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Abstract

In this paper we study a two-issue bargaining situation allowing for an en-
dogenous determination of the agenda under alternative rules for implementing
agreements. We uncover the settings in which different agenda structures will
be employed in equilibrium, how the order in which issues are bargained over
matters, and what impact the rules for implementing agreements have. We
find that, if agreements are implemented as they are reached, “easy” issues are
negotiated first and “hard” issues later; if agreements are implemented only
after all issues are settled, then, if order is relevant, it is size of surplus that
matters, with large issues settled first. We also show that all parties prefer the
former rules of implementation to the latter.
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1 Introduction

Most negotiated agreements require parties to bargain over many issues and involve
such considerations as the bargaining agenda and rules for implementing the agree-
ment. By contrast, the typical bargaining model considers the division of a single
pie of either known (Rubinstein (1982) and (1985)) or unknown (Myerson and Sat-
terthwaite (1983), Perry (1986)) size.! While this abstraction of a single pie can be
applied to bargaining over many issues, it is applicable only if the bargaining process
is restricted to one in which offers must be made on all issues simultaneously, accep-
tance must be on all elements of the offer (or none) and no allocations can be made
until all issues are decided. These restrictions mean that the standard model cannot
address, among other things, issues of agenda setting or agreement implementation.

Interestingly, these two issues feature prominently in a very large literature on
the “art” of negotiation. Within this literature, there are suggestions by some prac-
titioners that, for instance, bargaining should begin with “easy” issues so that quick
settlement of these issues can build trust and “bargaining momentum”. “Hard” issues
should only be negotiated once agreement has been reached on the easy ones. Others
argue that starting with hard issues serves to convey a “tough bargaining stance” and
that, if agreement can’t be reached on the hard issues, there is no sense in dealing
with the easy ones. Negotiators are warned to consider carefully if the agenda is
“stacked” or “loaded” against them.? The size of issues also appears important, in
that size imposes limits on any concessions one might wish to make. Concessions
are seen as potentially useful since they can be invoked later on in the negotiations
to obtain benefits (in the interest of “fairness”). At the same time, negotiators are
warned that concessions may lead an opponent to conclude that one is in a weak bar-

gaining position.® Much is also written on the scheme for implementing agreements.

'For a survey of these models, see Rubinstein (1987). See also, Roth (1985).
2See, for example, Ramundo (1992) p.162, Lewis (1981) p. 224, 226.
3See, for example, Churchman (1995) p.8.



Proponents of piecemeal implementation schemes argue that inefficiencies can result
if implementation of an agreement on a large set of issues can be held-up by lack of
agreement on a small set of issues.* Opponents, by contrast, argue that the ability of
a party to make new concessions on some previously agreed upon issue in exchange
for agreement on a current, contentious issue speeds the agreement process and so is
efficiency enhancing.

Given the volume of economic activity intermediated by negotiated agreements
(on the order of several trillion dollars annually) and the importance that those who
negotiate these agreements attach to agenda setting and implementation, it seems
valuable to have a more systematic understanding of these issues. This paper seeks
to do so by providing a model of multiple-issue bargaining in which many of the above
matters can be addressed. The model allows for issues with different sizes of surplus
and of differing complexities (“hard” vs. “easy”) and permits the bargaining parties to
offer on a subset of the outstanding issues. In this way, it can address the question of
agenda setting and the order in which issues are bargained. The model also considers
both a bargaining process in which agreements are implemented as reached and one
in which implementation occurs only after all issues have been settled. As a result,
it can be used to analyze the consequences of different implementation schemes.

Loosely speaking, analysis of the model reveals that, when agreements are imple-
mented as reached, then complexity of the issues is crucial to agenda setting, with
“easy” issues bargained first. When implementation occurs only after all issues have
been settled, complexity is irrelevant and it is size of surplus only that matters to
agenda setting, with large issues settled first.

Naturally, to undertake this analysis, it is necessary to take a stand on what con-
stitutes a “hard”, as opposed to “easy” issue. This paper takes the terms “hard” and
“easy” in the practitioner literature to refer to the expected time required to reach

an agreement: easy issues being ones for which agreement can be reached quickly

*Supporters of the line-item veto for the U.S. budget process often use this argument.



while hard issues involve the possibility of extended bargaining before agreement is
reached. Under this definition, and within the framework of non-cooperative bargain-
ing models, an easy issue can be taken to be one for which the bargaining parties have
complete information about all aspects of the bargaining setting and there is a unique
equilibrium. The pie-splitting model of Rubinstein (1982) is an example. A hard issue
can be taken to be one for which there is potential delay in reaching an agreement,
either because of incomplete information about the bargaining setting (see Rubin-
stein (1985), Fudenberg, Levine and Tirole (1985) or the survey by Wilson (1987))
or because there are multiple equilibria (see Fernandez and Glazer (1991), Haller and
Holden (1990) and Busch and Wen (1995)). In either of these cases, agreement may
only occur after a sequence of offers has been made and rejected.

Here, the asymmetric information approach to modeling hard issues is adopted.
It is assumed that there are two issues (pies). One issue has a surplus whose value
is known to both bargaining parties, and is therefore the easy issue. Its value is
normalized to one. The other issue is the hard issue, in the sense that the parties are
asymmetrically informed about the surplus involved. One party is assumed to know
the value of the surplus and the other only that it may be high or low. Two alternative
implementation schemes are also considered. In one neither surplus is allocated until
agreement is reached on both issues (termed “simultaneous implementation”); in the
alternative scheme, the surplus from a given issue is allocated once agreement is
reached on that issue, whether or not agreement has been reached on the other issue
(termed “sequential implementation”.”)

As regards the bargaining process itself, bargaining is modeled as an offer-counter-
offer process. Unlike the typical model of this sort, however, an offer in this game

can be either an allocation of the surplus from only one of the two issues or of that

Ponsati and Wattson (1994) use the term “independent implementation” for this implementation
rule in order to focus on the fact that the issues are decoupled. We believe that “sequential” better
captures the sequentiality of bargaining together with the “independence” of agreements within this
sequential process. The term “independent” 1s likely to cause confusion with a process in which
issues may be discussed independently and simultaneously as in Jun (1989).



from both issues. Moreover, an offer of either sort at any one stage of the bargaining
process does not commit either party to always making offers of that sort. Thus, for
instance, an offer involving the division of the surplus from one issue can be met by a
counter-offer on both issues, only the same issue, or only the other issue. We maintain
the common assumption that offers can only be accepted or rejected in their entirety.
In particular, it is not possible to receive an offer on both issues and to accept the
part of the offer dealing with one while making a counter-offer on the other.®

In this setting, we show that the order in which issues are bargained in equilibrium
is determined by three things: the implementation rule, the type of the informed
player and the initial beliefs of the uninformed player. Specifically, an issue-by-issue
bargaining agenda arises when a low-valuation informed player faces an opponent who
believes him to be likely a high-valuation type. In this situation, the informed agent
uses issue-by-issue bargaining to signal type. Such an agenda is a successful signal
both because it induces delay, which is relatively more costly for the high-valuation
type, and because it allows the low-valuation type to make a concession on the initial
issue which is only compensated for later by a concession on the subsequent issue by
the opponent. The low-valuation type can arrange this initial concession in such a
way that the combination of the concession and delay in the corresponding concession
by the opponent on the remaining issue is too costly for the high-valuation type to
follow. While this strategy is also costly to the low-valuation type, it yields a larger
payoff than does pooling with the high-valuation type when the opponent’s beliefs
attach sufficient probability to his being high valuation.

When issue-by-issue bargaining arises, the implementation rule determines the
order in which issues are bargained. When implementation takes place as agreements
are reached, then the “easy” issue (i.e., the one with a known surplus) is negotiated
first. The reason is that, with sequential implementation, the uninformed player’s

beliefs do not affect the bargaining equilibrium on the second issue if it is the easy

For a perfect information model in which parts of offers may be accepted, see Weinberger (1998).



(complete information) one. Thus, any information revealed in an initial bargain
over the hard issue has no affect on future payoffs: signaling has no future value.
Successful signaling therefore demands that the easy issue be dealt with first; then,
a concession on this issue may convey information about the informed player’s type
(low valuation) that can change the equilibrium allocation of the following hard issue
via the updating of beliefs.

By contrast, if implementation only occurs once agreement has been reached on all
issues then, to the extent that order matters at all, it is the issue with the large surplus
which is negotiated first. Since, under simultaneous implementation, all payoffs are
delayed until agreement has been reached on both issues, the high- and low-valuation
types have different delay costs even if only the easy issue remains to be settled. As a
result, the uninformed player’s beliefs matter throughout the bargaining. Successful
signaling now requires a concession on the first issue which is large enough that, even
if all of the second issue were allocated to the informed player, he would not be able
to achieve the full information payoff for a low-valuation type. The first issue must be
large enough that the uninformed player can obtain (essentially) all of his equilibrium
payoff from that one issue, with all of the second issue going to the informed type.
Hence, only size is important.”

A comparison of the two implementation schemes also reveals that, as long as
signaling would occur under either scheme, sequential implementation dominates si-
multaneous implementation. Basically, the former scheme is preferred because the
ability to consume as agreements are reached means that signaling is less costly for
the low-valuation type.

While there are other papers that model multiple-issue bargaining, most consider
the issue of how equilibrium payoffs to players are affected by different, exogenously
imposed agenda and implementation rules. In the cooperative literature, Kalai (1977)

and Ponsati and Watson (1994) consider situations in which payoffs are agenda-

"Note, too, that it is in the players’ interest to commit to a procedure which does not allow the
re-opening of past agreements. This justifies, in a limited way, the game we use here.



independent. In the non-cooperative literature, Herrero (1989) and Fershtman (1990)
consider whether and under what circumstances the order of bargaining (bargaining
agenda) matters to the allocation of surplus when there are multiple issues. In each of
these cases, however, the agenda is imposed exogenously. In addition, because these
papers assume complete information, no insights on signaling can be gained.

Papers that endogenize the agenda include Bac and Raff (1996), Busch and
Horstmann (1999a, 1999b, 1997), Inderst (1998), and Lang and Rosenthal (1998).
The ones most closely related to the current paper are Bac and Raff (1996) and
Busch and Horstmann (1999a). While Bac and Raff first claim a signaling function
for endogenous agenda choice, Busch and Horstmann (1997) demonstrate that, in
fact, their model only generates agenda offers because of the cost savings issue-by-
issue bargaining provides. More precisely, signaling occurs even with joint offers in
their model. The first (and only) paper to demonstrate signaling via an issue-by-issue
agenda is Busch and Horstmann (1999a). In contrast to the current paper, however,
this paper allows only simultaneous implementation and has one-sided asymmetric in-
formation regarding the discount factor. As a result, it does not allow for comparisons
between hard/easy versus large/small issues or between rules that allow for sequen-
tial rather than simultaneous implementation. In addition, Busch and Horstmann
(1999a) only demonstrates the existence of an signaling equilibrium. In this paper,
we demonstrate that this equilibrium is unique for a large range of beliefs.

The details of the model and the bargaining process are set out in Section 2.
Section 3 provides our results on the bargaining equilibrium. Section 4 contains a
discussion of these results and some concluding remarks. Proofs are collected in an

Appendix.

2 Model Description and Notation

Consider a situation in which a buyer, B, and a seller, S, bargain over the price

of two distinct, indivisible goods, X and Y. The seller’s valuation (cost) for each



good is common knowledge and normalized to zero. The buyer values good X at
$1; this valuation is common knowledge. The buyer’s valuation for good Y is $V,
with the value of V' private information for the buyer. It is common knowledge that
Ve {v,v,}, with v, > 1 > vy and 1 > v, — v..® The seller’s prior that V = vy, is
given by wy € (0, 1); seller beliefs in period ¢ of the game are given by w;. The buyer
and seller are risk neutral and both prefer agreement earlier rather than later. These
features are captured by the standard assumptions that utilities are time separable
and linear in money, with future dollars discounted by the (common) discount factor
6 € (0,1).

Bargaining is via alternating offers, with one offer per discrete time period ¢ =
1,2,3,... The buyer is assumed to make the first offer.? An offer at time ¢, P, is a
price to be paid for the transfer of the underlying good. Aslong as agreement has been
reached on neither good, offers can be made either on just one of the two goods or on
both goods together. An offer on X alone is denoted by P = p, € [0, 1], an offer on
Y alone by P = p, € [0,v3], and an offer on both X and Y by P = (p,, p,).'® Having
received an offer, an agent can either accept it, denoted A or reject it, . An agent
receiving an offer on both goods must either accept the offer in its entirety or reject
it: it is not possible for an agent to accept only one of the prices in an offer of (p,, py ).
An offer of any particular type at any date ¢t imposes no restrictions on the types of
offers made subsequently. In this way, the order in which issues are bargained over
and agreements are reached is determined endogenously as part of the bargaining

equilibrium rather than imposed exogenously as part of the game tree. The only

8The fact that v, > 1 > v; means that Y is not guaranteed to provide a larger surplus than X.
This makes bargaining on Y “hard” both because the surplus is uncertain per se and because it
may be of greater or lesser economic importance than X. In this way, there is less ambiguity as to
which issue is hard. The assumption that v, — v; < 1 guarantees that the returns to the vy, type
from being perceived as the v; type are not so large that he would be willing to turn over all of the
surplus from X to the seller if doing so would convince the seller he is the v; type. In this sense,
this assumption guarantees that X is not a trivial issue to the buyer.

°This order has been chosen since it simplifies the presentation of the equilibria and focuses
attention on the “interesting” subgame in which the buyers may attempt to signal.

10Since we consider unknown surplus size, share offers are precluded. Non-negative prices are, of
course, equivalent to non-negative shares offers.



exception to this rule is that, should an offer on some good be accepted, this offer
becomes binding and not renegotiable: further offers on this good are precluded.!!
The game ends as soon as an agreement on both goods exists.

Strategies for B and S are maps from histories into price offers or accept/reject
decisions. To formalize the notion of a strategy, it is useful to distinguish among
different types of histories. Specifically, let H{(¢) denote the set of histories at the
beginning of time period ¢ in which no offers have been accepted in the past and an
offer (in period ¢ — 1 ) has just been rejected. HJ(¢) denotes the set of histories in
period t in which no offers have been accepted and an offer at ¢ has just been made.
H{(t) denotes the set of histories in which an offer on X has been accepted in the
past and an offer at ¢ — 1 has just been rejected, while H{(¢) is the corresponding set
with an offer on Y accepted in the past. HZ(t) and HJ(t) are the corresponding sets
after an offer has been made at ¢, with a previous offer on X (V') accepted. The null
history of the game is H(0) = 0.

A pure strategy for B is a function fg(t, H,i, V) (i.e., dependent on his type), with

HY(t) x {v,on} = {po, vy, (ps,py) }; if L 0odd

HY(t) x {vr,vn} = {A, R}; if ¢ even

) OHT() x v ont = {py ks if ¢ odd
Ja: H3(t) x {v,vp} = {A, R}; if t even
HY(t) x {vr,vn} = {pe}; if t odd

Hy(t) x {v,vn} — {A, R}; if ¢ even

Similarly, a strategy for S is a function fs(?, H,z,wt) (i.e., dependent on his beliefs)

with
HY(t) x [0,1] = {pe.py, (pespy)};  if t even
H(t) x [0,1] = {A, R}; if ¢ odd
HY (1) < [0,1] = {py}; if t even
Js H3(t) x [0,1] = {A, R}; if £ odd
Hi/(t) x [0,1] = {p. }: if t even
H3 (1) < [0,1] = {A, R}; if £ odd

This assumption is implicit in our definition of the offers, p,,p,. Within collective bargaining,
a re-opening of a previously settled issue by one party is deemed to be “bad-faith bargaining”. Our
results suggest, more generally, that it may be in both parties’ interests to commit to such a rule.
The full analysis of a general model with renegotiation, while interesting, is beyond the scope of this

paper.



Any two strategies fg, fs lead to an outcome of the game. An outcome can either
be i) an agreement on X at time ¢ of p, and an agreement on Y at time 7 of p,; ii) an
agreement on Y (X) at time ¢ of p,(p,) and no agreement on X (Y'); iii) no agreement
on either X or Y. Payoffs in each of outcomes i) and ii) depend on the rules by
which agreements are implemented (for outcome iii payoffs for B and S are assumed
to be zero). Two implementation rules are considered. In one, implementation is
sequential, allowing for exchange as soon as agreement is reached on a particular
good and regardless of whether agreement is ever reached on the other good. In the
other implementation is simultaneous, so that all exchange takes place only after (and
only if) agreement has been reached on all issues. Payoffs for each of these rules are

given below (It is assumed in what follows that ¢(7) = oo if no agreement is reached

on X(Y)).

Definition 1 (Sequential Implementation)
Under sequential implementation exchange of a given good takes place at the time
of agreement on a price for that good. Agents’ utilities from the strategy pair (fB, fs)

leading to agreements (py,t) and (py,T) are:

UB(vafS) = UB((pl’vt)v (pva)) = 5t_1(1 _pl’) + 57_1(‘/ _py)v

Us(fB, fs) = Us((pes 1), (py, 7)) = 6 'pa 46" ""py.

Definition 2 (Simultaneous Implementation)
Under simultaneous implementation exchange of no good takes place unless agree-
ment has been reached on the prices of all goods. Agents’ utilities from the strateqy

pair (fp. fs) leading to agreements (p;,t) and (p,,7) are:

UB(vafS) = UB((vat)v (pva)) = 5max{t,7’}—1 (1 — pr t+ V _py)7

US(fBa fS) = US((vat)v (pyv T)) = 5max{t77}_1 (pl’ + py) :

As is well known, bargaining games of sort have a large number of Perfect Bayesian

Equilibria. In what follows, we focus attention on a subset of these equilibria. This



subset is defined by a set of belief restrictions similar to those imposed in Rubinstein
(1985). While we believe these restrictions are plausible, their main function is to
guarantee that the equilibria displayed subsequently are robust in the sense of not
being supported either by some carefully constructed combination of “strange” off-
equilibrium path beliefs or by some complicated structure of punishment paths that
exploit a multiplicity of equilibria.'? The restrictions are given by the following three

assumptions.

Assumption 1

Ifw, =0 then wiyr, =0 and if wy =1 then wip, =1, VeE=1,2,.. ..

Assumption 2

Suppose that at date t and after history H{(t), 7 = 0,z, seller beliefs are such that
0 < wy < 1. Consider continuation strategies for the buyer and seller, fB(Hf(t’), Vit',
fS(Hf(t’),wt/,t’), t' > t, such that fg(-) specifies an offer at date t of P,(V'). Suppose
there exists a deviation to an offer ]3,5(‘/) # P(V') for either V such that, if the seller
accepls the offer, there is a continuation equilibrium, (fB(H{(t) U ]3,5), fg(H{(t) U ]5,5))
with the feature that:

i) Us(fs, fs) > Us(fg, fs) for V = vi(vy)

i1) Up( 5, fs) < U([fe. fs) for V = vn(wn).

Then, the seller’s beliefs upon observing P, must be updated such that wey; = 0(1).

Assumption 3

Suppose that at date t and after history H{(t), 7 = 0,z, seller beliefs are such that
0 < wy < 1. Consider continuation strategies for the buyer and seller, fB(Hf(t’), Vit',
fS(Hf(t’),wt/,t’), t' > t, such that fg(-) specifies an offer at date t of P,(V'). Suppose
there exists a deviation to an offer ]3,5(‘/) # P(V') for either V such that, if the seller

12As to the former, because our belief restrictions are stronger than those imposed by Cho-Kreps
(1987) or Cho (1987), the equilibria we identify would also be equilibria under these weaker belief
restrictions. Regarding the latter, Rubinstein (1985) can be used to show that there is a unique
equilibrium to our game whenever i1t is an “as if” single pie setting. This uniqueness property is
valuable for our subsequent uniqueness results.

10



accepls the offer, there is a continuation equilibrium, (fB(H{(t) U ]3,5), fS(H{(t) U ]5,5))
with the features that

i) Us(fg, fs) > Usl(fs, fs) for both V

i1) the time to final agreement is no longer for either type under (]?B,]?S) than under
(fB, fs).

Then, the seller’s belief upon observing P, must be updated such that wiyq > wy. If, 1)
holds but instead

i) the time to final agreement is no shorter for either type and strictly longer for at
least one type under (fB,]?S) than under (fg, fs).

Then the seller’s belief upon observing ]5,5 must be updated such that wyy < wy.

The first two of these assumptions are fairly familiar by now and so require little
discussion.'® The last assumption restricts the amount of optimism (or pessimism)
which is allowed in the updating of beliefs. It requires that delay cannot convince
the seller that he is more likely facing the impatient (high valuation) buyer nor can
reduced delay convince him that he is more likely facing the low valuation buyer.

We also impose a restriction on the values of the key parameters, (d, vy, v;). This
restriction is one also found in Rubinstein (1985) and serves to rule out signaling via
delay when bargaining is restricted to be only joint-offer bargaining. Since we want to
focus on the possibility that agenda offers can introduce signaling where it otherwise
does not exist, we want to maintain this assumption.'* The restriction requires that
the discount factor and valuations be such that the high-valuation buyer is worse off
making his full-information Rubinstein offer on both issues (and having it accepted
immediately), rather than having one period of delay and accepting a counter offer

at the full-information Rubinstein level for the low-valuation buyer. In other words,

BFor those uncomfortable with Assumption 1, we note that this assumption and Assumption 2
could be replaced by (A2) in Admati and Perry (1987) without affecting the results. The use of the
current set of assumptions simply allow us to re-produce the results from Rubinstein (1985) without
further proof.

1MBac and Raff (1996), for example, do not maintain this assumption and subsequently confuse
signaling with cost savings under sequential implementation (see Busch and Horstmann (1997).)

11



a high-valuation buyer (weak bargainer) is not so desperate as to be unwilling to wait

one period to be mistaken for a low-valuation buyer (strong bargainer).

Assumption 4

S(vp, —v) > (1 —6%)(1 4 vp)

A consequence of (A4) is that, when V' = v, the buyer cannot expect to pay the full-
information price simply by delaying agreement. Further, the seller cannot expect
to screen via delay simply by making offers that give the different buyer types their
full-information prices.!®

Finally, we also assume as in Rubinstein (1985) that neither buyer nor seller makes
an offer that is surely rejected. This restriction embodies the notion of “bargaining
in good faith”, a requirement commonly contained in labor laws governing collective
bargaining. The term “equilibrium” in what follows refers to a pure strategy Perfect

Bayesian Equilibrium that satisfies this restriction as well as Assumptions 1-3 in

settings for which Assumption 4 is satisfied.

3 Bargaining With an Agenda

Before proceeding to an analysis of the equilibrium with agenda determination, it
will prove useful to characterize the equilibrium for this game when all offers are
restricted to be joint offers (i.e., of the form (ps,p,)). If no partial offers (offers of
the form (p,) or (p,)) are possible, the bargaining problem is a standard one-sided,
incomplete information bargaining game in which the surplus is either 5, := (1 4 vp,)
or S;:= (1+v;). The equilibrium for this problem can be found in Rubinstein (1985)

or Grossman and Perry (1986). We re-state the result here as:

Result 1

In the joint offers bargaining game with priors wy:

15This assumption rules out signaling equilibria without an agenda. While this is strong, it focuses
attention on only those signaling equilibria which can be achieved only if agenda offers are possible.

12



(i) (screening) If w > w* = S;/ Sk, the (informed) buyer types will both make the

)
same offer of p = 7 —f(SSh which the seller accepts. In subgames in which the seller
2

1446
buyer and rejected by the strong buyer.

offers he will offer p=(1—16)S, + Sh. This offer is accepted only by the weak

68
(ii) (no screening) If w < w*, both types of buyer make an offer of p = 1_|_15,
S
which the seller accepts. In subgames in which the seller offers he will offer p = 1 —|—l5

and both buyers accept.

When both joint and partial offers are possible, the structure of the equilibrium
depends on the implementation rule. We consider each case in turn, starting with

sequential implementation.

3.1 Sequential Implementation

In order to characterize properties of the equilibria of this game, we proceed by
establishing a sequence of lemmas which restrict the possible outcomes along any
equilibrium path. We begin by examining buyer strategies. The first lemma demon-
strates that there are no equilibria in which the buyer’s strategy involves both types

pooling on a sequence of partial offers beginning with an offer on Y.

Lemma 1 There exist no equilibria in which, at date t =t and after history HY(t'),
fB(t/, H?(t/), Uh) = fB(t/, H?(t/), Ul) == Pt/ and fs(t/, H?(t/) U Pt/,wt’) = A, Zf Pt/ = Dy-

Lemma 1 is important in that it implies that, if the buyer types pool in equilibrium,
they must do so either with joint offers or partial offers beginning with X. As a result,
this lemma goes a significant way toward ruling out equilibria in which the buyers
bargain starting with the “hard” issue.

The reason that pooling strategies break down in this case is that, unless p, is very
small, it pays the v; type to deviate to an offer on X only. This offer, while profitable

for the v; type, results in a lower payoff to the v, type even if posterior beliefs are set

13



to 0 after this deviating offer has been accepted. The reason is that an offer only on X
creates delay that is more costly for the v, type than the v; type. While (A4) implies
that delay alone is not enough to separate types, the offer only on X also allows the
v; type to make a price concession on this good that results, essentially, in a transfer
of utility from the X bargain to the Y bargain (in which the v; type pays only the
full-information price associated with v;). This utility transfer creates a second delay
cost that means that the v, type is unwilling to mimic the deviation. In the case of
partial offers beginning with Y, such a deviation is successful even if p, < dv;/(1+49).
As such an offer would imply utility for the seller of less than §(1 4 v;)/(1+§), it can
never occur in equilibrium.

While ruling out pooling on partial offers beginning with Y, the above also suggests
both that the v; type buyer can reveal his valuation through a sequence of partial
offers and that, if he does so, they must be offers beginning with X. The following

lemma confirms this intuition and describes the features of such strategies.

Lemma 2 In any equilibrium in which, at date t', t' odd, and after history H{(t'),
(', HY(t),vp) # fe(t', HY ('), vi) and fs(t', HY(t') U Py,wy) = A, it must be that

Folt! () 00) = (pepy) = “H )

g ond Te(t HY().0) = gl for some pl €

x Ui 4
[1+—5’1]' At date t" + 1, fs(t' + 1, H{(t' +1),0) = T35 and fg(t" + 1£H1 (t" +
U 1U—_|_l(s,vl) = ;4 The price p.. is uniquely determined by the equality —I:I_U; =
1—pl +8(vp — ——).
P+ 0(on = 7775)

In the lemma, the important features of the price p!, are that: i) the seller prefers
a strategy of accepting p! and offering v;/(1 + &) on Y over one of rejecting p! and
countering with a joint offer of (1 +v;)/(1 +68) (p. > §/(1 +d)); ii) the v, type
buyer is indifferent between a joint offer of §(1 4+ v;,)/(1 + ¢) and mimicking the v,
type. In essence, the v; type signals here both by inducing delay and making a price
concession on X. The combination of the two is sufficiently costly for the v, type

that he chooses not to mimick. Because signaling is only relevant for the bargain over

14



Y, Y bargaining occurs second.

Lemmas 1 and 2 have two important implications. First, there can be no equi-
libria in which the buyer’s strategy involves partial offers beginning with Y. In any
equilibrium, either pooling or separating, the buyer’s strategy involves either joint
offers or partial offers beginning with X. Second, the buyer can use the agenda to
signal type and does so by making partial offers beginning with X when V = v,.
In short, the buyer never bargains on hard issues first but may choose to bargain
sequentially starting with the easy issue as a means of signaling bargaining strength.
The reader should also note that these results rely on only the belief restrictions given
by Assumptions 1 and 2 above.

An argument analogous to that employed in Lemma 1 can be used to show next
that, if the buyer’s strategy involves both types pooling on a joint offer, then this
outcome can only be maintained as an equilibrium for sufficiently low price offers.
For higher prices the v; type gains by a deviation to partial offers beginning with X

(as in lemma 1). In particular, it must be that:

Lemma 3 [f there is an equilibrium in which, at date t =t and after history H{(t'),
fB(t/, H?(t’),vh) == fB(t/, H?(t’),vl) == Pt/ and fs(t/, H?(t/) U Pt/,wt/) == A, then, Zf

5(1 + Ul)
1—|—7(S + (1 — (S)U[.

The price p above corresponds to the pooling price offer in the screening equilibrium

Py = (vapy)v P ‘I'py SZ_?:

of Result 1 for initial beliefs of w! = w* + [(1 — §?)v;]/(5(1 + vy)). This cutoff on
beliefs is strictly less than 1 as long as §(v, — v;) > (1 — 6*)v;, which is guaranteed
by (A4). An implication of the lemma is that, for beliefs w; > w’, strategies of the
type described in Result 1 cannot be part of an equilibrium when partial offers are
available. More generally, there can be no equilibria in which buyer types pool on a
joint offer with price above p. This restriction will prove useful in ruling out buyer
pooling for large values of wy.

Turning to the seller, results similar to those for the buyer can be shown to hold

when the seller makes offers that both buyer types accept in equilibrium. Specifically,
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Lemma 4 [f there is an equilibrium in which, at t = t' and after history HY(t'),
fs(t/, H?(t’),wt/) == Pt/ and fB(t/, H?(t/) U P75/7 Ul) == fB(t/, H?(t/) U P75/7 Uh) == A, then,

140 14 v — 82

. !
ZfPt':(anpy);Px‘l'pySl_l_—(s- If Pu = py, py < 15

As with pooling offers by the buyer, offers by the seller that induce no information
revelation must involve low prices. Otherwise, rather than accepting the offer, the v;
type buyer can reject and counter with an offer that signals type (i.e., an offer that
the v; type prefers but the vj, type does not) and that the seller accepts.

Since the outcomes in Lemma 4 result in utility for the seller of (1 + v;)/(1 + ¢),
such strategies will be adopted only if w; is small. In this case, joint offers yield the
seller the same utility as partial offers beginning with X and so the seller has no strict
incentive to utilize the latter. Thus, if the seller is to use partial offers, they must
either be pooling ones beginning with X (the easy issue) or involve screening on the
seller’s part. The next lemma shows that, as long as w; is big enough, there exist no

equilibria in which the seller screens using partial offers beginning with Y.

2

Lemma 5 There exists a value v = 1_|_h2 such that, if vi > v and there is
v

an equilibrium in which, at t = t' and after history H°(t') such that wy > w’,

fs(t/,H?(t/),wt/) = Pt/ and fB(t/, H?(t/) U Pt/,vh) = A, fB(t/,H?(t/) U Pt/,vl) = R,

then Py = (pz, py)-

The essence of the proof here is twofold. First, the seller has a strict disincentive
for using partial offers. In particular, whatever the seller can accomplish with partial
offers (in terms of screening or pooling the buyer types) he can also accomplish with
joint offers yielding him strictly higher utility. Thus, the seller must use partial offers
only because of some threat that the buyer can credibly implement to reject a joint
offer should the seller deviate to one. Since a separating outcome benefits the seller,
the only credible threat can involve some sort of buyer pooling. For large enough
values of wy, no such pooling type equilibria exist (as long as v; is not too small.) As

a result, the buyer cannot credibly reject the joint offer.
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Together, these results imply that, for large enough values of w;, there can be no
equilibria in which either the buyer or the seller use partial offers beginning with Y.
We show finally that there is, in fact, a unique equilibrium in this case, involving par-
tial offers by the v; type buyer beginning with X. This equilibrium is the separating

one described in Lemma 2 above.

Result 2 If v; > v and given Assumptions 1-4, there exists a unique equilibrium to
the bargaining game with sequential implementation for all initial beliefs wy > wF .
This equilibrium is a separating one and is defined by:

(1, HY(1),v,) = Pl, where P} is a joint offer with the feature that p, + p, =

%; (1, HY(1),v) = P!, where P} is a partial offer on X given by p, =
5% — (1 = &)vy. For the seller, fs(1,HY(1) U Plwo) = fs(1,HY(1) U
Plwy) = A. Further, in the case of the offer P}, fs(2, HX(1)U P}, 0) = 1:[5 and
fB(2, HY (2) U 25, 01) = A.

There are several points worth noting here. First, an issue-by-issue agenda is a
valuable signaling device when one’s opponent believes one is in a weak bargaining po-
sition (wp large) when in fact the opposite is true (V = v;). Signaling is accomplished
by the strong bargaining type (v;) making a price offer on X only that is sufficiently
large that, even when coupled with a subsequent low price on Y of v;/(144), the weak
bargaining type (v;) doesn’t find the agenda profitable. Basically, the combination
of a high price on X and delay in consuming Y means that the issue-by-issue agenda
is too costly for the weak bargaining type to pursue. When wy is small, signaling is
unnecessary as the seller offers a low price in any event.

Note second that for no value of wqg is there an equilibrium in which the buyer
adopts an issue-by-issue agenda beginning with Y. As a consequence, with sequential
implementation, either the agenda is a simultaneous offer one or the buyer offers
on the “easy” issue first and then the “hard” one. The prescription when there is

sequential implementation then is for the informed type to bargain on the easy issue
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first. For large enough values of wg, the uninformed always makes joint offers.
Finally, for values of wg sufficiently small, there is also a unique equilibrium in-
volving joint offers of (1 + v;)/(1 4+ d) and 6(1 + v;)/(1 4 §) by the seller and buyer
respectively. For intermediate values of wy, wp € [w®,w?) for instance, there are mul-
tiple equilibria. The separating equilibrium of Result 2 continues to be an equilibrium
as is the screening equilibrium of Result 1. Because of these two equilibria, it may
be possible to construct a third equilibrium in which the seller screens using partial
offers beginning with Y. This outcome would be supported by a “threat” to switch to
the Result 1 equilibrium should the seller deviate to a joint screening offer. If strate-
gies were additionally restricted to stationary Markov strategies, then no equilibrium

involving partial offers by the seller would be supportable.

3.2 Simultaneous Implementation

In contrast to sequential implementation, simultaneous implementation requires the
agents to reach agreement on every issue before an agreement on any one issue can be
implemented. This alteration to the rules effects an important change in the nature
of partial agreements. In particular, even if agreement on Y has been achieved,
the information asymmetry associated with Y is still relevant for the bargain on
X. The reason is that, because consumption of ¥ cannot occur until agreement has
been reached on X, the buyer’s delay cost continues to depend on type even after
an agreement on Y. In this way, bargaining with simultaneous implementation is
very much similar to the single-pie bargaining of Rubinstein (1985). An important
implication of this fact is that the distinction between “hard” and “easy” is no longer
relevant in determining the order of issues. In essence, bargaining on either issue is
“hard” given that the information asymmetry persists until agreement is achieved on
both.

In spite of the many similarities with single-pie bargaining, there is an important

dimension in which simultaneous-implementation bargaining is different. Specifically,
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because a partial agreement is binding, it is still possible for the low-valuation buyer
to signal type by making a sufficiently large concession on the first issue. This ability
to signal means that the order of issues may still matter. In particular, there is a
minimum size concession that the low-valuation type must make on the first issue if
the signal is to be credible. If this minimum is greater than the total surplus from
one of the issues, then this issue cannot be settled first. Thus, under simultaneous
implementation, the relevant distinction among issues is not hard versus easy (all
issues are hard) but rather large versus small surplus.'®

To proceed more formally, assume for the moment that a price, p;, has been offered
by the buyer and agreed to by the seller for one of the goods and that this price has
revealed that the buyer has valuation v;. Then the follow-up offer by the seller, call
it p3, and the reply by the buyer, pb, must solve the following two inequalities to

constitute equilibrium offers:

L+o—p—p5 > S(1+v—p —ph),

pi+py > O(p+pd)

From these two inequalities, it follows that pj = (1 + v;)/(1 + &) — p1, the full infor-
mation price for the v; type less the already agreed upon price p;. In cases where
the offers are unrestricted, the outcome would be the full-information price, one pe-
riod delayed. This price cannot be part of a signaling equilibrium, however, since
(A4) implies that such a p; could not reveal the buyer. Therefore, if signaling is to
occur, it must be that the initial price, p;, is such that p} = 0 (the non-negativity
constraint binds), in which case p5 = (1 4+ v; — p1)(1 — §). This outcome occurs if
p1 > 0(1 + v)/(1 + d); that is, if the price already agreed upon is at least as large
as the uninformed player’s full-information payoff when bargaining against v;. For
this price to be feasible, the issue bargained on initially must have surplus of at least

this value. This constraint is the one that determines the minimum size of the initial

15This point is made in Busch and Horstmann (1999a) in the context of a bargaining model in
which one agent’s discount factor is the source of private information.
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issue.

In the interest of brevity, and since the basic ideas have been demonstrated in
the previous section, we will not provide a similar list of lemmas for this case.!” The
reader can verify that, as before, the v; type buyer will have an incentive to deviate
to a partial offer from a joint offer, if the joint offer is sufficiently large relative to his
full information price. Signaling arises for large enough values of w;, with the v, type
buyer making a joint offer that is his full information price and the v; type making a
sequence of partial offers involving a concession on the first agreement. As previously,
the seller always has an incentive to make joint offers, and any offer that is accepted
by both buyer types yields a low total payment to the seller.

We have, therefore, the following result for simultaneous implementation:

Result 3 Under Assumptions 1-4 and with stimultaneous implementation, there ex-
ists a unique equilibrium to the bargaining game for all initial beliefs wy > w™. This

equiltbrium is a separating one and is defined by:

(1, HY(1),v) = P}, where P} is a joint offer with the feature that p, + p, =

5(1
%; a1, HY(1),v) = P!, where P! is a partial offer given by p1 = (1 + v;) +

— 1
b ] . For the seller, fs(1, HY(1)U P/, wo) = fs(1, HY(1)U P!, wy) = A.

5§ 8(1+9)
. 1+wv vp — U
Further, in the case of the offer P!, fs(2, HY(1)UP!,0) = (1-5) o _|_h5) U . !
and f(2, HF(2) U 135,111) = A.

Again, as with sequential implementation, signaling occurs through an initial high
price offer and, under Assumption 3, only when wy is large. The important feature
to note about this equilibrium is that, if both issues generate surplus greater than py,
then the buyer is indifferent regarding the order in which issues are bargained. That

is, the buyer still employs an issue-by-issue agenda when V' = v; but is indifferent

'"The essentials of the proofs for the analogues of Lemmas 2 and 3 can be found in Busch and
Horstmann (1999a). The proof for the analogue of Lemma 4 is as in Rubinstein (1985). There is no
analogue of Lemma 1 for this case. Rather, the possibilities associated with buyer pooling on the
first issue are covered by the other lemmas.
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between the orders X then Y and Y then X. Should Y have surplus smaller than
p1, however, then the low-valuation buyer will again have a strict preference for an
agenda that involves bargaining on X first. In this case, however, it is not because
X is easy and Y hard but simply because Y’s surplus is too small.

Note also that, unlike the case of sequential implementation, there is no issue
of the buyers having differential preferences on the order in which issues are settled
since nothing is consumed until all issues are settled. In particular, under sequential
implementation the vy, type prefers the Y then X agenda order to the X then Y
agenda order preferred by the v; type, since Y is the larger issue for the v;, type. As a
consequence, we do not have a restriction on v;, which served the purpose of keeping

the issue Y of sufficient economic importance.

4 Discussion and Concluding Remarks

The results above verify the intuition that the choice of agenda in a multi-issue
bargaining game can transmit information and also affect the efficiency of the bargain.
The signaling function of the agenda choice becomes relevant when the opponent
believes that one is in a weak bargaining position (wg large) when in fact one is not
(V = v;.) The willingness both to bargain issue-by-issue and to make a concession on
the initial issue can credibly signal strength and so lead to an improved bargaining
outcome. Of course, if the opponent already believes that one is in a strong bargaining
position (wg small), then there is no incentive to convince the opponent otherwise. It
also would not pay to bear the costs an agenda imposes simply to further confirm the
opponent’s beliefs. We therefore predict the use of agendas only if a strong bargaining
party is taken to be weak.

Our results also show that, if an agenda is used, the order of issues is relevant.
If agreements are implemented sequentially, then “easy” issues should go first. The
reason is that, because “hard” issues have been defined as those with asymmetric

information, beliefs are relevant only in bargains over “hard” issues. Because agenda
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choice is used to signal bargaining strength and allocations are implemented as agree-
ments are reached, signaling will be valuable only if the hard issues are taken up after
the signal has been sent (the price concession has been made). As a result, the “easy”
issues are bargained first and then the “hard” issues.

If implementation of agreements occurs only at the conclusion of bargaining, no
“natural” order may be apparent. There is no efficiency reason to prefer one order
over another and all issues are hard. In spite of these facts, order can matter even
in this case. The reason is that a signal of bargaining strength can only be credible
if the informed agent gives up sufficient surplus on the first issue as to be unable to
re-coup it all later on the second issue. If the surplus from the first issue is small and
that from the second large, even a concession by the informed agent of all the surplus
from the first issue could be compensated for by obtaining a large enough share on the
second issue. In this case, the informed agent would have made no actual concession
and so no signaling can take place. These results indicate that it is the size of the
surplus that determines the order of issues when implementation is simultaneous.

The ability to signal in this latter case does rely on the restriction to non- negative
prices (the signaling result for the former case does not, however). If, for instance,
negative prices could be agreed upon but total payments were limited to the value of
the items, then signaling would require initial price agreements much larger than the
value of both issues. If there were no constraint on valid price offers, then signaling
could not occur at all. Since the seller prefers the signaling equilibrium to the pool-
ing/screening equilibrium in the absence of agenda signaling, this fact might explain
a restriction to non-negative price offers: it is in at least one party’s interest.'®

Our results indicate that, whenever uncertainty about an opponent’s bargaining
strength is important, issue-by-issue bargaining with a large initial concession can only
indicate a strong opponent (in contrast to suggestions in the negotiation literature).

Further, the issue on which this concession occurs depends on the way agreements are

8Compare the seller’s payoff under result 1 for large w to that under result 3: dwSy /(1 + J) <
W(@SK/(L+N+ (1 —w)d((6(L+6)—1)Sp)/(14+0) fw <w+ (1 —w)(d6(1+6)—1)), which is true.
(650 /( :
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implemented. An easy issue will have to be first under sequential implementation,
and will, in a sense, build “bargaining momentum” since the following bargain on the
hard issue is transformed into an easy bargain given all information has been revealed.
Under simultaneous implementation, by contrast, it is only important that the initial
issue be large enough so as to allow a big enough concession. Size, of surplus only,
and not considerations of hard or easy issues is, is all that is relevant.

Finally, it is also possible to compare the allocations that arise under simultaneous
and sequential implementation and determine which scheme is preferred by the agents.
If initial beliefs are such that the signaling equilibrium (Results 2 and 3) occurs
under either rule, then the informed agent is indifferent between simultaneous and
sequential implementation. The reason is that, if V = vy, the informed obtains his
full-information payoff regardless of the form of implementation. If V' = v;, the payoft
is such that the v, type is just indifferent between taking his equilibrium payoff and
mimicking the v; type. The only difference between the two agents’ evaluations of
any given pair of prices arises from the price for good Y, consumption of which is
delayed by one period under either implementation procedure.'®

The uninformed agent, on the other hand, strictly prefers sequential implemen-
tation. This preference results from the fact that sequential implementation allows
the agents to obtain the surplus from agreement on the first issue prior to reaching
agreement on the second. This fact means that the uninformed must allocate less to-
tal surplus to the informed under sequential implementation to achieve the required
indifference for the v, type. Thus, as long as either scheme results in issue-by-issue
bargaining when v = v;, the agents prefer sequential implementation to simultane-
ous implementation. In this sense, proponents of sequential arrangements like the

line-item veto are correct in asserting efficiencies for such arrangements.

19This is easily seen from the following: The payoffs to the high valuation agent under sequential
and simultaneous implementation are 1 — py + §(vy, — py) and d(1 4+ v, — p1 — p2). They can be
rewritten as 1 — py + 0(v; — py) + 0 (vp, — ) and §(1 4+ v; — p1 — p2) + d(v, — v;) respectively, which
are easily seen to differ from the low valuation agent’s payoffs by the constant amount §(vy, — v;).
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5 Appendix

Proof of Lemma 1: Suppose there were an equilibrium in which both types offer
on Y first and this offer is accepted. After the acceptance the players are left with
a full information bargain on X, for which the unique equilibrium is an offer by the
seller of 1/(1 4 §) which is accepted. It follows that the lowest possible p, in such
an equilibrium would have to be dv;/(1 + §) since otherwise the uninformed could
reject and offer the low full information price on both issues next period, which will
be accepted by both informed.

Now consider a deviation by the v; type using a sequence of partial offers starting
with X. Under (A2) the uninformed will update beliefs to w1 = 0 if he receives a
partial offer p, and if the vy, type strictly prefers the original strategy to the continu-
ation path under the deviation, while the v; type prefers the deviation. If this partial
offer is accepted, the highest possible continuation payoff to the informed if the par-
tial offer is accepted arises if the uninformed makes the low valuation full information

offer v;/(1 4 9). Thus, if there exists a p, € [0, 1] that is accepted by the seller and is

such that
(1) PR +5( ”’)
Vh — Dy 1+6° Pz Uh 116
2
Uy
: S A
(2) an e T A S Ul

beliefs will be updated to w41 = 0 by (A2) and stay at zero by (Al) for all contin-
uation paths. (1) guarantees that the v), type finds the deviation to p, unprofitable
while (2) guarantees that the v; type finds such a deviation profitable. For the seller
to be willing to accept the offer p,, it must be that acceptance yields higher util-
ity than if the seller were to reject and counter with the price (1 + v;)/(1 + ) (he
now is convinced of facing the low type, after all.) Such will be the case as long as
pe > 0/(149). The smallest p, such that the v; type finds this deviation profitable is

given by the p, for which (2) holds as an equality when p, = /(1 + §). This value of
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py is given by p, = dv;/(1 + )+ (1 — §)(v; — 1). Note that this is less than the lowest
a priori possible pooling p, offer since v; < 1.

On the other hand, since p, < 1, the largest possible value of p, for which the
deviation is possible is given if (1) holds as an equality when p, = 1. This yields
py < vp/(146)=8(6(vy—1)+v;)/(146) which is clearly less than the a priorilargest
pooling offer on Y. Thus the deviation is always possible. qed
Proof of Lemma 2: Assume the buyers do separate, but that the v, type buyer
makes an offer other than his full information offer on both pies. Then the seller will
have wyi; = 1 after observing this offer and therefore will accept only joint offers
p>0(1+wvp)/(143), or partial offers p, > /(14 d) and p, > v, /(1 + §). Since for

these values

oy > e (- 113) (0-115))
1—po+6 (v — —— - §(1———
1_I_(S>max Pr + Vp, 114 , Up — Py T T ,

the v, type will offer §(1 + v)/(1 + 6) in equilibrium.

1—|—vh—5

Of course, the v;, type buyer only follows this strategy if it is better than following
the v; type buyer’s strategy. This requires that 1 — p, + § (v, —v/(1 4+6)) < (1 +
vp)/(146), or pp > d(14+v,—v)/(140)—(1—=35)v,. For any such offers on X the seller
will set w1 = 0. The p, for which strict equality holds is the only value that survives
refinement via Assumption 2. Further, for the seller to be willing to accept p, (rather
than reject and counter with a joint offer of (14+v;)/(1+4),) p. € [§/(1+46), 1]. Finally,
the signaling offer on X is possible (i.e., p, < 1) as long as §(v, —v;) < 1+ (1 — §?)vy,.
This inequality is satisfied given vy, —v; < 1. qed
Proof of Lemma 3: Consider a joint offer p = (p,,p,) and a deviation by the
vy type using a sequence of partial offers. Under (A2) the uninformed will update
beliefs to wyyp = 0 if he receives a partial offer p, and if the v, type strictly prefers
the original strategy (joint offer of p) to the continuation path under the deviation,
while the v; type prefers the deviation. If this partial offer is accepted, the highest

possible continuation payoff to the informed if the partial offer is accepted arises if

25



the uninformed makes the low valuation full information offer v;/(1 + §). Thus, if

there exists a p, € [0, 1] that is accepted by the seller and is such that

v
(3) 1—|—vh—p>1—pw—|—5<vh—1+l(s)
v
(4) and 1—|—vl—p<1—pw—|—5<vl—1+l(s)

beliefs will be updated to w;p1 = 0 by (A2) and stay at zero by (Al) for all con-
tinuation paths. (3) guarantees that the v), type finds the deviation to p, unprof-
itable while (4) guarantees that the v; type finds such a deviation profitable. For the
seller to be willing to accept the offer p,, it must be that acceptance yields higher
utility than if the seller were to reject and counter with the price (1 + v;)/(1 + )
(he now is convinced of facing the low type, after all.) Such will be the case as
long as p, > §/(1 4+ ). The smallest p such that the v; type finds deviation prof-
itable is given by the p for which (4) holds as an equality when p, = §/(1 + 9).
This value of p is given by p = §(1 4+ v;)/(1 4+ ) + (1 — d)v;. The largest possible
value of p in any pooling equilibrium is (1 + v,)/(1 + &). Thus, for all p such that
(G(14+v)/(1+86)+ (1 =38)v <p < (1+wv,)/(1+3), the deviation to p, is successful
for the v; type as long there exists a p, <1 that satisfies (3). Such is the case as long
as (v, —v;) <14 (1 — ). This inequality is satisfied given vy, — v < 1. qed
Proof of Lemma 4: This result follows immediately from Rubinstein’s (1985)
Prop™ 5.

Proof of Lemma 5: The proof of this lemma consists of three parts. The first part
shows that there is not an equilibrium in which the seller screens with a partial offer
beginning with X. The second part shows that, for w, > w and v; not too small,
there is not an equilibrium in which the seller screens with a joint offer while the
buyer types pool. The final part shows that, if the seller makes a partial offer and the
buyer types pool, the seller has an incentive to deviate to a joint offer. Combined,
these three parts then prove the lemma.

i) no screening with an offer on X only :
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Let U; be defined as the present value of the seller’s utility under the proposed
equilibrium should the buyer be of type h, neither issue is settled and it is the seller’s
turn to offer. U? is defined as the seller’s utility when it is the buyer’s turn to offer,
neither issue has been settled, and the buyer is using a pooling strategy. These values
are simply the present value of the price stream implied by the equilibrium path given
the seller (buyer makes the offer).

For a proposed price path to be an equilibrium it must be that the v;, type buyer is
indifferent between accepting the seller’s screening offer and rejecting and countering
with the proposed pooling offer (if the vy, type strictly preferred to accept the screening
offer, then the v; type could reject and demand a price below the proposed equilibrium
that the seller would accept). The v; type buyer strictly prefers to reject the screening
offer. If the seller screens with a partial offer beginning with X this fact implies that,
1+ dv, — U =6+ dvp — 5Usb and that 1+ dv; — U? < §+ dv; — 5Usb. These conditions
cannot both hold simultaneously, ruling out this strategy as a screening strategy.

ii) no screening with joint offers:

Lemmas 1 and 3 establish that, for w; > w’, the only possible equilibrium with
seller screening using a joint offer must have the buyer making a pooling offer be-
ginning with X. As above, any equilibrium of this sort must satisfy the condition
1+ v, — U = S[1 + dv, — UL]; equivalently, U = SU + (1 + (1 + &)vp)(1 — ).
The lowest discounted price stream that the buyer could extract in any such equi-
librium must satisfy the condition U? = §[w,U? 4+ §(1 — w;)U?]. This condition im-
plies that U? = (5w, U?)/(1 — 6*(1 — wy)). Substituting for U in the above yields
U =[1=6*(1—w)][14+vn(148)]/(146). This offer yields utility for the v, type buyer
of Ul = §+8%(1 — w;)vy, — (6%w;) /(1 +d). For these strategies to comprise an equilib-
rium, U > §(14v,)/(1+3). Such will be the case only if 1 —w; > vy, /(§[1+v,(1+5)]).

This value will be less than w? if

14+ v - (1 — 6%y, v,
L+wv, = §(14wvy)  d(1+va(l+9))

Since the RHS of this inequality is decreasing in 4§, this condition is guaranteed to be

1
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satisfied if it holds for § = 1. Such will be the case if vj,(vy, — 2v;) < v;. This condition
is satisfied given v; > wv.

iii) Seller has incentive to deviate from a partial offer

From the above and following from Lemma 4, the seller either screens with a
partial offer beginning with Y or pools with a partial offer beginning with X. In
both cases, the seller has an incentive to deviate to a joint offer. Consider, first, the
screening case. The seller’s offer must be such that the vy, type is indifferent between
accepting and rejecting while the v; type strictly prefers to reject. This condition will
be v, +6 — U; :5—|—5vh—5USb, v +0—-U? < 5—|—5vl—5USb if the buyer makes a
joint offer and vj, + 6 — U? = § + §%v), — 5Usb, v+ 6 —US < §+ 6% — 5Usb if the buyer
makes a partial offer.

Consider the case in which the buyer makes a joint offer and imagine a deviation
by the seller to a joint offer, ]3, that yields the vy, type the same utility as the partial
screening offer. This offer is defined by v, +d —U? = v, + 1 — ]5; or P = U:4+1—0.
Because the v, type continues to be indifferent, the v; type must strictly prefer to
reject this offer. The seller strictly prefers this offer to the partial screening offer.
As a consequence, the seller can offer P+ e, € positive, such that the vy, type buyer
prefers to accept rather than reject and offer U?, the v; type buyer prefers to reject
and the seller is better off. This deviation is possible for all U’; in particular, it is
possible for the U? that yields the buyer the maximum possible payoff among all such
screening equilibria.

Analogous arguments hold for the case of screening when the buyer makes a
partial offer as well as for the case of the seller pooling on a partial offer beginning
with X. Thus, if any of these outcomes are to be supported as equilibria, it must be
that the deviation by the seller to P is met by a switch to some other equilibrium
path involving patterns of offers different from those in the proposed equilibrium (for
instance, if the seller is deviating from a partial offer screening path, the deviation

must be met by a switch to a partial offer pooling path).
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The proof of the lemma can now be completed. Consider a proposed equilibrium
in which the seller screens with a partial offer beginning with Y. From the above, the
seller can deviate to a joint offer, ]3, which, if accepted by the vj, type yields higher
utility for the seller than the proposed path. For the deviation not to be successful,
then, the v, type must reject the offer. A rejection can only be in the v), type’s interest
if the utility received from rejection in the continuation equilibrium is greater than
1+ v, — P. Consider, then, possible continuations after a rejection by the buyer. A
separating outcome yields the v;, type the lowest utility among all possible equilibria
and so he will not reject P if rejection is followed by a separating outcome. Given
a rejection must leave w; unchanged, the above results imply that the only other
possibilities have the seller making a partial offer also. Fach of these also provides
the seller with an incentive to deviate and so can only support the desired outcome
if the sequence of prices, P is strictly declining. This sequence violates the fact that

P> (1 4+v)/(14 ) and so no such equilibrium can be supported. qed

Proof of Result 2: Lemma 2 has provided the necessary separating strategies.

These will yield the seller an expected payoff of

“ :1111);: ol —w) :px +51115] -

“ :1111);: Tl —w) :1 - 1111); o (”h - 1115) +51i5] -
“ :1111];: ol —w) :1 +ovn = 11—|—_|-U5h] -

5 % (1- 5)vh] Fw[(1 = 8)(1+ va(1 + 6))].

Here we used the p, derived in Lemma 2. We next consider possible deviations from
these strategies.

First, the seller could deviate to an offer that both buyers accept. Lemma 4 implies
that offers on Y alone or joint offers on X and Y together yield the same payoff as
simply conceding (asking for (1 4+ v;)/(1 4+ ¢)). Such a deviation is profitable only if

1—|—Ul 5 5(1—|—Uh)
14+46 — 1+

— (1 =d)on| +wi[(1 = )1+ va(1 +9))]
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Vp — U]
we < 1 — = !

(1 =03 (1 4+ vp(1 +9))

Note that w®! < w* by the following sequence of implications:

1—|—Ul > 1 Vp — U;
L+o, — (1 =0%)(1 4 va(1 4 6))
Vp — U; < Vp — U;
(1=0H(14+uv(1+6) = 14wy
L+v, > (1=38)(1+vu(1+9))
0 Z Uh(l - 52) - 5(1 —|— Uh)
(1=8%) 4 5(14v) > (1=6)(1+wvs),

but by (A4) (1 —6*)(1 + vs) < 6(vp — v;) and

(1—52)—|-(S(1—|-Uh) Z 5(vh—vl)

since 1 —482448 > —du,.

Second, the seller could deviate to just an offer on X which both types accept,
which is followed by the screening equilibrium on Y at the original beliefs. For the

seller such a deviation is profitable if

dwvy, - [5(1 + vp)

(5) p“’+51+5— 146

— (1= 0]+l =81+ n(1+)

Both buyer types would accept such a p, if

N dwivy, 1+,
_ _ >
~ 0 1+
(7) and 1—p,+9¢ (vl — 1w—7|5_1)§) > 4§ 1 -I-U; — §* (v, — ).

Here we have already simplified the v; type’s payoff from the signaling strategies. It
is easy to verify that (7) is the binding constraint on p,, and simplification yields

52w,y 14 vy

D, <14+ dv; — —
P = LA ov = =7 1490

+ 52(Uh — Ul).

A p, that satisfies both (5) and (7) fails to exist if

wp > —— =
"T 14 uu(149)
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Note that w? < w*.

Third, the seller could deviate to screen on Y first, but it is easy to verify that
screening on both issues simultaneously (as in the proposed equilibrium strategies)
has a higher payoff.

As far as the buyers are concerned, both types of buyer could deviate to a joint
offer. By (A3) such a deviation is followed by setting w1y = 1, and thus would be
rejected unless the price is equal to the high valuation player’s full information share
— which he already obtains in equilibrium, and we know that the low valuation type
receives more under the separating strategies.

Next, consider a deviation by both types to a pooling offer on X. Given that
the proposed equilibrium strategy for the v; type yields the lowest possible price for
Y of any equilibrium, this type is willing to undertake the deviation only if p, <
S(1+(vp—u))/(1+8) — (1 —=3)vy. Further, total payment (appropriately discounted)
must be strictly less under the deviation than under the proposed equilibrium. The
seller will only accept this deviating offer if the payoft from doing so is greater than
that from rejecting and countering with the proposed separating offer given priors
wir1 = wr (Assumption 3). The value of total payments to the seller from accepting

the equilibrium offer, p,, is

1 + (Uh — Ul) (SU[

The expected value of total payments, discounted one period, under the seller’s equi-

librium separating offer with prior w; is

(9) 5(5 [% (1= )on| + e [(1 = 8)(1 4+ va(1 +5))]).

Simple manipulation shows that (8) < (9) if

v
S[L+ (1 +8)]
The RHS of this inequality will be less than w* as long as vp(v, — 2v;) < v;. This

wt>1—

condition is satisfied for v; > v. Thus, the seller will not accept the proposed deviating

offer.
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Finally, the buyers could deviate to a pooling offer on Y first. Since the v; type
prefers the order X then Y over Y then X at constant total payment, such a deviation
is profitable for this type only if total payment falls. It has already been shown,
however, that the seller rejects an offered total payment less than that associated
with the v; type’s equilibrium strategy and so any such deviation is also rejected.
This then concludes the proof that the above strategies constitute an equilibrium.

It remains to verify that no other equilibria exist. Lemma 2 states that any sepa-
rating/signaling equilibrium must employ the above strategies, so any other equilibria
would have to have the buyers pooling on their offers. By Lemma 1 no equilibria exist
in which they pool on just a Y offer. Lemma 3 shows that if they pool on a joint
offer in equilibrium then w; must be less than w’. The only remaining possibility is
pooling by the buyers on an offer on X only, but in the second part of the proof of

Lemma 5 it was shown that such an equilibrium cannot exist. qed

Partial Proof of Result 3: We will first derive the w'? cutoff for this case.
Then we will demonstrate that the strategies constitute an equilibrium. Finally, we
will argue the case for uniqueness. First note that py = (1 — §)(1 + v; — p1), as
per the discussion preceding the result. It follows that the total price to be paid,
pr+p2=(1—=0)(1+wv)+dpr.

Consider the arguments of Lemma 3 applied to this case. From a joint offer P the

v; type can deviate to a partial offer if

(10)  1+4wv,—P > 614w, —dp—(1—=8)(1+w))

(11) l+v—P < §(14+v—38p—(1=38)(1+wv))=38(1+v)—8p

Recall that p; > §(1 + v;)/(1 + §) is required in order to have the necessary corner
solution in the second bargain. The lowest P for which a deviation is available and

profitable is therefore given when (11) holds as an equality with p; = §(1+v;)/(1+9):

1—|—Ul B 1—|—Ul

_ 2 3 _
P = (1+u)(1 5)+51+5 o

(148 —3%).
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From Result 1 we know the screening joint price offer of dw;(1 + v)/(1 4+ §). Thus

we know that for w; such that

dwdl Fon) Lt 5o —

144 - 14946
o P2 L+o1+6—-6> 1464
R I A

a deviation exists which destroys pooling on joint offers. (A4) implies that w!? < 1,
while § < 1 implies that w* < w2
The payoffs to the players from following their equilibrium offer strategies as laid

out in the proposition are

" 1—|— Uh‘
Vp Lype 1_|_57
1+
vy type . +U; — 0(vp — i)
Seller o1 + Uh)i(s_l(_l;— 9)~-1) + wi(1 — 52)(1 + vp).

Here the seller’s offer strategy if no price has yet been agreed upon and it is his
turn is to offer (1 4+ v;,)/(1 + &), which only the v;, type accepts. Note that the high
valuation player is indifferent between his and the low valuation player’s equilibrium

offer strategy if:

1—|—Uh
1+4

=0(l4+v,—p1—p2) =01 +vy—0pr— (1 +v)(1 —9)).

Solving for p; we obtain the expression in the result,

Vp — U; 1—|—Uh
5 82(1+4)

p=14wv)+

The low valuation player, on the other hand, strictly prefers his offer strategy to that

of the high valuation player if

1—|—Uh 1—|—Ul 5(vh—vl) 1—|—Uh
R I S 1+ S 113 (v —w),
§2(vy — .
(vp, — vy) vp U17
144 144
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which it clearly is. This also implies that the updating of beliefs to w; = 0 after the
partial offer p; is consistent with (A2), and thus that the offer p; as computed before
is the appropriate continuation.

Asin Result 2, no joint deviation by both informed players is possible. If they were
to deviate to a joint offer p, 4+ p, preferred to both, the seller is justified in setting
wiy1 = 1. Hence any joint price below (1 4 vy)/(1 + &) is rejected. The buyers
could, of course, deviate to a partial offer p;. If both buyers prefer this deviation
(if accepted) to their equilibrium strategies the seller can at most keep his beliefs
constant. It is straight forward but tedious to verify that the seller will reject any
such deviations in favor of continuing to separate the buyers as long as w; is large
enough and that the critical w; value lies below w* which is less than w2

Next, consider a deviation by both buyer types to a pooling offer on a single good
that is below the proposed equilibrium price, p;. As in the proof of Result 2, this offer
is rejected by the seller as long as the total payment under the proposed equilibrium
offer for the v; type is less than the expected payment, appropriately discounted and
given priors wy, under the sellers proposed equilibrium strategy. That is, the deviating
offer is rejected if

Vp — U; 1—|—Uh 1—|—Uh Vp — Vg

ot —— a5 | S
51+ o) (8(148) = 1) )
s + wi(1 = 6°)(1 + vp).

Some manipulation yields that this inequality is satisfied if

1 — &2
)

(§4+8—1) <wi(1 =8548 -1))

As the RHS of this inequality is increasing in wy, it will be satisfied for all relevant
beliefs if it is satisfied at w; = w*. Substitution for this value of w; yields the inequality

1—|—Uh S
s(1ta) ™

which is guaranteed by the assumption that v, — v; < 1. Therefore, the seller rejects

the deviating offer.
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Finally, seller deviations. Observe that if the seller screens the buyers on only one
issue this is equivalent to screening them on both due to the joint implementation.
Screening with joint offers also generates the largest payoff of all screening equilibria
for the seller, so he would not deviate. On the other hand, if the seller were to
deviate to a sequence of offers which both buyers accept (no screening), then the
highest payoff he can obtain from such a strategy is (1 + v;)/(1 + d) (by implication
from Rubinstein’s Proposition 5 (1985).) Thus, the seller will only deviate to such a

sequence if

L+u . (1 +op)(6(1+48)—1)
1+46 1446

+ wi(1 — 52)(1 + vp).

This requires
W (0 —-8(1498)
ST taa-y  ”

Manipulation verifies that w® < w* < w? under (A4).

Finally to uniqueness. It is easy to verify that any separating strategies must be
of the type in the proposition, since the vj, type must pay his full information price by
the standard arguments. Therefore we only need to check for any pooling equilibria
(that is, equilibria in which both types make the same offer which is accepted.) We
already argued above that pooling on a joint offer in conjunction with screening by the
seller will break down above w!?. If the buyers where to pool on a partial offer that is
accepted, then this could be followed by screening on the remaining issue (note that
with one issue remaining there do not exist signaling equilibria in the continuation
paths.) But these strategies would lead to the same total price for the seller, only
delayed by one (or two) period(s). The v; type would again have a signaling deviation

and thus no equilibria of this type exist either, in this region of initial beliefs. qed
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