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1. Introduction

Theissue of the costs of economic ingtability relative to the costs of reduced growth is
one which has created congiderable controversy both paliticaly and amongst the
ranks of economists. The publication of Lucas's (1987) caculaions, which damed
to show an enormous relative welfare benefit in favour of promoting growth rather
than stability, has been accepted in some quarters as a strong judtification for small
government. On the other hand, a sgnificant but much less influentid rearguard

action continuesto be fought. At the level of macroeconomic research, Ramey and
Ramey (1995) present evidence on a negative link between volatility and growth.
They conclude that:

“..... by assuming no interaction between voltility and growth, the theoretical
business cycle and growth literatures omit important elements. These omissons can
lead to questionable conclusions, such as Lucas's (1987) caculation of the potentia
benefits of diminating busness-cycle volatility.” (Ramey and Ramey (1995) p.
1148).

The Lucas cdculation was based upon a“microfoundations’ or “optimising”
approach to macroeconomics, however, and it would be rather easy in this context to
consgn the Ramey and Ramey results to the fate of those aggregative sudieswhich
do not have the gatus of explicit microeconomic underpinnings. On the other hand,
work of Obstfeld (1994) set in aSmilar “representative consumer” microfoundations
context to that of Lucas, lends weight to the view that the issue should be regarded as
far from settled. Obstfeld concludes that:

“....the cogt of U.S. consumption variability is subgtantidly higher than in Lucas
(1987), dthough il quite smdl compared with the benefit of an extraannua
percentage point of trend consumption growth”. (Obstfeld (1994), p.1472),

and

“.....application of this paper’s framework to other countries yields many instances,
especidly in the developing world, of much higher variability costs than those found
for the United States’. (Obstfeld (1994), p.1473).

Interestingly, Obstfeld’ s results arise, at least in part, not from conjecturing alink
between volatility and growth but from actually breaking arather rigid link between
the microeconomic influences of volatility and growth whichis present in the greeat
mgority of the microfoundations approaches - namdy the link between a measure of
the representative consumer’ s willingness to forgo current consumption for the sake
of growth (typicaly congtructed as the intertempora eadticity of substitution) and a
measure of risk averson (usudly defined in terms of the Arrow-Pratt measure of
relaive risk averson and often applied to what is termed “consumption risk”). By
bresking the rigid link between aspects of consumer preferences which dictate
willingness to subtitute current for future consumption and other aspects which
dictate willingness to accept variability in circumstances, the data may be alowed to
play agrester role in deciding the issue of the rlative importance of volatility and
growth. Thedifficulty, however, isto bregk thelink redigticaly - from an empirica
viewpoint - while maintaining the microfoundations gpproach.



Obstfeld’ s choice of the non-expected utility maximising framework, based on the
specification of Well (1990) and the theoretica developments of Epstein and Zin
(1989, 1991), is an explicit recognition of the need to bresk the nexus between the
intertempora eadticity of subgtitution and the coefficient of risk averson. Inthis
paper an aternative approach to breaking thislink is pursued, an gpproach which
generdizes the functiona forms underlying the specification of preferences and
technology. Itisshown that, if the focus for measurement of risk averson is made
cong stent with the microeconomic optimisation problem of an intertempora utility
maximising consumer and if anaturd interpretation of the concept of intertempora
subdtitutability is adopted which is not dependent on a particular constant parametric
specification, then it is not necessary to depart from the intertemporaly additive
expected utility paradigm to bresk therigid link between risk averson and
intertempord subgtitutability. However, it is necessary to generdise the functiona
form of the period utility or fdicity function beyond the commonly employed
isodadtic form. Thisdlows explicit emphasis on the issue of functiona form
specification, an agpproach which seems warranted in view of the potentid sengtivity
of volatility versus growth wefare caculations to the pecification of the functiona
form of utility and technology.

In the introduction to his book Methods of Macroeconomic Dynamics, Turnovsky
(1995) describes the process of increasing sophistication in the development of
microeconomic foundations for macroeconomic models. This has become gpparent in
the increasing attention to logica detall which is given in the specification of the
objectives, choices and congraints facing consumers, firms and government. The
environment of andys's has moved from an earlier paradigm in which agents operated
in an atemporal closed economy context, with intertemporal aspects tacked onin an
ad hoc manner, to afully intertempord optimizing framework in a determinigtic
context, with increasing attention being paid to open economy choices and
condraints, and more recently into an explicitly stochastic environment which
introduces options for studying a range of rea world phenomena previoudy treeted in
acursory manner.

Naturdly, the developmentsin the attention of macroeconomics to microeconomic
foundations have not been achieved without cost. In those cases where explicit closed
form solutions for agents optimal behaviour have been derived, these have typicaly
been with the aid of smplifying assumptions both on preferences and technology.
However, for anayses supported by empiricaly based parameter vaues, generd
(“flexible’) functiond form specifications are desirable. The point of departure of the
current paper is therefore to bring together theoretica developments associated with
the modeling of representative agents in a continuous time stochastic environment,
aong the lines expounded by Turnovsky, with specifications of preferences and
technology more generd than the typicd linear or linearly homogeneous technology
and isoeladtic preferences which are commonly employed in the theoreticd literature,
with the objective of providing atheoreticd bassfor specification of empiricaly

robust macroeconomic models based upon microeconomic foundations in which there
isnoa priori rigid link between concepts of critical relevance to digtinguishing the
relative importance of voldility and growth.



The plan of this paper isasfollows. In Section 2 the relationship between
intertempora subgtitutability and risk averson is consgdered in more detail ina
Sochadtic intertempora expected utility maximising framework. It is shown thet the
key to maintaining flexibility in this rdaionship is the moddling of ather aufficiently
complex preferences or sufficiently complex technology, or preferably both, so asto
imply anon-unitary wedth eadticity of consumption. Since specifications of this
level of generdity are rardly employed, Section 3 is devoted to summarising a method
which dlows the derivation of consumption functions of this type for which the
corresponding utility functions can be explicitly evaluated. The gpproach is based on
intertempora duality and the specification of consumer profit functions and is more
fully detailed in a deterministic context in Cooper (1999) and in a stochastic context
in Cooper (2000). Section 4 sets out a two country model using generdized
preference and technology specifications. Section 5 begins to employ the mode
framework in a preiminary application to South African data.

2. The Rdationship Between Intertempora Substitutability and Risk Aversion

Consder arepresentative consumer with an instantaneous von Neumann-Morgenstern
utility function U(c) where cisred tota consumption expenditure. Following Pratt
(1964) and Arrow (1965), for a consumer who faces consumption risk, the expression
-Uc/Uc may be used as a measure of relative risk aversion. However, in the Arrow-
Pratt framework it is because the consumer uses the function U(c) as an evaduation of
the optimized objective that -cU../U. has a natura interpretation as ardetive risk
premium which a consumer would be willing to pay to avoid an undesrable risk.

That is, the Arrow-Pratt measure applied to U(c) presupposes that U represents the
consumer’s optimised, indirect, utility function so that the consumer, congtrained by a
random initid resource, ¢, uses the function U(c) as abads for welfare evauation.

Suppose, however, that the consumer is an intertempora optimiser with an
intertemporally additive preference ordering. The consumer chooses ¢; in order to
maximise the expected discounted present vaue of the future stream of U(c;) over dl
futuret, conditional on agiven initia wedlth, w. Let V(w, .) denote this optimised
vaue. Clearly V depends upon parameters of the process of evolution of w aswell as
upon the choice of the path of ¢;. Applying the Arrow-Prett reasoning to risky initia
wedlth suggests that -wVuw/Vy, is an appropriate measure of relativerisk averson. If
other sources of risk are involved, say in the returns on stored wedlth, these could be
measured by the dependence of V on the parameters defining the risks.

Whilerisky initid weath may lead to voldility in consumption, it is nevertheless

clear that -wVw/V, isamore appropriate measure of risk averson than -cUq/U; in
the intertempora case. Thisis because, firdly, in such models c is actudly chosen by
the consumer o that fluctuations in ¢ are endogenous, not exogenous. Consequently,
cisnot “risky” in the same sensethat w is. Secondly, it isV which measuresthe
consumer’ s optimised satisfaction, not U. Therefore, the premium in terms of the
initid wealth resource foregone to avoid a possible lossin V has meaning in an
intertemporal optimising context, but the premium in terms of consumption foregone
to avoid apossble lossin U does not have the same clam to meaning since U is not
maximised in this context.



Congder the situation where initid wedth is given but where risk enters through the
evolution of wedlth. A case can gill be made for the use of -wVyw/Vy asameasure
of relative risk averson, even though the Arrow- Prétt type derivation in terms of
random initial wealth does not gpply; it can be shown that -wV y/V, (inversdy)
influences the proportion of wealth held in risky assets.

Having established that the Arrow-Pratt concept of relative risk aversion
applies to the (scaled) curvature of the indirect utility function V(w, .), it
should be noted that, for a variety of reasons, one would not expect this
concept, measured by the construct —-wVw/Vw, t0 be represented adequately by
a constant parameter. In the first instance, V(w, .) depends not only upon the
level of wealth but also upon all the intertemporal and risk factors in the model.

There is no reason, a priori, why these factors could be expected to impact to the
same extent on consumers drawn from different locations in the wealth digtribution or
with different demographic characteristics. Thisis particularly pertinent to modelling
the behaviour of a so cdled representative consumer, Snce in this case sengtivity of
therisk averdgon “parameter” to average wedth, its distribution, and to factors driving
the evolution of wedth islikdly to beimportant. Secondly, there is even less
judtification in gpecifying this concept as a parameter of a consumer’ s instantaneous
utility function. Asaconcept reated to optimised utility it islikely to be extremdy
unredigic empiricaly to link thisrigidly to a parameter of the instantaneous function
sgncethisimpliesthat al intertempora factors cancel out in terms of their potentia
influence on the consumer’ s extent of risk aversion.

It should be noted that the specifications of Well (1990) and Epstein and Zin (1991),
were not intended to examine the parameter congtancy issue. Their specifications use
afunctiond form in which relaive risk averson is represented by a congtant
parameter. However, this constant relative risk aversion specification has proven to
be empirically problematic. The empirica work reported by Epstein and Zin (1991)
illustrates the point that the extension to a constant relative risk aversion non-expected
utility formulation does not necessarily resolve specification issues. They note that:

“A troubling pattern that emergesisthat the rate of time preference, d, is often
ggnificantly lessthan zero ... [which] indicates a problem that this mode shares with
the [congtant relative risk averson| expected utility modd ...” (Epstein and Zin
(1991), p.282).

Turning to the concept of the intertempora eadticity of subgtitution, let us redtrict
ingantaneous utility function specifications U(c) and the process driving w to those

for which an optima expected utility maximising decison rule exigts in autonomous
feedback form. The feedback rule is the solution to the first order necessary condition
Uc(c) = Vulw, ), or, if random initid wedth isdlowed, Uc(c) = E Vi(w, .). The firg
order optimisation condition may be inverted ether to emphas se the dependence of the
solution on the evolution of margind utility ¢ = C' (Vi(w, .)) or to emphasise the
feedback solution as a synthesised form ¢ = C*(w, .)!. In the former formulation C'

1 Wherever possible upper case letters are reserved for functions which evaluate the variable
represented by the corresponding lower case letter. Additionally, a superscript is employed where
necessary to distinguish functions by their conditioning variables. ThusC' denotes the marginal utility



is the inverse of the U, function whileits argument V,, serves as a conduit for al
intertemporal influences on the consumption choice. It followsthat - In C' / { In

V isanatural choice for the definition of the intertemporal elasticity of
substitution. Since U¢(c) = Vw(w, .) impliesthat  In Vy/ T In ¢ = cUc/Uc , this
in turn suggests that the intertemporal elasticity of substitution may be defined
as -U¢/cU¢c. Thisisthe usual formula for the intertemporal elasticity of
substitution in a continuous time intertemporally additive expected utility
maximising context, it is unambiguous, and it depends only upon the functional
form specified for instantaneous utility. Because it relates purely to the
consumer’ s primitive preference ordering, it is natural to parameterise upon the
intertemporal elasticity of substitution. However, it may not be empirically
realistic to treat this parameter as constant. More plausibly, intertemporal
substitutability would increase with the overall consumption level.

In an intertemporally additive expected utility maximising context subject to a
linear stochastic wealth transition equation, it can be shown that a constant
intertemporal elasticity of substitution implies a unitary wealth elasticity of
consumption and consequently implies a constant (and reciprocal) coefficient
of relative risk aversion. However, it can also be shown that this rigid
relationship is purely an artifact of the parameter constancy, that is of the
functional form. In terms of the above definitions, the relationship between the
intertemporal elasticity of substitution (IES) and the coefficient of relative risk
averson (RRA) in an intertempordly additive utility maximisng modd may be

examined on log differentiation of the first order condition Ug(c) = Vi(w, .):

-cU_,. /U, (TInc/TInw) = -wV,,/V,,
which immmediatdy gives
Wedlth Eladticity of Consumption = [ES* RRA

This relationship indicates that the link between intertempora subgtitutability and risk
averson (in the senses defined here) isnot rigid, but naither isit entirdly arbitrary. As
shown above, arigid reciprocd link between the IES and the RRA only appliesfor
those ingtantaneous utility specifications, which imply aunitary wedth dadticity of
consumption. Thusit is not necessary to move to nortintertempora additivity or to
non-expected utility to bresk this link but merely to move to a more general
functional form which does not impose the a priori rigid behaviourd redtriction
of aunitary wedlth dadticity of consumption.

Moving to amore flexible specification which does not imply a unitary wedlth
eladticity of consumption, moreover, offers the potentia for amore satisfactory
resolution of empirical paradoxes such as the so-caled “ equity premium” puzzle,
Those papers which appear to resolve the equity premium puzzle may be interpreted
asintroducing factors which alow anon-unitary wedth eladticity of consumption.?

conditioned consumption function (the Euler equation) while C* denotes the wealth conditioned
consumption function (the synthesised solution).

2 Constantinides (1990), Grossman and Laroque (1990), Mankiw (1986).



Those papers which appear unable to resolve the puzzle, even if they break the link
between aleged measures of risk averson and intertempora subdtitutability,
generdly retain a unitary wedth dasticity of consumption.®

Condderation of the issues raised above suggests that it would be worthwhile to
explore the specification of functiona forms which do not imply aunitary wedth
eladticity. These forms alow recognition of some of the issues which in the quoted
literature are raised as important, such as the requirement for amore flexible but
intuitively reasonable relationship between intertempora subgtitutability and risk
aversion, without abandoning ether the intertempora additivity assumption or the

expected utility paradigm.

3. Notation, Assumptions and Prdiminary Results

In this section a general methodology is proposed to enable the examination of
intertempora subgtitutability and risk averson in arepresentative consumer/firm
context. For the purpose of alowing the theoretical specification to represent the
microfoundations of a macro model, the aggregate consumption varigbleis
generdisad beyond smply consumer aggregate expenditure to represent the “full”
expenditure of arepresentative consumer/firm, and the trangtion equation is
generdized to dlow nonlinear technology and to represent the nationa income
identity. The analys's concentrates on the real open economy. Monetary factors are
not considered but the modd is developed in an explicit two-country context — a home
and aforeign country — where the second country could be interpreted either asa
magor trading partner with other partners exogenous, or possibly as an aggregate of
the rest of the world.

Define U (z) asthe home country representative consumer/firm’s instantaneous utility
function, where z is an aggregate of red consumption, net exports and balancing
items, representing total current expenditure in the nationa income identity. Ignoring
minor items such as depreciation and val uation adjustments, essentidly z=c+ x
where ¢ isred consumption and X is net exports. The representative agent derives
ingtantaneous utility not only from current consumption but aso from the implications
of net exportsin terms of foreign debt reduction or foreign exchange accumulation.

U (2) isinterpreted as an indirect utility function. 1ts dependence on the relive
pricesof ¢ and X issuppressed for convenience as attention is concentrated on
intertempora aspects of the optimization problem. The budgeting processis
essentidly two stage. Whileoptima ¢ and x - conditiond on aggregate
expenditurez - could be determined by Roy’s Identity gpplied to U (2) , the following

anadysis concentrates on the intertempora choice between z and invesment in the
country’s capita stock.

Itisassumed that U,(z) >0, U,,(z) <0, where single (double) subscripts denote first
(second) derivetives respectively.  Let U * (z*) denote the foreign country

3 Weil (1989), Attanasio and Weber (1989), Kocherlakota (1990). See also the survey articles by Abel
(1991) and K ocherlakota (1996).



representative agent’ s utility function, which will be subject to anadogous
assumptions.

The home and foreign countries representative consumer-firms optimisation
problems are linked in the sense that each acts under condraints arisng from the
evolution of variables which are determined as the outcome of the optimization
problem of the other. It isassumed that in each case the representative agent acts asiif
it isin acompetitive dtuation in which its decison making does not affect that of the
agent in the other country. In fact, this competitiveness assumption will be
strengthened to facilitate derivations below.

The optima vadue functions implied by the optimisations may be defined by:

\¥ -
J(kkrms) =max, . B Qe U (z(t))dt (1a)
\¥ - *
I* (ke kL ms) =max, oo B Qe Y * (z* (1))dt (1a*)
subject to the condtraints:.
dk(t) ={F (k(t) +s *g(t)a(t) - z(t)}dt +sa(t)dx t) (1b)

dk* (t) ={F * (k* (t) +s *2g* ()a* (t)- z* (t)jdt+s *a* @)dx * ()  (1b¥)

mt)[L+ c]F* (k* (1) /k* (t) - F(K(©)/k(t)

g(t)= (19
S
1/m(t)| (1+c *[F(k(t))/k()- F*(k*@{))/k*(t
g*(t):[ m(t)] [1+ ¢ *] (()S)*z() (k* () /Kk* (1) (16
dm(t) =s _dx_(t) (1d)
k(0) =k (1€)
k*(0) =k* (1e*)
m(0) = m (1f)

where (assumed congtant) parameters are collected for notational convenience from
the perspective of the objectives of the two countries as.

s=(s,s*s,,c,c*d,d*)¢, s*=(s*s,m’s ,c*,c,d*,d)c



To ad interpretation, the explicit reference to time is dropped and the drift in the
home country’ s capital stock is rewritten by rearrangement of (1b) and (1c) as.

F*(k*)a_ .
*

Edkz%[k- a|+ 1+ c] ”

where E denotes the expectation at the current point in time,

Herek isred domestic capitd stock and a represents holdings of arisky finencd
assat, measured in real terms, acquired by sae of ownership rights over a component
of the productive capital stock. F(k) isaredtricted (that is, capital stock conditioned)
red net output or real vaue added function, the average return from which is paid to
the home country representative consumer-firm, who owns k - a of productive
capitd. Theforeign red net output functionis F * (k*) . The risky invesment for the
home country representative agent involves equity investment in the foreign country.
This pays an expected averagereturn m[1+c| F * (k*)/k*. Here misthered
bilaterdl exchangerate and ¢ represents a productivity premium (over theforeign
average return on the asset k * ) which the investing country expects to make on its
investment in the foreign country. This productivity premium could possibly be
negative. Itslower bound is dictated by the requirement that the overdl risk premium
m[l+c] F*(k*)/k*- F(k)/k>0. In(ic), g isdefined asanormdization of this
ovedl risk premium. Clearly, g must be positive for arisk averse representative
agent; otherwise no foreign investment will occur, Since an equd or greater certain

rate of return would be available locdly. The return on the risky investment is subject

to stochadtic variation (percelived risk in investment in aforeign country) determined
by a Weiner process with diffuson s .

The foreign country representative agent’ s problem is effectively the mirror image of
that for the home country. Subject to the proviso that, from the perspective of the
foreign country, the evolution of the red exchangerateis, by Ito’s Lemma

dg}r/n(t)g: m(t)%s 2dt - m(t)s _dx,, (1d*)

the problems of the two countries are essentidly symmetric and attention may be
directed to determining the optimal solution for the home country. Some preliminary
results and rearrangement of the optimization problem using dudity theory are first
presented in some detail for the home country and then summarized for the foreign
country.

Define the ingtantaneous consumer “ profit” maximization problem for the home
country representative agent:

F()=mx,U(2)-2). 2)

Thelatent varidble | , usad in (2) to evaduate the cost of expenditurein utility termsin
defining consumer “profit”, will play an important role as the codtate variable in the



intertempord optimization problem. The ingtantaneous optimization problem (2) has
first order condition:

U.(9=1. ©)

Importantly, optima expenditure asafunction of | can be recovered from the
optimized consumer profit function by Hotelling's (envelope) theorem:

z=-F (). @

We note for later usethat | conditioned (* Frischian”) utility, defined by
U ()=U(;*(l)), may be constructed from the profit function on combination of
(4) with arearrangement of (2) as.

Ur()=F@)-1F (). Q)

Next, define the (optimized, current vaue, deterministic component of the)
Hamiltonian:

Hk,)=F()+IF(k). (6)

Now define alatent varidble, r say, to represent the implicit rentd rate of capitd. It
can be shown that an appropriate measure of economy-wide economic profit is.

P(I,r)=max,,( [U@- 17+ [Fk)- rk]) 7
This follows from a definition of economy-wide economic profit obtained by

combining consumer and producer profit, where producer profit is defined firsily as
max , (F(k)- rk) and then converted to utility terms by use of the scale factor | .

However, using (2) and (6), it will be convenient to work with the intermediate
functions F and H inwhat follows. Thus, (7) isrewritten as

P(I,r)=max,(H(kI)- rlk). G)

The concept of economy wide profit represented by (8) has many useful implications.
We highlight four of them.

Firdly, thefirst order condition for (8) implies H, (k,I ) =r1 , whichin view of (6)
further implies

r=F(k ©)

and, in view of the assumption that F,, <0, optimd k , denoted by 12, may be written
inteemsof r as.



K=F.,\(r). (10)

In caseswhere it is appropriate to make use of the competitiveness assumption — that
the representative consumer-firm takes the aggregate average capital stock as given
and contemporaneoudy optima in the sense that arbitrage opportunities are exhausted
and ingantaneous profits are maximized — (10) alows the optima capital stock to be
explicitly diminated in terms of theimplicit rentd rate r .

Second, it is possble to rearrange (8) to trandate the Hamiltonian into aform,
conditionedonboth | and r , whichis, very conveniently, lineer efinein k :

Hk,,r)=P( ,r)+rlik. (11)

Before proceeding, it is worth emphasising that the sense in which K is optima here
isthet it is chosen to maximize ingtantaneous economic profitsin adeterminigtic
context in which capitd is costed a the implicit renta rate r . If the representative

agent has the option of an dternative safe investment &t this rate of return, then the

absence of arbitrage opportunities will be sufficient to ensure that K is
contemporaneoudy optimd in the intertempora problem. The assumption of absence
of arbitrage opportunitiesis maintained here.  With this assumption it will be possible

to replace K in (11) by the solution to a compatibly defined intertemporal
optimization problem.

Third, in view of (10) the average rate of return on holdings of productive assets can
be defined intermsof r as.

_FEA)

M=

(12)

Similar concepts may be defined for the foreign country. Of particular rlevance a
thispoint are:

= Rt (k) (©)
Kk =F. *1(r+) (10%)

F* (Fo > ()
Fe (1)

M (r=) = ! (12%)

where F,. * denotes the foreign margina product function and F,. ** denotes the
inverse function.

Fourth, using the conceptsof r and r * , the basic intertempora optimization
problems for the agents may be redefined, conditioned on theinitid vauesof r , r *

11



and other exogenous explanators, as specia cases of the more genera optimization
problems.

Ik rems) =max o E, Qe u(zt)at (13a)
I (ke ko *r ms) =max, ol B, e U (2 (D)t (13a¢)
subject to:

dk(t) = {M (r (t)k(t) +s *FO)at) - z(t)jdt +sa(t)dx (t) (13b)

dk* (t) = {M * (r * @©)k* (t) +s *2g* (t)a* (t)- z* (t)}dt +s * a* (t)dx * (t)
(130%)

dr (t) ={F, (K)|F (k) +s 2G(1)alt) - 2(t)|+ % Fue (K()s 2at)? ot +sa(t)dx (t)

(13¢)

ar + (o < Fioe 0 O * @)+ g7 02" 0 - 22 )
T+ % P (K () *7 % 07
+s *a* (t)dx * (t)

(13c*)
g = MO+ clm (Sr " (0) - M(r () 130
g = Ol e *]hz (- M ©) (134
dm(t) =s _dx_(t) (13¢)
k(0) =k (13f)
k*(0) =k* (13f+)
(O =r (139
MCEIS (13g)

m0)=m (13h)



and where, asbefore, s= (s ,s*,s ,c,c*,d,d*)¢, ss=(s*,s,m’s _,c*,c,d*,d)¢

In the absence of initid arbitrage, defined by the additiond requirement thet the

rel ationships between the initid conditions for the capita stock and its margina
product are given by (9) and (9*), problem (13) reducesto problem (1). Itis
convenient, however, to maintain the artificid separation of these initid conditions
and work with the more genera problem (13). At the same time, attention is
restricted to the competitive optimizations implied by the assumption thet the
representative agent in each country takesthe pathsof r and r * asexogenoudy
given, though optimal. It is clear from the structure of problem (13) that optimal
solutionsfor z,a, z*,a* in syntheszed form, if they exist, may be written in terms of
the contemporaneous values of the predetermined variables k,k*, r ,r*,m and the
parameter vector s. Let:

2=2Z(kk*,r,r*,ms)=2Z(r,r*,ms) (14a)
a=AK K, r,r*,ms =Ar,r*,ms) (14b)
7 =7*(k K r*,rl/ms)=2*(r,r*,ms (14a*)
a = A*(k*k,r*,r 1/ms?) = A*(r,r*,ms) (14b*)

denote the optimal competitive solutions, that is, the solutions for the choice variables
if the home and foreign country representative agentsteke the pathsof r and r * as

exogenoudy given but consgstent with their optimal choices, and where the second
equality in each of (14) uses (10) and (10*). To aid presentation, let us further define:

N°(r)© F(R(r), N*(r)° R (F(r)), N*(r)° R (F(r) (15)

NO*(r*)° F*(Fe * " (r*), N**(r*)° Fe. * (R * (%),
N®*(r*)© Fegeee * (Fe ¥ (1%)) (15%)

Problem (13) may then be decoupled into separate home country and foreign country
decison making problems. The home country problem is:

J(k,K*,r,r* ms) = max ., o Eo (5 e U (z(t))dt (16a)
subject to:
dk(t) = {M (r ()k(t) +s 2g(V)a(t) - z(O)dt +sa(t)dx (1) (16b)

di* (t) = {M * (r * @)k * (t) +s ** G* ())a* (t)- 2* ()}dt +s * &* (t)dx * (t)

(16c)
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dr (&) ={NZ(r ())[N°(r (1)) +s 2gR)AW) - 28)|+ % N3(r (©)s 2a(t)? ot

+sat)dx (1)
(16d)
o+ <IN ONT () +s 2 gt 03 (0~ 22 (t)}%dt
TN (% () 7 & 0
+s *a* (t)dx * (t)
(16d*)

plustheinitid conditions (13f)-(13h), the normaized risk premium definitions (13d),
and (13d*), the exogenous equation of motion for m given by (13e) and the RHS
equditiesin (14) which give expressions for the equilibrium synthesized solutions for
use a points were they are taken as given by the representative agent;

Andogoudy, the foreign country problem is:

J*(k* k1 *,r 1/ mst) = max E, Qe "U * (z* (O)ct (16a*)

{zoa )}y 0
subject to the condtraints:

dk* (£) ={M * (r * (t)k* (t) +s *2G* (t)a* (t)- z* (t)jdt +s * a* (t)dx * (t)
(16b*)

dk(t) = {M (r (t)k(t) +s ‘FOAC) - z(t)fdt +sat)dx (t) (16¢*)
together with (16d), (16d*), (13€) and theinitial conditions (13f)-(13h).

Note that the decoupled optimization problems (16) and (16*) have mirror image
capital sock accumulation relationships as trangition equations (16b) and (16c¢) for
the home country problem and (16b*) and (16¢*) for the foreign country problem.

The home country agent chooses {z(t), a(t)}; , thus expecting to influence the
outcome of (16b), but treats the entire path {z(t)*,a(t) *}; as exogenoudy given, thus

not expecting to influence the outcome of (16¢) but rather assuming its evolution to be
consistent with (14a*) and (14b*). Conversdly, the foreign representative agent

chooses {z(t)*, a(t) *}; , thus expecting to influence the outcome of (16b*), but treats
the entire path {z(t),a(t)}; asexogenoudy given, thus not expecting to influence the
outcome of (16c*) but rather assuming its outcome to be consstent with (144) and

(14b). All other congraints are common in both problems. In particular, the
congraintson the evolutionof r and r * areidentica in both problems. In both

cases these are treated as exogenous paths which evolve consstently with (14).
In one aspect of their generd formulation, however, problems (16) and (16*) are il

more generd thanisrequired. In particular, they yidd the optima behaviour of the
respective competitive representative agents in equilibrium if and only if thereisan
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absence of initid arbitrage opportunities. Thus, the equilibrium requires that the
synthesized solutions for (16) and (16*) have superimposed upon them the
contemporaneous congtraints (9) and (9*).

4. Solution of the Intertemporal Optimisation

This section presents the solution to problem (16) and, by anadlogy, the solutionto the
mirror image problem (16*), in aform capable of adaptation to econometric
estimation of the modd equations for quite generd preference and technology
specifications. The HamiltonJacobi-Belman (HJIB) equeation for the home country
representative competitive agent problem (16), congtructed by Bellman's Principle of
Optimdlity, involves the representative agent making a trade-off between the
acquigtion of utility from current expenditure and the acquisition of potential for
additiond utility in future as an outcome of capita accumulation. The decison
making is undertaken by the competitive agent given that what is believed to be under
itsinfluence isthe expected path of k, but notthat of k*, r , r * or m. Itis

assumed that the Weiner processes dx (t), dx * (t) and dx ,(t) areindependent and

that the representative competitive agent makes decisions consstently with the
correctly evolving vaue of E(dk)(dr ) but in the belief that the vaue of this
covariance is not affected by individua optimization decisons. Note aso that

Edm(t) =0 for amplicity, though this is inconsequential. Under these conditions, the
HJB equation for the competitive optimum for the home country is*

d J(k,k*,r,r*,ms) =

1J,E(dk) + J,.E(dk*) + J, E(dr ) +J . E(dr *) G
i _ _ |
17+ 3J, E(dk)(dr) + ... E(dK*)(dr *) + % J,... E(dk*)?y (17)
max z,a U (Z) + —i — — _ y
' dt.|.+}é‘]rrE(dr)2+%‘]r*r*E(dr *)2+}/2‘]mnE(dr®2 I
i - i
1+ % 34 E(dk)® b
where the mean expectations, covariances and variances may be calculated from the
assumptions and the relationships (16b), (16¢), (16d) , (16d*) and (13€) as:
éE(dk):M(r)k+szqa- 2 (189)
iE(dk*) =M (r*)k*+s 5g* A*(r,r*,ms)- Z*(r,r*,ms) (18b)

* The assumptions on the independence of the Weiner processesimply that

E(dk)(dk*) = 0, E(dk)(dr *) =0, E(dk)(dm) =0, E(dk*)(dr ) = 0, E(dk*)(dm) = 0.
Theserestrictions, in addition to the structural assumption on zero drift in the real exchangerate, are
imposed in (17). The assumption on the exogeneity of the covariance E(dK)(dr ) from the point of

view of the optimization decision of the representative competitive agent isreflected in the use of (14b)
in (18€) below.
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1 — 2 0 220 * _ 2 *
EE(dr)—N (r)[N (r)+s“gA(r,r*,ms)- Z(r,r *,ms) (180)

+ % N3(r)s 2[A(r ,r*,ms)]2

%E(dr*): NZ*(T*)[NO*(I’*)+S *Zq*A*(r,r*,m,s)- 2*(r,r*,ms)

(18d)

+ ¥ N3* (r*)s *? [A*(r T *,ms)]2
iE(dk)(dr) = N2(r)s 2| Ar e[ (189)
iE(dk*)(dr *) = N*2 (1 *)s *2 [A*(r ,r*,m,s)]2 (18f)
1 2 2 (A 2
EE(dk*) =S * [A* (r,r*,ms)] (189)
1 2 A 2
—E(dr)* = INZ(r )]s Z[A(r ,r*,ms)] (18h)
1 2 A 2 )
—E(dry =[N*2 (r)['s * [A*(r ,r*,ms)] (18)
L Edm? =s? (18))
dt " )
L E(dk)? =s 22 (18K)
it

Given (18), the first order conditionsfor (17) are:

U,(2)=7J, (19
and
a=-@,/J, (20)

and, using (2), (3) and (6), this alows the (optimized from the viewpoint of the
representative competitive agent) HIB equation implied by (17) to be written as.

d J=H(k,J,)- %s’g23}13J, +w (21)

where:
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113 E(dk*)+J, E(dr )+ J,.E(dr *) + I, E(dk)(dr )+ J,.,.. E(dk*)(dr *)i
W=—1/] _ _ _ _
dt++}/2‘Jk*k*E(dk*)2 + %3, E(dr)* + %3, .E(dr*)* + %3, E(dm)’

Using (10) and (10*) to diminate k and k* from the partid derivative expressons,
and subdtituting in the relevant terms from (18), an explicit though complex
expression for theterm w which depends explicitly only on r ,r*,m and s may be

obtained and summarized as;
w=W(r,r*,ms). (22)

The objective of this section isto rewrite the HIB equation in aform which ultimately
provides a source of endogenisation of the costate variable | . In order to complete
thistask, use is made of the optimd vaue function, tregting it as “output” and
defining its dud, optimal intertempora profit. Concentrating on the home country
optimization in what follows, it will be convenient and involve no loss of generdity to
use (10%) to diminate k* intermsof r * and define:

Ik, r,r*,ms)° J(K,Fo. *(r*),r,r*,ms). (23)
Dud to problem (16) is the following “intertempord profit” maximizing problem:
Y(I,r,r*,ms)zmaxk<j(k,r,r*,ms)-Ik> (24

which implies, consgtently with (19) and (2), and hence ultimately with (1) under the
additiond condition of competitive decision making, the first order condition:

J.(kr,r*ms)=1 . (25)
An envelope result (Hotelling's Theorem) gives:

k=-Y,(,r,r*,ms). (26)
Together, (25) and (26) yield an identity:

jk(-Yl(I rrxms),r,r*xms)°l , 27)
differentiation of which further implies

Jo =-11Y,, . (28)
Using (25) and (28), optima foreign asset holdings may be written as.

a=dy, (29

y(22)
b
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Additiondly, using (25), (24) may be rearranged to give a costate conditioned form of
the optimd vaue function:

3(I Jorrms)=Y(,r,rrms)-1Y,(,r,r*,ms) (30

Then, usng (11), (25), (28) and (30), the HIB equation (21) may be rewritten in terms
of theintertempord profit function Y as:

d[Yd,r,rs,ms)-1Y, (,r,r*ms)|=P(,r)-rlY, (,r,r*,ms)
+}/ZS 292| 2YII (l ,I‘ ’r*,ms)"'\/\(r ,r*,m.S)
(31)
asecond order linear differential equation which may be explicitly solved for Y .

Assuming s 1 0, asisnaturd for the stochagtic case, the solution of (31) can be
verified by direct examination to be (see Cooper (1999) and Cooper (2000) for more
details on the deterministic and stochastic cases, respectively):

N\

Ibl‘lz'bl'lP(z r)dz +1 " ¥z'bZ‘lP(z r)dz *
_1"Q ' 0 & Wi rtms)

Y = 32
}/23 2gz[bz' bl] d ( )
where
r-d+¥s ?g? é -d+¥s’g?t  2d
b, = 2%2 2 _\/Q 2%2 2 Q+ 2.2 (339)
S°g e S0 ua S99
_ 242 Ap L 202
p,=rdrsis g , Jr-dissg B, 2 (330)
s’y & s 0 s’g

The requirement that the integralsin (32) converge to finite values effectively
imposes the transversdiity condition for the optimization. This imposes parameter
regtrictions on the function P and hence on the underlying preferences and
technology which need to be checked for specific functiona form specifications.
For development of the modd it is useful to employ (30) together with (32) to

generate an expresson for the optima vaue function. Asan aid to amplification, it is
first noted that, by an envel ope theorem applied to (8) and use of (6):

P (I,r)=F, (1)+F(K)-rk
where k isthe optima solution of (6), itsdf afunctionof | and r .

Then, comparing this result with (6) and (8), it may be noted that:
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PU,r)-1P, (,r)=F@0)-1F, (), (34)

an expresson which diminates r  and which, by virtue of (5), may be seento
represent costate conditioned, or Frischian, instantaneous utility.  Now, integrating
RHS (32) by parts and using (30) and (34), the optima vaue function may be derived
inaform conditionedon | and r as

30 rreme 1m0z " F@)- 2F, @)z +1 20z " [F(2) - 2F, (2)lz

%5 2gz[bz - bl]
. Wr,r*,ms)
d
(35)

In order to collect the complete set of model equations into a coherent form, it is
useful to record some ancillary results. Firdly, defining alatent varigble, | say, to

represent the endogenous (to the decision maker) component of the optima vaue
function, we have:

j=3(l,r,r*,ms)-w=3°(l,r,r*,ms). (36)

In what follows (36) will be referred to as the truncated optimal vaue function. It

may be noted for later reference that the truncated optima vaue function is capable of
explicit evauation by integrating the term on the top line of (35). Moreover, by
combining (30) and (36) with the HIB equation (31), in view of (6), (8), (27), and (29)
a (non-linear) equation for the costate variable may be written as a rearrangement of
the HIB equation:

_dj-F@)
F(K)+ %s g

Additiondly, from (25), (26) and (28), the Arrow-Prait coefficient of reative risk
averson may be characterized as.

(37)

r=-kJ, /J, :$ (38)

and, in terms of the risk aversion coefficient, the risky asset choice (29) may be
represented as.

a=%k. (39)

In bringing together these resullts some further latent variables are defined to Ssmplify
expressons. These additiond definitions, and their relationships to the results derived
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above, are explained following aligting of the full set of equations for the home
country component of the model, which is set out below.

f =F(k) (409)
r=F ) (406)
mll+c| f*/k*- f/k
- _ (40c)
S
p, =1 A AT e -d s gl 20 (@09
1 Szgz g Szgz H Szgz
b :r-d+}észgz+ ér_d+%szgzgz+ A (40e)
i s g’ & s%¢* § s%?
f=F() (40f)
19z @) - 2R, @)z +1 9z R @) - 7F, @]z
j= = (409)
\/[r -d+¥%s 292] +2ds *g®
_ - kylr - d + x5 'g°[ +20s 7g° (aoh)

) b,| brléz orilF(z) - zF | (z)]dz + b, bz-lc‘;z brlF(z)- zF | (2)]dz

az%k (400)
__d-t (40i)
f+%s ‘@
z=-F () (40k)
dk ={f +s ca- z}dt +sadz (401)

Equation (40a) represents some general specification of technology for the home
country. Red output is represented by alatent variable f and ismodeled asa
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function F of the home country’s capital stock subject to the conditions

F. >0,F, <0. Equation (40b) constructs the margina productivity of capital asa
latent varidble, r , from the predetermined variable, k , given the pecification of
technology, F .

A sriesof auxiliary latent variables are then congtructed from r , k and the
predetermined foreign capital stock variable, k* . Thefirst of these, givenin (40c), is
the normalized risk premium, g , which isarearranged form of (13d) using (9), (9*),
(12) and (12*) to write it more directly in terms of the predetermined capital stock
variables k and k* . In addition to its dependence on k and k * , the normaized risk
premium depends upon the red exchange rate, m, a productivity premium, ¢ and the
diffusonterm, s . Whilein principle each of these may be modeled as constant
parameters or as variable parameter functions of relevant explanatory variables, or
dternatively by direct congtruction from relevant data where available, the theoretica
development has assumed that the real exchange rate follows a diffuson process

while the productivity premium and the diffusion for investment are condants. In
practice, these assumptions may be accommodated by constructing the red exchange
rate astime series data and by treating the productivity premium and the diffusion

term for investment as parameters.

Equations (40d) and (40e) are the roots of the fundamental quadratic underlying the
solution to the stochastic HIB equation. These negative and positive roots, b, and
b, respectively, are functions of previoudy defined variables as well as the consumer

time preference parameter, d . The set of equations up to (40e) make up arecursive
sub-group within the modd.

Equation (40f) represents the specification of preferences via a consumer profit
function. Thelatent variable f denotes the vaue of consumer profit. The function

F itsalf depends upon alatent variable, the costate varigble, | , whichisultimatdy
determined smultaneoudy within the block of equations from (40f) down to the HIB
equation (40j). Toadinthedetermination of | , and exhibiting its essentid
smultaneity, (40g) and (40h) require evaluation of some integral expressonswhich
are conditional onagivenvaueof | . For agiven specification of the consumer
profit function F , these essentidly integrate an expression representing Frischian
utlity, UF =F - | F, . Finiteevauation of theseintegra expressionsis necessary
for satisfaction of the transversdity condition for the intertempora optimization.

A genegrd form of the transversdity condition for infinite horizon problemsis (see, for
example, Barro and Sda-i-Martin, 1995, p.505):

: -dt ] —
[I(ng H(t) =0, (41

where H (t) denotesthe optimised vaue of the Hamiltonian a timet. To andysethis
further, note that by combination of (11) and (31), for k optima as defined by (26):

Hk,|,r)=d[Y - 1Y, -w/d]- %s 292 2Y,, . (42)
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Evduating thisudng (32) gives.
Hk,I,r)=
d +%s *g’b))l bl@‘z iy F(z)dz +d + %s °g%b,)l bz(‘Sz Py F(z)dz

JIr - d+ys g7f +20s 7

(43)

Satifaction of the transversdity condition therefore requires two thingsin this
context. Firg the integral expressonsin (43) must be capable of finite evaluation.
However, these are the same integral expressions involved in the model equations
(409) for the truncated optimd vaue function and (40h) for the coefficient of rdative
risk averson. They need to be evaluated for choice of a specific functiona form.
Second, even if these expressons arefinite for given t, there is arestriction on their
growth over time aong an optima path. Clearly thiswill aso depend upon the
functiond form specification. (40g) constructs the truncated optima vaue, defined as
that component of the vaue of the optimised objective which is under the control of
the decision making economic agent, and denoted here by the latent variable j . Note
that equation (40g) is an equivaent expression to the truncated optima value function
(36). Inasmilar manner, the Arrow-Pratt measure of relaiverisk averson is
constructed in (40h) asthe latent variable r , by first deriving Y, from (32) and then
goplying thisto (38). Therisky asset choiceisthen givenin (40i). Note that, no
matter how complex the specification of preferences and technology, the proportion
of resources held in the risky asset is Smply the risk premium relative to the risk
averson codfficient. Findly, in (40)) the smultaneous |oop determining the costate
variableis closed by use of the HIB equation in theform (37), generatingl asa
latent varigble.

Givenavaueof | determined by smultaneous solution of (40f)-(40j), equation (40Kk)
then generates optima current expenditure, z. Thisisthen used dong with

previoudy determined varigbles to evauate optimd invesment in (401). It should be
noted that while datamay be availadbleon z, an dternativeisto treet it as alatent
variable. The same appliesto the risky asset choice a and the redl output variable f .
The key equation ultimately is the growth equation (40l) and thisisthe only equation
for which a stochadtic disturbance term naturaly arises from the theory.

The equations for the foreign country are the mirror images of the set (40), with
darred and ungtarred variables interchanged. 1n the context of modeling two
countries, the equation groups are linked through each country’ s dependence on the
evolution of the capital stock of the other.

5. Specification of the Home Country Component of the Moddl

In this section the system (40) is set out for a particular specification of technology
and preferences. The specification of preferencesis chosen to contain the isoelastic
utility specification as a gpecia case. The technology specification contains the
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typica power function specification as a gpecid case. The genera specifications are
sructured to enable investigation of the variability of the intertempord dadticity of
subgtitution (IES) and the Arrow-Pratt coefficient of relative risk averson (RRA) over
time and to examine empiricaly the nature of the relaionship between them. Inthe
following section a preiminary investigation is undertaken with South African data.

51  Preferences
We choose the consumer profit function specification:

e -t
FO))=h=22——
() T

1

_ | 1-e,

+(1- h)ele (44)

whereh, e, and e, are parameters, 0 <h <1 and without loss of generdity it may be
assumedthat O<e, £e, <¥ . Implied optima costate conditioned (Frischian)
expenditure is, by (4):

z=-F,(I)=hl"®+(1-h)l = (45)

and the intertempora dadticity of subgtitution (IES) is.

ehl “ +e,(1-h) "

IES= - dlogz/dlogl =
0921109 hl = +(1- h)l =

(46)

In this specification, the IESis varidble, being aweighted arithmetic mean of e, and
e, , with weights which vary with the vaue of the codtete varidble. Given e, <e,,

when the representative consumer ispoor and | islarge, | ~* dominates | “*> and
IES ® e,. Onthe other hand, when the representative consumer isrichand | is

smdl, thereverse gopliesand IES ® e, .
From (5), Frischian utility can be expressed as.

UF()=F()-1F, (1) :helli_l - h)ezli_l -

1 2

(47)

In the specid case e, =e, =€, (44) corresponds to the isoelastic specification:

e- | l-e

Py =S (a4)
which implies

z=1""°, (45)
IES=e (46)
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and

N O :
Ur()=e=—. (47)

In this case the ingtantaneous utility function (in Marshdlian form) is explicitly
recoverable as.

Zl—l/e _ 1

U(2) =
(@ 1-1/e

Although an equivaent explicit expresson for utility in Marshdlian form is not
recoverable under the more genera specification (44), it is clear from (47) and (47'),
where the representations in Frischian form may be compared, that utility for the
representative agent in the generd case (47) may be interpreted as aweighted average
of the utility which would apply separately to the poor and therich if the extreme poor
and the extreme rich had separate isoelastic preferences with |ES parameters e, and

e, respectively.

An important point about specification (44) isthat the IES (46) is avariable and will
ultimately be compatible, even in the intertemporaly additive expected utility
maximiSng context, with an Arrow- Prait coefficient of reative risk averson (RRA)
whichisnat linked to it rigidly by reciprocdity. Thiswould be true even if the
technology were specified to be linear. Another useful feature isthat (45), by contrast
with (45") provides the prospect for considerably enhanced empirical fit.

In two-country modding, it would be natura to assume a sSmilar preference
specification for the foreign country. In the absence of evidence on culturd
differences, thereis no reason why preference parameters will differ at al and
dthough thisistrivid to generdise it would be interesting to assume in the first
instance that the parameters e, and e, areidenticd in the two countries. That is, the
extreme rich could be assumed to have smilar preferences with respect to current
versus future consumption in the two countries, and the same might reasonably apply
across the two countries for the extreme poor. However, we alow the genera
preference specification of the representative consumer to be made up of a country-
specific blend of these extremes, representing different wedth distributions. Of
course, the cogtate varigble will aso, in generd take adifferent value at any point in
timein the two countries. The preference specification for the foreign country could
therefore be represented as.

_ | *ke | *l e
F*(l *):h*L+(1_ h*)L_ (44%)
1-e 1-e,

52  Technology

We choose the specification:
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a, k% +[2a k® - a k% |e’"

F(k) =
() 1+e*

(48)

Weassume 0£q, £9, <1, 0<a, £a,. Ask ® 0 thetechnology isdominated by
F(k) ® a,k®,whileas k ® ¥ itisdominated by F(k) ® a,k® . Thisfunction
therefore nests tandard specifications at its extremes and alows for more complex
technology to goply for finite k. Under the parameter restrictions g, =, =q and

a, =a, =a, it reducesto the commonly employed power specification for al k ,

F(k) =ak®. (48)
If g, =g, =0, thefunction has the logigtic form:

a, +(2a1 - az)e-k
1+e™* '

F(k) = (48")

with F(K) rangingfroma, etk =0toa, ask® ¥ .
In the case of gpecification (48), the definition of r in(9) implies

azqquZ'l + j.alqlkqfl - a'lkql +a2kq2Je'k +|.2alqlkq1-1 - azqquZ'lJe-Zk
bref

F (k) =

aresult whichisused to endogenise r  asalaent variablein (58b) below. Given the
generdity of pecification (48), the postivity of F, and, in an even more complex
fashion, the negativity of F,, (not displayed) will in genera be parameter and data
value dependent, and satisfaction of these restrictions may be checked as atest of the
modd empiricaly. Of course, in the specid casesit istrivia to check that these

restrictions will be automatically satisfied under the parameter vaue conditions
specified above.

It is convenient at this point to record the mirror image pecification of technology for
the foreign country in the two-country modeling case (with, of course, potentialy
different technologica parameters):

. _az*k*%* +|_2a1* K *%" _az*k*Qz*Je'k*
Fe (k) = T .

(48%)

53 Integral evauations and transversdity conditions

In order to employ specifications (44) and (48) to construct a specific modd of the
equation set (40) it is necessary to provide expressions for the evauation of the
integra expressons which are involved in (40g) and (40h) under specifications (44)
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and (48). Utilising (47), it can be seen that these involve evaluation of expressions, i,
and i, say, where:

546 1l-z%® 1-zY¥% U
.=z * e +(1-h)e, ———dz 49
0= Q2 " e T+ (- e, T (49)
3 b _1é 1_ 7 l-eq 1_ Zl—ez U
v =QZ ’ é] 1 +(1' h)ez (ﬂZ (50)
e - € -€ 0

Noating the definitionsof b, and b, givenin (40d) and (40e), it can be shown after
consderable manipulation that:

. s ’g°b, é e
R e B
€0

d e 1- e 2
2.2
+ }/ZS g (1 b g,] el gzl bq- el l bi-e - O} (49:)
ed+(1-e)(r +}/Zs2ge) 1-e 5
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In order for i, to return afinite valueit is necessary for theredtrictions 1- b, - e, >0

1- by- e,

and 1- b, - e, >0 toensurethat theterms z * " and z

20 ,—o donotgoto
infinity. Since e, * e, >0, asufficient condition is the second of these, that
involving e, , asthis then implies satisfaction of the first. On manipulation of the

definition of b, the condition may be written:
e, d+(1- ez)(r +¥s 2gze2)>0. (51)
If e, <1 thiscondition is necessaily satisfied. However, if e, >1 the condition may

be violated. Evauating the positive root of the above quadratic, the condition may be
written as

£ <2
S s +JSV2+O'; Ty e 52
e
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In asmilar manner, it can be shown that;
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In this case, to provide afinite vauefor i, itisnecessary that theterms z* "2 %

z=¥

andz* "% _ donotexplode. Theseconditionsrequire 1- b, - e, <0 and

1- b, - e, <0. Now, given e, £ e,, stisfaction of the first condition impliesthe
second. On manipulation of the definition of b, , the condition can be written as:

ed +(1- el)(r +¥s°g 2e1)> 0. (53)

Thisis the same condition as thet for e, which was given as (51) and re-expressed as
an upper bound in (52). Since we may assume without loss of generdity thet e, £e,
it isaufficient, given this, to enforce (52) to ensure satisfaction of afinite evaluaion

of both i, and i, and hence of (40g). It can be shown that this condition, which

ensures afinite vaue for the optima vaue function, is equivadent to ensuring
satifaction of the transversdity condition for the existence of a solution to the

optimisation problem. Given regtriction (52), | ™, and | °2i, may be evaluated as:
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and the finiteness of these expressions ensures the finiteness of the Hamiltonian (43)
under specification (44) for dl t. These expressions contain Smilar power termsin |
to the Frisch utility function, and afinite evaluation of the objective function for the
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intertempora optimization is therefore equivadent to satisfaction of the transversdity
condition. However, the finite vaue of the truncated optima vaue function may
actudly be congtructed, given redtriction (52), as the evaluation of (40g) under
specification (44). Specificaly, in view of definitions (49) and (50), (40g) may be
written:

bq; by
| *4, +1 720y,

56
J(r-d+}§s 2gz)+2ds g? 0

j =

However, using (54) and (55) together with (40d) and (40e), (56) smplifiesto:

j=pEo &L | U
§1-e, g ed +(1- e)(r + /s ge)] 6)
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gl- e, gd e,d+(1-e,)(r +%s’g%,){|
In an anaogous manner, for this specification equation (40h) becomes:
_ _ 242 242
(= Ik\/(r d+¥%s ‘g )+2ds g | (57)

b, i, +b,l "2,
and once again using (54), (55), (40d) and (40e), this dlows (57) to be smplified to:

r= K (57)

h ell - 2 2 +(1‘ h) EZI : 22
eld +(1' el)(r +%S g el) ezd +(1' ez)(r +%S g ez)

5.3 The complete modd of the home country

To summarise the specification under (44) and (48), the home country model equation
system (40), treating relevant foreign country information as exogenous, becomes:
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6. Edimation

To date we have been able to investigate the modd empiricdly only in sngle-
economy form for South Africa. The structural mode of the “home country”
elaborated above comprises a Single equation of motion - astochestic differentia
equation (SDE), equation (58l) - and severa zero-order equilibrium relationships,
equations (58a)- (58k). Under the assumption that dx isaWiener process, Kk isnot
differentiable. The equation of motion (58), however, may be reinterpreted as an
integral equation of the form:

k(t)- k(0) = O +s “ga- ZJot + sadx (59)

Recognizing that LHS (59) isthe flow of red net capitd formation (or investment)
over theinterval dt , say | [O,t] , We can, by suitable redefinition and exchange of
variables and rearrangement of terms, isolate the Wiener process on the right-hand
Sde such that the investment equation can be solved numericaly over aperiod of time
inwhich dt =1.0. Bergstrom (1997) and others have devel oped approaches to
estimating systems of linear SDEs. We are not aware of any work in the
econometrics literature on the estimation of systems of non-linear SDES. But in view
of the nature of the modd, an exigting non-linear estimation program of Wymer,
discussed in Wymer (1993), may be used to obtain serviceable gpproximations to
quas-full-information-maximum:-likelihood (quas-FIML) estimates of the modd's
parameters. The adequacy of this approach in the present context remains to be
eva uated.

To estimate the model we use published annua data from 1980-1998 on GDP, capita
formation and consumption, aggregates of non-investment itemsin nationa income
identities, direct investment abroad, the rand/US$ exchange rate, and price deflators,
for South Africaand “the industrial economies’, as reported on by the IMF, which
stand in as “country two” or the rest of the world.

The exact quas-FIML non-linear continuous-time estimator of Wymer (1993) is
implemented (in his program ESCONA) according to atwo step agorithm.,

1. For agiven st of parameter estimates (or initid vaues) the equation sysem is
integrated forward over each observetion interval by anumerica varigble-order,
variadble-step Adams method, residuas are computed by comparing the one-period-
forward solution values with the observed values for variables on which there are

® The data were obtained from various IMF and OECD publications. All real quantities were deflated
by appropriate 1990 GDP price deflators. Thereal exchange rate was constructed by dividing the
nominal rand/US$ exchange rate by the South African 1990 GDP price deflator and multiplying by the
industrialized economies’ 1990 GDP price deflator. Series on capital stocks were constructed by the
“perpetual inventory” method on base stocks that conform to the stylized facts of industrialized
economies. Capital consumptionis not reported for South Africa. We estimated this variable from the
ratio of capital consumption to gross capital formation for the industrialized countries. This practice
may introduce distortionsin capital stock figures, but we deem it superior to the use of a constant
percentage or an estimated depreciation parameter.
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observations (for latent variables, of course, there will be none), and the variance
covariance matrix is then formed.

2. Thenaturd logarithm of the variance- covariance matrix is minimized by a quas-
Newton method to update parameter estimates. Convergence criteriaare then
checked and, if not met, another iteration is begun.

Across-equation restrictions that are implied by theory are, of course, imposed in
esimation. In estimating the modd we have aso imposed congtraints on the vaues

that parameters can assume. Estimates of al parameters must be non-negative, a,
may not exceed & ,, 0, May not exceed q,, €, may not exceed é, and A must beless
than unity.

The estimated modd tracks the historica data very well with percentage root-mean-
square errors of less than 3% in datic in-sample forecasts of red varigbles. The
quasi-FIML parameter estimates and the estimates of their asymptotic standard errors
aegiveninTable 1.

Table 1: Prdiminary Parameter Estimates

Parameter Parameter Estimate Asymptotic Standard Error

(Egtimate)
a, 0.06574* 32.808%4
) 0.41837 0.09151
a, 0.81758 0.08640
d, 0.71596 0.08418
e 0.78652 0.01128
e, 4.84622 0.10755
C 1.08904 0.30624
d 0.00001* 0.00007

n 0.98999 0.000003
g 2 0.14677 0.04288

There are severd troubling aspects to the parameter estimatesin Tablel. Of most
concern is the estimate of the subjective time preference rate, d ,Whichis
inggnificantly different from zero. At the same time, the estimate of the asymptotic
eladticity of subgtitution for the extremely wedlthy, €, , isvery large. Asit turnsout,
thefact that €, issolargeisnot, in and of itsalf, amatter for concern. Onthe
contrary, the very large difference between €, a 0.79 and €, at 4.85isamatter of

consderable interest, and points to a tendency in the data to support avariable
eladticity of subgtitution which riseswith wedth. The difficulty arises, however, with
the transversdlity condition (51), which in view of the combination of these results
turns out to be violated at al pointsin the sample.

6 denotes an estimate not statistically discernible from zero at the 0.05 level of significance.
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Possibly as aresult of the violation of transversdity, there isdso atendency in the
parameter estimates for theinfluence of €, to bereduced. Infact, by virtue of the
esimated vaue of h, which isindgnificantly different from unity, the influence of

€, isfor dl practica purposes diminated. This reduces the preference specification
virtualy to the isodastic form, in an gpparent attempt to restore competibility with the
transversdity condition which in the isodagtic case merely requires IES< 1. Aswill
be discussed further below, for the current set of parameter estimates this attempt was
not entirdly successful and the model estimates remain incompatible with satisfaction

of the transversdity condition and hence with intertemporal optimisation.

It would have been possble to maintain the more generd preference specification
compatibly with satisfaction of the transversdity condition by enforcing afurther
resriction €, < 1. However, thiswould have done violence to what the dataiis
saying. Our preferred option isto refine the data series, possibly investigate
dternative generdisations of the isodagtic specification, and additionaly conduct a
more extensve search over acomplex likeihood surface in whét is a reasonably high
dimensiona parameter space.

For present purposes, we continue the discusson conceding that the parameter
esimate of e, istoo high for comfort, thet of d istoo low for comfort, thet the
combination of these violates transversdity, that the closeness of the estimate of h to

unity is an gpparent attempit to redress this by enforcing isodadticity, but thet this
compromiseis not fully successful either.

We turn now to the technology estimates and some additiona overdl implications of
the combination of preference and technology estimates for the vaules of some key
latent variables. We note firgly in passing (and discuss more fully below) thet the
results support the existence of a non-linear technology and hence (subject to the
cavegt of the preference parameter violations of optimaity) the results tend to support
adecoupling of drict reciprocdity of the intertempora eadticity of subgtitution (IES)
and the Arrow-Pratt coefficient of relative risk aversion gpplied to resource risk
(RRA). Results supporting the bregking of thislink are reported in Table 2, where
some key latent variables are presented as estimated over the find 10 years of the
sample period.

Table2: Time Series Estimates of Some Key Latent Variables

| r IES RRA

1988 040019 0.14380 1.97911 1.98621
1989 040548 0.14311 193471 1.96419
1990 041795 0.14171 183619 1.89929
1991 042194 0.14070 1.80648 1.91020
1992 042011 0.14003 1.82001 1.96578
1993 041534 0.13951 1.85614  2.04495
1994 041836 0.13908 1.83310 2.03591
1995 042331 0.13832 1.79646 2.02801
1996 039510 0.13778 2.02336 2.42142
1997 039635 0.13723 2.01231 2.44064
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As pointed out above, the implication of the parameter estimates, and of the closeness
of h to unity in particular, isthat the IESisvirtualy congant. Table 2 givesthe
caculation of this*condant” |ES a gpproximately 2. Thisvaueisaweghted
average of 0.78 and 4.85, usng weights given in equation (46). These weights
depend upon the value of the cogtate variable, | , which has some smdll variation but
iscloseto 0.4 on average over the examined time period. Thelargevaueof e, at
4.85 would have lead to considerable variation in the |ES were it not for the negation
of this effect by the multiplicativeterm (1- h) in (46).

The equation for the RRA is given as one of the modd’ s latent variable equations,
(58n). It isthe second term in the denominator of (58h) which is problematic, as this
term’ s divisor, which should be pogtive in view of the transversdity condition (51), is
in fact negative due to the unfortunate combination of parameter estimates discussed
above. Of coursg, in (58h) the multiplicativeterm (1- h) , being estimated as
essentialy zero, acts to reduce the influence of the transversdity violaing term
(athough, as conceded above, it does not do this completely successfully and
consequently suggests thet rationdity is violated in the sense that the full set of
necessary optimality conditions are not satisfied).

As noted above (and subject to the cavest of the violation of rationdity), the implied
IESisvirtualy congant. Despite this, the RRA isvery clearly not equd to the
reciproca of the IES. Examination of the formulae for the IES and the RRA (and a
rather complex expression for the capitd dadticity of expenditure which isimplied by
(58K) together with the smultaneous solution of (58a)-(58)) which theoreticaly
provides | asafunction of k) showsthat thislack of reciprocality is dueto the
divergence of the technology from linearity rather than to the violation of rationdity.
That is, for the pecifications consdered here, the capitd dadticity of expenditure
(which isthe naturd andogue in the representative consumer-firm context of the
wedlth eadticity of consumption discussed in Section 2) is decidedly non-unity.

The technology estimates are rather interesting in their own right. As can be seen by
referring back to Table 1, the estimate of the parameter a, isdearly inggnificantly

different from zero. Thisimpliesthat too much was expected from the dataiin trying
to determine with precision the shape of the power function for technology at k = 0.
All that the dataiis saying at thispoint isthat F(0) = 0, which isa least comforting.

However, the results have more to say asymptoticaly, where the estimates of a , and
g, imply thet:

F(K)® 042k ask® ¥.

Subject to acaveat on the precison of estimation of the asymptotic standard error of
ci , , the technology appears to be significantly different from linear asymptotically. It

isaso non-linear for finite k. Infact, setting a, to zero asisimplied strongly by the
data, the best estimate of the production function for finite k is:
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It is this nontlinearity which produces estimates of ardatively high degree of risk
averson compatibly with a high degree of intertempord subdtitutability. These kinds
of results can hdp in explaining the equity premium paradox because they can judtify
ahigh equity premium to provide recompense for high risk averson at the same time
asthey dlow a subgtantia willingness to subgtitute current for future consumption.

7. Concluson

In this paper we have sought to provide the theoretical background to an examination
of the relaionship between volatility and growth from a representative agent
modelling perspective. We have argued firgly that the issues may be fruitfully
examined within the context of the intertemporaly additive expected utility
maximising paradigm, provided thet sufficiently generd functiona forms are
employed. We have then proposed and developed at some length a methodol ogy
based on reasonably extensive use of results in dudity theory to enable the complete
derivation of estimating forms which are consstent with these microeconomic
foundations. Findly, we have undertaken a preliminary empirica investigation using
South African data.

Theissue of the relative weight which policy makers should gve to reduction in
variability a the gpparent expense of growth versus opting for growth at the gpparent
expense of variability isone of vitd importance to many countries, but particularly to
countrieswhich are a crucid stages of economic and socia development such as
South Africa. The microeconomic perspective enables the conflicting criteriato be
examined in an overdl consgent framework under a utility maximising objectivein
which wefare variations due to policy changes can be explicitly examined. The
preliminary estimates obtained and discussed in this paper suggest that the proposed
methodology can provide a viable means of addressing these important issues. It dso
points, however, to the need for an ongoing effort to refine the data and to generalise
to apoint of empirica satisfaction the types of preference relationships and

technol ogies which are specified and maintained behind these types of rdaively
sophigticated microeconomic foundations based analyses.

The methodology described in this paper has been researched and purpose built
precisaly to enable generdisations of the tightly theoretically specified functiond
formswhich are now current in the theoretical growth literature in order to dign them
more closdy with the probably more flexible specifications which will be required to
offer practica input to the policy debate. The reported results are mixed but they
point clearly to a promising research path.
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