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Abstract

The paperpresentsan extendedversionof the standardtextbookprob-
lemof consumerchoice.As usual,agentshave to decideabouttheir desired
quantitiesof variousconsumptiongoods,at the sametime taking into ac-
counttheir limited budget.Pricesfor thegoodsarenot fixedbut arisefrom
a Walrasianinteractionof total demandanda stylizedsupplyfunction for
eachof thegoods.After showing that this typeof modelcannotbe solved
analytically, threedifferent typesof evolutionaryalgorithmsareset up to
answerthequestionwhetheragents’behavior accordingto therulesof these
algorithmscansolve theproblemof extendedconsumerchoice. Thereare
two importantanswersto thisquestion:a) Thequalityof theresultslearned
crucially dependson the elasticityof supply, which in turn is shown to be
a measureof the degreeof statedependency of the economicproblem. b)
Statisticaltestssuggestthat for theagentsin themodelit is relatively easy
to adhereto thebudgetconstraint,but thatit is relatively difficult to reachan
optimumwith marginal utility perDollar beingequalfor eachgood.
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JEL classifications:C63– D11– D83
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1 Intr oduction

In introductorycoursesto microeconomics,whenit comesto theproblemof con-
sumerchoice,a questionoftenheardis ‘Do peoplereally behave this way?’ The
standardanswerto this questionis ‘Not really, but they canlearnto achieve the
optimaloutcome,anyway’ But, is this really true?Canboundedlyrationalpeople
learnhow to choosetheir optimalconsumptionbundle?

This papertriesto answerthis question.In orderto do this, thestandardtext
bookproblemof consumerchoiceis extended:Theassumptionof fixedpricesis
dropped,which makesthe individual problemevenharderto solve. This model
is simulated,applying threedifferent learningtechniquesin form of threedif-
ferentevolutionary algorithms. Thesekinds of algorithmshave often beenap-
plied to similar economicproblems. Interpretationsof evolutionary algorithms
asmetaphorsfor varioustypesof learningschemescanbefound in e.g.(Dawid,
1999)or (Riechmann,1999b).

It canbe shown, that the learnabilityof an optimal solutionof the extended
consumerchoiceproblemnotonly dependson thelearningtechniquechosen,but
alsoon thedegreeof statedependency of theextendedconsumerchoiceproblem,
which, in turn,canbemeasuredby theslopeof thesupplyfunctionsof themodel.

Morethanthis,it canbelearned,thatit easiertoadhereto thebudgetconstraint
thanit is to find theoptimalconsumptionbundle.

Apart from answeringa coreeconomicproblem,this papershows somenew
featuresof evolutionaryprogramming,which have rarelybeenusedin economic
modellingbefore. The mostimportantnew featureis the simulationof simulta-
neousconstraintoptimizationover morethanjust onevariable,includingbinary
codingof thevariablesandtheuseof apenaltyfunction.

2 The EconomicModel

2.1 The General Structur eof the Problem

Let therebeanumberof n agents(households)facingthestandardtextbookprob-
lem of consumerchoice, i.e. selectinga bundle of consumptiongoodswhich,
undertherestrictionof a limited budget,maximizesutility.

Agentsareassumedto have identicalutility functions,which do not change
over time t. Utility is derived from consuminga bundle of m different goods
indexedk. Forconvenience,theutility functionis assumedto beof Cobb–Douglas
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type.

ui � t � A
m

∏
k � 1

qαk
i � k � t ; A � 0; αk

� 0 � k � 1 ��������� m � (1)

qi � k � t givesthequantityof goodk agenti consumesin periodt. A andαk � k �
1 ��������� mareparametersof themodel.

ThebudgetM is assumedto bethesamefor everyagenti in everyperiodt, so
thebudgetconstraintis givenby

M 	 m

∑
k � 1

pk � t qi � k � t � (2)

pk � t representsthemarketpricefor goodk in t.
Thus,everyagenti aimsto solve theconstrainedmaximizationproblem

max
qi 
 k 
 t ui � t � k � 1 ��������� m (3)

s.t. M 	 m

∑
k � 1

pk � t qi � k � t (4)

qi � k � t 	 0 � k � 1 ��������� m (5)

Equation(5) givestheusualnon–negativity constraints.
Dif ferentfrom thestandardtextbookmodel,priceswill not generallybeheld

fixed, but will be subjectto a stylizedWalrasianmechanism.For eachgoodk,
in every periodt, theprice will bedeterminedastheequilibrium priceresulting
from theinteractionof aggregatedemandfor goodk in t andaggregatesupplyof
thegood.

Aggregatedemandfor goodk in t, Qk � t is simplythesumof individualdemand
for k in t:

Qk � t � n

∑
i � 1

qi � k � t � (6)

Aggregatesupplywill bemodelledby a time invariantstandardsupplyfunc-
tion for eachgoodk, sothattheequilibriumprice p�k � t resultsas

p�k � t � Bk  mk

n

∑
i � 1

qi � k � t � (7)
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2.2 The BasicModel

Thebasicmodelis amodelof fixedprices.Thismeansthatin equation(7) mk
� 0,

yielding
p�k � t � Bk � (8)

Note,that this casedoesnot representan ‘economic’problemin thesenseof
agents’fitnessbeingstatedependent.Eachagent’s utility only dependson her
own actions,but in nowayon theactionsof any otheragent.

For fixedpricesthesolutionto theproblemof consumerchoicecaneasilybe
derived.

By standardcalculus,thesolutioncanbedeterminedas

q�i � k � t � αk

∑n
k � 1αk

M
Bk

; � k; � i; � t � (9)

This resultyieldstwo crucialcharacteristicscommonto everyoptimalbundle
of consumptiongoods.Thefirst characteristicis efficiency: Thewholebudgetis
beingspent.In anoptimalsituation,(2) becomesbinding:

M � m

∑
k � 1

pk � t qi � k � t � (10)

The secondcrucial characteristicof theoptimal consumerchoiceis the fact,
thatmarginalutility perDollar is thesamefor everypair of goodsk � l ,

∂ui � t ������� ∂qk � i � t
pk � t � ∂ui � t ������� ∂ql � i � t

pl � t � k � l ��� 1 ��������� m��� (11)

Both of thesewell known standardresultswill becomeof greaterimportance
in thesecondpartof thepaper.

2.3 The EnhancedModel

In theenhancedcase,pricesareno longerfixed, i.e. mk �� 0 in (7). As a conse-
quence,theproblemof consumerchoicebecomesa problemof statedependent
fitness:Aggregatedemandnow hasaninfluenceon themarketpriceandthemar-
ketpricehasaninfluenceonevery singleagent’s economicsuccess.

With theintroductionof flexible pricestheproblembecomesanalyticallyun-
solvable. This meansthat for flexible prices,anexplicit numericalsolutionanal-
ogousto (9) for the fixed price casecannotbe found. Nevertheless,at leastfor
uniformly behaving populations,the characteristics(10) for efficiency and(11)
for optimality still apply.
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3 The Evolutionary Algorithm

3.1 The Basics

An evolutionaryalgorithmaiming to model the above settingin an agentbased
mannermustaboveall becapableof copingwith twoproblems:a)Themaximiza-
tion problemin focusinvolvestheoptimizationof morethanjustoneindependent
variable,andb) themaximizationproblemin focushasto besolvedsubjectto a
constraint.

Both of theproblemshave beensolved in naturalsciencesbefore,1 but up to
now thereis noeconomicmodelmakinguseof theseresults.

In this paper, a hybrid evolutionaryalgorithmwill beemployed,makinguse
of principlesfrom two worlds, from the world of geneticalgorithms(GAs) and
from the world of evolution strategies(ESs). From GAs, the well known oper-
atorsof crossover andselection/reproductionareused. In economics,they have
beenbroadly interpretedas forms of social learningby communicationand in-
terpretationaswell asthe functioningof themarket(Riechmann,1999b). From
evolution strategies,theoperatorof mutationis used,beinginterpretedasa form
of isolatedindividual learningby experiment. Moreover, the variablesin focus
will notbecodedasbit strings,but asrealvaluednumbers,which is alsoa feature
of evolutionstrategies.

To makethingsclearer, an agenti will be fully describedby her economic
plans,i.e. thevectorof demandedquantitiesfor eachgoodk in periodt, qi � k � t . In
the simulations,therewill only be threedifferentgoodsavailableto the agents.
Thus,anagentis characterizedby a vectorqi � t ,

qi � t ��� 3 � (12)

An examplewouldbe

q10� 5 � 11� 2; 3 � 7; 17� 0 � (13)

meaningthatagentnumber10 plansto consume11.2unitsof thefirst, 3.7 units
of thesecondand17 unitsof thethird goodin period5.

3.2 Standard Operators

Dueto thechangein therepresentationof theagents,theoperators(oftencalled
‘genetic operators’)have to be changed,too. As theseoperatorsare usedas

1A summaryof resultscanbefoundin (Michalewicz, 1996).

5



metaphorsfor learningtechniques,the changedoperatorsstill have to support
asensibleeconomicinterpretation.

The ‘double operator’of selectionandreproduction,often beinginterpreted
aslearningby imitation connectedwith therole of themarket,needsno changes
at all. Agentsare selectedfrom their populationand reproducedinto the next
onewith a probability equalto their relative fitness.Fitness,in this case,equals
individual utility. This means,that in this paper, thestandardroulettewheelse-
lectionoperator(Goldberg, 1989)will beused,not oneof theselectionoperators
stemmingfrom thetraditionof evolutionstrategies.

Recombinationin the form of crossover is usually seenas a metaphorfor
learningby communication.Thechangeof this operatoris quitestraightforward.
In a real valuedratherthana binary representation,agents’economicstrategies
canbeseparatedinto clearlydefinedeconomicsubstrategies.A substrategy in the
currentmodelis theconsumptionquantityof asinglegood.Thismeansthatin the
above example(13) theagenthasthreesubstrategies: 11.2for goodone,3.7 for
goodtwo, and17 for goodthree. Crossover now works asusual,recombinating
two agents’substrategies.Theagentsinvolvedin crossover arechosenfrom their
population,a crossover point is selected,the vectorsof substrategiesarecut at
the crossover point, the resultingpartsare interchangedandput togetheragain,
yielding two new strategies.Figure1 showsanexample.

� � � � � � � � � � � � ��� ������������  �!"!$#&% '(#*)+ ,.- / !0)1#*2+0,0-0/ !03(#&' 2(#&'+ ,0- / %"4(#*'+0,0-./- /.+ ,!"!$#&% '(#*) -0/0+0,%541#*' - /0+ ,!03(#&' 2(#&' -0/0+.,!.)(#*2
Figure1: Crossover (example)

In the world of real valuedcodingof agents’strategies,the interpretationof
crossoverasa form of learningby exchangingsubstrategiesbecomesevenclearer
thanin theworld of binarycoding.

The third standardoperator, mutation,hasto bechanged,too. Mutation,of-
ten beinginterpretedaslearningby experiment,hasto undergo the mostsevere
changes.Realvaluedcodingcertainlydoesnot allow for simplebit flipping. In-
stead,themutationoperatorfrom thetraditionof evolutionstrategiescanbeused.
In thistradition,asubstrategy qi � k � t is mutatedby addingatermvk to it, wherevk is
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normallydistributedwith mean0andvarianceσ2, resultingin thenew substrategy
q̃i � k � t .2

q̃i � k � t � qi � k � t  vk � k ��� 1 ��������� m� ; vk 6 N 7 0 � σ2 8 (14)

By endogenizingthe mutationvarianceσ2, this operatorcould easilybe ex-
tendedin orderto representsomekind of metalearning(Riechmann,1998),but
for theclarity of theeconomicargumentthiswill notbedonewithin thispaper.

3.3 EnhancedOperators

In additionto thestandardoperators,two more‘enhanced’operatorsshallbeem-
ployed.Thefirst oneis thewell known electionoperator(Arifovic, 1994).Elec-
tion requirestwo (or more)agentsto meet,jointly work outnew strategies,evalu-
atethesestrategiesandthanfinally decidewhichstrategy to usein reality. Though
election,especiallyin its basicform, is notundisputedin its economicmeaning,3

it is known to resultin stablestatesof thelearningprocess,whichmostof thetime
evenrepresentoptimalsolutionsto theunderlyingeconomicproblem.4 Thus—
economicallymeaningfulor not — electionrepresentsa goodbenchmarkfor the
testof theperformanceof otherlearningoperators.

Thesecondenhancedoperatoris somethingmorethanjust anoperator, it re-
quiresa slight changein theconstructionandimplementationof theagents.For
the operatorof preselection, agentswill be equippedwith a memory. And al-
thoughthis memoryis very limited, it will be shown to help improving agents’
learningperformance.Precisely, agentswill begiventheability to rememberone
certainstrategy togetherwith thelevel of utility they gainedfrom employingthis
strategy. The specificstrategy an agentremembersis her all time beststrategy,
i.e. thestrategy thathasbroughther thehighestutility duringthewhole learning
process.During preselectionan agentchosesfrom two possiblestrategies: the
strategy sheusedin the lastperiod(thefitnessof which shecanremember)and
herall timebeststrategy. Shedecidesby thefitness.Thestrategy with thehigher
fitnessis chosenas the strategy the following learningprocessesof the current
period(i.e. communicationandexperiment)arebasedon.

2In orderto makesuretheadherenceto thenon–negativity constraints(7), thepuremutation
operatorhasto beaccompaniedby somemechanismguaranteeingthat q̃i 9 k 9 t : 0.

3For a clearformulationof thepointsof criticism aswell asfor somesuggestionshow to fill
the electionoperatorwith moreeconomicmeaning,see(Franke,1997) and(Birchenhallet al.,
1997).

4Riechmann(1999a)providesanexplanationto why electiontendsto resultin stablestates.
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while notSTOP

t : ; t < 1

selectpopulationmt from mt = 1

preselectionon mt :

for eachagenti > mt

preselection:
qi 9 t : ; argmaxu?�@ A�B qi 9 t ; µi C
memorizecurrentstrategy:
µi : ; B qi 9 t ; u D qi 9 t Emt F C

crossover on mt

mutationon mt

evaluationonmt

Figure2: mainloopof preselectionalgorithm
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Note, that for non statedependentproblems,like the fixed price problemof
consumerchoice,thepreselectionalgorithmessentiallyworkslike anintra agent
operatorof elitist selectionfor the basicstrategy in eachperiod. In the simple
fixed price model,an agent’s fitnessor utility is independentof what the others
do, i.e.

ui � qi � t GSt � � ui � qi � t � � St � SH.� (15)

St is thepopulationin Periodt, SH is thesetof all differentpopulations.
In problemsof statedependentfitness,on the contrary, all actionsof all the

otheragentsin thepopulationhaveaninfluenceonanagent’sfitness.Thismeans,
thatfor mk �� 0 in (7), thestrategy anagentthinksof asherall timebestone,might
— dueto thecurrentpopulation— not beasgoodasshethinks. A strategy that
onceperformedbrilliantly mayperformvery poorly in thecontext of a different
population. This is a fact that the agentsin this model are assumedto ignore.
Agentsusethe rule of preselection,becausethey simply do not know that they
maybemistaken.

3.4 Coping with the Constraints

The problemin focus is a problemof constrainedoptimization. Agentsdo not
onlyhaveto maximizeutility butalsohaveto becarefulnottoexceedtheirbudget.
In thesimulations,thebudgetconstraintwill not bedirectlyaccountedfor. This
meansthatthereis nogoodtheconsumedquantityof whichservesassomekindof
residual.This meansthatagentsdo not do somethinglike determinethequantity
of thelastgoodasall they canafford to getby therestof theirbudgetlike

qi �m� t � 1
pm� t I

M J mK 1

∑
k � 1

pk � tqi � k � t L � (16)

Instead,agentsfreely decideon thequantityof all threegoods,atfirst handinde-
pendentlyof thebudgetconstraint.This alsomeans,that in thefixedpricecases,
at thetimeof makingtheirconsumerplans,agentsdonotevenknow thepricesof
thegoods,whichmakestheirdecisionproblemevenharder.

Thecomplianceto thebudgetconstraintis securedby usingapenaltyfunction,
which is a standardtool in evolutionaryoptimization.5 Usinga penaltyfunction
meansto decreasean agent’s fitnessif shebreaksthe budgetconstraint.In eco-
nomic terms,this looks like an extensionto the utility function, which may be
ratherunusualto mosttheoreticaleconomists.

5Seee.g.(Michalewicz, 1996,pp.321).
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In thesimulationsthefollowingfitnessfunctionwasusedin orderto transform
utility ui � t into fitnessRi � t :6

Rqi 
 t � MNPO U � qi � t �  M J ∑3
k � 1 pk � tqi � k � t for ∑3

k � 1 pk � tqi � k � t � M

U � qi � t � for ∑3
k � 1 pk � tqi � k � t Q M

� (17)

Usingfitnessfunction(17)means,thatanagentcanbreaktheconstraints,but
thatsheshouldlearn not to doso.

4 Simulations and Results

For the model describedabove, simulationswere run using threedifferent al-
gorithms,a) thecanonicalalgorithm,usingselection/reproduction,crossover and
mutation,b) theelectionalgorithm,usingselection/reproductionandelection,and
c) thepreselectionalgorithm,usingselection/reproduction,preselection,crossover
andmutation.Thesimulationswererun for threedifferentparametersetswhich
only differ with respectto theelasticityof supply.

All threesetsthussharethevaluesfor A � 1 andfor thebudgetM, M � 100,
for Bk, B1

� B2
� B3

� 1, andfor αk, α1
� 0 � 2, α2

� 0 � 3, andα3
� 0 � 5. The

only differenceis thatfor thefirst set(‘FIXPRICE’), m1
� m2

� m3
� 0, yielding

p1
� p2

� p3
� Bk

� 1. Thus,FIXPRICErepresentsthefixedpricecaseor, put
in differentwords,a caseof infinitely high elasticityof supply.7 Thesecondset
(‘HIGHELASTICITY’) usesm1

� m2
� m3

� 0 � 0001,thusrepresentinga state
of highelasticityof supply. Thethird set(‘LOWELASTICITY’) usesm1

� m2
�

m3
� 0 � 1 which leadsto astateof low elasticityof supply.
Simulationswererun for populationsof n � 500 agentsandfor tmax

� 500
periods.

6Negative fitnessvaluescanarise,so thatbeforeenteringtheselectionoperator, fitnesshasto
besubjectto oneof thestandardpositivetransfermechanisms.(Goldberg, 1989;Mitchell, 1996)

7Thedefinition of ‘elasticity of supply’ differsbetweenvarioustextbooksof microeconomic
theory. This papermakesuseof thedefinitionby HendersonandQuandt(1986),who definethe
priceelasticityof supplyastheratioof relativechangein thequantityof supply(nominator)to the
relativechangeof theprice(denominator).
For this paperthis meansthattheelasticityof supplyfor goodk, εk, is givenby εk ; ∂Qk R Qk

∂pk R pk
.

Thisdefinitionimpliesthatthechangein thequantityis a resultof achangein marketprice.This
paper, though,will arguethe otherway round: A changein price is the reactionon a changein
aggregatedemand,i.e.a changein quantity.
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4.1 fixed prices

For thefixedpricecase,at leastfor thecaseof uniformbehavior, optimaloutcome
canbedeterminedanalytically. If all agentswithin apopulationbehave thesame,
thebeststrategy accordingto (9), givenparametersetFIXPRICEis

q�1 � k � t � 20� q�2 � k � t � 30� q�3 � k � t � 50 � k � t � (18)

Theseresultrepresentboth,efficiency andoptimality. Thismeansthatfor the
resultsgivenin (18) thebudgetis fully spent(i.e. thebudgetresidualis zero)and
everyagent’s utility is ashighaspossibledueto thebudget.

Thequalityof thelearningalgorithmscanbejudgedby comparingthelearned
resultsto thetheoreticalresultsgivenby (18). Morethanthis, it seemsappropriate
to checkif, andif so,how good,thebudgetconstraintis met. In orderto do this,
theaveragebudgetresidualρt will beused,whichisdefinedastheaverageamount
of money notspentonconsumptionthroughoutthepopulation,i.e.

ρt
� 1

n

n

∑
i � 1

I
M J 3

∑
k � 1

pi � k � tqi � k � t L � (19)

Representativesimulationresultsfor thethreerespectivealgorithmsaregiven
in thefollowing figures.Eachfigureconsistsof two subfigureswhich give a plot
of thepopulationaverageof thequantitiesof goodoneto three(on theleft) anda
plot of theaveragebudgetresidual(on theright).

It is easyto seethat for all threealgorithms,the quantitiestendto converge
towardthetheoreticallyoptimalquantities.Theelectionalgorithmseemsto per-
form bestwhereasthe canonicalalgorithm performsworst. This impressionis
supportedby the resultsconcerningthe budgetresidual. Electionconvergesto
a residualequalto zero,preselectiontendsto oscillatearoundzero,whereasthe
canonicalalgorithmresultsin relatively largepositive residuals.This meansthat
eachof thethreelearningmethodsis ableno to violatethebudgetconstraint,but
only learningwith electionandlearningwith preselectionenablestheagentsnot
to wastea partof their income.

4.2 flexible prices,high elasticity

For the caseof flexible prices, it becomesimpossibleto determinean explicit
solutionanalyticallyevenfor thecaseof homogeneousbehavior. In orderto judge
thequality of thesimulationresults,two measuresareintroduced.Thefirst one
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istheaveragebudgetresidualasdefinedinequation(19). Thesecondoneis the
differencebetweenthemarginalutility perdollar for eachpairof thethreegoods.
Althoughit is impossibleto solve theproblemexplicitly, thefact remainsthat in
anoptimalsolutionof theconsumerchoiceproblemmarginalutility perdollarhas
tobeequalfor eachgood.Thus,aperfectsolutionshouldhavetwocharacteristics:
a) Marginal utility per dollar is the samefor eachof the threegoods,andb) the
averagebudgetresidualis zero.

Theplotsof representativesimulationsfor thethreealgorithmsandtheHIGH-
ELASTICITY case(figures6 to 8) consistof threesubfigureseach.Thefirst sub-
figuregivesthepopulationaverageof thequantitiesof eachgood.Thissubfigure
onlyservesasanillustration.Thesecondsubfiguregivestheaveragebudgetresid-
ual ρt . The third subfigureis a plot of themarginal utility perdollar for eachof
thethreegoods.

A closerlook at thefiguresconfirmsthe resultsof theFIXPRICE case.The
electionalgorithmperformsbest.Marginal utilities perDollar seemto converge
completelywhile the budgetresidualvanishes.The preselectionalgorithmgen-
eratesslightly worseresults. While the budgetresidualfluctuatesaroundzero,
marginal utilities per Dollar becomesimilar but not equal. The canonicalalgo-
rithm performsworst.Marginalutilities perDollar becomesimilar, but thebudget
is never fully spent.
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4.3 flexible prices, low elasticity

Thethird casein focus,flexible priceswith alow elasticityof supply, causesquite
differentresults.It canbeseenthatthecanonicalalgorithmdoesnot reacha sen-
sible outcome.The budgetconstrainedis never met while marginal utilities per
Dollar never get closeto eachother. In the LOWELASTICITY case,a sensi-
ble consumerchoicecannotbe learnedby useof thesimplecanonicalalgorithm
learningrules.

x
y
z

t

S T S�S U�S�S V�S�S W S�S Y S�Squ
an

tit
ie

s

S_^ YS_^ `
S_^ aT ^ T

(a) quantities

t

T S�S UXS�S V�S�S W S�S Y SXSre
si

du
al

SSY
T ST YU�S
U Y

(b) budgetresidual

t

SS T S�S U�S�S V�S�S W S�S Y S�SM
U

/$ S_^ S YS�^ S T
S�^ S T YS�^ S�U

(c) marginal utility perDollar

Figure9: CanonicalAlgorithm – Low Elasticityof Supply

Evenworseis theresultfor theelectionalgorithm.In eachof thesimulations
for this case,with only oneexplicitly shown in this paper, the modelcollapsed.
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Election leadsto totally unrealisticcasesof violation of the budgetconstraint
while marginal utilities per Dollar do not converge at all. For the caseof flexi-
ble pricesanda low elasticityof supply, electionis far from leadingto any kind
of sensibleconsumerchoice.
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Figure10: ElectionAlgorithm – Low Elasticityof Supply

The only sensibleresultsareachieved by the preselectionalgorithm,which
causesthemarginal utilities perDollar to becomeat leastslightly similar to each
otherwhile thebudgetconstraintis not violatedtooseverely.
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4.4 Summary of Results

At this early stageof thepaper, the resultsareessentiallybasedon two sources:
The plots of the simulationsshown above andsomestatistics,which areup to
now only basedononerun of eachsimulationonly. Thestatisticscanbefoundin
AppendixA.

Concerningthebudgetconstraintit canbefound,thatit seemsto berelatively
easyto learnnot to violateit. For theFIXPRICEcaseaswell asfor HIGHELAS-
TICITY, thecanonicalalgorithmresultsin stateswhich aresignificantlypositive,
while electionis significantlyvery closeto zeroandpreselectionis evensignifi-
cantlyequalto zero.

For the choiceof the correctquantityor thebestmarginal utility per Dollar,
for FIXPRICEandHIGHELASTICITY, theresultsfrom theplotsdonot look too
bad,but from thestatisticsit canbefound,thatsignificancesarequitepoor. From
thethreedifferentalgorithms,thecanonicaloneshows thehighestdegreeof fluc-
tuations(i.e. thehighestvariance)andconsequentlythehighest(thoughstill very
poor) significanceof reachingtheoptimal result,while electionproducesnearly
nofluctuationsat all, resultingin theleastsignificanceof anoptimaloutcome.

For LOWELASTICITY, only thepreselectionalgorithmleadsto sensiblere-
sultsatall.

All in all, it seemsasif thepreselectionalgorithmperformsbestoverall types
of economicsituations.This means,thata little memoryto thepastnotablyim-
proveslearningabilities.

5 Conclusions

5.1 The Influence of StateDependency

As a conclusionto be drawn from the simulationresultsit canbe found that it
seemsto bemuchharderto learna sensibleconsumerchoicein a situationwith
low elasticityof supplythanin situationwith high (or even infinitely high) elas-
ticity.

The reasonfor this is the following. In eachturn of the algorithm(in each
marketperiod)the resultingmarketpricesandby that, the utility gained,reveal
someinformationto eachagent.This informationis informationaboutthequality
of her lastperiodconsumptionplan. Ceterisparibus,theplanwasa goodplanif
utility is highandsotheplanshouldnotbechangedtoomuchfor thenext period.
If, onthecontrary, utility wasnotveryhigh,theplanobviouslywasabadoneand
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thusshouldbe changed.Unfortunately, this argumentis only a ceteris–paribus
argument.The informationrevealedactuallyconsistsof two partswhich cannot
be distinguished.Surely the information is informationaboutthe quality of the
agent’splan.But it is only informationaboutthequality of theagent’splanin the
context of theplansof all otheragentsin thepopulation.This means,that from
periodto periodthequality of anagent’s plancanbechangedeitherby a change
in theplan itself or by a changein theplansof therestof thepopulation.While
therecertainlyis a direct impactof the agenton her economicsuccess,thereis
alsoanindirect impactcausedby therestof thepopulation.This indirect impact
hasoftenbeencalledstatedependencyof agents’fitness.

Statedependency canbe found to causenoisein the part of the information
thatvaluablefor theagent,i.e. theinformationaboutthequality of herplan. The
strongerthe statedependency, the strongeris the noise,the lessvaluableis the
informationto theagent,andthusthemorecomplicatedis theconsumptionde-
cision. Thusit shouldbe shown that lesselasticityof supplymeansmorestate
dependency in theproblemof consumerchoicein orderto give areasonwhy less
elasticityseemsto thecomplicateproblem.

It canbeshown thatthegradientmk of therespective supplyfunction(7) is a
measureof statedependency. A sketchof theargumentrunsasfollows: Theutility
function8 (1) canberewritten asintegratingthebudgetconstraint(2)9, usingqi �m
asanumeraire,yielding

Vi
� V � qi � 1 � qi � 2 ��������� qi �mK 1 � M � p1 � p2 ��������� pm� � (20)

A changein utility canbewrittenas

dVi
� mK 1

∑
k � 1

∂Vi

∂qi � k dqi � k+ ,.- /
directeffect

 ∂Vi

∂M
dM  m

∑
k � 1

∂Vi

∂pk
d pk+ ,.- /

indirecteffect

� (21)

Fromthis, it canbe recognizedthata changein anagent’s utility canbecaused
by two effects,by thedirecteffectof theagentchangingherquantities,andby the
indirecteffectof a changein prices.

8For notationalconvenience,theperiodindex t is omitted.
9An importantprerequisitefor this is the constraintbeingan equation.As mostof the sim-

ulationsin fact do result in a situationwherethe budgetis fully spent,for (2), equality is being
assumed.
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Theinterestingaspectis thechangeof theprices.From(7) it canbededuced
thata changein thepriceof goodk is

d pk
� n

∑
j � 1

∂pk

∂q j � k dq j � k � mk

n

∑
j � 1

dq j � k � (22)

It canthusbeseenthata changein thepriceof a goodis causedby a change
in thedemandfor this goodof oneor moreof theagents.

A changein utility becomes

dVi
� mK 1

∑
k � 1

∂Vi

∂qi � k dqi � k+ ,0- /
directeffect

 ∂Vi

∂M
dM  m

∑
k � 1

I
∂V
∂pk

mk

n

∑
j � 1

dq j � k L+ ,.- /
indirecteffect

� (23)

Abbreviating the direct effect asD andthe changeof aggregatedemandfor
goodk, ∑n

j � 1 dq j � k asdQk, (23) canbesimplified:

dVi
� mK 1

∑
k � 1

∂Vi

∂qi � k dqi � k+ ,0- /
directeffect

 ∂Vi

∂M
dM  m

∑
k � 1 b mk

∂Vi

∂pk
dQk c+ ,.- /

indirecteffect

� (24)

Focusingon the indirect effect, it is now easyto seethat for eachmarketk,
it is theparametermk thatdecidesthe impactof the indirecteffect on anagent’s
utility.

If, for example,mk
� 0, thereis no indirecteffectatall. Only theagentherself

hasan influenceon her utility. In other words: For mk
� 0, there is no state

dependency. Notice, that this caseis the caseof fixed prices,which leadsto
relatively goodresultsfor all threetypesof algorithms.

If, on thecontrary, mk is very high, thereis alsoa large influenceof all other
agentsoneachagent’sutility. This is thecaseof highstatedependency. Thiscase
is equalto the caseof flexible pricesandlow elasticityof supply. In this case,
dueto thehighdegreeof statedependency, thenoisein theinformationcausedis
strongandconsequentlythelearningresultsarerelatively bad.

Summarizing,thehigherm (i.e. the lower elasticityof supply),thehigheris
theimpactof statedependency on thechangeof eachagent’s utility. This makes
it harderfor an agentto recognizethe impactof her own consumerplanon her
economicsuccesswhich in turnmakesit harderto learnasensiblesolutionto the
consumerchoiceproblem.
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5.2 The Influence of Differ ent Learning Schemes

5.2.1 Election and the Conceptof Potential Fitness

Thealgorithmusingtheelectionoperatorseemsto performverygoodin theFIX-
PRICEandin theHIGHELASTICITY cases,whereasin theLOWELASTICITY
caseperformanceis extremelypoor. In orderto find out the reasonsfor this be-
havior, it is appropriateto recallthecentralworkingprincipleof election.During
election,two agentsmeetandjointly try to find a new strategy. They do this by,
amongothers,calculatingasocalledpotentialfitnessfor thenewly createdstrate-
gies,whichshouldhelpto find outwhichstrategy is thebestone.Thecalculation
of potentialfitnessrequirestheknowledgeaboutall the influenceson futureeco-
nomicsuccessof thenew strategies. As it is impossibleto know aboutall these
influences,all theseinfluencesareassumedto beunchangedsincethelastperiod
of time.

This means,thattheconceptof potentialfitnessis basicallya conceptof ‘ce-
terisparibus’ fitness:An agentcalculatesthepotentialfitnessof herstrategy as-
sumingall theotheragentswill not changetheir behavior. Thismeansthatagent
i, while finding potentialfitness,assumesthatdq j � k � 0 � i � � 1 ������� n �d� i �� j. In
otherwords,mostof theindirectinfluenceon actualfitnessis neglected.This,of
cause,is absolutelycorrectfor situationswithout statedependency, like theFIX-
PRICEcase,andthis is still quitegoodfor low degreesof statedependency like
in theHIGHELASTICITY case.But, themoreimportantthe indirecteffect, the
moreseverebecomesthe differencebetweenactualfitnessandpotentialfitness.
In situationswith highstatedependency, e.g.in theLOWELASTICITY case,this
mayleadto systematicallywrongstrategy choices,ascanbeseenfrom thesimu-
lation resultsin figure10.

5.2.2 Preselection

In contrastto election,preselectionis not the end of the learningprocessin a
period,but thebeginning. Whereasin theprocessof election,thestrategy result-
ing from theelectionprocessis theoneto beappliedin themarket,thestrategy
resultingfrom preselectionis subjectto learningby communication(crossover)
andexperiment(mutation),beforeit is usedat the market. This meansthat in
situationswith only little statedependency, preselection– like election– hasthe
advantageof chosingbetweentwo strategies(the all time bestand last strategy
usedlastperiod),but the ‘pure’ resultof thepreselectionprocesscanbeslightly
changedduring the following two learningsteps,which maybe a disadvantage.
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But, thesefollowing two learningstepsbecomethegreatadvantageof preselec-
tion in situationswith highdegreesof statedependency. Thismeans,thatdifferent
from electionlearning,preselectionlearningdoesnot get stuckin strategiesthat
aresuccessfulonly dueto potentialbut not to actualfitness,but canstill change
thepreselectedstrategy in eachperiod.

6 Summary

The paperemploysthreedifferent learningalgorithmsin order to find out, if
boundedlyrationalagentscan learnto choosethe optimal consumptionbundle.
In themodel,theproblemis complicatedby allowing for flexible pricesandal-
lowing for violation of thebudgetconstraint.

It canbe found that it is relatively easyto learnnot to breakthebudgetcon-
straint,but that it seemto be quitecomplicatedto find theoptimalconsumption
bundle.Simulationresultsshow thattheproblembecomesevenworseif theelas-
ticity of supplydecreases.It is shown thata decreasein theelasticityof supply
meansan increasein the degreeof statedependency. For sometypesof algo-
rithm, statedependency works like an externaleffect: Agentsdo not include it
into their calculationsfor their futurestrategy, thusbeingbadlymistakenin each
futureperiodof time.

Canboundedlyrationalagentslearntheoptimal consumerchoice?— They
can,if theproblemis not too complicated.And they do evenbetterif they have
somememoryof thepast.

This is all of themessagethis papercangive, but at leastthis seemsto be a
betterstoryto tell thefirst yearstudentsif they askagain. . .

A Data

Thefollowing tablesshow datafrom onerandomlychosensimulationeach.All
simulationswere run for 1000 periodswith a populationsize of n=500. The
datacontainsinformationaboutrounds501to 1000to eliminatepossiblestartup
effectsof thealgorithms.
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FIXPRICE

Thet–valuesareteststatisticsof anapproximateGausstests10 for q1
� 20,q2

�
30,q3

� 50andρ � 0, respectively.
Canonical Election Preselection

q1 Mean 20.2484 20.0492 20.2077
Var. 0.515554 0.000617538 0.0153379
t 7.73661 44.2923 37.4965

q2 Mean 30.8866 30.0306 29.9948
Var. 1.36406 0.00149178 0.00520296
t -186.699 -5760.89 -3035.61

q3 Mean 47.4426 49.9195 49.7968
Var. 1.33563 0.00358468 0.00447201
t -575.641 -11185.8 -9961.81

ρ Mean 1.4224 0.000674724 0.000770113
Var. 0.453434 3.88333E(-7) 0.000613616
t 47.2334 24.2108 0.69517

HIGHELASTICITY

The t–valueis a teststatisticof an approximateGausstestfor ρ � 0, the values
t12, t13, andt23 areteststatisticsof approximateGausstestfor MU1 � $ � MU2 � $,
MU1 � $ � MU3 � $ andMU2 � $ � MU3 � $, respectively.

Canonical Election Preselection
MU1 � $ Mean 0.178931 0.185862 0.189568

Var. 0.0000532438 8.59688E(-7) 7.43989E(-6)
MU2 � $ Mean 0.178914 0.183026 0.181765

Var. 0.0000914054 2.21833E(-7) 3.54032E(-6)
MU3 � $ Mean 0.196372 0.184637 0.183881

Var. 0.0000684217 2.27176E(-7) 6.94431E(-7)
t12 0.0316065 60.9781 52.6552
t13 -35.3568 26.2744 44.5869
t23 -30.8784 -53.7592 -22.9925
ρ Mean 4.1415 0.0108742 -0.0000875281

Var. 0.63692 0.0000392457 0.00494539
t 116.038 38.8137 -0.0278312

10This is a t–testfor largepopulations.
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LOWELASTICITY
Canonical Election Preselection

MU1 � $ Mean 0.00531371 0.000225087 0.00901293
Var. 3.19915E(-7) 0 2.0274E(-7)

MU2 � $ Mean 0.00768015 0.00624466 0.00837344
Var. 6.2859E(-7) 0 9.85724E(-8)

MU3 � $ Mean 0.0131581 0.00156332 0.0080648
Var. 1.04098E(-6) 0 4.02153E(-8)

t12 -54.3326 26.0501
t13 -150.36 43.0121
t23 -94.7983 18.5254
ρ Mean 13.3108 -5453.53 -0.538288

Var. 26.2627 0 4.07375
t 58.0792 -5.96352
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