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Abstract

We study an economy where search frictions create a coordination prob-
lem among agents and thereby generate multiple equilibria. Our interest
is in how likely it is that the economy will ..nd its way to each of these
equilibria when agents learn as Bayesians. We show how using learning as
an equilibrium selection device generates a probability distribution over the
set of equilibria, and we study the ewcect of dimerent government policies
on this distribution. We show how in our model a tradeo= arises — policies
that increase the value of being in a particular equilibrium tend to reduce
the probability of reaching that equilibrium.
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1. Introduction

Models with multiple equilibria are often criticized as not being useful for policy analysis because
they fail to assign a unique prediction to each possible policy choice. Rather, each choice leads
to a set of possible outcomes, and this set may be quite large. In some cases it is possible to
make meaningful comparisons of different sets of equilibria and thereby determine an “optimal”

policy.! However, such cases are clearly the exception and not the rule; set-wise comparisons do
not generally yield unambiguous results. Various criteria have been proposed for selecting one (or
asmall set) of theequilibriaas “relevant” for the particular issue at hand so that the optimal policy
can be determined relative to that equilibrium.? Unfortunately, none of these criteria have proven
completely satisfactory. Onesuch criterion is stability with respect to Bayesian learning about some
aspect(s) of the economic environment.® In this approach, agents have some initial beliefs about
the data-generating processes in the economy and update these beliefs based on what they observe
according to Bayes rule. As they act on these updated beliefs, more data is generated and they
update their beliefs again. Under some conditions, the economy will convergeto one of therational

expectations equilibriaof themodel. One perceived problem with this approach isthat it often does
not select a unique equilibrium; the economy may asymptotically approach several equilibriawith
positive probability. Our goal in this paper is to demonstrate that thisis not a shortcoming of the
learning approach. We show how Bayesian learning generates a probability distribution over the
set of equilibria in a simple example, and we focus on the properties of this distribution. This
distribution provides a different type of answer to the question of what will happen when a policy
changes. Modelswith aunique equilibrium give apoint estimate — if the policy parameter changes

to Xx; the new equilibrium will be y: Our model will make a probabilistic statement: if the policy

probability %;: We argue that this is a precise and valuable prediction. We show that the optimal
policy choice resulting from such a view of the model is, in some cases, different from that which
would be derived using any deterministic selection criterion.

Bayesian learning is one element of abroad class of dynamic processes that have been proposed

1 See, for example, Grandmont [5] , Woodford [13] , Smith [12] , and Keister [8] , among others.
2 See Guesnerie and Woodford [ 6] , section 7, for an introduction to this topic and an extensive list of references.
8 SeeBlumeand Easley [2] for an excellent survey of the literature on Bayesian learning.



as equilibrium sel ection mechanisms. Our analysisfocusesentirely on thistype of learning because
it allows usto present our resultsin aconcise and relatively transparent way, but the basic ideaswe
present are in no way tied to this choice. Similarly, the model we employ is highly stylized. Our
goad isto demonstrate the value of probabilistic equilibrium selection in this particular setting, and
in future work to show how the ideas presented here extend to other environments.

In our model, individual agents must decide whether or not to engage in production. Because of
an output-market externality, the value of producing depends on how many other agents produce.
The model is similar in many respects to that of Howitt and McAfee [7] , but our focus is on
search and matching in the output market rather than in the labor market. Our externality generates
a coordination problem in that an individual agent wants to produce if and only if enough other
agentsareproducing. This, inturn, generatesapair of Pareto-ranked equilibria, onewhereeveryone
produces (the “good” equilibrium) and the other where no one produces (the “bad” equilibrium).
We use learning to determine the likelihood that the economy will find its way to each of these
equilibria. To address the issue of optimal policy determination, we introduce a government which
is composed of afraction of the agentsin the economy. By determining the production and search
decisions of these agents, the government can affect the value to aprivate agent of producing. This,
in turn, affects not only the existence of each of the two equilibria, but also the likelihood of the
economy converging to each of them. We show how the government may face a tradeoff: policies
that increase the value of the good equilibrium to private agents tend to make that equilibrium less
likely. We compute this tradeoff for a numerical example.

The next section contains a detailed description of the model and the policy tools available to
the government. Section 3 presents some properties of equilibrium both with and without active
government policy. It also provides a characterization of optimal allocations in this setting (which
typically differ from equilibrium allocations because of the output-market externality). Section 4
then demonstrates how learning generates a probability distribution over the equilibrium set and
presents some results characterizing this distribution, including the tradeoff that may arise. Finaly,

section 5 contains some concluding remarks.



2. TheModd

Time is discrete and the horizon is infinite. There is a[0; 1] continuum of identical agents and a
single commodity in each period which is produced using only labor. Agents can consume their
own output, but they prefer the output of others.* Finding a match in the output market requires
costly effort. Agents who have produced choose alevel of search effort, with higher effort leading
to a higher probability of finding a buyer (match). If abuyer isfound, the two agents trade output
and consume; if not, the agent consumes her own output. Thereisno credit and henceall exchanges
are quid-pro-quo. These assumptions and the perishability of goods imply that the actions of an
agent do not have intertemporal effects and therefore that the only dynamicsin our model are with
respect to expectations.

We allow for government policy in this model by assuming that the government is composed
of fixed fraction A of the agents in the economy. The actions taken by these agents need not be
utility maximizing; they instead represent the policy of the government.> By having all of these
agents produce and then engage in output-market search, the government can increase demand
in the output market, possibly making it more attractive for private agents to produce. We will
consider two types of government policy, which we term passive and active. Thisisidentical to
amodel with no government. In a passive policy, government agents ssimply act as private agents
and maximize their own utility. In an active policy, government agents always produce, and then

search with acommon effort level. This effort level isthe government’s policy parameter.

2.1 Production

At the beginning of each period, each private agent must decide whether or not to produce. Pro-
duction is abinary decision; it must be operated at afixed scale or not operated at al. The utility
value of the output when consumed by another agent is given by F: The utility value of consum-
ing one's own output is %F; where % is strictly less than unity. Producing requires labor i qut that
givesdisutility c: Thecost ¢ isani.i.d. random variable each period with support c-; ¢t ; where

¢t < c¢H. The probability that ¢ = cb is given by B; while the expected value of ¢ is given by T:

4 Wethink of this asaform of specialization in production, asin Diamond [4] .
5 Aiyagari and Wallace [1] , also within a search theoretic environment, model the government participation in the
economy following the same principles used here (however, they are mainly concerned with monetary issues).



The realization of ¢ is not yet known when the production decision is made. If an agent chooses
not to produce, she does not consume and has zero utility that period (a normalization). We use r
to denote the fraction of all agents that choose to produce.

Before we can study the problem of an agent deciding whether or not to produce, we need to

calculate the benefit of producing. For thiswe need to look at the workings of the output market.

2.2 Output Market

Asmentioned above, agents prefer goods produced by othersto those that they produce themselves.
Agentswho have produced have an opportunity to search for abuyer, and they must choose asearch
intensity © 2 [0; 1) : Theprobability of each agent finding amatch, and hencethe fraction of agents
finding a match in equilibrium, is given by an aggregate matching function. We first describe the
properties of this function and then analyze the problem faced by an agent in choosing her search
intensity.

TheMatching Function: Thefraction of all agentsin the economy that find amatch isgiven by an
aggregate matching function m:® Let = denote the average level of search intensity in the economy;,

so that we have

(we will obviously have °; = 0 for agents that have not produced). Then the value of m depends

on = and on the number of agents that are searching r: e assume that m takes the form
m(;r) =12®)r:

Thefunction 1 then givesthe number of matches per searching agent asafunction of the total level
of search intensity in the market. We assumethat 1 : R, ¥ [0;1) iscontinuous on R.; isC3 on

R.+; and satisfies the following conditions

6 Assuming a matching function simplifies matters considerably, but it clearly does not come without cost. In par-

ticular, policy changes may affect the nature of the matching process, and this effect will be absent in our analysis. We
leave the study of this effect for future work. See Lagos[9] for an interesting analysisin this direction.



(A1) 1(0) =0

(A2) 2(x) > 0 for al x > 0
(A3) limys 1 1 (x) = 1
(A4) limyso 2 (X) =0
(A5) 1 (x) < x for all x > 0

(A6) There exists an X > 0 such that
W(x)>0for0<x <X
W(x)y<0forx<x< 1

(A7) 1 <limyao1°(X) > pioe

(A8) W (x) <0for0 < x <X:

Thefirst assumption issimply that when no agents search, no one gets matched, while the second is
that search effort is productive aslong as the average intensity in the economy is positive. Thethird
assumption says that for high enough levels of effort, nearly al searching agents will be matched.

The reasons for the fourth and fifth assumptions follow from the interpretation of 1 as a proba-
bility facing individual agents. Notethat 1 givesthe fraction of searching agentsthat find a match.
If anindividual agent chooses search intensity °;, taking the search intensity of other agents (*) as

given, then the resulting probability of getting matched with a buyer is

()r, .
Define
_r,

- 1

#(%;r)
so that % is the probability of finding a match per unit of search intensity The fourth assumption
guarantees that we have

Ligrg)l/z(e; r)y=0;
so that if no other agents are searching, there is no reason to search for a buyer. The fifth assump-

tion guarantees that the probability % is less than one. The final three assumptions are regularity



conditions that generate a unique interior perfect-foresight equilibrium in the output market.” The
previous assumptions imply that 2 isinitially convex and eventually concave. Condition (A6) is
simply that there is an unique point where the second derivative is zero. Condition (A7) states
that the degree of convexity isinitially large enough, which guarantees that the average product
of search effort initially increases quickly enough to make positive search effort worthwhile. The
final assumption states that the degree of convexity of 1 is strictly decreasing up to the changeover
point of the second derivative, or that the marginal product of search effort isinitially concave. The
importance of this condition for generating uniqueness of output-market equilibrium is discussed
in the results below.

Throughout the paper we will present examples and computations that use the function
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Figure 1. A Matching Function

Thisfunction isdepicted in figure 1. It satisfies all of our assumptions as long as we have

2a

1iwF

since 1%(0) for this function is equal to 2:

The Choice of Search Intensity: Agent i chooses a nonnegative search intensity °;: The cost of

7 There will still often be multiple equilibria in the economy as a whole because of the coordination problem in
deciding whether or not to recruit.



this intensity is convex and given by a°: If an agent meets a buyer, they exchange output. If an
agent does not meet a buyer, she can consume her own output, but the valueto her isonly %F . The
search cost is measured in units of utility. The agent’s output-market problem is to choose °; to

maximize expected utility, that is, to solve

: ¢ _ .
max %%, 'F ja°? + (1 %) %F ja°?

subject to 2

where the agent takes the value of % as given (in equilibrium this will be %2(*; r)). The constraint
says that °; must be chosen so that the implied probability of finding a match is no greater than
one. Equivalently, we could change the objectivefunction so that if ©; ischosen to make:°; greater
than one, then the probability of amatch would still be one. Since thiswould entail a higher search
cost and no benefit, no agent would ever pick %°; > 1; and the solution to that problem isthe same
as the solution to the constrained problem we have written here. The objective function can be
reduced to

UE + (1§ W)HF°;  af:

The first-order condition for an interior solutionis
(1 i )%k = 2a°;;

which generates the general solution
il

H i %)%
1§ %)% 1 : 3)

ol __ H
s =min V=
: 2a Y

Note that we have ° _ 0; with °; > 0 aslong as% isgreater than zero. Since the expected benefit
of search effort islinear in © and the marginal cost of effort is zero when © is zero, it is optimal to

engage in apositive level of search whenever % is positive.

2.3 TheProduction Decision

With thisinformation about the value of producing, we are now ready to examine the agent’s pro-

duction decision. The value of producing clearly depends on how many other agents will be par-



ticipating in the output market. Let . denote the (utility) value to an agent of producing. The
agent faces a binary decision problem, and will produce if and only if thisvalue is greater than the

expected cogt, that is, if and only if
>T

holds. The value _ isgiven by

. =E max %°, = i a°i2¢ + (1§ %°) i3/4F i a°i2¢> :
where E denotesthe expectation with respect to the val ue of %; which is determined by the decisions
of the other agents. We assume that an individual agent believesthat all other private agentswill act
identically (that is, we rule out asymmetric and mixed-strategy equilibria). Hence, in the absence of
an active government policy, aggregate employment will be either zero or unity. When r isexpected

to be unity, the value of producing can be written as
H i1 on on on 2¢
.= BF+ A g %°)%F § aley)

or
i ¢
=R (L WETF G aed)?

When r is expected to be zero, the value is smply given by

LS =%F:

2.4 Government Policy

Specifying agovernment policy in this environment amounts to specifying a decision rule for pub-
lic agents. A passive policy isthe same as a model with no government: all agents maximize their
own utility. We aso consider an active policy where all public agents produce and then search with
a common intensity level °5: In choosing the search intensity of public agents, the government
is affecting the probability that searching private agents will find a buyer. We therefore view this
policy asaform of aggregate demand management. Our interestisin (i) comparing the set of equi-

libriaunder the two policies and (ii) analyzing the optimal-policy question of how the government



should set °:

3. Equilibrium

The equilibrium conditionsfor this economy are simply that the decisions made by agents generate
the market conditions that each private agent takes as given. Formally, we have the following
definition.

Definition: An equilibrium with a passive government is afunction °® : [0;1] ¥ R giving the
search intensity of every agent and ascalar r 2 [0; 1] such that when=* = 01 °7di; we have

(i) each agent chooses optimally whether or not to produce and sets °; by (3),

(i) r isequal to the fraction of al agents that choose to produce, and

(i) L =%C"r) =1()r==":
An equilibrium with an active government is (°°; r) such that we have

() °7 = ° for each public agent,

(i) each private agent chooses optimally whether or not to produce and sets °; by (3),

(iii) r _ A isequal to the fraction of all agents that choose to produce, and

(V) % = B(*°; 1) = 2(°)r=>";

We first examine the passive regime, and then turn to the analysis of equilibrium with active

government policy.

3.1 Equilibrium with a Passive Gover nment

We begin by showing that the optimal choice of °; is always interior, that is, that the constraint to

problem (2) is never binding in equilibrium.

Lemmal The solutionto problem (2) at the equilibrium value of % is given by

on _ (L i %)%F
re 2a

(4)
Proof: See appendix. ¥

Since the agent’s problem has a unique solution and all agents are identical, all agents in the



output market choose the same level of °: Thisimpliesthat we have
YA 1

Substituting thisinformation and the definition of % into equation (4), we have that the equilibrium
intensity value °® isimplicitly defined by

o Qi W) HEOF
B 2a '

)
We now show that our assumptions on 1 guarantee that there exists a unique nonzero solution to
this equation.

Lemma?2 Thereexistsauniqueinterior solution for °° to equation (5).
Proof: See appendix . ¥
The uniqueness property allows usto fully characterize the comparative-static properties of the
equilibrium search intensity °“:
Lemma3 Let °" bethe solution to (5). Then we have
e°° _..0°"° @°"

>0 < 0; and

OF ' Pa 0%
Proof: Define T (°;F;a; %) to be the right-hand side of (5). Then the uniqueness of the solution

<0:

impliesthat T crosses the forty-five degree line from above, or that

@f.
on < 1
Tk

must hold. Thisimplies that the sign of the derivative of f with respect to each of the remaining

variables directly determines the sign of the derivative of °® with respect to that variable. ¥

Example: Equation (5) can be illustrated using the matching function (1) and a * baseline” set of

parameter values
1 1
— -0 Y =_-F=92Q-
a > F=5 % > c=28:
Plotting the left-hand and right-hand sides of (5) separately yields figure 2. The two curves cross
P—
°=0and° =L o

2

10
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Figure 2: The equilibrium level of ©

With a passive government policy, there exist at most two (pure-strategy) equilibria under per-
fect foresight. We follow Howitt and McAfee [7] in caling these equilibria “optimistic” and
“pessimistic.” First suppose that each agent believesthat all other agents will produce. Given this
optimistic belief, if |7 > T holds, then it isindeed optimal for every agent to produce, and hence
thereis an equilibrium with r equal to unity. Note that we have °; = °° for all agentsi that engage
in production, and hence™ = °°: The equilibrium value of _" can therefore be written as

H_il on - 1 (°9%))3 - 002¢.
P G Lt ol € N T G ) BT T Y G
From equation (5) we have that
om\2 _ l = 31 (o8 .
a(*)’ =31 iW*C)F
holds, so that the expression for _ ™ simplifiesto
H _— 1 - on
MU+ S0 C)F
or

i ¢
H — |3/4F +a(ou)2

The optimistic equilibrium exists whenever this expression is greater than the expected cost of
producing. Now suppose that each agent believes that no other agent will produce. Given this

pessimistic belief, not producing is optimal if |- < T holds, in which case there is an equilibrium



with r equal to zero. The equilibrium value of _- does not depend on °° (since if no other agent
produces there is no reason to search for a buyer), and is given by %F: Therefore the pessimistic

equilibrium existsif %F < T holds.
Example: For our example (with the parameter values given above), we have

" =325 c=28 ," =25

1 5

Clearly both equilibria exist. o

3.2 Equilibrium with an Active Gover nment

If the government decidesto have al public agents produce, then total government employment will
be A and aggregate employment can never fall below this. A private agent who decides to produce
still faces the maximization problem given in (2), and hence will choose °; according to (4). The
government policy affectsthis choicethrough its effect on%: We assumethat the government policy
is fixed and known, but as before an agent’s beliefs about the actions of other private agents are
critical. Again wewill consider only symmetric outcomes, so that either no private agents produce
or al private agents produce. We begin with the case of pessimistic beliefs.

Pessimistic Beliefs: If no private agents produce, total employment is A and total search intensity
is= = A°C: In deciding whether to produce or not, a private agent looks at the probability of
getting matched with a public agent. The probability per unit of search effort is given by

1 iAoG¢
R =

°G

The next lemma shows that as long as the public sector is not too big, the optimal search effort of

aprivate agent (if she produces) is again given by the interior solution.?

Lemma4 If s

X 2a
QiWF

8 Notethat the public-employment policy guaranteesthat % will be positive, even if no private agents produce. Then,
sincethereis no fixed cost of searching, an agent who produces will necessarily choose a positive level of °:

12



holds, then the optimal level of search intensity for a private agent is given by

L ainIr
P 2a '

(6)

Proof: See appendix. ¥

The value of producing in this case is a function of the policy parameter °© and given by

- q: H q:
Llec” _ I1/2°‘i’|: + (1 i %D UF iae)?;

5

where the values of % and °} are given above. Substituting in the optimal value °7, this expression

reducesto
Lioc® _yr (i %)? Y2F2
= 4a '
which shows that the value of producing is strictly increasing in %: If the government chooses °©
so that

i ~C
. Llog” o c
holds, then the policy has eliminated the bad equilibrium and all agents will engage in production.

Note, however, that the government can only increase up to apoint. Once °€ islarge enough that

holds, further increases in effort decrease % (due to the crowding-out effect). Hence it may be the
case the no level of government effort can eliminate the bad equilibrium. However, as we show in
the next section, by changing _ - the government may be able to decrease the likelihood of the bad
equilibrium eveniif it cannot eliminate it.

_ a-
Example: For our chosen parameter values, the constraint in lemma 4 reducesto A - % Ya

0:6325: We choose A = 5 asabase. Figure 3 plots °® asafunction of °©. Initially °® isincreasing
in°5: As °S increasesfurther, the economy movesinto the negative externality region and °° starts
to decrease. The value of producing under pessimistic beliefs _ - is given by

LD =%F +ack

13



0.12

0.3

0.08

0.06

0.04

0.02

i ¢
Figure 3: °° 'o6” inder pessimistic beliefs

Figure4 plots , - as°© varies. Thevalueof , - isinitially increasingin ° 5; but becomes decreasing
in the negative externality region. Notice that for this example, no value of ° raises |- abovert;
so that it is not possible for this policy to eliminate the bad equilibrium. If instead we increase F
to 5:59; the picture becomes that in figure 5. Here the policy can eliminate the bad equilibrium
if °g ischosen in the appropriate range. Notice, however, the small range of the horizontal axis.
Only for carefully chosen parameter values will the policy be able to affect the existence of the bad

equilibrium. o

Optimistic Beliefs: Evenif the government knew that all private agents held optimistic beliefsand
would produce, it might still want to use °© as a policy tool to offset the externalities involved in
output market search. Private agents still take the value of % as given and choose °§ according to
(4). Inthiscase, itisnot clear if the solution will necessarily beinterior. A sufficient condition for
interiority would be

s
2a

LiwkF ="
but this may be very strong. The proof would proceed exactly asin the previous lemma, but with
A set equal to one.

Define b to be the average level of search intensity

B=(1jA)°"+AC

14
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Figure4: - loc

In this case the probability of finding a match per unit of search effort is given by

*+(B)
B

w(=r) =

The value of producing is then given by
i ¢
Ml E i) UE fae)’

If the solution to the private agents' problem isinterior, then the equilibrium intensity isimplicitly

defined by

1i%2F
- 2a
and the payoff to producing smplifies, as before, to

oQb

£ o
M =T%F +aet)’ (7)

This expression tells us that public employment only changes _™ through its effect on the equilib-
rium value of °°. Since the government has some control over B, it can use °€ to influence % and

hence the value to private agents of producing.

Example: Plotting °° asafunction of °© under optimistic beliefsyieldsfigure 6. Notethe scale of
the horizontal axis. High valuesof ©© discourage search effort under optimistic beliefs much sooner

than under pessimistic beliefs. Thisis because when private agents are produing and searching, the

15
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Figure5: - loc? for F = 5:59
economy enters the negative externality region of the matching function more quickly. Hence the
value of °€ that maximizes _ ™ will be much lower than the value that maximizes _": This can be
seenin figure 7, which graphs | asafunction of °C: Thevalueof _" isinitially increasingin °¢;
an indication that when public agents are not searching the economy is in the positive externality
region of 1: The value of °© that maximizes _" is approximately 0:75 ~ B®: Note that this is
below the equilibrium search level with a passive government; this indicates that the laissez-faire
economy is in the negative externality region. As °€ increases past B®, the economy enters the
negative externality region and _" starts to fall. If the government agents search enough, the

optimistic equilibrium can be eliminated. a

In summary, this type of demand management policy changes the value of producing under
both pessimistic and optimistic beliefs. It may be possible for the government to use this policy to
eliminate the bad equilibrium. For our chosen parameter values, however, it is not. What value of
°G ghould the government set? The model does not give aclear answer, but there is one compelling
candidate. Since °© does not affect the value of the bad equilibrium (which is aways zero), it
might seem reasonable to set °¢ = B® and maximize the value to private agents of being in the
good equilibrium. The problem with this reasoning is that, as we shall see below, °€ affects the
likelihood that the economy will reach the good equilibrium through learning and that from this
point of view B® is abad choice. Before we present our analysis of learning, however, we briefly

discuss optimal allocations in this model.

16
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Figure 6: °* 'o6” inder optimistic beliefs
3.3 Optimal Allocations

Because of the externalitiesin the output market, decentralized equilibriain the model without gov-
ernment intervention are unlikely to be optimal. WWe now attempt to characterize optimal allocations
inthiseconomy. The socia planner first chooses r; the fraction of agentsthat engage in production.
To minimize on notation, we will arrange the names of agents so that those in [0; r) have produced
and those in [r; 1) have not. The planner then picks an intensity level °; for each agent (although it
isclear that °; will be set to zero for any agent that did not produce). The entire planning problem

can be written as
Z . K -Z, .. ¢ M -Z T 11

i ¢
max j 1t + 1 °;dj 'F ja? + 151 °;dj A= ia°? di
i 0 0 0
subject to (8
o, _ Oforali
0O - r-1

Note that the formulation of this problem allows the planner to choose different values of °; for
different producing agents. However, since the value of 1 depends on the average °; while the

search cost isconvex in °;; it isnever optimal to do this. Thisis proven in the following lemma.
Lemma5 Thesolutionto (8) has®; =° forali 2[0;r):

Proof: See appendix. ¥
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Using thisresult, the planning problem can be rewritten as

; ¢
max r'(l i B)1(r°)F ja°? +r%F j7)

subject to 9
°c.00-r-1
Note that for any (positive) value of r; © will be chosen to maximize
LiW*(ro)F ias

Since this expression is zero when © is zero, the optimal value of this expression will be nonneg-
ative. Hence, when ° is chosen optimally the first term in the objective function is nondecreasing

inr: For afixed vaue of r; thefirst and second derivatives of the objective function with respect

to © are
@@—o = r(1iWWYLU°)rF j2a°)
2 -
@@02 r I(1 i (o) r’F j 2a¢:

Thefirst derivative is aways zero at © = 0: For small enough values of r; the second derivativeis
negative at zero. Furthermore, as © increases, 1% decreases until it is negative (and then remains

negative), so that the second derivative is negative for al values of °: Hence © = 0 would be the

18



optimal choice for any value of r satisfying
s

2a )
(1§ %) F*0(0)

(10)

The expected cost of production is high enough that it cannot be optimal to have any agent produce
and then not engage in search. Hence any value of r satisfying (10) cannot be an optimal choice.

For higher values of r; the next lemma shows that there is a unique interior solution to the first-
order condition, and that it gives the optimal value of °:

Lemma6 Thereisauniqueinterior solution to the equation
(1§ W) rF = 2a°;

and thisvalue of ° solves problem (9).

Proof: See appendix. ¥

It is helpful to rewrite the equation defining the optimal value of © (which we denote by °°) as

00 — Lia)X(r°)rF,
2a ’

(11)

It is interesting to compare this to (5), which defines the (interior) equilibrium value of °. They
differ only in that the optimal © depends on the marginal product of © inincreasing * whereas the
equilibrium © depends on the average product. Hence the equilibrium isunlikely to be optimal, and
may involve either too little or too much search effort. For low values of © the marginal product is
above the average and hence the equilibrium amount of search effort will tend to be too low. This
is the case of a positive trade externality: additional search effort by some agents will make the
efforts of other agents more productive. For high values of °; however, the marginal product falls
below the average. In this case there is a negative trade externality, or a congestion (crowding-out)

effect. The equilibrium level of search intensity will be too high in this case.

Example: Figure 8 demonstrates the relationship between the optimal and equilibrium levels of
search effort for our chosen parameter values. The intersection of the 45-degree line with the solid
curvegivestheoptima °; whileitsintersection with the dashed curve givesthe equilibrium © witha

passive government. The graph confirmsthat this particular economy isin the negative externality
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Figure 8: Equilibrium and optimal levels of ©

In principle, the function °(r) implicitly defined in (11) should be substituted into the objec-
tive function, which would then be maximized with respect to r: This seems to be anaytically

intractable, so we turn to our example.

Example: For the specified matching function, the social planner’s objective function is given by

M M ;T Ll
1i% 1li—— Fia?® +r@%F jo:
ro(1i% g ia r (%F ic)

The optimal value of gammais then given by
s

1 j2a+ 2p(iar2F3/4+ ar2F)

2a r2 (12)

°(r) =

for high enough values of r: Let V (r) denote the value of the objective function when © isgiven by
(12). We usethe parameter values from above. Inthiscase, °(r) iszerofor r lessthan 19% Y4 0:447:
Figure 9 plotsthe objective asafunction of r abovethisvalue. Itisclear that inthiscaser = listhe
optimal choice. Note that having arelatively low number of agents producing isworse than having
no agents producing, that is, it yields a value below zero. The optimal value of © from equation
(12) isapproximately 1:1118; which is below the equilibrium value of approximately 1:2248. This
again verifies that the economy with passive policy is in the negative externality region. If we
reduce F to 4, the picture changes to that in figure 10. Inthiscaser = 1 is till better than any

other positive value of r; but now the value of the objective function is negative at this point, so
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that r = 0 isthe optimal choice.
This example has the property that the optimal plan has either al agents producing or no agents
producing. We do not know if it is possible to construct examples where the optimal choice of r is

interior. o

4. Learning

The existence of multiple equilibria brings up the difficult issue of equilibrium selection. Severad
different criteria for selecting among multiple rational expectations equilibria have been proposed
in the literature. Some of these criteria are axiomatic, in the sense that they select equilibria that
possess certain properties. Perhaps the best known of theseisthe “ minimum state variable” crite-
rion of McCallum [11] , which involves ssmply ignoring equilibria in which extrinsic uncertainty
has real effects. Another possibility isto select Pareto optimal equilibria. This latter approach is
clearly inappropriate for our analysis, sinceit rules out by assumption equilibrium explanations of
coordination failures, the very phenomenon we study. In addition, Guesnerie and Woodford [6]
show that such purely formal criteria often have undesirable properties, such as failing to exist or
lacking upper hemi-continuity in model parameters.

The other main class of selection criteria involves examining the stability of each equilibrium
with respect to some dynamic process. Thisprocessistypically interpreted asoneof agentslearning

about some parameters of the economy. Thisisthe approach wetake. Theliterature onlearning has
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Figure 10: V (r) whenF =4

focused primarily on (i) whether or not learning converges to a rational expectations equilibrium
and (i) whether particular equilibriaare stable or unstable with respect to agiven learning process.
It is easy to show that in our model (i) is not a concern; learning always converges to one of
the equilibria studied above. Which equilibrium the economy converges to depends on the actua
sequence of realizations of uncertainty, and hence is random. We take issue (ii) a step further
than the previous literature by studying the properties of the probability distribution over the set of
equilibriainduced by Bayesian learning.

Lucas[10] , inadiscussion on the use of “rationality” in economic theory, suggests that rational
expectations equilibria can often be “interpreted as a description of akind of stationary ‘point’ of
[a] dynamic, adaptive process.” We follow Lucas approach in the sense that we use the learning
scheme to investigate the plausibility of the different possible equilibria.® But we go a step further
in that we study the probability distribution over the set of equilibriathat isinduced by an specific
adaptive behavior mechanism.

Thereisalwaysadegreeof arbitrarinessin the selection of alearning rule, and our specificresults
clearly depend on the rule that we employ. Nevertheless, we think that our adaptive mechanism
isnot completely arbitrary. First, it iswell known that expected utility maximizers use Bayes rule
to update beliefs (see Blume and Easley [2] ). Second, we assume that agents begin with diffuse

priors, which seemsto be areasonable assumption in large economies (“ on average”). Thereisstill

9 To use the adaptive behavior to predict macroeconomic performance along the learning transition does not consti-

tute, for Lucas, “a serious hypothesis.” For example, the initial date of any data set being studied is not thet = 0 of
the theoretical model in any behavioral sense.
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some nonrationality in our assumptions about agent’s beliefs over the probability distribution of the
random endogenous variables during the learning transition. This, however, could bejustified with
abounded rationality argument (see Guesnerie and Woodford [6] ). Finally, thisapproach represents
astarting point for our analysis of probabilistic equilibrium selection, and we plan to address other
approaches in future work.

L et us consider the problem faced by an agent at the outset of the economy (this could be inter-
preted as the problem faced by agents after aradical structural change in the economy). Assume
that, without any additional inference about the economy, the agents are able to compute the value

of producing when every other agent produces, ", and the value when no other private agents
L

1 5 )

produce and that they know the two possible values that ¢ can take: ¢ and ct.

However, let us aso assume that agents do not know the true probability distribution associated
to thetwo relevant random variablesin the environment: the cost ¢ and the other agents' production
decisions r. We want to consider the implications of “rational” learning for the plausibility of
the different possible final equilibria (after the learning process has converged). We assume that
agents update beliefs using Bayes rule. Asis usual in the learning literature, though, some extra
assumptionsabout the prior distributions are necessary to beableto proceed. Theseassumptionsare
mainly directed at having the distribution of prior beliefs be amember of the same conjugate family
of distributions as the fina (after convergence) probability distributions underlying the economy.*°

We introduce the following three assumptions. First, we assume that every agent believes that
all other private agents in the economy will act identically, either producing or not producing. As
aresult of this, the support of the random variables subject to learning are fixed and known. They
both have only two elements: ¢ 2 fc";ctg; and r 2 f1;Ag. The learning problem consists of

figuring out the following two probabilities
p~ Prcc=ch)
q - Pr(re=1):

Second, we assume that agents believe that these probabilities are constant. This is not true

during the transition, while learning is taking place, for the case of ¢. The variable r is an endoge-

10 Note that since r is an endogenous variable, the true final distribution depends also on what happens during the
transitional period.
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nous variable in the model that shows, for example, a strong autocorrelation during the transitional
period. However, as the economy converges to a rational expectations equilibrium, this belief
becomes eventually correct. We can interpret this assumption as part of a bounded rationality lim-
itation on the part of the agents. As will become clear, the realization of the stochastic process
for r during the transition can actually show avery complicated pattern, not necessarily appearing
incompatible with the simple (although incorrect) belief held by agents.

Third, we assumethat each agent hasidentical beliefsand that they start thelearning processwith
independent diffuse priors over the values of p and q. That is, their beliefs are initially represented
by auniform distribution on [0; 1] for each of the probabilities.

Let (p; ) denote the expected value of (p; q) according to the beliefs held by the agents at date
t. In particular, we have pp = qp = % In each iteration of the learning algorithm, the observation
of (cy; ry) provides useful information for updating (p¢; g¢). Bayesian updating of beliefs allows us

to write the expected value of the parameter of the distributions after t iterations as
Peer = Pr if ¢ = cH

Pre1= P+ Qi) if ce=ch
and
Qee1= Qe+ Qi 7) ifrg=1
Qevr = G if re=A

where ™ = (t+ 2)=(t + 3)." The agent’s expected utility based on the beliefs held at the beginning
of timet are given by

£ o
u(Psd) =g+ @ a g). i pect+ (L i poct

and the agent will decide to produce if and only if u(p; g¢) > 0.

Asin Howitt and McAfee[7] , we can represent the learning processin (p; q) space asin figure

1 Thisupdating ruleis aspecial case of the following recursive algorithm for estimating the mean of the distribution
of X: X§, 1 = X§ + ® (X¢ j X§); where x§ is the estimation, X; is the period-t realization and f®:g is a decreasing
sequence of positive numbersthat approaches zero ast goes to infinity (see Guesnerie and Woodford [6] ). Inour case,
X¢ has aBernoulli distribution and ®: = 1=(t + 3). It is not hard to show that when instead ®; = 1=t the recursive
algorithm uses the sample mean as the relevant statistic.
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11. The box in the figure represents the set of possible beliefs. A point in the box, such a as point
q

1

Figure 11: Dynamics of beliefs

a, correspondsto a particular value of (py; q¢) : If the point fallsin the region P; where the expected
profit from producing is positive, al agents will produce and hence the value of q will increase.
Howitt and McAfee [7] show that posterior beliefs always lie on the line segment connecting the
prior beliefs with one of the corners of the box. From point a we would moveto b if ¢ is observed
and to c if ct is observed. Similarly, if the original point is x; then expected profits are negative,
no agents will produce, and q will decrease. We moveto point y if ¢ isobserved and to z if ¢ is
observed.

Bayesian updating consistently estimates the value of p;i.e. pr ¥ past ¥ 1; and hence
the learning process must converge to (p; q) equal to either (p;0) or (p; 1) : Define % to be the
probability that g, ¥ 1ast ¥ 1. Itiseasytoseethatct < - <t < " < cM implies that
we have 0 < % < 1. Hence the adaptive learning process induces a probability distribution over
the two equilibriato which it can converge. We now examine how the government policiesin the
previous section influence % and hence the likelihood of each equilibrium. The analytics of this

problem seem intractable, and therefore we turn to our numerical example.

25



0.86

FR K XX
0.84 PO L,

*

0.82

*

T 0.80

0.78

*
* o0

0.76

0.74

3.1 3.15 3.2 3.25 3.3

7\.H
. i H ¢ oG
Figure12: . ™;% generated by some

Example: We have shown abovethat for our particular parameter values, the bad equilibrium exists
for all values of °© and hence ¥ is alwayslessthat unity. We construct agrid of valuesfor °©, and
for each of these values we compute the resulting % through simulation.*? It is straightforward to
caculate | the value of the good equilibrium to private agents, for each °© in the grid using the
equations in the previous section. The result is a collection of points ! A 1/4¢ that are generated by
different possible values of the policy parameter. Figure 12 presents aplot of one collection of such
points.

Increases in °© correspond to counterclockwise movements along the arc traced out by these
points. Very low valuesof °© resultin arelatively low probability of attaining the good equilibrium.
As°C increases, . also increases and attains its maximum value at B®; while ¥ is simultaneously
increasing. This movement to the northeast on the graph is unambiguously good - the good equi-
librium is becoming both better and more likely. Afterwards, however, a tradeoff setsin. Further
increases in °© continue to increase %; making the good equilibrium more and more likely. How-
ever, at the same time the value of the good equilibrium is decreasing. Thereis avalue of °© that
maximizes the probability of reaching the good equilibrium (call it &%), but it yields a substantially
lower value of being in this equilibrium than does B®: Beyond this point, further increases in °¢

12 The computations presented here are preliminary and more robustness checks need to be performed. All simulations
were done in FORTRAN; the code is available upon request.
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are unambiguously bad - they decrease both | and ¥:

Thevaluesof °€ intherange ! BC; éG¢ trace out the frontier of the set of possibilitiesin ! e 1/4¢
space. One can then ask which of these policiesis optimal. The answer, of course, depends on the
preferences of the policymaker in this space. Since | ismeasured in utility terms, one candidate

objective would be to maximize expected utility across equilibria, that is, to maximize

%M+ (1 i %0

— y H.
= y M.

Since private agents do not produce in the bad equilibrium, the utility value of that equilibrium is
zero. Preferences such as these would generate indifference curves that are convex to the origin
and hence would select a policy strictly between B® and &©:

Recal| that before we considered learning, B® seemed like an obvious candidate for the optimal
policy. Thereis no way to eliminate the bad equilibrium, and at leave this policy maximizes the
value of being in the good equilibrium. Using learning to do probabilistic equilibrium selection,
however, changesthe way we think about optimal policy inthisexample, and leadsto the conclusion
that we should select a higher value of °©: 2

5. Concluding Remarks

Our goal in this paper has been to show that using adaptive learning to generate a probability distri-
bution over the set of equilibria can lead to useful and interesting results. In particular, thistype of
analysis provides aunique answer to optimal policy questions, and for our example thisanswer dif-
fersfrom that which would be generated by any deterministic selection criterion. We have framed
our analysisin terms of a particular model and a particular learning rule, but we believe that these
ideas apply much more broadly and we plan to extend this analysis in future work. We conclude
here by offering a brief discussion of three issues that we plan to address.

The type of model we study here also possesses sunspot equilibria, as shown by Howitt and
McAfee[7] . Suppose that at the beginning of each period, one of two extrinsic states of nature is
revealed; either thereissunspot activity that period or thereisnot. If agentsare allowed to condition

their beliefs about the actions of others on this random variable, then there exist equilibria where
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all agents' production decisions depend on the realization of the sunspot variable. These equilibria
are necessarily randomizations over the certainty equilibria of the model,*® and hence our analysis
iseasily extended to this case. If we assumethat agent’s prior beliefs areindependent across states,
thenthe probability % iscomputed exactly asabove. The probability of getting the good equilibrium
in both sunspot states is then %?2; while the bad equilibrium in both states comes with probability
(1 i %)*: Theeconomy convergesto asunspot equilibrium with probability 2% (1 j %) : Oneinter-
esting thing that comesfrom thisanalysisisthat the probability of reaching asunspot equilibriumis
maximized when ¥ isequal to one-half, or when there isthe greatest uncertainty about the eventual
outcome. In other words, when the economy can go either way, it may go both ways.

Another obvious extension of the above analysis is to other types of government policies in
this same model. Instead of using the demand-management policy studied here, the government
could affect the value of producing by taxing or subsidizing search effort in order to correct for the
market externality. Such apolicy will haveno effect on _ - but it will affect | and through thisthe
probability ¥:: In our example, it is possible to show that there is a unique tax rate that maximizes
thevalue _™': Whether or not the same type of tradeoff between maximizing _ ™ and maximizing %
arises under this policy as does under the demand-management policy discussed above remains to
beseen. A final extension of theanalysisthat wefind promisingistolabor market issues. Onecould
imagine changing the model so that workers and firms need to be matched in order for production
to occur,** and that the government has a policy that affectsthe efficiency of this matching process.
Optimal policy analysis using probabilistic equilibrium selection could then be done with respect

to a braod range of 1abor market policies.

13 In aricher model where there is away for at least some agents to transfer wealth across sunspot states, sunspot
equilibriaare typically not randomizations over the certainty equilibria of the model. See Cass and Shell [3] .
14 Thisisin the spirit of Howitt and McAfee[7] .
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Appendix A. Proofs of Lemmas

Lemma 1: The solution to problem (2) at the equilibrium value of % is given by
oun _ (L i %)%F
! 2a
Proof: Thisvalue of ° isthat given by the first-order condition for an interior solution. Hence
it is the solution to the problem as long as it satisfies the inequality constraint. In equilibrium we
have°; = ° fordl i, =r°;and%(%;r) = 1 (r°)=°: Our assumptionson * include * (r°) < 1;

which implies that we have

o

° <
1(ro)
or
o 1 .
7
Hence the constraint is not binding at the equilibrium value of %: ¥

Lemma 2: There exists a unique interior solution for °* to equation (5).

Proof: Define
2a
T @inE
Then the right-hand side of (5) is given by
o 11(r0)
g( )_ D o
and we have " q
1r I(r°
o) =gr 1)

Evaluating this at zero (which requires applying L' Hopital’s rule twice) yields

4a

100 .
i O=L

g'(0) =

where the inequality follows from (A7) : Hence the right-hand side starts out above the left-hand
side. The limit as © goes to infinity of the right-hand side is zero (since * is bounded), so by

continuity there is at least one interior solution.
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For uniqueness, first note that our assumptions on * imply that there exists an & > 0 such that

1
(x) > f(x) forx < g

and

*(X)

X

for x > g:

Y <

This implies that the right-hand side is increasing up to r° = g and then decreasing afterwards.

The second derivative of the right-hand side with respect to © is given by

H H 1Al
1r 2 1(r°
()= i 2 ey i (A1)
We first need to evaluate thisat © = 0:
vl il
. 1 T alpey 2 2a0(pe)r 21 (r°
!Imgoo (0) — (I)”!TEJB (o ) i EZ ) i o(3 )

Applying L' Hopita’s rule (severa timesto the latter terms) yields

L
1,000 (ro) r3 i 10 (ro) r

T

5. r(ro)r?
173

o

3

Ol~ O|+

0

— H 00/ p0yy3.
= !IET(I) m>(re)r>;

which is negative by (A8): Hence the right-hand side is initially concave. As ° increases, the
1% term in A-1 falls, while (A6) implies that the difference between the marginal and the average
product of T increases until r° = X: This keeps the expression for g“ negative until at least X: After
X; 1 becomes negative, so that g¥ is negative until at least B; where the marginal and average
products of 1 cross.

This establishes that g is a concave function on (0; ) : Recall that g is decreasing after g: To-
gether these facts imply that g can cross the 45-degree line only once, or that the solution to (5)

must be unique. ¥

Lemma5: Thesolutionto (8) has®; = ° foral i 2 [0;r):
Proof: Fix an arbitrary value of r: Then the problem isto choose the function © to solve
-z, . 7,

max r(lj %)F1 °di ja  °i:
°( 0 0
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Define

Rro o

o _idi
p

Suppose that it is not the case that ©; = = for dmost all 1 2 [0; r) and consider the aternative plan

o —

B whereB; == forali 2 [0; r): Clearly we have
Z Z,
B;di = °,di;

0 0

r

so that the value of the first term in the objective function is the same under the two policies.
To evaluate the second term, consider the problem of minimizing the integral of °# subject to the
constraint that theintegral of °; isequal to some constant (inthiscase™r). Thefirst-order necessary
condition for this problem entails setting °; equal to = for almost all values of i: Thisimplies that

we must have

YA z

.
°2di>  b2di

0 0
and hence the value of the second term is lower under the new policy, contradicting the optimality

r

of the origina policy. ¥
Lemma 6: Thereisauniqueinterior solution to the equation
(1 %) (r°)rF = 2a°;

and thisvalue of ° solves problem (9).
Proof: Both sides of the equation start at the origin, and condition (A7) guarantees that the right-
hand sideinitially increases faster than the left-hand side. Since 1’ goesto zero as ° goesto infinity,
the left-hand side is eventually larger and by continuity thereis at least one solution.

Let = be the lowest (positive) value of © that satisfies the equation. Since the right-hand sideis
crossing (or at least touching) the left-hand side from above, its slope must be no greater than that

of the left-hand side, i.e., we must have

(1i»"r)F - 2a:
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Conditions (A6) and (A8) then imply that we have
Liw"(r°)F <2a

for all ° > =; since ¥ is decreasing up to X and negative thereafter. Hence the slope of the right-
hand side is less than that of the left-hand side for all © > = Thisimplies that (i) the two curves
cross at © (and are not just tangent) and (ii) the two curves do not cross again. This demonstrates
that thereisaunique interior solution to the first-order condition.

Since the first-order condition is a necessary condition for an interior solution, the solution to
the maximization problem must either be zero or = Since the objective function isincreasing in °

for © close to zero, the solution must be ¥

Lemmad4; If s

~ 2a
Qi¥%nF
holds, then the optimal level of search intensity for a private agent is given by

1(A°G
G)p

N O B0
b 2a

Proof: Condition (A4) impliesthat we have

1 'AOG¢

and hence

-A - =
°c 1i¥%F
must hold. Thisimpliesthat

2 2a
T
holds, as does
(1i¥%WhF 1
2a Ty
This demonstrates that the interior solution satisfies the constraint. ¥
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