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Abstract:

A density forecast of the realization of arandom variable at some future time is an estimate of
the probability distribution of the possible future values of that variable. Thisarticle presentsa
selective survey of applications of density forecasting in macroeconomics and finance, and

discusses some issues concerning the production, presentation and evaluation of density
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1. INTRODUCTION

A density forecast of the realization of a random variable at some future time is an
estimate of the probability distribution of the possible future values of that variable. It thus
provides a complete description of the uncertainty associated with a prediction, and stands in
contrast to apoint forecast, which by itself contains no description of the associated uncertainty.
Intermediate between thesetwo extremesisapredictioninterval, which specifiesthe probability
that the actual outcome will fall within a stated interval. To report a prediction interval
represents a first response by point forecasters to criticism of their silence on the subject of
uncertainty, and this practice is becoming more common in macroeconomic forecasting. This
field also containsseveral examplesof density forecasts, and thesefeature asamoredirect object
of attention in thefields of finance and risk management. Thisarticle presentsaselective survey
of the use of density forecasts, and discusses some issues concerning their construction,
presentation and evaluation.

A density forecast is of courseimplicit in the standard construction and interpretation of
a symmetric prediction interval. Thisis usually given as a band of plus or minus one or two
standard errors around the point forecast, and the associated statement of a probability of 68 or
95 per cent respectively rests on an assumption of anormal or Gaussian distribution. Sometimes
the use of Student’s t-distribution is suggested, having in mind that the variance of the forecast
error must be estimated, or the departure from normality caused by the more general parameter
estimation problem may be acknowledged, nevertheless such calculations typically rest on a
model with normally distributed innovations. These methods seem to assume that the normal
distribution is “too good not to be true”, in the classic phrase of Anscombe (1967). Thiswasa

position of which he was critical, however, instead advocating the use of non-normal



distributions: the complete sentence reads “the disposition of present-day statistical theoriststo
suppose that all “error” distributions are exactly normal can be ascribed to their ontological
perception that normality is too good not to be true” (Anscombe, 1967, p.16). His advice has
been taken to heart in much of the density forecasting literature, where awiderange of functional
forms and nonparametric empirical methods appears, as discussed below.

A density forecasting problem can be placed in a decision theoretic environment by a
direct generalization of the point forecasting problem, asdescribed by Diebold, Gunther and Tay
(1998). Supposethat theforecast user hasalossfunction L (a(p(y)),y) which dependsonthe
action a(-) chosen in the light of the density forecast p(y) and on the realization of the forecast
variable. Choosing an action a to minimize expected loss calculated asif the density forecast

p(y) is correct implies that
al(p(y)) - argmin;, L(a,y)p(y)dy

where A denotes all possible choices that the forecast user might make. The choice a* incurs

loss L(a*,y), which is arandom variable whose expected value with respect to the true density
f(y)is

E[L@4y)]" ,L@Sy)f(y)dy,

and a “better” density forecast is one with lower expected loss. However there is even less
literature on explicit decision problems and their associated |oss functions for density forecasts
than for point forecasts, where it isin any event very scarce. Here the standard treatment takes
the action to be the choice of a point forecast §, with the loss function a simple non-negative
function of the error (y & y), taking the value zero for zero error. Different loss functions may

lead to different optimal point forecasts, particularly if f(y) is not symmetric. A corresponding



body of resultsisonly just beginning to emerge in the density forecasting case. The problem of
evaluating density forecasts ex post is considered below, with some discussion of the problem
of evaluation under general loss functions, following discussion of arange of applicationsin
macroeconomics and finance.

The general setting of thisarticleisthetime seriesforecasting problem, rather than other
prediction problems discussed by Aitchison and Dunsmore (1975), for example, under the
heading of statistical predictionanalysis. Inboth casesan essential feature of the characterization
isthe pair of experimentse andf. “From the information which we gain from a performance of
e, the informative experiment, we wish to make some reasoned statement concerning the
performanceof f, thefutureexperiment” (1975, p.1). Theexperimentsarelinked by theindexing
parameter of the probability modelsfor e and f, and afeature of all the problems Aitchison and
Dunsmore consider is that, for given index, the experiments e and f are independent. This
excludes the time series forecasting problem, in which e records a redlization to date of some
stochastic process of which fisacontinuation. Our focus on the time seriesforecasting problem
in turn tends to exclude arange of prediction problems where Bayesian techniques have found
application.

The article proceeds as follows. Section 2 discusses the use of density forecasts in
macroeconomicsand finance. Section 3 considers someissuesconcerning theinterpretation and
presentation of density forecasts, and theavailabletechniquesfor evaluating density forecastsare

reviewed in Section 4. Section 5 contains concluding comments.



2. DENSITY FORECASTSIN MACROECONOMICSAND FINANCE

2.1 Applicationsin macroeconomics

The longest-running series of density forecasts in macroeconomics dates back to 1968,
when the Business and Economic Statistics Section of the American Statistical Association
(ASA) and the National Bureau of Economic Research (NBER) jointly initiated a quarterly
survey of macroeconomic forecasters in the United States, known as the ASA-NBER survey;
Zarnowitz (1969) describes its original objectives. Later the Federal Reserve Bank of
Philadel phia assumed responsibility for the survey, and the name was changed to the Survey of
Professional Forecasters (see Croushore, 1993). Most of the questions ask for point forecasts,
for a range of variables and forecast horizons, but density forecasts are also requested for
inflation and output growth. Ineach caseanumber of intervals, or bins, inwhichthefuturevalue
of the variable might fall are provided, and each forecaster is asked to report their associated
forecast probabilities. The density forecast isthus represented as a histogram, on a preassigned
grid. Theseareaveraged over respondents, and the mean probability distributions are published.
A recent example of adensity forecast of inflation is shown in Table 1.

[ insert Table 1 here]

There are numerous interesting issues associated with the compilation and reporting of such
forecasts, including the combination of individual responses by simple averaging and the
potential usefulness of measures such asthe standard errors of the mean probabilities. Theseare
familiar topicsin point forecasting, whose extension to density forecasting has scarcely begun
to be considered.

In the United Kingdom the history is much shorter. When the Treasury established its
Panel of Independent Forecasters (the“ seven wisemen”) inlate 1992, one of the present authors

suggested that the panel members be asked to report density forecasts for inflation and growth,
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using the same questions asthe US Survey of Professional Forecasters, in addition to their point
forecasts. It was some time before this suggestion was adopted, and only one set of density
forecasts was published before the panel, by now the “six wise people’, was dissolved on the
change of governmentin May 1997. In February 1996 the Bank of England had begunto publish
average survey responses of density forecasts of inflation inits quarterly Inflation Report, along
the lines of the US survey, but in contrast the panel published the individual responses; in any
case this was not difficult, since there were only six. These are shown, for one-year-ahead
inflation (in the Retail Prices Index excluding mortgage interest payments, RPIX), in Table 2.
[ insert Table 2 here]

It is seen that the first five density forecasts are much less dispersed than the sixth, and
round numbers catch the eye, with modal probabilities 55, 50, 40, 40, 35 per cent, coincidentally
declining with the alphabet. Such roundingiscommonly observed in reported probabilitieswith
a strong subjective element. In contrast, the probabilities in the sixth column of Table 2 are
known to be calculated assuming anormal distribution. Theforecast isbased on that published
in the National Institute Economic Review (Martin Weale being the I nstitute’ s Director), which
since February 1996 hasincluded a density forecast of inflation and growth alongside its long-
established macroeconomic point forecasts. The forecasts are based on a macroeconometric
model, subject to the forecaster’s residual adjustments, as usual, and analysis of past forecast
errorscannot reject the hypothesisthat they arenormally distributed (Poulizac et al., 1996). This
analysis also cannot reject the hypothesisthat past forecasts are unbiased, so the normal density
forecast is centred on the point forecast, with variance equal to that of the errorsin past forecasts
at the same horizon (over 1983-95). Historical forecast errors are an appropriate starting point
for this calculation since they incorporate arange of possible sources of error including model

error, but projecting the variance forward is itself a forecasting problem and, as with point
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forecasts, failures may occur due to structural breaks. In this case an obvious change is the
introduction of a monetary policy regime of inflation targeting, so the past may not be a good
guide to future behaviour, as anticipated by Poulizac et al. Inthese circumstancesthefirst five
forecasters are clearly much less uncertain about future inflation, which in the event stood at 2.7
per cent at the end of 1997.

An alternative way of calibrating a model-based density forecast is through stochastic
simulation of the model in the new policy environment, as discussed in a companion article on
the National Institute model by Blake (1996), although this does not include the effects of model
uncertainty. Stochastic simulation methods are required to calculate empirical distributions of
estimated outcomes from large-scale macroeconometric models, because these are typicaly
nonlinear in variables and analytic methods are not available. The underlying pseudo-random
error terms are usually generated assuming a normal distribution, a test of the normality of
residual s being astandard diagnostic test during the specification of the econometric equations.
Often these equations are log-linear, or include more complex forms such as the constant
elasticity of substitution (CES) function, whereasdefinitionsand accounting identitiesarelinear,
involving productsor ratiosif variables appear in both real and nominal terms. Theresult isthat
the predictive densities are non-normal but of unknown form, and they are ssimply reported
graphically or numerically. Even with linear models stochastic simulation methods may be
advantageous whenever it is desired to take account of uncertainty due not only to the model’s
random error terms but also to coefficient estimation error, errors in projecting exogenous
variables, and so forth. For a vector autoregressive model of interest rates, money, prices and
output Kling and Bessler (1989) present density forecasts calculated by stochastic simulation
with respect to model errors and sampling errorsin regression coefficients, also taking account

of nonconstant residual variances. We return to this example in Section 4 below.
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A density forecast of inflation represented anaytically by a specific non-normal
probability distribution has been published by the Bank of England in its quarterly Inflation
Report since February 1996. Thechosendistributionisthetwo-piece normal distribution, whose

probability density function, with parameters i, s, and s, is

Aexp[&(y & p)?/2si]  y#u
f(y) *
Aexp[&(y & p)?/2s5]  y$u

where A ™ (v/2p(s; % s,)/2)% (John, 1982; Johnson, Kotz and Balakrishnan, 1994). It is

formed by taking two halves of normal distributions with parameters (u,s,) and (U,s,)

respectively and scaling them to give the common value f(j1) as above. The illustration in

Figure 1 uses the parameter val ues corresponding to the eight-quarter-ahead forecast published
in the August 1997 Inflation Report, also used for illustrative purposes by Britton et al. (1998)
and Wallis (1999). With s, > s, this has positive skewness, which can be seen algebraically

by noting that the mean is

E(Y) " 1% \J%(sz &s,)

and so exceeds the mode, |, if s, > s, or that the third moment about the mean is a positive
multiple of (s, & s,). The coefficient of kurtosis exceeds 3 whenever s, O s,, so the
distribution isleptokurtic. Itisaconvenient way of representing departures from the symmetry
of the normal distribution since probability calculations can still be based on standard normal

tables, with suitable scaling.



[ Insert Figure 1 here]

The density forecast describes the subjective assessment of inflationary pressures by the
Bank’ s Monetary Policy Committee, and although the prevailing level of uncertainty isinitially
assessed with reference to past forecast errors, thefinal calibration of the distribution represents
the Committee' s judgement, the degree of skewness in particular exhibiting their view of the
balance of risks on the “upside” and “downside’ of the forecast (Britton et al., 1998). This
approach to the construction of a density forecast is closer to Bayesian elicitation methods,
although the extent to which the Committee' s procedures reflect the common approach in the
general field of probability assessment of basing €licitation procedureson quantilesisnot known.
It nevertheless stands in contrast to the National Institute’ s approach of superimposing a data-
based normal distribution on apoint forecast. It should be noted, however, that the conventional
null hypothesis of normality would be unlikely to be rejected in this approach if the degree of
asymmetry intheexamplein Figure 1 wereto apply in practice. For these parameter values, one
would expect to requireasampleof almost 200 observationsbeforethe conventiona asymptotic 2 (2)
statistic would reject normality at the 5 per cent level; even the more powerful likelihood ratio
test given by Kimber (1985) for the null hypothesis that s, * s, in the two-piece normal
distribution would be expected to require asample of 115to regject in thiscase. Samplesof this
Sizearerarein macroeconomic forecasting, andin any event thereisno presumption in the Bank
of England’ s forecasts that the balance of risks is constant over time.

In addition to constructing macroeconomic density forecasts to assist in setting their
policy instruments, monetary policy makersal so usefinancial market forecasts, to whichwenow
turn. In particular density forecasts of future interest rates and exchange rates can be extracted
from sets of prices of traded options and futures contracts as discussed below. Thesethen assist

the interpretation of market sentiment and provide a check on the credibility of policy.
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2.2 Applicationsin finance

In finance, much effort has been put into generating forecasts with a complete
characterization of the uncertainty associated with asset and portfolio returns, recognizing that
the normal distribution isinadequate for this purpose. Testsof normality typically rely on third
and fourth moments, rejecting the null hypothesis of normality if there is significant skewness
and/or excess kurtosis, and many empirical studies have found non-normal higher momentsin
the (unconditional) distributions of stock returns, interest rates, and other financial data series.
An early example is Fama (1965), who reports evidence of excess kurtosisin the unconditional
distribution of daily returns of stockslisted in the Dow Jones Industrial Average. Many studies
have since attempted to model this excess kurtosis, and also asymmetries in the distribution of
asset returns, athough the early studies tended not to deal with forecasts per se. The models
proposed considered returnsto beiid processes and should be viewed as attemptsto explain the
unconditional distribution of asset returnsrather than to devel op forecasting models, neverthel ess
they do reflect an increasing awareness that such asymmetries should carry over to forecasts of
asset returns.

There are several motivations for an interest in more complete and accurate probability
statements. A leading example is the issue of risk management, with which the concept of
density forecasting isintimately related. The business of risk management has in recent years
developed into an important industry, with density forecasts regularly issued by J.P.Morgan,
Reuters and Bloomberg, among others. The basic idea of such systemsisto allow the user to
generate density forecasts of the change in the value of customized portfolios over a particular
holding period. The focus of these forecast densities is typically the nth percentile of the
distribution, embodied in ameasure commonly known asVaue-at-Risk (VaR); the portfoliois

forecasted to lose avalue greater or equal to its VaR over the specified period with probability
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n/100. Itisclear that departuresfrom normality in the portfolio returnswill adversely affect the
usefulnessof VaR estimatesif the assumption of normality isinappropriately used in generating
theforecast. In particular, the presence of excess kurtosisimpliesthat the Gaussian-based VaR
of aportfoliowill be underestimated, and much effort has gone into devel oping accurate density
forecasts that can overcome this difficulty in the context of VaR anaysis. Such measurements
are also of concern to regulators, the Capital Adequacy Directive of the Bank for International
Settlements, for example, requiring a bank to hold risk capital adequate to cover losses on its
trading portfolio over a ten-day holding period on 99 per cent of occasions. This example
indicatesthat it may be only asingle quantile of the distribution that is of interest, moreover one
located in its extremetail, and some methods, discussed below, focus directly on these aspects
of the problem. The presence of non-normal higher moments in financial data also has
implications for numerous other issues in addition to risk management, including asset pricing,
portfolio diversification and options pricing. For example, Simkowitz and Beedles (1978)
demonstrate that the degree of skewness preference among investors will affect the extent to
which they diversify. The higher the degree of skewness, the fewer assets the investor would
hold since diversification reduces the amount of skewness in the portfolio. Cotner (1991)
provides some evidence that asymmetries affect options prices. The presence of skew in asset
returns will also play an important role in developing hedging strategies.

Density forecasting in finance can be viewed as beginning with the literature that aims
to model and forecast volatility. The ARCH model of Engle (1982) models the conditional
variance as alinear function of square of past observations and conditional variances, and thus
deliversforecasts with time varying conditional variances. A Generalized ARCH(1,1) process

(with zero mean) can be written as

12
e h,

Yi
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h ™ ? % aygk, % Bhy,

where the standardized residual e, is distributed identically and independently with some zero-
mean unit-variance density f(e,). ARCH models imply larger kurtosis in the unconditional
distribution than the normal distribution, although the commonly used conditionally Gaussian
varieties deliver symmetric density forecasts, which is unsatisfactory given evidence of
asymmetriesin asset returns. The excess kurtosis generated by conditionally Gaussian models
was aso found to be insufficient to explain the degree of leptokurtosisin many financial time
series. Theliterature on ARCH models and its applicationsis enormous, and we do not attempt
toreview that literature here, nor therelated literature on stochastic volatility models. For agood
review of ARCH models, see Bollerdev, Engle and Nelson (1994) and, in a more genera
context, Pagan (1996). Our focus on density forecasting directs attention towards higher-order
moments.

GARCH models can produce skewed and |eptokurtic conditional forecasts - many do -
and they do so by incorporating skew and kurtosis directly into the distribution of the
standardized residuals of GARCH processes. A leading example is the t-distributed GARCH
model of Bollerslev (1987) which directly incorporates excess kurtosis in the conditional
forecasts by specifying a Student’s t-distribution for the standardized residuals. Some
applications have attempted to model the densities of the standardized residuals by using
asymptotic expansions, instead of assuming fully parameterized functional forms. Leeand Tse
(1991) model the standardized residuals as a Gram-Charlier type distribution; an application to
the 1- and 2-month interbank rates of the Singapore Asian Dollar Market reveals evidence of
excess kurtosis in the residuals of an ARCH-M regression, but not of skew. Baillie and
Bollerdev (1992) use asymptotic expansions to obtain multi-step-ahead predictions from a

GARCH process, which are non-normal even if the one-step-ahead conditional prediction
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densities are normal; they approximate the quantiles of these forecast densities using Cornish-
Fisher asymptotic expansions. Another approach to producing density forecasts, along similar
lines, uses nonparametric procedures to model the density of the standardized residual. An
example is the semiparametric ARCH approach of Engle and Gonzalez-Rivera (1991) which
specifiesthe variable of interest asa GARCH process and exploits the fact that quasi-maximum
likelihood estimation can deliver consistent estimates of the GARCH parameters. The
standardized residuals from this step are then estimated nonparametrically using the discrete
maximum penalized likelihood estimation technique. An application to daily stock returns for
the sample period 1962 to 1988 showed that skewnessis an important feature of stock returns,
while an analysis of daily returns to the £/US$ exchange rate produced evidence of less
pronounced skew. Other nonparametric approaches, including bootstrap methods, can be
combined with parametric GARCH modelsin asimilar manner.

The idea of accommodating higher moment effects by developing sophisticated
distributional specifications, parametric or otherwise, for the standardized residualsof aGARCH
model nevertheless does not allow the higher moments to be time-varying in general. For
instance, the forecasts delivered by a conditional normal GARCH model will aways deliver a
conditional density forecast with kurtosisequal to 3. Asymmetric GARCH models, such asthe
Exponential GARCH model of Nelson (1991), allow negative and positive shocksto affect the
conditional variance asymmetrically, but still deliver density forecasts that are symmetricif the
distribution of the standardized residualsis so specified. The possibility of forecasting higher
moments is something worth exploring, and while there are some studies that pertain to the
forecastability of higher moments, the evidenceismixed. Singleton and Wingender (1986) find
considerable skewness in the distribution of the monthly returns of common stocks from 1961

to 1980, but also find that this skewness did not persist, that is, stocks that displayed skewness
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in one period did not awaysremain skewed in future periods, and using the Spearman rank order
correlation test they provide evidence that the skew in the distribution of stock returns is not
predictable. However, they base their study on the standardized third central moment. This
measure isknown to be very sensitive to outliers, so the results they obtain may be dueto afew
anomalous observations. Alles and Kling (1994) consider the distributions of daily returns on
the NY SE (Jul 1962 to Dec 1989), AMEX (Jul 1962 to Dec 1989) and NASDAQ (Dec 1972 to
Dec 1989) market indices. Acrossfour-year-long sample periods, they find that the skew varies
in direction and size from period to period. No attempt is made to relate current skew to the
returns’ observed history, although there is evidence that the skew in the distribution of the
returns varies according to the business cycle. Their analysisis also based on the standardized
third central moment. An analysis of bond returns (market value-weighted indices of long and
medium term treasury bonds) shows that the degree of skew in these seriesisgenerally lessthan
for stock indices.

Rare examples of the modelling of the dependence of higher-order moments on the past
arethe studiesby Gallant, Hsieh and Tauchen (1991) and Hansen (1994), again from contrasting
pointsof view. Gallant, Hsieh and Tauchen apply their semi-nonparametric approach to density
estimation, based on a series expansion about the Gaussian density which in effect makes the
density apolynomial in the past history of returns; the application deals with daily pound/dollar
exchange rates. Hansen notes that the method needs very large data sets to achieve good
precision, and prefersamodel that isfully - yet in contrast parsimoniously - parameterized. His
ARCD (autoregressive conditional density) model usesanovel “skewed Student’ st” conditional
distribution with an additional skewness parameter. The density function of the standardized

residuals (zero mean, unit variance) is
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The skewness and kurtosis (degrees of freedom) parameters, ? and ?, along with the other

parameters of the model, are allowed to depend on the lagged error terms, that is,

|, =1(e.,).h, =h(e.,). Application of themodel to the monthly excessholding yield on

US Treasury securities (allowing only for time varying kurtosis) and to the US$/Swiss Franc
exchange rate (allowing for both time varying kurtosis and skew) produces evidence of time-
varying higher moments in the data. 1t would be of interest to seeif other distributions can be
effectively applied to the question of the predictability of distributional shape, perhaps using
measures of asymmetry and elongation that are known to be more resistant to the influences of
outliers.

A recent development is the derivation of density forecasts from the information about

market participants perceptions of the underlying asset price distribution contained in option
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market data. Soderlind and Svensson (1997) describe how methods of extracting information
about market expectations from asset pricesfor monetary policy purposes have developed from
the estimation of expected means of future interest rates and exchange rates from forward rates
to estimation of their complete densities from traded options prices. The risk-management
motivation noted above has also driven applications in finance, as deeper markets and new
instruments have provided relevant data. The starting point is the derivation by Breeden and
Litzenberger (1978) of a relationship between the risk-neutral density of the price of the
underlying asset and the pricing function of European (exercised only at the maturity date) call
options. For example, the classic Black-Scholes option pricing model impliesalognormal risk-
neutral density function. Once markets were established and became sufficiently active,
empirical applications followed. Thus Fackler and King's (1990) analysis of implied density
forecasts of US agricultural commodity prices followed the initiation of trading in commodity
option futures in 1984, while Jackwerth and Rubinstein’s (1996) data on optionsonthe S& P
500 index start on 2 April 1986, the date the Chicago Board Options Exchange switched from
American (exercised at any time up to the maturity date) to European options. Bahra (1996,
1997) analysestherisk-neutral density functionsof short-term sterling and Deutschmark interest
rates implied by options traded on the London International Financial Futures and Options
Exchange (LIFFE), which launched options trading in 1985.

Observed differences between market pricesand the pricesimplied by the Black-Scholes
model have led to variationsin the model’ s assumptions and the use of distributions other than
the lognormal for the underlying asset price. In particular, the estimated volatility of the
underlying asset’ s return varies with the exercise or strike price, contrary to the Black-Scholes
model - the so-called “volatility smile” - which calls for distributions with fatter tails than the

lognormal and possibly adifferent degree of skewness. More general functional formsthat have
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been employed include a mixture of lognormals (Bahra, 1996; Melick and Thomas, 1997;
Soderlind and Svensson, 1997) and the generalized beta (Aparicio and Hodges, 1998); Ait-
Sahaliaand Lo (1998) develop a honparametric approach to estimating the density. Jackwerth
(1999) reviews the various methods, noting that the results tend to be rather similar unless only
avery few option prices are available. It should also be noted, as severa authors do, that the
risk-neutral densities coincide with the “true” densities only in the absence of risk premia, and
Soderlind (1999) considers how measures of risk premiamight be used to adjust estimated risk-
neutral densities.

In the VaR context, as in macroeconomics, stochastic simulation methods are a means
of generating non-normal density forecasts. This approach develops a density forecast by
simulating possible future paths of the various components of the portfolio of interest, based on
models of those components with parameters estimated from past redlizations of the
corresponding variable. These various sample paths are combined into a sample path of the
portfolio, and a density forecast is then obtained from repeated simulations. Early
implementations of thisapproach assumed price changesto beiid Gaussian, so that the portfolio
return is also normally distributed. Later examples employ mixtures, jump diffusions, and
models with conditional dynamics in the second moments, which would generate non-normal
distributions. Duffieand Pan (1997) and Dowd (1998) present comprehensive summariesof the
issues and methods in generating VaRs. Thefocus of attention in VaR analysisis often an
extreme quantile of the distribution. However, the methods described above usually perform
better near the centre of the data than at the extreme tails, where data are scarce. This has
motivated the introduction of methods based on extreme value theory to improve the estimation
of the tail of the distribution (see McNell and Frey, 1998, and references therein). The

application of this theory in risk management adds a practical concern to the more theoretical
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interest in the shape of the tails of the density, which isrelated to the question of the existence
of moments (see Pagan, 1996, for example). Extreme value theory often begins with the
assumption that the data are iid and the distribution has Pareto-type tails, with distribution
function F(y) " 1 & ky %2 above a certain threshold, and attention focuses on the estimation
of thetail index a. It can be argued that the development of extreme value methods beyond the
limitations of these two assumptions is important for the theory’s relevance to financia
applications (see, for example, Diebold, Schuermann and Stroughair, 1998), and McNell and
Frey (1998) extend existing methods by considering the conditional distribution of asset returns
and the generalized Pareto distribution function for the upper tail of the standardized residuals.

Thisis

1& (1% 2y/R)EY? 200

E .
v {1 & exp(&y/R) ?"0

where 3 > 0, with support y $ Owhen ? $ 0and O # y # &R/? when ? < 0. The case
? > 0 corresponds to heavy-tailed distributions whose tails decay like power functions,
including the Pareto, Student’s t, Cauchy and Burr distributions, while ? * 0 corresponds to
the distributions such as the normal, lognormal, exponential and gamma, whose tails decay
exponentialy. Thecase ? < 0 includesdistributionslikethe uniform and beta, with finite upper
bound.

Quantile regression methods represent an alternative approach to the estimation of
conditional quantile functions. Koenker and Zhao (1996) extend the quantile regression ideas
of Koenker and Bassett (1978) to the ARCH setting, noting that quantiles are readily
interpretable in semiparametric location-scale models and are easier to estimate robustly than

moments. Thus, moving outside the Gaussian context, they focus on models for conditional
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scale rather than conditional variance. In an earlier application Granger, White and Kamstra
(1989) use quantile regression to combine severa quantile estimates, in the course of
constructing prediction intervals which vary over time thanks to ARCH effects. In a generdl
time-seriesforecasting context, Taylor and Bunn (1999) apply quantile regression techniquesto
obtain quantiles of multi-step-ahead forecast densities as functions of the lead time.

Finaly, we note another forecasting methodology that is related to density forecasting,
namely the predictive likelihood approach (see, for example Bjgrnstad 1990). Herealikelihood
function

L (Yer 21 Yer Vigare--)
isformulated from afully specified parametric model, treating theforecast variabl e at the horizon
of interest as a parameter to be estimated. The other parameters of the model, denoted here as
?, areconsidered to be nuisance parameters, and areremoved from thelikelihood using avariety
of methods to obtain the predictive likelihood
L (Yge | Yoo Yigzree)-
Some forecasters normalize the predictive likelihood, which is then interpreted as an estimate

of the density of y,,, conditioned on its past history.

3. PRESENTATION OF DENSITY FORECASTS
No matter how density forecasts are generated, it is important to pay attention to their
presentation. Theway density forecastsare presented and communi cated may hide somefeatures
of the forecasts, and emphasize others. Inappropriate presentation of forecasts will reduce the
forecasts’ usefulnessfor certain forecast users, and worse, may be misleading or misinterpreted,
resulting in improper use of the forecasts. Presentation of forecasts tends, however, to be given

limited coveragein discussions of forecasting, and we highlight some aspects of thisimportant
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issue.

In forecasting, different users have different concerns (or loss functions, formally) and
so may be interested in different aspects of the forecast. In the context of point forecasts, for
instance, it is known that if the relevant loss function is symmetric then the optimal point
predictor isthe conditional mean, but that thisis not true for general loss functions, as noted by
Granger (1969) and Christoffersen and Diebold (1997). Producers of forecasts need to
understand the concerns of the target audience (the particular set of forecast users) and present
the appropriate point forecast, and a user with asymmetric loss who bases a decision on a
conditional mean point forecast will make asub-optimal decision. In principlethe useof density
forecasts overcomes this problem: density forecasts are relevant to all forecast users since they
are a complete description of the uncertainty associated with the forecast of a variable. In
practice, however, the question of how to present density forecasts without losing vita
information remains.

The notion of finding the most appropriate way of presenting density forecastsis very
much in the spirit of exploratory data analysis where the concern is how best to summarize
graphically theinformation contained in asample of data, see Tukey (1977). Inforecasting, the
same problem arises because different features of the forecast are of interest to different users,
and the presentation of the forecast should highlight the appropriate features. For example, if a
forecast user is interested in possible asymmetries in the future distribution of the forecast
variable, aplot of the density estimate with an appropriate symmetric density superimposed may
be more helpful than the presentation of the forecast by itself.

It is sometimes feasible to present the analytical form of the density forecasts, but these
areavailableonly if standard distributions are used, and in any event the features of the forecast

may not beimmediately obviousfrom algebraic expressions. A morecommonway of presenting
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density forecastsisby plotting the density estimate. Thiswould usually bethe casefor forecasts
obtained from semiparametric approaches to density forecasting discussed above, or if the
forecast is obtained via simulation methods and the density estimate computed using kernel
methods such as those described by Silverman (1986). Graphical presentations are useful -
asymmetries in the forecasts are often easily picked out, and the normal distribution (the
symmetric distribution taken by convention as having “neutral elongation”) can be imposed to
highlight the presence of asymmetriesor excesskurtosisinthedatato theuser. Itisoften helpful
to discretize the density, perhaps by presenting it as a histogram, graphically or in tabular form,
indeed this is how density forecasts are elicited in the Survey of Professional Forecasters, as
noted above: Table 1 givesan example. When acomplete density isavailable, the conventional
discretisation is based on quantiles, so that prediction intervals are reported, again asagraph or
a table, for a regular sequence of coverage probabilities, in contrast to the reporting of
probabilities for aregular sequence of intervals, asin the histogram case. On the other hand a
particular interval may beafocusof attention. Inamonetary policy regimeof inflation targeting,
for example, the objective of policy is sometimes expressed as a target range for inflation,
whereupon it is of interest to report the forecast probability that the future outcome will fall in
the target range.

In real-time forecasting, a sequence of forecasts for a number of future periods from a
fixed origin (the “present”) is often presented as atime-series plot. The central forecast may be
shown as a continuation of the plot of actual datarecently observed, and limits may be attached,
either asstandard error bands or quantiles, becoming wider astheforecast horizonincreases. As
Thompson and Miller (1986) note, “typically forecasts and limits are graphed as dark lines on
awhite background, which tendsto make the point forecast thefocal point of thedisplay”. They

arguefor and illustrate the use of selective shading of quantiles, as“adeliberate attempt to draw
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attention away from point forecasts and toward the uncertainty in forecasting” (1986, p.431,
emphasisinoriginal). Inpresenting its density forecasts of inflation the Bank of England takes
thisargument a stage further, by replacing a point forecast by acentral 10 per cent interval. The
aternative presentation of a recent Bank forecast by Wallis (1999), based on conventional
percentiles, is shown in Figure 2. The density forecast is represented graphically as a set of
prediction intervals covering 10, 20, ..., 90 per cent of the probability distribution, of lighter
shades for the outer bands; equivalently the boundaries of the bands are the 5", 10™, ..., 95™
percentiles (excluding the 50™). Thisisdone for inflation forecasts one to eight quarters ahead,
and since the dispersion increases and the intervals “fan out” as the forecast horizon increases,
the result has become known as the “fan chart”.

The Bank of England’s preferred presentation of the fan chart is based on the shortest
intervalsfor the assigned probabilities, which differ from the “central” intervals used in Figure
2 whenever the density is asymmetric: in particular they converge on the mode, rather than the
median, asthe coverageisreduced. Moreover thetail probabilitiesfor the shortest intervalsare
not only unequal, they arenot reported, |eaving open the possi bility of misinterpretation by auser
who assumesthem to be equal. Comparison of the two can beilluminated by referenceto aloss
function, which providesarare exampl e of the use of alossfunction beyond the point prediction
context, albeit to the interval prediction problem rather than the complete density forecast. To
construct an optimal or minimum cost prediction interval (a,b) it isfirst assumed that thereisa
cost proportional to the length of the interval which isincurred irrespective of the outcome, and
the distinction between the two cases arises from the assumption about the additional cost
associated with amistake, that is, the interval not containing the outcome. If this has an all-or-
nothing form, being zero if theinterval contains the outcome and a positive constant otherwise,

then the optimal interval satisfiesf(a) = f(b), and this“equal height” property is also a property
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of the interval with shortest length b-afor given coverage. If, however, the cost of amistakeis
proportiona to the amount by which the outcome lies outside the interval, then the optimal
interval isthe central interval with equal tail probabilities. (See Wallis, 1999, for derivations.)
We find the all-or-nothing loss function’s indifference to the actual magnitude of error
unrealistic. A preference for the aternative is implicit in the practice of the overwhelming
majority of statisticians of summarizing densities by presenting selected percentiles.

While adensity forecast can be seen as an acknowledgment of the uncertainty in a point
forecast, it isitself uncertain, and this second level of uncertainty isof more than casual interest
if the density forecast is the direct object of attention, asin several of the finance applications
discussed above. How this might be described and reported is beginning to receive attention.
For parametric approaches that treat the underlying distributional assumptions as correct the
effect of parameter estimation error can be estimated via an appropriate covariance matrix and
reported as apoint-by point confidenceinterval for the density forecast: Soderlind and Svensson
(1997) plot an examplefor an options-based implied risk-neutral density. For approaches based
on simulation methods, not only the point estimate of the density but also a sampling standard
error or robust alternative measure of dispersion could likewise be reported.

Finaly, we note that the problem of reporting results and communicating with “remote
clients’ has been aconcern of Bayesian statisticians at least since Hildreth (1963) characterized
usersinthisway. Withtheincreasing use of simulation methodsin economic forecasting, many
forecasts will be available in the form of a sample from the predictive distribution, and these
simulations could be used by various forecast users to generate estimates of specific features
appropriate to their individual purposes. In this connection, the proposa by Geweke (1997) to
exploit modern computation, communication and information storage and retrieval capabilities

to facilitate Bayesian communication also merit attention by density forecasters.
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4. EVALUATION AND CALIBRATION

Given a series of forecasts over a period of time, we consider the question of how to
assess forecasting performance ex post. Evaluation of the quality of the forecasts may be of
interest for its own sake, or may be explicitly directed towards improvement of future
performance. For point forecasts, thereisalarge literature on the ex post evaluation of ex ante
forecasts, and arange of techniques has been devel oped, recently surveyed by Wallis (1995) and
Diebold and Lopez (1996). The evaluation of interval forecasts has a much newer literature
(Christoffersen, 1998; Taylor, 1999), as does the evaluation of density forecasts, which is our
present concern.

Onestrand of theliterature on point forecasts comprises descriptive accounts of forecasts
and forecast errorsin specific episodes of particular interest, often business cycleturning points.
For example Wallis (1989) reviews several accounts of macroeconomic forecast performance
during therecessionsof the 1970s. Itisstriking that many studies of the performance of options-
based densities adopt the same approach, describing the behaviour of the implied probability
distributions before and after such events as the US stock market crash of October 1987
(Jackwerth and Rubinstein, 1996), the Persian Gulf crisis of 1990-91 (Melick and Thomas,
1997), the crisisin the European exchange rate mechanism around 16 September 1992 - “black
Wednesday” - (Malz, 1996) together with the following month’s announcement of a new
monetary policy framework in the United Kingdom (Soderlind, 1999) and, at a more mundane
level, announcements of economic news and shifts in officia interest rates (Bahra, 1996).
Agreement with other sources of information validates the estimated distributions - they “are
consistent with the market commentary at thetime” (Melick and Thomas) or are “validated by
recent market developments’ (Bahra) - and they can aso supplement accounts of the events as

they unfolded - “the market clearly believed that UK monetary policy wasin big trouble”; later

24



“this took the market by some surprise” (Soderlind). Interesting, indeed entertaining, as these
accounts are, they provide little systematic information on such questions as the comparative
performance of different models or methods, and one suspects that here, as in other areas of
forecasting, they will gradually be replaced by more formal analyses.

It is often argued that forecasts should be evaluated in an explicit decision context, that
is, in terms of the economic consequences that would have resulted from using the forecasts to
solve a sequence of decision problems. The incorporation of a specific loss function into the
evaluation process would focus attention on the features of interest to the forecast user, perhaps
also showing the optimality of aparticular forecast. In macroeconomic forecasting thisdoes not
happen, given the difficulty of specifying a realistic loss function and the absence of a well-
defined user. In finance thereisusually amore obvious profit-and-loss criterion, and thereisa
long tradition of forecast evaluation in the context of investment performance. This extendsto
volatility models (West, Edison and Cho, 1993, for example) but not yet to density forecasts.
Herethere are relatively few results based on explicit loss functions, as noted above. Thebasic
result that a“ correct” forecast is optimal regardless of the form of the loss function is extended
from point forecaststo event probability forecasts by Granger and Pesaran (1996) and to density
forecasts by Diebold, Gunther and Tay (1998). The latter authors also show that there is no
ranking of sub-optimal density forecasts that holds for all loss functions. The problem of the
choice of forecast would require the use of loss functions defined over the distance between
forecast and actual densities. Instead the general objective of density forecastersisto get close
to the correct density in some sense, and practical evaluations are based on the same idea.

Statistical evaluations of real-time density forecasts have recently begun to appear,
although the key device, the probability integral transform, has along history. The literature

usualy cites Rosenblatt (1952) for the basic result, and the approach features in severa
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expositionsfrom different pointsof view, such asDawid (1984) and Cooke (1991). For asample
of n one-step-ahead forecasts and the correspondi ng outcomes, the probability integral transform

of the realized variables with respect to the forecast densitiesis

- Yt
z, Mea pt(u)du

" P(y), t"1,...n,

where P, (i) is the forecast distribution function. If P, () is “correct”, then the z, are
independent uniform U[0,1] variates. The independence property is obvious in the case of iid
forecasts, and al so extendsto the case of time dependent density forecasts, aswhen the forecasts
comprize a sequence of conditional densities, provided that the forecasts are based on an
information set that containsthe past history of the forecast variable (Diebold, Gunther and Tay,
1998). The question then iswhether the z, sequence “lookslike” arandom sample from U[0,1]
(Dawid, 1984, quotation marksin original), that is, whether the forecasts are “well calibrated”.
Deviations from uniform iid will indicate that the forecasts have failed to capture some aspect
of the underlying datagenerating process. Serial correlationinthe z, sequence (insquares, third
powers, etc) would indicate poorly modelled dynamics, whereas non-uniformity may indicate
improper distributional assumptions, or poorly captured dynamics, or both. Diebold, Hahn and
Tay (1999) show that if the true conditional density belongs to alocation-scale family, and the
forecaster issueslocation-scaledensity forecastswith correctly specifiedlocation and scale, the z,
sequence will continue to bear the iid property but will no longer be uniform if the wrong
location-scale density isused. Extensions to multi-step-ahead forecasts are awaited.

The uniformity of the probability integral transformsisusually evaluated by plotting the
empirical distribution function and comparing with a45 degree line, whereas some authors find

an estimate of the density easier to check visually for departures from uniformity. Formal tests
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of goodness of fit can be employed, such as that based on Kolmogorov’'s D - statistic, the
maximum absol ute difference betweentheempirical distribution functionand thenull hypothesis
uniform distribution function. The distribution theory for D, rests on an assumption of random
sampling, however, whereas the hypothesis of interest is the joint hypothesis of iid uniformity,
and little is known about the impact on critical valuesof D, of departures from independence.
Diebold, Gunther and Tay (1998) also consider the conditional dynamicsof the density forecasts
by examining the correlograms of the levels and powers of the probability integral transforms,
and present an application to density forecasts of daily S & P 500 returns. Diebold, Tay and
Wallis (1999) add resampling procedures to the toolkit in the course of an evaluation of the
Survey of Professional Forecasters density forecasts of inflation. These authors supplement
formal tests with a graphical approach, in an exploratory spirit, so that the evaluation process
might be informative about the direction in which a forecasting model could be improved.
Extensions to the multivariate case are considered by Diebold, Hahn and Tay (1998) and
Clements and Smith (1998). Both approaches are based on a decomposition of multivariate
forecastsinto univariate conditionals. Thefirst paper evaluates abivariate forecasting model of
high-frequency exchangerates, and thelatter paper usesdensity forecast performanceto compare
linear models with nonlinear forecasting models of output growth and unemployment.
Clements and Smith use forecast densities to discriminate between competing models,
in place of standard measures such as mean squareforecast errors. To see how forecast densities
can discriminate between competing models, consider the simple example of comparing two
zero-mean volatility modelsdiffering only in distributional assumptions. The conditional mean
forecasts generated by both modelsare identical (zero), as are their mean square forecast errors.
The forecast densities, on the other hand, would be different in general, and the probability

integra transform would highlight these differences. Clements and Smith find that while
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standard means of comparing models suggest that nonlinear models offer no improvement over
linear models, evaluation techniques that consider the entire forecast density are able to
discriminate between thetwo: in their examplethe nonlinear model sthey consider (self-exciting
threshold autoregressive model s) outperformthelinear model s, being better ableto predict higher
order moments.

If agiven model or systematic forecasting method is found to produce poorly calibrated
forecasts over an early time period, it may be possible to usethe results of thisinitial evaluation
to improve subsequent forecasts. Dawid (1984) speaks of “tuning” the system to provide better
calibrated forecasts; other authors speak of “de-biasing” or “recalibrating” the later forecasts.
Given an estimate Q(z) of an empirical distribution function whose graph does not ook like a
45 degree line, the recalibrated forecast distribution function is

P(Y) = QIPW)I.

Specifying Q(@) isnot straightforward, and Kling and Bessler (1989) estimate it as a piecewise
linear function in the course of arecalibration of their VAR-based density forecasts of interest
rates, money, prices and output. Fackler and King (1990) fit a beta distribution to the empirical
distribution of the Z's to recalibrate option-based density forecasts of prices in agricultural
commodity markets, initially based on alognormal assumption. The beta distribution contains
the uniform distribution as aspecial case, and so admitsthe possibility of alikelihood ratio test.
Diebold, Hahn and Tay (1998) again provide amultivariate extension and recalibrate a series of
bivariate Gaussian density forecasts of high frequency exchange rate returns based on an
exponential smoothing approach to estimation of the conditional variances and covariances of
thereturns. Theseexamplesall illustrateafurther way of generalizing distributional assumptions
away from normality.

5. CONCLUSION
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The interest in and use of density forecasts has increased in recent years. Asin other
areas of quantitative economics, advancesin statistical methodology, the greater availability of
relevant data, and increases in computing power have all played a part. Public discussion of
macroeconomic point forecaststoo often treatsthem as exact, and to acknowledge explicitly that
they are not, perhaps by publishing a density forecast, can only improve the policy debate. In
finance density forecasts are used more directly for specific assessments of risk, where mistakes
have obvious commercial consequences. Inour discussion of the construction, presentation and
evaluation of density forecasts the need to keep in mind the loss function of the forecast user is
alwayspresentinprinciple, butin practicethisrarely featuresexplicitly intheliterature. Perhaps
thisis one direction in which to look for future developments. The commercial consequences
of risk assessments can be expressed as a loss function, whose formulation might be extended
to illuminate the specification and evaluation of density forecasts. Even when this is done,
however, it will be important to have methods of communication that can accommodate users
with avariety of loss functions.

Other future developments in density forecasting might be identified with reference to
the literature on point forecasts. Both forecasts are usualy model-based, and model
improvements are often motivated by the need to improve forecasts; a particular issue identified
above relates to the predictability of higher moments. The evaluation of density forecastsis at
a comparatively rudimentary stage, and issues that merit attention are the optimal revision of
fixed-event forecasts, the comparative eval uation of forecasts, and eval uation of multi-step-ahead
density forecasts. Combinations of forecasts sometimes form part of comparative evaluations
and sometimes are of interest for their own sake, and the literature on combining point forecasts
that springs from Bates and Granger (1969) has reached prediction intervals but not yet density

forecasts. Finally we note that, while a density forecast provides a representation of the
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uncertainty inapoint forecast, itsown uncertainty should also be acknowledged and quantified.
How thissecond level of uncertainty might in turn be described and the descri ption subsequently
evaluated has scarcely begun to be considered. A future survey of this area has much to look

forward to.
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Table 1. Density forecasts of USinflation
Mean probability (of 28 forecasters) attached to possible percent changesin
GDP price index, 1998-99

Inflation rate (per cent) Probability (per cent)
8.0 or more 0.07
7.0t07.9 0.11
6.0t06.9 0.14
5.0t05.9 0.25
4.0t04.9 121
3.0t03.9 8.96
20t0 29 20
10to 19 49.54
0.0t00.9 17.89
Will decline 1.82

Source: Philadelphia Fed., Survey of Professional Forecasters, 20 November 1998
(http://www.phil.frb.org/econ/spf/spfg498.pdf)



Table 2. Density forecasts of UK inflation
Probability of indicated annual RPIX inflation rate, percent, 1997Q4

KB TC GD PM BR MW
8.0 or more 0 0 0 0 0 1
7.0t07.9 0 0 0 0 0 1
6.0t06.9 1 0 1 0 0 4
5.0t05.9 4 2 2 0 1 8
4.0t04.9 8 7 8 0 6 13
3.0t03.9 22 32 16 5 22 18
20t02.9 55 50 40 30 35 19
10to 19 10 9 25 40 26 16
0.0t00.9 0 0 6 20 9 11
Will decline 0 0 2 5 1 9

Source: Panel of Independent Forecasters, November 1996 Report (London: HM Treasury).
The panel members are Kate Barker, Tim Congdon, Gavin Davies, Patrick Minford,
Bridget Rosewell and Martin Weale



Figurel The probability density function of the two-piece normal distribution
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