—
nRn(e) D B(e); 8
where ) denotes weak convergence and B (g) denotes a centered continuous Gaussian pro-
cess in D[R]” with covariance given by

§(g;8) = E[P(Be)li(@™®)] i F(L:e)E[ (Be)lt(8)] 9)
i F (1 B)E[(Be)(e)] + %°F (1;8)F (1;e);

where %%(®,) is the unknown variance of y; conditional on &, which is known to be ..nite,
li(e) =1(g. €)and e/ & denotes the vector whose i j th component is the minimum of
the i-th components of the vectors g and A:

Since R, (i 1) = R, (1) = 0; the asymptotic distribution is a tied-down Gaussian
process. Notice, however, that the covariance structure depends on the DGP. Theorem 1 is
a natural extension of Theorem 2.2 in Koul and Stute (1999), see their Remark 2.4.

When the interest resides in testing that a process is a MDS with respect to the past p
values of the process, Theorem 1 particularizes to the following corollary.

Corollary 1. Let —¢;1.p = Fye;1; 1 Yeip9 @nd the null hypothesis of interest be

Ho i E(Yr=—tip) =1 as: (10)



for some unknown * 2 R and the alternative

Ha @ E(Ye==ti1p) =1y (B;1)  aisy (11)

where 1, (¢) is some unknown measurable function of ;1 = (Vt;1; 15 Ye;p) from RP into R
such that P(%, (;1) = 1) < 1: Let pﬁRy;n € =ni" L(eiVNI(®i1 €). Then,
under the null hypothesis

PRyn (€) D By (@)
where By (g) denotes a centered continuous Gaussian process in D[R]P with covariance given
by

8/(e:8) = EF (Rl i F(L;e)EM (Rin)li;1(8)]
i F (L B)E[(2;0)1Y;1(6)] + %°F (1;8)F (1;€);

where %2(g;1) is the unknown variance of y; conditional on g, and |tyi1(@) =1(g;1 €)-
Next we provide three remarks about Theorem 1.
Remark 1. Notice that under the assumption of conditional homoskedasticity, that is
3/z‘z(zat;,a) = %2, the asymptotic covariance matrix (9) reduces to

S(e;A) = % [F(1;e™A) i F(1;8)F(1;e)l (12)

If, in addition, the conditioning set B, includes only one variable (either one own lagged
value or one contemporaneous or lagged value of a conditioning variable), using the classical
quantile transformation, equation (12) simpli..es to 8(;;A) = %2[(; ~A) i (A¢)], and so, the
process B(g) follows a standard Brownian Bridge. Hence, for this restrictive case, inference
is straightforward since the critical values are already tabulated, see Shorack and Wellner
(1986, pp. 143-147).

Remark 2. A Gaussian process similar to (8) has been previously discussed in Koul
and Stute (1999), see their equation at the end of p.211. The null hypothesis considered
by Koul and Stute (1999) is dizerent to (1). They considered the case where B e only
includes one past value of the process (hence, no additional conditioning variables or lagged
values of the process are allowed), but allow for a general functional form for the conditional
expectation function. For the even more speci..c case of conditional homoskedasticity (in

which %2(g:;1) = %2), they proposed a transformation of P

NnR;, (e) to obtain a pivotal test
statistic. However, as we have seen in the previous remark, for this special context, we do

not need to transform the statistic since we already have a pivotal distribution. Koul and
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Stute (1999) only justi..ed the transformation for this restrictive case and the extension to
the general case does not appear to be feasible.

Remark 3. The functional central limit theorem (8) can be obtained under alternative
sets of assumptions. Here we have followed Koul and Stute (1999) and assumed ergodicity
and strict stationarity with ..nite fourth moment. Some of these assumptions could be
weakened at the cost of strenghtening others. For instance, the strict stationarity assumption
could have been removed at the cost of strengthening to strong mixing the condition on the
dependence of the process (see, for instance, Andrews and Pollard (1994) and references
therein). Continuity of the density of y; given g, could also be weakened by assuming
that the conditional second moment E (y;=g,,) is a continuous function, see Koul and Stute
(1999, p.219).

Next, we provide two Theorems about the behavior of the process P

NR;, (g) under the
alternative hypothesis.

sTheorem 2. Under the alternative hypothesis (2), there exists a T % RP such that
Pr e2T =>0andforall g2T; Rn(e) > R(e) & 0: Hence, under the alternative
hypothesis (2), pﬁRn (e) diverges.

The next Theorem shows the behavior of the process pﬁRn (e) under a sequence of
alternative hypotheses tending to the null at the rate ni'=2. Consider the following sequence
of alternative hypotheses

9(B.p)
Han  E(Yi=Bp) =1 + —Igt’ﬁL as: (13)
for any function g(:) such that Pr(g(g.e) = constant) < 1:
Theorem 3. Under the sequence of alternative hypotheses (13)

pﬁRn (e) D B(e) +G(e),

where G(g) = E(g(B,)Wi(e)) & 0, where wi(e) = Ii(g) i F(1;e) and §(g;A) is given in
(9).

Using the previous three theorems and the Continuous Mapping Theorem the following
corollary establishes the asymptotic behavior of the general test statistic T

Corollary 2. Under the null hypothesis (1), Te., > A(B (g)); under the alternative
hypothesis (2), Te., diverges; and under the sequence of alternative hypotheses (13), Te., D
A(B (g) + G(e)):

Notice that the asymptotic null distribution of T is given by A(B (g)) that depends
on the speci..c DGP. Hence, standard asymptotic inference procedures cannot be applied.
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4 The Bootstrap Test

Since the asymptotic distribution of pﬁRn (e) depends, in general, on the DGP, the one
corresponding to T, also depends on the DGP. Hence, the theory in the previous section
cannot be automatically applied for statistical inference: In this section we propose to esti-
mate this unknown distribution using a modi...cation of the wild bootstrap. Notice that our
solution is valid for the general case, that is, when additional conditioning variables or more
than one lagged value of the process are included in the conditioning set, and conditional
heteroskedasticity is present. These generalizations are important because economic theory
typically includes additional explanatory variables and conditional heteroskedasticity is a
well-known feature of ..nancial data.

Next, we explain and justify theoretically the proposed bootstrap-based test procedure.
Let "¢ = (y¢ i 1) and notice that uniformly in ¢

X

_ 1 . 1 X1 X
nR,(g) = P tle(@) i p= = tls(e)

t= s=1 t=1

o)

X1

_ plﬁ " [1t() i Fn(L;€))]

t=

X1

= = e | (el +o)  as

t=1
1 X
= Pz "wi(g) +o(l) as;
t=1
where in the third equality we have used a Glivenko-Cantelli type Strong Law of Large
Numbers for stationary ergodic processes. The main idea is to estimate the distribution of
PAR, (e) by the distribution of

_ 1 X
R; () = P= Bl (e)We;

t=1

p

where B = (v: i V); We(e) = 1i(g) i Fn(d; ) and W, is a sequence of independent random
variables with zero mean, unit variance and bounded support. This procedure has been
called a wild bootstrap (see Wu (1986) or Mammen (1993)).

Next, we justify the bootstrap test procedure by providing a Theorem that establishes
the consistency of the bootstrapped process pﬁRf1 (e). This means that asymptotically
the probability law of pﬁR; (e) given the data X, is the null asymptotic distribution of
PR, ().
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Theorem 4. Under either the null hypothesis (1) or under the alternative hypothesis
(2) or under the sequence of alternative hypotheses (13),

P—s
nR, (e) D-B(g) as;,
where ), a:s: denotes weak convergence almost surely under the bootstrap law, that is,

P(PRR2() SiXn) Yas P(CARA(®) s)asn ¥ 1:

Therefore, the asymptotic distribution of pﬁRn (e) can be estimated with that of P

nR;(e).
Hence, de..ning T;;n = A(pﬁR‘r’1 (e)); the asymptotic distribution of Te . can be estimated
with that of T;;n that is given by A(B (g)) as the following corollary (that is a straightforward
application of the Continuous Mapping Theorem) shows.

Corollary 3. Under (1) or (2) or (13), T;;n Y. AB (g)) as:

Corollaries 2 and 3 justify that the asymptotic critical values of Te., can be estimated
with those of T;;n: In practice, the critical values of T;;n are approximated by simulations.
Hence, the proposed general bootstrap test consists in the following steps:

a) Calculate the test statistic Tp.:

b) Generate fW;g a sequence of n bounded independent random variables with zero
mean and unit variance. This sequence is serially independent and is also independent of
the original sample X:

c) Compute IoﬁR?1 () = #= P{‘:l Belo(e)We: Then compute Tg = A(IOHR?1 (e)).

d) Repeat steps b) and ¢) B times where in step b) each sequeﬁce TW,g is independent
of each other. This produces a set of B independent (conditionally in the sample) values of
Te., that share the asymptotic distribution of Tg. .

B,

e) Let T;[®] be the ® j quantile of the empirical distribution of the B values of T;,n. The

proposed test rejects the null hypothesis if Ty, > T;[®]:

Corollaries 2 and 3 establish that under the null hypothesis (1) T, and T;;n share the
same asymptotic distribution for almost all samples. Hence, the rejection probability (RP) of
the bootstrap test converges to ® (the theoretical level). Besides, since under the alternative
hypothesis (2) Tg.,, diverges while T;;n remains bounded, the RP under (2) converges to 1.

Formally, s
= ® under (1);
P(Te,n > Tag) ¥ > 1 under (2);
= C under (13)
where ® < C < 1. Hence, the proposed bootstrap test has an ® asymptotic level, it is
consistent and it is able to detect alternatives tending to the null al the ni'=2 rate.
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5 Finite Sample Performance

In this section we examine the ..nite sample performance of the Cramer-von Mises and the
Kolmogorov-Smirnov test (for simplicity, C, and K, respectively) for the case in which no
other explanatory variables are considered. Hence, the considered null hypothesis is (10) and
the alternative is (11). We employ two Data Generating Processes under the null hypothesis
and several uncorrelated and correlated processes under the alternative.

The two MDS uncorrelated processes are a sequence of independent and identically
distributed (i.i.d.) N(0,1) variates and a GARCH(1,1) process, that is, y; = 3% where
g = w+®yf, + %, and {3} is a sequence of i.i.d. N(0, 1) random variables. We
have chosen three speci..cations. We employ w = 0:001 and the following combinations
for (®; ) : (0:01;0:97); (0:09;0:89); and (0:09;0:90). These cases were employed in Lobato,
Nankervis and Savin (1999) to compare the ..nite sample properties of the Box-Pierce Q
statistic and Q°, a modi..ed Q statistic. Notice that the second and third GARCH models
have unbounded eight and sixth moment, respectively.

The non-MDS processes are a nonlinear moving average (NLMA) process, a chaotic
process and a bilinear process. The NLMA process is given by yy = 3;.13;;,CG¢;2 + 3+ 1)
where {3} is as above. The chaotic process is given by y; = 4z¢;1(1 i z¢; 1) With z, distributed
as a uniform in [0,1]. The bilinear process is given by yr = 3, + b13;;1Vt;1 + 023, 1Vti2
where {3,} is as above. Two combinations for (by;b,) were chosen, (b;;b,) = (0:15;0:05)
and (0:25;0:15). Notice that usual test procedures for uncorrelatedness, such as Box and
Pierce’s Q, or Q" or the statistics proposed by Robinson (1991), Durlauf (1991), Anderson
(1993) or Hong (1996) have asymptotic no power against the NLMA model or the chaotic
process.

We consider three values for p = 1;2 and 3; one sample size n = 100 for the exper-
iments under the null hypothesis and three sample sizes n = 100; 500 and 1000 for the
experiments under the alternative. Notice that dicerent values for p correspond to dizer-
ent null hypotheses, and hence, the number p cannot be seen as a smoothing number. In
all replications 200 pre-sample data values were generated and discarded. The number of
Monte Carlo experiments is 3000 and the number of bootstrap replications is B = 500.
Random numbers were generated using the IMSL ggnml subroutine. Computations have
been carried out in Fortran 90. The code is available from the authors. In these ..nite
sample exercises, as well as in the empirical application in the next section, we follow Mam-
men (1993) and Stute, Manteiga and Presedo (1998) and the employed sequence TWg is
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an i.i.d sequence of Bernoulli variates W where P (W = 0:5(1 j Io5)) =1+ p§):2p§ and
P(W =0:5(1+ IOE)) =1j@Q+ p@):2p§ Notice that the third moment of W is equal to 1,
and hence, this selection of fW.g guarantees that the ..rst three moments of the bootstrap
series coincide with the ..rst three moments of the original series. In the previous references
it was shown that this particular choice of W leads to very accurate ..nite sample behavior.

In Tables 1 and 2 we report the empirical rejection probabilities (RP’s) associated with
three nominal levels 10%, 5% and 1%, for experiments under the null and the alternative,
respectively. Table 1 shows that for a sample size as small as 100 the empirical RP’s under
the null are very close to the nominal levels for all DGP’s considered. Notice that the
..nite sample behavior is very similar in all GARCH cases suggesting that the proposed test
procedures are quite insensitive to thick tails. Notice also that, in most of the cases (28 out
of 36), the K, test rejects more often than the C, test.

Table 2 shows that typically we need at least sample sizes of about 500 in order to have
reasonable power against a wide range of alternatives. Notice, however, than in some cases,
such as the ..rst bilinear process for the p = 3 case, n=500 is not big enough. Also note
that the empirical power always increases with n but decreases with p: In general, it can be
expected that no test will dominate others in the sense of having more empirical power for
all cases. In our experiments the K, test has typically more empirical power than the C,
test for the NLMA and the bilinear cases, while the C, test has more empirical power than
the K, test for the chaotic process. Notice also that in the bilinear examples both tests are
comparable for the p = 1 case, but as p increases the K, test has more empirical power than
the C, test.

6 Empirical Application

In this Section we examine whether the daily log price changes of the British pound in terms
of the U.S. dollar (BP/USD) follows a martingale dicerence sequence up to order p with
respect to its own past. We consider three values for p = 1;2; and 3: This series has been
studied before in Hsieh (1989), Gallant, Hsieh and Tauchen (1991) and Bera and Higgins
(1997) among others. For the sample period 1974-1983, Hsieh (1989) and Gallant, Hsieh and
Tauchen (1991) found that GARCH models were not satisfactory. On the contrary, Bera
and Higgins preferred a GARCH model rather than a bilinear model for the period 1985-
1991. Recently, Brooks and Hinich (1999) have reported evidence (based on bicorrelations)
against the MDS property of exchange rate returns.

14



Results for the Cramer-von Mises and the Kolmogorov-Smirnov tests are reported in
Table 3 for both periods. Notice that, in order to facilitate interpretation, p-values are
reported. The number of bootstrap replications, B, is 500.

In the ..rst column of Table 3 we report the results for the period January 2nd, 1974 to
December 31st, 1993. For p = 1; there is strong evidence against the MDS hypothesis what
agrees with the results found by Hsieh (1989) and Gallant, Hsieh and Tauchen (1991). No-
tice, however, that for p = 2 the Cramer-von Mises test does not reject the MDS hypothesis
(although the Kolmogorov-Smirnov rejects), while both test do not reject for p = 3, indi-
cating that a sensible model for this data should be a MDS process of order 3 with respect
to its past and not necessarily a MDS process of order 1 with respect to its past.

In the second column of Table 3 we consider the data from December 12th, 1985 to
February 28th, 1991. For this sample, Bera and Higgins considered two alternative models:
a GARCH(1,1) model (an example of a MDS) and a bilinear model (an example of a non-
MDS). Bera and Higgins computed formal tests to discriminate between both models such as
Cox (1961) and Vuong (1989) tests and also compared the two models using some measures of
out-of-sample predictive ability. They found that the general evidence favored the GARCH
(1,1) model in detriment of the bilinear model. The results in the second column of Table 3
agree with this result: for the sample period 1985-1991, the null hypotheses that the process
is a MDS of order p cannot be rejected for any of the considered values of p.

7 Conclusions and Further Research

In this paper we have analyzed consistent tests for the MDS assumption. Contrary to
the commonly employed tests, the proposed tests are able to detect failures of the MDS
assumption for uncorrelated processes. In fact, the proposed tests are consistent, that is,
whenever a process does not follow a martingale dicerence of orders I, the tests will have
asymptotic unit power. Since the asymptotic distribution of the test statistics are not
standard and, in fact, they depend on the speci..c data generating process, we could either
transform the test statistics to ..nd ones whose asymptotic distributions were pivotal or
use the bootstrap to estimate the asymptotic distributions. The transformation proposed
by Koul and Stute (1999) is not valid for our case; alternative transformations, such as
the one proposed by Ming (1999) present several problems such as requiring conditional
homoskedasticity or demanding the selection of a user-chosen smoothing number. Hence,
we have proposed (and justi..ed theoretically) to implement the test using a modi..cation

15



of the wild bootstrap procedure. We have also shown that the proposed test is very simple
to use in practice and performs remarkably well in ..nite samples. Finally, we have applied
the proposed tests to the British pound vs. the U.S. dollar exchange rate for two dicerent
periods and found, in general, evidence in favor of the MDS hypotheses. Of course, more
exhaustive studies for this and for other currencies are needed.

We ..nish this section with some suggestions on further research. First, in this paper
we have considered the case of testing that a process is a martingale dicerence sequence
of orders B: However, the martingale hypothesis is typically stated involving an in..nite
number of lags. Analyzing this case is a challenging problem. De Jong (1996) presents a
consistent test (that belongs to the ..rst type of integrated tests described in Section 2) for
this hypothesis. His Monte Carlo results indicate that his test has very low power except
for extreme cases. In fact, we have applied his test to the examples in Section 5 and we
have found that his test has no power for the considered cases. Our tests could be extended
to cover the p = L case but evidence in Table 2 suggests that the test may also present a
..nite sample power problem.

Second, in this paper we have employed the wild bootstrap, but alternative bootstrap
procedures, such as the naive bootstrap or some blocking bootstrap, could have been em-
ployed. For instance, in the simplest case where the information set only contains lagged
values of the relevant process, the naive bootstrap is based on resampling with replace-
ment from frig = f(ye; yei105 Venp)'g for t = 1;::n, to obtain fri = (rgy; i)’
t = 1;:::; ng, so that the test statistics are based on

PARS (6) = plﬁ X»f(e) i PR, (e)
t=1
where »((g) = (rgq i TI(re, 61335 Moper ¢p) @and @ =nit P{‘zl re1- Another alterna-
tive bootstrap procedure is to generate the bootstrap series using some blocking bootstrap
scheme, such as moving blocks bootstrap.
Third, in this paper we have considered testing that the conditional mean is constant,

but the more general null hypothesis

EAY: Bup=Bep)] = 0

where A is a given function, could be tested using similar procedures to the ones considered
here (for instance, testing for conditional homoskedasticity).
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Tables
Table 1

Percentage of rejections at nominal 10%, 5% and 1% levels. The ..rst DGP is an i.i.d
N(0,1) sequence. The others are GARCH(1,1) processes. The sample size is 100. The
number of replications is 3000. The number of bootstrap replications is 500:

1D GARCH1 GARCH2 GARCH3
p G, K, C K, C K, C K,
10% 958 9.98 10.4 102 10.4 104 106 10.4
1 5% 474 508 480 570 517 583 508 550
1% 1.00 126 113 1.03 1.23 1.27 1.22 1.36
10% 101 103 11.2 120 11.2 113 111 114
2 5% 468 518 6.17 593 597 590 576 6.16
1% 134 112 137 1.33 137 1.60 120 1.32
10% 9.30 10.3 11.2 11.3 107 109 104 10.6
3 5% 462 522 560 610 533 583 504 526
1% 0.88 1.02 1.00 1.27 090 1.27 0.76 1.02
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Table 2

Percentage of rejections at nominal 10%, 5% and 1% levels. The ..rst DGP is a non-linear
moving average model, y; = 3;.13;;,(3¢;2 + 3¢ + 1) where {3} is an i.i.d N(0,1) sequence.
The second DGP is a chaotic process given by y: = 4z¢;1(1 § z¢;1) with z, distributed as
a uniform in [0,1]. The sample sizes are 100, 500 and 1000. The number of replications is
3000. The number of bootstrap replications is 500:

NLMA Chaotic

p/n 100 500 1000 100 500 1000
C, K, C, K, C K, C, K, C, K, C K,
10% 278 279 683 735 915 93.1 100 100 100 100 100 100
1 5% 16.8 16.7 53.5 60.0 83.9 86.7 100 100 100 100 100 100
1% 4.60 450 288 359 53.1 64.7 100 100 100 100 100 100
10% 20.0 19.7 53.0 619 76.1 873 96.5 90.2 100 100 100 100
2 5% 10.6 10.6 36.5 48.0 628 779 846 753 100 100 100 100
1% 270 290 15.7 25.1 30.0 525 46.2 422 100 100 100 100
10% 139 178 39.6 55.1 646 839 543 40.0 100 100 100 100
3 5% 6.30 9.67 244 40.7 46.1 743 358 248 100 99.9 100 100
1% 123 210 7.43 196 155 46.8 13.1 8.67 96.1 894 100 100
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Table 2 (continued)

Percentage of rejections at nominal 10%, 5% and 1% levels. The ..rst DGP is a bilinear
model, yy = 3, + 0:153,, Y1 + 0:05%,, 1Yt 2, Where {3,} is as above. The second DGP is a
bilinear model, yr = 3, + 0:253,,1yt;1 + 0:15%;,Yt;2, Where {3,} is as above. The sample
sizes are 100, 500 and 1000. The number of replications is 3000. The number of bootstrap
replications is 500:

Bilinear 1 Bilinear 2

p/n 100 500 1000 100 500 1000
C, K, ¢ K, C K, C K, C K, C K,
10% 18.0 18.7 722 66.2 974 947 40.9 424 995 99.1 100 100
1 5% 8.73 10.8 50.6 47.8 929 86.3 23.8 27.7 98.1 96.4 100 100
1% 197 262 18.0 20.8 56.0 529 7.11 105 824 820 99.5 99.6
10% 13.2 133 389 415 76.0 77.1 20.6 253 88.6 90.8 100 100
2 5% 6.93 6.87 20.8 26.4 57.3 625 10.7 153 70.7 819 99.3 99.9
1% 1.60 1.80 4.63 9.97 149 29.2 277 4.92 265 56.9 781 955
10% 11.0 130 26.9 32.1 556 651 17.3 21.1 73.0 821 98.7 99.3
3 5% 523 7.00 13.8 211 350 50.1 872 125 50.2 70.8 935 985
1% 123 1.83 333 820 7.27 21.0 2.03 3.76 16.0 47.6 545 090.2
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Table 3

p-values for the Cramer-von Mises (C,) and the Kolmogorov-Smirnov (K,) tests for daily
returns of the exchange rate of the British pound vs. the U.S. dollar. The ..rst sample period
is from January 2nd, 1974 to December 31st, 1983. The second sample period covers from
December 12th, 1985 to February 28th, 1991. The number of bootstrap replications is 500:

74-83 85-91
n 2557 1311
C; 0.014 0.322
K; 0.006 0.202
C, 0.218 0.788
K, 0.024 0.508
C; 0.594 0.842
Ks; 0.282 0.436
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Appendix

Proof of Theorem 1

We need to show that the ..nite dimensional distributions of the process pﬁRn (e)
are asymptotically normal with the appropriate covariance matrix and that the process
pﬁRn (e) is tight. Both conditions hold in this multidimensional context using procedures
similar to those in Koul and Stute (1999). In this appendix K denotes some generic positive
..nite constant.

Convergence of ..nite-dimensional distributions refers to the weak convergence of vectors
of the form (pﬁRn (e1); pﬁRn (ez),...,pﬁRn (ex)); for arbitrary k 2 Nand ¢ 2 RP; i =
1;2;::1;k: This result can be obtained using the Corollary 3.1 in Hall and Heyde (1980).

In order to prove tightness, some de..nitions are required. Let \(vn;e €2RP; n=1;2;=
be a sequence of stochastic processes on some set D. Then, W, e s tight if and only if
for any £ > 0 there exists a compact set K %2 D such that

i ie ¢
supPr'w, '€ 2K >1j ¢ (14)
n

Let D; = (6% €] = £8_,(si; ti]; and D, = (6% €] = £]_,(sZ; t2] be two intervals of R”:
Then, D; and D, are neighbor intervals if and only if for some j 2 f1;2;::;;Pg, (sjl;t-l] &
(sf; ] and Exej(Sk; ti] = £xe(Sk: ti]; that is, if and only if they are next to each other and
share the j-th face. The stochastic process indexed by the intervals is de..ned as

XX P P S i . ¢
Wn(Dj) = ¢ttt (GL)PT i W, sl +ei(t isl)eeesh +ep(th ish) :

e1=0 ep=0

In this proof we verify Chentsov”s criterion that is a su€cient condition for (14), see Billings-
ley (1968) and Koul and Stute (1999).

In our case,
P_ 1 X, 1 X,
nRy (e) = = tl(B.e €)i F(l;e)pﬁ ¢ +0o(l); as.
t=1 t=1

The second term is tight since F(;g) is continuous. The ..rst term can be written as the
following process indexed by the intervals

X
PR, (D)) = éﬁ NNGHE

t=1
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3 .
where It (D) =1 B 2 D; :Forinstance, inthe p = 2 case, I (Dj) = It(tj;tjz) i It(sj;t{) i
1(t;s)) + 1(s!: sb). Then
ip ¢ ip ¢,
E '""AR, (D) * ' nRn(Dy)

1 XXX X )
= —E ["ele (D)]["sls (DOIT"ulu (D)I["v 1y (D2)]

2
n t=1 s=1 u=1 v=1
Using that ", is a centered MDS, the non-zero terms are those such that the greater subindex

appears at least twice. Moreover, notice that when a subindex appears three times, the
corresponding term is zero using that D; and D, are disjoint sets. Therefore,

. 8 A i,
Zip— ¢ ip— ¢, 1_~Xg o X =
E NR, (D1) NRL(D2) = = FE - "2l (Dy) ["sls(D2)]
s A . 9t=1 s=1 z
1 <Xt ) g & =
+oE "t1t(D2) ["sls (D] _:
t=1 s=1 7

Under the assumptions of the Theorem, these expectations exist. Note that bgth terms are
2

analyzed similarly since the only dicerence is the index set Dj. Using that 'i:l aj
21 |_, aZ the .rst term is bounded by
C ),
4P x X £"2 n£"2 o
? E tlt(Dl) tisltis(DZ) (15)
S=18 t=1 ~ ' o
s <Xg g tikal T2=
+—E . Tth(D) [s1s(D2)] (16)
T t=1 s=1 ?

First, consider any term in (15). For any s = 1;:::; P, using the law of iterated expectations,

and de.ning —¢;1 = liMg y 1 B 1.0

o a

©£||2 °£||2 ©£ 2 °£II2 g

E@ t£|t(D1) tishtis(D2) =E %(_éil)lt(Dl) tisltis (D2)
o]

= E E %2(_ti1)It(Dl)"Eisltis(DZ)j_tiS : (17)

Note that I, (D;) depends on two types of variables, namely et(_lg = Tye;1 00 Y s Xuts

Xl,till ...,Xl;tis+l, ...,XK;t, XK,till "'1XK;tiS+1g and etp - fytiSil1 ...,ytip, Xl’tis, ""Xl;tipl’ sany

XK:tis: -5 XK:tip - Notice that et(_zg IS —t; s measurable while 2% is avected by the integra-

P
tion of the inside conditional expectation. Let fs (e —¢;s) be the density of et(_l; conditional

on —¢;s: Now, arrange the interval D; in some way according with the decomposition of
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B INtO eg; and ef?;, and call Dil) and Df) to those subsets. Then, equation (17) can be
rewritten as
vz Ya

=E  %2(e—¢s) 1(e2DY; et‘fp? 2 D) (es i VF (€] —1;6) lt;s (D2) de

where es (=Y;s) is the s-th coordinate of e. Using Fubini”s theorem and Holder”s inequality,
the last expression is bounded by

Z 3 -
W E ¥ (@ -us) 1S 2DP)(es i )°F (8] ~tis) hys (D2) de
Dy !
Z K Py [FEICERS
o E #(E-u9) 1@ 2D i F @) —us) det (El;s (D7) "4
Dy ’
t15 (D1 [ D2) [*, (D1 [ DI
with0 <t <1,
Z M h , , Py [FETCEES
15(D1 [D2) = E % (e —u;0) 182 2 D?)(es 1 1) (€] —1;5) de
o [0 '
and
1, (D1 [D2) =El;s (D1 [ D2) :
Second, consider (16). Applying the Law of Iterated expectation, for any ft;
8 A 1 O 8 A !29
<£ , a tipgl = << ) tikil =
E_ "th(Dy1) ["sls(D2)]  _ =E _¥% (=¢;1) 1t (D1) ["sls(D2)] .
é s=1 > T o s=1 i
<Z AtMl 122
= E - 3/42(3; —tiPil) f(Ej _tiPil) de ["sls(DZ)]
= D1 s=1 »

Using Fubini’s theorem and Holder’s inequality, the last expression is bounded by

2 XA 3.
zZ ng 3 “o¥n= AtMl 14712

o]
E % (-u1) T ej—p e de 4E [1s(D2)] 5 @ (18)
D1 s=1
Now, notice that the integral is bounded by *,; (D; [ D;); where
Z 1/2 nE , u2 23 - '03/41:2
13 (Dl [DZ) = E 3/4 (e1 _tipil) f eJ _tiPil;p de
D1[D2

In addition, using that "ls (D,) is a MDS, and applying Burkholder’s inequality, the ex-

pression in brackets in (18) is bounded by
A I,
tmlﬁnz o o it oy
KE sls (D2) K({tiPil)E "11(Dy)
s=1
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K(tiP il)’%(Di[Dy);
where 1, (D; [ D,) = E["311 (D1 [ D2)]: Hence,

e 'Par. (Dl)¢2 PR (D2)¢2

2 X +=1++ X 1=2
ﬁ(n 115 (D1 LD [* (D1 LD + CTiP il (DO1LD)](* (D1 [D2))™)

s=1 t=1
X
A 4, (D) [D)[%, (D [DF ™ + 2 n[2,(Dy [D)] (% (D1 [ D))"
h =1 i
K 1, (Dy [ D) [*, (D1 [ D)™™ + [ (D1 [ D2)] (%4 (D1 [ D) ; (19)

P
where 1, (D; [ D,) = P 1,5 (D1 [ D2): Equation (19) is a Chentsov”s inequality in the

s=1
multidimensional case (see Gaenssler and Stute, 1979, p 215) and the proof of tightness is
..nished.

Proof of Theorem 2

Using a Uniform Strong Law of Large numbers for stationary ergodic sequences as in
Koul and Stute (1999)

Rn(8) = E (e [l@)) + 0 12", as:

a -
Under Hy; there exists a T % RP such that E (";[I(g)]) & 0 forg 2 T with Pr Bel2T >
0: Therefore, forg 2 T; R, (e) D R(e), and, hence, pﬁRn (e) diverges to in..nity almost
surely.

Proof of Theorem 3
3 - 3 -
P_ 1 X g Bp 1 X
NRh(@)=P= (tili—P=)lE)iP=
n t=1 n n t=1
s -

and de.ning Ac=y; i T i Ni*%g B ;

g E.
Viti —pﬁi)lt(e)

. -
_ x X 1 X g Bpe
PiRa@) = B A@ i P (¥ i ti —Pa)le)
t=1 A =1 s=l ”
1 X X 2 7
= P= Adi(e) + — g B l(€)
n t=1 n t=1
1 X X X X 2T
iﬁ It(e)pﬁ As i n It(@)ﬁ g Ep
t=1 s=1 t=1 s=1
1 X 1 xX ®7
= P= Ace(@) +— 0 B Wi(E)
t=1 t=1
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-

1 X 1 Xz
= Pz AW+ 9 Be Wi(e)+o(l) as.

t=1 t=1
Apply the functional Central Limit Theorem and the Strong Law of Large Numbers for
ergodic and stationary processes as in Koul and Stute (1999) to the ..rst and second term
of the last expression respectively and the result follows.
Proof of Theorem 4
We need to show that the ..nite dimensional distributions of the process pﬁR; (e) are
asymptotically normal and that the process pﬁR?1 (e) is tight, conditionally on the sample.
First, de..neforanyk 2 Nandany _j 2 R*suchthatk k =1, L7 = P};l o PARre (B) =
nil=2 P;;lwtbt\mt where W; = W:(g1; 1 €x; €) = ij=1 il (g). Alsocallp® =nit" 1 Bw?
and %2 = E(%%): Then rewrite Lg as Ly = Wt(pﬁh)ilbt\mt% = 1°% where I” =
g 30 With 37, = W, (pﬁh)ilbt\mt. Now, using standard bootstrap notation, call E®
and V* to the expectation and the variance taken given the sample. Then, E°(17) =
P{‘=1 (pﬁh)ilbt\th(Wt) = 0, while V°(1?) = P{;l (pﬁb)iz(bt\lvt)ZV(Wt) = 1: In addi-
tion, 3., and 3/, are independent conditionally on the sample X, since W, is independent
of Wq for t & s: Finally, using that Wy; o, and % are bounded and # is bounded away from
zero almost surely,
Ceenens <7
t=1 =1

B21(jby > iopﬁ) as:

for some positive constants + and +'. This last expression converges almost surely to zero as
in Stute, Manteiga and Presedo (1998). Hence, the triangular array f3},g satis..es the con-
ditions of the central limit theorem of Lindeberg-Feller, conditionally on almost all samples,
so that 1° ). N(0;1) a:s:, and consequently, using a Strong Law of Large numbers for #7,
L? ). N(0;%2) a:s..

Second, we prove that under either the null hypothesis (1) or under the alternative
hypothesis (2) or under the sequence of alternative hypotheses (13); pﬁRﬁ (e) is tight in
D[R]P: In this case, we can express the process indexed by the intervals as

P, 1 X
nR? (D;) = P= B we (Dj)] Wy
t=1 =3 ~ 3 -

where, for t = 1;::;n; and for j = 1,2, we de.ne w (D) =1 B.e 2Dj iPrn B 2D;j ,
and Pr, B 2D; = ni'#fe, 2 Djg: For instance, for the p = 2 case, w; (D;)=
\oe(th; ) i sk th) i Wu(thish) + Wi(skih) . Then

Zip_ ¢, ip_ ’

¢
E° "nR%(Dy) - NR%(Dy) (20)
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1] KXX X
n2 [Bew (D1)] [Bsws (D1)] [Buwy (D2)] [Buwy (D2)] E™ (W WsW W, )

t=1 s=1 u=1v=1

1 RX orsinan2tio2 2 ¢
= = BBsE™ WEWS wi(D1)ws(D2) + 2w (D1)wi(D2)ws(D1)ws(Dz2)

t=1 s=1
since the expected value of the rest of the terms is zero (notice that E* fTWW;W W, g = 0 for
all values of t;s; u; v except when two pairs with the same subindex appear). Furthermore,
since 0 wZ(Dj) jwi(Dj)j, for j = 1;2, expression (20) is bounded above by

A 1A 1
1 sz_ i L7 Do
o i IWe(D1)] o s IWs(Dy)j

At =1 A |
1 X . 1 X . .

+2 o B; jwe(D1)j jwe(D2)j - B jws(D1)j jws(D2)]

A =1 _SSHA o |
1 X 23 3 1 X 23 3
ﬁ bt It(Dl) + Prn Et,p 2 D]_ ﬁ bS Is(Dz) + Prn Es;p 2 D2

At 1A s=1 |
11X, o I o G o .
tooo B; [iwe(D1)j + jwi(D2)j] o B [iws(D1)j + jws(D2)j]
~ t=1 s=1

Al >x 3 3 -1

o B 1«(D; [ Dy) + Pri B.e 2D; [ D2
A '
13X _h 3 itz
+2 — b 1(Di[D2)+Prn Bpe2D:[D;
A t=1 ]
13X h 3 i
3 = B 1(D: [D2) +Prn Be2D; [D;
t=1 3 -

ais: i ¢ I
¥3 E "1y(D:[D;) +Pr B,e2D;[D;

This is a Chenstov”s inequality in the multidimensional case and the proof of tightness
is ..nished.
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