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Abstract

Folk Theorems in repeated games hold fixed the game payoffs, while the discount factor is
varied freely. We show that these results may be sensitive to the order of limits in situations
where players move asynchronously. Specifically, we show that when moves are asynchronous,
then for a fixed discount factor close to one there is an open neighborhood of games which
contains a pure coordination game such that every Perfect equilibrium of every game in the
neighborhood approximates to an arbitrary degree the unique Pareto dominant payoff of the
pure coordination game.
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1 Introduction

Results for most models of repeated strategic play have this key feature: payoffs of the
game are fixed while the discount rate is freely varied by the modeller to achieve a desired
result, namely the Folk Theorem.! The present paper shows that the Folk theorems may be
sensitive to this particular order of limits.

We prove a result that pertains to a class of asynchronously repeated games. These are
dynamic games with a certain payoff stationarity and where at most one player moves at
each decision date. Lagunoff and Matsui (LM) (1995, 1997) and, more recently, Yoon (1999)
examine Perfect equilibria of asynchronously repeated games.? LM show that if the stage
game is one of pure coordination and if players are sufficiently patient, then every Perfect
equilibrium payoff is arbitrarily close to the Pareto dominant payoff of the stage game. By
contrast, Dutta (1995) and Yoon (1999) prove Folk Theorems for large classes of repeated
games, including those with synchronous moves, asynchronous moves, and most everything
in between, provided that stage games satisfy certain dimensionality restrictions.?

Since pure coordination games fail the dimensionality restrictions, Dutta’s and Yoon’s
results suggest that the “Anti-Folk Theorem” of LM is nongeneric. More generally, the
results suggest that multiplicity of equilibria in repeated situations is a generic property.
This paper proves a result that suggests otherwise.

Specifically, we prove the following. Fix any stage game of pure coordination. Let u*
denote the unique, Pareto dominant Nash equilibrium vector of payoffs. We show that given
some € > 0, if players are sufficiently patient, then there is an open neighborhood of the
payoff vector of the pure coordination game such that every Pefect equilibrium payoff of the
asynchronous repetition of every stage game in this neighborhood is within € of u*.

Hence, by fixing the level of discounting in advance, one can construct a neighborhood
of games whose Perfect equilibria all approximate the unique Pareto dominant payoff the
coordination game. The constructed neighborhood contains a positive measure of games
that are full dimensional. In this sense, multiplicity of repeated games is not a generic
phenomenon. The result also demonstrates that games that approximate team problems

!See Aumann (1981) and Fudenberg and Maskin (1986).

2Related models are found in Rubinstein and Wolinsky (1995) and Wen (1998) who examine repeated
extensive form games. See also Benabou (1989), Maskin and Tirole (1987, 1988a,b), Haller and Lagunoff
(1997), and Bhaskar and Vega-Redondo (1998) all of whom restrict attention to Markov Perfect equilibria
of certain asynchronously repeated games.

3Strictly speaking, Dutta’s result applies to all finite state stochastic games. While many asynchronously
repeated games are stochastic games, Yoon’s result applies to asynchronously repeated games with a, possibly,
nonstationary process determining the set of movers each period.



described by Marshak and Radner (1972) have desirable outcomes.

The paper proceeds as follows. Section 2 describes the model and defines the class of
asynchronously repeated games. In fact, we define more general class of games with repeated
interaction, only some of which break the perfect synchronization of the standard model. We
call games in this class renewal games. Originally described in Lagunoff and Matsui (1995),
a renewal game is defined as a setting in which a stage game is repeated in continuous time,
and at certain stochastic points in time, determined by an arbitrary renewal process, some
set of players may be called upon to make a move. Both standard repeated games and
asynchronously repeated games are special cases. Section 3 states the main result. Section
4 examines the order of limits sensitivity in the context of a 2 x 2 example. Section 5 gives
the proof of the main result.

2 A Model of Asynchronously Repeated Interaction

2.1 Stage Game

Let G = (I,(S;)ier, (u;)ier) denote a normal form stage game where I is the finite set of
players, S; (i € I) is the finite set of actions for player i, and w; : S = X;c1S; — R is the
payoff function for player ¢ € I. Without loss of generality, assume that S; NS; = @ for all
i # j. We will call an element of s = (s1,...,5)) € S a behavior profile (or simply “profile”).
Given some 5; € S;, let s\3; = (s1,...,5i-1, 5, Sit1, - -, 51). The tuple of payoff functions is
denoted by u = (u;);c;. A mixed strategy for i will be denoted by o; and has the standard
properties: o; : S; — [0,1] and Y=, 0,(s;) = 1. A mized profile is given by o = (0;):er.
Finally, a game G is a coordination game if its Nash equilibria are Pareto ranked and there
is some Nash equilibrium that strictly Pareto dominates every other profile of the game.

2.2 Renewal Games and Asynchronously Repeated Games

In this Section, we introduce a framework that encompasses a wide variety of repeated
strategic environments. Consider a continuous repetition of a stage game G. After the
first decision node, which occurs for all players at time zero, all players’ decision points are
determined by a semi-Markov process with finitely many states.* In the following, revision

4We can formulate the problem in such a way that the first action profile is chosen by nature as in models
of evolution. It will be clear that the following description and results will not be altered by specification of
choice at time zero.



nodes refer to the decision nodes other than the first one at time zero.

A semi-Markov process is a stochastic process which makes transitions from state to
state in accordance with a Markov chain, but in which the amount of time spent in each
state before a transition occurs is random and follows a renewal process. For the sake of
convenience, we separate the process into two parts, a renewal process and a Markov chain.
Formally, let X7, X5, --- be an infinite sequence of i.i.d. nonnegative random variables which
follow a (marginal) probability measure v with E,(X;) < oo and v(X; > €) > 6 for some
€,6 > 0. It is also assumed that v(X; = 0) = 0 so that the orderliness condition for the
renewals is guaranteed. Then let 7o =0and T, =T 1+ Xy = Xa+- -+ X (k=1,2,--+).
T}, is the time elapsed before the kth revision point. At each decision point a state w is
determined from a finite set {2 according to a Markov process {Y;}72, € Q> where Y}, = w
(w € Q) implies that state w is reached at time 7). We denote p s = Pr(Yii1 =o' | Vi = w)
for w,w’ € Q. Let ©; C Q denote the nonempty set of states in which player ¢ has a decision
node. Let 2y C ) be the set of “inertial” states in which no player has a decision node. By
definition, Qy = Q — (U;e;€;). We write © = (Qq, (Q)ic;). We assume that the initial state,
denoted by w(0) € €, is never reached again. By definition, w(0) € €, for all i € I. Note
that Q; N Q;“{w(0)} (¢ # j) may or may not be empty. To summarize, the renewal process,
v, determines when the decision nodes (the “jumps”) occur, while the Markov transition, p,
determines who moves at each node.

Using this semi-Markov process, a typical play of the game is described as follows. In
the beginning, a strategy profile s° is chosen. Deterministically or stochastically, the first
revision time is reached at time 7j. Suppose that w is chosen by the Markov process, and
let I(w) ={i € I : w € ;} denoting the players who can move if nature chooses w. If player
i (i € I(w)) takes s}, then the strategy profile changes to s' = s°\(s});cr(). That is, each
time there is a renewal and revision, only the corresponding coordinate(s) of the previous
strategy profile is replaced by the revised one, while other coordinates remain unchanged. If
we define (s%);>¢ this way, i.e., s* (k=1,2,---) is the strategy profile between T}, and Ty, 1,
then the flow payoff is realized and the discounted payoff for player ¢ € I will be given by

r i /TkH e " (s)dr. (1)

k=0""Tk

Figure 1 illustrates the process for a two-person game.

Definition 1 A renewal game is a tuple
I'= <G7 V7§7 (pww’)w,w’697 T>,

where r > 0 is a common discount rate, and for all w € €2 and all 7 € I, there exists a chain
of states, w° Wl w? ..., wM (M < |Q]), with w = w° and w™ € €; such that p,m-1,m > 0
(m=1,---, M) (from any state, every player obtains a revision node).
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Ty T T

decisions | s s sh time
decision nodes w € w € s
action profile (s1,52) (s),s2) (s),s5)
instantaneous / 1o
ui(‘sl?S?) ui(‘sl?S?) ui(81782)

(flow) payoff
Figure 1: The play of the game

Since the number of states is finite, renewal games have the property that from any state,
every player obtains revision nodes infinitely many times, and the expected time interval
between two revision nodes is finite. Standard discounted repeated games are renewal games
which may be described in several ways. One straightforward way is: 2 = ;, Vi € I, and
v(X; =1) = 1. However, we wish to specialize further to only those renewal games in which
choice is asynchronous.

Definition 2 An asynchronously repeated game is a renewal game in which ;N\ {w(0)} =

0, Vi#j

In asynchronously repeated games, no two individuals have simultaneous revision opportu-
nities. When w € Q;, we will write i(w) = i. Some examples are:

Ezample 1 (alternating move game). Let I = {1,2}, Q =1, X; =1, and p;; = 1 if ¢ # j.
Then the decision points are deterministic, and players’ revision nodes alternate.

An example of an alternating move game of pure coordination is a situation in which
two firms in the same product group desire a uniform accounting standard to simplify their
consolidation work. However, they have different closing dates due to the nature of their
business, which makes the decision points alternate. Another example is one in which two
offices of a company are located in New York and Tokyo, respectively, so that their business
hours do not overlap.

Ezample 2 (Poisson revision process). Let @ = I. And let X follow an exponential distri-
bution with parameter A > 0, i.e., v(X; < ) = 1 — e, and let p;; = p; for all i, € I.
Then players’ revision points are independent of each other, and player ¢’s decision points
(1 € I) follow a Poisson process almost surely with parameter Ap;.

An example of this type is a replacement process, common in evolutive models, in which
a player is defined as a lineage rather than a single individual entity. A son inherits his
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father’s position only after the father’s death, at which time the son can take his own action
and commit to it through the rest of his life.

Ezxample 3 (e-approzimation of the standard repeated game). Let I = {1,2}, and

Q0 o Qs
1 M 12 1 2
Q= {WOw--»Wo }U{W1>W1}U{W2>W2}

Then assume that Y ’s follow the process illlustrated in Figure 2 below. In the figure, the
process proceeds through the inertial states until w)?. At that time the process moves to
either player 1’s or player 2’s decision node with probability 1/2 each. Let Xy = 1/(M +2).
Then if M is sufficiently large, the process approximates the standard repeated game in the
sense that each player has a revision opportunity once in a unit of time, and that the two

players’ decision nodes are very close in timing.

Figure 2: An e-approximation of the standard repeated game.



2.3 Recursive Structure

One additional assumption that we will make will be to restrict the class of behavior strate-
gies that individuals use. We assume that individuals only condition on the sequences of
decision points and the actions taken at these points rather than on the time interval be-
tween them. This assumption does not restrict the strategy space at all if the renewal
process is deterministic (the Markov process can be stochastic) as with Examples 1 and 3 in
the previous section, and it significantly reduces the notational burden.

Restricting conditioning events to the “jumps” rather than on time intervals between
jumps allows a straightforward recursive representation of individuals’ continuation values
in the asynchronous model. To formulate this, let s(t) = (s1(t), . .. s7/(t)) denote the behavior
profile at time ¢, and let N; = inf{k : T}, > t} denote the number of renewals up to time
t. Due to the assumption on X;’s, IV; < oo holds almost surely. Then define the space of
histories H such that a history h' € H is given by h! = (y', s') wherever Nj is finite, and

y' = {Yitren,
and
s' = {s(Th) bz -

The null history is denoted by h°. Since at most one player switches his action at a time after
the initial profile we write s' = (s(h"), sy;,- - -, Syy,) whenever convenient. We let s(h) and
w(h) denote the current behavior and state at history h, resp., and let i(h) denote the last
player whose decision node was reached. We also define h'~ = (y*, {s(T%) }r<n,) so that h'~
includes the same information as history h! except for the behavior profile at time ¢ which
may include a new decision by a player. We write H~ for the set of all such conditioning
histories and denote an element by h~.

A strategy for player i is a history contingent action given by the function f; : H~ —
A(S;). Although this formulation appears to require that ¢ is unable to condition on the
current behavior profile, recall that decisions are only made at the “jumps” in the renewal
process.

Given a strategy profile f, the play of the game proceeds as follows. At time zero, all
the players in I simultaneously take actions, f;(h°") for i@ € I. Suppose T} = t; = x;
and Y] = y; € ;. If © = 0, nothing changes except the Markov “clock.” If ¢ € I, then
ht'= = (f(h°7);y1), player i’s revision node is reached at time #;, and he takes action
fi(h''™). History at time ¢; becomes h't = (yi; f(h°7), f(R°7)\ fi(h'17)). Given a strategy
profile f and h € H (resp. h= € H'"), {3(f|h)(7)},=¢ (vesp. {5(f|h™)(7)}r>:) denotes an
induced (stochastic) path of action profile after i (resp. h™).

Given a history h' € H and a strategy profile f = (f;)ic;, we define the conditional
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discounted expected payoff to player ¢ at time ¢ by
VirIh) =1 [ e OB [ui (3710 (7)) dr,
t

where FE[-] is the expectation operator. A strategy profile f* is called a perfect equilibrium
(PE) if for each i € I, ff is a best response to (f7);4 after every history h', i.e.,

Vi(f*|ht) > Vi(f*\f:|h!)

for any of player ¢’s strategies f;.

One immediate result in the asynchronously repeated game is that for almost all histories,
mixed strategies will not be used at any revision opportunity. Hence, the mixed strategy
minimax payoff which is always an equilibrium of the stage coordination game is not the
benchmark here necessarily. Hereafter, we will often denote a pure strategy by fi(h™) as
well as a mixed strategy.

Given a history h = h' € H, let h'o(w; s;) denote the concatenated history in which, after
h', the next state w € Q; is reached, at which player j takes s;. Given b € H, h'ow € H™
is a path such that after h', state w is reached (without specifying the revised action). Using
this expression, the value after how € H™ is given by

Vilflhow) = Vi(fIh o (w; figwy(ho w))).

The analysis will make extensive use of the following recursive formulation. The con-
tinuation value to ¢ induced by f after history h' € H with w(h') = w may be expressed
as

VilfIh') = (1= > Our)us(s(h')) + D O Vi(f] R o). (2)

w'eN) w’eN
where -
Over = Powr / e "du(t)
0
= expected discounted probability that w’ (3)

is the first state reached from w.

2.4 Existence

The following is a standard proof for the existence of perfect equilibria. What is proven here
is actually the existence of Markov perfect equilibrium.



Theorem 0 For any asynchronously repeated game T' = (G, V,Q,p, r) there exists at least
one perfect equilibrium.
Proof Partition H™ into p = {H_,}sesweq such that

H,={h € H|wh ) =w,s(h”) =s},Vw e QVs€S.

Observe that @ constitutes the “payoff relevent” set of states. Suppose that each player takes
a o(p)-measurable behavior strategy where o(p) is the o-algebra generated by p. Then the
play of the game follows a Markov process, and we can represent a strategy of player ¢ by
the “Markovian” function 1; € [A(S;)]®. The strategy represented by 1); is denoted by fy,.

For each i € I let BR' = {BR! },cq.scs satisfy

BRL(h)s(@U) = arg H}ix V(fu\fy,

h) (4)

Letting BR = (BR;);c1, equation (4) defines an upper hemicontinuous correspondence BR :
X [A(S)]? — x;[A(S;)]? where x;[A(S;)]® is compact and convex. Therefore, by Kakutani’s
fixed point theorem, there exists ¥ such that ¢» € BR(1) holds. Standard arguments show
that the corresponding strategy fy, is a best response to (fy,);+ within the class of all
strategies after any history A (or, more precisely, after any h~) since all j, (j # i) only vary
their behavior over “states” ws € H_,. Hence, f, is a perfect equilibrium. O

As a special case, we will be interested in pure coordination games. A game G is a pure
coordination game if u; = u; = u for all i and j.° Let s* denote the profile that gives each
player his highest payoff u*.

3 Main Result

3.1 A Theorem

The main result below demonstrates that order of limits matters. The typical Folk Theorem
fixes the stage game and then varies r. By contrast, the hypothesis of the Theorem fixes r
and then varies GG. The former will surely be more familiar to those familiar with the Folk
Theorem. However, the latter is more useful if it is the discount rate r, rather than the stage
payoffs, which is pinned down by exogenous data.

This can be weakened so that we require only that u; = au; + 8 for @ > 0 and 8 € R.
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Theorem Given ¢ > 0 and any asynchronously repeated game (G, v, (pow),T) in which
G = (1,5,u) is a pure coordination game with u* as the unique Pareto efficient outcome,
there exists ¥ > 0 such that for any r € (0,7), there exists an open subset U C R*ierSi
with w € U such that in an asynchronously repeated game ((1,S,u'), v, (Puw ), T) with v’ € U,
every continuation value in any perfect equilibrium is at least u* — e.

3.2 The Order of Limits: An Example

We apply the Theorem to the class of two-player alternating move games where the stage
game is of the form G3 below. In the stage game G35, u* > 2 and a, 3 < 1. Clearly, G is
an “impure” coordination game since the costs of miscoordination are not identical. Notice
that (G5 satisfies full dimensionality. Using the full-dimensionality of this game, we first fix
a and (B then vary r to construct a perfect equilibrium of which payoff is bounded away
from the Pareto efficient payoff pair, (u*, u*). Next, we apply our Theorem to show why the
construction fails when, first fixing r, § is varied to be sufficiently close to a.

1 s |u', u 08, a

S1 Oz,ﬁ 1, 1
Gy v > 20,0 <1

Figure 3

We construct such an equilibrium in the following way. First, we consider two phases,
Phase I and Phase II. Phase I is divided into four subphases given by the following.

k times ¢ times m times
s — = 5" (51,83) — 0 — (81, 85)— 5— (81,82) = - — (87,52)—
Phase 1.A Phase I.B Phase 1.C Phase 1.D

This is the prescribed path in Phase I. After the last stage of Phase I.D, the system returns
to the first stage of Phase I.A. In this construction, k, ¢, and m satisfy the following:
wk4+aoal+1+0m uwk+p0+14am
> > 1,
E+l+14+m E+l+14+m

(5)



and
u 4 pl+1

C+2
Such k, ¢, and m exist. Indeed, we choose ¢ large enough to satisfy (6). Then choose m
so that ol + fm is greater than ¢ 4+ am, ie., { > m if a > 3, and vice versa. This will
guarantee the first inequality of (5). Note that we cannot find such a m if the game is pure
coordination, i.e., a = (. Finally, take a sufficiently large k to satisfy the second inequality

of (5).

< 1. (6)

Phase II is the same as Phase I except that (s, s3) (resp. (s}, S2)) is replaced by (s}, S2)
(resp. (S1,s%)). That is, Phase II is a mirror image of Phase I with respect to the players.
The play of the game begins with the first stage of Phase I.A and stays in Phase I, following
the above arrows, unless there is a deviation. If player 1 deviates, then the system moves to
an appropriate subphase of Phase II. For example, if player 1 deviates in Phase I.B to take
s, then the system goes to some state corresponding to player 2’s move in Phase IL.A.

If player 2 deviates, then we have the following transitions:

1. If player 2 deviates in Phase I.A, then player 2’s prescribed action in the next move is
to return to s3, and player 1 will keep s} until player 2 takes s3. After player 2 returns,
the system goes to the last stage of Phase I.A.

2. If player 2 deviates to take S, earlier than prescribed in Phase I.B, then player 1 will
keep 5, until player 2 takes s3, and then the system moves to the first stage of Phase
[.B. If player 2 deviates to keep taking s3 in the last stage of Phase I.B, then the system
moves to the second last stage of Phase I.B.

3. If player 2 deviates to take s} in Phase [.D, then the system moves to the last stage of
Phase I.A. If player 2 deviates to keep taking s, in the last stage of Phase I.D, then
the system moves to the second last stage of Phase I.D.

Note that player 2 will have no revision point in Phase 1.C. Prescribed actions and the
transition in Phase II are the same as those in Phase I except that the roles of the players
are reversed.

Now, we are in a position to check that incentive constraints are satisfied for a sufficiently
small discount rate r > 0. Note that this means we now vary r having fixed payoff parameters
a and (. If player 1 deviates in Phase I, his expected payoff converges to

w'k+ 060+ 1+am
E+l+14+m

(7)
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as r goes to zero. On the other hand, his expected payoff in Phase I converges to
uw'k+al+14 0m

E+l+1+m
which exceeds (7). Thus, for a sufficiently small » > 0, player 1 has no incentive to devi-

ate. To check player’s incentive to deviate, we examine three cases indicated in the above
construction.

Y

1. Phase I.A: If player 2 deviates, she will get « for a while instead of u*. Therefore, she
has no incentive to deviate there. Even if she keeps 55, she will get only a < 1.

2. Phase 1.B: If player 2 deviates to take sy earlier than prescribed, she will get 1 and
then some extra 3 before the system reaches the stage where she deviated. Since the
expected payoff along the equilibrium path exceeds one, and # < 1, player 2 has no
incentive to deviate. In the last stage of Phase [.B, if she deviates, she will get § < 1
for two more periods, which does not increase her payoff.

3. Phase 1.D: If player 2 deviates to take s; earlier than prescribed, then she gets u* for
one period, (8 for ¢ periods, 1 for one period, and some a’s before the system reaches
the original stage where player 2 deviates. From (6), the expected average payoff before
the system reaches the same stage is less than one. Thus, player 2 has no incentive to
deviate. Finally, in the the last stage of Phase 1.D, if she deviates, she will get o < 1
for two more periods, which does not increase her payoff.

Hence, the strategy profile constructed above is a perfect equilibrium. It should be noted
that in a standard repeated game, we do not need this type of complicated construction since
the strategy profile that prescribes s; for player ¢ = 1,2 after any history is a subgame perfect
equilibrium. On the other hand, it is shown that in an asynchronously repeated game, such
a simple strategy does not constitute a subgame perfect equilibrium unless « is sufficiently
larger than 3. This type of construction is used in other Folk Theorems possibly without
synchronous moves and without public randomizing devices. See, for example, Dutta (1995),

Wen (1998), and Yoon (1999).

Now suppose that r is fixed in advance of fixing a and . The problem with this and
other constructions is the following. Returning to Inequalities (5) and (6), observe that they
are satisfied with a judicious choice of phase lengths k, ¢ and m which depends, in turn, on
values o and . In particular, for a  bounded away from 0, payoffs in (5) only approximate
actual dynamic payoffs in Phase 1. In fact, the LHS of (5) must exceed the RHS by more
than 1 — e™" times the minimum absolute stage payoff differential. For simplicity, let z > 0
denote this differential. Then, the incentive constraint for Phase 1 is given by

u*k+a€+1+ﬁm>u*k3+ﬁ€+1+am
E+0+14+m E+l+14+m

+(1—e")z
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which we rewrite as
al+06m>pl+am+ (k+0+1+m)(1—e")z. (8)

Instead of having to only satisfy ol + fm > (¢ + am as before, we now require that (8) be
satisfied. Letting o = 3+ ¢, (8) becomes

el—m)>k+L+1+m)(l—e")z

which is clearly violated for e sufficiently small.

4 Proof of the Main Result

Take as given an asynchronously repeated game (G, v, (pu.),r) in which G = (I,S,u) is a
pure coordination game, and s* € S is the unique Pareto efficient outcome. Also take € > 0
as given. Any affine transformation of u will give the same result in the following analysis.
We set 7 so as to satisfy

O, -+ 0 € 1
. 0wl WN_1WN | o _
o can+ { O(wo, -+, wn) A 31| w* — ming u(s)’
(WO7W17.].\.[7L<U|1¥))|E? 05 sy WN s
2<N<|Q|—
where

N
0(W07 T 7WN) = 1- Z HfL_:llewnAWn Z 00127101’
/=1

w'#wy
= 1- Z Qwow’ - Qwowl Z lew’ - 0w0w1 U Qwang,l Z 001]\77101"
w'#w1 w'H#wa w'#wn

Such an 7 can be found since both 6.,  * - Ouy_,wy and 0(+) converge t0 Pugw, ** * Py _ywy > 0
as 1 goes to zero. Also, let § = min{f(wo, -+, wWN) : Oupw, = Oun_jwx > 0}. Fix r € (0,7).

Consider a neighborhood of u given by U = {u/ € R| Vs € S, |ul(s) — w;(s)| < n/4}
where 7 satisfies

1 € € o0
0 < < _ : * _ **7 , 1 _/ —TTd ,
= g mm {” QD 30 +1)[ o © ”(T)]}

where u™ = max .4 u(s), i.e., the second highest payoff. In the following, we consider an
asynchronously repeated game I'" = ((I, S, u'), v, Q, (Pwwr ), ) With u' € U.
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Now, fix a perfect equilibrium f of I'. For each 7 € I, each s € S, and each w € , we
let Vi, = infyny=swn)=w Vi(flh), and V5 = inf )= Vi(f|h). Note that V5 = min,co V3, .

For any 6 > 0 there exists h € H such that s(h) = s* and

Vi > Vi(flh) =6, Vie L (9)
The continuation value for player ¢ € I after h is given by
VifIR) = (1= Y O il(s) + 3 bunaVilf] how). (10)
we wel

If w(h) € Qq, then s(how) = s* and therefore, V;(f|h ow) > V. Observe also that since f
is a perfect equilibrium strategy profile, it must be the case that for all w € Q; (j € I),

Vi(fl how) = Vi(f] ho (s} w)) 2 V5 (11)

where the second inequality holds due to the definition of Kf. Since |u(s) — u;(s)| < n/4,
\Vi(flh) — Vi(f|h)| < n/2 holds for all 4,5 € I, all f and all h € H, and therefore, (11)

implies

Vilfl ho w) 2 V5" —n. (12)
Substituting (12) into (10) and using (9), we obtain
V> (1= 37 O ti(s") + D Oumuwr ks —6—1 (13)
w'eN w'eN
Inequality (13) implies
Ve > (") 0t

11— JoCermdv(T)
Since 6 is arbitrary and independent of other variables, the definition of 1 implies Kf* >
u* —e/(|I]+1).

We will now show that for all k = 1,2,---,|I|, after h with s(h) € S*, its continuation
value satisfies ¢

Vi(flh) > V3 — ——, 14

M) > v - (1)

for some s’ € S*!if r < 7. Backward induction implies that (14) holds for all s’ € S*~1 if
r < 7. Once we show (14) for all ¢ and k’s, we verify that 0 < r < 7 implies that for all
history h € H, V;(f|h) > u;(s*) — e. Moreover, recall that the choice of 7 is independent of
f. Thus, the proof will be completed.

Fix k=1,2,-- |I| and § € S*. By the definition of V3 (w € ), there exists h, € H
such that s(hy) w(hy) = w, and

e

V5, > Vi(flhe) = EESIk

(15)

13



We have
Vilflhe) = (1= 3~ Ouw)ui(3) + D OuwVi(f] by o). (16)

w'eN w'eN
Since f is a perfect equilibrium, for each w' € Q; with j € I,

Vi(f] ho o w') > Vi(f] ho o (35:w) > V5, (17)

where the second inequality holds by the definition of Kiw' Similarly, if §; # s7, then

Vil huow') > Vi(f] hy o (s30)) > V7 (18)
Also, by the definition of V3 , for each w € €, we have
Vilf] hyow') > V3, V' € Q. (19)

Since |u(s) — w;(s)| < n/4, then |V;(f|h) — Vi(f|h)| < n/2 holds for all ¢,j € I, all f, all s,
and all h € H, and therefore, (17) and (18) imply

‘/;(f| hw ow ) > Vzw’ (20)
and ot
Vilf| hoow') 2 Vi” =, (21)
respectively. Substituting these inequalities into (16), we obtain
Vi(flho) = (1= > O )uli(3) + 3 O V5, — . (22)
w'eN w’'eN
Inequalities (15) and (22) imply
; ed
Vi, >(1- O Ju;(8) + Ouwr Vi — sy — - (23)

Since i was arbitrarily chosen, (23) holds for all i € I. By definition, VWO = V7 for some wy.
Take such wy. There exists ¢ € I such that §; # s!. Then there exists a chain wp,ws,...,wx
with N < |Q| and wy € §; such that p,, ,,, > 0 for all n = 1,---,N. Sequentially
substituting w, (n =0,1,---, N in place of w in (23) and applying (21), we obtain

Kf 2 (1 _Zw’EQ Qwow *§ + Z Qwow iw’
w'#wy

+0 wow1 |: Z lew + Z Qwuu’vzw’

w’eN w'#wa

4. (24)

+0w0w1 e QWN72WN71 |:(1 - Zw’EQ QWNW ) ‘§ + Z QWN 1W’Vzw’

w'FwN

5\s} eQ
H0uson Ouon 1o Viony — M1 n|€|.

14



Using V¢ > V? (Vw € Q), we have

B(wo, - won) ui(3) + 0w, won)

LA A

Thus, for all » < 7,
€

3 8\s*
vEs v ,
0 Il +1

where, by construction, §\s; € S*71.

15

V3 > [1— QWOWI T QWNAWN 1(a QWOWI T QWNAWN B\sp

2€

3(1/] +1)
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