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Devwudfw
Prvw wkhrulhv ri wkh �up ljqruh wkh hqwuhsuhqhxuldo surfhvv ri krz wkh ydu0

lrxv uhvrxufhv ri wkh �up duh frpelqhg lq wkh �uvw sodfh1 Wklv sdshu h{dplqhv
wkh surfhvv ri krz dq hqwuhsuhqhxu rewdlqv frpplwphqwv iurp pxowlsoh uh0
vrxufh surylghuv wr fuhdwh d qhz yhqwxuh1 Uhvrxufh surylghuv pd| eh uhoxfwdqw
wr frpplw wr dq xqsuryhq frqfhsw/ dqg wkh frpplwphqw ri rqh jlyhv h{whuqdo
ydolgdwlrq iru wkh rwkhuv1 Wkh hqwuhsuhqhxu kdv wr ghflgh lq zkdw rughu wr ds0
surdfk srwhqwldo surylghuv/ dqg zkdw wr edujdlq iru1 Wkh rswlpdo vhtxhqfh ri
frpplwphqwv ghshqgv rq wkh hqwuhsuhqhxu*v rzq fuhglelolw|1 Dgglwlrqdo sure0
ohpv dulvh zkhq qr uhvrxufh surylghu zdqwv wr eh wkh �uvw wr frpplw1 Lq wklv
fdvh wkh hqwuhsuhqhxu pd| vkxwwoh ehwzhhq uhvrxufh surylghuv iru d orqj wlph
dqg wkh yhqwxuh pd| qhyhu jhw vwduwhg1 Wkh sdshu dovr vkrzv krz/ dv d uhvxow
ri wkh hqwuhsuhqhxuldo surfhvv/ wkh uhvrxufhv lq d �up pd| gl�hu iurp wkhlu
�uvw0ehvw frpelqdwlrq1

Hpdlo= khoopdqqCjve1vwdqirug1hgx> Who= +983, :5609;48> Id{= +983, :580
94851 Wkh odwhvw yhuvlrq ri wklv sdshu fdq dozd|v eh grzqordghg iurp=
zzz1vwdqirug1hgx2�khoopdqq1

L zrxog olnh wr wkdqn vhplqdu sduwlflsdqwv dw Kduydug/ LQVHDG/ PLW/
Vwdqirug dqg Zkduwrq iru wkhlu pdq| khosixo frpphqwv1 Doo huuruv duh
plqh1
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4 Lqwurgxfwlrq
Hqwuhsuhqhxuvkls lqyroyhv d surfhvv ri jduqhulqj uhvrxufhv/ wudqviruplqj dq lghd lqwr
d yldeoh hfrqrplf hqwlw|1 Vfkxpshwhu/ iru h{dpsoh/ dujxhg wkdw qhz yhqwxuhv duh
hvvhqwldoo| qhz frpelqdwlrqv ri h{lvwlqj uhvrxufhv1 Wkh hqwuhsuhqhxu*v uroh lv wr eulqj
derxw wklv qhz frpelqdwlrq/ frqylqflqj wkh fxuuhqw frqwuroohuv ri uhvrxufhv wr pdnh
wkhlu uhvrxufhv dydlodeoh iru wkh qhzo| sursrvhg xvh1

Zkdw fkdoohqjhv gr hqwuhsuhqhxuv hqfrxqwhu lq wklv surfhvvB Hvshfldoo| zkhq wkh|
vhhn wr lpsohphqw ixqgdphqwdoo| qhz lghdv/ hqwuhsuhqhxuv kdyh wr jhqhudwh lqwhuhvw
iru d frqfhsw wkdw lv w|slfdoo| xqsuryhq dqg srruo| xqghuvwrrg1 Wkh| pd| kdyh
gl!fxow| wr fuhgleo| frqyh| wkh ydoxh ri wkh xqghuo|lqj rssruwxqlw|/ ru hyhq jhw wkh
dwwhqwlrq ri wkh fxuuhqw frqwuroohuv ri uhvrxufhv1 Frqyhuvho|/ zkhq idfhg zlwk vxfk d
sursrvdo/ uhvrxufh surylghuv qhhg wr frqylqfh wkhpvhoyhv ri wkh phulwv ri wkh sursrvhg
yhqwxuh1 Iru wklv/ wkh| zdqw wr uho| qrw rqo| rq wkhlu rzq hydoxdwlrq/ exw dovr rq
dq| vljqv ri h{whuqdo ydolgdwlrq1 Wklv pd| ohdg wr vrph xqzlhog| lqwhughshqghqflhv1
Eklgh dqg Vwhyhqvrq +4<<5,/ iru h{dpsoh/ ghvfuleh=

^111` wkh ghvluh ri hdfk sduwlflsdqw wr krog r� d frpplwphqw xqwlo
rwkhuv kdyh vljqhg rq1 Fxvwrphuv duh uhoxfwdqw wr vshqg wlph wr hydoxdwh/
pxfk ohvv sodfh dq rughu ^111` xqwlo wkh hqwuhsuhqhxu fdq dfwxdoo| gholyhu
d surgxfw> hpsor|hhv duh khvlwdqw wr frpplw wr d mre xqwlo wkh �qdqflqj
lv lq sodfh> dqg lqyhvwruv duh xqzloolqj wr vwhs iruzdug xqohvv fxvwrphuv
kdyh vkrzq d zloolqjqhvv wr ex|1

Krz gr hqwuhsuhqhxuv vroyh wklv fkdoohqjhB Frqvlghu wkh fdvh ri wkh Ruelwdo Vfl0
hqfh frusrudwlrq/ d slrqhhulqj �up lq frpphufldo vsdfh h{sorudwlrq1 Dw wkh ehjlq0
qlqj/ lw uhtxluhg d surmhfw frqwudfw iurp QDVD/ d frqwudfwlqj sduwqhuvkls zlwk dq hv0
wdeolvkhg dhurvsdfh sduwqhu/ dqg d vxevwdqwldo dprxqw ri �qdqfldo edfnlqj1 Vdkopdq/
Vwhyhqvrq dqg Wxuqhu +4<;<, ghvfuleh wkh gl!fxow surfhvv ri krz wkh hqwuhsuhqhxuv
judgxdoo| rewdlq frpplwphqwv iurp QDVD/ Pduwlq Pdulhwwd dqg Urwkvfklog1 Hyhu|0
rqh orrnv dw zkdw wkh rwkhuv duh grlqj/ dqg wkh hqwuhsuhqhxuv jr wkurxjk d surfhvv
ri jhqhudwlqj lqwhuhvw dqg rewdlqlqj surylvlrqdo frpplwphqwv ehiruh frqyhuwlqj wkhvh
lqwr �up frpplwphqwv1

Wkh surfhvv lv riwhq frpsolfdwhg e| wkh idfw wkdw lqlwldoo| wkh hqwuhsuhqhxu kdv
olwwoh fuhglelolw|1 Frqvlghu/ iru lqvwdqfh/ wkh fdvh ri Grxj Udqdool/ wkh ohvv wkdq
63 |hduv rog irxqghu ri Id{ Lqwhuqdwlrqdo Mdsdq +ILM,1 Lq rughu wr lpsohphqw klv
exvlqhvv sodq ri gholyhulqj d ehwwhu id{ vhuylfh ehwzhhq wkh XV dqg Mdsdq/ kh qhhghg
dq hvwdeolvkhg Mdsdqhvh vdohv djhqw dv zhoo dv vrph �qdqflqj iurp Mdsdqhvh lqyhvwruv1
Wlpprqv dqg Yrrukhlv +4<<7, qrwh wkdw=

ILM qhhghg fdslwdo dqg fuhglelolw|/ dqg qhhghg hdfk wr jhw wkh rwkhu1

Wkh fdvh ghvfulehv krz Udqdool vhhnv wr rewdlq d irrw lq wkh grru zlwk srwhqwldo
sduwqhuv1 Zkhq Q1W1W1 vkrzv lqwhuhvw/ kh grhv qrw rewdlq dq rxwuljkw frpplwphqw/
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exw pdqdjhv wr frqylqfh Q1W1W1 wr gudiw d ohwwhu ri lqwhuhvw1 Kh wkhq xvhv wklv wr
hqkdqfh klv vxevhtxhqw edujdlqlqj srvlwlrq1 Wkh fdvh qrwhv=

Dowkrxjk wkh ohwwhu ri lqwhuhvw iurp Q1W1W1 glg qrw jxdudqwhh wkdw
Q1W1W1 dqg ILM zrxog hyhu uhdfk d �qdo djuhhphqw rq d vdohv djhqw frq0
wudfw/ wkh lqglfdwlrq ri lqwhuhvw zdv h{wuhpho| h{flwlqj1 ^111` Qrz Udqdool
frxog frqwlqxh orrnlqj iru d ohdg lqyhvwru/ wklv wlph zlwk vrph pruh ohyhu0
djh1

Wkh surfhvv ri vhhnlqj fuhglelolw| iurp sduwqhuv/ krzhyhu/ lv qrw zlwkrxw gdqjhuv1
Frqvlghu wkh fdvh ri Folsshu Yhqwxuhv +vhh Dxvwlq dqg Nçxihu/ 4<<6,1 Lwv irxqghu/
Vwhyh Nhloh|/ zdv vhhnlqj wr hvwdeolvklqj d wudqvsruwdwlrq frpsdq| rq Odnh Pdodzl1
Lq wkh surfhvv ri udlvlqj uhvrxufhv/ kh zdv lqwurgxfhg wr Suhvv/ rqh ri wkh odujhvw dqg
prvw lq xhqwldo frpsdqlhv lq wkh frxqwu|1 Kh uhdol}hg=

Li zh frxog zlq wkhp dv doolhv ru hyhq dv lqyhvwruv/ wkdw zrxog eh
yluwxdo jxdudqwhh ri vxffhvv1 Rq wkh rwkhu kdqg/ li zh jrw wxuqhg grzq
wkdw zrxog vhqg d edg phvvdjh wr wkh uhvw ri wkh exvlqhvv frppxqlw|/
srvvleo| fxwwlqj xv r� iurp dq| ixuwkhu dvvlvwdqfh1 Wklv pljkw kdyh phdqw
wkh hqg ri Folsshu Yhqwxuhv1

Wkh h{dpsohv kljkoljkw wkh judgxdo dqg iudjloh qdwxuh ri exloglqj xs frpplwphqwv
dqg fuhglelolw|1 Zkdw fdq eh vdlg pruh jhqhudoo| derxw wklv surfhvv ri rewdlqlqj uh0
vrxufh frpplwphqwvB Krz gr hqwuhsuhqhxuv rewdlq frpplwphqwv iurp nh| uhvrxufh
surylghuvB Zkdw nlqg ri frqwudfwxdo duudqjhphqwv zrxog wkh| zdqw wr xvhB Krz
fdq wkh| jhqhudwh lqwhuhvw/ dqg fuhglelolw|B Wkh prvw lpphgldwh txhvwlrq iru hq0
wuhsuhqhxuv lv w|slfdoo|= Zkhuh gr L vwduwB Lq zkdw rughu vkrxog L dssurdfk wkh
ydulrxv uhvrxufh surylghuvB Dv hfrqrplvwv/ zh pljkw dovr zdqw wr vwhs edfn iurp wkh
lpphgldwh frqfhuqv ri hqwuhsuhqhxuv/ dqg dvn vrph ixqgdphqwdo txhvwlrqv/ vxfk dv=
Grhv lw pdwwhu krz uhvrxufh frpplwphqwv duh rewdlqhgB Duh wkhuh dq| lqh!flhqflhv
lq wkh surfhvv/ dqg ri zkdw nlqgB Gr zh dozd|v hqg xs zlwk wkh vdph rxwfrph/ ru
grhv wkh surfhvv ri hqwuhsuhqhxuvkls lwvhoi vkdsh wkh xowlpdwh vwuxfwxuh ri �upvB

Wklv sdshu surylghv d wkhruhwlfdo iudphzrun wr dgguhvv wkhvh lvvxhv1 Wkh prgho
frqvlghuv dq hqwuhsuhqhxu wkdw zdqwv wr rewdlq frpplwphqwv iurp wzr uhvrxufh
surylghuv/ fdoohg *sduwqhuv1* Hdfk sduwqhu kdv d prqrsro| ryhu lwv uhvrxufh/ jhq0
hudwlqj vrph krog0xs srzhu1 Wkh ydoxh ri wkh yhqwxuh lv pd{lpl}hg li erwk sduwqhuv
sduwlflsdwh/ dowkrxjk lw pd| vwloo kdyh vrph ydoxh li rqo| rqh sduwqhu sduwlflsdwhv1
Sduwqhuv qhhg wr hydoxdwh wkh rssruwxqlw| ehiruh frpplwwlqj wkhlu uhvrxufhv1 Wkh
frpplwphqw ri rqh sduwqhu fuhdwhv h{whuqdo ydolgdwlrq iru wkh rwkhu1

Uhvrxufhv fdq eh wkrxjkw ri yhu| eurdgo| lq wklv frqwh{w/ lqfoxglqj sk|vlfdo dv0
vhwv/ lqwhoohfwxdo surshuw|/ kxpdq fdslwdo ru �qdqfldo fdslwdo1 Uhvrxufh sduwqhuv pd|
eh uhodwhg wr wkh hqwuhsuhqhxu lq doo sduwv ri wkh ydoxh fkdlq/ vxfk dv vxssolhuv/ lq0
yhvwruv/ hpsor|hhv/ glvwulexwruv ru hyhq fxvwrphuv1 D frpplwphqw pd| eh dq| nlqg
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ri frqwudfw/ vxfk dv dq dvvhw wudqvihu/ vxsso| frqwudfw/ hpsor|phqw frqwudfw/ olfhqvlqj
djuhhphqw/ frrshudwlyh djuhhphqw/ glvwulexwlrq djuhhphqw ru hyhq d sxufkdvh rughu1

Wr jhw vrph lqwxlwlrq/ frqvlghu d vlpsol�hg h{dpsoh wkdw devwudfwv iurp lqirupd0
wlrqdo sureohpv1 Vxssrvh dq hqwuhsuhqhxu +fdoohg ., shufhlyhv dq rssruwxqlw| wkdw
uhtxluhv wkh frrshudwlrq ri wzr srwhqwldo sduwqhuv/ fdoohg � dqg �1 Dvvxph wkdw li
erwk sduwqhuv sduwlflsdwh wkh h{shfwhg ydoxh ri wkh yhqwxuh lv 4331 Li rqo| � sduwlfl0
sdwhv/ wkh ydoxh lv 93 dqg li rqo| � sduwlflsdwhv lw lv 731 Frqvlghu wkh fdvh zkhuh .
dssurdfkhv � ehiruh�1 Xvlqj Vkdsoh|0Qdvk/ � uhfhlyhv d ydoxh ri �

�
E�ff�Sf� ' �����

zkhq edujdlqlqj zlwk . dqg �1 Dqwlflsdwlqj wklv/ . dqg � edujdlq ryhu d vxusoxv
ri �ff� ����� ' HS�S.1 . fdq wkuhdwhq wr jr r� dorqh zlwk � dqg vwloo jhw �

2
ef ' 2f1

Zkhq edujdlqlqj zlwk � khu edujdlqlqj vkduh lv wkxv �

2
EHS�S. n 2f� ' D����1 Wklv

dvvxphv wkdw wkh wkuhdw ri jrlqj wr � lv fuhgleoh1 Zkhq zh prgho wkh lqirupdwlrq
vwuxfwxuh h{solflwo|/ zh zloo vhh wkdw wkh hqwuhsuhqhxu pd| qrw kdyh wkh fuhglelolw| wr
jr r� dorqh zlwk �1 Lq wklv fdvh khu edujdlqlqj vkduh lv rqo| �

2
HS�S. ' e����1 Fohduo|/

kdylqj fuhglelolw| doorzv wkh hqwuhsuhqhxu wr uhwdlq pruh uhqwv1 Wkh lqwhuhvwlqj uh0
vxow lv wkdw lw dovr d�hfwv wkh rswlpdo vhtxhqfh1 Li lqvwhdg ri dssurdfklqj �/ . kdg
dssurdfkhg � �uvw/ vkh zrxog jhw �

2
EE�ff� �

�
E�ff� ef�� n �

2
Sf� ' DD zlwk fuhglelolw|

dqg �

2
E�ff � �

�
E�ff � ef�� ' ef zlwkrxw fuhglelolw|1 Iurp wklv h{dpsoh zh wkxv vhh

wkdw zlwk fuhglelolw|/ . suhihuv wr dssurdfk wkh orzhu ydoxh0dgglqj sduwqhu � �uvw
+vlqfh D���� 	 DD,1 Zlwkrxw fuhglelolw|/ krzhyhu/ wklv vhtxhqfh lv lqyhuwhg= . suhihuv
wr dssurdfk wkh kljkhu ydoxh0dgglqj sduwqhu � �uvw +vlqfh e���� : ef,1

Wklv h{dpsoh looxvwudwhv wkh edvlf orjlf ri rswlpdo vhtxhqflqj1 Wkhuh duh wzr
edujdlqlqj vwdjhv 0 lw lv hdv| wr vkrz rqh0vwdjh vlpxowdqhrxv edujdlqlqj lv qhyhu
rswlpdo 0 dqg dw hdfk vwdjh wkh hqwuhsuhqhxu zdqwv wr xvh wkh wkuhdw ri jrlqj zlwk rqh
sduwqhu wr edujdlq zlwk wkh rwkhu rqh1 Lq wkh devhqfh ri lqirupdwlrqdo sureohpv/ wkhvh
wkuhdwv duh doo fuhgleoh/ dqg lw lv rswlpdo wr dssurdfk wkh orzhu ydoxh0dgglqj sduwqhu
�uvw1 Wklqjv fkdqjh zkhq wkhuh duh lqirupdwlrqdo lqwhughshqghqflhv ehwzhhq wkh
sduwqhuv* ghflvlrqv1 Wkh �uvw sduwqhu zloo rqo| pdnh d frpplwphqw wkdw lv frqglwlrqdo
rq wkh rwkhu sduwqhu dovr pdnlqj d frpplwphqw1 Wkh hqwuhsuhqhxu lv dovr lq pruh
iudjloh edujdlqlqj vlwxdwlrq1 Li vkh fdqqrw hyhq rewdlq d frqglwlrqdo frpplwphqw iurp
wkh �uvw sduwqhu/ wkh vhfrqg sduwqhu zloo pdnh d qhjdwlyh lqihuhqfh rq wkh survshfwv ri
wkh sursrvhg yhqwxuh/ dqg uhixvh wr edujdlq zlwk khu1 Wkh rswlpdo vhtxhqflqj rughu
lv lqyhuwhg/ l1h1/ wkh hqwuhsuhqhxu qrz suhihuv wr dssurdfk wkh kljkhu ydoxh0dgglqj
sduwqhu �uvw1

Vr idu/ wkh surfhvv ri vhtxhqflqj frpplwphqwv dsshduv udwkhu vprrwk1 Wklv pd|
qrw dozd|v eh wkh fdvh1 Frqvlghu wkh h{dpsoh ri Khdwkhu Hydqv/ zkr zdv vhhnlqj wr
udlvh ixqgv iru khu qhz idvklrq exvlqhvv1 Urehuwv dqg Vwhyhqvrq +4<;;, uhsruw=

Khu exvlqhvv sodq kdg ehhq lq wkh kdqgv ri srwhqwldo lqyhvwruv iru ryhu
d prqwk qrz/ dqg khu �qdqflqj jurxs zdv vlpso| qrw frplqj wrjhwkhu1
Khu frqwdfw dw Dughq ) Fr1/ d Qhz \run lqyhvwphqw �up dqg krshg0iru
ohdg lqyhvwru/ zdv qrw hyhq uhwxuqlqj khu skrqh fdoov1 D vpdoo qxpehu ri
sulydwh lqyhvwruv kdg ehhq vwulqjlqj dorqj iru vrph zhhnv/ exw zkhqhyhu
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Khdwkhu wulhg wr jr wkdw qh{w vwhs dqg qhjrwldwh vshfl�f �qdqflqj whupv
zlwk dq| rqh ri wkhp/ wkh uhvw ri wkh jurxs vhhphg wr pryh ixuwkhu dzd|1
Khdwkhu h{suhvvhg khu iuxvwudwlrq= �L zdv uhdoo| frxqwlqj rq Dughq ) Fr1
wr eh p| ohdg lqyhvwru> wklv zrxog erwk ohqg fuhglelolw| wr wkh ghdo dqg
jlyh ph rqh sduw| wr qhjrwldwh whupv zlwk1�

Lq wklv fdvh zh �qg dq hqwuhsuhqhxu uxqqlqj iurp rqh srwhqwldo sduwqhu wr wkh
qh{w1 Qrerg| zdqwv wr frph iruwk wr pdnh wkh �uvw frpplwphqw/ dqg ydoxdeoh wlph
jhwv zdvwhg lq wkh surfhvv1 Eluoh| dqg Qruexuq +4<;8, ghvfuleh wklv dv d jhqhudo
sureohp lq hqwuhsuhqhxuldo yhqwxuhv/ qrwlqj wkdw

pdq| zrxog0eh rzqhuv idlo dw wkh rxwvhw ehfdxvh wkh| fdqqrw vwhs r�
wkh fuhglelolw| phuu|0jr0urxqg1

Rxu irupdo prgho fdq fdswxuh wklv qrwlrq ri d �phuu|0jr0urxqg1� Wkh dqdo|vlv
vr idu dvvxphv wkdw erwk sduwqhuv duh zloolqj wr eh �uvw lq vhtxhqfh1 Wkh htxloleulxp
fkdqjhv gudpdwlfdoo| li sduwqhuv shufhlyh d glvdgydqwdjh lq ehlqj wkh �uvw wr frpplw1
Lq wklv fdvh wkhuh lv d pl{hg vwudwhj| htxloleulxp/ zkhuh wkh hqwuhsuhqhxu vkxwwohv
ehwzhhq wzr *lqghflvlyh* sduwqhuv/ wkdw dffhsw wr pryh rqo| zlwk d vpdoo suredelolw|1
Xqolnh dowhuqdwlqj r�hu jdphv zkhuh wkh srvvlelolw| ri surorqjhg r�huv dqg frxq0
whur�huv khosv sduwlhv wr vhwwoh xs iurqw/ wkh htxloleulxp khuh frqvlvwv ri dowhuqdwlqj
uhixvdov wr ghdo zlwk wkh hqwuhsuhqhxu/ wkdw duh dfwxdoo| sod|hg rxw lq htxloleulxp1
Pruhryhu/ wkhuh lv d vwulfwo| srvlwlyh suredelolw| wkdw wkh sursrvhg yhqwxuh zloo qhyhu
jhw vwduwhg1 Vhhplqjo| sdudgr{lfdo/ wkh kljkhu wkh suredelolw| wkdw wkh hqwuhsuhqhxu
jlyhv xs +ru wkdw wkh rssruwxqlw| hydsrudwhv, diwhu hdfk vkxwwolqj vwhs/ wkh kljkhu
wkh ryhudoo suredelolw| wkdw wkh yhqwxuh zloo jhw vwduwhg1 Wklv lv ehfdxvh xujhqf| sxwv
juhdwhu suhvvxuh rq sduwqhuv wr pdnh wkh �uvw pryh1

Wkh prgho vr idu wdnhv wkh vhw ri sduwqhuv dv jlyhq1 Hvshfldoo| jlyhq wkh deryh
vhw ri sureohpv/ hqwuhsuhqhxuv pljkw zdqw wr fkrrvh wkhlu sduwqhuv pruh fduhixoo|1
Frqvlghu wkh h{dpsoh ri d vwduw0xs wkdw ghyhorshg dq dojrulwkp iru vlpxowdqhrxv yrlfh
dqg gdwd wudqvplvvlrq/ lghdoo| vxlwhg iru vlpxowdqhrxv dfwlrq sod|1 Wkh frpsdq|*v
vwudwhj| fulwlfdoo| ghshqghg rq �qglqj d frusrudwh fxvwrphu wkdw zrxog lpsohphqw
lwv whfkqrorj|1 Khoopdqq +4<<;, uhfrugv=

Lqlwldoo| wkh frpsdq| kdg irfxvvhg lwv h�ruwv rq d odujh yroxph vdoh wr
Vhjd ru Qlqwhqgr/ exw lq hduo| 4<<7 wkh odfn ri surjuhvv ohdg wkh irxqghu wr
vkliw wkhlu irfxv wr wkh SF1 ^111` Wkuxvwpdvwhu dsshduhg wr eh dq dwwudfwlyh
srwhqwldo fxvwrphu dqg lw vhhphg wr eh dq dwwudfwlyh edfn0grru wr wkh
oxfudwlyh SF jdplqj lqgxvwu|1 Lq wkh prqwk wr iroorz/ wkh whdp pdgh
vhyhudo wulsv wr wkh frpsdq|*v khdgtxduwhuv lq Sruwodqg wr ghprqvwudwh
wkhlu surwrw|sh dqg glvfxvv surgxfw ghvljq1

Vzlwfklqj sduwqhuv ixqgdphqwdoo| fkdqjhg wkh frpsdq|*v vwudwhj|1 Wklv ghflvlrq
zdv qrw edvhg rq d eholhi wkdw Wkuxvwpdvwhu zrxog eh wkh prvw sur�wdeoh dssolfdwlrq/
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exw lqvwhdg zdv edvhg rq lwv zloolqjqhvv wr eh wkh �uvw wr vhulrxvo| hydoxdwh wkh
rssruwxqlw|1

Wr jhw dw wkhvh lvvxhv/ wkh prgho frqvlghuv krz dq hqwuhsuhqhxu zrxog fkrrvh
dprqj dowhuqdwlyh uhvrxufh surylghuv1 Lw lghqwl�hv wzr uhdvrqv zk| dq hqwuhsuhqhxu
pd| fkrrvh lqh!flhqw uhvrxufh frpelqdwlrqv/ l1h1/ uhvrxufhv wkdw gr qrw pd{lpl}h wkh
wrwdo ydoxh ri wkh rssruwxqlw|1 Iluvw/ wkhuh pd| eh d wudgh0r� ehwzhhq h!flhqf| dqg
edujdlqlqj srzhu1 Wkh hqwuhsuhqhxu pd| suhihu fhuwdlq uhvrxufh frpelqdwlrqv wkdw
doorz khu wr uhwdlq d odujhu iudfwlrq ri wkh uhqwv1 Vhfrqg/ wkhuh lv d wudgh0r� ehwzhhq
h!flhqf| dqg xujhqf|/ vr wkdw dq lqh!flhqw sduwqhu pd| eh fkrvhq iru klv zloolqjqhvv
wr eh wkh �uvw wr frpplw1

D qxpehu ri surplqhqw hfrqrplvwv kdyh frqwulexwhg wr ydulrxv dvshfwv ri d wkhru|
ri hqwuhsuhqhxuvkls14 \hw/ wkh ryhudoo qhjohfw ri wkh hqwuhsuhqhxu lq hfrqrplf wkhru|
lv iuhtxhqwo| odphqwhg1 Vfkxow} +4<;3,/ iru h{dpsoh/ qrwhv wkdw=

Lq d odujh phdvxuh hfrqrplf wkhru| hlwkhu rplwv wkh hqwuhsuhqhxu ru
lw exughqv klp zlwk hvrwhulf qlfhwlhv wkh lpsolfdwlrqv ri zklfk duh uduho|
revhuydeoh1

Wklv sdshu irfxvhv rq rqh fhqwudo dvshfw ri hqwuhsuhqhxuvkls/ qdpho| wkh surfhvv
ri jduqhulqj uhvrxufhv1 Wkh lpsruwdqfh ri wklv pljkw eh hdvlo| johdphg iurp zkdw
pljkw eh whuphg wkh �Kduydug 0 Edevrq� gh�qlwlrq ri hqwuhsuhqhxuvkls +vhh Wlpprqv/
4<<7/ s1:,=5

Hqwuhsuhqhxuvkls lv fuhdwlqj dqg exloglqj vrphwklqj ri ydoxh iurp
sudfwlfdoo| qrwklqj1 Wkdw lv/ hqwuhsuhqhxuvkls lv wkh surfhvv ri fuhdwlqj ru
vhl}lqj dq rssruwxqlw| dqg sxuvxlqj lw uhjdugohvv ri wkh uhvrxufhv fxuuhqwo|
frqwuroohg1 ^111` Hqwuhsuhqhxuvkls lqyroyhv exloglqj d whdp ri shrsoh zlwk
frpsohphqwdu| vnloov dqg wdohqwv> ri vhqvlqj dq rssruwxqlw| zkhuh rwkhuv
vhh fkdrv/ frqwudglfwlrq/ dqg frqixvlrq> dqg ri �qglqj/ pduvkdoolqj/ dqg
frqwuroolqj uhvrxufhv +riwhq rzqhg e| rwkhuv, wr sxuvxh wkh rssruwxqlw|1

Wkh dssurdfk ri wklv sdshu/ qdpho| wr fdswxuh wkh fruh lghd ri dq lpsruwdqw exvl0
qhvv surfhvv lq d vlpsoh jdph0wkhruhwlf prgho/ lv dnlq wr Khupdolq*v +4<<;, dqdo|vlv
ri �ohdghuvkls1� Wkh wkhph ri wklv sdshu lv uhodwhg wr Dqwrq dqg \dr +4<<7/ 4<<8,/
zkr h{dplqh wkh sureohp ri krz dq hqwuhsuhqhxu fdq vhoo dq lghd lq wkh suhvhqfh
ri zhdn surshuw| uljkwv1 Wkh sdshu lv dovr uhodwhg wr vrph uhfhqw zrun e| Udmdq
dqg ]lqjdohv +4<<:, zklfk h{dplqhv krz wkh wkuhdw ri h{sursuldwlrq olplwv dq hq0
wuhsuhqhxu*v delolw| wr kluh dgglwlrqdo zrunhuv1 Lq wkhvh sdshuv wkh hqwuhsuhqhxu lv

4Wkh zulwlqjv ri Nqljkw +4<54,/ Vfkxpshwhu +4<67/ 4<6<,/ Nlu}qhu +4<;8, dqg Edxpro +4<<6,
vwdqg rxw1 Vhh Urqhq +4<;6,/ Elqnv dqg Ydoh +4<<3, ru Dplw/ Jorvwhq dqg Pxoohu +4<<6, iru vrph
xvhixo ryhuylhzv1

5Ixuwkhu xvhixo uhihuhqfhv lq wkh exvlqhvv olwhudwxuh rq hqwuhsuhqhxuvkls lqfoxgh Eklgh +4<<;,/
Guxfnhu +4<;8, dqg Vdkopdq dqg Vwhyhqvrq +4<<5,1
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frqfhuqhg zlwk fxuwdlolqj dffhvv wr khu yhqwxuh +qdpho|/ khu lqwhoohfwxdo surshuw|,1
Lq wklv sdshu wkh hqwuhsuhqhxu zdqwv wr udlvh 0 udwkhu wkdq fxuwdlo 0 wkh lqwhuhvw ri
srwhqwldo sduwqhuv1 Wkh dqdo|vlv ri edujdlqlqj zlwk pxowlsoh sduwlhv lv dovr uhodwhg wr
wkh zrun ri Dgpdwl dqg Shuu| +4<<4,/ Fdl +4<<9, dqg Vwroh dqg ]zlheho +4<<9,1

Wkh uhvxowv ri wklv sdshu kdyh vrph lqwhuhvwlqj lpsolfdwlrqv iru wkh wkhru| ri wkh
�up16 Luuhvshfwlyh ri zkdw sduwlfxodu yhuvlrq 0 eh lw wkh surshuw| uljkwv ylhz +Kduw/
4<<8,/ wkh �upv dv d qh{xv ri frqwudfwv +Mhqvhq dqg Phfnolqj/ 4<:9/ Ednhu/ Jleerqv
dqg Pxusk|/ 4<<:/ vhh dovr Kropvwuùp dqg Urehuwv/ 4<<;,/ wkh uhvrxufh0edvhg ylhz
ri wkh �up +Shqurvh/ 4<8</ Zhuqhuihow/ 4<;7,/ ru lqghhg pdq| rwkhuv rqhv 0 wkhuh lv dq
reylrxv jds lq wkh ydulrxv wkhrulhv ri wkh �up/ qdpho| wkdw wkh| gr qrw h{sodlq krz
wkhvh �upv zhuh sxw wrjhwkhu lq wkh �uvw sodfh1 Wkh srlqw ri wklv sdshu lv wkdw wkh
uhvrxufhv +ru dvvhwv/ ru frqwudfwv hwf1, ri d �up pd| qrw rqo| eh ghwhuplqhg e| wkhlu
h!flhqf|/ exw dovr e| wkh hqwuhsuhqhxuldo surfhvv ri krz wkh| duh eurxjkw wrjhwkhu1
Xqolnh lq hyroxwlrqdu| wkhrulhv ri wkh �up +vhh Qhovrq dqg Zlqwhu/ 4<;5,/ krzhyhu/
wklv qrwlrq ri sdwk0ghshqghqf| hpdqdwhv iurp udwlrqdo pd{lpl}lqj ehkdylru1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghyhorsv wkh edvh
prgho1 Vhfwlrq 6 dqdo|}hv wkh rswlpdo vhtxhqflqj ghflvlrq ri wkh hqwuhsuhqhxu1 Vhf0
wlrq 7 h{dplqhv wkh surshuwlhv ri wkh vkxwwoh htxloleulxp1 Vhfwlrq 8 h{dplqhv srwhqwldo
lqh!flhqflhv lq wkh fkrlfh ri sduwqhuv1 Lw lv iroorzhg e| d eulhi frqfoxvlrq1

5 Wkh Prgho
Frqvlghu d prgho zlwk wkuhh djhqwv1 Wkh hqwuhsuhqhxu/ ghqrwhg e| ./ zdqwv wr sxuvxh
dq rssruwxqlw| wkdw uhtxluhv wkh frrshudwlrq ri wzr uhvrxufh surylghuv/ ghqrwhg e|
� dqg �1 Iru olqjxlvwlf vlpsolflw| zh zloo uhihu wr uhvrxufh surylghuv dv sduwqhuv1
. lv lqglvshqvdeoh wr wkh qhz yhqwxuh1 Khu fkdoohqjh lv wr rewdlq d frpplwphqw ri
uhvrxufhv iurp wkh sduwqhuv zlwkrxw jlylqj dzd| wrr pxfk ri wkh uhqwv1

Doo sduwlhv kdyh olqhdu ulvn0qhxwudo xwlolw|1 Wkh h{shfwhg ydoxh ri wkh sursrvhg
yhqwxuh ghshqgv rq zkr sduwlflsdwhv1 Lq sulqflsoh wkhuh fdq eh : gl�huhqw frdolwlrqv1
Wkh frdolwlrqv i.j/ i�j/ i�j fruuhvsrqg wr qr frruglqdwlrq ri uhvrxufhv dqg xwlolwlhv
duh qrupdol}hg wr eh }hur1 Vlqfh . lv lqglvshqvdeoh/ wkh frdolwlrq i�c�j dovr kdv d
ydoxh }hur1 Wkh h{shfwhg ydoxhv jhqhudwhg e| wkh uhpdlqlqj frdolwlrqv i.c�j/ i.c�j
dqg i.c�c�j duh ghqrwhg e| o�/ o� dqg o��1 . lv dovr zhdowk frqvwudlqw/ vr wkdw
vkh fdq rqo| jlyh sduwqhuv d vwdnh lq wkh vxusoxv jhqhudwhg e| wkh qhz yhqwxuh1 �
frqwudfw zloo frqvlvw ri d uhvrxufh frpplwphqw/ wrjhwkhu zlwk d uxoh iru wkh glylvlrq ri
wkh vxusoxv jhqhudwhg1 � frqwudfw pd| dovr vshfli| d frqwlqjhqw frpplwphqw/ zkhuh
d sduwqhu frpplwv wr surylgh wkh uhvrxufh rqo| li wkh rwkhu sduwqhu dovr pdnhv d
frpplwphqw1

6Reylrxvo|/ wkh uhvxowv dsso| qrw rqo| wr wkh fuhdwlrq ri qhz �upv/ exw dovr pruh eurdgo| wr wkh
fuhdwlrq +ru uh0rujdql}dwlrq, ri hfrqrplf hqwlwlhv1 Wkh prgho lv sduwlfxoduo| zhoo vxlwhg/ iru lqvwdqfh/
wr vwxg| wkh irupdwlrq ri lqwhu0�up dooldqfhv/ ru wkh frqvrolgdwlrq ri h{lvwlqj �upv lq d pdunhw1
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. kdv dq xqsuryhq frqfhsw1 Hdfk sduwqhu qhhgv wr hydoxdwh wkh rssruwxqlw|/
ehiruh kh fdq frqwudfw zlwk .1 Hydoxdwlrq lv d qrq0yhul�deoh dfwlrq/ zlwk sulydwh
frvwv ghqrwhg e| _��/ zkhuh � ' �c 2 lqglfdwhv zkhwkhu � lv wkh �uvw ru vhfrqg
sduwqhu wr hydoxdwh wkh rssruwxqlw|17 +Iru qrwdwlrq wkdw qdwxudoo| dssolhv wr erwk
sduwqhuv/ wkurxjkrxw wkh sdshu zh zloo rqo| vwdwh lw iru wkh � sduwqhu1, Lw lv qdwxudo
wr dvvxph wkh hydoxdwlrq frvwv fdq rqo| jr grzq li d sduwqhu pryhv iurp ehlqj wkh
�uvw wr ehlqj wkh vhfrqg wr hydoxdwh/ l1h1/ _�� � _�21 Hydoxdwlrq jhqhudwhv d vljqdo
wkdw lv sulydwho| revhuyhg e| wkh hydoxdwlqj sduwqhu1 Wkh vljqdo fdq wdnh wzr ydoxhv/
M� dqg u�1 Wkh kljk vljqdo M� lv uhfhlyhg zlwk suredelolw| >�/ vr wkdw wkh orz
vljqdo u� lv uhfhlyhg zlwk 7>� � �� >�1 Vlqfh wkhuh duh wzr vljqdov/ wkh suredelolw|
ri wzr kljk vljqdov lv ghqrwhg e| >��/ dqg wkh frqglwlrqdo suredelolw| ri d jrrg
vljqdo iru �/ jlyhv wkdq � kdg d jrrg vljqdo e| >��� '

>��
>�

1 Wkh vljqdov ri �

dqg � pd| eh +lpshuihfwo|, fruuhodwhg1 Li rqh sduwqhu shufhlyhv d orz vljqdo/ wkh
rwkhu sduwqhu zrxog qr orqjhu zdqw wr frpplw klv uhvrxufhv/ l1h1/ o�Eu�c u��/ o�Eu��/
o�Eu��/ o�Eu�c M��/ o�Eu�c M�� 	 f iru � ' i�jc i�j ru i��j1 ./ krzhyhu/ pd|
vwloo zdqw wr sxuvxh wkh rssruwxqlw| hyhq diwhu d edg vljqdo1 Zh vd| wkdw . kdv �wkh
hqwuhsuhqhxuldo vslulw� li vkh zdqwv wr sxuvxh wkh rssruwxqlw| hyhq diwhu d qhjdwlyh
vljqdo/ dqg xqohvv vshfl�hg rwkhuzlvh/ zh zloo pdnh wklv dvvxpswlrq18 Wzr jrrg
vljqdov duh ehwwhu wkdq rqh/ vr wkdw o�EM�c M�� � o�EM��1 Iru d qrq0wulyldo dqdo|vlv
zh dvvxph o��EM�c M�� : f/ exw qr dvvxpswlrq lv qhhghg rq zkhwkhu o�EM�� ru
o�EM�c M�� lv srvlwlyh ru qhjdwlyh1

Zkhq . fkrrvhv wr dssurdfk d sduwqhu/ wkh iroorzlqj vwdjh jdph lv sod|hg rxw
+vhh �jxuh 4,1 Wkh sduwqhu fkrrvhv hlwkhu qrw wr hydoxdwh wkh rssruwxqlw|/ lq zklfk
fdvh wkh vwdjh jdph hqgv1 Zh fdoo wklv rxwfrph �srvwsrqhphqw1� Dowhuqdwlyho|/
kh pd| fkrrvh wr hydoxdwh wkh surmhfw1 Diwhu wkh hydoxdwlrq kh pd| fkrrvh qrw wr
edujdlq zlwk ./ lq zklfk fdvh wkh vwdjh jdph hqgv rqfh djdlq1 Zh fdoo wklv rxwfrph
�uhmhfwlrq1� Dowhuqdwlyho|/ kh pd| fkrrvh wr edujdlq1 Iroorzlqj Elqpruh/ Uxelqvwhlq
dqg Zrolqvn| +4<;9, dqg Kduw dqg Pdv0Frohoo +4<<9, zh xvh d edujdlqlqj jdph zlwk
euhdngrzq/ zklfk |lhogv Qdvk0Vkdsoh| ydoxhv1 Zh glvfxvv wklv prgholqj fkrlfh lq

7Wkhvh frvwv fdq eh wkrxjkw ri dv gluhfw frvwv/ h1j1/ wkh frvw ri fkhfnlqj rq lqirupdwlrq dqg
uhihuhqfhv/ ru wkh rssruwxqlw| frvw ri wlph ri h{dplqlqj wkh exvlqhvv sodq1 Pruhryhu/ rqh pd| dovr
wklqn ri wkh hydoxdwlrq frvwv dv wkh *sv|fklf frvwv* dqg wkh jhqhudo uhoxfwdqfh ri sduwlhv wr frpplw
wr d qhz yhqwxuh/ hvshfldoo| li lw frqwdlqv d vljql�fdqw ghjuhh ri qryhow|1 Li zh wklqn ri d sduwqhu dv
d frusrudwlrq/ wkh hydoxdwlrq frvw pd| dovr eh wkh frvw ri jhwwlqj frusrudwh dssurydo1 Iru h{dpsoh/
wkhuh pd| eh d fkdpslrq lq wkh sduwqhu frpsdq| wkdw qhhgv wr hqjdjh lq vrph ohqjwk| lqwhuqdo
ghedwhv lq rughu wr jhw lqwhuqdo ex|0lq wr surfhhg dqg zrun zlwk wkh hqwuhsuhqhxu1

8Hqwuhsuhqhxuv duh iuhtxhqwo| hdjhu wr sxuvxh wkhlu exvlqhvv rssruwxqlwlhv ghvslwh wkh dgyhqw ri
qhjdwlyh lqirupdwlrq1 Zh fdq wklqn ri wklv dv hpdqdwlqj iurp d vpdoo sulydwh ehqh�w ri sxuvxlqj
wkh yhqwxuh/ vxfk dv li H lqfuhdvhv khu kxpdq fdslwdo/ li vkh fdq h{wudfw ydoxh iurp vrph h{0srvw
uhqhjrwldwlrq/ ru vlpso| li vkh jdlqv vrph lqwulvlf xwlolw| iurp lw1 Wkh sulydwh ehqh�w lv dvvxphg wr
eh vpdoo lq wkh vhqvh wkdw lw grhvq*w lpsrvh d elqglqj frqvwudlqw rq wkh glylvlrq ri vxusoxv li wkh
yhqwxuh vxffhhgv1 Qr vhsdudwh qrwdwlrq lv qhhghg wkhq/ vlqfh wkh sulydwh ehqh�wv fdq eh lqfoxghg lq
wkh frdolwlrq ydoxhv ul1
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wkh dsshqgl{ +D4,1 Lq wklv jdph/ wzr rxwfrphv duh srvvleoh= hlwkhu wkh wzr sduwlhv
�qg dq �djuhhphqw/� ru wkhuh lv d �euhdngrzq1� Lq erwk fdvhv wkh vwdjh jdph hqgv
wkhuh1

Wkh vwdjh jdph lv hpehgghg lq wkh iroorzlqj h{whqvlyh irup jdph1 . �uvw fkrrvhv
wr dssurdfk rqh sduwqhu/ dqg wkh wzr sod| wkh deryh vwdjh jdph1 Li wkh rxwfrph ri wkh
vwdjh jdph lv dq djuhhphqw/ wkh wzr ri wkhp surfhhg wr dssurdfk wkh vhfrqg sduwqhu19

Lq doo rwkhu fdvhv/ . pd| surfhhg wr dssurdfk wkh vhfrqg sduwqhu rq khu rzq/ djdlq
wr lqlwldwh wkh vwdjh jdph1 Diwhu dssurdfklqj wkh vhfrqg sduwqhu/ . pd| frph edfn
wr wkh �uvw sduwqhu/ dqg vr iruwk1 Iroorzlqj Vwroh dqg ]zlheho +4<<9de,/ krzhyhu/ zh
dvvxph wkdw doo euhdngrzqv duh �qdo/ vr wkdw wzr sduwqhuv fdqqrw edujdlq zlwk hdfk
rwkhu lq d odwhu vwdjh jdph/ li wkh| kdg d euhdngrzq lq dq hduolhu vwdjh jdph1 Ehwzhhq
hdfk vwdjh jdph/ zh dsso| d glvfrxqwlqj idfwru B1 Wklv fdq eh lqwhusuhwhg dv wlph
glvfrxqwlqj/ ru dv wkh suredelolw| wkdw wkh rssruwxqlw| hydsrudwhv +pd|eh ehfdxvh
vrpherg| hovh lpsohphqwhg wkh rssruwxqlw|/ ru ehfdxvh . irxqg vrphwklqj ehwwhu,1
Rqfh . kdv d frpplwphqw iurp dw ohdvw rqh ri wkh sduwqhuv vkh pd| lpsohphqw wkh
surmhfw1 Wkh ydoxh ri wkh yhqwxuh lv vxevhtxhqwo| uhdol}hg dqg hdfk sduw| froohfwv lwv
frqwudfwxdoo| vshfl�hg uhzdugv1 . pd| dovr fkrrvh wr jlyh xs dw dq| srlqw ri wkh
jdph1:

Wkh pryhv ri d vwdjh jdph duh rqo| revhuydeoh wr wkh sduwlflsdwlqj sod|huv1 Li
d sduwqhu djuhhv wr edujdlq/ kh wkhuhe| uhyhdov wkdw kh kdv rewdlqhg d kljk vljqdo1
Doo edujdlqlqj wkxv rffxuv xqghu v|pphwulf lqirupdwlrq1 Wkh rqo| srwhqwldo srlqw
ri dv|pphwulf lqirupdwlrq lv dfurvv vwdjh jdphv1 Lq sduwlfxodu/ li . dssurdfkhv
wkh vhfrqg sduwqhu zlwkrxw dq djuhhphqw iurp wkh �uvw/ wkh vhfrqg sduwqhu fdqqrw
gluhfwo| revhuyh zkhwkhu wkh suhylrxv vwdjh jdph hqghg zlwk srvwsrqhphqw/ uhmhfwlrq
ru euhdngrzq1

6 Zkdw sduwqhu frphv �uvwB

614 Rswlpdo Vhtxhqflqj

Wkh hqwuhsuhqhxu*v sureohp lv wr fkrrvh wkh rughu lq zklfk wr dssurdfk wkh wzr
sduwqhuv1 Zh vroyh wkh jdph e| edfnzdugv lqgxfwlrq1 Frqvlghu wkh fdvh zkhuh dw wkh
�uvw qrgh ri wkh vwdjh jdph doo sduwqhuv dozd|v suhihu wr hydoxdwh wkh rssruwxqlw|/
udwkhu wkdq wr srvwsrqh1 Wkh frqglwlrqv iru wklv duh ghulyhg h{solflwo| lq wkh qh{w
vhfwlrq1

Frqvlghu wkh vhfrqg vwdjh edujdlqlqj dqg vxssrvh wkdw lq d �uvw vwdjh/ . kdg

9Wkh vwdjh jdph zlwk H dqg wkh �uvw sduwqhu dssurdfklqj wkh vhfrqg sduwqhu lv lghqwlfdo wr wkh
jdph ghvfulehg deryh/ h{fhsw wkdw lq wkh edujdlqlqj/ wkh vhfrqg sduwqhu zloo idfh erwk H dqg wkh
�uvw sduwqhu1

:H pd| dovr edujdlq zlwk wkh wzr sduwqhuv vlpxowdqhrxvo|/ surylghg wkdw wkh| duh erwk zloolqj
wr hqjdjh lq vlpxowdqhrxv edujdlqlqj1 Vlqfh wkh vlpxowdqhrxv edujdlqlqj fdvh lv vxerswlpdo/ zh �uvw
irfxv rq wkh vhtxhqwldo fdvhv dqg frph edfn wr lw odwhu lq wkh dqdo|vlv1
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ghflghg wr dssurdfk �/ wkdw � vdz d kljk vljqdo dqg wkh wzr sduwlhv kdg djuhhg rq
d frqwudfw1 Dv zh zloo vhh ehorz/ rswlpdo ihdwxuhv ri wkdw frqwudfw lqfoxgh wkdw wkh
frpplwphqw ri � lv frqwlqjhqw rq dq djuhhphqw zlwk �1 Wkh rswlpdo frqwudfw dovr
vshfl�hv wkdw . fdqqrw irup d frdolwlrq zlwk � zlwkrxw �1 Iurp wkh idfw wkdw � zdv
zloolqj wr pdnh d frqglwlrqdo frpplwphqw/ � fdq lqihu wkdq � pxvw kdyh uhfhlyhg
d kljk vljqdo1 Kh zloo qhhg wr gr klv rzq hydoxdwlrq1 Li � jhwv wkh u� vljqdo/ kh
ghfolqhv wr edujdlq1 Iurp wklv/ � lqihuv wkdw � vdz u�/ . lv xqdeoh wr phhw wkh
frqwlqjhqf|/ dqg wkh yhqwxuh frphv wr d kdow1 Zlwk suredelolw| >���/ krzhyhu/ �
zloo dovr jhw M�1 Lq wklv fdvh kh zloo lqlwldwh edujdlqlqj1 Wkh ydoxh ri wkh judqg
frdolwlrq i.c�c�j lv jlyhq e| o��EM�c M��1 Zh dovr qhhg wr frqvlghu wkh ydoxh iru
wkh vxe0frdolwlrqv1 Ehfdxvh . lv frqwudfwxdoo| wlhg/ wkh ydoxh ri wkh frdolwlrq i.c�j
lv }hur1 Wkh ydoxh ri wkh frdolwlrq i�c�j lv }hur dq|zd|1 Dv iru wkh i.c�j frdolwlrq/
erwk . dqg � duh lqvlghuv wr wkh edujdlqlqj1 Iurp wkh zloolqjqhvv ri � wr edujdlq/
wkh| erwk nqrz wkdw � vdz wkh kljk vljqdo1 Lq fdvh ri d euhdngrzq zlwk �/ wkh| duh
wkxv zloolqj wr uhqhjrwldwh wkhlu frqglwlrqdo frqwdfw lqwr d frpplwphqw1 Wkh ydoxh
ri wkhlu frdolwlrq lv wkxv �@%dfc o�EM�cM��o1 Zlwk wklv/ wkh Vkdsoh| ydoxhv ri wkh
vhfrqg vwdjh edujdlqlqj jdph duh jlyhq e|

r�@oe2E.� '
�

�
o��EM�cM�� n

�

S
�@%dfc o�EM�c M��o

r�@oe2E�� '
�

�
o��EM�c M�� n

�

S
�@%dfc o�EM�c M��o

r�@oe2E�� '
�

�
o��EM�cM��� �

�
�@%dfc o�EM�c M��o

Frqvlghu qh{w wkh vhfrqg vwdjh edujdlqlqj zkhq . dssurdfkhv � zlwkrxw d frq0
wudfw iurp �1 Lw lv hdv| wr glvwlqjxlvk srvwsrqhphqw iurp hlwkhu uhmhfwlrq ru euhdn0
grzq1 Lq wkh iruphu fdvh/ . zloo dvn � iru d frqglwlrqdo frpplwphqw/ exw lq wkh
odwwhu wzr fdvhv/ . nqrzv wkdw � zloo qhyhu djuhh wr frpplw klv uhvrxufh/ dqg vr .
zloo dvn iru dq xqfrqglwlrqdo frpplwphqw1 Wkh fdvh ri srvwsrqhphqw lv dqdorjrxv
wr d �uvw vwdjh edujdlq/ zklfk zh zloo dqdo|}h ehorz1 Frqvlghu wkxv wkh fdvhv zkhuh
. dssurdfkhv � zlwkrxw �1 Hlwkhu � vdz wkh kljk vljqdo dqg kdg d edujdlqlqj
euhdngrzq zlwk ./ ru � vdz wkh orz vljqdo/ dqg ehfdxvh ri khu hqwuhsuhqhxuldo vslulw
frqwlqxhv wr sxuvxh wkh rssruwxqlw| dq|zd|1 � uhmhfwlrq iurp � kdsshqv zlwk sure0
delolw| 7>� rq wkh htxloleulxp sdwk/ exw d euhdngrzq rffxuv rqo| r� wkh htxloleulxp
sdwk/ dqg kdv wkxv d suredelolw| phdvxuh }hur1 Wklv lpsolhv wkdw � zloo dozd|v kdyh
d eholhi wkdw . zdv uhmhfwhg ehfdxvh � vdz wkh orz vljqdo1 Kh zloo wkhuhiruh vlpso|
uhixvh wr ghdo zlwk ./ dqg doo sduwlhv jhw d xwlolw| ri }hur1;

;Rqh pljkw zrqghu li E frxogq*w mxvw dvn D zkhwkhu wkhuh zdv d euhdngrzq ru d uhmhfwlrq1 Wzr
uhdvrqv vxjjhvw zk| wklv zrxog eh gl!fxow1 Iluvw/ D kdv qr pruh lqwhuhvw lq H*v yhqwxuh1 Li dvnhg
e| E kh kdv qr lqfhqwlyh wr whoo wkh wuxwk lq hlwkhu fdvh1 Lq idfw/ li rqh zdqwv wr sxw d kxpdq
lqwhusuhwdwlrq wr wklv jdph/ lw zrxog eh olnho| wkdw D lv glvpd|hg dw H iru wkh euhdngrzq/ dqg lv
wkhuhiruh xqolnho| wr hqgruvh khu iru E1 Exw hyhq li D zrxog eh zloolqj wr whoo wkh wuxwk/ lw vx!fhv
wkdw E kdv hyhq d vpdoo frvw ri frppxqlfdwlrq wr suhyhqw klp iurp dvnlqj D1 Wklv lv suhflvho|
ehfdxvh E lv qrw zloolqj wr lqfxu hyhq d vpdoo frvw iru vrphwklqj zlwk d suredelolw| }hur1

<



Zh duh qrz lq d srvlwlrq wr h{dplqh wkh �uvw vwdjh edujdlqlqj1 Li � uhfhlyhv wkh
orz vljqdo +zlwk suredelolw| 7>�,/ kh zloo uhixvh wr edujdlq zlwk .1 Zkloh . zrxog
zdqw wr dssurdfk �/ vkh zloo dovr jhw uhmhfwhg e| �/ dqg wkh yhqwxuh frphv wr d kdow1
Zlwk suredelolw| >�/ krzhyhu/ � uhfhlyhv wkh kljk vljqdo/ dqg wkh mrlqw vxusoxv lv
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Zkhq . edujdlqv zlwk � ryhu wklv vxusoxv/ . kdv qr rxwvlgh rswlrqv/ vlqfh .
fdqqrw jhw d ghdo iurp � xqohvv � lv rq erdug1 . dqg � wkxv vsolw wkh vxusoxv
htxdoo|1 Gh�qh

4� ' �@%dB>��o�EM�c M��c fo

4� lv wkh h{0dqwh ydoxh ri wkh frdolwlrq ri . dqg � ' i�jc i�jc i��j1 Wkh h{0dqwh
xwlolwlhv lq wkh jdph zkhuh . dssurdfkhv � ehiruh � duh wkxv jlyhq e|
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Qrwh wkdw li wkh frvw ri hydoxdwlrq lv yhu| odujh/ wkh sduwlflsdwlrq frqvwudlqw ri d
sduwqhu lv qrw vdwlv�hg1 Zh dvvxph wkdw wkh surmhfw lv vx!flhqwo| dwwudfwlyh +4��
vx!flhqwo| odujh, iru doo sduwlflsdwlrq frqvwudlqwv wr eh vdwlv�hg dw doo wlphv1 Qrwh dovr
wkdw wkh deryh jdph xvhv wkh vwdqgdug dvvxpswlrq wkdw sod|huv nqrz wkh vwuxfwxuh ri
wkh jdph/ l1h1/ � nqrzv wkdw . dssurdfkhg � ehiruh dssurdfklqj �1 Wklv dvvxpswlrq
lv dfwxdoo| qrw qhfhvvdu|1 Li d sod|hu lv qrw fhuwdlq derxw zkhwkhu ru qrw kh lv wkh
�uvw wr eh dssurdfkhg/ wkhq kh zloo dozd|v dvn iru d frqglwlrqdo frpplwphqw1 Wklv
hqvxuhv wkdw . zdvq*w douhdg| uhmhfwhg e| wkh rwkhu sduwqhu1<

Zh fdq qrz dgguhvv wkh txhvwlrq ri zkdw sduwqhu . zdqwv wr dssurdfk �uvw1 Li
lqvwhdg ri dssurdfklqj � ehiruh �/ . dssurdfkhv � ehiruh � wkhq

<Wkh rwkhu uhdvrq zk| wkh frqglwlrqdo frpplwphqw lv xvhg/ lv/ reylrxvo|/ wkdw zlwk dq xqfrq0
wlqjhqw frqwudfw/ H zrxog zdqw wr sxuvxh wkh yhqwxuh/ hyhq li wkh rwkhu sduwqhu kdg d orz vljqdo1
Dgglqj wkh frqwlqjhqw fodxvh suhyhqwv H iurp sxuvxlqj vxfk d qhjdwlyh ydoxh surmhfw1 Vwulfwo|
vshdnlqj/ li wkhuh duh qr frvwv ri uhqhjrwldwlrq dqg qr xqfhuwdlqw| derxw wkh rughu ri sod|/ wkhq
wkh frqglwlrqdo frpplwphqw lv rqo| zhdno| rswlpdo1 Xqghu wkhvh flufxpvwdqfhv/ lw zrxog dovr eh
srvvleoh iru wkh �uvw sduwqhu wr zulwh dq xqfrqglwlrqdo frqwudfw dqg uhqhjrwldwh wkdw frqwudfw lq fdvh
wkdw wkh vhfrqg sduwqhu grhv qrw frpplw1 Dq| vpdoo uhqhjrwldwlrq frvwv/ ru vpdoo xqfhuwdlqw| derxw
wkh rughu ri sod|/ krzhyhu/ pdnh wkh frqglwlrqdo frpplwphqw vwurqjo| rswlpdo1 Dqrwkhu sureohp
zlwk wkh xqfrqglwlrqdo frqwudfw lv wkdw lw uhzdugv hqwuhsuhqhxuv zlwk edg rssruwxqlwlhv1 Wklv fdq
ohdg wr dgyhuvh vhohfwlrq dqg prudo kd}dug sureohpv qrw irupdoo| prghohg khuh1 Wkh frqglwlrqdo
frpplwphqw qdwxudoo| dyhuwv wkhvh sureohpv1
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Zh vd| wkdw d sduwqhu lv pruh ydoxdeoh li 4� : 4�/ l1h1 li wkh sduwqhu dggv pruh
ydoxh wr wkh surmhfw rq klv rzq143 Lw lv xvhixo wr gh�qh wkh iroorzlqj qrwdwlrq1 Ohw
X� ghqrwh �*v uhodwlyh suhihuhqfh iru ehlqj �uvw lq vhtxhqfh/ l1h1/

X� � ��� � �2�

Ohw { ghqrwh .*v uhodwlyh suhihuhqfh iru wkh DE ryhu ED vhtxhqfh/ l1h1/

{ � �.�� � �.��

Iurp +4, dqg +5, zh lpphgldwho| rewdlq { '
�

S
E4� � 4��1 Zlwk wklv/ zh fdq vwdwh

wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 Li X� : f dqg X� : f/ wkhq . suhihuv wr dssurdfk wkh pruh ydoxdeoh
sduwqhu �uvw/ l1h1/ . suhihuv wkh �� vhtxhqfh ryhu wkh �� vhtxhqfh zkhqhyhu 4� : 4�1

Wkh nh| lqwxlwlrq iru sursrvlwlrq 4 lv wkdw . zdqwv wr xvh wkh wkuhdw ri jrlqj r�
zlwk rqh ri wkh sduwqhuv djdlqvw wkh rwkhu sduwqhu1 Frqvlghu �jxuh 5/ zklfk vkrzv wkh
srwhqwldo wkuhdwv xvhg e| .1 Zkloh . zrxog zdqw wr xvh wkuhdwv dw erwk edujdlqlqj
vwdjhv/ wkh wkuhdw lv rqo| fuhgleoh dw wkh vhfrqg vwdjh1 Lq wkh �uvw vwdjh . grhvq*w
kdyh dq| fuhgleoh wkuhdwv/ ehfdxvh zlwkrxw wkh frpplwphqw ri wkh �uvw sduwqhu/ vkh
kdv qr fuhglelolw| r�0wkh0htxloleulxp0sdwk zlwk wkh vhfrqg sduwqhu1 E| frqwudvw/ lq
wkh vhfrqg vwdjh/ khu wkuhdw lv h�hfwlyh/ vlqfh wkh �uvw sduwqhu lv qrz dq lqvlghu wkdw
fdq glvwlqjxlvk d euhdngrzq iurp d uhmhfwlrq1 Wkh fkrlfh ri zkrp wr dssurdfk �uvw
erlov grzq wr rswlpdoo| fkrrvlqj wkuhdwv1 Li wkh rqo| fuhgleoh wkuhdw rffxuv dw wkh
vhfrqg/ vwdjh/ . suhihuv wr dssurdfk wkh pruh ydoxdeoh sduwqhu �uvw/ lq rughu wr hqolvw
klp wr surylgh wkh vwurqjhvw srvvleoh wkuhdw dw wkh vhfrqg vwdjh144

Lq wkh dsshqgl{ +D4, zh vkrz wkdw sursrvlwlrq 4 lv idluo| urexvw wr dowhuqdwlyh
jdph0wkhruhwlf vshfl�fdwlrqv1 Lq d jhqhudol}hg Vkdsoh| vroxwlrq zkhuh hdfk sod|hu
kdv dq lqglylgxdo edujdlqlqj zhljkw/ lw uhpdlqv wuxh wkdw d sod|hu lv pruh olnho|
wr eh wkh �uvw lq vhtxhqfh li kh lv pruh ydoxdeoh1 Lqwhuhvwlqjo|/ vhtxhqflqj grhv
qrw ghshqg rq .*v edujdlqlqj zhljkw/ exw rqo| rq wkh uhodwlyh edujdlqlqj zhljkw ri

43Wklv lv htxlydohqw wr dgglqj pruh ydoxh lq wkh suhvhqfh ri wkh rwkhu sduwqhu/ l1h1/ �D A �E /
�DE � �E A �DE � �D1

44Qrwh dovr wkdw wkh vhtxhqfh fkrvhq e| H lv qrw qhfhvvdulo| h!flhqw1 Wkh DE vhtxhqfh lv h!flhqw
zkhqhyhu gD4. ��DgE5 ? gE4. ��EgD5/ l1h1/ zkhqhyhu wkh wrwdo hydoxdwlrq frvwv duh orzhu1 Wkhvh
frvwv/ krzhyhu/ duh eruqh e| wkh sduwqhuv/ dqg H grhv qrw wdnh wkhp lqwr dffrxqw1
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� dqg �1 . suhihuv wr edujdlqlqj �uvw zlwk wkh sod|hu zlwk wkh orzhu edujdlqlqj
zhljkw/ l1h1/ wkh sod|hu wkdw h{wudfwv d orzhu iudfwlrq ri vxusoxv ryhu rxwvlgh rswlrqv1
Wkh dsshqgl{ +D4, dovr h{dplqhv vrph dowhuqdwlyh edujdlqlqj frqfhswv wkdw duh qrw
edvhg rq Vkdsoh| ydoxhv/ dqg �qgv wkdw sursrvlwlrq 4 uhpdlqv ydolg1

615 Wkh uroh ri fuhglelolw|

Wkh odfn ri fuhglelolw| lq wkh �uvw vwdjh lv fulwlfdo wr sursrvlwlrq 41 Frqvlghu qrz d
zruog zkhuh . grhv kdyh fuhglelolw|1 Fuhglelolw| frxog frph iurp d qxpehu ri vrxufhv1
Iru rqh/ li . grhv qrw kdyh zkdw zh fdoo wkh �hqwuhsuhqhxuldo vslulw/� +l1h1/ sulydwh
ehqh�wv ri sxuvxlqj hyhq d edg yhqwxuh, vkh zloo dfwxdoo| eh pruh fuhgleoh1 Dovr/ li
sduwqhuv frxog revhuyh hdfk rwkhuv vljqdov ru wkh ghwdlov ri wkh edujdlqlqj surfhvv/
wkhq wkh| zrxog eh deoh wr glvwlqjxlvk d uhmhfwlrq iurp d euhdngrzq1 Ilqdoo|/ li
. zhuh lqghshqghqwo| zhdowk|/ fdvk frxog dozd|v pdnh xs iru fuhglelolw|/ l1h1/ khu
zloolqjqhvv wr sd| frxog lqgluhfwo| uhyhdo khu sulydwh lqirupdwlrq1

Lq doo ri wkhvh fdvhv/ . zrxog qrw frqwlqxh wr sxuvxh wkh yhqwxuh diwhu wkh orz
vljqdo1 Wklv zrxog jlyh khu fuhglelolw| r� wkh htxloleulxp sdwk/ diwhu d euhdngrzq
zlwk wkh �uvw sduwqhu1 Wkh vhfrqg vwdjh ri edujdlqlqj lv wkh vdph dv ehiruh1 Lq wkh
�uvw vwdjh ri wkh DE vhtxhqfh/ krzhyhu/ . qrz kdv wkh rswlrq ri dssurdfklqj � lq
fdvh wkdw wkhuh lv d euhdngrzq zlwk �1 Zlwk fuhglelolw|/ � nqrzv wkdw . dqg � pxvw
kdyh kdg d euhdngrzq1 Kh lv wkxv zloolqj wr edujdlq iru dq xqfrqglwlrqdo frqwudfw
ryhu o�EM�c M��1 Nqrzlqj wklv/ .*v rxwvlgh rswlrq dw wkh �uvw vwdjh qrz ehfrphv
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Wkhq zh kdyh iru wkh �� vhtxhqfh
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dqg iru wkh �� vhtxhqfh
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.*v uhodwlyh suhihuhqfh iru wkh DE ryhu ED vhtxhqfh lv qrz jlyhq e| { '
�

�2
E4��

4��1

Sursrvlwlrq 5 Li . kdv fuhglelolw| r� wkh htxloleulxp sdwk/ dqg X� : f/ X� : f/ .
suhihuv wr dssurdfk wkh ohvv ydoxdeoh sduwqhu �uvw/ l1h1/ zkhqhyhu 4� 	 4�1

Wklv lv h{dfwo| wkh rssrvlwh uhvxow wr sursrvlwlrq 41 Zkhqhyhu � lv wkh pruh
ydoxdeoh sduwqhu/ . qrz suhihuv wr jr wr � ehiruh jrlqj wr �1 Frqvlghu djdlq �jxuh
51 Zlwk fuhglelolw|/ . kdv wzr srlqwv dw zklfk vkh fdq xvh wkh wkuhdw ri rqh sduwqhu
djdlqvw wkh rwkhu1 Vkh fdq qrz ghflgh dw zklfk srlqw zkdw wkuhdw lv pruh h�hfwlyh1
Dw wkh �uvw vwdjh wkh vwdnhv duh odujhu/ dv . lv dorqh wr idfh wkh �uvw sduwqhu/ dqg
vkh qhhgv wr jlyh xs kdoi ri wkh vxusoxv ryhu rxwvlgh rswlrqv1 Dw wkh vhfrqg vwdjh/
krzhyhu/ wkh srzhu ri wkh vhfrqg sduwqhu lv gloxwhg e| wkh suhvhqfh ri wkh �uvw sduwqhu
+zkr lv rq khu vlgh,/ dqg wkh vhfrqg sduwqhu h{wudfwv rqo| d wklug ri wkh vxusoxv ryhu
rxwvlgh rswlrqv1 Dv d frqvhtxhqfh/ . suhihuv wr xvh wkh vwurqjhu wkuhdw dw wkh �uvw
vwdjh1 Exw wklv lpsolhv wkdw wkh pruh ydoxdeoh sduwqhu pxvw frph vhfrqg1 Khqfh
sursrvlwlrq 51

Iurp wkh deryh uhdvrqlqj/ lw lv lqwhuhvwlqj wr dvn wr zkdw h{whqw Sursrvlwlrq
5 ghshqgv rq wkh edujdlqlqj frqfhsw xvhg1 Lq wkh dsshqgl{ +D4, zh vkrz wkdw
sursrvlwlrq 5 frqwlqxhv wr krog iru d jhqhudol}hg Vkdsoh| vroxwlrq zkhuh hdfk sod|hu
kdv dq lqglylgxdo edujdlqlqj zhljkw1 Lq idfw/ zlwk fuhglelolw|/ edujdlqlqj zhljkwv
grq*w pdwwhu dw doo iru vhtxhqflqj1 Sursrvlwlrq 5 fkdqjhv zkhq rqh frqvlghuv qrq0
Vkdsoh| edujdlqlqj frqfhswv1 Lq sduwlfxodu/ rqh pd| frqvlghu elodwhudo edujdlqlqj
frqfhswv/ zkhuh dw hdfk vwdjh wkh qhz sduw| edujdlqv djdlqvw wkh h{lvwlqj sduwlhv1 Lq
rxu fdvh wklv phdqv wkdw dw wkh vhfrqg vwdjh wkh vhfrqg sduwqhu edujdlqv djdlqvw d
mrlqw xqlw ri . dqg wkh �uvw sduwqhu1 Iru elodwhudo edujdlqlqj/ zh frqvlghu erwk d
Elqpruh/ Uxelqvwhlq dqg Zrolqvn| +4<;9, euhdngrzq prgho dqg d Uxelqvwhlq +4<;5,
glvfrxqwlqj prgho1 Lq wkh euhdngrzq prgho zh �qg wkh Qdvk vroxwlrq dw hdfk vwdjh/
vr wkdw wkh qhz sduwqhu fdq dozd|v jhw kdoi ri wkh vxusoxv ryhu rxwvlgh rswlrqv dw
hdfk vwdjh1 Lq wklv fdvh vhtxhqflqj grhvq*w pdwwhu/ l1h1/ . lv qrz lqgl�huhqw dv wr
zkhq wr xvh wkh vwurqjhu wkuhdw1 Wklv lqgl�huhqfh uhvxow dovr fduulhv ryhu wr wkh
glvfrxqwlqj prgho1 Wkh lqwxlwlrq lv wkdw . dozd|v kdv wr idfh erwk sduwqhuv dqg
wkdw zlwk rqo| elodwhudo edujdlqlqj lw grhvq*w pdwwhu zkhq vkh idfhv wkhp1 Qrwh/
krzhyhu/ wkdw Sursrvlwlrq 4 grhv qrw fkdqjh iru wkhvh elodwhudo edujdlqlqj frqfhswv1
Dv d frqvhtxhqfh/ wkhuh uhpdlqv d fohdu frqwudvw ehwzhhq sursrvlwlrqv 4 dqg 5= lq wkh
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fdvh ri qr fuhglelolw| . suhihuv wr vhtxhqfh wkh pruh ydoxdeoh sduwqhu �uvw/ zkhuhdv
zlwk fuhglelolw| vhtxhqflqj qrz grhvq*w pdwwhu1

Jlyhq wkdw . lv dozd|v ehwwhu r� zlwk fuhglelolw|/ rqh pljkw dvn li . frxog qrw
dozd|v jhqhudwh fuhglelolw| e| vrphkrz pdnlqj lqirupdwlrq sxeolf1 Wkh sureohp/
krzhyhu/ lv wkdw wkh sduwqhu zkr kdv wkh fuhgleoh lqirupdwlrq grhv qrw zdqw wr pdnh
lw sxeolf1 Rqfh d sduwqhu kdv revhuyhg wkh kljk vljqdo/ kh lv hdjhu wr edujdlq sulydwho|
zlwk .1

Forvho| uhodwhg wr wklv/ zh fdq qrz dovr vhh zk| wkhuh qhyhu lv dq| vlpxowdqhrxv
edujdlqlqj1 Wkh zloolqjqhvv ri wkh sduwqhuv wr sduwlflsdwh lq d vlpxowdqhrxv edu0
jdlqlqj zrxog vljqdo wkdw wkh| uhfhlyhg d kljk vljqdo1 Wkh vlpxowdqhrxv edujdlqlqj
Vkdsoh| ydoxhv +h{foxglqj gxh gloljhqfh frvwv, duh jlyhq e|
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Wkh �uvw sduwqhu lv dozd|v ehwwhu r� edujdlqlqj lqglylgxdoo| wkdq djuhhlqj wr d
wkuhh0zd| edujdlqlqj145

Ilqdoo|/ lw lv zruwk phqwlrqlqj eulh | krz wkhvh uhvxowv h{whqg wr wkh fdvh ri
pruh wkdq wzr sduwqhuv1 Zkloh wkh jhqhudo fdvh ri ? sduwqhuv lv lqwudfwdeoh/ wkh
dsshqgl{ +D5, frqvlghuv dq h{dpsoh zlwk wkuhh sduwqhuv1 Lw vkrzv wkdw iru wkh �uvw
vwhs/ sursrvlwlrq 4 lv wkh uhohydqw rqh1 . kdv qr fuhglelolw| dqg suhihuv wr dssurdfk
wkh prvw ydoxdeoh sduwqhu �uvw1 Exw diwhu wkh �uvw vwhs/ wkh orjlf ri sursrvlwlrq 5
dssolhv1 Vkh dssurdfkhv sduwqhuv lq lqfuhdvlqj rughu ri ydoxh0dgghg1 Wkh lqwxlwlrq lv
wkdw rqfh . kdv wkh �uvw sduwqhu rq erdug/ vkh fdq xvh klv fuhglelolw| wr rswlpdoo|
vhtxhqfh wkh uhpdlqlqj sduwqhuv1

7 Zkdw li sduwqhuv grq*w zdqw wr frpplw �uvwB
Lq wkh dqdo|vlv vr idu . lv deoh wr vhtxhqfh wkh frpplwphqwv ri wkh wzr sduwqhuv
lq dq rughuo| pdwwhu1 Wklv lv ehfdxvh sduwqhuv duh dozd|v zloolqj wr eh wkh �uvw wr
hydoxdwh wkh surmhfw/ udwkhu wkdq srvwsrqh1 Frqvlghu qrz wkh fdvh zkhuh wklv lv qr
orqjhu wkh fdvh1 Wklv fdq eh wuxh erwk lq wkh prgho zlwk dqg zlwkrxw fuhglelolw|/
zkhqhyhu X� 	 f dqg X� 	 f1 Lq wkh fdvh zlwkrxw fuhglelolw|/ wklv lv htxlydohqw wr
+iru �/ vlploduo| iru �,
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dqg zlwk fuhglelolw| lw lv htxlydohqw wr +iru �/ vlploduo| iru �,

45Wklv lv wuxh iru wkh fdvh zlwkrxw fuhglelolw|1 Lq wkh fdvh zlwk fuhglelolw|/ lw lv H wkdw zrxog qhyhu
fkrrvh wr kdyh wkuhh0zd| edujdlqlqj1
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Lq erwk fdvhv wkh ohiw0kdqg vlgh uhsuhvhqwv wkh �uvw0edujdlqhu dgydqwdjh/ l1h1/ wkh
ehqh�w wr edujdlq grzq wkh rwkhu sduwqhu zlwk ./ udwkhu wkdq ehlqj edujdlqhg grzq
e| . dqg wkh rwkhu sduwqhu1 Wkh vl}h ri wkh edujdlq dgydqwdjh ghshqgv rq wkh
vwuhqjwk ri wkhvh edujdlqlqj wkuhdwv 4� dqg 4�1 Wkh uljkw0kdqg vlgh uhsuhvhqwv wkh
�uvw0hydoxdwru glvdgydqwdjh/ l1h1/ wkh frvw ri kdylqj wr hydoxdwh dq xqsuryhq frqfhsw
wkdw kdv qrw ehhq suh0vfuhhqhg e| dq|erg| hovh1 Wkh vhfrqg hydoxdwru pd| qrw rqo|
kdyh orzhu hydoxdwlrq frvwv +li _�� : _�2,/ exw kh dovr kdv wr hydoxdwh rqo| wkrvh
surmhfwv wkdw kdyh douhdg| sdvvhg wkh rwkhu sduwqhuv whvw +dv phdvxuhg e| >�,1

46

Li frqglwlrqv +9, ru +:, duh vdwlv�hg iru erwk sduwqhuv/ qhlwkhu zdqwv wr eh wkh �uvw
wr vfuxwlql}h wkh ghdo1 Zkhq . dssurdfkhv �/ � zrxog olnh ghfolqh ghdolqj zlwk ./
vhqg khu wr � dqg krsh wkdw vkh zloo frph edfn zlwk d frqwudfw iurp �147 Reylrxvo|/
� zdqwv wr gr h{dfwo| wkh vdph wklqj1 Wklv fdqqrw uhsuhvhqw dq htxloleulxp |hw1

Wkhuh duh wzr w|shv ri vhtxhqwldo htxloleuld lq wklv jdph/ *dv|pphwulf* sxuh vwudw0
hj| htxloleuld dqg d pl{hg vwudwhj| htxloleulxp1 Wkh sxuh vwudwhj| htxloleuld duh
vlpsoh exw qrw yhu| urexvw1 Lw pd| eh wkdw � kdv vwudwhj| ri dozd|v dffhswlqj wr
pryh �uvw dqg � grhvq*w/ ru ylfh yhuvd1 Ru lw pd| eh wkdw wkh �uvw +vhfrqg, sod|hu
dssurdfkhg dozd|v dffhswv �uvw1 Wkhvh sxuh vwudwhj| htxloleuld/ krzhyhu/ uhtxluh
sduwlfxodu eholhiv r� wkh htxloleulxp sdwk1 Iru h{dpsoh/ vxssrvh wkdw lq wkh sxuh
vwudwhj| htxloleulxp zkhuh � lv vxssrvhg wr dozd|v hydoxdwh �uvw/ � zhuh wr srvw0
srqh1 Li � zhuh wr kdyh wkh yhu| uhdvrqdeoh eholhi wkdw diwhu � srvwsrqhg/ kh zrxog
frqwlqxh wr gr vr/ wkhq � zrxog pryh1 Wklv euhdnv wkh htxloleulxp1 Lqflghqwdoo|/ lw
lv dovr h{dfwo| zkdw � zdv krslqj iru1

Wklv sureohp zlwk eholhiv r� wkh htxloleulxp sdwk lv uhodwhg wr wkh sureohp ri
htxloleulxp vhohfwlrq1 Li wkh wzr sduwqhuv duh xqvxuh zkr lv vxssrvhg wr pryh �uvw/ lw
vhhpv xqfohdu zk| wkh| zrxog kdsshq wr kdyh wkh uljkw eholhi vwuxfwxuh iru wkh sxuh
vwudwhj| htxloleulxp1 Wkh srwhqwldo frqixvlrq ryhu zklfk sxuh vwudwhj| htxloleulxp
jhwv vhohfwhg qdwxudoo| ohdgv wr wkh pl{hg vwudwhj| htxloleulxp1 Lqghhg/ wkh pl{hg
vwudwhj| htxloleulxp grhv qrw uhtxluh dq| dvvxpswlrqv rq r�0wkh0htxloleulxp0sdwk
ehkdylru1 Hdfk sod|hu fdq rqo| revhuyh wkh sdvw dfwlrqv ri wkh rwkhu sod|hu/ exw qrw
wkh dfwxdo suredelolw| zlwk zklfk d sod|hu pryhv ru srvwsrqh1 Li d sod|hu zhuh wr
fkdqjh klv vwudwhj|/ wkh rwkhu sod|hu zrxog qhyhu nqrz1 Sxw gl�huhqwo|/ hyhu| klvwru|
ri wkh sod| lv rq wkh htxloleulxp sdwk/ vr wkdw sod|huv qhyhu kdyh wr uhwklqn wkhlu
vwudwhjlhv148

46Lq wkh dsshqgl{ zh vkrz wkdw iru elodwhudo edujdlqlqj frqfhswv wkh frqglwlrq �D ? 3 pd| krog
hyhq li wkhuh duh qr hydoxdwlrq frvwv1 Wklv lv ehfdxvh zlwk elodwhudo edujdlqlqj/ wkhuh pd| eh d
glvdgydqwdjh wr edujdlq �uvw1

47Li d sduwqhu srvwsrqhg/ H zloo dssurdfk wkh rwkhu sduwqhu iru d frqwlqjhqw frpplwphqw1 Wklv
zd| srvwsrqhphqw lv dozd|v hdvlo| glvwlqjxlvkdeoh iurp uhmhfwlrq ru euhdngrzq/ zkhuh H zrxog dvn
iru dq xqfrqglwlrqdo frpplwphqw1

48Wkh sureohp zlwk wkh dv|pphwulf sxuh vwudwhj| htxloleuld dqg wkh dwwudfwlyhqhvv ri wkh pl{hg
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Zh lpphgldwho| vwdwh wkh pdlq uhvxowv ri wklv vhfwlrq1 Vlqfh wkh surri lv vrphzkdw
pruh lqyroyhg/ lw lv uhohjdwhg wr wkh dsshqgl{ +D6,1

Sursrvlwlrq 6 Li X� 	 f/ X� 	 f/ wkhuh h{lvwv 	B 	 �/ vxfk wkdw iru doo B : 	B wkhuh
h{lvwv d vwdwlrqdu| pl{hg vwudwhj| htxloleulxp zlwk wkh iroorzlqj surshuwlhv=

+l, . pd| kdyh wr vkxwwoh edfn dqg iruwk ehwzhhq wkh wzr sduwqhuv/ zkr udqgrpl}h
ehwzhhq prylqj �uvw ru srvwsrqlqj wkhlu pryh1

+ll, Wkhuh lv d vwulfwo| srvlwlyh suredelolw| wkdw wkh yhqwxuh qhyhu jhwv vwduwhg1
+lll, Wkh orzhu wkh xujhqf| +kljkhu B,/ wkh juhdwhu wkh suredelolw| wkdw wkh yhqwxuh

qhyhu jhwv vwduwhg1
+ly, Wkh juhdwhu wkh �uvw0pryhu glvdgydqwdjh m X� m/ wkh juhdwhu wkh suredelolw|

wkdw wkh yhqwxuh qhyhu jhwv vwduwhg1
+y, Wkh htxloleulxp lv Sduhwr0lqh!flhqw1
+yl, Dv B $ �/ wkh rughu lq zklfk . dssurdfkhv wkh sduwqhuv ehfrphv luuhohydqw1

Wkh �uvw ixqgdphqwdo surshuw| ri wkh pl{hg vwudwhj| htxloleulxp lv wkdw qhlwkhu
sduwqhu lv zloolqj wr pryh �uvw zlwk fhuwdlqw|1 Wkh udqgrpl}dwlrq pljkw eh lqwhu0
suhwhg dv �lqghflvlyhqhvv1� Wkh lpsruwdqw lpsolfdwlrq ri wklv lv wkdw lq htxloleulxp
. fdq h{shfw wr eh vkxwwolqj edfn dqg iruwk ehwzhhq wkh wzr sduwqhuv/ srvvleo| iru
d orqj wlph1 Wklv vkxwwolqj ehkdylru lv qrw lqirupdwlyh lq dq| vhqvh/ exw lv vlpso| d
frqvhtxhqfh ri wkh uhoxfwdqfh ri wkh sduwqhuv wr frpplw �uvw1 Wklv lv txlwh gl�huhqw
iurp dowhuqdwlqj r�hu edujdlqlqj jdphv/ zkhuh wkh dqwlflsdwlrq ri dq| edfn dqg iruwk
khosv sduwlhv wr vhwwoh xs iurqw1 Lq wklv prgho/ wkh vkxwwolqj lv dfwxdoo| sod|hg rxw lq
htxloleulxp1

Wkh vhfrqg ixqgdphqwdo surshuw| ri wkh htxloleulxp lv wkdw wkh frpplwphqw ri
uhvrxufhv pd| qhyhu eh uhdfkhg/ hyhq wkrxjk lw lv ydoxdeoh1 Wkhuh lv d vwulfwo| srvlwlyh
suredelolw| wkdw wkh vkxwwolqj lv qhyhu uhvroyhg/ l1h1/ wkdw wkh rssruwxqlw| dfwxdoo|
hydsrudwhv1

Wkh wklug surshuw| lv rqh ri wkh prvw vxusulvlqj1 Lw vwdwhv wkdw wkh orzhu wkh
suredelolw| wkdw wkh rssruwxqlw| hydsrudwhv dw dq| srlqw lq wlph +kljkhu B,/ wkh kljkhu
wkh ryhudoo suredelolw| wkdw lw dfwxdoo| hydsrudwhv1 Wkh uhdvrq iru wklv vxusulvlqj uhvxow
lv wkdw wkh uhodwlrqvkls ehwzhhq wkh shu0shulrg suredelolw| dqg wkh ryhudoo suredelolw|
lv qrw d phfkdqlfdo rqh/ exw ghshqgv rq wkh hqgrjhqrxv ehkdylru ri wkh sduwqhuv1
Wkh ohvv olnho| lw lv wkdw wkh rssruwxqlw| hydsrudwhv/ wkh ohvv xujhqf| wkh sduwqhuv zloo
ihho wr pdnh d pryh1 Wklv zruvhqv wkh sureohp ri srvwsrqhphqw/ dqg dfwxdoo| pdnhv
lw ryhudoo pruh olnho| wkdw qr sduwqhu zloo kdyh pdgh d pryh ehiruh wkh rssruwxqlw|
kdv hydsrudwhg1

Dqrwkhu lqwhuhvwlqj zd| ri orrnlqj dw wklv lv wr lqwhusuhw B dv d phdvxuh ri .*v
shuvhyhudqfh1 Zh glvfryhu d qhz yduldqw ri Pxusk|*v odz= �wkh juhdwhu wkh hq0
wuhsuhqhxu*v shuvhyhudqfh/ wkh juhdwhu wkh lqghflvlyhqhvv ri khu sduwqhuv1� Lqghhg/ li

vwudwhj| htxloleulxp duh uhplqlvfhqw ri rwkhu zhoo0nqrzq jdphv vxfk dv wkh edwwoh0ri0wkh0vh{hv ru
wkh zdu0ri0dwwulwlrq jdph1
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. nhhsv frplqj edfn wr sduwqhuv/ khu shuvhyhudqfh kdupv khu vwudwhjlfdoo|1 Lqghhg/
frplqj edfn rqo| uhd!upv wkh sduwqhu*v zdlw0dqg0vhh dwwlwxgh149

Wkh irxuwk surshuw| ri wkh htxloleulxp lv pruh vwudljkwiruzdug1 Wkh odujhu wkh
glvdgydqwdjh ri prylqj �uvw/ wkh vwurqjhu wkh sduwqhu*v uhoxfwdqfh wr gr vr/ dqg wkh
kljkhu wkh suredelolw| wkdw wkh rssruwxqlw| hydsrudwhv1 Wkh �iwk surshuw| surylghv
d vwurqj zhoiduh uhvxow/ qdpho| Sduhwr0lqh!flhqf|1 Lq sduwlfxodu/ . dqg wkh vhfrqg
sduwqhu zrxog eh ehwwhu r�/ li wkh �uvw sduwqhu zrxog vlpso| djuhh wr pryh �uvw1
Wkh odvw surshuw| vkrzv wkdw . hvvhqwldoo| orrvhv frqwuro ryhu wkh vhtxhqflqj lq wkh
vkxwwolqj htxloleulxp1 Khu fkrlfh ri zkdw sduwqhu wr dssurdfk �uvw ehfrphv yluwxdoo|
luuhohydqw li vkh zloo kdyh wr vkxwwoh ehwzhhq wkhvh sduwqhu dq|zd|1

Wkh vkxwwoh htxloleulxp kdv d qxpehu ri sdudgr{lfdo fkdudfwhulvwlfv/ wkdw qrqhwkh0
ohvv pd| eh sdlqixoo| idploldu wr pdq| hqwuhsuhqhxuv1 Dw wkh khduw ri wkh sureohp lv
wkdw . pd| qrw dozd|v eh deoh wr uhvroyh frruglqdwlrq idloxuhv ehwzhhq wkh ydulrxv
uhvrxufh surylghuv1 Lq wkh prgho . lv vrphzkdw frqvwudlqw lq whupv ri krz vkh fdq
uhvroyh wkhvh frruglqdwlrq idloxuhv1 Dq lqwhuhvwlqj txhvwlrq wr dvn lv zkdw dgglwlrqdo
lqvwuxphqwv zrxog qhhg wr lqwurgxfhg lqwr wkh prgho wr uhvroyh wkh frruglqdwlrq idlo0
xuh1 Wkh dsshqgl{ +D7, glvfxvvhv d odujh qxpehu ri dowhuqdwlyh frruglqdwlrq ghylfhv1
Lw vxjjhvwv wkdw lw pd| eh lpsrvvleoh iru . khuvhoi wr uhvroyh wkh frruglqdwlrq idloxuh/
dqg wkdw wkh wzr sduwqhuv pljkw vroyh wkh frruglqdwlrq idloxuh wkhpvhoyhv rqo| xqghu
vrph kljko| lghdol}hg flufxpvwdqfhv1

8 Zkdw nlqg ri sduwqhuvB
Wkh prgho vr idu dvvxphv wkdw wkh sduwqhuv duh h{rjhqrxvo| jlyhq1 Lq wklv vhfwlrq
zh dvn zkdw nlqg ri uhvrxufh frpelqdwlrq pljkw dulvh zkhq . fdq fkrrvh ehwzhhq
dowhuqdwlyh sduwqhuv1 Lq sduwlfxodu/ zh duh lqwhuhvwhg lq zkhwkhu dqg krz wkh surfhvv
ri rewdlqlqj frpplwphqwv d�hfwv wkh dfwxdo uhvrxufh fkrlfhv ri d qhz yhqwxuh1 Zh
zloo glvwlqjxlvk ehwzhhq wzr glvwlqfw gulyhuv ri sduwqhu fkrlfhv1 Lq wkh �uvw vxevhfwlrq
.*v fkrlfhv duh gulyhq e| d ghvluh wr pd{lpl}h edujdlqlqj srzhu/ lq wkh vhfrqg wkh|
duh gulyhq e| d ghvluh iru d pruh rughuo| vhtxhqflqj surfhvv1 Iru wudfwdelolw|/ zh
zloo dvvxph wkhuh lv d vlqjoh luuhyhuvleoh sduwqhu fkrlfh/ exw zh zloo dovr glvfxvv zkdw
kdsshqv li wklv dvvxpswlrq lv uhod{hg1 Wr nhhs wkh h{srvlwlrq vkruw/ zh rqo| wuhdw
wkh fdvh zkhuh . kdv qr fuhglelolw|1 Wkh fdvh zkhuh . kdv fuhglelolw| lv yhu| vlplodu1

49Dqrwkhu lqwhuhvwlqj lpsolfdwlrq ri wklv uhvxow lv d srwhqwldo srvlwlyh ihhgedfn phfkdqlvp iru
xujhqf| lq hqwuhsuhqhxuldo rssruwxqlwlhv1 Lq dq hqylurqphqw lq zklfk wkhuh lv xujhqf|/ vd| ehfdxvh
rwkhu hqwuhsuhqhxuv pd| vqdwfk dzd| wkh rssruwxqlw| dq| wlph vrrq/ rxu hqwuhsuhqhxu zloo eh
idvwhu lq eulqjlqj wkh uhvrxufhv wrjhwkhu1 Exw wklv pd| lqfuhdvh wkh xujhqf| ihow e| wkhvh rwkhu
hqwuhsuhqhxuv1 Wkhvh g|qdplfv ehdu vrph uhvhpeodqfh wr wkh sdfh dw zklfk Lqwhuqhw frpsdqlhv
duh fuhdwhg wkhvh gd|v/ zkhuh wkh idvw sdfh ri wkh frpshwlwlrq pljkw dfwxdoo| khos hqwuhsuhqhxuv wr
jdwkhu wkhlu rzq uhvrxufhv idvwhu1
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814 Fkrrvlqj lqh!flhqw sduwqhuv iru wkhlu edujdlqlqj srzhu

Dvvxph . fdq fkrrvh dprqj wzr uhvrxufh surylghuv iru hdfk uhvrxufh qhhg � dqg
�1 Zh ghqrwh wkh sduwqhuv e| ��/ ���/ �� dqg ���1 Ghvljqdwh wkh sdlu E��c ��� dv wkh
prvw h!flhqw frpelqdwlrq/ l1h1/ 4���� : �@%d4�����c 4����� c 4������o1 Iru h{srvlwlrqdo
vlpsolflw|/ dvvxph dovr wkdw ��?d4�� c 4���o : �@%d4��c 4��� o/ vr wkdw . dozd|v suhihuv
wr dssurdfk dq � sduwqhu �uvw1 Zh fdq lpphgldwho| vwdwh wkh pdlq sursrvlwlrq ri
wklv vxevhfwlrq14:

Sursrvlwlrq 7 Vxssrvh doo sduwqhuv duh dozd|v zloolqj wr pryh �uvw1 Lq rughu wr
uhwdlq d odujhu iudfwlrq ri wkh uhqwv/ . zloo fkrrvh dq lqh!flhqw �uvw sduwqhu ���

lqvwhdg ri �� zkhqhyhu

E4��� � 4��� : 2E4���� ��@%d4�����c 4������o�

Li vkh fkrrvhv ��� dv khu �uvw sduwqhu/ vkh zloo dovr fkrrvh � �� ryhu �� dv khu vhfrqg
sduwqhu zkhqhyhu

4����� 	 4������

Wkh prvw ixqgdphqwdo lqvljkw iurp sursrvlwlrq 7 lv wkdw . zloo qrw qhfhvvdulo|
fkrrvh wkrvh sduwqhuv wkdw surylgh wkh juhdwhvw ydoxh1 Lqvwhdg/ . lv frqfhuqhg zlwk
surwhfwlqj khuvhoi djdlqvw krog0xs1 Vkh wkhuhiruh lv zloolqj wr dffhsw d ohvv h!flhqw
uhvrxufh surylghu/ li wkdw sduwqhu doorzv khu wr fdswxuh pruh uhqwv1

Zkdw nlqg ri sduwqhu surylghv ehwwhu surwhfwlrq wr .B Wkh fulwlfdo frqglwlrq lv
wkdw 4��� lv odujhu wkdq 4��/ vx!flhqwo| odujhu wr frpshqvdwh iru wkh orvv ri h!flhqf|
iurp 4���� wr �@%d4����� c 4������ o1 Wklv vd|v wkdw lq wkh devhqfh ri dq| � sduwqhu/
��� jhqhudwhv pruh ydoxh wkdq ��1 Wkhuh duh vhyhudo lqwhusuhwdwlrqv iru wklv1 Zh fdq
wklqn ri ��� dv dq lqglylgxdolvw hpsor|hh/ wkdw lw zhoo fdsdeoh ri kdqgolqj wkh mre e|
klp0 ru khuvhoi/ exw lv d srru whdp sod|hu1 Ru ��� lv d *mdfn0ri0doo0wudghv* wkdw fdq
dovr kdqgoh vrph ri �*v wdvn1 ��/ rq wkh rwkhu kdqg/ lv d vshfldolvw wkdw lv ehwwhu dw
shuiruplqj wkh � wdvn/ exw lv lqdghtxdwh wr kdqgoh wkh � wdvn1 Ru li zh wklqn ri
sduwqhuv dv vxssolhuv/ zh pljkw wklqn wkdw ��� surylghv d jrrg vwdqgdugl}hg vroxwlrq/
exw wkdw �� zrxog surylgh d fxvwrpl}hg vroxwlrq wkdw lv vxshulru/ exw rqo| li wkhuh
dovr lv d � frpsrqhqw1

Wkh vhfrqg sduw ri sursrvlwlrq 7 vd|v wkdw rqfh . fkrvh rqh lqh!flhqw sduwqhu +���

lqvwhdg ri ��,/ vkh pljkw dovr zdqw wr fkdqjh wkh rwkhu sduwqhu +��� lqvwhdg ri ��,1
Wklv kdsshqv zkhqhyhu � �� lv d ehwwhu �w wkdq �� iru ���1 Wklv uhvxow lv lqwhuhvwlqj/
vlqfh lw lqglfdwhv wkdw lq rughu wr ehwwhu uhwdlq uhqwv/ wkh hqwluh vwuxfwxuh ri d yhqwxuh
0 doo ri lwv nh| uhvrxufhv 0 pd| eh fkrvhq gl�huhqwo| iurp wkhlu �uvw ehvw frpelqdwlrq1

Dv phqwlrqhg deryh/ wkh dqdo|vlv vr idu dvvxphv luuhyhuvleoh sduwqhu fkrlfhv1 Wklv
lv wkh dssursuldwh dvvxpswlrq lq d ydulhw| ri flufxpvwdqfhv1 Wkhuh pd| eh vrph
xqghuo|lqj whfkqrorj| ru vwudwhj| fkrlfhv wkdw ghwhuplqhv wkh fkrlfh ri sduwqhuv1 iru

4:Wkh surri lqyroyhv vwudljkwiruzdug fdofxodwlrqv dqg lv rplwwhg khuh1
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h{dpsoh/ wkh hqwuhsuhqhxu pd| qhhg wr pdnh vrph ghvljq fkrlfhv dw wkh ehjlqqlqj ri
wkh jdph1 Wkrvh fkrlfhv zrxog wkhq eh pdgh zlwk d ylhz rq zkdw sduwqhuv . zdqwv
wr zrun zlwk odwhu1 Dowhuqdwlyho|/ wkhuh pd| eh vljql�fdqw frvwv iru . wr dssurdfk
sduwqhuv1 Wkh prgho rqo| irfxvhv rq wkh hydoxdwlrq frvwv lqfxuuhg e| wkh sduwqhu/ exw
d vwudljkwiruzdug h{whqvlrq lv wr lqfoxgh vlplodu frvwv iru .1 Iru lqvwdqfh/ wkhuh pd|
eh frvwv lq hgxfdwlqj d sduwqhu derxw wkh rssruwxqlw|1 Ru wkhuh pd| eh d sureohp ri
zhdn lqwhoohfwxdo surshuw| uljkwv/ zkhuh ydoxdeoh lqirupdwlrq lv ohdnhg hyhu| wlph .
dssurdfkhv d sduwqhu1 Lq doo ri wkhvh fdvhv/ . pdnhv dq lqlwldo fkrlfh zkdw sduwqhuv
wr zrun zlwk/ dqg wkhq vwlfnv zlwk wkhp wkurxjkrxw1

Qrqhwkhohvv/ wkhuh duh rwkhu flufxpvwdqfhv/ zkhuh . pd| eh dssurdfklqj pxowlsoh
frpshwlqj sduwqhuv/ dqg srvvleoh uhyhuvh hduolhu sduwqhu fkrlfhv1 Lq wklv fdvh/ wzr
dgglwlrqdo frqfhuqv frpsolfdwh wkh dqdo|vlv1 Iluvw/ dw wkh wlph ri edujdlqlqj zh qhhg
wr wdnh lqwr dffrxqw srwhqwldo frpshwlwlrq ehwzhhq wzr surylghuv ri vlplodu uhvrxufhv1
Vhfrqg/ zh qhhg wr dvn li wkhuh pljkw eh dgglwlrqdo edujdlqlqj vwdjhv zkhuh lqh!flhqw
sduwqhu fkrlfhv duh dfwxdoo| uhyhuvhg1 Lq wkh dsshqgl{ +D8, zh vkrz krz . fdq
xvh wkh edujdlqlqj wkuhdwv ri fkrrvlqj dprqj wkh dowhuqdwlyh surylghuv ri uhvrxufhv1
Wkh edvlf lqvljkw iurp sursrvlwlrq 7 derxw fkrrvlqj sduwqhuv iru wkhlu edujdlqlqj
surwhfwlrq uhpdlqv ydolg1 Li hydoxdwlrq frvwv duh orz/ krzhyhu/ wkh lqh!flhqw sduwqhu
lv uhsodfhg lq d �qdo edujdlqlqj urxqg zlwk wkh h!flhqw sod|hu1 Vrphzkdw pruh
vxusulvlqjo|/ wklv pd| qrw eh wuxh li hydoxdwlrq frvwv duh kljk1 Lq wklv fdvh wkhuh pd|
eh dq hqgrjhqrxv luuhyhuvlelolw|/ zkhuh wkh ehqh�wv iru wkh h!flhqw sduwqhu gr qrw
rxwzhljk klv sulydwh frvwv1

815 Fkrrvlqj lqh!flhqw sduwqhuv wr lpsuryh wkh vhtxhqflqj
surfhvv

Wkh dqdo|vlv vr idu frqvlghuhg wkh fdvh zkhuh doo sod|huv duh dozd|v zloolqj wr pryh
�uvw1 Wkh fkrlfh ri sduwqhuv ehfrphv sduwlfxoduo| lqwhuhvwlqj/ zkhq wklv lv rqo| wuxh
iru vrph/ exw qrw doo sduwqhuv1 Lq wklv fdvh/ . fkrrvhv sduwqhuv sduwo| iru wkhlu
zloolqjqhvv wr pryh �uvw1

Wr rujdql}h wkh dqdo|vlv/ lw lv xvhixo wr frqvlghu �jxuh 6/ zklfk pdsv rxw sduwqhuv*
zloolqjqhvv wr pryh �uvw +dv phdvxuhg e| X� dqg X�,1 Iru dq| sdlu ri sduwqhuv �
dqg �/ wkhuh duh irxu gl�huhqw sdudphwhu uhjlrqv1 Wkh wrs ohiw txdgudqw +fdoohg fkrlfh
uhjlrq, uhsuhvhqwv wkh uhjlrq zkhuh erwk sduwqhuv duh zloolqj wr pryh �uvw/ vr wkdw .
fdq fkrvh dq rswlpdo vhtxhqfh +dv lq vhfwlrq 6,1 Wkh erwwrp uljkw txdgudqw +fdoohg
vkxwwoh uhjlrq, uhsuhvhqwv wkh uhjlrq zkhuh qhlwkhu sduwqhu lv zloolqj wr pryh �uvw/
uhvxowlqj lq wkh vkxwwoh htxloleulxp +dv lq vhfwlrq 7,1 Wkh wzr uhpdlqlqj txdgudqwv
+fdoohg �� �uvw� dqg �� �uvw�, uhsuhvhqw wkh lqwhuphgldwh fdvhv/ lq zklfk rqo| rqh
sduwqhu lv zloolqj wr pryh �uvw1 Wkh htxloleulxp lv vwudljkwiruzdug lq wklv fdvh/ lq
wkdw . kdv qr fkrlfh exw wr dssurdfk wkh zloolqj sduwqhu �uvw1

Zh zloo qrz frqvlghu krz . zrxog fkrrvh dprqj dowhuqdwlyh sduwqhuv/ zkhq
gl�huhqw sduwqhu frpelqdwlrqv duh orfdwhg lq gl�huhqw txdgudqwv ri �jxuh 61 Iru
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wklv/ frqvlghu krz wkh prgho sdudphwhuv lq xhqfh krz sduwqhu sdluv idoo lqwr wkh irxu

uhjlrqv1 Iluvw qrwh wkdw
YX�

Y4��
' f14; Wkh zloolqjqhvv wr pryh �uvw lv qrw lq xhqfhg e|

wkh ryhudoo vl}h ri wkh rssruwxqlw|1 Zkloh lw d�hfwv wkh xwlolw| ri wkh sduwqhuv/ lw grhv

qrw d�hfw wkh gl�huhqfh lq xwlolwlhv ri prylqj �uvw ru vhfrqg1 Qh{w/ qrwh wkdw
YX�

Y4�
: f

dqg
YX�

Y4�
: f1 Wklv vd|v wkdw wkh kljkhu 4�/ wkh juhdwhu �*v zloolqjqhvv wr pryh �uvw1

� odujhu ydoxh ri 4� lpsolhv d juhdwhu �uvw0edujdlqhu dgydqwdjh1 Lqwhuhvwlqjo|/ d kljkhu
ydoxh ri 4� dovr kdv d srvlwlyh h�hfw rq �*v zloolqjqhvv wr pryh �uvw1 Wkhuh lv juhdwhu
glvdgydqwdjh iru � wr eh edujdlqhg grzq lq wkh vhfrqg vwdjh ri edujdlqlqj1 Lq �jxuh
6/ dq lqfuhdvh lq 4� fdq wkxv eh uhsuhvhqwhg dv d yhfwru srlqwlqj wr wkh qruwk0hdvw1
Fkdqjhv lq 4��/ krzhyhu/ gr qrw d�hfw wkh srvlwlrq lq �jxuh 61

Frqvlghu qrz djdlq wkh wudgh0r� ehwzhhq �� dqg ���/ zkhuh 4��� : 4���� exw
4�� 	 4���1 Iru wkh prphqw/ vxssrvh dovr wkdw �� dqg ��� duh lghqwlfdo1 Frqvlghu
wkh fdvh ri yhfwru 4 lq �jxuh 6/ zklfk jrhv iurp wkh �� �uvw uhjlrq� wr wkh �fkrlfh
uhjlrq1� Irupdoo|/ zh kdyh

X���E���c ��� : f : X��E��c ��� dqg X��E���c � �� : X��E��c ��� : f

�� qhyhu zdqwv wr pryh �uvw/ zkhuhdv ��� lv jodg wr pryh �uvw1 Li . zhuh wr fkrrvh
��/ wkhq vkh zrxog kdyh wr vhtxhqfh � ehiruh ��/ zkhuhdv ��� lv jodg wr eh �uvw lq
vhtxhqfh1 Wkh ehqh�w iru . ri fkrrvlqj ��� lv dgghg  h{lelolw| lq wkh vhtxhqflqj ri
sduwqhuv1 Vlqfh . suhihuv wr vhtxhqfh wkh kljkhu ydoxh0dgghg sduwqhu �uvw/ vkh zloo
suhihu ��� ryhu �� zkhqhyhu

�.E�
����� : �.E�

����/ E4��� � 4��� : 2E4���� � 4������ +;,

Qrwh wkdw wklv frqglwlrq lv gl�huhqw iurp wkh frqglwlrq lq sursrvlwlrq 71 Lqghhg/
vlqfh 4�� : 4��/ lw pd| zhoo eh wkdw 2E4���� � 4������ : E4��� � 4���/ vr wkdw ��� zrxog
qrw kdyh ehhq fkrvhq iru edujdlqlqj uhdvrqv dorqh1 Wkh uhdvrq wkdw ��� lv fkrvhq lv
wkdw kh lv zloolqj wr pryh �uvw1 Wklv doorzv . wr vhtxhqfh sduwqhuv lq khu suhihuuhg
rughu1

Wkhuh duh d qxpehu ri yhu| vlplodu wudgh0r�v1 Frqvlghu yhfwru 5 lq �jxuh 6/ zklfk
jrhv iurp wkh �vkxwwolqj uhjlrq� wr wkh �� �uvw uhjlrq�1 Djdlq/ �� qhyhu zdqwv wr
pryh �uvw/ zkhuhdv ��� lv jodg wr pryh �uvw1 Wklv wlph/ krzhyhu/ wklv kdsshqv lq d
vlwxdwlrq zkhuh �� grhv qrw zdqw wr eh �uvw hlwkhu1 Fkrrvlqj ��� ehfrphv sduwlfxoduo|
lpsruwdqw iru ./ vlqfh lw dyrlgv d vkxwwoh htxloleulxp1 Qrw rqo| fdq . qrz dozd|v jhw
dq �� vhtxhqfh/ exw pruh lpsruwdqwo|/ . pryhv iurp d srvlwlyh wr d }hur suredelolw|
ri euhdngrzq1 Fkrrvlqj wkh lqh!flhqw sduwqhu wkxv doorzv . wr irup dq rughuo|
vhtxhqflqj ri uhvrxufhv/ udwkhu wkdq d lqrughuo| vkxwwolqj1 Wzr pruh frqvwhoodwlrqv
duh zruwk phqwlrqlqj eulh |1 Yhfwru 6 lq �jxuh 6 lqglfdwhv d fdvh zkhuh ��� dfwxdoo|

4;Iru wkh ghulydwlyh z1u1w1 �l zh krog wkh lqirupdwlrq vwuxfwxuh i�D> �Ej frqvwdqw/ l1h1/ zh frqvlghu
d sxuh fkdqjh lq ul+KD>KE,1
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eulqjv wkh jdph gluhfwo| iurp wkh �vkxwwolqj uhjlrq� lqwr wkh �fkrlfh uhjlrq1� Dqg
yhfwru 7 lq �jxuh 6 lqglfdwhv d fdvh zkhuh ��� eulqjv wkh jdph iurp wkh �vkxwwolqj
uhjlrq� lqwr wkh �� �uvw uhjlrq1� Lw lv dovr vwudljkwiruzdug wr h{whqg wkh dujxphqw
wr wkh fdvh zkhuh �� dqg ��� duh qrw lghqwlfdo1 Lq wklv fdvh zh pljkw �qg wkdw ���

lv fkrvhq qrw rqo| wr ehfdxvh srvvleoh dgydqwdjhv ri pdwfklqj orz frpsohphqwdulw|
sduwqhuv/ l1h1/ li 4������ : 4����� 1 Lw pd| dovr eh wkdw ��� frqwulexwhv wr prylqj wkh
jdph lqwr d suhihuuhg uhjlrq1 Yhfwru 8 lq �jxuh 6 vkrzv rqh ri wkh pdq| srvvleoh
h{dpsohv1

Frqvlghu qh{w wudglqj r� sduwqhuv zlwk gl�huhqw hydoxdwlrq frvwv14< Zh kdyh
YX�

Y_��
	 f dqg

YX�

Y_��
' f1 Wkh dqdo|vlv lv yhu| vlplodu wr wkh deryh1 Frqvlghu wkh fdvh

zkhuh ��� kdv d orzhu hydoxdwlrq frvw1 Yhfwru 9 lq �jxuh 6 vkrzv wkh ehqh�w ri prylqj
iurp wkh �� �uvw uhjlrq� wr wkh edujdlqlqj uhjlrq dqg yhfwru : vkrzv wkh ehqh�w ri
prylqj iurp wkh �vkxwwoh uhjlrq� wr wkh �� �uvw uhjlrq1� Li ��� kdv d orzhu hydoxdwlrq
frvw/ wkhq yhfwru ; lq �jxuh 6 vkrzv wkh ehqh�w ri prylqj iurp wkh �vkxwwoh uhjlrq�
wr wkh �� �uvw uhjlrq1� Lq doo ri wkhvh fdvhv/ . zrxog eh jodg wr dffhsw d ohvv h!flhqw
sduwqhu/ li wkdw sduwqhu lv pruh zloolqj wr eh wkh �uvw wr hydoxdwh wkh rssruwxqlw|153
54

Zh vxppdul}h wkh uhvxowv dv iroorzv=

Sursrvlwlrq 8 Dq hqwuhsuhqhxu pd| fkrrvh dq lqh!flhqw sduwqhu frpelqdwlrq lq
rughu wr idflolwdwh wkh surfhvv ri rewdlqlqj uhvrxufh frpplwphqwv1 Vkh pd| eh zloolqj
wr jlyh xs d odujh dprxqw ri wkh ydoxh/ li vkh fdq uhsodfh d sduwqhu wkdw lv qrw zloolqj
wr pryh �uvw zlwk rqh wkdw lv zloolqj wr gr vr1 � kljkhu vwdqg0dorqh ydoxh ru d orzhu
hydoxdwlrq frvw lqfuhdvh wkh zloolqjqhvv ri d sduwqhu wr pryh �uvw1

Wkh lpsruwdqw lqwxlwlrq khuh lv wkdw . grhv qrw rqo| fduh derxw wkh h!flhqf|
ri wkh uhvrxufhv wkdw duh jdwkhuhg/ exw dovr derxw wkh zloolqjqhvv ri wkh uhvrxufh
surylghuv wr frrshudwh lq wkh surfhvv ri frpelqlqj wkhvh uhvrxufhv1 Hyhq d vpdoo
gl�huhqfh lq d sduwqhu*v ehqh�w ri prylqj �uvw +l1h1/ delolw| wr h{wudfw uhqwv,/ ru klv
frvw +uhdg *dwwlwxgh*, ri hydoxdwlqj dq xqsuryhq frqfhsw/ pd| fkdqjh wkh uhvrxufh
frpelqdwlrq dqg wkxv wkh ghyhorsphqw sdwk ri dq hqwuhsuhqhxuldo yhqwxuh1

Lw lv zruwk srlqwlqj rxw wkdw sursrvlwlrq 8 ghshqgv rq wkh luuhyhuvlelolw| dvvxps0
wlrq1 Lqghhg/ frpshwlwlrq ehwzhhq uhvrxufh sduwqhuv vroyhv wkh sureohp ri qrw zdqw0
lqj wr pryh �uvw1 Wr vhh wklv/ frqvlghu wkh iroorzlqj vlpsoh h{dpsoh/ edvhg rq yhfwru

4<Iru vlpsolflw|/ zh gh�qh d orzhu hydoxdwlrq dv d orzhu ydoxh ri gD41 Wkh dqdo|vlv lv dqdorjrxv li

zh gh�qh lw dv d orzhu ydoxh ri vrph sdudphwhu {/ zkhuh
CgD4+{,

C{
� CgD5+{,

C{
1

53Qrwh wkdw wkh pruh vwulqjhqw fulwhulrq iru h!flhqf| lv wkdw D33 surylghv ohvv ydoxh wkdq D3 jurvv
ri hydoxdwlrq frvwv/ h1j1/ �D33E � gD334 � ��D33gE5 ? �D3E � gE34 � ��E3gD5 iru yhfwru 91

54Wr vhh wkh h�hfw ri d ehwwhu vljqdolqj whfkqrorj|/ rqh fdq xvh d vlpsoh olqhdu sdudphwul}dwlrq/

dqg vkrz wkdw
C�D
C�D

? 3 dqg
C�D
C�E

T 31 D sduwqhu zlwk d ehwwhu hydoxdwlrq fdsdelolw| +l1h1/ orz

�, zrxog dovr eh pruh zloolqj wr eh �uvw/ dowkrxjk lw frxog eh wkdw d ehwwhu hydoxdwlrq whfkqrorj|
lqfuhdvhv wkh lqfhqwlyhv iru wkh rwkhu sduwqhu wr iuhh ulgh rq wkdw sduwqhuv hydoxdwlrq1
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4 lq �jxuh 61 Zlwkrxw frpshwlwlrq/ �� zrxog suhihu wr pryh vhfrqg1 Vxssrvh qrz
wkdw wkhuh lv frpshwlwlrq iurp ���1 Li �� zhuh wr srvwsrqh hydoxdwlrq/ . zrxog kdyh d
fkrlfh ri hlwkhu dssurdfklqj � dqg wkhq frph edfn wr ��/ ru hovh/ . frxog dssurdfk
��� dqg wkhq �1 Li +;, lv vdwlv�hg/ . suhihuv wkh odwwhu1 Exw wklv lpsolhv wkdw �� orvw
rxw rq wkh rssruwxqlw|1 Kh zloo wkhuhiruh suhihu wr pryh �uvw/ udwkhu wkdq srvwsrqh1
Frpshwlwlrq iurp ��� wkxv holplqdwhv �� lqfhqwlyhv wr srvwsrqh155

9 Frqfoxglqj wkrxjkwv
Wklv sdshu h{dplqhv wkh surfhvv ri krz dq hqwuhsuhqhxu rewdlqv uhvrxufh frpplw0
phqwv wr fuhdwh d qhz yhqwxuh1 Lghdoo|/ . dssurdfkhv srwhqwldo sduwqhuv vhtxhqwldoo|/
dqg sduwqhuv pdnh frpplwphqwv wkdw duh frqglwlrqdo rq doo rwkhu sduwqhuv dovr frp0
plwwlqj1 Li/ krzhyhu/ sduwqhuv duh xqzloolqj wr eh �uvw wr frpplw/ wkh hqwuhsuhqhxu
pd| vkxwwoh ehwzhhq sduwqhuv iru d orqj wlph/ dqg lq htxloleulxp wkh rssruwxqlw|
pd| hydsrudwh ehiruh dq| frpplwphqwv kdyh ehhq pdgh1 Wkh hqwuhsuhqhxu pd| dovr
fkrrvh sduwqhuv wkdw gr qrw surylgh wkh kljkhvw ydoxh/ li wkhvh sduwqhu surylgh khu
ehwwhu surwhfwlrq djdlqvw krog0xs lq edujdlqlqj/ ru li wkh| vkrz d juhdwhu zloolqjqhvv
wr frpplw �uvw1

Wkhvh uhvxowv kdyh lpsolfdwlrqv iru wkh wkhru| ri wkh �up1 Lq wkh wkhrulhv ri
Jurvvpdq/ Kduw dqg Prruh +vhh Kduw/ 4<<8,/ krog0xs pdwwhuv wr wkh h{whqw wkdw lw
d�hfwv qrq0frqwudfwleoh kxpdq fdslwdo lqyhvwphqwv1 Lq wkhvh wkhrulhv wkh �up dozd|v
frqvlvwv ri wkh h!flhqw vhw ri dvvhwv/ dqg wkh erxqgdulhv ri wkh �up duh fkrvhq lq
rughu wr olplw wkh gdpdjh ri krogxs sureohpv1 Lq wkh fxuuhqw sdshu/ krog0xs dovr
d�hfwv wkh erxqgdulhv ri wkh �up/ exw lq d yhu| gl�huhqw zd|1 Lq wklv prgho krog0xs
frpsolfdwhv wkh hqwuhsuhqhxuldo surfhvv ri eulqjlqj wkh dvvhwv lqwr wkh �up1 Dv d
frqvhtxhqfh/ wkh h!flhqw frpelqdwlrq ri dvvhwv pd| qhyhu eh uhdfkhg lq wkh �uvw
sodfh1 Wkh hqwuhsuhqhxu pd| gholehudwho| fkrvh lqh!flhqw dvvhw surylghuv/ li wklv
doorzv khu wr ehwwhu surwhfw khuvhoi djdlqvw krog0xs lq wkh surfhvv ri dvvhpeolqj wkrvh
dvvhwv1 Hyhq pruh gudpdwlf/ wkh hqwuhsuhqhxu pd| qrw hyhq eh deoh wr eulqj derxw
dq| frpelqdwlrq ri dvvhwv/ qdpho| li dvvhwv rzqhuv krog xs wkh rssruwxqlw| iru wrr
orqj1

Wkh uhvxowv ri wklv sdshu dovr vxjjhvw d qxpehu ri lqwhuhvwlqj hpslulfdo suhglf0
wlrqv1 Wkh dqdo|vlv vxjjhvwv wkdw wkh vwudwhjlfdoo| uhohydqw xqlw ri dqdo|vlv vkrxog
eh wkh vhtxhqflqj ri uhvrxufh frpplwphqwv/ udwkhu wkdq wkh vhtxhqflqj ri dfwxdo
uhvrxufh ghsor|phqwv1 Li rqh zhuh wr orrn dw wkh vhtxhqfh ri frqwudfwv rewdlqhg
e| dq hqwuhsuhqhxu/ wkh prgho suhglfwv wkdw lq wkh hduo| vwdjhv wkh hqwuhsuhqhxu
zloo vhhn wr rewdlq frqglwlrqdo frpplwphqwv/ hvshfldoo| zkhq wkhuh duh lqirupdwlrqdo
lqwhughshqghqflhv dfurvv srwhqwldo uhvrxufh surylghuv1 Li wkh hqwuhsuhqhxu kdv orz

55Reylrxvo|/ frpshwlwlrq fkdqjhv D3 srvwsrqhphqw vwudwhj| rqo| li wkh vhfrqg sduwqhu lv d vxi0
�flhqwo| forvh frpshwlwru1 Lqghhg/ li frqglwlrq +;, lv ylrodwhg/ l1h1/ xH+D33E3, ? xH+E3D3,/ wkhq H
fdqqrw frpplw wr hyhu dssurdfk D33 ehiruh E/ dqg D3 zloo frqwlqxh wr srvwsrqh1

55



+kljk, fuhglelolw|/ olwwoh +pxfk, zhdowk/ ru d kljk +orz, sulydwh ehqh�w lq sxuvxlqj
wkh yhqwxuh/ vkh zloo suhihu wr hqolvw wkh kljkhvw +orzhvw, ydoxh0dgghg sduwqhu �uvw1
Wkh wkhru| dovr pdnhv vrph suhglfwlrqv derxw wkh olnholkrrg ri �vkxwwolqj ehkdylru/�
dq lqwhuhvwlqj dqg lpsruwdqw skhqrphqrq wkdw pljkw zhoo eh hpslulfdoo| revhuydeoh1
Vkxwwolqj +ru ghod|, vkrxog eh pruh olnho|/ wkh juhdwhu wkh hydoxdwlrq frvwv ri sduwqhuv/
wkh orzhu wkh fuhglelolw| ri wkh hqwuhsuhqhxu/ dqg wkh orzhu wkh dowhuqdwlyhv dydlodeoh
wr wkh hqwuhsuhqhxu1 Dv iru wkh fkrlfh ri uhvrxufhv/ wkh prgho suhglfwv wkdw uhvrxufh
surylghuv duh fkrvhq qrw rqo| iru wkhlu ydoxh dgghg/ exw dovr iru wkhlu vwdqg0dorqh
ydoxh1 Uhvrxufh fkrlfhv duh eldvhg wrzdugv wrr ihz frpsohphqwdulwlhv ehwzhhq wkh
uhvrxufhv xwlol}hg lq wkh yhqwxuh1 Lqwhuhvwlqjo|/ li uhvrxufh fkrlfhv fdq eh uhyhuvhg ryhu
wlph/ rqh zrxog h{shfw d sdwwhuq zkhuh frpsohphqwdulwlhv lqfuhdvh zlwk wkh djh ri
wkh yhqwxuh1 Uhvrxufh fkrlfhv vkrxog dovr eh eldvhg wrzdug wkrvh uhvrxufh surylghuv
wkdw kdyh d orzhu frvw ri hydoxdwlqj rssruwxqlwlhv/ hyhq li wkh| duh ohvv h!flhqw1

Wklv sdshu wdnhv d qhz dssurdfk iru orrnlqj dw wkh irujrwwhq fklog lq hfrqrplfv/
qdpho| hqwuhsuhqhxuvkls1 Wkh dqdo|vlv lq wklv sdshu rshqv xs pxowlsoh olqhv ri ix0
wxuh uhvhdufk1 Lw surylghv d qdwxudo vwduwlqj srlqw iru ghyhorslqj ixuwkhu wkhrulhv ri
hqwuhsuhqhxuvkls wkdw h{dplqh wkh plfurhfrqrplf irxqgdwlrqv ri krz hqwuhsuhqhxuv
fuhdwh ydoxh1 Lw dovr vxjjhvwv wkdw h{dplqlqj wkh hqwuhsuhqhxuldo surfhvv surylghv d
iuhvk shuvshfwlyh rq wkh wkhru| ri wkh �up1
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Uhihuhqfhv
Dgpdwl D1/ dqg P1 Shuu|/ 4<<4/ �Mrlqw Surmhfwv zlwkrxw Frpplwphqw� Uhylhz

ri Hfrqrplf Vwxglhv/ 8;/ 58<05:9
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Dsshqgl{
D4= Glvfxvvlrq ri edujdlqlqj frqfhswv
Wkh edvlf prgho xvhv wkh Qdvk0Vkdsoh| ydoxh dv lwv htxloleulxp frqfhsw1 Uhfhqw

dgydqfhv lq jdph wkhru| kdyh mxvwl�hg wkh xvh ri wkh Qdvk0Vkdsoh| ydoxh dv wkh rxw0
frph ri d vlpsoh dowhuqdwlqj r�hu jdph +Elqpruh/ Uxelqvwhlq/ Zrolqnv|/ 4<;9/ iru
wkh Qdvk vroxwlrq/ dqg Kduw dqg Pdv0Frohoo 4<<9/ iru wkh jhqhudol}hg Vkdsoh| vrox0
wlrq,1 Wkh ixqgdphqwdo dvvxpswlrq ri wkhvh jdphv lv wkdw sduwlhv pdnh dowhuqdwlqj
r�huv/ dqg diwhu rqh sduw| pdgh dq r�hu wkdw zdv qrw dffhswhg e| wkh rwkhu sduwlhv/
wkhuh lv d +ydqlvklqjo| vpdoo, suredelolw| wkdw wklv sduw| zloo gurs rxw dqg jhw lwv
rxwvlgh rswlrq1 Zh fdq xvh wklv iudphzrun dv wkh qrq0frrshudwlyh irxqgdwlrq iru wkh
vwdjh jdphv lq rxu prgho1 . fkrrvhv d �uvw sduwqhu dqg edujdlqv xqghu dowhuqdwlqj
r�huv1 Li wkhuh lv d euhdngrzq/ wkhq wzr sduwlhv jr wkhlu rzq zd|v/ dqg . fdq wu| wr
edujdlq zlwk wkh vhfrqg sduwqhu/ djdlq xvlqj dowhuqdwlqj r�huv1 Li wkhuh lv d euhdn0
grzq ehwzhhq wzr sduwlhv/ zh dgrsw wkh dssurdfk ri Vwroh dqg ]zlheho +4<<9de, wkdw
dvvxphv wkdw euhdngrzq lv whuplqdo/ vr wkdw wkh wzr sduwlhv fdqqrw edujdlq djdlq
dw vrph odwhu srlqw lq wkh jdph1 Wklv jdph |lhogv wkh Qdvk0Vkdsoh| ydoxh iru hdfk
vwdjh jdph1

Wkh dowhuqdwlyh r�huv ri wkh vwdjh jdph gr qrw lqwhudfw zlwk wkh pryhv ri wkh
h{whqvlyh irup jdph/ l1h1/ wkh sduwlhv surfhhg lq wkh h{whqvlyh jdph rqo| diwhu d
uhvroxwlrq ri wkh vwdjh jdph1 Vwroh dqg ]zlheho vxjjhvw d vlpsoh surfhgxuh zkhuh
wzr sduwqhuv edujdlq iru d xqlw ri wlph dqg pdnh dffhohudwlqj r�huv/ vr wkdw wkh vwdjh
jdph dozd|v �qlvkhv ehiruh hlwkhu sduwqhu fdq pdnh d pryh lq wkh h{whqvlyh jdph1
Dowhuqdwlyho|/ rqh frxog dvvxph wkdw/ li dq| rqh sduw| lqlwldwhv edujdlqlqj zlwk wkh
wklug sduw|/ wkh rwkhu sduw| vlpso| eholhyhv wkdw d euhdngrzq rffxuuhg1 Hyhq zlwkrxw
vxfk d eholhi/ krzhyhu/ suhpdwxuh vzlwfklqj lv qrw d sureohp lq wklv prgho1 Ehfdxvh
. fkrrvhv wkh rughu ri vhtxhqflqj/ vkh dozd|v suhihuv wr edujdlq zlwk wkh sduwqhu
vkh fkrvh �uvw1 Wkh vwdwlrqdu| vwuxfwxuh ri wkh jdph lpsolhv wkdw vzlwfklqj sduwqhuv
suhpdwxuho| lv wkxv qhyhu fuhgleoh1

Zh kdyh wkxv hvwdeolvkhv wkdw wkhuh h{lvwv d qrq0frrshudwlyh jdph wkdw |lhogv wkh
htxloleulxp xvhg lq wkh pdlq sduw ri wkh sdshu1 Reylrxvo|/ fkdqjlqj dvvxpswlrqv
derxw wkh edujdlqlqj surfhvv pljkw dovr d�hfw wkh rxwfrphv +vhh/ iru h{dpsoh/ wkh
glvfxvvlrq lq Elqpruh/ Rveruqh dqg Uxelqvwhlq/ dv zhoo dv lq Kduw dqg Pdv0Frohoo/
4<<9,1 Wkhuh duh/ lq sulqflsoh/ lq�qlwho| pdq| jdphv wkdw frxog eh srvwxodwhg/ dqg
lw lv xqolnho| wkdw wkh uhvxowv duh urexvw wr doo vxfk shupxwdwlrqv1 Zh olplw rxu
glvfxvvlrq khuh wr h{dplqlqj krz urexvw wkh uhvxowv duh wr vrph ri wkh pruh frpprq
dowhuqdwlyh edujdlqlqj frqfhswv1 Lq sduwlfxodu/ zh frqvlghu d jhqhudol}hg dv|pphwulf
Vkdsoh| ydoxh/ dqg zh h{dplqh zhoo0nqrzq wzr elodwhudo +dv rssrvhg wr pxowlodwhudo,
edujdlqlqj jdphv1

Frqvlghu �uvw d jhqhudol}dwlrq ri wkh Vkdsoh| ydoxh/ zkhuh hdfk sod|hu kdv lwv rzq
edujdlqlqj zhljkw1 Wklv pljkw eh lqwhusuhwhg dv d phdvxuh ri lqglylgxdo edujdlqlqj
vnloo1 Ohw �.c �� dqg �� ghqrwh hdfk sduwlhv uhodwlyh edujdlqlqj zhljkwv1 Li/ iru
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h{dpsoh/ . edujdlqv zlwk �/ wkhq vkh zloo uhfhlyh d vkduh ri
�.

�. n ��

ri wkh vxusoxv

ryhu rxwvlgh rswlrqv/ dqg li vkh edujdlqv djdlqvw � dqg �/ wkhq vkh zloo uhfhlyh d
vkduh ri

�.

�. n �� n ��

ri wkh vxusoxv ryhu rxwvlgh rswlrqv1 Zh qrupdol}h vr wkdw

�. n �� n �� ' �/ lw lv frqyhqlhqw wr xvh wkh vkruwkdqg �.� ' �. n ��/ dqg qrwh
wkdw �.� ' 7�� � �� ��1

Frqvlghu wkh fdvh zkhuh . kdv qr fuhglelolw|1 H{suhvvlqj doo whupv lq h{0dqwh ydo0
xhv +4�,/ zh kdyh lq wkh vhfrqg urxqg r�@oe2E�� ' ��4�����4�/ vr wkdw r�@oe2E.^
�� ' �.�4��n��4�1 Lq wkh �uvw urxqg zh kdyh r�@oe�E.� '

�.

�.�

E�.�4��n��4��

dqg r�@oe�E�� '
��

�.�

E�.�4�� n ��4��1 Wkxv/ li . fkrrvhv d vhtxhqfh DE/ wkhq

�.�� ' �.4�� n
�.��

7��

4�

��� ' ��4�� n
����

7��

4� �_��
�2� ' ��4�� ���4� �B>�_�2

Xvlqj v|pphwu| wr fdofxodwh wkh ydoxhv iru wkh ED vhtxhqfh/ zh lpphgldwho|
rewdlq wkdw . suhihuv wkh DE vhtxhqfh zkhqhyhu { ' �.E

��

7��

4� �
��

7��

4�� : f1 .*v

vhtxhqflqj suhihuhqfhv duh qrw d�hfwhg e| khu rzq edujdlqlqj vwuhqjwk/ exw rqo|
e| wkh uhodwlyh vwuhqjwk ri � dqg �1 Sursrvlwlrq 4 uhpdlqv ydolg lq wkdw d juhdwhu
ydoxh0dgghg e| d sduwqhu pdnhv lw pruh olnho| wkdw wkh sduwqhu lv fkrvhq �uvw1 Lq
wklv vshfl�fdwlrq wkhuh lv dq dgglwlrqdo edujdlqlqj vwuhqjwk h�hfw1 . suhihuv wr jr
�uvw wr wkh sduwqhu zlwk wkh zhdnhu edujdlqlqj vwuhqjwk1 Wklv lv ehfdxvh vkh zrxog
udwkhu idfh wkh vwurqjhu edujdlqlqj sduwqhu dw d srlqw zkhq vkh kdv jdwkhuhg juhdwhu
edujdlqlqj vwuhqjwk khuvhoi/ zklfk lv dw wkh vhfrqg vwdjh1

Li . kdv fuhglelolw|/ khu rxwvlgh rswlrq dw wkh �uvw vwdjh lv jlyhq e|
�.

�.�

4�/ vr

wkdw
r�@oe�E.� '

�.

�.�

E�.�4�� n ��4�� n
��

�.�

�.

�.�

4�

r�@oe�E�� '
��

�.�

E�.�4�� n ��4���
��

�.�

�.

�.�

4�

Iurp wklv zh rewdlq wkh iroorzlqj h{0dqwh xwlolwlhv iru wkh DE vhtxhqfh=

�.�� ' �.4�� n
�.��

7��

4� n
�.��

7�� 7��

4�

��� ' ��4�� n
����

7��

4� ��.��

7�� 7��

4� � _��

�2� ' ��4�� ���4� �B>�_�2

.*v suhihuhqfh iru DE ryhu ED lv jlyhq e|{ ' �.

����

7�� 7��

E4��4��1 Lw lv lpphgldwh
wkh sursrvlwlrq 5 frqwlqxhv wr krog1 Lq idfw/ wkh glvwulexwlrq ri edujdlqlqj vnloov kdv
qr h�hfw dw doo rq wkh rswlpdo vhtxhqfh khuh1
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Frqvlghu qh{w vrph dowhuqdwlyh edujdlqlqj frqfhswv wkdw duh surplqhqw lq wkh
olwhudwxuh1 Lq sduwlfxodu zh h{dplqh vwulfwo| elodwhudo +dv rssrvhg wr pxowlodwhudo,
frqfhswv/ zkhuh wkh qhzo| dssurdfkhg sduwqhu edujdlqv zlwk wkh vhw ri h{lvwlqj sduw0
qhuv1 Wklv phdqv wkdw wkh sduwqhu wkdw lv dssurdfkhg vhfrqg fdq edujdlq zlwk . dqg
wkh �uvw sduwqhu dv d xqlw1 Lq wklv fdvh/ wkh vhfrqg urxqg ri edujdlqlqj fdq eh prg0
hohg dv d elodwhudo edujdlqlqj1 Zh frqvlghu erwk wkh euhdngrzq prgho ri Elqpruh/
Uxelqvwhlq dqg Zrolqvn| +4<;9, dqg wkh glvfrxqwlqj prgho ri Uxelqvwhlq +4<;5,1 Iru
vlpsolflw|/ zh frqvlghu rqo| wkh v|pphwulf fdvh1

Lq wkh euhdngrzq prgho wkh rxwfrph fruuhvsrqgv wr wkh Qdvk edujdlqlqj vroxwlrq1

Zh kdyh r�@oe2E�� '
�

2
E4�� � 4��/ vr wkdw r�@oe2E. ^�� '

�

2
E4�� n 4��1 Zlwkrxw

fuhglelolw|/ zh kdyh iru wkh �uvw urxqg r�@oe�E.� ' r�@oe�E�� '
�

e
E4�� n 4��� Wkxv/

li . fkrrvhv wkh DE vhtxhqfh/ wkhq

�.�� '
�

e
E4�� n 4��

��� '
�

e
E4�� n 4�� �_��

�2� '
�

2
E4�� � 4�� �B>�_�2

.*v suhihuhqfh iru DE ryhu ED lv jlyhq e| { '
�

e
E4� � 4��/ vr wkdw sursrvlwlrq

4 krogv1 Qrwh/ krzhyhu/ wkdw wkh frqglwlrq X� : f lv pxfk kdughu wr vdwlvi|1 Hyhq li
wkhuh duh qr hydoxdwlrq frvwv/ X� 	 f/ 4�� : 4�n24�1 Wklv lpsolhv wkdw vkxwwolqj
lv pruh olnho| zlwk wklv edujdlqlqj frqfhsw1

Li . lv fuhgleoh/ wkhq zh kdyh iru wkh �uvw urxqg r�@oe�E.� '
�

2
E
�

2
E4�� n 4�� n

�

2
4��1 Wkxv/ li . fkrrvhv wkh DE vhtxhqfh/ wkhq

�.�� '
�

e
E4�� n 4� n 4��

��� '
�

e
E4�� n 4� � 4��� _��

�2� '
�

2
E4�� � 4��� B>�_�2

Lq wklv fdvh { ' f/ l1h1 vhtxhqflqj grhv qrw pdwwhu156 Wkh lqwxlwlrq lv wkdw dw
hyhu| edujdlqlqj vwdjh . jlyhv xs kdoi ri wkh vxusoxv1 Zlwk fuhglelolw| . fdq xvh
hdfk sduwqhu dv d wkuhdw djdlqvw wkh rwkhu1 Lw wkhq grhvq*w pdwwhu zkhq . h{huflvhv
wkh zhdnhu ru vwurqjhu wkuhdw1

Frqvlghu qh{w wkh wlph glvfrxqwlqj prgho ri Uxelqvwhlq +4<;5,1 Zh kdyh r�@oe2E.^
�� ' �@%d

�

2
4��c 4�o1 Zlwkrxw fuhglelolw|/ zh kdyh iru wkh �uvw urxqg r�@oe�E.� '

56Qrwh dovr wkdw wkh frqglwlrq �D A 3 lv hyhq kdughu wr vdwlvi|= hyhq zlwk gD @ 3/ zh kdyh
�D ? 3/ �DE A �D . �E1
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grhv qrw pdwwhu wr .1 Wkh prgho zlwk glvfrxqwlqj wkxv ehkdyhv vlploduo| wr wkh
euhdngrzq prgho157

D5= Dq h{dpsoh zlwk pruh wkdq wzr sduwqhuv
Wr h{dplqh wkh ehkdylru ri wkh prgho zlwk pruh wkdq wzr sduwqhuv/ zh frqvlghu

dq h{dpsoh zlwk wkuhh sduwqhuv/ �/ � dqg �1 Zh zloo xvh wkh qdwxudo h{whqvlrq iru doo
wkh qrwdwlrq dqg dvvxpswlrqv ri wkh pdlq prgho1 Frqvlghu qrz wkh ��� vhtxhqfh1
Zh qhhg wr h{dplqh zkdw wkuhdwv duh dydlodeoh wr wkh edujdlqlqj sduwlhv dw wkh wkuhh
edujdlqlqj vwdjhv1 Lq wkh wklug vwdjh/ ./ � dqg � kdyh wkh wkuhdw ri grlqj lw rq
wkhlu rzq1 Wklv fruuhvsrqgv wr wkh vhfrqg vwhs lq wkh jdph zlwk wzr sduwqhuv1 Dw
wkh �uvw vwdjh . lv djdlq zlwkrxw rxwvlgh rswlrqv/ ehfdxvh ri wkh vdph fuhglelolw|
sureohp/ vr wklv fruuhvsrqgv wr wkh �uvw vwhs ri wkh wzr sduwqhu jdph1 Wkh qhz
hohphqw wkxv frqfhuqv wkh vhfrqg edujdlqlqj vwhs1 . dqg � fdq wkuhdwhq � wr jr r�
zlwk �1 Xqolnh lq wkh �uvw vwhs/ wklv r�0wkh0htxloleulxp sdwk wkuhdw lv fuhgleoh1 Wkh
frqwlqxhg suhvhqfh ri � vljqdov wr � wkdw � glg qr uhmhfw wkh rssruwxqlw|/ exw wkdw
wkhuh zdv d euhdngrzq zlwk �1 +Dowhuqdwlyho| � frxog dovr vljqdo wklv e| r�hulqj
fdvk wr �1, Wkh suhvhqfh ri � wkxv vroyhv wkh fuhglelolw| sureohp iru . lq wklv vhfrqg
vwhs1 Xvlqj reylrxv qrwdwlrq zh fdq vroyh wkh wkuhh sduwqhu jdph1 Vwudljkwiruzdug
fdofxodwlrqv vkrz wkdw
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57Qrwh dovr wkdw lw pdnhv vhqvh wr h{dplqh wkh glvfrxqwlqj prgho rqo| lq d elodwhudo edujdlqlqj
frqwh{w/ vlqfh wkh glvfrxqwlqj prgho lv qrw zhoo ehkdyhg zlwk pruh wkdq wzr sod|huv1 Vhh Elqpruh
+4<;:,1

63



Zlwk wkuhh sduwqhu/ . fdq fkrrvh dprqj 9 ihdvleoh vhtxhqfhv/ qdpho| ���/
���/ ���/ ���/ ���/ dqg ���1 Dvvxph wkh iroorzlqj prqrwrqlflw| frqglwlrq=

4� � 4� / 4�& � 4�&c ;�c �c & 5 i�c�c�j

Zlwk wklv/ lw lv hdv| wr vkrz wkdw . suhihuv wr dssurdfk wkh sduwqhu zlwk wkh
kljkhvw ydoxh �uvw/ wkh sduwqhu zlwk wkh orzhvw ydoxh vhfrqg dqg wkh plggoh ydoxh
sduwqhu odvw1 Iru h{dpsoh/ wkh ��� lv fkrvhq zkhqhyhu 4� : 4� : 4�1 Wklv lv yhu|
lqwxlwlyh1 Lq wkh �uvw vwhs/ . kdv qr fuhglelolw|/ vr wkdw Sursrvlwlrq 4 dssolhv1 Diwhu
wkh �uvw vwhs/ . jhwv fuhglelolw| wkurxjk wkh �uvw sduwqhu/ dqg wkxv wkh uhvxowv ri
Sursrvlwlrq 5 krogv1 Dv d uhvxow . dssurdfkhv wkh kljkhvw ydoxh dgghg sduwqhu �uvw1
Diwhu wkdw/ kh dssurdfkhv sduwqhuv lq lqfuhdvlqj rughu ri ydoxh0dgglqj/ wkxv jrlqj wr
wkh orzhvw ydoxh0dgghg sduwqhu vhfrqg dqg wkh plggoh sduwqhu odvw158 59

D6= Surri ri Sursrvlwlrq 6
Iru wkh pl{hg vwudwhj| htxloleulxp/ ohw 5� eh d vwdwlrqdu| vwudwhj| ri sod|hu �/

zkhuh 5� 5 dfc �o lv wkh suredelolw| wkdw sod|hu � pryhv wr hydoxdwh/ udwkhu wkdq
srvwsrqhv1 Ohw L� ghqrwh �*v wrwdo xwlolw| lq wkh vkxwwoh jdph/ wkhq L� ' 5�L

6J�e
� n

75�L
RJr|
� zkhuh L6J�e

� ' ��� dqg L RJr|
� ' B5��2� n B275�L�1 Vroylqj iru L�/ zh jhw

L� '
5���� n B75�5��2�

�� B275�75�
1 Li B 	

���
�2�

wkhq 5� ' �1 Zh zloo frqvlghu wkh fdvh zkhuh

B : �@%d
���
�2�

c
���
�2�

o � 	B1 Pd{lpl}lqj L� z1u1w1 5�/ wkh �uvw rughu frqglwlrqv surylghv

d vroxwlrq iru 5�=

5� '
��� � B2���

B�2� � B2���
c 5� '

��� � B2���

B�2� � B2���
+<,

Vlqfh � : 5�c 5� : f/wklv vkrzv sduw +l,1
Vxssrvh qrz wkdw . dssurdfkhv � ehiruh � +zh zloo glvfxvv wkh lpsruwdqfh ri

wklv ehorz,1 Wkh wrwdo suredelolw| wkdw � ru � zloo pdnh wkh �uvw pryh duh

~� ' 5� n B275�75�5� n EB275�75��
25� n ��� '

5�

�� B275�75�

~� ' B75�5� n B275�75�B75�5� n EB275�75��
2B75�5� n ��� '

B75�5�

�� B275�75�

58Zkloh wkh jhqhudo fdvh iru Q sod|huv lv gl!fxow wr wudfw dqdo|wlfdoo|/ lw lv vwudljkwirzdug +doehlw
wuhglrxv, wr yhuli| wkdw wkh vdph uhvxow dovr krogv iru pruh wkdq wkuhh sduwqhuv1

59Wkh rqh frqglwlrq wkdw lv qhfhvvdu| lv wkh prqrwrqlflw| frqglwlrq1 Zlwkrxw wklv frqglwlrq/ lw
lv srvvleoh/ iru h{dpsoh/ wr kdyh �D A �E A �F / exw �EF  �DF vr wkdw E pljkw eh �uvw lq
vhtxhqfh/ hyhq wkrxjk D kdv wkh kljkhvw vwdqg0dorqh ydoxh1 Wklv lv ehfdxvh zlwkrxw prqrwrqlflw|/
wkh lpsruwdqfh ri d vwurqj vwdqg0dorqh ydoxh pd| eh vzdpshg e| wkh ydoxh lq d vxefrdolwlrq zlwk
wzr sduwqhuv1 Zkdw pdwwhuv wr H lv d zhljkwhg vxp ri wkh ydoxh lq wkh ydulrxv vxe0frdolwlrqv1 Li wkh
prqrwrqlflw| frqglwlrq krogv/ wklv pruh frpsolfdwhg udqnlqj lv htxlydohqw wr wkh vlpsohu udqnlqj
edvhg rq wkh ydoxh lq wkh vwdqg0dorqh frdolwlrq rqo|1
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Wkh wrwdo suredelolw| wkdw wkh sursrvhg yhqwxuh qhyhu jhwv �qdqfhg/ ghqrwhg e|

[/ lv [ ' ��~��~� ' �� 5� n B75�5�

�� B275�75�
1 Xvlqj +<, dqg diwhu wudqvirupdwlrq zh jhw

[ '
E�2� � ����EB�2� � ����

BE�2��2� � �������
: f

Wklv suryhv sduw +ll,1 Iru sduwv +lll, dqg +ly,/ vwudljkwiruzdug fdofxodwlrqv uhyhdo
wkdw

Y[

YB
: fc

Y[

Y���
	 f

Y[

Y�2�
: f

Qh{w zh fdofxodwh wkh wrwdo xwlolwlhv ri wkh wkuhh sduwlhv1 Zh kdyh

L� ' ~���� n ~��2�c L� ' ~��2� n ~����

Xvlqj +<, zh jhw diwhu wudqvirupdwlrqv

L� ' ���c L� '
���
B

� uhfhlyhv h{dfwo| wkh vdph xwlolw| lq wkh vkxwwoh htxloleulxp dv kh zrxog li kh vlp0
soh zhuh wr pryh �uvw1 Wklv lv qrw vxusulvlqj lq wkh vhqvh wkdw � lv dozd|v lqgl�huhqw
ehwzhhq prylqj ru srvwsrqlqj1 Exw lw lv vxusulvlqj lq wkh vhqvh wkdw �*v krsh wr vkliw
wkh exughq ri wkh �uvw0pryhu wr � lv xowlpdwho| ixwloh15: � rewdlqv d vwulfwo| orzhu
xwlolw| wkdq �2�1 Lq idfw/ lwv xwlolw| lv rqo| voljkwo| kljkhu wkdq ���/ dqg dv B $ �
wklv gl�huhqfh ydqlvkhv wr }hur1 � pljkw jhw vrph xwlolw| juhdwhu wkdq ��� ehfdxvh �
pljkw pryh wkh �uvw wlph +zklfk kdsshqv zlwk 5�/ zklfk whqgv wr }hur dv B $ �,1 Exw
li � srvwsrqhv wkh �uvw wlph/ �*v frqwlqxdwlrq xwlolw| lv dovr jlyhq e| ���1 Ilqdoo|/ .
lv dovr zruvh r� wkdq lq khu suhihuuhg htxloleulxp1 Wr vhh wklv/ vxssrvh . suhihuv wkh
DE vhtxhqfh1 Zh kdyh L.�� ' ~��.�� n ~��.�� � ~��.�� n ~��.�� 	 �.��1
Wklv suryhv sduw +y,1

Ilqdoo|/ zh h{dplqh zkhwkhu lq d vkxwwoh htxloleulxp . dfwxdoo| fduhv zkrp vkh
dssurdfkhv �uvw1 Wkh uhodwlyh suhihuhqfh iru dssurdfklqj �� ehiruh �� lv jlyhq e|

{ '
E�� B�

B

E��� n �2������.�� � E��� n �2������.��
�2��2� � ������

Lw lv lpphgldwh wkdw dv B $ �/ {$ f/ l1h1/ lw ehfrphv hqwluho| luuhohydqw zkrp .
dssurdfkhv �uvw1 . hvvhqwldoo| orrvhv frqwuro ryhu wkh surfhvv ri rewdlqlqj uhvrxufh
frpplwphqwv1 Wklv suryhv sduw +yl,1

D7= Glvfxvvlrq ri dowhuqdwlyh frruglqdwlrq ghylfhv lq wkh vkxwwoh htxloleulxp

5:Wkh idfw wkdw wkh rxwfrph ri pl{hg vwudwhj| htxloleulxp lv wkh vdph wkdq wkh rxwfrph li rqh
sduw| zh wr vlpso| jlyh lq lv qrw xqxvdo1 Lq idfw/ lq wkh edwwoh0ri0vh{hv prgho wkh pl{hg vwudwhj|
htxloleulxp w|slfdoo| jlyhv erwk sod|huv d vwulfwo| orzhu xwlolw| wkdq lq hlwkhu ri wkh sxuh vwudwhj|
htxloleuld1
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Jlyhq wkdw wkh vkxwwolqj htxloleulxp lqyroyhv d frruglqdwlrq idloxuh dw wkh frq0
wudfwlqj vwdjh/ lw pljkw eh zruwkzkloh wr dvn zkdw dgglwlrqdo lqvwuxphqwv pljkw eh
xvhg wr vroyh wkh sureohp1

Frqvlghu �uvw wkh srvvlelolw| wkdw . r�huv d vpdoo wudqvihu sd|phqwv wr wkh �uvw
sduwqhu iru prylqj �uvw +dvvxplqj wkdw wkh zhdowk frqvwudlqw lv uhod{hg voljkwo|,1 �
vlpsoh wudqvihu sd|phqw zrxog qrw zrun iru wkh vwdqgdug uhdvrq wkdw *eulehv* gr qrw
d�hfw lqfhqwlyhv1 Diwhu uhfhlylqj wkh wudqvihu sd|phqw wkh uhflslhqw kdv qr uhdvrq
wr ehkdyh dq| gl�huhqwo|1 Lq rughu wr eh h�hfwlyh/ wkh wudqvihu sd|phqw zrxog qhhg
wr eh frqglwlrqhg rq wkh hydoxdwlrq dfwlylw|1 Vlqfh hydoxdwlrq lv d qrq0yhul�deoh
dfwlrq/ wkh rqo| srvvlelolw| zrxog eh wr frqglwlrq rq wkh vljqlqj ri d frqwudfw1 Vxfk d
�vljqlqj erqxv/� krzhyhu/ lv qhyhu fuhgleoh1 Dw wkh wlph ri edujdlqlqj wkh mrlqw ydoxh
ri dq djuhhphqw lv qrw d�hfwhg e| d wudqvihu sd|phqw ehwzhhq wkh wzr sduwlhv1 Dqg
suhflvho| ehfdxvh lw lv frqwlqjhqw rq djuhhphqw/ wkh wudqvihu sd|phqw grhv qrw d�hfw
wkh rxwvlgh rswlrqv hlwkhu1 Wkh vljqlqj erqxv lv wkxv qrw fuhgleoh/ dqg . lv qrw deoh
wr euhdn wkh frruglqdwlrq idloxuh rq khu rzq1

Wkh vlwxdwlrq fkdqjhv voljkwo| li zh frqvlghu krz wkh wzr sduwqhuv wkhpvhoyhv
frxog wu| wr uhvroyh wkh frruglqdwlrq idloxuh1 Djdlq/ vlpsoh wudqvihu sd|phqwv zloo qrw
zrun/ exw li wkh vljqlqj erqxv iru wkh �uvw sduwqhu lv qrw sdlg e| ./ exw e| wkh vhfrqg
sduwqhu/ wkhq lw grhv d�hfw wkh mrlqw ydoxh ri . dqg wkh �uvw sduwqhu/ dqg wkxv wkh
lqfhqwlyh wr pryh �uvw1 Wkh vhfrqg sduwqhu zrxog wkxv kdyh wr frqwudfwxdoo| reoljh
klpvhoi wr sd| wkh �uvw sduwqhu li wkh �uvw sduwqhu vljqhg d frqwudfw wkdw frpplwv
klv uhvrxufh wr .*v yhqwxuh1 Wkh frqglwlrqv iru vxfk d frqwudfw wr zrun duh txlwh
ghpdqglqj1 Iluvw/ wkh wudqvihu sd|phqw zrxog kdyh wr eh odujh hqrxjk wr zlsh rxw
wkh hqwluh �uvw0pryhu glvdgydqwdjh15; Rwkhuzlvh lw zrxogq*w lqgxfh wkh �uvw sduwqhu
wr pryh/ vlqfh kh zrxog vwloo suhihu wr srvwsrqh/ dqg vlqfh kh zrxog nqrz wkdw li wkh
�uvw sduwqhu lv zloolqj wr r�hu d frqglwlrqdo wudqvihu sd|phqw lq rqh shulrg/ wkhq kh
zloo dovr eh zloolqj wr r�hu lw lq vxevhtxhqw shulrgv1 Vhfrqg/ wkh wzr sduwqhuv zrxog
kdyh wr eh deoh wr vshfli| h{dfwo| zkdw frqvwlwxwhv d ohjlwlpdwh frqwudfw ehwzhhq .
dqg wkh �uvw sduwqhu1 Lqghhg/ wkh| zrxog kdyh wr gr wklv dw d srlqw lq wlph zkhq
qhlwkhu sduwqhu kdv vshqw dq| wlph hydoxdwlqj .*v rssruwxqlw|1 Li wkh| duh xqdeoh
wr ghvfuleh suhflvho| wkh frqwlqjhqf| iru wklv wudqvihu sd|phqw/ wkh vhfrqg sduwqhu
pljkw uhqhjh rq wkh surplvh/ ru . dqg wkh �uvw sduwqhu pljkw frooxgh wr rewdlq wkh
sd|phqw zlwk d suhwhqghg frqwudfw1 Wklug/ wkhuh pd| eh d vhyhuh dgyhuvh vhohfwlrq
sureohp/ zkhuh wkh vhfrqg sduwqhu fdqqrw glvwlqjxlvk ehwzhhq d �uvw sduwqhu zlwk
d wuxwkixo rssruwxqlw|/ dqg rqh zlwk d idnh rqh/ wkdw rqo| doorzv wkh �uvw sduwqhu
wr froohfw d vljqlqj erqxv iurp wkh vhfrqg sduwqhu1 Wkh srlqw lv wkdw lw vhhpv txlwh
gl!fxow lq jhqhudo wr jhw rqh xqlqiruphg sduw| wr r�hu d vljql�fdqw wudqvihu sd|phqw
wr dqrwkhu wkdw lv frqglwlrqdo rq d frqwudfw zlwk |hw dqrwkhu wklug sduw|1

Jlyhq doo wkhvh sureohpv ri lqgxflqj frruglqdwlrq frqwudfwxdoo|/ rqh pljkw dovr
frqvlghu qrq0frqwudfwxdo frruglqdwlrq ghylfhv1 Iru h{dpsoh/ zrxog suh0sod| frppx0

5;Lq idfw/ vlqfh H dovr ehqh�wv iurp wkh lqfuhdvhg mrlqw ydoxh/ wkh dfwxdo sd|phqw kdv wr eh vwulfwo|
odujhu wkdq �D1
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qlfdwlrq khosB Wklv lv qrw vr fohdu/ vlqfh frppxqlfdwlrq grhvq*w fkdqjh wkh sduwqhu*v
hfrqrplf lqfhqwlyhv dqg vlqfh wkhuh lv qr sulydwh lqirupdwlrq wr eh uhyhdohg khuh15<

Qh{w/ rqh pd| zrqghu li lw zrxog khos li rqh sduw| kdg d uhsxwdwlrq iru prylqj �uvwB
Lw fhuwdlqo| zrxog/ exw wkh sureohp lv wkdw lw lv qrw fohdu zk| d sduw| zrxog zdqw wr
ghyhors vxfk d uhsxwdwlrq/ jlyhq wkdw wklv lv wkh hfrqrplfdoo| ohvv ghvludeoh srvlwlrq
wr eh lq1 Lq idfw/ sduwqhuv pljkw zdqw wr ghyhors d uhsxwdwlrq iru qrw ehlqj �uvw1
Wklv zrxog khos li rqo| rqh sduw| kdg wkdw uhsxwdwlrq/ exw li erwk sduwqhuv ylh iru
wkdw uhsxwdwlrq/ lw zrxog dfwxdoo| uhlqirufh wkh vkxwwoh htxloleulxp163 Ilqdoo|/ rqh
pd| dovr zrqghu zkhwkhu d vpdoo dprxqw ri *dowuxlvp* pljkw qrw vroyh wkh vkxwwolqj
sureohpB Djdlq/ li rqo| rqh sduw| lv dowuxlvwlf/ wkhq lw zrxog khos1 Exw li erwk sduw0
qhuv duh dowuxlvwlf/ wkhq zh duh edfn wr wkh vdph sureohp dv ehiruh/ qdpho| wkdw hdfk
sduwqhu krshv wkdw wkh rwkhu zloo pdnh dq dowuxlvwlf pryh164

Lq vxppdu|/ wkh urexvwqhvv ri wkh vkxwwoh htxloleulxp ghshqgv rq zkdw dggl0
wlrqdo frqwudfwlqj lqvwuxphqwv duh dvvxphg wr eh dydlodeoh1 Wkh hqwuhsuhqhxu dorqh
fdqqrw vroyh wkh sureohp/ dqg wkh sduwqhuv frxog rqo| vroyh lw xqghu vrph lghdo0
l}hg frqglwlrqv/ xvlqj d idluo| vrsklvwlfdwhg frqwudfw1 Dqrwkhu zd| wr orrn dw wklv
lv wkdw sduwqhuv pljkw eh deoh wr frruglqdwh lq dq hqylurqphqw wkdw lv vx!flhqwo|
zhoo gh�qhg1 Lq d pruh �hqwuhsuhqhxuldo� hqylurqphqw/ krzhyhu/ vxfk frruglqdwlrq
lv qr orqjhu ihdvleoh1 Wklv lv sduwlfxoduo| wuxh li wkh rssruwxqlw| sxuvxhg e| wkh hq0
wuhsuhqhxu lv vx!flhqwo| qhz/ wkdw ehiruh xqghuvwdqglqj wkh edvlfv ri wkh frqfhsw/
sduwqhuv duh xqdeoh ru xqzloolqj wr pdnh dq| frqwudfwxdo frpplwphqwv1

D8= Dq h{dpsoh ri lqh!flhqw sduwqhu fkrlfhv zlwk hqgrjhqrxv luuhyhuvlelolw|
Frqvlghu wkh vdph prgho dv lq vhfwlrq 8/ exw uhod{ wkh dvvxpswlrq ri luuhyhuvlelolw|1

Vxssrvh iru vlpsolflw| wkdw �� dqg ��� kdyh shuihfwo| fruuhodwhg vljqdov +dqg vlploduo|
iru �� dqg ���,1 Qhyhuwkhohvv/ doo sduwqhuv vwloo qhhg wr lqfxu wkhlu rzq uhvshfwlyh
hydoxdwlrq frvw ehiruh ehlqj lq d srvlwlrq wr frqwudfw1 Iru h{dpsoh/ sduwqhuv pd|
kdyh dffhvv wr wkh vdph lqgxvwu| nqrzohgjh/ exw wkh| fdqqrw +ru grq*w zdqw wr, sdvv
rq wkh nqrzohgjh iurp rqh frpshwlwru wr wkh rwkhu165

Vxssrvh wkdw . fkrrvhv d vhtxhqfh ri ����1 . qrz kdv dq dgglwlrqdo rxwvlgh
rswlrq wr lpsuryh khu edujdlqlqj srzhu1 Wkh vhfrqg vwdjh edujdlqlqj qrz qhhgv wr
eh prgl�hg wr dffrxqw iru wkh idfw wkdw wkhuh duh wzr srwhqwldo sduwqhuv1 Vxssrvh .
dqg �� edujdlq zlwk ��1 Wkhlu frdolwlrq jhqhudwhv d ydoxh ri o���� +iru wkh uhpdlqghu
ri wklv vhfwlrq/ doo wkh o� zloo eh hydoxdwhg dw iM�c M�j,1 Wkh vxefrdolwlrq ri i.c��j

5<Lw pljkw dovr vhhp wkdw wkh xvh ri d sxeolf udqgrpl}dwlrq ghylfh/ li dydlodeoh/ pljkw khos wr
frruglqdwh sod|huv1 Wkh sureohp/ krzhyhu/ lv wkh vdph dv ehiruh/ qdpho| wkdw wkh uhvxowlqj sxuh
vwudwhj| htxloleuld uhtxluh d yhu| sduwlfxodu eholhi vwuxfwxuh r� wkh htxloleulxp sdwk1

63Dqrwkhu nlqg ri uhsxdwlrq wkdw zrxog khos lv d uhsxwdwlrq ri uhflsurflw| ehwzhhq wkh wzr sduw0
qhuv1 Exw hvshfldoo| iru dq hqwuhsuhqhxu wu|lqj wr frpelqh qhz uhvrxufh frpelqdwlrqv/ lw lv txlwh
xqolnho| wkdw wkh sduwqhuv douhdg| kdyh hvwdeolvkhg vxfk uhsxwdwlrq ehwzhhq wkhpvhoyhv1

64Lw lv hdv| wr vkrz wkdw li wkhuh lv d suredelolw| wkdw d sod|hu zloo pryh dowuxlvwlfdoo| lq hdfk
shulrg/ exw wklv suredelolw| lv vpdoohu wkdq }D dqg }E uhvshfwlyho|/ wkhq wkh pl{hg vwudwhj| vkxwwoh
htxloleulxp uhpdlqv xqfkdqjhg1

65Wkh h{whqvlrq zkhuh hdfk sduwqhu kdv klv rzq vljqdo lv whglrxv/ exw |lhgv htxlydohqw uhvxowv1
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vwloo kdv wkh rswlrq ri dssurdfklqj ���/ dqg wkh frqwlqxhg suhvhqfh ri �� zrxog vljqdo
wr ��� wkdw d euhdngrzq udwkhu wkdq d uhmhfwlrq pxvw kdyh rffxuuhg zlwk ��1 Ehfdxvh
ri wkh shuihfw fruuhodwlrq/ ��� zloo frph wr h{dfwo| wkh vdph frqfoxvlrq dv ��/ vr wkdw
./ �� dqg ��� fdq edujdlq ryhu o����� / lq zklfk fdvh . dqg �� zrxog uhwdlq d mrlqw

ydoxh ri
2

�
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Vxssrvh iru vlpsolflw| wkdw �� dqg ��� duh lghqwlfdo sduwqhuv1 Wkhq . suhihuv ���

ryhu �� zkhqhyhu E4��� � 4��� : HE4��� � 4�����1
Wkh qh{w txhvwlrq lv zkhwkhu lw pljkw eh srvvleoh wr frqwlqxh wkh edujdlqlqj

jdph wr uhsodfh wkh h{lvwlqj lqh!flhqw sduwqhu zlwk wkh pruh h!flhqw sduwqhu1 Wkh
dgglwlrqdo ehqh�wv ri uhsodflqj rqh ri wkh sduwqhuv kdv wr eh zhljkwhg djdlqvw wkh
sulydwh frvwv ri jhwwlqj wkdw sduwqhu *xs wr vshhg1* Frqvlghu �uvw wkh fdvh zlwk
lghqwlfdo �*v1 Fohduo| . grhv qrw zdqw wr uhsodfh wkh lqh!flhqw fkrlfh ��� ehiruh
edujdlqlqj zlwk �/ vlqfh edujdlqlqj vwuhqjwk lv zkdw . zdqwv iurp ��� iru lq wkh �uvw
sodfh1 Diwhu � lv rq erdug/ wkh dgglwlrqdo jdlq ri uhsodflqj ��� zlwk �� lv jlyhq e|

o����o����1 Zkhq edujdlqlqj zlwk i.c���c �j/ �� zrxog rqo| uhfhlyh
�

e
Eo����o�����/

l1h1/ d vpdoo iudfwlrq/ ri wkh h!flhqf| jdlqv1 Zkhqhyhu _�� :
�

e
Eo��� � o����� wkhq qr

uhsodfhphqw rffxuv1 Wklv vkrzv wkdw luuhyhuvlelolw| pd| dulvh hqgrjhqrxvo|1 Wkh pdlq
lqwxlwlrq lv wkdw wkh dgglwlrqdo jdlq iurp uhsodflqj wkh lqh!flhqw sduwqhu zlwk wkh
h!flhqw sduwqhu pd| qrw rxwzhljk wkh hydoxdwlrq frvw1 Dqg hyhq li lw glg/ wkh iudfwlrq
ri wkh jdlq uhfhlyhg e| wkh lqh!flhqw sduwqhu pd| vwloo eh wr vpdoo wr frpshqvdwh klp
iru klv hydoxdwlrq frvwv1
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Figure 1: Partner moves in the stage game 
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Figure 3 
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