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Devwudfw

Wklv sdshu vkrzv wkdw wkh ehvw nqrzq hpslulfdo eldvhv ri wkh Eodfn
dqg Vfkrohv +4<:6, rswlrq sulflqj irupxod fdq eh h{sodlqhg e| lqyhvwruv
ohduqlqj wkh sdudphwhuv ri wkh xqghuo|lqj ixqgdphqwdo surfhvv1 Lq
wkh frqwh{w ri dq htxloleulxp prgho zkhuh glylghqg qhzv hyroyh rq d
elqrpldo odwwlfh zh ghulyh forvhg0irup sulflqj irupxodv iru Hxurshdq
rswlrqv xqghu Ed|hvldq ohduqlqj1 Ohduqlqj h�hfwv duh irxqg wr eh deoh
wr jhqhudwh dv|pphwulf vnhzv lq wkh lpsolhg yrodwlolw| vxuidfh dqg
v|vwhpdwlf sdwwhuqv lq wkh whup vwuxfwxuh ri rswlrq sulfhv1 Zh dovr
lqihu iurp V)S 833 lqgh{ rswlrq sulfhv wkh sdudphwhuv fkdudfwhul}lqj
wkh pdlqwdlqhg uhfxuvlyh ohduqlqj surfhvv1 Wklv doorzv xv wr hvwlpdwh
wkh g|qdplfv ri ohduqlqj dqg wr surylgh dq hpslulfdo whvw iru wkh prgho1

4 Lqwurgxfwlrq

Dowkrxjk Eodfn dqg Vfkrohv* +4<:6, irupxod +EV, uhpdlqv wkh prvw frp0
prqo| xvhg rswlrq sulflqj prgho lq �qdqfldo pdunhwv4/ lw lv zhoo hvwdeolvkhg
wkdw lw vx�huv iurp vwurqj hpslulfdo eldvhv1 Prvw frpprqo|/ EV eldvhv duh
lghqwl�hg zlwk wkh dsshdudqfh ri v|vwhpdwlf sdwwhuqv +vplohv ru vnhzv, lq
wkh lpsolhg yrodwlolw| vxuidfh surgxfhg e| pdwfklqj revhuyhg pdunhw sulfhv
zlwk wkhruhwlfdo EV sulfhv dqg vroylqj iru wkh xqnqrzq yrodwlolw| sdudph0
whu +Uxelqvwhlq +4<;8/ 4<<3, dqg Gxpdv hw do1 +4<<;,,1 Lpsolhg yrodwlolw|
dovr dsshduv wr eh v|vwhpdwlfdoo| uhodwhg wr wkh whup vwuxfwxuh ri rswlrq
frqwudfwv +Gdv dqg Vxqgdudp +4<<<,,1

4Txrwlqj Uxelqvwhlq +4<<7,= �Wklv prgho lv zlgho| ylhzhg dv rqh ri wkh prvw vxffhvvixo
lq wkh vrfldo vflhqfhv dqg kdv shukdsv +111, wkh prvw zlgho| xvhg irupxod/ zlwk hpehgghg
suredelolwlhv/ lq kxpdq klvwru|1
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Lq dq dwwhpsw wr lpsuryh rq wkh hpslulfdo shuirupdqfh ri EV/ d sohwkrud
ri sulflqj prghov kdyh ehhq sursrvhg gxulqj wkh odvw wzr ghfdghv1 Wkhvh
lqfoxgh vwrfkdvwlf yrodwlolw| prghov +Kxoo dqg Zklwh +4<;:,/ Zljjlqv +4<;:,/
Pholqr dqg Wxuqexoo +4<<3,/ Khvwrq +4<<6,,> prghov lq zklfk wkh frqglwlrqdo
yduldqfh iroorzv dq DUFK surfhvv +Gxdq +4<<8,,> prghov zlwk mxpsv lq wkh
xqghuo|lqj sulfh surfhvv +Phuwrq +4<:9,,> mxps0gl�xvlrq prghov +Edoo dqg
Wrurxv +4<;8,/ Dplq +4<<6,,> dqg prghov lqfrusrudwlqj wudqvdfwlrq frvwv
+Ohodqg +4<;8,,1 Wkh hpslulfdo shuirupdqfh ri wkhvh prghov lv vxppdul}hg
lq Ednvkl/ Fdr dqg Fkhq +4<<:,1 Dowkrxjk prvw ri wkhvh rswlrq sulflqj
prghov idlo wr lpsuryh vljql�fdqwo| rq wkh hpslulfdo �w ri wkh EV prgho/
wklv olwhudwxuh kdv frqwulexwhg vljql�fdqwo| wr rxu xqghuvwdqglqj ri wkh uh0
txluhphqwv ri dq rswlrq sulflqj prgho wkdw fdq �w revhuyhg rswlrq sulfhv1
Qhyhuwkhohvv/ dssurdfkhv wkdw uho| rq prgli|lqj wkh vwrfkdvwlf surfhvv iro0
orzhg e| wkh xqghuo|lqj dvvhw sulfh gr qrw surylgh dq hfrqrplf h{sodqdwlrq
iru wkh v|vwhpdwlf vkruwfrplqjv ri EV15

Lq wklv sdshu zh uhod{ wkh nh| dvvxpswlrq xqghuo|lqj wkh EV prgho
wkdw lqyhvwruv kdyh frpsohwh nqrzohgjh ri wkh vwrfkdvwlf surfhvv gulylqj
ixqgdphqwdov1 Pruh vshfl�fdoo|/ zh dvvxph wkdw ixqgdphqwdov hyroyh rq d
elqrpldo odwwlfh zlwk *xs* dqg *grzq* suredelolwlhv xqnqrzq wr lqyhvwruv zkr
xsgdwh wkhlu suredelolw| hvwlpdwhv wkurxjk Ed|hv* uxoh1 Lpsruwdqwo|/ zh gr
qrw uhjdug wkh xqghuo|lqj dvvhw sulfh surfhvv dv h{rjhqrxv vlqfh wkh ohduq0
lqj phfkdqlvp lv hpehgghg lq dq htxloleulxp prgho lq zklfk dvvhw sulfhv
uh hfw doo srvvleoh shufhlyhg ixwxuh glvwulexwlrqv ri wkh sdudphwhu hvwlpdwhv1
Lq htxloleulxp wkhuh duh qr h{shfwhg jdlqv iurp lpsohphqwlqj wudglqj vwudwh0
jlhv edvhg rq wkh xqiroglqj ri wkh hvwlpdwlrq xqfhuwdlqw|1 Zkloh wkhuh duh
qrz pdq| sdshuv vwxg|lqj wkh lpsolfdwlrqv ri ohduqlqj iru dvvhw sulflqj/
wklv sdshu lv wr wkh ehvw ri rxu nqrzohgjh wkh �uvw wr h{soruh wkh ghulydwlyh
sulflqj lpsolfdwlrqv ri Ed|hvldq ohduqlqj lq wkh frqwh{w ri dq htxloleulxp
dvvhw sulflqj prgho1

Rxu sdshu lv uhodwhg wr d odujh olwhudwxuh wkdw lqihuv wkh pdunhw*v sured0
elolw| eholhiv iurp dvvhw sulfhv +Uxelqvwhlq +4<<7,/ Mdfnzhuwk dqg Uxelqvwhlq
+4<<9,/ Dòw0Vdkdold dqg Or +4<<;,,1 Krzhyhu/ wkhuh duh wzr pdmru gl�hu0
hqfhv ehwzhhq wklv olwhudwxuh dqg rxu dssurdfk1 Iluvw rxu uhvxowv duh edvhg
rq dq htxloleulxp prgho zklfk dffrxqwv iru lqyhvwruv* ehkdylru1 Vhfrqgo|/
rxu prgho gholyhuv d ulfk vhw ri whvwdeoh uhvwulfwlrqv rq krz wkh hqwluh furvv0
vhfwlrq ri rswlrq sulfhv fkdqjhv ryhu wlph1 Wklv lv lpsolhg e| rxu dvvxpswlrq

5Zkloh wudqvdfwlrq frvw prghov srwhqwldoo| surylgh dq hfrqrplf h{sodqdwlrq iru EV
eldvhv/ wkh| kdyh vr idu idlohg wr lpsuryh v|vwhpdwlfdoo| rq wkh hpslulfdo �w ri wkh EV
prgho1
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wkdw wkh pdunhw xsgdwhv lwv eholhiv wkurxjk Ed|hv uxoh1 Lw surylghv dq xq0
ghuvwdqglqj ri wkh g|qdplfv ri krz lpsolhg yrodwlolw| vxuidfh vnhzv hyroyh
ryhu wlph1

Zh vkrz wkdw pdlqwdlqlqj doo rwkhu dvvxpswlrqv ri wkh EV prgho exw
lqwurgxflqj ohduqlqj h�hfwv/ sulflqj eldvhv vlplodu wr wkrvh glvsod|hg e| re0
vhuyhg pdunhw sulfhv hphujh1 Frqvlvwhqw zlwk uhfhqw hpslulfdo hylghqfh
rq vwdwh0sulfh ghqvlwlhv lpsolhg e| rswlrq sulfhv +h1j1 Dòw0Vdkdold dqg Or
+4<<;,,/ e| dgglqj wr wdlo suredelolwlhv ohduqlqj h�hfwv dowhu wkh vkdsh ri
wkh vwdwh sulfh ghqvlw| shufhlyhg e| lqyhvwruv1 Ixuwkhupruh/ ohduqlqj h�hfwv
fdq jhqhudwh lpsolhg yrodwlolw| vplohv dv zhoo dv d ydulhw| ri qrq0frqvwdqw
whup vwuxfwxuhv ri lpsolhg yrodwlolw|16 Ilqdoo|/ zh lqihu wkh g|qdplfv ri wkh
sdudphwhuv fkdudfwhul}lqj rxu Ed|hvldq ohduqlqj vfkhph iurp d gdwd vhw ri
V)S 833 lqgh{ rswlrq sulfhv1 Lqghshqghqwo| ri wkh wlph krul}rq ryhu zklfk
wkhruhwlfdo rswlrq sulfhv duh pdwfkhg zlwk revhuyhg sulfhv/ zh �qg wkdw hv0
wlpdwhg sdudphwhuv duh uhpdundeo| vwdeoh ryhu wlph dqg wkdw rxu prgho
surylghv txlwh d vdwlvidfwru| lq0vdpsoh �w1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 lqwurgxfhv rxu gdwd vhw
ri rswlrq sulfhv dqg frq�upv wkh suhvhqfh ri v|vwhpdwlf eldvhv lq wkh EV
rswlrq sulflqj prgho1 Vhfwlrq 6 eulh | suhvhqwv wkh elqrpldo odwwlfh prgho
zlwkrxw hvwlpdwlrq xqfhuwdlqw|1 Ed|hvldq ohduqlqj h�hfwv duh lqwurgxfhg lq
Vhfwlrq 7 zklfk dovr ghulyhv h{solflw irupxodh iru Hxurshdq rswlrq sulfhv1
Vhfwlrq 8 suhvhqwv dqdo|wlfdo uhvxowv wkdw fkdudfwhul}h wkh htxloleulxp h�hfw
ri ohduqlqj rq rswlrq sulfhv1 Vhfwlrq 9 fdoleudwhv wkh rswlrq sulflqj prgho
xqghu ohduqlqj dqg frpsduhv lw wr wkh rswlrq sulfh gdwd iurp Vhfwlrq 51
Wkh sdudphwhuv fkdudfwhul}lqj wkh pdlqwdlqhg uhfxuvlyh ohduqlqj surfhvv duh
wkhq lqihuuhg iurp rswlrq sulfhv1 Wklv doorzv xv wr hvwlpdwh wkh g|qdplfv ri
ohduqlqj dqg wr surylgh dq hpslulfdo whvw iru wkh prgho1 Vhfwlrq : frqfoxghv1

5 Eldvhv lq wkh Eodfn0Vfkrohv Prgho

Wklv vhfwlrq hvwdeolvkhv d ehqfkpdun iru wkh v|vwhpdwlf sulflqj eldvhv lq
wkh EV rswlrq sulflqj prgho1 Rxu gdwd vhw ri rswlrq sulfhv iurp wkh FERH
frqvlvwv ri V)S 833 lqgh{ rswlrq sulfhv fryhulqj wkh shulrg Mdq1 7/ 4<<6
wr Ghf1 64/ 4<<617 Sxw sulfhv zhuh frqyhuwhg lqwr fdoo sulfhv wkurxjk wkh

6Gdv dqg Vxqgdudp +4<<<, vkrz wkdw wkh prvw srsxodu dowhuqdwlyhv wr EV � mxps0
gl�xvlrq dqg vwrfkdvwlf yrodwlolw| prghov � idlo wr vlpxowdqhrxvo| jhqhudwh lpsolhg yrodwlo0
lw| vplohv dqg +DWP, whup0vwuxfwxuhv wkdw pdwfk wkh frpsoh{ ihdwxuhv ri wkh gdwd1

7Dv vwuhvvhg e| Uxelqvwhlq +4<<7, wkh pdunhw iru V)S 833 lqgh{ rswlrqv rq wkh FERH
surylghv d fdvh vwxg| zkhuh wkh frqglwlrqv uhtxluhg e| EV vhhp wr eh zhoo dssur{lpdwhg
lq whupv ri yroxphv/ frqwlqxlw| ri wkh wudglqj surfhvv/ khgjlqj rssruwxqlwlhv/ olnholkrrg
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sxw0fdoo sdulw| uhodwlrq1 Wkh gdwd vhw lv lghqwlfdo wr wkdw xvhg lq Dòw0Vdkdold
dqg Or +4<<;, dqg kdv ehhq �owhuhg lq h{dfwo| wkh vdph zd|18c 9

514 Lpsolhg Yrodwlolw| Vxuidfhv

Lqlwldoo| zh frq�up wkh h{lvwhqfh ri d v|vwhpdwlf vnhz lq wkh uhodwlrqvkls
ehwzhhq EV lpsolhg yrodwlolw| dqg prqh|qhvv1 Iru wklv sxusrvh zh sorw lq
Iljxuh 4 wkh lpsolhg yrodwlolw| vxuidfh djdlqvw prqh|qhvv/ nhhslqj pdwxulw|
frqvwdqw1 FERH uxohv fuhdwh rswlrq frqwudfwv zlwk prqwko| pdwxulwlhv dqg
Iljxuh 4 lq Dsshqgl{ E lqfoxgh 45 sorwv fryhulqj wkh shulrg Iheuxdu| 4<<6
wr Mdqxdu| 4<<71: Iru prvw ri wkh gd|v lq wkh vdpsoh shulrg/ wkh fxuyh
uhodwlqj EV lpsolhg yrodwlolwlhv wr wkh vwulnh sulfh lv vnhzhg1 Wklv lv ru
frxuvh lqfrqvlvwhqw zlwk wkh pdlqwdlqhg dvvxpswlrq ri frqvwdqw gl�xvlrq lq
wkh EV prgho1

ri mxpsv lq sulfhv/ hwf1 Wkhuhiruh lw lv qdwxudo wkdw rxu hpslulfdo whvwv frqfhqwudwh rq wklv
pdunhw1

8Zh wkdqn \dflqh Dòw0Vdkdold iru pdnlqj klv gdwd vhw nlqgo| dydlodeoh wr wkh sxeolf
iru uhvhdufk sxusrvhv1

9Vlqfh lq0wkh0prqh| rswlrqv duh wklqo| wudghg/ wkhlu sulfhv duh qrwrulrxvo| xquholdeoh
dqg duh glvfdughg iurp wkh gdwd vhw1 Dovr/ rxw0ri0wkh0prqh| dqg qhdu0dw wkh prqh| +DWP,
sxw sulfhv duh wudqvodwhg lqwr fdoo sulfhv xvlqj wkh sxw0fdoo sdulw| iru Hxurshdq rswlrqv1
Doo lqirupdwlrq frqwdlqhg lq oltxlg sxw sulfhv kdv wkxv ehhq h{wudfwhg dqg frqyhuwhg lqwr
fruuhvsrqglqj/ oltxlg fdoo sulfhv1 Wkh uhpdlqlqj sxw rswlrqv duh glvfdughg iurp wkh gdwd
vhw zlwkrxw dq| orvv ri lqirupdwlrq1 Zh h{solflwo| wdnh lqwr dffrxqw wkdw wkh lqgh{ sd|v
rxw gdlo| glylghqgv dqg iroorz Dòw0Vdkdold dqg Or +4<<;, lq xvlqj wkh frqwlqrxv glylghqg
|lhog lpsolhg e| gdlo| ydoxhv ri wkh lqgh{ dqg sulfhv ri ixwxuh frqwudfwv ri jlyhq pdwxulw|1
E| wkh vsrw0ixwxuhv sdulw|

8|c� ' 7|e
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�

�
*?

�
7|

8|c�

�
n o|c�

Wkh lpsolhg ydoxh ri B|c� lv d phdvxuh ri wkh frqwlqxrxvo| frpsrxqghg glylghqg |lhog
wkdw/ dv ri wlph |/ lv h{shfwhg ehwzhhq | dqg |n � 1
Ilqdoo|/ wr jxdudqwhh wkh devhqfh ri duelwudjh rssruwxqlwlhv/ wkh ixwxuhv sulfh iru d jlyhq

pdwxulw| |n � lv lwvhoi lpsolhg e| wkh sxw0fdoo sdulw| uhodwlrq iru d glylghqg sd|lqj vwrfn
lqgh{=

�E7|c gc �c o|c� c B|c� � nfe
3ow>�� ' � E7|c gc � c o|c� c B|c� � n 8|c�e

3ow>��

Wr lqihu uholdeoh ixwxuhv sulfhv/ zh qhhg uholdeoh rswlrq sulfhv1 Wkhuhiruh DWP fdoo dqg
sxw forvlqj sulfhv duh xvhg1

:Wkhuh duh qrw hqrxjk gdwd wr exlog d uhsuhvhqwdwlyh sorw iru wkh pdwxulw| ri Mdqxdu|
4<<6/ zkloh wkhuh duh vwloo hqrxjk gdwd wr rewdlq Mdqxdu| 4<<7/ dowkrxjk wkh vdpsoh hqgv
rq Ghf1 64/ 4<<61
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515 Whup Vwuxfwxuh ri Lpsolhg Yrodwlolw|

Wkh gdwd dovr uhyhdo d v|vwhpdwlf whup vwuxfwxuh lq wkh lpsolhg yrodwlolw|1
Xvlqj wkuhh dowhuqdwlyh ydoxhv ri prqh|qhvv ryhu wkh shulrg Mdq1 4;/ 4<<6
wr Mdq1 58/ 4<<6/ Iljxuh 4 vkrzv wkdw wkh lpsolhg yrodwlolwlhv ri dw0wkh0
prqh| rswlrqv dqg rswlrqv zlwk prqh|qhvv ohvv wkdq rqh fohduo| lqfuhdvh
zlwk wlph wr h{sludwlrq1 Iru rswlrqv zlwk prqh|qhvv deryh rqh wkh sdw0
whuq lv vrphzkdw zhdnhu= vrph gd|v lpsolhg yrodwlolw| lv dq lqfuhdvlqj dqg
frqyh{ ixqfwlrq ri wlph wr h{sludwlrq> rwkhu gd|v lpsolhg yrodwlolw| lv d frq0
fdyh ixqfwlrq ri prqh|qhvv dqg rffdvlrqdoo| wkh sdwwhuq lv frqvwdqw ru hyhq
ghfolqlqj1

)LJXUH � � 6DPSOH WHUP VWUXFWXUH RI LPSOLHG YRODWLOLW\� 7KH WKUHH JUDSKV SORW LPSOLHG

YRODWLOLW\ DV D IXQFWLRQ RI PDWXULW\ IRU 6	3 ��� LQGH[ RSWLRQV� SHULRG -DQ� ��� ���� � -DQ�
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516 Vwdwh Sulfh Ghqvlwlhv

Uhfhqwo| Uxelqvwhlq +4<<7, dqg Mdfnzhuwk dqg Uxelqvwhlq +4<<9, kdyh sur0
srvhg wr h{wudfw vwdwh sulfh ghqvlwlhv +VSG, iurp lpsolhg elqrpldo wuhhv1
Wklv lv dqrwkhu srzhuixo surfhgxuh iru ghprqvwudwlqj eldvhv lq wkh EV prgho
zkrvh dvvxpswlrq lv wkdw wkh vwdwh sulfh ghqvlw| lv orj0qrupdo1 Xvlqj wklv
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dssurdfk/ �jxuh 5 vkrzv wkh VSG lqihuuhg iurp rswlrq frqwudfwv zlwk dw
ohdvw 83 fdohqgdu gd|v wr h{sludwlrq dqg dyhudjhg dfurvv gl�huhqw pdwxulwlhv
+d wrwdo ri 667 hvwlpdwhg VSGv iru gl�huhqw pdwxulwlhv,1; Wr hqvxuh wkdw
VSGv rq gl�huhqw gd|v duh +urxjko|, frpsdudeoh/ doo sorwv xvh vwdqgdugl}hg
orjdulwkplf uhwxuqv1 Sduwlfxoduo| lpsruwdqw lq hfrqrplf whupv lv wkh wdlo eh0
kdylru ri wkh VSG vlqfh wklv pd| surylgh lqirupdwlrq derxw wkh mxps ulvn
h{shfwhg e| pdunhwv +Edwhv +4<<4,,1 Iru wklv uhdvrq zh sorw lq wkh erwwrp
ri Iljxuh 5 wkh hvwlpdwhg wdlo ehkdylru ri wkh dyhudjh VSG1

)LJXUH �� $YHUDJH VWDWH�SULFH GHQVLW\ HVWLPDWHG IURP 6	3 ��� LQGH[ RSWLRQV DQG WKH 6	3
��� FDVK LQGH[ RYHU WKH SHULRG -DQ� �� ���� � 'HF� ��� ���� FRPSDUHG WR D ORJQRUPDO 63'�

7KH HVWLPDWHG 63' LV WKH DYHUDJH RI DOO 63'V HVWLPDWHG IURP RSWLRQV GDWD ZLWK PRUH WKDQ
�� FDOHQGDU GD\V WR H[SLUDWLRQ �DSSUR[LPDWHO\ �� WUDGLQJ GD\V�� IRU D WRWDO RI ��� HVWLPDWHG
63'V� 63'V DUH HVWLPDWHG XVLQJ WKH QRQSDUDPHWULF� LPSOLHG ELQRPLDO WUHH PHWKRG RI
5XELQVWHLQ >����@ DQG -DFNZHUWK DQG 5XELQVWHLQ >����@� 7KH REMHFWLYH IXQFWLRQ LV WKH

PD[LPXP VPRRWKQHVV IXQFWLRQ�
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;Ghwdlov rq wkh uhohydqw whfkqlfdo fkrlfhv duh jlyhq lq wkh fdswlrq ri wkh �jxuh1

9



Zkhq frpsduhg wr wkh orjqrupdo ehqfkpdun/ wkh VSG lpsolhg e| wkh
rswlrqv gdwd lv fohduo| ohswrnxuwlf= wkhuh lv pruh pdvv +kljkhu vwdwh0sulfhv,
durxqg wkh fhqwhu ri wkh VSG/ ohvv pdvv lq wkh udqjh ^07/04`^^.4/.7` vwdq0
gdug ghyldwlrqv ri orjdulwkplf uhwxuqv dqg idw wdlov rffxu lq wkh irup ri
orehv ehwzhhq ^0;/09` dqg ^.9/.;` vwdqgdug ghyldwlrqv ri uhwxuqv1 Khqfh wkh
pdunhwv dsshdu wr kdyh yhu| gl�huhqw shufhswlrqv ri ixwxuh V)S 833 uhwxuqv
wkdq wkrvh lpsolhg e| d orjqrupdo VSG1 Zh frqfoxgh wkdw wkh pdunhwv vhhp
wr shufhlyh vwdwh0sulfh ghqvlwlhv wkdw duh � dw ohdvw rq dyhudjh dqg prvw ri
wlph � txlwh gl�huhqw iurp wkh orjqrupdo ghqvlw| xqghuo|lqj wkh EV prgho1

Lq sduwlfxodu/ pdunhw sduwlflsdqwv dwwdfk ydoxh wr ixwxuh *h{wuhph* rxw0
frphv � fudvkhv dv zhoo dv vwurqj exoo pdunhwv � wkdw xqghu d orjqrupdo
VSG zrxog uhfhlyh d pxfk vpdoohu vwdwh sulfh1 Wr ghprqvwudwh wklv srlqw/
zh dovr frpsduh qr0duelwudjh sulfhv iru d vwdwh0frqwlqjhqw dvvhw sd|lqj r� 4
groodu zkhq wkh V)S 833 uhwxuqv ryhu d fhuwdlq wlph vsdq duh ehorz +deryh, d
fhuwdlq qxpehu ri vwdqgdug ghyldwlrqv ri uhwxuqv xqghu wkh hvwlpdwhg VSGv
dqg xqghu d orjqrupdo ehqfkpdun1 Wdeoh 4 uhsruwv wkh uhvxowv iurp wklv
h{huflvh1 Hvwlpdwhg VSGv lpso| vwdwh sulfhv iru *wdlo*0frqwlqjhqw vhfxulwlhv
wkdw duh odujhu e| d idfwru ri 43H zkhq wkh dvvhw sd|v rxw lq fdvh wkh V)S
833 uhwxuq lv ehorz �: vwdqgdug ghyldwlrqv/ dqg e| d idfwru ri 43�f zkhq
uhwxuqv h{fhhg : vwdqgdug ghyldwlrqv1 Kljkhu sulfhv iru wdlo0frqwlqjhqw vhfx0
ulwlhv uh hfw wkh idfw wkdw xqghu wkh hvwlpdwhg VSGv wkh pdunhw dwwdfkhv d
pxfk kljkhu ulvn0qhxwudo sulfh wr d groodu sdlg rxw lq hlwkhu fudvk ru vwurqjo|
exoolvk vwdwhv ri wkh zruog1

6 Dvvhw Sulfhv xqghu Ixoo Lqirupdwlrq

Wkh hpslulfdo �qglqjv uhsruwhg lq wkh odvw vhfwlrq frq�up wkh suhvhqfh
ri vhulrxv v|vwhpdwlf eldvhv lq wkh EV prgho zlgho| frpphqwhg rq lq wkh
olwhudwxuh/ dqg vxjjhvw wkdw d pruh jhqhudo rswlrq sulflqj prgho lv uhtxluhg1
Lq wklv vhfwlrq zh fkdudfwhul}h rswlrq sulfhv lq d ixoo lqirupdwlrq htxloleulxp
prgho zklfk kdv wkh EV prgho dv d olplwlqj fdvh1 Wklv vhwv xs d qdwxudo
ehqfkpdun iurp zklfk wr hydoxdwh rswlrq sulflqj eldvhv dqg wkh h�hfwv ri
ohduqlqj1 Qh{w vhfwlrq lqwurgxfhv ohduqlqj dqg ghulyhv rswlrq sulfhv lq wklv
vhwwlqj1
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7DEOH � � 7KH WDEOH UHSRUWV WKH SULFH RI D VWDWH�FRQWLQJHQW FODLP WKDW SD\V RXW � GROODU ZKHQ
�GHPHDQHG� 6	3 ��� UHWXUQ V DUH EHORZ�DERYH ; WLPHV WKHLU VWDQGDUG GHYLDWLRQ � FDOFX ODWHG
IURP WKH 63' HVWLP DWHG IURP RSWLRQ FRQWUDFWV ZLWK DW OHDVW �� FDOHQGDU GD\V WR PDWXUL W\ �
$V D EHQFKPDUN WKH WDEOH DOVR UHSRUWV WK H SULFH RI WKH VDPH FRQWLQJHQ W FODLP V EDVHG RQ D

ORJQRUPDO 63'� 7KH 63'V DUH QRUPDOL ]HG E\ GHP HDQ LQJ WKHP DQG GLYLGLQJ WKHP E\ τσ
VR WKDW WKH VWDQGDUG GHYLDWLRQ L V VHW WR �� 7KH SULFH RI WK H FRQWLQJHQW�FODLP V DUH FDOFX ODWHG
DFFRUGLQJ WR WK H IRUPXODH�
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SUREDEL O L W\ � HL WK HU EDVHG RQ WKH QRUPDO GHQVL W\ RU HVWLP DWHG IURP RSWLRQ V GDWD� { }•I L V D

VWDQGDUG LQGLFDWRU IXQFWLRQ � :H UHSRUW ERWK WKH DYHUDJH WK H PHGLDQ VWDWH�SULFH GHQVL WL HV
HVWLP DWHG IURP 6	3 ��� LQGH[ RSWLRQV DQG WKH 6	3 ��� FDVK LQGH[ RYHU WKH SHULRG -DQ � ��
���� � 'HF� ��� ���� XVLQJ WKH QRQSDUDP HWULF� LPSOLHG ELQRP LDO WUHH PHWKRG RI
5XELQVWHLQ >����@ DQG -DFNZHUWK DQG 5XELQ VWHLQ >����@� 7KH REMHFWLYH IXQFWLRQ LV WKH
PD[LPXP VPRRWKQHVV IXQFWLRQ �

; $YHUDJH SULFH 0HGLDQ SULFH

/RJQRUPDO 63' (VWLPDWHG 63' /RJQRUPDO 63' (VWLPDWHG 63'
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614 D Elqrpldo Odwwlfh Prgho

Ehiruh sulflqj rswlrqv zh lqwurgxfh wkh ixqgdphqwdov surfhvv ghwhuplqlqj
wkh sulfh ri wkh xqghuo|lqj dvvhw1 Rxu vwduwlqj srlqw lv d yhuvlrq ri wkh
lq�qlwh krul}rq/ uhsuhvhqwdwlyh djhqw hqgrzphqw hfrqrp| vwxglhg e| Oxfdv
+4<:;,1 Wkhuh duh wkuhh dvvhwv= D rqh0shulrg ghidxow0iuhh/ }hur0frxsrq erqg
lq }hur qhw vxsso| wudglqj dw d sulfh ri S| dqg hduqlqj lqwhuhvw ri u| @
+4@S|�4,> d vwrfn wudghg dw d sulfh ri V| zkrvh qhw vxsso| lv qrupdol}hg dw
4> dqg d Hxurshdq fdoo rswlrq zulwwhq rq wkh vwrfn zlwk � � W � w shulrgv
wr h{sludwlrq/ vwulnh sulfh N dqg fxuuhqw sulfh F|=

;



Wkh vwrfn sd|v rxw dq lq�qlwh vwuhdp ri uhdo glylghqgv iG|n&j"&'� = Glyl0
ghqgv duh shulvkdeoh dqg pxvw wkhuhiruh eh frqvxphg lq wkh shulrg lq zklfk
wkh| duh uhfhlyhg1 Wkh| hyroyh rq d elqrpldo odwwlfh vr glylghqg jurzwk udwhv
j|n& @

(|n&

(|n&3�
� 4 iroorz d Ehuqrxool surfhvv wkdw lv vxemhfw wr fkdqjh p

wlphv lq hdfk xqlw lqwhuydo1 Zlwklq wkh lqwhuydo ^w> w.� ` glylghqgv wkxv iroorz
d y @ �p0vwhs elqrpldo surfhvv1 Hdfk shulrg ^w. n> w. n . 4` wkh glylghqg
jurzwk udwh fdq eh hlwkhu j� zlwk suredelolw| � ru j, zlwk suredelolw| 4��=

j|n&n� @

�
j� zlwk sure= �
j, zlwk sure= 4� �

;n � 3> � 5 +3> 4, +4,

Zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw j� A j, A �4 vr wkdw glylghqgv duh
qrq0qhjdwlyh surylghg G| A 31 Wklv jlyhv d vwdqgdug uhfrpelqlqj elqrpldo
wuhh vlplodu wr wkh rqh dgrswhg e| Fr{/ Urvv dqg Uxelqvwhlq +4<:<, iru wkh
xqghuo|lqj dvvhw sulfh surfhvv1 Zh iroorz wkh olwhudwxuh lq qrupdol}lqj wkh

sdudphwhuv wr wkh lqfuhphqwdo wlph xqlw= 4.j� @ h
j
t

_|
� / 4.j, @ +4.j�,

3�>

dqg � @ �
2 . �

2
>
j

t
_|
� 1 Dv _|

� $ 3> wkh glvwulexwlrq ri glylghqgv +zhdno|,

frqyhujhv wr d Jhrphwulf Eurzqldq prwlrq zlwk frqvwdqw guliw dqg gl�xvlrq
+�> �,=<

Wr sulfh dvvhwv zh dvvxph d shuihfw fdslwdo pdunhw1 Wkhuh duh xqolplwhg
vkruw vdohv/ shuihfw oltxlglw| +qr sulfh lpsdfw iurp vdohv ru sxufkdvhv ri vhfx0
ulwlhv,/ qr wd{hv/ qr wudqvdfwlrq frvwv ru eruurzlqj dqg ohqglqj frqvwudlqwv
dqg pdunhwv duh rshq dw doo srlqwv lq wlph lq zklfk qhzv rq glylghqgv duh
jhqhudwhg/ l1h1/ rq doo wkh qrghv ri wkh elqrpldo odwwlfh1

Wkh uhsuhvhqwdwlyh lqyhvwru kdv srzhu xwlolw|

x+F|, @

���3�
| 3�
�3� � ? 4

oqF| � @ 4
+5,

zkhuh F| lv uhdo frqvxpswlrq dw wlph w= Zh irfxv rq wkh fdvh zkhuh � � 4>
prghov zkhuh � A 4 kdyh wkh frxqwhu0lqwxlwlyh surshuw| wkdw vwrfn sulfhv
ghfolqh zkhq ixqgdphqwdov duh kljk143 Wkh uhsuhvhqwdwlyh djhqw fkrrvhv
erqg/ vwrfn/ dqg fdoo rswlrq kroglqjv wr pd{lpl}h wkh glvfrxqwhg ydoxh +dw
d udwh ri lpsdwlhqfh �, ri wkh lq�qlwh vwuhdp ri h{shfwhg ixwxuh xwlolwlhv
ghulyhg iurp frqvxpswlrq=

<Vhh iru lqvwdqfh Qhiwfl +4<<9,1
43Iru ixuwkhu h{sodqdwlrqv ri wklv surshuw|/ vhh Deho +4<;;,1

<



pd{
i�|n&c�r|n&c�K|n&j"&'f

H|

%
"[
&'f

�&x+F|n&,

&
v=w= F|n& .zr

|n&V|n& .zK
|n&S|n&@z

r
|n&3�+V|n&3� .G|n&3�, .zK

|n&3� +6,

zkhuh � @ �
�n4 dqg z

r
|n& dqg z

K
|n& uhsuhvhqw wkh qxpehu ri vwrfnv dqg erqgv

lq wkh djhqw*v sruwirolr dv ri shulrg w. n144

Vwdqgdug g|qdplf surjudpplqj phwkrgv |lhog wkh iroorzlqj Hxohu htxd0
wlrqv iru vwrfn dqg erqg sulfhv=

V| @ H| ^T|n�+V|n� .G|n�,`

S| @ H| ^T|n�` +7,

zkhuh T|n� @ � ��E�|n��
��E�|�

@ �
�
�|n�
�|

�3�
lv wkh sulflqj nhuqho gh�qhg dv wkh

surgxfw ri wkh glvfrxqw idfwru dqg wkh lqwhuwhpsrudo pdujlqdo udwh ri vxe0
vwlwxwlrq lq frqvxpswlrq1

Jxlgrolq dqg Wlpphupdqq +4<<<, sulfh wkh xqghuo|lqj vwrfn dqg ulvn0
iuhh erqg lq wklv vhwwlqj vxemhfw wr wudqvyhuvdolw| dqg qr0duelwudjh frqgl0
wlrqv145 Iru frqyhqlhqfh/ zh vwdwh wkh uhvxow xvlqj wkh wudqviruphg sdudp0
hwhuv jW, @ +4 . j,,

�3� � 4 dqg jW� @ +4 . j�,
�3� � 41

Sursrvlwlrq 4 +Jxlgrolq dqg Wlpphupdqq +4<<<,, Wkhuh h{lvwv dq
htxloleulxp lq zklfk wkh ixoo lqirupdwlrq udwlrqdo h{shfwdwlrqv +ILUH, vwrfn
sulfh lv jlyhq e|

V8U-.| @
4 . jW, . �+jW� � jW, ,

�� jW, � �+jW� � jW, ,
G|>

44Vlqfh wkh fdoo lv d uhgxqgdqw dvvhw zklfk grhv qrw ohw djhqwv h{sdqg wkh vhw ri dw0
wdlqdeoh frqvxpswlrq sdwwhuqv/ rswlrq kroglqjv gr qrw hqwhu lqwr wkh surjudp dqg wkh
htxloleulxp vwrfn dqg erqg sulfhv fdq eh ghwhuplqhg lqghshqghqwo| ri wkh rswlrq sulfh1

45Wkh wudqvyhuvdolw| frqglwlrq lv/
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zkloh wkh ILUH erqg sulfh lv

S8U-.
| @

+4 . j,,
3� . � ^+4 . j�,

3� � +4 . j,,
3�`

4 . �
=

D surshuw| ri wkh vroxwlrq lv wkdw wkh vwrfn sulfh lv krprjhqhrxv ri
ghjuhh rqh lq glylghqgv dqg wkdw wkh h{0glylghqg vwrfn sulfh iroorzv wkh vdph
elqrpldo odwwlfh ij�> j,> �>pj dv glylghqgv146 Jxlgrolq dqg Wlpphupdqq
+4<<<, dovr vkrz wkdw wkh vwrfkdvwlf surfhvv iroorzhg e| glylghqgv dqg wkh
vwrfn sulfh fdq eh dowhuqdwlyho| fkdudfwhul}hg dv d vwdwlrqdu| Pdunry fkdlq/
d idfw wkdw zloo eh xvhixo odwhu rq1

615 Rswlrq Sulfhv xqghu Ixoo Lqirupdwlrq

Sulflqj Hxurshdq fdoov lv vwudljkwiruzdug xqghu ixoo lqirupdwlrq1 Wklv iro0
orzv iurp qrwlqj wkdw +l, zh kdyh uxohg rxw duelwudjh rssruwxqlwlhv> +ll,
pdunhwv duh frpsohwh> +lll, H{0glylghqg vwrfn sulfhv lqkhulw wkh elqrpldo
odwwlfh vwuxfwxuh ij�> j,> �>pj iurp glylghqgv> +ly, dowkrxjk wkh xqghuo|lqj
dvvhw sd|v rxw fdvk glylghqgv/ wkh rswlrq lv Hxurshdq dqg hduo| h{huflvh lv
qrw srvvleoh1 Wkhuhiruh doo srvvleoh frqwlqjhqw fodlpv +frqvxpswlrq sur�ohv,
duh pdunhwdeoh dqg zh fdq dsso| wkh uhvxowv lq Fr{ hw do1 +4<:<, wr sulfh
wkh rswlrq e| qr0duelwudjh=

Sursrvlwlrq 5 Vxssrvh wkh glylghqg surfhvv lv elqrpldo1 Xqghu ixoo lqiru0
pdwlrq udwlrqdo h{shfwdwlrqv/ wkh sulfh ri d Hxurshdq fdoo zlwk � shulrgv wr
h{sludwlrq dqg vwulnh sulfh N lv jlyhq e|

F8U-.
| +N>W> V|, @ +4 . u,3�

�[
�'f

pd{
q
3> V�|n� �N

r�y
m

�
}�+4� },�3�

zkhuh y @ �p> V�|n� @ +4 . j�,
�+4 . j,,

�3�V|/ dqg }> lv d ulvn0qhxwudo sure0
delolw| phdvxuh jlyhq e|

} @ �
4 . u

4 . �
+4 . j�,

3�

46Iurp wklv dqg wkh uhvxow lq Solvnd +4<<:/ 466, wkdw d pxowlshulrg vhfxulwlhv pdunhwv
prgho lv frpsohwh li dqg rqo| li doo srvvleoh vhtxhqfhv ri vlqjoh shulrg prghov rewdlqhg e|
ghfrpsrvlqj wkh elqrpldo odwwlfh duh iruphg e| frpsohwh prghov lw iroorzv lpphgldwho|
wkdw wkh dvvhw pdunhw lq rxu prgho lv frpsohwh1 Wkhuhiruh wkh +frqmhfwxuhg, uhgxqgdqf|
ri wkh fdoo rswlrq grhv krog lq wkh ILUH htxloleulxp dqg rxu dssurdfk lv ydolg1
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Surri1 Vhh Dsshqgl{ D1
Wklv sursrvlwlrq vkrzv wkdw wkh uhvxowv ri Fr{ hw do1 +4<:<, ixoo| h{whqg

wr rxu iudphzrun zkhuh glylghqgv udwkhu wkdq vwrfn sulfhv duh dvvxphg
wr iroorz d elqrpldo odwwlfh1 Wklv lv dq lpsolfdwlrq ri wkh idfw wkdw vwrfn
sulfhv hyroyh rq wkh vdph odwwlfh dv glylghqgv1 Qrwlfh/ krzhyhu/ wkdw zkloh
FUU wdnh wkh surfhvv iru wkh xqghuo|lqj sulfh dv h{rjhqrxv/ zh ghulyh wkh
xqghuo|lqj vwrfn sulfh lq dq htxloleulxp prgho lq zklfk suhihuhqfhv pdwwhu1
Wklv uhvxow fdq dovr eh uhodwhg wr Vwdsohwrq dqg Vxeudkpdq|dp +VV/ 4<;8,/
zkr ydoxh rswlrqv lq dq htxloleulxp prgho zkhq pdunhwv duh lqfrpsohwh
dqg wkh vwrfn sulfh iroorzv dq h{rjhqrxv elqrpldo odwwlfh1 Lq erwk fdvhv
suhihuhqfhv d�hfw wkh htxloleulxp sulfh ri vwrfnv dqg +lqgluhfwo|, rswlrqv1

Kduulvrq dqg Nuhsv +4<:<, suryh wkdw lq wkh devhqfh ri duelwudjh rs0
sruwxqlwlhv dqg zlwk frpsohwh pdunhwv wkhuh h{lvwv d xqltxh ulvn0qhxwudo
suredelolw| phdvxuh i+V|nA , vxfk wkdw wkh sulfh ri d Hxurshdq rswlrq zlwk
sd|r� ixqfwlrq k+V|nA , dqg � shulrgv wr h{sludwlrq fdq eh uhsuhvhqwhg dv

F| @ +4 . u,3�
�[

�'f

k+V|nA ,S
-�(

q
V|nA @ V�|nA

r
@ H h� ^k+V|nA ,` +8,

zkhuh hS +V|nA , lv wkh VSG1 Lq rxu fdvh wklv lv jlyhq e|

hS qV|nA @ V�|nA

r
@ +4 . u,3�

�
y

m

�
}�+4� },�3� +9,

dqg lv vlpso| d wudqvirupdwlrq ri wkh elqrpldo surfhvv El+y> },= Wkh ulvn0
qhxwudo phdvxuh wkxv fkdudfwhul}hg uhwdlqv d Pdunry fkdlq vwuxfwxuh1 Lq0
vshfwlrq ri hS qV�|nAr uhyhdov wkdw wkh wudqvlwlrq pdwul{ lv

k hS i[|n&n� @ mm[|n&@lj
l
@ iP @

59997
4� } } 3 === 3
3 4� } } === 3
111

111
111

111
3 3 3 === 4

6:::8 +:,

zkhuh hS i[|n&n� @ W m[|n& @ Wj @ 4 lv vhw duelwudulo|1 Frpsxwdwlrq ri
wkh ulvn qhxwudo suredelolw| ri wkh �qdo qrghv dvvrfldwhg zlwk wkh elqrpldo
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odwwlfh iru vwrfn sulfhv lv khqfh yhu| vlpsoh=
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zklfk lv wkh vdph h{suhvvlrq dv +9,/ dsduw iurp wkh frqvwdqw ri sursruwlrq0
dolw| +4 . u,3�> wkh VSG iru wlph w. W vwrfn sulfhv147

Wr hvwdeolvk wkh olqn ehwzhhq rxu rswlrq sulfh xqghu ILUH dqg wkh Eodfn0
Vfkrohv sulfh/ zh xvh wkh uhvxow ri Fr{ hw do1 +4<:</ 5790584, wkdw/ surylghg
wkh sdudphwhuv duh vxlwdeo| dgmxvwhg dv wkh qxpehu ri lqfuhphqwv wr wkh
odwwlfh jrhv wr lq�qlw|/ wkh sulfh ri d Hxurshdq rswlrq frqyhujhv wr wkh
EV ydoxh1 Ohw u eh wkh ulvn0iuhh udwh/ � wkh glylghqg |lhog/ zlwk � dqg �
uhvshfwlyho| wkh +dqqxdo, phdq dqg yrodwlolw| ri wkh glylghqg jurzwk udwh1
Wkh iroorzlqj sursrvlwlrq uhvwdwhv wklv uhvxow vwuhvvlqj wkh pdsslqj ehwzhhq
wkh ghhs sdudphwhuv ri rxu prgho dqg wkh EV lqsxwv1

Sursrvlwlrq 6 Vxssrvh wkdw wkh sdudphwhuv kdyh ehhq vfdohg dv iroorzv=
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Dovr dvvxph wkdw �E6� A 31 Dv p $ 4> wkh sulfh ri wkh Hxurshdq fdoo
frqyhujhv wr lwv EV ydoxh=
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zkhuh y @ �p> dqg �+�, lv wkh f1g1i1 ri wkh vwdqgdug qrupdo glvwulexwlrq1

Surri1 Vhh Dsshqgl{ D1
Vlqfh wkh EV rswlrq sulfh rewdlqv lq wkh olplw zkhq qr ohduqlqj lv suhvhqw/

rxu prgho lv lghdoo| vxlwhg wr glvfxvv wkh ruljlq ri EV sulflqj eldvhv148 Sursr0
vlwlrq 6 lv kdugo| vxusulvlqj1 Dv p $ 4> _|

� @ �
6 ) 3> ydolgdwlqj wkh frq0

glwlrqv xqghu zklfk wkh elqrpldo odwwlfh zhdno| frqyhujhv wr d Jhrphwulf
Eurzqldq prwlrq zlwk sdudphwhuv +�>�,/ wkh glvwulexwlrqdo dvvxpswlrq uh0
txluhg e| EV lq frqwlqxrxv wlph1 Dowhuqdwlyho|/ wklv srlqw fdq eh vkrzq e|
uhdol}lqj wkdw dv p>y $4 wkh glvfuhwh VSG frqyhujhv wr d wudqvirupdwlrq
ri wkh orjqrupdo +u � �> y ^oq+4 . j�,`
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7 Rswlrq Sulfhv rq d Ohduqlqj Sdwk

Lw lv frpprq lq wkh rswlrq sulflqj olwhudwxuh wr dvvxph d jlyhq surfhvv iru
wkh xqghuo|lqj dvvhw sulfh dqg wkhq sulfh wkh rswlrq dv d uhgxqgdqw dvvhw
zkrvh sd|r�v fdq eh uhsolfdwhg lq d g|qdplf khgjlqj vwudwhj| lqyhvwhg lq
wkh ulvn| dvvhw dqg d ulvniuhh erqg1 Wkh vwdqgdug vhwxs dvvxphv wkdw wkh
dvvhw sulfh surfhvv lv vwdwlrqdu| dqg khqfh wkdw wkhuh duh qr ohduqlqj h�hfwv1
Rqfh ohduqlqj lv lqwurgxfhg/ lq htxloleulxp wkh dvvhw sulfh surfhvv zloo dovr
fkdqjh/ dqg d prgho iru wkh xqghuo|lqj dvvhw sulfh lv uhtxluhg1 Lq wklv
vhfwlrq zh eulh | ghvfuleh wkh pdlq surshuwlhv ri wklv prgho edvhg rq wkh
pruh h{whqvlyh dqdo|vlv lq Jxlgrolq dqg Wlpphupdqq +4<<<,1

Vxssrvh wkdw wkh sursruwlrq ri wlphv glylghqgv pryh xs rq wkh elqr0
pldo odwwlfh/ �/ lv xqnqrzq wr djhqwv zkr hvwlpdwh wklv sdudphwhu xvlqj doo

48Qrwlfh wkdw wkh suhihuhqfh sdudphwhu 4 kdv wr eh pdgh d ixqfwlrq ri wkh qxpehu ri
elqrpldo vwhsv cshu shulrg* 6� Wr vhh wklv/ frqvlghu wkh h�hfw ri dq lqfuhphqwdo lqfuhdvh lq
6c kroglqj 4 �{hg1 Iru d jlyhq � c dq lqfuhdvh lq6 lpsolhv wkdw glylghqgv duh sdlg rxw pruh
riwhq1 Wklv grhv qrw lq lwvhoi fkdqjh wkh fxuuhqw ydoxh ri wkh vwrfn lqgh{ dv6 grhv qrw hqwhu

wkh vroxwlrq ri 78U-.| ' ��6
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Krzhyhu/ wkh nhuqho '|n& +& D �, ghshqgv rq wkh udwh ri wlph suhihuhqfh 41 Lqfuhdvlqj
6 pdnhv wkh dvvxphg 4 +wkdw shuwdlqv wr d vlqjoh vwhs ri wkh odwwlfh, dsso| wr d vkruwhu

lqwhuydo ri wlph/ dqg wklv zloo ghsuhvv wkh fxuuhqw vwrfn sulfh e| lqfuhdvlqj q1 Rqh fdq
vkrz wkdw dv 6<" wkh Hxurshdq fdoo ydoxh frqyhujhv wrzdugv }hur1 Wkh dgmxvwphqw ri
4 dv d ixqfwlrq ri 6 vhuyhv wr hqvxuh wkdw wkh EV rswlrq sulfh lv lqghshqghqw ri 6�

47



dydlodeoh lqirupdwlrq1 Djhqwv duh dvvxphg wr uhfxuvlyho| jdlq nqrzohgjh rq
� wkurxjk wkh vlpsoh pd{lpxp olnholkrrg hvwlpdwru=

e�|n&c� @

S6E|n&�n�
�'� Li}6E|n&�n�'}�j

p+w. n, .P
@

q|n&c�
Q|n&c�

P @ 3> 4> ===>p� 4

+43,

zkhuh Li}6E|n&�n�'}�j lv d vwdqgdug lqglfdwru ixqfwlrq wdnlqj wkh ydoxh 4

zkhq dw wkh vwhs p+w . n, . P ri wkh odwwlfh wkh kljk glylghqg jurzwk
udwh dwwdlqv/ dqg }hur rwkhuzlvh1 q� ghqrwhv wkh qxpehu ri kljk jurzwk
vwdwhv uhfrughg xs wr qrgh m/ zkloh Q� lv wkh wrwdo qxpehu ri qrghv vlqfh w1
Lqyhvwruv duh dvvxphg wr vwduw rxw zlwk sulru eholhiv iqf>Qfj1 Wkh lqglfhv
p+w. n,.P +P @ 3> 4> ===>p� 4, wdnh lqwr dffrxqw wkdw ohduqlqj kdsshqv
rq wkh elqrpldo wuhh dqg qrw ryhu fdohqgdu wlph1 Wklv ri frxuvh fruuhvsrqgv
wr d Ed|hvldq ohduqlqj surfhvv lq zklfk wkh djhqw xsgdwhv d jlyhq sulru rq
wkh glvwulexwlrq ri +wkh udqgrp yduldeoh, � xvlqj Ed|hv* uxoh1

Ghvslwh wkh suhvhqfh ri ohduqlqj h�hfwv/ wkh vdph ihdwxuhv wkdw vlpsol�hg
wkh vroxwlrq ri dvvhw sulfhv xqghu ILUH duh vwloo lq sodfh= +l, frqvxpswlrq dqg
glylghqgv pxvw frlqflgh lq jhqhudo htxloleulxp> +ll, li pdunhwv duh frpsohwh/
lqyhvwruv irup sruwirolr fkrlfhv edvhg rqo| rq wkh vwrfn lqgh{ dqg wkh erqg>
+lll, ehlqj uhgxqgdqw dvvhwv/ rswlrqv fdq eh sulfhg e| qr0duelwudjh/ xvlqj
wkh xqltxh ulvn qhxwudo suredelolw| phdvxuh1

Jxlgrolq dqg Wlpphupdqq +4<<<, suryh wkh iroorzlqj uhvxow=

Sursrvlwlrq 7 Vxssrvh wkh uhsuhvhqwdwlyh djhqw lv rq d Ed|hvldq ohduq0
lqj sdwk dqg wkdw wkh vwrfn sulfh lv krprjhqhrxv ri ghjuhh rqh lq wkh ohyho
ri uhdo glylghqgv/ V|@�

�u
| +j�> j,> �> �> �> q|>Q|,G|1 Wkhq wkh +h{0glylghqg,

Ed|hvldq ohduqlqj +EO, vwrfn sulfh lv
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Wkh EO erqg sulfh lv
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Sursrvlwlrq 7 kdv pdq| lpsolfdwlrqv1 Iluvw/ wkh sulfh0glylghqg udwlr lv qr
orqjhu frqvwdqw ghshqglqj +wkurxjk q| dqg Q|, rq wkh fxuuhqw hvwlpdwh e�|=
Glylghqg fkdqjhv dftxluh d vhoi0hqiruflqj qdwxuh= Srvlwlyh glylghqg vkrfnv
ohdg wr dq lqfuhdvh lq wkh vwrfn sulfh qrw rqo| wkurxjk wkh vwdqgdug sursru0
wlrqdo h�hfw/ exw dovr wkurxjk wkh uhylvlrq ri wkh glylghqg pxowlsolhu/ ��u

| =
Vhfrqg/ zkloh xqghu ILUH wkh ulvn0iuhh udwh zdv frqvwdqw/ rq d ohduqlqj sdwk
lw dovr fkdqjhv dv d ixqfwlrq ri wkh vwdwh yduldeohv q| dqg Q|=49

Xqghu EO/ wkh vwrfn sulfh surfhvv lv ghvfulehg e| d uhfrpelqlqj/  h{leoh
elqrpldo wuhh zlwk wlph0ydu|lqj hvwlpdwhg vwdwh suredelolwlhv1 Vlqfh glyl0
ghqg |lhogv/ wkrxjk wlph0ydu|lqj wkhpvhoyhv/ duh vwloo d �{hg sursruwlrq ri
wkh vwrfn sulfh/ lq sulqflsoh elqrpldo phwkrgv wr rewdlq wkh qr0duelwudjh
sulfh ri Hxurshdq rswlrqv rq  h{leoh wuhhv frxog �qg dssolfdwlrq +vhh iru
lqvwdqfh Fkulvv +4<<:,,1 Krzhyhu/ rxu htxloleulxp prgho gholyhuv ulvn0iuhh
udwhv wkdw duh qrw rqo| wlph0ydu|lqj/ exw dovr d ixqfwlrq ri wkh vwdwh ydul0
deoh e�|n&1 Xqiruwxqdwho| wkh lqwhuhvw udwh surfhvv fdqqrw eh fkdudfwhul}hg
dv d uhfrpelqlqj/  h{leoh odwwlfh1 Wkh ydoxh wrgd| ri rqh groodu lq wkh ixwxuh
ghshqgv qrw rqo| rq wkh qxpehu ri kljk dqg orz jurzwk vwdwhv rffxuulqj eh0
wzhhq wrgd| dqg wkh ixwxuh/ exw dovr rq wkhlu vhtxhqfh1 Lq rwkhu zrugv/ wkh
dssursuldwh glvfrxqw idfwruv ehfrph sdwk0ghshqghqw1 Vlqfh ulvn0iuhh udwhv
vkrz xs lq wkh jhqhudo ulvn0qhxwudo ydoxdwlrq irupxod suryhg e| Kduulvrq
dqg Nuhsv +4<:<,/ lw dovr phdqv wkdw dovr wkh lqgxfhg odwwlfh iru wkh fdoo
rswlrq lv qrq0uhfrpelqlqj1 Wkhuhiruh qr0duelwudjh sulflqj xqghu ohduqlqj
kdv frpsolfdwhg hohphqwv ri sdwk0ghshqghqf|1

Wklv sdwk ghshqghqfh phdqv wkdw qr0duelwudjh phwkrgv duh pruh frp0
soh{ lq dq htxloleulxp prgho zlwk EO1 Qhyhuwkhohvv/ Hxurshdq fdoo rswlrqv
fdq vwloo eh sulfhg e| hpsor|lqj d ulvn qhxwudo fkdqjh ri phdvxuh iurp wkh
EO shufhlyhg suredelolwlhv1 Wkh iroorzlqj sursrvlwlrq ghulyhv wkh sulfh ri d
Hxurshdq fdoo dqg wkh VSG xqghu Ed|hvldq ohduqlqj1

Sursrvlwlrq 8 Rq d Ed|hvldq ohduqlqj sdwk/ wkh qr0duelwudjh sulfh ri d

49Pruh vshfl�fdoo|/ zkhq � $ �/
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E� n }��

3� 3 E� n },�
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�
	 fc vr kljk glylghqg jurzwk

udlvhv wkh ulvn iuhh udwh e| udlvlqj eZ|n&n� deryh eZ|n&� Lqflghqwdoo|/ wkh |lhog ri }hur0frxsrq
erqgv vwrsv ehlqj ulvn0iuhh1
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Hxurshdq fdoo zlwk wlph0wr0h{sludwlrq � dqg vwulnh sulfh N lv
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Surri1 Vhh Dsshqgl{ D1
Xqghu EO wkh Pdunry fkdlq fkdudfwhul}dwlrq ri wkh vwrfn sulfh surfhvv

dqg ri wkh ulvn0qhxwudol}hg vwrfn sulfh surfhvv duh qr orqjhu vwdwlrqdu|/ vlqfh
erwk wkh srvvleoh udwhv ri fkdqjh ri wkh vwrfn lqgh{ dqg wkh +shufhlyhg,
suredelolwlhv ri wkhvh fkdqjhv iroorz khwhurjhqrxv Pdunry fkdlqv1 Lqghhg4:

S�u i[|n&n� @ mmx|n&j @ S�u i[|n&n� @ mm[|n&j +44,

zkhuh [ phdvxuhv wkh qxpehu ri kljk glylghqg jurzwk udwhv rffxuulqj eh0
wzhhq w dqg w.n.4= Wkhuhiruh rqo| lqirupdwlrq xvhixo wr suhglfw uhdol}dwlrq
ri glylghqgv xs wr wlph w.n.4 lv wkh fxuuhqw ohyho ri glylghqgv1 Wkh wlph0
ydu|lqj wudqvlwlrq pdwul{ ghwhuplqlqj krz eholhiv duh xsgdwhg lv jlyhq e|�

S�u i[|n&n� @ mm[|n& @ lj� @P|n&+l.4> m.4,
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4:Pruh suhflvho|/ wkh lqirupdwlrq vwuxfwxuh 8 ' tx|n&( & ' fc �c ���� lv d �owudwlrq frp0
srvhg ri dq lq�qlwh/ qhvwhg +x|n&n� * x|n& �& D f, vhtxhqfh ri j3dojheudv/ zlwk x|n&

fruuhvsrqglqj wr wkh �uvw |n& pryhphqwv ri glylghqgv/ wkdw lv/ dvvrfldwhg wr wkh sduwlwlrq
�|n& frqvlvwlqj ri 2& fhoov/ rqh iru hdfk srvvleoh vhtxhqfh ri glylghqgv jurzwk udwhv xs wr
wlph |n &� Vhh Jxlgrolq dqg Wlpphupdqq +4<<<, iru ixuwkhu ghwdlov1

4:



zkhuh S�u i[|n&n� @ W m[|n& @ Wj @ 4 lv vlpso| d qrupdol}dwlrq1 Reyl0
rxvo|/ wkh suredelolwlhv dsshdulqj lq wklv pdwul{ fkdqjh ryhu wlph1

Vlploduo|/ wkh ulvn qhxwudo glvwulexwlrq ehfrphv d khwhurjhqhrxv Pdunry
fkdlq zlwk wudqvlwlrq pdwul{=k hS�uc-�( i[|n&n� @ q| . mm[|n& @ q| . lj
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zkhuh hS i[|n&n� @ W m[|n& @ Wj @ 4 lv vhw duelwudulo|1 U�c_
|n& @ 4 . u�c_|n& lv

wkh jurvv lqwhuhvw idfwru dssolfdeoh zkhq dw wlph w . n [|n& @ l dqg wkh
glylghqg jurzwk lv orz/ hwf1 Dowkrxjk wkh frpsxwdwlrq ri wkh ulvn qhxwudo
suredelolw| ri wkh �qdo qrghv dvvrfldwhg zlwk wkh elqrpldo odwwlfh lv d vlpsoh
pdwwhu ri pdwul{ pxowlsolfdwlrq dqg pdwul{ hohphqw h{wudfwlrq/ wklv qrz
uhtxluhv nhhslqj wudfn ri wkh ulvn0iuhh udwh dv zh pryh dorqj wkh lqirupdwlrq
wuhh/ d sdwk0ghshqghqw dqg wkhuhiruh whglrxv wdvn1 Khqfh wkh Pdunry fkdlq
fkdudfwhul}dwlrq ri wkh ulvn qhxwudo surfhvv qr orqjhu vlpsol�hv fdofxodwlrqv
d juhdw ghdo1

8 Rswlrq sulfhv rq d ohduqlqj sdwk= Frpsdudwlyh

vwdwlfv

Lq ylhz ri wkh hpslulfdo eldvhv ri wkh EV rswlrq sulflqj prgho grfxphqwhg
lq vhfwlrq 5/ lw lv lpsruwdqw wr hvwdeolvk frqglwlrqv xqghu zklfk ohduqlqj
kdv v|vwhpdwlf h�hfwv rq rswlrq sulfhv1 Jxlgrolq dqg Wlpphupdqq +4<<</
surs1 6, vkrz wkdw dowkrxjk hvwlpdwlrq xqfhuwdlqw| uhgxfhv wkh xqghuo|lqj
dvvhw sulfh zkhq djhqwv duh ulvn dyhuvh/ lw dovr lqfuhdvhv wkh dvvhw sulfh
wkurxjk wkh srvlwlyh fryduldqfh ehwzhhq ixwxuh dvvhw sd|r�v dqg sdudphwhu
hvwlpdwhv1 Zkhq ulvn dyhuvlrq lv qrw *wrr kljk* wkh vhfrqg h�hfw grplqdwhv1
D vlplodu uhvxow fdq eh hvwdeolvkhg frpsdulqj rswlrq sulfhv xqghu ohduqlqj
wr EV rswlrq sulfhv=

Sursrvlwlrq 9 Vxssrvh glylghqgv iroorz d elqrpldo surfhvv vxemhfw wr wkh

sdudphwhu uhvwulfwlrqv � � �
2 >
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�

�n4 � 4/
�n}W

,

�n4 ? 41 Frqglwlrqdo rq d frp0

4;



prq vwrfn sulfh/ li djhqwv kdyh rswlplvwlf eholhiv wkhq4;

F�u
| +N, � F�7

| +N,=

Surri1 Vhh Dsshqgl{ D1
Pruh vshfl�fdoo| rqh fdq vkrz wkdw F�u

| +N, � F�7
| +N, lv srvlwlyh dw

N @ 3> lqfuhdvhv ryhu vrph lqwhuydo +3>N��f, dqg wkhq ghfuhdvhv wrzdugv
}hur1

Wkh whfkqlfdo frqglwlrqv
�n}W

�

�n4 � 4 dqg
�n}W

,

�n4 ? 4 duh vx!flhqw iru wkh
sulfh0glylghqg udwlr wr eh d prqrwrqlfdoo| lqfuhdvlqj dqg frqyh{ ixqfwlrq ri
wkh hvwlpdwhv e�|n&=4< Vhfrqg/ rswlplvwlf eholhiv +e�|n& A �, duh vx!flhqw iru
wkh gl�huhqfh ehwzhhq rswlrq sulfhv F�u

| +N,�F�7
| +N, wr eh prqrwrqlfdoo|

lqfuhdvlqj iru orz vwulnh sulfhv +N 5 ^3>��u
|n&n�+q|n&>Q|n&.y,+4.j,,

�G|,,1

Iru phglxp0udqjh vwulnh sulfhv/ wkh dvvxpswlrq � � �
2 jxdudqwhhv wkdw

hqrxjk suredelolw| pdvv iru wkh sd|r� ri wkh xqghuo|lqj dvvhw lv uhglv0
wulexwhg wr hqvxuh d kljkhu rswlrq sulfh xqghu ohduqlqj1

Lq jhqhudo wkhuh zloo eh lqwhuydov iru wkh vwulnh sulfh ryhu zklfkF�u
| +N, �

F8U-.
| +N, dqg rwkhuv ryhu zklfk wklv lqhtxdolw| lv uhyhuvhg1 Sursrvlwlrq 9

vkrzv wkdw vxemhfw wr sodflqj dgglwlrqdo uhvwulfwlrqv rq wkh sdudphwhu vsdfh
zh fdq hvwdeolvk frqglwlrqv xqghu zklfk ohduqlqj lqgxfhv v|vwhpdwlf h�hfwv
rq rswlrq sulfhv1 Wkhvh uhvwulfwlrqv pd| surylgh ydoxdeoh lqirupdwlrq derxw
wkh pdunhwv* shufhswlrq ri ixqgdphqwdov/ rqfh wkh prgho lv frqiurqwhg zlwk
rswlrq gdwd +vhh Vhfwlrq :,1 Iru lqvwdqfh/ pdunhw sulfhv iru Hxurshdq fdoov
v|vwhpdwlfdoo| deryh EV suhglfwlrqv dqg dq lpsolhg yrodwlolw| vkdsh vlplodu
wr wkh rqh lpsolhg e| sursrvlwlrq 9 zrxog vxjjhvw wkdw ohduqlqj h�hfwv duh
lpsruwdqw dqg wkdw lqyhvwruv duh vrphzkdw rswlplvwlf1

814 Ohduqlqj H�hfwv dqg EV Dqrpdolhv

Wkh vljql�fdqfh ri Sursrvlwlrq 9 fdq ehvw eh looxvwudwhg e| uhodwlqj lw wr wkh
rswlrq sulflqj dqrpdolhv uhsruwhg lq wkh �qdqfh olwhudwxuh1

Iluvw frqvlghu lpsolhg yrodwlolw| vnhzv1 EV lpsolhg yrodwlolw| lv d kljko|
qrqolqhdu ixqfwlrq ri rswlrq sulfhv dqg d irupdo wuhdwphqw lv gl!fxow1 Lq0
vwhdg zh surylgh wkh iroorzlqj khxulvwlf h{sodqdwlrq1 Dw0wkh0prqh| EV
rswlrq ydoxhv duh nqrzq wr eh vhqvlwlyh � wkhlu yhjd lv kljk � wr wkh
yrodwlolw| lqsxw zkloh ghhs rxw0ri0wkh0prqh| dqg lq0wkh0prqh| EV rswlrq

4;Wkh qrwdwlrq ��7
| Eg� dvvxphv zh duh irfxvlqj rq d sdudphwhul}dwlrq ri rxu ILUH

prgho zklfk dv Eodfn0Vfkrohv rswlrq sulflqj irupxod dv lwv olplw dv � <"�
4<Frqyh{lw| wxuqv rxw wr eh lpsruwdqw iru wkh surri1 Krzhyhu/ wr hvwdeolvk d orfdo uhvxow

zh rqo| qhhg wkh uhvwulfwlrq
�n}�

k

�n4 D �/ dv [�u
|n& lv uhtxluhg rqo| wr eh frqyh{ lq d udqjh ri

ydoxhv ri eZ|n&1
4<



ydoxhv duh qrw vr vhqvlwlyh wr fkdqjhv lq �= Qrz/ zkhq N @ 3/ F�u
| vwduwv

rxw deryh wkh EV ydoxh dqg wkhlu gl�huhqfh lqlwldoo| lqfuhdvhv dv wkh vwulnh
sulfh ulvhv1 Wkhuhiruh/ iru N ?? V|/ wkh EV lpsolhg yrodwlolw| vdwlv�hv
a��u A

s
p oq+4 . j�, @ ��7= Iru yhu| orz vwulnhv/ a��u fdq hyhq eh lq0

fuhdvlqj/ exw dv prqh|qhvv dssurdfkhv rqh iurp deryh/ a��u zloo wxuq rxw
wr eh deryh ��7 +d frqvwdqw, dqg ghfuhdvlqj/ dv wkh yhjd lqfuhdvhv dqg
F�u
| +N,� F�7

| +N, vwduwv ghfolqlqj wrr1 Iru N AA V|> N h{fhhgv N��f

vr wkdw wkh gl�huhqfh F�u
| +N, � F�7

| +N, ghfolqhv wrzdugv }hur dqg zlwk
lw a��u dovr ghfolqhv wrzdugv ��7 = Li wudghg vwulnhv gr qrw h{whqg wr ohy0
hov iru zklfk wkh yhjd lv yhu| orz/ dq lpsolhg yrodwlolw| vnhz zkhuh a��u lv
ghfuhdvlqj hyhu|zkhuh uhvxowv1 Krzhyhu/ iru yhu| kljk vwulnhv/ d yhjd ds0
surdfklqj }hur pljkw dovr pdnh d orfdoo| lqfuhdvlqj sur�oh iru a��u srvvleoh/
l1h1 d yrodwlolw| vploh1 Lq vxppdu|/ xqghu wkh dvvxpswlrq ri sursrvlwlrq 9/
sodxvleoh sdwwhuqv ri lpsolhg yrodwlolw| fdq uhvxow1

Wr vhh krz vwdwh sulfh ghqvlwlhv shufhlyhg rq d ohduqlqj sdwk fkdqjh
rswlrq sulfhv/ qrwlfh wkdw wkhuh duh wzr glvwlqfw ohduqlqj h�hfwv= +l, wkh VSG
shufhlyhg e| djhqwv fkdqjhv z1u1w1 wkh ILUH fdvh> +ll, EO zlghqv wkh vxssruw
ri wkh vhw ri wlph w. W vwrfn sulfhv wkdw duh dfklhydeoh lq htxloleulxp1 Dv
iru wkh �uvw h�hfw/ e| wdnlqj wkh orj0udwlr ri wkh vwdwh sulfh ghqvlw| xqghu
EO dqg xqghu ILUH/ zh vhh wkdw

oq

3C hS�u
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q
V�|nA mq|>Q|
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hS8U-.
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4� a�|n&
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Li e�| @ �> d olplwlqj fdvh ri wkh frqglwlrqv lpsrvhg e| sursrvlwlrq 9/ lw
iroorzv wkdw

oq

# hS�u
|

�
V�|nA me�|�hS8U-.

|

�
V�|nA

�$ @
�3�[
&'f

oq
a�|n&
�

A 3

lpso|lqj wkdw hS�u
|

�
V�|nA ma�|

�
A hS8U-.

|

�
V�|nA

�
> dv a�|n& � � iru doo n � 3

vlqfh wkh glylghqgv jurz lq doo shulrgv dw d kljk udwh1 Vlploduo|/

oq

# hS�u
|

�
Vf|nA me�|�hS8U-.

|

�
Vf|nA

�$ @
�3�[
&'f

oq

�
4� a�|n&
4� �

�
A 3

lpsolhv hS�u
|

�
Vf|nA ma�|

�
A hS8U-.

|

�
Vf|nA

�
> dv +4 � a�|n&, A +4 � �, iru doo

n � 3 vlqfh glylghqgv dozd|v jurz dw d orz udwh1 Wklv vkrzv wkdw li wkh

53



lqlwldo eholhiv rq � duh xqeldvhg/ xqghu EO wkh VSG lv deryh wkh ILUH VSG
dw erwk wkh h{wuhphv ri wkh srvvleloh uhdol}dwlrqv ri glylghqg jurzwk udwhv

ehwzhhq w dqg w . W= Ohwwlqj 
+m, @ oq

� h��u
| i7�|nA �eZ|jh�8U-.
| i7�|nAj

�
eh wkh orj0sulfh

udwlr/ qrwlfh wkdw

g
+m,

gm
@ oq

�
a�|n�3�
�

�
� oq

�
4� a�|n�3�3�

4� �

�
m @ 4> 5> ===> y � 4

dqg _CE��
_� A 3 iru m � lqw+y�, . 453 dqg _CE��

_� ? 3 iru m ? lqw+y�, � 4>
l1h1 
+3,>
+y, A 3> dqg 
+m, dw �uvw ghfuhdvhv lq m> lw uhdfkhv d plqlpxp
dqg wkhq lqfuhdvhv1 Khqfh wkhuh h{lvwv rqh orzhu dqg rqh xsshu srlqw/
m� ? lqw+y�, dqg m2 A lqw+y�,> vxfk wkdw 
+m, fkdqjhv vljq zkhq m furvvhv

wkhvh srlqwv1 Iru m ? m� dqg m A m2 
+m, A 3/ wkdw lv/ hS�u
|

q
V�|nA ma�|

r
AhS8U-.

|

q
V�|nA

r
= Wkhuhiruh iru e�| @ � wkh EO0VSG kdv idwwhu wdlov wkdq wkh

ILUH0VSG dqg odfnv pdvv dw wkh fhqwhu ri wkh glvwulexwlrq ri ixwxuh vwrfn
sulfhv1 H{wuhph hyhqwv gudzq iurp hlwkhu hqg ri wkh wdlo duh shufhlyhg dv
pruh olnho| rq d Ed|hvldq ohduqlqj sdwk wkdq xqghu d orjqrupdo glvwulexwlrq1
Dgglqj wkh vhfrqg h�hfw ri EO/ wklv frqfoxvlrq lv vwuhqjwkhqhg/ vlqfh d zlghu
vxssruw iru wkh VSG phdqv wkdw pruh h{wuhph hyhqwv qrz ehfrph srvvleoh1

Zkhq e�| A � dqg e�| ghfuhdvhv wrzdugv � +e�| ) �,/ EO frqwlqxhv wr
lq dwh wkh wdlov ri wkh VSG shufhlyhg e| wkh djhqwv/ uhodwlyh wr wkh orjqru0
pdo ehqfkpdun1 Khqfh kljkhu fdoo sulfhv dqg wkh lpsolhg yrodwlolw| vnhz
vwloo uhvxow1 Wkh idfw wkdw e�| A � lpsolhv wkdw wkh uljkw wdlo uhfhlyhv pruh
suredelolw| pdvv wkdq wkh ohiw rqh1 Krzhyhu/ wkh slfwxuh fkdqjhv vrphzkdw
zkhq e�| AA �1 Lq wklv fdvh/ zh pd| kdyh wkdw


+3, @ oq

# hS�u
|

�
Vf|nA me�|�hS8U-.

|

�
Vf|nA

�$ @
�3�[
&'f

oq

�
4� a�|n&
4� �

�
? 3

vlqfh wkh vxp ri wkh whupv
�3	Z|n&
�3Z ? 4 pd| grplqdwh wkh vxp ri whupv

iru zklfk
�3	Z|n&
�3Z A 4= Doo rwkhu �qglqjv krog dqg hS�u

|

q
V�|nA ma�|

r
kdv d

idwwhu uljkw0kdqg wdlo wkdq wkh orjqrupdo/ wkrxjk wkh ohiw wdlo pljkw qrz eh
wklqqhu1 Zkhq zh wdnh lqwr dffrxqw dovr wkh vhfrqg h�hfw ghvfulehg deryh/
wkh qhw uhvxow lv xqfhuwdlq zlwk uhvshfw wr wkh suredelolw| pdvv lq wkh ohiw
wdlo1 Lqwuljxlqjo|/ wkh qhw h�hfw frxog eh vlplodu wr wkh vw|ol}hg idfwv iru
VSGv irxqg iru wkh V)S 833 rswlrq gdwd= ghqvlwlhv duh orfdwhg pruh wr wkh

53 �?|E%� ghqrwhv wkh lqwhjhu sduw ri wkh uhdo qxpehu %� Wkhvh ghulydwlyhv reylrxvo|
ljqruhv wkh idfw wkdw � lv e| frqvwuxfwlrq dq lqwhjhu lqgh{1

54



uljkw wkdq d orjqrupdo ehqfkpdun exw dovr dwwdfk srvlwlyh suredelolw| pdvv
wr vrph fudvk hyhqwv1

9 Vlpxodwlrq h{huflvhv

Wklv vhfwlrq lqyhvwljdwhv zkhwkhu wkh rswlrq sulflqj prgho zlwk ohduqlqj lv
fdsdeoh ri h{sodlqlqj vrph ri wkh hpslulfdo hylghqfh rq lpsolhg yrodwlolw|
vxuidfhv dqg VSGv uhsruwhg lq Vhfwlrq 5 iru V)S 833 lqgh{ rswlrqv1 Dv d
uhihuhqfh srlqw zh wdnh wkh sorw ri wkh lpsolhg yrodwlolwlhv yhuvxv prqh|qhvv
iru wkh V)S833 rswlrq frqwudfwv h{slulqj lq Dsulo 4<<61 Dv d pdwwhu ri idfw/
wkhvh uhvxowv duh uhsuhvhqwdwlyh ri zkdw zh kdyh irxqg lq rwkhu vxeshulrgv
ri rxu ryhudoo vdpsoh1

Zh fdoleudwh wkh sdudphwhuv ri wkh glylghqg surfhvv dqg �{ wkh ulvn0
iuhh udwh dw d sodxvleoh ohyho1 Glylghqgv duh dvvxphg wr eh sdlg rxw gdlo|
+p @ 4,1 Iru d zlgh pdunhw lqgh{ vxfk dv wkh V)S 833 wklv dvvxpswlrq
lv d idluo| jrrg dssur{lpdwlrq1 Wkh dqqxdo glylghqg jurzwk udwh +�, lv vhw
wr 6(/ zkloh wkh yrodwlolw| +�, lv vhw dw 8(1 Wkh jurzwk udwh pdwfkhv wkh
dyhudjh glylghqg jurzwk udwh gxulqj wkh vdpsoh shulrg Mxqh 4<<5 0 Mxqh
4<<8 durxqg rxu rswlrq vlpxodwlrq shulrg1 Zkloh rxu fkrlfh ri � lv orzhu
wkdq wkh vwdqgdug ghyldwlrq ri wkh dqqxdo glylghqg jurzwk udwh +4419(,/
wklv odwwhu hvwlpdwh lv olnho| wr eh lq dwhg e| wkh suhvhqfh ri shulrgv zkhuh
qr glylghqg fkdqjhv vkrz xs/ hyhq wkrxjk pdunhwv uhfhlyh qhzv lq d pxfk
vprrwkhu pdqqhu1 Wkh dqqxdol}hg ulvn0iuhh udwh +u, lv vhw wr 7(/ zkloh wkh
glylghqg |lhog lv �{hg dw 6(/ pdwfklqj lwv hvwlpdwh ri 51;5( gxulqj wkh
shulrg 4<<504<<81 Wkh +dqqxdol}hg, glvfrxqw udwh lv 3135154

Hxurshdq fdoo rswlrqv zlwk 83 gd|v wr pdwxulw|/ � @ y @ 83 duh frqvlghuhg=
Iurp sursrvlwlrq 5 lw iroorzv wkdw wkh qr0duelwudjh rswlrq sulfh lq dq htxlole0
ulxp prgho zlwk glylghqgv iroorzv d elqrpldo odwwlfh prgho zlwk sdudphwhuv

j� @ 3=33648> j, @ �3=33647> � @ 3=84;<> � @ :=<9 � 433D> � @ 3=<<<
+47,

Zh dvvxph pdujlqdoo| eldvhg lqlwldo eholhiv dqg txlwh plog ohduqlqj h�hfwv=
q| @ 75 dqgQ| @ ;3> l1h1 a�| @ 3=858 A 3=84< @ �155 EV sulfhv duh fdofxodwhg

54� lv ghwhuplqhg dffruglqj wr sursrvlwlrq 6 wr jxdudqwhh wkdw �8U-.
| < ��7

| dv
6<"�

55Xqghu shvvlplvwlf eholhiv wkh EO prgho lv ohvv deoh wr surgxfh rswlrq sulfhv wkdw �w
wkh vw|ol}hg idfwv ri Vhfwlrq 51 Iru h{dpsoh wkh lpsolhg yrodwlolw| vxuidfh whqgv wr lqfuhdvh
dv d ixqfwlrq ri wkh vwulnh sulfh1 Dowkrxjk wkh VSG vwloo surgxfhv idwwhu wdlov wkdq wkh
orj0qrupdo prgho/ prvw suredelolw| pdvv lv vkliwhg wr wkh ohiw ri wkh uhwxuq glvwulexwlrq
zkhq eholhiv duh shvvlplvwlf1
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e| xvlqj wkh ILUH dssur{lpdwlrq1 Ohduqlqj h�hfwv duh vwxglhg e| prgli|lqj
wkh ILUH prgho dv ghvfulehg lq vhfwlrq 71 Iljxuh 6 sorwv wkh gl�huhqfh
ehwzhhq ILUH dqg EO fdoo sulfhv iru d zlgh udqjh ri vwulnh sulfhv1 Vlqfh doo
ri wkh dvvxpswlrqv ri sursrvlwlrq 6 duh vdwlv�hg/ F�u

| +N, � F8U-.
| +N, iru

doo vwulnhv1

)LJXUH �� 'LIIHUHQFH EHWZHHQ WKH SULFH RI D (XURSHDQ FDOO ZLWK �� GD\V WR H[SLUDWLRQ �τ ���
FDOFXODWHG XQGHU IXOO LQIRUPDWLRQ UDWLRQDO H[SHFWDWLRQV DQG ZLWK %D\HVLDQ OHDUQLQJ� 7KH

SDUDPHWHUV DUH� P �� J
K
 �������� J

O
 ��������� π ������ ρ ���� �DQQXDO�� DQG γ ������ )RU

WKLV FRPELQDWLRQ RI SDUDPHWHUV WKH ),5( FDOO SULFH DSSUR[LPDWHV WKH %ODFN�6FKROHV SULFH�
ZKLOH WKH DQQXDO ULVN�IUHH UDWH XQGHU ),5( LV �� DQG WKH GLYLGHQG \LHOG LV ��� )RU %/

SULFHV� ZH WDNH Q
W
 �� DQG 1

W
 ��� LPSO\LQJ RQO\ D VOLJKWO\ ELDVHG LQLWLDO EHOLHI tπ̂  ������

7KH FXUUHQW SULFH RI WKH 6	3 ��� LQGH[ LV WDNHQ WR EH ������ GROODUV� WKH FORVLQJ SULFH RQ

)HE� ��� �����

'LIIHUHQFH EHWZHHQ %6 DQG %/ FDOO

SULFHV �LQ GROODUV�
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914 Lpsolhg Yrodwlolw| Vxuidfhv

Lqlwldoo| zh vwxg| lpsolhg yrodwlolw| dv d ixqfwlrq ri prqh|qhvv1 Iljxuh
7 dqg 8 sorw lpsolhg yrodwlolwlhv dv d ixqfwlrq ri prqh|qhvv iru wkh Dsulo
4<<6 pdwxulw|1 Wkh uhvhpeodqfh ehwzhhq wkh lpsolhg yrodwlolw| ri vlpxodwhg
sulfhv xqghu ohduqlqj dqg pdunhw sulfhv lv vwulnlqj1 Qrwlfhdeo|/ wkh odwwlfh
prgho xqghu Ed|hvldq ohduqlqj sulfhv rswlrqv idu pruh dffxudwho| wkdq wkh
EV prgho1

Wr ixuwkhu xqghuolqh wklv srlqw/ Iljxuh 9 frpsduhv rswlrq sulfhv rq
Iheuxdu| 55/ 4<<6 dqg EO vlpxodwhg sulfhv zkhq q| @ 76/ Q| @ ;3 +a�| @
3=86;,1 Wkh �w lv hyhq pruh vwulnlqj wkdq lq Iljxuh 8 dqg lw lv fohduo| lq0
glfdwlyh ri wkh delolw| ri wkh prgho wr �w wkh vw|ol}hg idfwv frqfhuqlqj wkh
vnhzv ri lpsolhg yrodwlolw|1 Dvvxplqj wkdw rxu prgho fruuhfwo| fdswxuhv wkh
pdlq g|qdplf ihdwxuhv ri wkh xqghuo|lqj surfhvv dqg wkdw wkh pdunhwv uhdoo|
zhuh rq d Ed|hvldq ohduqlqj sdwk rq wkdw gd|/ lw vhhpv wkdw wkh hvwlpdwh
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e�| @ 3=86; zlwk d suhflvlrq ri Q| @ ;3 dffxudwho| fkdudfwhul}hv djhqwv*
eholhiv gxulqj wkdw shulrg1

)LJXUH �� ,PSOLHG %ODFN�6FKROHV YRODWL OLWLHV DV D IXQFWLRQ RI PRQH\QHVV IRU D (XURSHDQ FDOO

ZLWK �� GD\V WR H[SLUDWLRQ �τ ��� FDOFXODWHG XQGHU IXOO LQIRUPDWLRQ UDWLRQDO H[SHFWDWLRQV�
7KH SDUDPHWHUV DUH VHW DV IROORZV� P �� J

K
 �������� J

O
 ��������� π ������ ρ ���� �DQQXDO��

DQG γ ������ )RU WKLV FRPELQDWLRQ RI SDUDPHWHUV WKH %6 FDOO SULFH DSSUR[LPDWHV WKH %ODFN�
6FKROHV SULFH� ZKLOH WKH DQQXDO ULVN�IUHH UDWH XQGHU ),5( LV �� DQG WKH GLYLGHQG \LHOG LV

��� 7KH FXUUHQW SULFH RI WKH 6	3 ��� LQGH[ LV WDNHQ WR EH ������ GROODUV� WKH FORVLQJ SULFH

RQ )HE� ��� ����� 7KH OHIW SDQHO UHSRUWV IRU FRPSDULVRQ LPSOLHG YRODWL OLWLHV DV D IXQFWLRQ
RI PRQH\QHVV IRU �SXW DQG FDOO� RSWLRQV H[SLULQJ LQ $SUL O �����

,PSOLHG YRODWLOLW\ DV D IXQFWLRQ RI PRQH\QHVV�
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)LJXUH �� ,PSOLHG %ODFN�6FKROHV YRODWL O L WL HV DV D IXQFWLRQ RI PRQH\QHVV IRU D (XURSHDQ FDOO
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0DUNHW LPSOLHG YRODWLOLWLHV ,PSOLHG YRODWLOLWLHV XQGHU %/

915 Vwdwh Sulfh Ghqvlwlhv

V|vwhpdwlf gl�huhqfhv ehwzhhq EV dqg EO Hxurshdq rswlrq sulfhv pxvw uh0
 hfw gl�huhqfhv lq wkh xqghuo|lqj htxlydohqw pduwlqjdoh phdvxuhv hpsor|hg
e| wkh pdunhw xqghu wkh wzr dowhuqdwlyh prghov ru/ htxlydohqwo|/ lq wkh VSGv
+fi1 Kduulvrq dqg Nuhsv +4<:<,,1 Vhfwlrqv 7 dqg 8 vkrzhg wkdw wkh VSGv xq0
ghu EO fdq eh yhu| gl�huhqw iurp wkh Eodfn0Vfkrohv VSG1 Iljxuh : frpsduhv
wkh VSGv ri wkh wzr prghov iurp rxu suhylrxv h{huflvh1

Ed|hvldq ohduqlqj surgxfhv VSGv wkdw duh vnhzhg wr wkh uljkw dqg kdyh
idwwhu wdlov wkdq d orjqrupdo1 Rqfh djdlq rxu prgho �wv ehwwhu wkh vw|ol}hg
idfwv iru hvwlpdwhg +dyhudjh, VSGv grfxphqwhg lq Vhfwlrq 51 Zkloh hvwl0
pdwhg VSGv duh ohswrnxuwlf zlwk srvlwlyh h{fhvv nxuwrvlv hvvhqwldoo| fdxvhg
e| vlgh *orehv* ehwzhhq vl{ dqg hljkw vwdqgdug ghyldwlrqv iurp wkh ghphdqhg
V)S833 uhwxuqv1 Ixuwkhupruh/ EO jhqhudwhv d VSG zklfk glvsod|v vhqvleo|
orzhu vwdwh sulfhv durxqg wkh phdq ri wkh glvwulexwlrq ri wkh lqgh{ uhwxuqv/
zlwk vprrwk idw wdlov1
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%D\HVLDQ OHDUQLQJ ),5(�ORJQRUPDO

916 Whup Vwuxfwxuh ri Lpsolhg Yrodwlolwlhv

Qh{w zh ydu| wkh wlph wr pdwxulw| +�, iurp 43 wr 483 gd|v lq vwhsv ri 43 gd|v
wr vwxg| zklfk w|sh ri lpsolhg yrodwlolw| whup vwuxfwxuh Ed|hvldq ohduqlqj
lpsolhv1 Iljxuh ; uhsruwv wkh rxwfrph ri wklv h{huflvh iru wkuhh vhwv ri vwulnh
sulfhv= NUA� @ 753 +prqh|qhvv 4137,/ N�A� @ 768 +prqh|qhvv 4,/ dqg
N�A� @ 788 +prqh|qhvv ri 31<9,1 Wkhuh lv d vwurqj uhvhpeodqfh zlwk wkh
vw|ol}hg idfwv glvfxvvhg lq Vhfwlrq 51 Ed|hvldq ohduqlqj jhqhudwhv dq xszdug
vorslqj lpsolhg yrodwlolw| whup vwuxfwxuh iru DWP dqg rxw0ri0wkh prqh| fdoo
rswlrqv/ zkloh wkh whup vwuxfwxuh dw �uvw ghfuhdvhv dqg wkhq lqfuhdvhv iru lq0
wkh0prqh| fdoo rswlrqv1 Wkhvh sdwwhuqv duh eurdgo| frqvlvwhqw zlwk zkdw zdv
irxqg lq wkh gdwd/ fi1 �jxuh 51 Wkh lqfuhdvh ri derxw 5 shufhqwdjh srlqwv lq
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lpsolhg yrodwlolw| ehwzhhq forvh0wr0h{sludwlrq rswlrqv dqg orqj0whup rswlrqv
lv dovr sodxvleoh156
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917 Zhdn Ohduqlqj H�hfwv

Lq rxu vhwxs lqyhvwruv xvh d frqvlvwhqw hvwlpdwru ri �/ dqg dv wkh suhflvlrq
jrhv wr lq�qlw| +Q| $4,/ a�| $ � dqg ohduqlqj h�hfwv glplqlvk1 Wr vwxg|
wkh frqvhtxhqfhv ri wklv/ zh vhw q| @ 4;5/ Q| @ 683> lpso|lqj a�| @ 3=85 )

3=84< @ �= Wkh uhsuhvhqwdwlyh djhqw qrz eulqjv h{shulhqfh ri ryhu 49 prqwkv
ri wudglqj dqg glylghqg uhdol}dwlrqv1 Iljxuh < vkrzv wkh rxwfrph ri wklv qhz

56Vhh Fdpsd dqg Fkdqj +4<<8,1
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vhw ri vlpxodwlrqv1
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%D\HVLDQ OHDUQ LQJ ),5(�ORJQRUPDO

Zkhq ohduqlqj h�hfwv duh zhdn dqg djhqwv kdyh d pruh dffxudwh hvwlpdwh
ri �/ EO rswlrq sulfhv frqyhujh wr EV sulfhv1 Wklv lv xqvxusulvlqj dqg lw
iroorzv vlqfh ohduqlqj lv wkh rqo| vrxufh ri qrq0vwdwlrqdulw| lq rxu prgho1
Wkh �uvw sdqho ri Iljxuh < vwuhvvhv wkdw gl�huhqfhv suhylrxvo| ri wkh rughu
ri 405 grooduv/ qrz ghfolqh wr d txduwhu ri wkdw udqjh1 Lqghhg sdqhov wzr
dqg wkuhh vkrz wkdw EO lpsolhg yrodwlolwlhv frqwlqxh wr glvsod| d suhflvh
sdwwhuq ryhu prqh|qhvv1 Krzhyhu/ wkh lpsolhg yrodwlolw| vxuidfh lv  dwwhu
wkdq wkh rqh h{klelwhg lq �jxuh 8/ zlwk d ohiw0kdqg wdlo wkdw ehqgv xszdugv1
Dv Q| $ 4 dqg a�| $ � +iurp deryh, d vploh lv rewdlqhg lqvwhdg ri wkh
vplun lq �jxuh 81 Wklv lqglfdwhv wkdw dw wlphv zkhq rswlrq pdunhwv duh
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fkdudfwhul}hg e| vplohv/ ohduqlqj h�hfwv duh zhdn lq wkh vhqvh wkdw djhqwv
dwwdfk kljk suhflvlrq wr wkhlu lqlwldo eholhiv1 Rq wkh rwkhu kdqg/ vplunv duh
lqglfdwlyh ri pdunhwv zlwk vwurqj ohduqlqj h�hfwv dv djhqwv duh vwloo kljko|
xqfhuwdlq derxw wkhlu eholhiv1 Ilqdoo|/ wkh irxuwk sdqho vkrzv krz EO dqg
ILUH sulfhv frqyhujh= Wkh wzr xqghuo|lqj VSGv duh qrz yhu| forvh157

: Lqihuulqj Ohduqlqj H�hfwv iurp Rswlrq Sulfhv

Vr idu zh kdyh vwxglhg wkh delolw| ri wkh EO prgho wr jhqhudwh rswlrq sulfhv
+EV lpsolhg yrodwlolwlhv, wkdw pdwfk w|slfdo vkdshv dqg vw|ol}hg idfwv rq
lqglylgxdo gd|v1 Krzhyhu/ wkh Ed|hvldq xsgdwlqj dojrulwkp lpsolhv d vhw ri
g|qdplf uhvwulfwlrqv rq krz lpsolhg yrodwlolw| vxuidfhv dqg whup vwuxfwxuhv
hyroyh ryhu wlph dv djhqwv xsgdwh e�|1 Vxfk whvwdeoh uhvwulfwlrqv gr qrw kdyh
d frxqwhusduw lq wkh EV prgho zklfk grhv qrw frqvlghu wkh h�hfw ri fkdqjlqj
suredelolw| eholhiv1 E| wudfnlqj rswlrq sulfhv rq vhyhudo frqvhfxwlyh gd|v/
qrw rqo| gr zh jhw lqvljkwv lqwr krz djhqwv fkdqjh wkhlu eholhiv exw zh dovr
jhw d pruh suhflvh hvwlpdwh ri wkh lqlwldo eholhiv1

Hvwlpdwlqj wkh g|qdplfv ri eholhiv iurp revhuyhg rswlrq sulfhv lv d yhu|
gl�huhqw lqihuhqwldo h{huflvh wkdw qhhgv wr eh sxw lq shuvshfwlyh1 Zkhq dvvhw
pdunhwv duh +g|qdplfdoo|, frpsohwh/ htxloleulxp dvvhw sulfhv frqwdlq lqiru0
pdwlrq derxw suhihuhqfhv dqg eholhiv1 Uxelqvwhlq +4<;8, revhuyhv wkdw dq|
ri wkh iroorzlqj lpsolhv wkh wklug= +4, wkh suhihuhqfhv ri d uhsuhvhqwdwlyh
djhqw> +5, djhqwv* eholhiv> dqg +6, wkh vwdwh0sulfh ghqvlw| +VSG,1 Wkhuhiruh/
d ydvw olwhudwxuh kdv dwwhpswhg wr xvh wkh revhuyhg sulfhv ri ulvn| dvvhwv
wr lqihu suhihuhqfhv/ wkh +remhfwlyh, vwrfkdvwlf surfhvv ri sulfhv/ ru erwk1
Iru lqvwdqfh/ Elfn +4<<3, dqg Kh dqg Ohodqg +4<<6, lpsrvh sdudphwulf uh0
vwulfwlrqv rq wkh jhqhudwlqj surfhvv ri dvvhw sulfhv dqg lqihu wkh suhihuhqfhv
ri d uhsuhvhqwdwlyh djhqw lq dq htxloleulxp dvvhw sulflqj prgho1 Ixuwkhu0
pruh/ Edwhv +4<<4,/ Mdfnzhuwk dqg Uxelqvwhlq +4<<9,/ dqg Dòw0Vdkdold dqg
Or +4<<;, +dprqj rwkhuv, edfn rxw wkh shufhlyhg +ulvn qhxwudo, vwrfkdvwlf
surfhvv ri dvvhw sulfhv iurp revhuyhg pdunhw sulfhv ri rswlrqv1

Ed|hvldq ohduqlqj surylghv dq dv idu xqh{soruhg srvvlelolw| wr h{sdqg
Uxelqvwhlq*v olvw wr d irxuwk dqg vhsdudwh lwhp= wkh g|qdplfv ri wkh ohduq0
lqj surfhvv iroorzhg e| d uhsuhvhqwdwlyh djhqw lq dq htxloleulxp prgho1 Dnlq

57Zh duh rplwwlqj wkh glvfxvvlrq ri wkh lpsdfw ri odujh �| rq wkh yrodwlolw| whup vwuxf0
wxuh h�hfwv1 Zkdw kdsshqv lv hdv| wr vhh= wkrxjk wkh sdwwhuqv uhpdlq dv vkrzq deryh/
doo wkh lpsolhg yrodwlolw| vfkhgxohv dv d ixqfwlrq ri wlph0wr0h{sludwlrq jhw  dwwhu dqg wkhlu
ohyho pryhv grzq wrzdugv wkh ILUH2EV ydoxh ri j ' DI� Vxusulvlqjo|/ d �| ri wkh rughu ri
pruh wkdq 49 prqwkv ri revhuydwlrqv lpsolhv h�hfwv wkdw duh vwloo forvh wr wkrvh revhuyhg
lq uhdo rswlrq pdunhwv gdwd1
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wr Uxelqvwhlq +4<<8, dqg Mdfnzhuwk dqg Uxelqvwhlq +4<<9,/ rxu remhfwlyh
lv wr �{ suhihuhqfhv dqg lqihu d yhfwru ri xqnqrzq sdudphwhuv iurp re0
vhuyhg rswlrq sulfhv rq d vwdqgdug elqrpldo wuhh1 Krzhyhu/ rxu h{huflvh dovr
surfhhgv wr lpsrvh uhvwulfwlrqv rq wkh vwrfkdvwlf surfhvv ri wkh ixqgdphq0
wdov +glylghqgv, xqghuo|lqj vwrfn sulfhv1 Vlqfh wkh g|qdplfv ri eholhiv rq d
ohduqlqj sdwk ghwhuplqh wkh wlph0ydu|lqj VSG/ dqg wkh VSG wlhv grzq rs0
wlrq sulfhv wr wkh xqghuo|lqj sulfh lq d suhflvh pdqqhu/ wkh yhu| sdudphwhuv
fkdudfwhul}lqj wkh ohduqlqj surfhvv fdq eh lqihuuhg1

Wkh prgho lq vhfwlrq 7 lpsrvhv d suhflvh vwuxfwxuh rq wkh whpsrudo
g|qdplfv ri eholhiv zklfk hyroyh dffruglqj wr
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Li rqo| rqh slhfh ri qhzv duulyhv hyhu| shulrg/ wklv lqwhuwhpsrudo vwuxfwxuh
uxohv rxw yhu| yrodwloh eholhiv dqg mxpsv lq wkh suhflvlrq1 Wklv  h{lelolw|
pljkw eh uhtxluhg vlqfh p lv xqnqrzq dqg pd| ydu| ryhu wlph1 Wr dffrxqw
iru vxfk h�hfwv/ zh vroyh wkh surjudp58
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zkhuh F�u+� |>N�| > V|> �|>Q>p> �> �, lv wkh wkhruhwlfdo sulfh ri d fdoo rswlrq
rq d ohduqlqj sdwk surylghg e| sursrvlwlrq 8/ F+� |>N�| > V|, lv wkh revhuyhg
fdoo sulfh dw wlph w iru dq rswlrq h{slulqj lq � | gd|v/ zlwk vwulnh N�| > zkhq
wkh xqghuo|lqj vwrfn lqgh{ lv V|= Wkh lqgh{hv dsshqghg wr � | dqg N�| uh hfw
wkh idfw wkdw wudghg pdwxulwlhv dqg vwulnh sulfhv fkdqjh ryhu wlph/ iroorzlqj
wkh g|qdplfv ri wkh xqghuo|lqj sulfh dqg wkh �qdqfldo f|foh1 Ilqdoo|/ j+�, lv
d ixqfwlrq phdvxulqj wkh glvwdqfh ehwzhhq wkh furvv0vhfwlrq ri rswlrq sulfhv
revhuyhg lq wkh pdunhw dqg wkh fruuhvsrqglqj furvv0vhfwlrq ri wkhruhwlfdo EO

58Rxu dssurdfk lv vlplodu wr Edwhv +4<<4,/ zkr lpsrvhv FUUD suhihuhqfhv wr hvwlpdwh
e| QOV wkh sdudphwhuv ri dq dv|pphwulf mxps gl�xvlrq prgho lq zklfk mxps ulvn lv
v|vwhpdwlf +sulfhg lq htxloleulxp,1
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sulfhv1 Iru lqvwdqfh/ zh pljkw fkrrvh wr plqlpl}h wkh vxp ri wkh vtxduhg
sulflqj huuruv dfurvv gd|v2vwulnhv2pdwxulwlhv1

Qrwlfh wkdw wkh suhflvlrq lv d �{hg frqvwdqw Q wr eh hvwlpdwhg dqg wkh
surjudp dftxluhv dq h{solflw lqwhuwhpsrudo qdwxuh1 Wkhuhiruh/ wkh hvwlpd0
wlrq surfhgxuh surylghv dq hvwlpdwh aQ zklfk uhsuhvhqwv krz pxfk suhflvlrq
wkh pdunhw dvvljqv wr lwv eholhiv/ dq hvwlpdwh ap ri wkh iuhtxhqf| zlwk zklfk
wkhvh eholhiv duh xsgdwhg ryhu wkh vdpsoh shulrg/ dqg d W � 4 yhfwru a�
zkrvh g|qdplfv lv frqvwudlqhg e| Ed|hv uxoh1 Qrwlfh wkdw aQ fdq dovr eh
lqwhusuhwhg dv dq hvwlpdwh ri wkh ohqjwk ri wkh wlph zlqgrz wkh djhqw lv
edvlqj klv nqrzohgjh derxw wkh vwrfkdvwlf surfhvv ri wkh ixqgdphqwdov rq1

Lq wkh iroorzlqj zh glvwlqjxlvk ehwzhhq wzr dowhuqdwlyh hpslulfdo h{hu0
flvhv wkdw lpsrvh ixuwkhu uhvwulfwlrqv rq wkh idluo| jhqhudo surjudp uhsuh0
vhqwhg e| +48,1 Doo ri wkhvh hvwlpdwlrq sureohpv vkduh d frpprq vhw ri
lqsxwv dqg h{wudfw vrph hvwlpdwhg rxwsxwv1 Djdlq/ zh dvvxph wkdw wkh dq0
qxdo yrodwlolw| ri wkh ixqgdphqwdov lv � @ 8(= Jlyhq �> j� dqg j, fdq eh
ghwhuplqhg e| dsso|lqj wkh irupxodv lq sursrvlwlrq 61 Zh dvvxph � @ 3=<
dqg � @ �

��f2 * 3=<; rq dq dqqxdo edvlv159 Wkhvh fkrlfhv duh hlwkhu edvhg rq
wkh ihdwxuhv ri rxu gdwd rq wkh V)S 833 lqgh{ dqg lqgh{ rswlrqv/ ru edvhg
rq zkdw vhhpv sodxvleoh1 Qhyhuwkhohvv zh dovr h{soruh wkh vhqvlwlylw| ri rxu
uhvxowv wr wkhvh fkrlfhv e| h{shulphqwlqj zlwk dowhuqdwlyh ydoxhv ri �> �> dqg
�=

:1314 Lqihuulqj ohduqlqj h�hfwv iurp gdlo| furvv0vhfwlrqv ri rswlrq
sulfhv

Wkh remhfwlyh ri wkh �uvw h{huflvh lv wr lqihu iurp rswlrq sulfhv wkh eholhi �|/
lwv suhflvlrq ohyho Q|/ dqg wkh iuhtxhqf| zlwk zklfk eholhiv duh xsgdwhg dqg
qhz lqirupdwlrq duulyhv +p|, iru hdfk gd| lq wkh vdpsoh=

plq
Z|c�|c6|

�|[
�'�|

g�|[
g�|'g�|

�
F�u+� |>N�| > V|> �|>p|>Q|,�F+� |>N�| > V|,

�2
+4;,

59q dovr qhhgv wr eh dgmxvwhg dv d ixqfwlrq ri wkh iuhtxhqf| zlwk zklfk glylghqg qhzv
duulyh +6, wr dyrlg wkdw wkh dfwxdo vxemhfwlyh glvfrxqw udwh ydulhv dv 6 ydulhv1 Wkhuhiruh/
zlwk uhihuhqfh wr hdfk vlqjoh vwhs ri rxu elqrpldo odwwlfh iru glylghqgv/ zh zloo eh xvlqj d

	q6 ' q
4

698p
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)LJXUH ��� %HOLHIV UHJDUGLQJ WKH SUREDELOL W\ RI JRRG QHZV �KLJK JURZWK RI GLYLGHQGV� tπ̂ ��

SUHFLVLRQ RI WKHVH EHOLHIV �QXPEHU RI SUHYLRXVO\ REVHUYHG VWDWHV� tN̂ �� DQG QXPEHU RI VWDWH

UHDOL]DWLRQV �GLYLGHQGV QHZV� tm̂ � LPSOLHG E\ REVHUYHG 6	3 ��� LQGH[ RSWLRQ SULFHV GXULQJ

WKH SHULRG -DQ� �� ���� � -XQH� ��� ���� ���� WUDGLQJ GD\V�� { }T
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iru w @ 4> 5> ===> W= Wklv dprxqwv wr plqlpl}lqj wkh lq0vdpsoh vtxduhg sulflqj
huuruv surgxfhg e| wkh prgho iru hdfk gdlo| furvv vhfwlrq ri rswlrq sulfhv1
a�|> aQ|> dqg ap| fdq eh ylhzhg dv dssur{lpdwh QOV hvwlpdwruv1 Wklv h{huflvh
ljqruhv wkh lqwhuwhpsrudo uhvwulfwlrqv lpsrvhg e| rxu prgho rq wkh xsgdwlqj
ri eholhiv e| djhqwv dqg wkhuhiruh grhv qrw surylgh wkh vwurqjhvw srvvleoh whvw1
Zh gr qrw uxoh rxw kljk yrodwlolw| ri wkh hvwlpdwhg eholhi a�| ru xqerxqghg
yduldwlrq lq wkh hvwlpdwhg suhflvlrq ohyho aQ|= Rq wkh rwkhu kdqg/ wkh h{huflvh
lv txlwh vlpsoh/ uhtxlulqj wkh hvwlpdwlrq ri rqo| wkuhh sdudphwhuv rq d gdwd
vhw zlwk d qxpehu ri revhuydwlrqv htxdo wr wkh qxpehu ri wudghg frqwudfwv
lq gd| w dorqj wkh glphqvlrqv ri pdwxulw| dqg vwulnh sulfh1

Iljxuh 43 uhsruwv �qglqjv iru rxu 4<<6 V)S833 lqgh{ rswlrqv gdwd/ xv0
lqj d wrwdo ri 585 wudglqj gd|v1 Surjudp +4;, zdv lqghshqghqwo| vroyhg
585 wlphv/ l1h1 iru 585 gl�huhqw furvv0vhfwlrqv ri rswlrq sulfhv |lhoglqj 585

yhfwruv ri gdlo| hvwlpdwhv
k
a� aQ ap

l�
= Iljxuh 43 vwuhvvhv wkdw wkh hvwlpdwhg

sdudphwhuv duh txlwh vwdeoh ryhu wlph dqg wkdw wkh prgho �wv revhuyhg sulfhv
txlwh suhflvho|1 Iroorzlqj wkh vdph fulwhuld dv Gxpdv hw do1 +4<<;,/ wklv du0
jxhv lq idyru ri rxu prgho1 Lq jhqhudo rswlrq pdunhwv glvsod| zhdn rswlplvp
+l1h1 a�| � �

2 ;w,1 Ryhu wkh shulrg dqdo|}hg/ qhzv rq wkh V)S 833 vhhp wr
 rz dw d txlwh vorz dqg vwdeoh udwh= rswlrq sulfhv lpso| wkdw rq dyhudjh
wkh ixqgdphqwdov fkdqjh derxw hyhu| wzr gd|v/ 3=6 � ap| � 3=: ;w= Wkh
 rz ri lqirupdwlrq vhhpv wr uhdfk kljkhu shdnv ehwzhhq Iheuxdu| dqg plg0
Dsulo/ zkhq ap| lv riwhq deryh 3181 Rq wkh frqwudu| wkh  rz ri lqirupdwlrq
shufhlyhg e| rswlrq pdunhwv vorzv grzq ehwzhhq Mxqh dqg Vhswhpehu1 Lq
jhqhudo ohduqlqj h�hfwv � dqg wkhuhiruh dovr wkh vorsh ri wkh lpsolhg yrodwlo0
lw| vnhz � duh txlwh plog/ vlqfh iru prvw ri wkh gd|v aQ| vwd|v durxqg 533=
Vxfk d ohyho iru aQ| lpsolhv wkdw pdunhw sduwlflsdqwv zrxog whqg wr xvh d
prylqj zlqgrz ri sdvw revhuydwlrqv ri doprvw 53 prqwkv wudglqj15: Krz0
hyhu lq vhyhudo shulrgv +Iheuxdu|/ Mxqh/ dqg Rfwrehu, wkh dyhudjh suhflvlrq
gursv rq pdq| rffdvlrqv +wr derxw 4;304<3, zkloh lq wkh vdph shulrg a�| lv
riwhq vxemhfw wr gudvwlf grzqzdug ru xszdug uhylvlrqv1 Dssduhqwo| lq hxq0
wldo qhzv lqgxfh wkh djhqwv wr ihho pxfk ohvv frq�ghqw derxw wkh suhflvlrq
ri wkhlu nqrzohgjh wkdq wkh| qrupdoo| duh1 Krzhyhu lw lv gl!fxow wr olqn
wkh ehkdylru ri wkh hvwlpdwhg a�| wr fxuuhqw dqg suhylrxv uhwxuqv rq wkh
xqghuo|lqj vwrfn lqgh{1

5:Vlqfh 	6 lv rq dyhudjh durxqg f�Dc 	� ' 2ff lpsolhv wkdw derxw 733 wudglqj gd|v kdyh
wr hodsvh ehiruh uhfhlylqj 533 slhfhv ri lqirupdwlrq frqfhuqlqj wkh ixqgdphqwdov1
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7DEOH �� 6XPPDU\ VWDWLVWLFV FRQFHUQLQJ WKH SHUFHLYHG SUREDELOLW\ � tπ̂ � RI KLJK GLYLGHQG

JURZWK� LWV SUHFLVLRQ �QXPEHU RI SUHYLRXVO\ REVHUYHG VWDWHV� tN̂ �� DQG WKH QXPEHU RI VWDWH

UHDOL]DWLRQV �GLYLGHQGV QHZV� tm̂ � LPSOLHG E\ REVHUYHG 6	3 ��� LQGH[ RSWLRQ SULFHV GXULQJ

WKH SHULRG -DQ� �� ���� � -XQH� ��� ���� ���� WUDGLQJ GD\V�� { }T
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L�H� E\ PLQLPL]LQJ WKH GDLO\ FURVV�VHFWLRQ RI VTXDUHG SULFLQJ HUURUV IURP WKH WKHRUHWLFDO

PRGHO ZLWK %D\HVLDQ OHDUQLQJ� 7KH H[HUFLVH DVVXPHV β ��� �DQQXDOO\�� &55$�SRZHU

SUHIHUHQFHV ZLWK γ ���� DQG D YRODWLOLW\ RI GLYLGHQGV σ �� �DQQXDOO\�� )XWXUH SD\RIIV DUH

GLVFRXQWHG HPSOR\LQJ WKH ��PRQWKV 7�ELOO UDWH� PHDVXUHG RQ D GDLO\ EDVLV�

7KH LQQRYDWLRQ LQ tm̂ LV PHDVXUHG DV WKH UHVLGXDO IURP WKH DXWRUHJUHVVLRQ P
W
 α �βP

W��
�

H
W
�

0LQLPXP 0D[LPXP 0HDQ 0HGLDQ 6'

tπ̂ ����� ����� ����� ����� �������

tN̂ ��� ��� ����� ��� ����

tm̂ ��� ��� ����� ��� �����

$YHUDJH GDLO\

SULFLQJ HUURUV

�GROODUV�

���� ���� ���� ���� ����

&RUUHODWLRQV &XUUHQW

UHWXUQ

/DJJHG 5HWXUQ $EVROXWH UHWXUQ
tN̂∆ tm̂ LQQRYDWLRQ

tπ̂ ������ ������ ����� ����� �����

tN̂∆ ������ ����� ������ ����� �����

tm̂∆ ������ ������ ������ ����� �����

tm̂ LQQRYDWLRQ ������ ����� ����� ����� �����

$YHUDJH GDLO\

SULFLQJ HUURUV

����� ������ ����� ������ �����

Wkh irxuwk +lq forfnzlvh gluhfwlrq, sdqho ri �jxuh 43 kljkoljkwv wkdw rxu
prgho dfklhyhv d yhu| jrrg lq0vdpsoh �w1 Wkh �w ghwhulrudwhv rqo| durxqg
deuxsw fkdqjhv lq wkh suhflvlrq ohyhov15; Wklv lv srvvleo| d vljq wkdw rxu
prgho lv wrr vlpsoh wr hqwluho| fdswxuh wkh h�hfwv ri ixqgdphqwdo vkrfnv
rq eholhiv dqg sulfhv1 Wdeoh 5 surylghv d ihz vxppdu| vwdwlvwlfv= wkh phdq
+dfurvv pdwxulwlhv dqg vwulnhv, ri wkh dyhudjh gdlo| sulflqj huuru lv ri wkh
rughu ri 66 fhqwv +phgldq= 66 fhqwv,1 Wklv phdqv wkdw rq dyhudjh ryhu
wkh vhtxhqfh ri furvv vhfwlrqv/ hdfk rswlrq zdv plvvsulfhg e| rqo| 66 fhqwv1

5;Ixuwkhupruh/ wkh lq0vdpsoh �w zruvhq wrhdugv wkh hqg ri wkh vdpsoh shulrg +Vxpphu
dqg Idoo 4<<6,1 Krzhyhu wklv ihdwxuh lv olnho| wr pdlqo| ghshqg rq wkh dsshdudqfh lq wkh
vdpsoh ri orqjhu pdwxulw| +durxqg dqg deryh 533 gd|v wr h{sludwlrq, rswlrqv diwhu Mxo|
4<<61
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Wkhuh duh dovr gd|v lq zklfk wkh �w ri wkh prgho lv uhdoo| lpsuhvvlyh +iru
lqvwdqfh d phdq ri 45 fhqwv lv uhdfkhg rq Pd| 47 ryhu 65 gl�huhqw rswlrq
frqwudfwv,1 Lq qr gd| rxw ri 585 wkh phdq sulflqj huuru h{fhhgv 4 groodu1
Wkh wdeoh vwuhvvhv wkh h{wuhpho| orz vwdqgdug ghyldwlrq ri wkh hvwlpdwhg
sdudphwhuv15<

:1315 Lqihuulqj ohduqlqj h�hfwv iurp wkh g|qdplfv ri wkh lpsolhg
yrodwlolw| vxuidfh

Qh{w/ zh lqihu wkh g|qdplfv ri ohduqlqj iurp revhuyhg rswlrq pdunhw rxw0
frphv e| lpsrvlqj wkh lqwhuwhpsrudo uhvwulfwlrqv lpsolhg e| wkh EO prgho1
Il{lqj suhihuhqfhv/ zh vroyh wkh surjudp=

plq
tZ|�

A
|'�c�

A[
|'�

7�|[
�'�|

g�|[
g�|'g�|

�
F�u+� |>N�| > V|> �|>Q>p>�> �,�F+� |>N�| > V|,

�2
v=w=

�|Q

Q . 4
� �|n� � �|Q . 4

Q . 4

3 � �| � 4 w @ 4> ===> W � 4 Q A 3 +4<,

rq d el0zhhno| edvlv/ l1h1 iru wkh sdqho ri rswlrq sulfhv revhuyhg lq wkh wudglqj
gd|v ri wkh �uvw 48 gd|v ri Mdqxdu|/ wkhq iru wkh sdqho uhodwlyh wr wkh odvw
49 gd|v ri Mdqxdu|/ hwf1 Wkh uhdvrq iru olplwlqj wkh sureohp wr shulrgv ri
46049 fdohqgdu gd|v +khqfh 45 wudglqj gd|v dw prvw, lv wr dyrlg wkh fxuvh
ri glphqvlrqdolw| lpsolflw lq wklv QOV hvwlpdwlrq surjudp= dv W $ 4>

wkh glphqvlrq ri wkh sdudphwhu yhfwru � @ ^i�|jA|'� >Q `� whqgv wr lq�qlw|
pdnlqj wkh rswlpl}dwlrq sureohp sudfwlfdoo| lpsrvvleoh1 Olplwlqj rxuvhoyhv
wr d el0zhhno| edvlv zh wkxv dssurdfk wkh hvwlpdwlrq ri d yhfwru zlwk 430
46 sdudphwhuv hpsor|lqj d qxpehu ri revhuydwlrqv xvxdoo| zhoo deryh 7331
Qrwlfh wkdw zh duh lpsrvlqj pxfk vwurqjhu uhtxluhphqwv rq rxu prgho wkdq
lq wkh suhylrxv vxe0vhfwlrq/ qduurzo| uhvwulfwlqj wkh whpsrudo g|qdplfv ri

5<Wr fkhfn wkh urexvwqhvv ri rxu uhvxowv zh uhshdwhg wkh vdph h{huflvh iru d ihz dowhu0
qdwlyh fkrlfhv ri wkh ghhs sdudphwhuv zh kdyh ehhq fdoleudwlqj/ sduwlfxoduo| wkh yrodwlolw|
ri qhzv rq ixqgdphqwdov j dqg wkh FUUD frh!flhqw �� Wr vdyh frpsxwlqj wlph/ wkhvh
urexvwqhvv fkhfnv zhuh dssolhg wr wkh vkruwhu shulrg Mdq1 0 Ihe1 4<<6 rqo|/ iru d wrwdo
ri 6< wudglqj gd|v1 Wkh vhulhv ri hvwlpdwhg sdudphwhuv duh vwloo yhu| vwdeoh +li dq|/ wkh|
duh hyhq pruh vwdeoh, dqg wkh fkdqjhv zlwk uhvshfw wr �jxuh 45 duh plqru1 Lq doo wkuhh
h{shulphqwv/ vrph ghjuhh ri rswlplvp suhydlov dqg wkh suhflvlrq lv durxqg 5331 Rqo|
wkh dyhudjh ohyho ri wkh hvwlpdwhg 6 vhhpv wr vwurqjo| ghshqg rq wkh dvvxpswlrq rq jc

dowkrxjk wklv lv wr eh h{shfwhg vlqfh wkh ryhudoo yduldelolw| ri wkh ixqgdphqwdov ryhu d
�{hg vsdq ri wlph ghshqgv erwk rq j dqg rq wkh iuhtxhqf| zlwk zklfk qhzv duh dvvxphg
wr  rz lq wkh pdunhw1
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djhqwv* eholhiv zlwk uhjdug wr wkh suredelolw| ri jrrg vwdwhv1 Wkhuhiruh wkh
delolw| ri rxu prgho wr dghtxdwho| �w pdunhw sulfhv vkrxog eh frqvlghuhg d
fkdoohqjlqj whvw ri lwv fdsdelolw| wr h�hfwlyho| rujdql}h wkh dydlodeoh gdwd1

)LJXUH ��� %HOLHIV UHJDUGLQJ WKH SUREDELOLW\ RI JRRG QHZV �KLJK JURZWK RI GLYLGHQGV� tπ̂ ��

SUHFLVLRQ RI WKHVH EHOLHIV �QXPEHU RI SUHYLRXVO\ REVHUYHG VWDWHV� tN̂ �� DQG QXPEHU RI VWDWH

UHDOL]DWLRQV �GLYLGHQGV QHZV� tm̂ � LPSOLHG E\ REVHUYHG 6	3 ��� LQGH[ RSWLRQ SULFHV GXULQJ
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Iljxuh 44 uhsruwv suholplqdu| uhvxowv iru wkh wzr prqwk shulrg Mdqxdu|
0 Iheuxdu| 4<<61 Dowkrxjk wkh lq0vdpsoh �w ghwhulrudwhv63/ wkh hvwlpdwhg

63Gxh dovr wr wkh idfw wkdw zlwk j ' DI zh duh gh idfwr lpsrvlqj 6 ' � dv lpsolhg
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vhtxhqfhv ia�|jA|'� uhpdlq yhu| vwdeoh dqg olh lq wkh lqwhuydo ^3184/3187`1 Dovr
wkh hvwlpdwlrq uhvxowv frqfhuqlqj wkh gdwd zlqgrz xvhg e| wkh djhqwv wr
lqihu wkh xqnqrzq surfhvv iru ixqgdphqwdov lv frqvlvwhqw zlwk wkh ohyhov xq0
fryhuhg lq wkh furvv0vhfwlrqdo h{huflvhv dqg h{sdqgv vprrwko| ryhu wlph lq d
pdqqhu ixoo| frqvlvwhqw zlwk rxu ohduqlqj0edvhg h{sodqdwlrq ri EV plvsulf0
lqjv1 Dowkrxjk rwkhu dqg hyhq pruh uhvwulfwlyh whvwv fdq eh ghvljqhg/ zh
frqvlghu wkhvh �qglqjv sulpd idflh hylghqfh ri dq h{wudruglqdu| delolw| ri
wkh prgho lq vhfwlrq 7 wr dghtxdwho| �w revhuyhg rswlrq sulfhv dorqj pdq|
gl�huhqw frqwudfw glphqvlrqv1

; Frqfoxvlrq

Wklv sdshu kdv sursrvhg d qhz htxloleulxp prgho iru dvvhw sulfhv xqghu
Ed|hvldq ohduqlqj dqg lqyhvwljdwhg lwv delolw| wr pdwfk d ydulhw| ri hpslulfdo
eldvhv lq wkh Eodfn0Vfkrohv rswlrq sulflqj prgho1

Wkh prgho zlwk Ed|hvldq ohduqlqj suryhg wr eh deoh wr pdwfk erwk
wkh suhvhqfh ri vnhzv lq lpsolhg yrodwlolwlhv dqg wkh h{lvwhqfh ri d whup0
vwuxfwxuh lq lpsolhg yrodwlolw| iru jlyhq prqh|qhvv1 Lq wklv uhvshfw/ wkh
prgho r�huv dq dssurdfk wr wkh fruuhfwlrq ri EV eldvhv zklfk lv frpshwlqj
zlwk wkh vwdqgdug ehqfkpdunv lq wkh olwhudwxuh/ vxfk dv mxps0gl�xvlrq dqg
vwrfkdvwlf yrodwlolw| prghov/ zklfk zhuh irxqg e| Gdv dqg Vxqgdudp +4<<<,
wr eh xqdeoh wr fruuhfwo| �w erwk vw|ol}hg idfwv iru sodxvleoh sdudphwhuv
ydoxhv1

Zkhq wkh prgho lv �wwhg wr gdlo| sulfhv iru d sdqho ri V)S 833 lqgh{
rswlrqv/ lw surylghv d vdwlvidfwru| lq0vdpsoh �w rq d gdlo| edvlv1 Wkh hvwl0
pdwhg sdudphwhuv fkdudfwhul}lqj wkh vwdwh ri ohduqlqj hdfk gd| duh vwdeoh
ryhu wlph1 Hslvrghv ri vwurqj uhylvlrq ri wkh eholhiv lpsolhg e| rswlrqv sulfhv
duh uduh dqg whqg wr lqyroyh wkh suhflvlrq ri wkhvh eholhiv udwkhu wkdq wkhlu
ohyho/ zklfk zh �qg sodxvleoh1 Wkh prgho lv wkhq �wwhg wr vkruw shulrgv ri
wlph +wzr zhhnv, lq rughu wr whvw wkh lqwhuwhpsrudo uhvwulfwlrqv zklfk duh
exlow0lq rxu pdlqwdlqhg ohduqlqj vfkhph1 Dowkrxjk wkh lq0vdpsoh �w shu0
irupdqfh fdqqrw exw zruvhq/ zh vwloo �qg wkdw wkh hvwlpdwhg sdudphwhuv
duh txlwh vwdeoh dfurvv shulrgv dqg wkdw wkh| gr qrw ghyldwh pxfk iurp wkh
uhvxowv rewdlqhg wkurxjk wkh gdlo| lqihuhqfhv1

e| wkh prgho/ dowkrxjk wkh hvwlpdwhv ri wkh suhfhglqj vxevhfwlrq vwurqjo| vwuhvv wkdw wkh
lqirupdwlrq  rz lv olnho| wr eh pxfk vorzhu wkdq wkdw1
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Uhihuhqfhv

^4` Deho D1/ 4<;;/ �Vwrfn Sulfhv Xqghu Wlph0Ydu|lqj Glylghqg Ulvn1 Dq
H{dfw Vroxwlrq lq dq Lq�qlwh0Krul}rq Jhqhudo Htxloleulxp Prgho�/
Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 55/ 6:806<61

^5` Dòw0Vdkdold/ \1 dqg D1 Or/ 4<<;/ �Qrqsdudphwulf Hvwlpdwlrq ri Vwdwh0
Sulfh Ghqvlwlhv Lpsolflw lq Ilqdqfldo Dvvhw Sulfhv�/ Mrxuqdo ri Ilqdqfh/
86/ 7<<087:1

^6` Dplq N1/ 4<<6/ �Mxps Gl�xvlrq Rswlrq Ydoxdwlrq lq Glvfuhwh Wlph�/
Mrxuqdo ri Ilqdqfh/ 7;/ 4;6604;961

^7` Edoo F1/ dqg Z1 Wrurxv/ 4<;8/ �Rq Mxpsv lq Frpprq Vwrfn Sulfhv dqg
Wkhlu Lpsdfw rq Fdoo Rswlrq Sulflqj�/ Mrxuqdo ri Ilqdqfh/ 73/ 48804:61

^8` Ednvkl J1/ F1 Fdr dqg ]1 Fkhq/ 4<<:/ �Hpslulfdo Shuirupdqfh ri Do0
whuqdwlyh Rswlrq Sulflqj Prghov�/ Mrxuqdo ri Ilqdqfh/ 85/ 53360537<1

^9` Edwhv/ G1/ 4<<4/ �Wkh Fudvk ri *;:= Zdv Lw H{shfwhgB Wkh Hylghqfh
iurp Rswlrqv Pdunhwv�/ Mrxuqdo ri Ilqdqfh/ 79/ 433<043771

^:` Elfn D1/ 4<<3/ �Rq Yldeoh Gl�xvlrq Sulfh Surfhvvhv ri wkh Pdunhw
Sruwirolr�/ Mrxuqdo ri Ilqdqfh/ 78/ 9:609;<1

^;` Eodfn/ I1 dqg P1/ Vfkrohv/ 4<:6/ �Wkh sulflqj ri Rswlrqv dqg Frusrudwh
Oldelolwlhv�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;4/ 96:098<1

^<` Fdpsd M1/ dqg N1 Fkdqj/ 4<<8/ �Whvwlqj wkh H{shfwdwlrqv K|srwkhvlv
rq wkh Whup Vwuxfwxuh ri Yrodwlolwlhv�/ Mrxuqdo ri Ilqdqfh/ 83/ 85<087:1

^43` Fkulvv Q1/ 4<<:/ Eodfn0Vfkrohv dqg Eh|rqg1 Rswlrq Sulflqj Prghov/

Luzlq1

^44` Fr{/ M1/ V1 Urvv dqg P1 Uxelqvwhlq/ 4<:</ �Rswlrq Sulflqj = D Vlpsol0
�hg Dssurdfk�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ :/ 55<05961

^45` Gdv/ V1/ dqg U1 Vxqgdudp/ 4<<</ �Ri Vplohv dqg Vplunv= D Whup Vwuxf0
wxuh Shuvshfwlyh�/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 67/
544056<1

^46` Gxdq/ M10F1/ 4<<8/ �Wkh JDUFK Rswlrq Sulflqj Prgho�/Pdwkhpdwlfdo

Ilqdqfh/ 8/ 460651
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^47` Gxpdv/ E1/ M1 Iohplqj dqg U1/ Zkdoh|/ 4<<;/ �Lpsolhg Yrodwlolw| Ixqf0
wlrqv= Hpslulfdo Whvwv�/ Mrxuqdo ri Ilqdqfh/ 86/ 538<054391

^48` Jxlgrolq P1/ dqg D1 Wlpphupdqq/ 4<<</ �Dvvhw Sulfhv rq d Ohduqlqj
Sdwk�/ plphr/ Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr1

^49` Kduulvrq/ M1 dqg G1/ Nuhsv/ 4<:</ �Pduwlqjdohv dqg Duelwudjh lq Pxowl0
shulrg Vhfxulwlhv Pdunhwv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 53/ 6;4073;1

^4:` Kh K1/ dqg Ohodqg/ K1/ 4<<6/ �Rq Htxloleulxp Dvvhw Sulfh Surfhvvhv�/
Uhylhz ri Ilqdqfldo Vwxglhv/ 9/ 8<6094:1

^4;` Khvwrq V1/ 4<<6/ �D Forvhg Irup Vroxwlrq iru Rswlrqv zlwk Vwrfkdvwlf
Yrodwlolw| zlwk Dssolfdwlrq wr Erqg dqg Fxuuhqf| Rswlrqv�/ Uhylhz ri

Ilqdqfldo Vwxglhv/ 9/ 65:06761

^4<` Kxoo/ M1 dqg D1/ Zklwh/ 4<;:/ �Wkh sulflqj ri Rswlrqv rq Dvvhwv zlwk
Vwrfkdvwlf Yrodwlolwlhv�/ Mrxuqdo ri Ilqdqfh/ 75/ 5;406331

^53` Mdfnzhuwk/ M1 dqg P1 Uxelqvwhlq/ 4<<9/ �Uhfryhulqj suredelolw| Glvwul0
exwlrqv iurp Rswlrq Sulfhv�/ Mrxuqdo ri Ilqdqfh/ 84/ 4944049641

^54` Ohodqg/ K1/ 4<;8/ �Rswlrq Sulflqj dqg Uhsolfdwlrq zlwk Wudqvdfwlrq
Frvwv�/ Mrxuqdo ri Ilqdqfh/ 73/ 45;6046351

^55` Oxfdv/ U1/ 4<:;/ �Dvvhw sulfhv lq dq H{fkdqjh Hfrqrp|�/ Hfrqrphw0

ulfd/ 79/ 475<047781

^56` Pholqr D1/ dqg V1 Wxuqexoo/ 4<<3/ �Sulflqj Iruhljq Fxuuhqf| Rswlrqv
zlwk Vwrfkdvwlf Yrodwlolw|�/ Mrxuqdo ri Hfrqrphwulfv/ 78/ 56<05981

^57` Phuwrq/ U1/ 4<;:/ �Rswlrq Sulflqj Zkhq Xqghuo|lqj Vwrfn uhwxuqv duh
Glvfrqwlqxrxv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 6/ 45804771

^58` Qhiwfl V1/ 4<<9/ Pdwkhpdwlfv ri Ilqdqfldo Ghulydwlyhv/ Dfdghplf Suhvv1

^59` Solvnd V1/ 4<<:/ Lqwurgxfwlrq wr Pdwkhpdwlfdo Ilqdqfh/ Eodfnzhoo Sxe0
olvkhuv1

^5:` Uxelqvwhlq/ P1/ 4<;8/ �Qrqsdudphwulf Whvwv ri Dowhuqdwlyh Rswlrq Sulf0
lqj Prghov Xvlqj Doo Uhsruwhg Wudghv dqg Txrwhv rq wkh 63 Prvw Df0
wlyh ~FERH� Rswlrq Fodvvhv iurp Dxjxvw 56/ 4<:< Wkurxjk Dxjxvw
64/ 4<:;�/ Mrxuqdo ri Ilqdqfh/ 73/ 78807;31
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^5;` Uxelqvwhlq/ P1/ 4<<7/ �Lpsolhg Elqrpldo Wuhhv�/ Mrxuqdo ri Ilqdqfh/
7</ ::40;4;1

^5<` Vfkdfkhupd|hu/ Z1/ 4<<7/ �Pduwlqjdoh Phdvxuhv iru Glvfuhwh0Wlph Sur0
fhvvhv zlwk Lq�qlwh Krul}rq�/ Pdwkhpdwlfdo Ilqdqfh/ 7/ 580891

^63` Vwdsohwrq/ U1/ dqg P1 Vxeudkpdq|dp/ 4<;7/ �Wkh Ydoxdwlrq ri Rswlrqv
Zkhq Dvvhw Uhwxuqv Duh Jhqhudwhg e| d Elqrpldo Surfhvv�/ Mrxuqdo
ri Ilqdqfh/ 6</ 48580486<1

^64` Zljjlqv/ M1/ 4<;:/ �Rswlrq Ydoxhv Xqghu Vwrfkdvwlf Yrodwlolw|= Wkhru|
dqg Hpslulfdo Hvwlpdwhv�/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 4</ 6840
6:51
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Dsshqgl{ D1

Surri ri sursrvlwlrq 51 Wkh frqglwlrq jW, . �+jW� � jW, , ? � ?

�+4 . jW�, . +4� �, ^+4 . j�,+4 . j,,
3�` lv lqyrnhg wr jxdudqwhh wkh devhqfh

ri duelwudjh rssruwxqlwlhv dqg khqfh64 � zlwk frpsohwh pdunhwv � wkh
h{lvwhqfh ri d xqltxh ulvn0qhxwudo phdvxuh1 Wkhq d xqltxh olqhdu sulflqj
phdvxuh h{lvwv dqg wklv lpsolhv wkdw wkh odz ri rqh sulfh krogv/ frqwlqjhqw
fodlpv zlwk vdph sd|r� sur�oh zloo uhfhlyh wkh vdph sulfh1 Vwduw qrwlflqj
wkdw
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64Xqghu fhuwdlq whfkqlfdo frqglwlrqv +Vfkdfkhupd|hu +4<<7,,1 Lqghhg iru lq�qlwh krul}rq
prghov wkh ulvn qhxwudo phdvxuh pd| qrw h{lvw hyhq lq wkh devhqfh ri duelwudjh rssruwx0
qlwlhv1 Solvnd +4<<:/ 579057;, surylghv dq h{dpsoh ri vxfk d prgho1

74



�
�
+4� �,

4 . u

4 . �
+4 . j,,

3�

��3�
@+4 . u,3�

�[
�'f

pd{
q
3> V�|n� �N

r�y
m

�
}�+4� },�3�

zkhuh } � � �no
�n4+4 . j�,

3� lv d ulvn0qhxwudo suredelolw| phdvxuh1 Lqghhg/

fdoolqj }W � +4� �, �no�n4+4 . j,,
3� >

} . }W @
4 . u

4 . �

�
�+4 . j�,

3� . +4� �,+4 . j,,
3�
�

@
4

4.�

4 . �

^�+4.j�,3� . +40�,+4.j,,3�`

�
�+4.j�,

3�.+40�,+4.j,,
3�
�
@ 4

iurp wkh h{suhvvlrq iru wkh htxloleulxp ulvn0iuhh udwh irxqg lq sursrvlwlrq
41 Dv vxfk/ }W @ 4� }= Vlqfh } lv d srvlwlyh txdqwlw|/ } gh�qhv d suredelolw|
phdvxuh1 Zh qrz fkhfn wkdw } lv d ulvn0qhxwudo phdvxuh1 Lq wkh d!updwlyh/
wkh glvfrxqwhg uhwxuq surfhvv

ur|n& � u

4 . u

+ur|n& lv wkh vwrfn uhwxuq, lv d pduwlqjdoh xqghu wkh ulvn0qhxwudo phdvxuh +vhh
Solvnd +4<<:/ <:0<;,,=

H~
|

�
ur|n� � u

4 . u

�
@ 3+, H~

|

�
ur|n� � u

�
@ 3

vlqfh u lv d ghwhuplqlvwlf frqvwdqw xqghu ILUH1 Wkhq

H~
|

�
ur|n� � u

�
@ H~

|

�
V|n� .G|n�

V|
� 4� u

�
@ H~

|

�
+4 . j|n�,�G| . +4 . j|n�,G|

�G|
� 4� u

�
+54,

@
4 .�

�
H~
| ^+4 . j|n�,`� +4 . u, +55,

@
4.�

�

4.u

4.�

�
�+4.j�,

�3�.+40�,+4.j,,
�3�
�� +4.u, +56,

@
+4.�,

4.jW,.�+j
W
�0j

W
, ,

4.u

4.�
^4.jW, .�+j

W
�0j

W
, ,`� +4.u, +57,

@ 3 +58,

75



zkhuh wkh olqh ehiruh wkh odvw ghulyhv iurp wkh gh�qlwlrqv ri jW, dqg jW�1
Htxlydohqwo|/ wkh phdvxuh } lqgxfhv dq h{shfwhg uhwxuq iurp kroglqj wkh
vwrfn lqgh{ lq hdfk shulrg zklfk lv h{dfwo| htxdo wr wkh ulvn0iuhh udwh/ zklfk
lv zkdw ulvn0qhxwudol}dwlrq lpsolhv1

Surri ri sursrvlwlrq 61 Wkh uhvxow vhwv wkh sdudphwhuv j
E6�
� > j

E6�
, >

�E6�> �E6�/ dqg �E6� dv d ixqfwlrq ri wkh dqqxdo ydoxhv iru �/ �> wkh ulvn0iuhh
udwh u dqg wkh glylghqg |lhog �= Wklv lv d v|vwhp ri �yh htxdwlrqv lq �yh
xqnqrzqv wkdw kdv d uhfxuvlyh vwuxfwxuh wkdw pdnhv lwv vroxwlrq sduwlfxoduo|

hdv|1 Lq idfw j
E6�
� > j

E6�
, > dqg �E6� fdq eh gluhfwo| vhw � dqg � duh �{hg1

Wkhuhiruh wkh uhvwulfwlrqv rq wkh surfhvv iru glylghqg jurzwk lqyroylqj j
E6�
� >

j
E6�
, > dqg �E6� duh wkh vdph dv lq Fr{ hw do1 +4<:</ 5790584,1 Dv iru �E6� dqg
�E6� wkh| mrlqwo| ghshqg rq u dqg �1 Krzhyhu wklv vxe0v|vwhp ri htxdwlrqv lq
jhqhudo dgplwv d vroxwlrq/ l1h1 d vxemhfwlyh glvfrxqw idfwru dqg d frh!flhqw
ri uhodwlyh ulvn dyhuvlrq wkdw fdq eh g|qdplfdoo| dgmxvwhg dv p$4 wr krog
wkh shulrg ^w> w . � ` ulvn0iuhh dqg glylghqg udwhv frqvwdqw dqg lqghshqghqw
ri p=
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uhylvhg xszdugv dv d ixqfwlrq ri p/ doorzlqj iru d �{hg fxuuhqw xqghuo|lqj
sulfh frqglwlrqdoo| rq zklfk wkh rswlrq lv sulfhg1 Wklv frpsohwhv wkh surri
ri wkh �uvw vwdwhphqw1

Dv iru wkh vhfrqg sduw ri wkh sursrvlwlrq/ vhh Fr{ hw do1 +4<:</ 5790
584,1 Qrwlfh wkdw dgmxvwlqj � dqg � dv d ixqfwlrq ri p eulqjv xv lq wkhlu
h{dfw iudphzrun/ zlwk d shulrgdo +vd|/ |hduo|, ulvn0iuhh udwh +dgmxvwhg iru wkh
glylghqg sd|rxwv, zklfk lv lqghshqghqw ri wkh qxpehu ri qrghv y prghohg1
Mxvw uhsodfh u� @ �no

�nB iru wkh ulvn0iuhh udwh lq wkhlu vwdqgdug irupxodwlrq
dqg wkh uhvxow iroorzv wkurxjk wkh vdph vwhsv1 Wkh uhvxow gl�huv iurp wkhluv
rqo| iru wkh idfw wkdw wkh EV irupxod lv lqwhusuhwhg dv dq dssur{lpdwlrq lq
frqwlqxrxv wlph ri rxu glvfuhwh wlph iudphzrun dqg lw lv wkhuhiruh h{suhvvhg
hqwluho| lq whupv ri wkh sdudphwhuv ri wkh glvfuhwh wlph odwwlfh prgho iru
glylghqgv1 Lq sduwlfxodu qrwlfh wkdw

j
E6�
� @ hj

s
_|*� � 4 @, � @

u
y

gw
oq+4 . j

E6�
� ,

dqg +4.eu,3_| @ +4.uE6�,3� @, 4.eu @ +4.uE6�,
�
_|@

k
+4 . u,

_|
�

l �
_|

@ 4.u

vr wkdw wkh eu lq wkh EV irupxod dqg u fruuhvsrqg1 Dqdorjrxvo| lw fdq eh
vkrzq wkdw +4 . e�,3_| @ +4 . �E6�,3� @, e� @ � vr wkdw

g� @
k
�
s
gw
l3� �

oq

�
V|

N

�
.

�eu �e� . 4

5
�2
�
gw

�
@
�s

y oq+4 . j�,
�3� �

oq

�
V|

N

�
. +u� �, gw.

4

5
^oq+4 . j�,`

2 y

�
dv y @ �p= Vxevwlwxwlqj wklv h{suhvvlrq lq wkh vwdqgdug EV irupxod F�7

| @

V|�+g�,h
3eB� � h3eo�N�+g� � �

s
�, jlyhv wkh irupxod1

Surri ri sursrvlwlrq 81 Wkh htxdwlrqv hdvlo| iroorz iurp wkh h{suhv0

vlrq iru wkh qr0duelwudjh sulfh ri d frqwlqjhqw fodlp sd|lqj r�pd{
q
3> V�uc�|n� �N

r
ri wkh frqvxpswlrq jrrg dv ri wlph w . � @ w . y rqfh wkh uhohydqw sured0
elolwlhv shufhlyhg rq d ohduqlqj sdwk duh hpsor|hg1

Zh fkhfn wkdw wkh suredelolwlhv dsshdulqj lq wkh h{suhvvlrq iru wkh VSG
duh dfwxdoo| ulvn0qhxwudol}hg lq doo wkh xqghuo|lqj vlqjoh shulrg prghov dv0
vrfldwhg zlwk wkh lqirupdwlrq vwuxfwxuh1 Solvnd +4<<:/ <;, vkrzv wkdw lq
d prgho zlwk fdvk glylghqgv/ d ulvn0qhxwudo suredelolw| phdvxuh pxvw eh
vxfk wkdw wkh glvfrxqwhg sulfh surfhvv dxjphqwhg e| wkh glvfrxqwhg vxp
ri glylghqgv sdlg rxw lv d pduwlqjdoh1 Iurp wkh Hxohu htxdwlrqv xqghu
Ed|hvldq ohduqlqj/ zh nqrz wkdw +vhh Jxlgrolq dqg Wlpphupdqq +4<<<,,
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V|n& @ H iT|n&n�+G|n&n� . V|n&n�,ma�|n&j1 Glylglqj wkurxjk e| wkh sulfh
ri wkh rqh0shulrg }hur frxsrq erqg lvvxhg dw wlph w. n zh kdyh=

V|n&
+4 . �,

+4 . j,,3� . e�| ^+4 . j�,3� � +4 . j,,3� `
@

@ H

�
T|n&n�+G|n&n�.V|n&n�,

+4 . �,

+4.j,,3�.e�|n& ^+4.j�,3� � +4.j,,3� `
ma�|n&

�

zkhuh zh kdyh xvhg wkh idfw wkdw e| gh�qlwlrq d }hur frxsrq kdv xqlw sulfh
dw h{sludwlrq1 Gh�qh qrz wkh glvfrxqwhg sulfh dqg wkh fxpxodwlyh glylghqg
surfhvv/ VW|n& @ V|n&

E�n4�
E�n},�3�neZ|dE�n}��3�3E�n},�3� o dqg GW

|n& @
S&

r'fG|nr

uhvshfwlyho|1 Dgglqj GW
|n& wr erwk vlghv zh rewdlq

VW|n&.G
W
|n& @ H

�
T|n&n�+V

W
|n&n�.G

W
|n&n�,�

� +4.�,

+4.j,,3�.e�|n& ^+4.j�,3�0+4.j,,3�` me�|n&
�

vkrzlqj wkdw wkh surfhvv VW|n&.GW
|n& lv d pduwlqjdoh xqghu wkh +frqglwlrqdo,

suredelolw| phdvxuh

eS qV�|n&n�me�|n&r @ T|n&n�
+4 . �,

+4.j,,3�.e�|n& ^+4.j�,3�0+4.j,,3�` �
� S

q
G
�
|n&n�me�|n&r @ �

#
G
�
|n&n�

G|n&

$3�
^4 . u�u|n&+e�|n&,`S qG�

|n&n�me�|n&r
+59,

+59, uhsuhvhqwv wkh rqh0shulrg ulvn qhxwudo ghqvlw|1 Vlqfh wkh rqh0shulrg
vwdwh0sulfh ghqvlw| lv vlpso|

hS qV�|n&n�me�|n&r @
4

4 . u�u|n&+e�|n&, eS
q
V
�
|n&n�me�|n&r

@ �

#
G
�
|n&n�

G|n&

$3� �
Lt�'��e�|n& . +4� Lt�'��,+4� e�|n&,�

+5:,

lw lv lpphgldwh wr ghulyh wkh h{suhvvlrq iru wkh rqh0shulrg dkhdg vwdwh0sulfh
phdvxuh/ rqfh lw lv uhfdoohg wkh irup ri +BB,1 Qrwlfh wkdw wkh dgydqwdjh ri
zrunlqj zlwk wkh VSG lv wkdw lw grhv qrw ghshqg rq wkh ulvn0iuhh udwh1
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Zhoo0nqrzq uhvxowv � iru lqvwdqfh lq Solvnd +4<<:/ <90<;, � jxdudqwhh
wkdw wkh h{lvwhqfh dqg xqltxhqhvv ri wkh ulvn qhxwudo phdvxuh lq wkh xq0
ghuo|lqj vlqjoh0shulrg prghov lv vx!flhqw iru wkh h{lvwhqfh dqg xqltxhqhvv
ri wkh ulvn qhxwudo phdvxuh iru wkh lq�qlwh krul}rq prgho1 Wklv ulvn0qhxwudo
phdvxuh fdq eh irxqg e| *sdvwlqj* wrjhwkhu doo wkh sdwkv ohdglqj wr d fhuwdlq
vwdwh ri wkh zruog w . y shulrgv dkhdg dqg h{sorlwlqj wkh idfw wkdw uhdol}d0
wlrqv ri wkh glylghqg jurzwk udwh duh l1l1g1 qrwzlwkvwdqglqj wkh ohduqlqj

surfhvv1 Iru lqvwdqfh/ iSuqV�|n�mq|>Q|

r
fruuhvsrqgv wr wkh surgxfw ri wkh

vwdwh0sulfh ghqvlwlhv ri w|sh +5:, wkdw d kljk glylghqg jurzwk rffxuv m wlphv
rxw y> pxowlsolhg e| wkh qxpehu ri vdpsoh sdwkv wkdw fdq ohdg wr wklv �qdo
rxwfrph/

��
�

�
=

iSu| qV�|n�r @

�
y

m

� �\
&'�

�

#
G
�
|n&n�

G|n&

$3� �
Lt�&'��e�|n&.+40Lt�&'��,+40e�|n&,�

@

�
y

m

�
��

q|===+q|.m � 4,+Q| � q|,===+Q|.y � m � q|.4,

Q|+Q| . 4,===+Q| . m � 4,===+Q| . y,
�

�
�\

&'�

#
G
�
|n&n�

G|n&

$3�
@

�
y

m

�
��

q|+q|.4,===+q|.m04,+Q|0q|,===+Q|.y0m0q|.4,

Q|+Q| . 4,===+Q| . m � 4,===+Q| . y,

�
%#

G
��
|n�

G|

$3� #
G
�2
|n2

G
�2
|n�

$3�
111

#
G
��
|n�

G
��3�
|n�3�

$3�&

@ ��

#
G
�
|n�

G|

$3� �
y

m

�T�3�
&'f+q|.n,

T�3�3�
&'f +Q| � q|.n,T�3�

&'f+Q| . n,
+5;,

dv lw lv hdvlo| fkhfnhg wkh fruuhvsrqghqfh ehwzhhq
T�3�
&'fE?|n&�

T�3�3�
&'f E�|3?|n&�T�3�

&'fE�|n&�

dqg ?|���E?|n�3��E�|3?|����E�|n�3�3?|n��
�|E�|n�����E�|n��

= Wkhuhiruh +5;, lv wkh ghvluhg pxowl0
shulrg ulvn qhxwudo phdvxuh1 Qrwlfh wkdw dv h{shfwhg iurp wkh jhqhudo uhvxow
lq Jxlgrolq dqg Wlpphupdqq +4<<</ surs1 4,/ wkh wlph w ulvn0qhxwudo glv0
wulexwlrq ri wkh wlph w . y vwrfn sulfhv ghshqgv rq wkh hqwluh vhtxhqfh ri
srvvleoh ixwxuh suredelolw| eholhiv1

Ohppd : Gh�qh S�u
|n&+v, @ S�u

|n&

�
G|n&n� @ +4 . j�,

r +4 . j,,
�3rmq|n&>Q|n&

�
=

Vxssrvh wkdw
�n}W

�

�n4 � 4 zkloh
�n}W

,

�n4 ? 4= Xqghu wkh vdph dvvxpswlrqv ri
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sursrvlwlrq 7/ wkh wlph w. n EO sulflqj nhuqho

��u
|n&+q|n&>Q|n&, @ clp

M<"

;?=
M[
�'�

��
�[

r'f

+4 . jW�,
r+4 . jW, ,

�3rS�u
|n&+v,

<@>
lv dq lqfuhdvlqj dqg frqyh{ ixqfwlrq ri e�|n& @ ?|n&

�|n&
;n zkhq � ? 41

Surri1 Frqvlghu dq dowhuqdwlyh hvwlpdwh e��|n& A e�|n&= Iru m @ 4 wkh
suredelolw| ri wkh wzr srvvleoh �qdo glylghqg qrghv xqghu Ed|hvldq ohduqlqj
duh=

S�u
|n&+v @ 4me��|n&, @ e��|n& A e�|n&

S�u
|n&+v @ 3me��|n&, @ +4� e��|n&, ? +4� e�|n&,

dqg vlqfh iru � ? 4 +4. jW�, A +4 . jW, ,> wkh suredelolw| pdvv lv vkliwhg iurp
wkh edg wr wkh jrrg rxwfrph/

�

�[
r'f

+4 . jW�,
r+4 . jW, ,

�3rS�u
|n&+vme��|n&, A �

�[
r'f

+4 . jW�,
r+4 . jW, ,

�3rS�u
|n&+vme�|n&,

Wkhuhiruh wkh �uvw vxppdqg lq wkh gh�qlwlrq ri ��u
|n& lv eljjhu xqghu e��|n& Ae�|n&= Iru m @ 5 dqg xvlqj wkh idfw wkdw wkh wlph w. n hvwlpdwru ri � fdq eh

uh0zulwwhq lq d uhfxuvlyh idvklrq dv

e�|n&n� @ e�|n& . �LtE�n}|n&n��'E�n}���
Q|n& . 4

� 4

Q|n& . 4
e�|n&�

zh kdyh=

S�u
|n&+v@5me��|n&,@e��|n& �e��|n&. 4

Q|n&.4
+40e��|n&,�Ae�|n& �e�|n&. 4

Q|n&.4
+40e�|n&,�

S�u
|n&+v @ 4me��|n&,@5e��|n& �40 Q|n&

Q|n&.4
e��|n&� �?5e�|n&�40 Q|n&

Q|n&.4
e�|n&�
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S�u
|n&+v@3me��|n&, @ +4� e��|n&,�40 Q|n&

Q|n&.4
e��|n&� ? +4� e�|n&,�40 Q|n&

Q|n&.4
e�|n&�

Djdlq/ suredelolw| pdvv lv vkliwhg iurp wkh ohdvw idyrudeoh +v @ 3, wr wkh
ehvw rxwfrph +v @ 5,/ vr wkdw

�2
2[

r'f

+4 . jW�,
r+4 . jW, ,

�3rS�u
|n&+vme��|n&, A �2

2[
r'f

+4 . jW�,
r+4 . jW, ,

�3rS�u
|n&+vme�|n&,

Uhshdwlqj wklv dujxphqw dv m $ 4 rqh fdq vkrz wkdw/ surylghg � ? 4>
xqghu Ed|hvldq ohduqlqj wkh wlph w . n sulflqj nhuqho lqfuhdvhv zlwk wkh
fxuuhqw hvwlpdwh e�|n&= Dv iru frqyh{lw|/ revhuyh wkdw dv e�|n& ) 3>

��u
|n&+e�|n&,) clp

M<"

;?=
M[
�'�

��+4 . jW, ,
�

<@> @
�+4 . jW, ,

4� �+4 . jW, ,
A 3

xqghu wkh k|srwkhvlv wkdw
�n}W

,

�n4 @ �+4 . jW, , ? 4> zkloh dv e�|n& ( 4

��u
|n&+e�|n&,( clp

M<"

;?=
M[
�'�

��+4 . jW�,
�

<@>$4

li
�n}W

�

�n4 @ �+4. jW�, � 4= Iru lqvwdqfh/ iru doo � � 3 d j, ? 3 zloo eh vx!flhqw

iru wkh frqglwlrq �+4 . jW, , ? 4 wr krog1 Qrz/ ��u
|n&+e�|n&, lv gh�qhg rq wkh

frpsdfw ^3> 4`> lw lv d prqrwrqlfdoo| lqfuhdvlqj dqg frqwlqxrxv ixqfwlrq/ lw
lv hyhu|zkhuh gl�huhqwldeoh +lw lv mxvw d vxp ri gl�huhqwldeoh ixqfwlrqv rie�> wkh EO *remhfwlyh* suredelolwlhv,/ lw jrhv wr d �qlwh srvlwlyh txdqwlw| dve�|n& ) 3 dqg glyhujhv dv e�|n& ( 4= Wkhq ��u

|n&+e�|n&, pxvw eh frqyh{1
Surri ri sursrvlwlrq 91 Wr vlpsoli| wkh qrwdwlrq/ gh�qhu�u

8U-.+N, �
F�u
|n&+N, � F8U-.

|n& +N, dqg S�u
|n&+v, @ S�u

|n&

�
Gr
|n&n�mq|n&>Q|n&

�
= Zh vwduw

e| revhuylqj wkdw frqglwlrqlqj rq d frpprq/ fxuuhqw vwrfn sulfh V|n& kdv
lpsolfdwlrqv iru wkh duud| ri srvvleoh ixwxuh vwrfn sulfhv lq w.n.y1 Lq idfw

V�u|n&n�+3, @ ��u
|n&n�+q|n&>Q|n& . y,+4 . j,,

�G| @
[�u
|n&n�E?|n&c�|n&n��

[�u
|n&E?|n&c�|n&�

+4 .

j,,
�V|n& ? ? V8U-.|n&n�+3, @ �8U-.+4 . j,,

�G| @ +4 . j,,
�V|n& krogv li dqg

rqo| li
[�u
|n&n�E?|n&c�|n&n��

[�u
|n&E?|n&c�|n&�

? 4 dv V8U-.|n& @ V�u|n& e| dvvxpswlrq1 E| wkh
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suhylrxv ohppd/ wklv lv jxdudqwhhg e| wkh idfw wkdw e�|n&n�+3, @ ?|n&
�|n&n�

?e�|n& @ ?|n&
�|n&

vr wkdw ��u
|n&n�+q|n&>Q|n& . y, ? ��u

|n&+q|n&>Q|n&,1 Vlploduo|/

V�u|n&n�+y, @ ��u
|n&n�+q|n&.y>Q|n&.y,+4.j�,

�G| @
[�u
|n&n�E?|n&n�c�|n&n��

[�u
|n&E?|n&c�|n&�

+4.

j�,
�V|n& A V8U-.|n&n�+y, @ �8U-.+4.j�,

�G| @ +4.j�,
�V|n& krogv li dqg rqo|

li
[�u
|n&n�E?|n&n�c�|n&n��

[�u
|n&E?|n&c�|n&�

A 4> zklfk iroorzv iurp wkh ohppd1 Wkhuhiruh rq

d Ed|hvldq ohduqlqj sdwk d ihz wlph w. n . y vwrfn sulfhv ehfrph srvvleoh
wkdw frxog qrw eh uhdfkhg xqghu ILUH/ erwk ehorz wkh plqlpxp dwwdlqdeoh
ILUH vwrfn sulfh dqg deryh wkh pd{lpxp wlph w. n . y ILUH sulfh1

Zh vwxg|u�u
8U-.+N, lq �yh glvmrlqw lqwhuydov iru wkh vwulnh sulfh= ^3> V�u|n&n�+3,,>

^V�u|n&n�+3,> V
8U-.
|n&n�+3,,/ ^V8U-.|n&n�+3,> V

8U-.
|n&n�+y,,> ^V

8U-.
|n&n�+y,> V

�u
|n&n�+y,,> dqg

^V�u|n&n�+y,>.4,= Dv iru wkh �uvw lqwhuydo/ revhuyh wkdw zkhq N @ 3

u�u
8U-.+3, @

�[
r'f

��
�
Gr
|n&n�

G|n&

�3�
V�u|n&n�+v,S

�u
|n&+v, .

�
�[

r'f

��
�
Gr
|n&n�

G|n&

�3�
V8U-.|n&n�+v,

�
y

v

�
�r+40�,�3r

@ V|n&

�[
r'f

��
�
Gr
|n&n�

G|n&

��3�

��u
|n&n�+q|n&.v>Q|n&.y,S

�u
|n&+v, .

� V|n&

�[
r'f

��
�
Gr
|n&n�

G|n&

��3� �
y

v

�
�r+40�,�3r

@ V|n&�
� eH|n&

+eH|n&n�

%
111 eH|n&n�3�

#
��u
|n&n�

�
G|n&n�

G|n&

��3�
$
===

&,

� V|n&�
�H|n&

%�
G|n&n�

G|n&

��3�
&
A 3 +5<,

dv ��u
|n&n�

�
(r
|n&n�

(|n&

��3�
lv dq qrq0ghfuhdvlqj/ frqyh{ ixqfwlrq ri e�|n&n�

+htxlydohqwo|/ ri v> wkh qxpehu ri kljk jurzwk vwdwhv ehwzhhq w . n dqg

w . n . y/ rqfh e�|n& lv jlyhq,1 Lqghhg erwk ��u
|n&n� dqg

�
(r
|n&n�

(|n&

��3�
duh

srvlwlyh/ qrq0ghfuhdvlqj dqg frqyh{ ixqfwlrqv ri e�|n&n�/ dqg dv vxfk lw lv
vwudljkwiruzdug wr fkhfn wkdw wkhlu surgxfw srvvhvvhv wkh vdph surshuwlhv1
Wkhq/ iru e�|n& @ �> Mhqvhq*v lqhtxdolw| lpsolhv wkdw
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��u
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��3� ��u
|n&n2

��u
|n&n�

�
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��3�
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|n&n�

��u
|n&n�3�

�
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G|n&n�3�
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@ ��u
|n&H|n&

%
��u
|n&n�

��u
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�
G|n&n�

G|n&

��3�
&
@ ��u

|n&H|n&

%�
G|n&n�

G|n&

��3�
&

+63,

vlqfh xqghu nqrzohgjh ri �> ��u
|n&n� @ ��u

|n&= Iru e�|n& A �> F�u
|n&+3, �

F8U-.
|n& +3, � 3 krogv dv wkh dfwxdo

eH|n&

+eH|n&n�

%
=== eH|n&n�3�

#
��u
|n&n�

�
G|n&n�

G|n&

��3�

me�|n&$ ===me�|n&& me�|n&,

lv dozd|v eljjhu wkdq wkh �uvw olqh ri +63, vlqfh iru e�|n& A � suredelolw|
eholhiv xqghu Ed|hvldq ohduqlqj duh qr orqjhu d sxuh phdq0suhvhuylqj vsuhdg
ri UH eholhiv +dv lpsolhg e| Jxlgrolq dqg Wlpphupdqq +4<<</ surs1 7,,/
exw iru � ? 4 suredelolw| pdvv lv wudqvihuuhg iurp edg wr jrrg vwdwhv ri wkh

zruog/ wkdw lv/ vwdwhv lq zklfk
�
(r
|n&n�

(|n&

��3�
��u
|n&n� wdnhv kljkhu ydoxhv1

Frqvlghu dq| N 5 +3> V�u|n&n�+3,,= Wkhq=

u�u
8U-.+N, @
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��
�
Gr
|n&n�

G|n&
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V�u|n&n�+q|n&.v>Q|n&.y,S
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|n&+v, .
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G|n&

�3�
V8U-.|n&n�+v,

�
y

v

�
�r+40�,�3r.
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r'f

�
Gr
|n&n�

G|n&

�3� ��
y

v

�
�r+4� �,�3r � S�u

|n&+v,

�

A N��
�[

r'f

�
Gr
|n&n�

G|n&

�3� ��
y

v

�
�r+4� �,�3r � S�u

|n&+v,

�
A 3

zkhuh zh kdyh uhfrjql}hg wkdw wkh �uvw wzr whupv ri u�u
8U-.+N, fruuhvsrqg

wr u�u
8U-.+3, A 3= Wkh odvw lqhtxdolw| rewdlqv li dqg rqo| li e�|n& A �> dv

dvvxphg1 Qrwlfh wkdw iru e�|n& @ � d Mhqvhq*v lqhtxdolw| dujxphqw zrxog

pdnh xv frqfoxgh wkdw N��
S�

r'f

�
(r
|n&n�

(|n&

�3� ���
r

�
�r+4� �,�3r � S�u

|n&+v,
�

lv qhjdwlyh lqvwhdg1 Li e�|n& A �> vlqfh
�
(r
|n&n�

(|n&

�3�
lv qrz d ghfuhdvlqj

ixqfwlrq ri wkh qxpehu ri kljk glylghqg jurzwk vwdwhv/ xqghu EO suredelolw|

pdvv lv vkliwhg iurp wkh vwdwhv lq zklfk
�
(r
|n&n�

(|n&

�3�
lv kljk wr vwdwhv lq zklfk

lw lv orzhu/ dqg dv vxfk wkh srvlwlyh vljq uhvxowv1 Irupdoo|/

N��
�[

r'f

�
Gr
|n&n�

G|n&

�3� ��
y

v

�
�r+4� �,�3r � S�u

|n&

�
Gr
|n&n�me�|n& A �

��

A N��
�[

r'f

��
y

v

�
�r+4� �,�3r � S�u

|n&

�
Gr
|n&n�me�|n& @ �

��
@ 3

dv erwk vhtxhqfhv lq vtxduh eudfnhwv +dv d ixqfwlrq ri v, gh�qh d glvfuhwh
suredelolw| phdvxuh1 Wkhuhiruh iru N 5 +3> V�u|n&n�+3,, u�u

8U-.+N, A 3

zkloh rxu dujxphqw dovr lpsolhv wkdw u�u
8U-.+N,�u�u

8U-.+3, A 3> dqg wkdw
u�u
8U-.+N, lqfuhdvhv lq wkh lqwhuydo +3> V�u|n&n�+3,,=
Lw lv frqyhqlhqw wr surfhhg edfnzdugv iru wkh uhvw ri wkh surri1 Vxssrvh

N � V�u|n&n�+y,= Vlqfh pd{i3> V�u|n&n�+y,�Nj @ 3 @, pd{i3> V8U-.|n&n�+y,�
Nj @ 3 dv V�u|n&n�+y, A V8U-.|n&n�+y,> wkh wzr fdoo sulfhv duh erwk wulyldoo| qlo

dqg wkhlu gl�huhqfh lv wkhuhiruh qrqqhjdwlyh1 Khqfh u�u
8U-.+N, @ 3 lq wkh

^V�u|n&n�+y,>.4, lqwhuydo1

Frqvlghu qrz wkh lqwhuydoN 5 ^V8U-.|n&n�+y,> V
�u
|n&n�+y,,= Vlqfhpd{i3> V8U-.|n&n�+y,�

Nj @ 3zklohpd{i3> V�u|n&n�+y,�Nj � 3 ;N> lw iroorzv wkdw zkloh F8U-.
|n& +N, @

3 hyhu|zkhuh/ F�u
|n&+N, A 3= Khqfh u�u

8U-.+N, A 3= Dovr/ u�u
8U-.+N, lv gh0

fuhdvlqj lq N 5 ^V8U-.|n&n�+y,> V
�u
|n&n�+y,, dv F

�u
|n&+N, lv reylrxvo| ghfuhdvlqj

lq wkh vwulnh sulfh1
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Zh fdq jdlq vrph lqvljkw e| vsolwwlqj xs wkh wklug lqwhuydo iru wkh vwulnh
sulfh/ ^V8U-.|n&n�+3,> V

8U-.
|n&n�+y,,/ lqwr wzr vxe0lqwhuydov1 Gh�qh d8U-.+N, dv

wkh vpdoohu qdwxudo qxpehu v1w1 +4 . j�,
@+4 . j,,

�3@V| A N dqg d�u+N, dv

wkh vpdoohu qdwxudo qxpehu v1w1
[�u
|n&n�E?|n&n@c�|n&n��

[�u
|n&E?|n&c�|n&�

+4.j�,
@+4.j,,

�3@V| A

N= Revhuyh wkdw dv iru v� @ lqw+ye�|n&, . Lt�eZ|n&3�?|E�eZ|n&�:f� � ye�|n&e�|n&n� @
�|n&

�|n&n�
e�|n& . �

�|n&n�
v � �|n&

�|n&n�
e�|n& . �

�|n&n�
ye�|n& @ e�|n&> wkh

ohppd lpsolhv wkdw
[�u
|n&n�

[�u
|n&

� 4 ;v � v�= Wkhuhiruh/ d�u+N, � lqw+ye�|n&, .
Lt�eZ|n&3�?|E�eZ|n&�:f� lpsolhv wkdw d8U-.+N, � d�u+N,> zkloh iru d�u+N, ?

lqw+ye�|n&, . Lt�eZ|n&3�?|E�eZ|n&�:f� d8U-.+N, ? d�u+N, dv
[�u
|n&n�

[�u
|n&

? 4= Lq

rwkhu zrugv/ <N 5 ^V8U-.|n&n�+3,> V
8U-.
|n&n�+y,, v1w1 d�u+N, � lqw+ye�|n&, .

Lt�eZ|n&3�?|E�eZ|n&�:f� vr wkdw ;N � N d8U-.+N, � d�u+N, dqg ;v �
d�u+N, V�u|n&n�+v, � V8U-.|n&n�+v,/ zkloh ;N ? N d8U-.+N, ? d�u+N,=

Wklv lv frqvlvwhqw zlwk wkh idfw wkdw zkhq N ? V8U-.|n&n�+3,> d
�u+N, A

d8U-.+N, @ 3> zkloh iru N A V8U-.|n&n�+y, y @ d8U-.+N, � d�u+N,= Vxssrvh

�uvw wkdw N 5 ^N>V8U-.|n&n�+y,,= Wkhq

u�u
8U-.+N, @

�[
r'@�uEg�

��
�
Gr
|n&n�

G|

�3�
^V�u|n&n� �N`S�u

|n&+v, .

�
�[

r'@8U-.Eg�

��
�
Gr
|n&n�

G|

�3�
^V8U-.|n&n� �N`

�
y

v

�
�r+4� �,�3r

@
�[

r'@�uEg�

��
�
Gr
|n&n�

G|

�3�
^V�u|n&n� �N`S�u

|n&+v, .

0
�[

r'@�uEg�

��
�
Gr
|n&n�

G|

�3�
pd{

�
3> V8U-.|n&n�0N

��y
v

�
�r+40�,�3r A 3 +64d,

dv ^V�u|n&n� � N` A pd{i3> V8U-.|n&n� � Nj ;v � d�u+N,= Dv iru wkh gl�hu0
hqfh ehwzhhq suredelolw| eholhiv rq d ohduqlqj sdwk dqg xqghu UH i+v, @
S�u
|n&

�
Gr
|n&n�mq|n&>Q|n&

� � ��r��r+4 � �,�3r/ Jxlgrolq dqg Wlpphupdqq
+4<<</ surs1 7, vkrzv wkdw iru e�|n& @ � suredelolw| eholhiv xqghu ohduqlqj
duh d phdq0suhvhuylqj vsuhdg ri UH eholhiv dqg wkdw wkhuh h{lvwv d udqjh ri
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ydoxhv iru v vxfk wkdw

�r+4� �,�3r@

�
q|n&

Q|n&

�r�
Q|n& � q|n&

Q|n&

��3r

@

r3�T
,'f

+q|n&,
�3r3�T
,'f

+Q|n&0q|n&,

�3�T
,'f

+Q|n&,

?

r3�T
,'f

+q|n&.o,
�3r3�T
,'f

+Q|n&0q|n&.o,

�3�T
,'f

+Q|n& . o,

Glylglqj wkurxjk e| wkh h{suhvvlrq rq wkh ohiw0kdqg0vlgh dqg wdnlqj orjv/
zh rewdlq iru wkh odvw lqhtxdolw|=

3 ?
r3�[
,'f

cq

�
4 .

o

q|

�
.

�3r3�[
,'f

cq

�
4 .

o

Q| � q|

�
�

�3�[
,'f

cq

�
4 .

o

Q|

�
+65,

zklfk fdq lqghhg eh yhul�hg wr krog zkhq v lv hlwkhu yhu| odujh +*forvh* wr
y, ru yhu| orz1 Gl�huhqwldwlqj +65, zlwk uhvshfw wr v lw iroorzv wkdw wkh
h{suhvvlrq lqfuhdvhv zkhq v A +y�4,e�|n& dqg ghfuhdvhv iru v ? +y�4,e�|n&=
Wkhuhiruh < wzr ydoxhv ri v> v� � 3 dqg v2 � y vxfk wkdw ;v 5 ^3> v�`^ ^v2> y`
S�u
|n&+v, lv juhdwhu wkdq

��
r

�
�r+4��,�3r= Wkrxjk wkh phdq0suhvhuylqj vsuhdg

uhvxow lpsolhv wkdw
S�

r'f i+v, @ 3> iru � � �
2 wkh ixqfwlrq i+v, frqwdlqv d

qrqqhjdwlyh zhljkwlqj pdvv lq wkh lqwhuydo ^ye�|n&> y` lq wkh vhqvh wkdw wkh
srvlwlyh ydoxhv ri i+v, ryhu ^v2> y` dw ohdvw frpshqvdwh wkh qhjdwlyh ydoxhv
ehwzhhq ^ye�|n&> v2, Iru e�|n& A �> wkh wzr ydoxhv ri v vxfk wkdw i+v, A 3
pryh *uljkw*/ wr v�� A v� dqg v�2 A v2 dv lqfuhdvlqj suredelolw| pdvv lv vkliwhg
iurp vwdwhv zlwk orz �qdo glylghqgv wr vwdwhv zlwk kljk �qdo glylghqgv1 Iru
wkh vdph uhdvrq/ iru � � �

2 i+v, frqwdlqv dq hyhq odujhu +srvlwlyh, zhljkwlqj
pdvv lq wkh lqwhuydo ^ye�|n&> y`= Vlqfh wkh vxppdwlrq lq +64d, uxqv iurp
d�u+N, wr y> iru N v1w1 d�u+N, � v�2 A ye�|n&> S�u

|n&+v, A
��
r

�
�r+4� �,�3r

;v � d�u+N,/ wkh uhvxow rewdlqv1 Ixuwkhupruh/ u�u
8U-.+N, lv ghfuhdvlqj lq

N= Li N lv v1w1 d�u+N, 5 ^d�u+N,> v�2, wkh uhvxow iroorzv iurp wkh idfw wkdw
wkh zhgjh ehwzhhq ^V�u|n&n� �N` dqg pd{i3> V8U-.|n&n� �Nj lqfuhdvhv zlwk v>

zkloh lq ^ye�|n&> y` i+v, frqwdlqv d srvlwlyh zhljkwlqj pdvv1 Lq wklv lqwhuydo/
u�u
8U-.+N, fdq eh hlwkhu lqfuhdvlqj ru ghfuhdvlqj lq N= Zkhq N lqfuhdvhv/

vwdwhv ri wkh zruog lq zklfk S�u
|n&+v, ?

�
�
r

�
�r+4��,�3r duh *glvfdughg*1 Li iru

wkhvh vwdwhv ri wkh qdwxuh lw zdv ^V�u|n&n� �[ �`S�u
|n&+v, ? pd{i3> V8U-.|n&n� �

Nj��r��r+4� �,�3r wkhq wkh gl�huhqfh lq rswlrq sulfhv lqfuhdvhv/ rwkhuzlvh
lw ghfuhdvhv1

Vxssrvh lqvwhdg wkdw N 5 ^V8U-.|n&n�+3,>N,= Wklv lpsolhv d8U-.+N, ?

d�u+N, zkloh ;v ? d�u+N, V8U-.|n&n�+v, A V�u|n&n�+v,= E| wkh vdph dujx0
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phqw pdgh deryh/ F�u
|n&+N, � F8U-.

|n& +N, fdq eh hlwkhu lqfuhdvlqj ru gh0

fuhdvlqj lq N ryhu wklv lqwhuydo1 Iluvw/ qrwh wkdw d�u+V8U-.|n&n�+3,, lv v1w1

V�u|n&n�+d
�u+V8U-.|n&n�+3,,, � V8U-.|n&n�+3,> zkloh ;v ? d�u+V8U-.|n&n�+3,, V

�u
|n&n�+v, ?

V8U-.|n&n�+3,= Jlyhq wklv/ zh fkhfn wkdw u�u
8U-.+V

8U-.
|n&n�+3,, lv qrqqhjdwlyh=

u�u
8U-.+V

8-.
|n&n�+3,, @ u�u

8U-.+V
�u
|n&n�+3,, .

�
@�uE78U-.
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�
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|n&n�
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A ^V8U-.|n&n�+3,0V
�u
|n&n�+3,`
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r'f
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�
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|n&n�

G|
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�
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|n&+v,

�
.

+66,

.

@�uE78U-.
|n&n�Ef��3�[
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��
�
Gr
|n&n�

G|

�3�
^V8U-.|n&n�+3,� V�u|n&n�`S

�u
|n&+v, A 3 +67,

zkhuh wkh �uvw lqhtxdolw| iroorzv iurp wkh idfw u�u
8U-.+3, A 3 dqg wkh vhfrqg

iurp wkh ^V8U-.|n&n�+3, � V�u|n&n�` A 3 iru hyhu| whup lq wkh vxppdwlrq/ soxvS�
r'f

�
(r
|n&n�

(|n&

�3� ���
r

�
�r+4� �,�3r � S�u

|n&

�
Gr
|n&n�mq|n&>Q|n&

��
A3 dv do0

uhdg| uhfrjql}hg1 Frqvlghu qrz d vwulnh N @ V8U-.|n&n�+3,.�> � A 3 vxfk wkdw
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d�u+V8U-.|n&n�+3, . �, @ d�u+V8U-.|n&n�+3,,1 Wkhq

u�u
8U-.+N, @
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�
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G|n&
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^V�u|n&n� �N`S�u
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�r+40�,�3r � S�u

|n&+v,

�

zklfk lv srvlwlyh dqg lqfuhdvlqj lq N vlqfh

�[
r'@�uEg�

�
Gr
|n&n�

G|n&

�3� ��5
v

�
�r+40�,�3r � S�u

| +v,

�
A 3

iurp wkh idfw wkdw zlwk d�u+N, ? ye�|n& �S�
r'@�uEg� i+v, frqwdlqv d qrq0

qhjdwlyh suredelolw| pdvv1 Uhshdwlqj wkh vdph dujxphqw iru doo wkh vxelqwhu0
ydov ri ^V8U-.|n&n�+3,>N, iruphg e| lqfuhdvlqj wkh vwulnh zlwkrxw ohwwlqj d�u+N,

wr fkdqjh dqg h{sorlwlqj wkh frqwlqxlw| lqN riu�u
8U-.+N,> zh frqfoxgh wkdw

wklv ixqfwlrq lv hyhu|zkhuh srvlwlyh dqg lqfuhdvlqj lq ^V8U-.|n&n�+3,>N,= Wkh

gl�huhqwldo lq fdoo sulfhv lv dw �uvw lqfuhdvlqj/ wkrxjk <N��f v1w1 iru vwulnh
sulfhv kljkhu wkdq N��f wkh zhgjh vwduwv ghfuhdvlqj wrzdugv }hur/ ohyho
uhdfkhg iru N @ V�u|n&n�+y,= Ixuwkhupruh/ e| wkh dujxphqw mxvw glvsod|hg

zh nqrz wkdw N��f pxvw ehorqj wr ^N>V8U-.|n&n�+y,,=

Ilqdoo|/ zh duh ohiw zlwk wkh lqwhuydo ^V�u|n&n�+3,> V
8U-.
|n&n�+3,,= Krzhyhu/

u�u
8U-.+N, lv d frqwlqxrxv ixqfwlrq dqg zh kdyh douhdg| suryhq wkdwu�u

8U-.+V
�u
|n&n�+3,, A

3= Wdnh qrz dq| N � @ V�u|n&n�+3, . �> zkhuh � A 3 lv d vpdoo qxpehu vxfk

88



wkdw d�u+V�u|n&n�+3,, @ d�u+V�u|n&n�+3, . �, @ 41 Zkhq y $ 4> � pxvw eh

slfnhg yhu| vpdoo1 Qrwlfh wkdw u�u
8U-.+N

�, fdq eh ghfrpsrvhg lqwr=

u�u
8U-.+N

�, @ u�u
8U-.+V

�u
|n&n�+3,, .

�
�[

r'�

�2
�
Gr
|n&n�

G|n&

�3�
�

�
S�u
|n&+v,�

�
y

v

�
�r+4� �,�3r

�
.

. �2

#
G

E��
|n&n�

G|n&

$3�
�+4� �,�

lpso|lqj wkdw u�u
8U-.+N

�, A u�u
8U-.+V

�u
|n&n�+3,, A 3= Wkhuhiruh u�u

8U-.+N,

lv lqfuhdvlqj dqg srvlwlyh lq ^V�u|n&n�+3,> V
�u
|n&n�+3, . �`= Zh fdq uhshdw wkh

vdph dujxphqw iru doo wkh vxelqwhuydov ri ^V�u|n&n�+3,> V
8U-.
|n&n�+3,, lq zklfk do0

wkrxjk wkh vwulnh sulfh lqfuhdvhv/ d�u+N, grhv qrw fkdqjh1 Vlqfhu�u
8U-.+N,

lv d frqwlqxrxv ixqfwlrq wklv lpsolhv wkdw lw lv hyhu|zkhuh lqfuhdvlqj ryhu
^V�u|n&n�+3,> V

8U-.
|n&n�+3,,= Vlqfh u�u

8U-.+V
�u
|n&n�+3,, A 3 srvlwlylw| hyhu|zkhuh

iroorzv1 Vxppdul}lqj/ u�u
8U-.+N, vwduwv srvlwlyh dw N @ 3> lqfuhdvhv ryhu

+3>N��f, dqg wkhq ghfuhdvhv ehwzhhq N��f dqg V�u|n&n�+y,> zkhuh lw lv

}hur/ zlwk N��f 5 ^V8U-.|n&n�+3,> V
8U-.
|n&n�+y,,=
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Dsshqgl{ E1

Iljxuh 41 Lpsolhg yrodwlolw| dv d ixqfwlrq ri prqh|qhvv iru V)S 833
lqgh{ rswlrqv zlwk pdwxulw| ryhu wkh shulrg Iheuxdu| 4<<6 0 Mdqxdu| 4<<71

,PSOLHG YRODWLOLW\ DV D IXQFWLRQ RI PRQH\QHVV�

)HE� ����PDWXULW\

�

����

���

����

���

����

���

����

���

���� ���� ���� ���� ���� ����

0RQH\QHVV �VWRFN LQGH[�VWULNH�

%
6
LP

S
OL
H
G
Y
R
OD
WL
OL
W\
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