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A bstract

T hepaperderivestheasymptoticdistributionoftheordinaryleastsquares
estimatorofcointegratingvectorswithtemporallyaggregatedtimeseries. Itis
shown, thattemporalaggregationreducesthebiasandvarianceoftheestimator
foraveragesampling(temporalaggregationof‡owseries) anddoesnota¤ect
thelimitingdistributionforsystematicsampling(temporalaggregationofstock
series). A M onteCarloexperimentshowstheconsistencyofthe…nitesample
resultswiththeasymptotictheory.
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1 Introduction1

Temporalaggregatione¤ectsoncointegratingvectorestimationhasnotbeenanalyzed
intheliterature, andasitisshowninthispaperthistransformationofthedatacan
a¤ectthe statisticalproperties ofsome estimators. Someprevious considerations
mustbemadeon thebasis oftheoreticalresults and empiricalpractice. Firstof
all, whileshort-run dynamics changes withtemporalaggregation (seeforexample
Brewer, 19 7 3), thecointegratingspaceis invariant(seeG ranger, 19 9 0;G rangerand
Siklos, 19 9 5;andM arcellino, 19 9 6). T hen, althougheconomictimeseriesareobserved
atalongerintervalthanaregenerated, thecointegratingvectorofthegenerating
mechanism canbeestimatedwithlowerfrequencydata.

Temporalaggregationisnottakenintoaccountfortheestimationofcointegrating
relationships, andthehabitualthingistoassumethathighfrequencydataprovide
betterresultsthanlowfrequencydatabecauseits biggersamplesize. M oreover, in
theliteratureoftemporalaggregationandunitroots, aconsiderableamountofworks
exists thatstudythee¤ects oftemporalaggregationonunitroot(seeforexample
ShillerandPerron, 19 85;Perron, 19 8 9 , 19 9 1;Choi, 19 9 2;andChoiandChung, 19 9 5),
andcointegrationtesting(seeH ooker, 19 9 3;orL ahiri and M amingi, 19 9 5). T hese
papers, althoughthereisnoanagreementonthemagnitudeofthee¤ect, showthat
temporalaggregationreduces thepowerofthetests, soinferenceonunitroots and
cointegratingrelationships has betterpropertieswithhighfrequencydata. O nthe
otherhand, sometimes inempiricalmodellingtwosamplesofthesamevariablesare
available, asamplewithalongspanandtemporallyaggregateddata, andanother
samplewithshorterspanbutwithhighfrequencydatapossiblywithabiggersample
size. ForexampleG regoryandH ansen(19 9 6) useanannualsamplecovering19 01-
19 85 andaquarterlyonefortheperiod19 60-19 9 1. Soinordertodecidethemost
appropiate sampling intervalforestimatecointegratingvectors, itis necessary to
studythetemporalaggregatione¤ectsontheestimator.

T he paperanalyzes temporalaggregation e¤ects on thebehaviourofordinary
leastsquares (O L S) estimatorwhenthegeneratingmechanism ofthedisaggregated
timeseries is an n -dimensionalcointegrated system withonecointegratingvector.
T helimitingdistributionoftheestimatoris derivedfordi¤erenttypesoftemporal
aggregation. Itisshownthatforaveragesamplingandmixedsampling, thedistribu-
tiondependsonthetemporalaggregationlevelofthevariables, anditispossiblefor
averagesamplingandsomecasesofmixedsamplingtoreducethebiasandvariance
oftheestimator, byestimatingthecointegratingvectorwithtemporallyaggregated
time series. O n theotherhand, systematicsamplingdoes nota¤ectthe limiting
distributionoftheO L S estimator.

T heplan ofthepaperis …rsttoestablish in Section 2, thegeneratingmecha-
nismofthedisaggregatedtimeseries, aCI(1,1)process, cointegratedprocessoforder

1I am gratefultoJesus G onzaloandSoren Johansen formanyhelpfulcomments onanearlier
versionofthepaper.
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(1,1). Section3provides therepresentationfordi¤erenttypesoftemporallyaggre-
gated timeseries. In Section 4, amultivariate invarianceprinciplefortemporally
aggregatedprocessisprovided, andtheasymptoticdistributionofO L S estimatorfor
di¤erenttypesofaggregation is derived. InSection5 somesimulationexperiments
areconducted. Section6concludes.

T hroughoutthepaper, L! denotesconvergenceindistributionand p! standsfor
convergenceinprobability. T heBrownianmotionB (r)andthestandarizedBrownian
motionW (r)on[0,1]arewrittenasB andW , respectively, toachievenotationalecon-
omy. Similarly, wewriteintegralswithrespecttoL ebesguemeasuresuch

R1
0 W (r)d r

moresimplyas
R
W . VectorBrownianmotionwithconvariancematrix ­ iswritten

B M (­ ). ytdenotesann -dimensionaltimeseriesmeasuredatbasictimeunitst, and
Y¿ denotesann -dimensionaltemporallyaggregatedtimeseriesmeasuredat¿, where
¿ = [t=m ]and[x]istheintegerpartofx.

2 G eneratingmechanismofyt: A cointegratedsys-
tem

Considerthen -dimensionaltimeseriesyt; t= 1;:::;T;partitionedasyt= (y01;t;y02 ;t)0;
wherey1;tisr-dimensionalandy2 ;tisg-dimensional(g = n¡r), generatedatdiscrete
timet, bythesystem

y1;t = ¯y2 ;t+ ut; (1)
¢ y2 ;t = vt; (2)

wherether£n matrix(1,¡̄ ) isthematrixofcointegratingvectors, ¢ isthedi¤er-
enceoperatorint-time, ¢ = 1¡L, whereL isthelagoperatorint-time, Ljyt= yt¡j:
ut, thedisequilibriumerrorofthecointegratingrelationships(1) iscalledthetempo-
rarycomponent, andvt, theshocksthatdrivethestochastictrends, thepermanent
component. D e…ne³t= (u0t;v0t)0;andintroducethefollowingassumptions:

1. y1;tandy2 ;tarenotcointegratedprocesses,

2. ³tisacovariancestationaryprocesswithzeromean,

3. thatsatis…estheinvarianceprinciple(IP ) (PhillipsandD urlauf, 19 86):

T¡1=2
[T¢r]X

t= 1
³t

L! B ³ ´B M (­ ³³); (3)

forr 2 [0 ;1];whereB ³ isann -dimensionalvectorW ienerprocesswithcovari-
ancematrix ­ ³³, thelong-runcovariancematrixof³t:

­ ³³ = lim
T! 1

T¡1E

2
4
Ã TX

t= 1
³t

! Ã TX

t= 1
³t

! 03
5 : (4)
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T heassumptions 1 and2 implythatyt is aCI(1,1) process. Inthismodel, the
short-run dynamics areabsorved in thelong-run variancematrixof³t:T hemain
drawbackofthisrepresentationisthattheconsistencyoftheresultsdependsonthe
normalizationofthecointegratingregressionbeingcorrect.

Inordertoderivetheasymptoticdistribution (a.d.) oftheO L S estimatortwo
decompositionsofthelong-runvariance­ ³³ willbeveryuseful. First, letexpress ­ ³³

as
­ ³³ = ¡³³(0 )+ ¤ ³³ + ¤ 0³³;

where
¤ ³³ =

1X

j= 1
¡³³(¡j);

and
¡³³(j) = E(³t³

0
t¡j):

A notherusefuldecompositionof­ ³³ istheCholeskyfactorization:

­ ³³ = P³³P0³³;

whereP³³;atriangularmatrix, isthesquarerootof­ ³³. W iththeCholeskyfactor-
izationwecanexpresstheW ienerprocess B ³ astheproduct

B ³ = P³³¢W ³;

whereW ³ isastandardn -dimensionalvectorW ienerprocess.
L etpartitionB ³; W ³; ­ ³³, ¡³³(j), ¤ ³³;andP³³ accordingwiththedimensionsof

utandvt:

B ³ =
"
Bu

B v

#
;

W ³ =
"
Wu

W v

#
;

­ ³³ =
"
­ uu ­ uv
­ vu ­ vv

#
;

¡³³(j) =
"
¡uu(j) ¡uv(j)
¡vu(j) ¡vv(j)

#
;

¤ ³³ =
"
¤ uu ¤uv
¤ vu ¤ vv

#
;

and
P³³ =

"
Puu Puv
0 Pvv

#
;
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withther£r matrixPuu, ther£g matrixPuv;andtheg£g matrixPvv givenby

Puu =
³
­ uu¡­ uv­ ¡1vv ­ vu

1́=2
;

Puv = ­ uv­ ¡1=2vv ;
Pvv = ­ 1=2vv :

D enotingther£n matrixPu= [Puu;Puv]andtheg£n matrixPv= [0 ;Pvv]; Bu

andB v canbewrittenas

Bu = Puu¢Wu+ Puv¢W v;
B v = Pvv¢W v:

3 R epresentationsfortemporallyaggregatedtime
series

Temporalaggregation does a¤ectsomeproperties ofthecointegratingsystem (1)
and (2), theshort-rundynamics, butdoes notchangethezerounitroots northe
cointegratingspace(see G ranger, 19 9 0;Phillips, 19 9 1b;M arcellino, 19 9 6, 19 9 9 ;or
L i, 19 9 8) becausethelinearlityofthetransformation. Intheliterature, studies on
temporalaggregation e¤ects on timeseries models speci…cations havecenteredon
A R IM A (seeBrewer, 19 7 3;W ei, 19 81;andW eiss, 19 84), A R M A X (seeBrewer, 19 7 3;
andW eiss, 19 84), G A R CH (seeD rostandN ijman, 19 9 3), orVA R M A (seeL utkepohl,
19 8 7 ; and M arcellino, 19 9 6, 19 9 9 ) classes ofmodels. T his literature derives the
aggregatedmodel(representationofthetemporallyaggregatedtimeseries) andthe
relationofA R andM A polynomialordersofaggregatedmodelwiththeordersofthe
disaggregatedmodel(representationofthedisaggregatedtimeseries), aswellasthe
functionrelatingtheparametersoftheaggregatedmodelwiththeparametersofthe
disaggregatedone.

Sometimesthelinksbetweentheaggregatedanddisaggregatedmodelaredi¢cult
toestablish. Forexample, thederivationoftheM A coe¢cientsofatemporallyaggre-
gatedVA R M A (p,q)modelcanbeacomplicatedtask. Forthisreasonthetriangular
representationisusedinthepaper. W iththismodelweavoidthecomplicationsasso-
ciatedwiththeshort-rundynamicsspeci…cations. Intriangularcointegratedsystems
thesedynamics aresummarizedbythelong-runvariance ­ ³³; andas itis shownin
section4thee¤ectsoftemporalaggregationonthismatrixcanbeobtainedeasily.

T hreetemporalaggregationschemeswillbeconsidered, dependingonthecom-
ponents ofthevectorytbeingstockor‡owvariables. W hen alltheelements of
ytarestockvariables, temporallyaggregatedtimeseries areobtainedthroughsys-
tematicsampling. Purchasingpowerparityanalysis ortheFisherequationtheory
areexamplesoflong-runrelationshipsbetweenstocks. O ntheotherhand, whenall
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theelementsofytare‡owseries (i.e., outcome, consumptionandinvestment) aver-
agesamplingis appliedtoyttoobtainthetemporallyaggregatedtimeseries. T he
mixedsampling, thatiswhen somevariables areaveragedsampledandothers are
systematicallysampled(i.e., long-runmoneydemandstudies) isconsideredtoo.

Foreverytypeoftemporalaggregation, itisassumedthatann -dimensionalvector
timeseries, yt, t= 1;:::;T; isgeneratedattimeinterval, 1, indexedbyt(i.e., amonth),
and itcanbeobservedatalongerinterval, m > 1, indexedby¿;where¿ = [t=m ]
(i.e., ifm = 12 then¿ denotesyears) andthesamplesizeofaggregatedtimeseries is
T(m ) = [T=m ]:N otethat, T is thesamplesizeatdisaggregatedlevelandthespan
foralltemporalaggregationordermeasuredatt-units. Inordertoadoptanotation
validforallm , T (m ) willdenotethesamplesizeandT thespanofthesample.

T hesystematicallysampledtimeseries, Y ss
¿ ; isde…nedas

Y ss
¿ ´ym ¿; (5)

andtheaveragedsampledtimeseries, Y as
¿ as

Y as
¿ ´s(L)ym ¿; (6)

wheres(L) isthe(m ¡1)-orderlagpolynomial

s(L) =
m ¡1X

j= 0
Lj: (7 )

T hentheaveragedsampledtimeseries is thepartialsum ofthem nonoverlapping
observations

Y as
¿ = ym ¿ + ym ¿¡1 + :::+ ym (¿¡1)+ 1;

W eiss (19 84) observedthataveragesampling(6) istheresultoftwotransforma-
tions. First, thelagpolynomial(7 ) isappliedtoyt;obtainingthepartialsumofthe
m overlappingobservations:

Yt= s(L)yt= yt+ yt¡1 + :::+ yt¡m + 1: (8)

T hen, systematicsamplingoforderm (5) is appliedto(8) obtainingtheaveraged
sampledtimeseries

Y as
¿ = Ym ¿: (9 )

N ote, thatthedi¤erencebetweenaveragesampling(6)andsystematicsampling(5),
is thatinthe…rstcasesamplingis appliedtothepartialsum ofyt(8), and inthe
secondcaseisappliedtoyt:
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3.1 M odelofsystematicallysampledtimeseries
L etderivetherepresentationforthesystematicallysampledtimeseries, Y ss

¿ :Inthis
case, systematicsamplingisappliedtobothequations(1)-(2) obtaining:

Y ss
1;¿ = ¯0Y ss

2 ;¿ + U ss
¿ ;

¢ Y ss
2 ;¿ = V ss

¿ : (10)

N otethatinequation(10), Y ss
¿ isdi¤erencedint-time, H owever, Y ss

¿ ismeasuredin
¿-time, sothe…rstdi¤erenceinthe¿-time, 1¡Lm ;mustbeobtained. T hen, de…ne
thedi¤erenceoperatorin¿-timeas

¢ m ´1¡Lm ;

where Lm is thelagoperatorin ¿-time, such thatLm Y i
¿ = Y i

¿¡1 (i= ss;as;m s):
G iventheequality

¢ m = s(L)¢¢ ;
the polynomials(L) mustbe applied to (10) toobtain ¢ m :T hen, the common
stochastictrendintheaggregatedmodelis2

¢ m Y ss
2 ;¿ = V as

¿ : (11)

Proposition1 L etytbeann -dimensionalvectortimeseriesgeneratedbytheCI(1,1)
process(1)-(2), thenthesystematicallysampledtimeseriesY ss

¿ followsaCI(1,1) pro-
cessrepresentedby

Y ss
1;¿ = ¯ 0Y ss

2 ;¿ + U ss
¿ ;

¢ m Y ss
2 ;¿ = V as

¿ ;

where
³ss¿ = (U ss0

¿ ;V as0
¿ )0= Sss(L)³m ¿;

andthepolynomialmatrixSss(L) isgivenby

Sss(L) =
"
I r 0
0 s(L)¢I g

#
;

withs(L) givenby(7 ).
2N otethatthepermanentcomponentofthetriangularmodelforsystematicallysampledtime

series, V as
¿ istheaveragedsampledpermanentcomponentofthedisaggregatedmodel, vt.
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3.2 M odelofaveragedsampledtimeseries
Inordertoobtaintheaveragedsampledtimeseries, Y as

¿ ;wewillfollowthetransfor-
mationsobservedbyW eiss. Sothepolynomials(L); isappliedtoequations(1) and
(2):

s(L)y1;t = s(L)̄ 0y2 ;t+ s(L)ut;
s(L)¢ y2 ;t = s(L)vt;

suchthat
Y1;t= ¯ 0Y 2 ;t+ Ut; (12)

¢ Y 2 ;t= Vt; (13)

whereY1;t; Y 2 ;t; Ut, and Vtaretheoverlappingpartialsumsofy1;t, y2 ;t, ut, and vt.
N ext, systematicsamplingisappliedtoequations(12) and(13) suchthat

Y as
1;¿ = ¯0Y as

2 ;¿ + U as
¿ ;

¢ Y as
2 ;¿ = V as

¿ : (14)

L iketheprecedingcase, itisnecessarytomultiplytheequation(14)bys(L)toobtain
the…rst-di¤erencein¿-time; so…nallythestochasticcommontrendisgivenby

¢ m Y as
2 ;¿ = V as¤

¿ ;

where
V as¤
¿ = (s(L))2 vm ¿:

Proposition2 L etytbeann -dimensionalvectortimeseriesgeneratedbytheCI(1,1)
process (1)-(2), thentheaveragedsampledtimeseries Y as

¿ followsaCI(1,1) process
representedby

Y as
1;¿ = ¯ 0Y as

2 ;¿ + U as
¿ ;

¢ m Y as
2 ;¿ = V as¤

¿ ;

where
³as¿ = (U as0

¿ ;V as¤0
¿ )0= Sas(L)³m ¿;

withthepolynomialmatrixSas(L) givenby

Sas(L) =
"
s(L)¢I r 0

0 s2 (L)¢I g

#
;

and

s2 (L) = (s(L))2 = 1 + 2 L + :::+ m Lm ¡1 + (m ¡1)Lm + :::+ L 2 m ¡2 :
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3.3 M odelsofmixedsampledtimeseries
T hemixedsamplingsituationis common inempiricalmodellingofmacroeconomic
timeseries. T hemixedsampledtimeseries isdenotedY m s

¿ ;andfourcasesofmixed
samplingareconsidered: y1;tissystematicallysampledandy2 ;tisaveragedsampled,
y1;tisaveragedsampledandy2 ;tissystematicallysampledy1;tissystematicallysam-
pledandy2 ;tismixedsampled, andy1;tisaveragedsampledandy2 ;tismixedsampled.
Forthelasttwocasesweconsiderthepartitionoftheg-dimensionalvectory2 ;tintwo
subvectorsy12 ;tandy12 ;tofdimensiong1 andg2 , respectively, suchthaty12 ;tisaveraged
sampledandy22 ;tis systematicallysampled.

3.3.1 y1;t is systematicallysampledandy2 ;t isaveragedsampled

Toderivetherepresentationofthetemporallyaggregatedtimeseriesapplythefol-
lowingtransformationonthecointegratingregressionofthedisaggregatedmodel(1)

y1;t=
³
s(L)¡1¯

0́
s(L)y2 ;t+ ut;

andmultiplythepolynomials(L) to(2)

s(L)¢ y2 ;t= s(L)vt;

suchthat
y1;t= m ¡1¯0Y 2 ;t+ ut: (15)

and
¢ Y 2 ;t= Vt: (16)

N ow, weapplysamplingtoequations(15) and(16) suchthat

Y ss
1;¿ = m ¡1¯0Y as

2 ;¿ + U ss
¿ ;

¢ Y as
2 ;¿ = V as

¿ ; (17 )

andthenapplys(L) to(17 ) obtaining

¢ m Y as
2 ;¿ = V as¤

¿ :

D enote³m s1
¿ = (U ss0

¿ ;V as¤0
¿ )0, then³m s1

¿ = Sm s1(L)³m ¿;with

Sm s1(L) =
"
I r 0
0 s2 (L)¢I g

#
:
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3.3.2 y1;t isaveragedsampledandy2 ;t is systematicallysampled

Toderivethetemporalaggregatedmodelapplys(L) to(1)

s(L)y1;t= s(L)̄ 0y2 ;t+ s(L)ut; (18)

andthensystematicsamplingto(18) obtaining

Y as
1;¿ = m ¯0Y ss

2 ;¿ + U as
¿ :

O notherhand, applysystematicsamplingtoequation(2) andthens(L):

¢ m Y ss
2 ;¿ = V as

¿ :

T heprocess ³m s2
¿ is

³m s2
¿ = (U as0

¿ ;V as0
¿ )0= Sm s2 (L)³m ¿;

with
Sm s2 (L) =

"
s(L)¢I r 0

0 s(L)¢I g

#
:

3.3.3 y1;t is systematicallysampledandy2 ;t ismixedsampled

Inthiscase, letwritetheD G P conformabilywiththepartitionofy2 ;t

y1;t = ¯01y
1
2 ;t+ ¯02y

2
2 ;t+ ut;

¢ y12 ;t = v1t;
¢ y22 ;t = v2t;

where¯ = (̄ 1;¯ 2 ); vt= (v10t;v2 0t)0; v1t is g1£1, andv2t is g2 £1. N owpartition ³t;
then -dimensionalstandarizedW ienerprocess, andtheP³³ matrixconformabilywith
yt= (y01;t;y102 ;t;y2 02 ;t)0:

³t= (u
0
t;v

10
t;v

2 0
t)
0

W ³ = [Wu
0;W 0

v1;W
0
v2 ]
0;

and

P³³ =

2
64
Puu Puv1 Puv2
0 Pv1v1 Pv1v2
0 0 Pv2 v2

3
75 ;

respectively.
y1;tandy22 ;taresystematicallysampled, andy12 ;tisaveragedsampled, sotherep-

resentationforthetemporallyaggregatedtimeseries isgivenby:

Y ss
1;¿ = m ¡1¯01Y

1 as
2 ;¿ + ¯ 02 Y

2 ss
2 ;¿ + U ss

¿ ;
¢ m Y 1 as

2 ;¿ = V 1as¤
¿ ;

¢ m Y 2 ss
2 ;¿ = V 2 as

¿ ;
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and
³m s3
¿ = (U ss0

¿ ;V 1 as¤0
¿ ;V 2 as0

¿ )0= Sm s3(L)³m ¿

with

Sm s3(L) =

2
64
I r 0 0
0 s2 (L)¢I g1 0
0 0 s(L)¢I g2

3
75 :

3.3.4 y1;t isaveragedsampledandy2 ;t ismixedsampled

N ow, itisassumedthaty1;tandy12 ;tareaveragedsampled, andy22 ;tis systematically
sampled. T hen, theaggregatedmodelis

Y as
1;¿ = ¯01Y

1 as
2 ;¿ + m ¯02 Y

2 ss
2 ;¿ + U as

¿ ;
¢ m Y 1 as

2 ;¿ = V 1 as¤
¿ ;

¢ m Y 2 ss
2 ;¿ = V 2 as

¿ ;

and
³m s4
¿ = (U as0

¿ ;V 1 as¤0
¿ ;V 2 as0

¿ )0= Sm s4 (L)³m ¿

with

Sm s4 (L) =

2
64
s(L)¢I r 0 0

0 s2 (L)¢I g1 0
0 0 s(L)¢I g2

3
75 :

4 A symptoticdistributionofO L S estimatorforall
temporalaggregationorderofthevariables

In this sectionwederivethea.d. ofthe O L S estimatorforthedi¤erentcases of
temporalaggregationdescribedabove. T heliteratureoftemporalaggregationand
unitroots iscenteredinunitroottesting(seeforexampleShillerandPerron, 19 85)
andcointegrationtesting(seeforexampleL ahiriandM amingi, 19 9 5). T hisliterature
analyzestheaggregatione¤ectsthroughM onteCarlosimulation, thatalthoughcan
providesomeinformationonthedirectionofthee¤ects, theresultsarealwaysmodel-
speci…c. T hepaper, as a…rstattemptstudiesthea.d. ofO L S estimatorwhenthe
vectortimeseriesytistemporallyaggregatedandytistheCI(1,1) processdescribed
insection2.

T heO L S estimator(EngleandG ranger, 19 8 7 ), consists inasimplestaticregres-
sionofthelevelsofthevariablesyt. T his simplemethodhasthedesirableproperty
thatissuper-consistent(theestimatorconvergingtothetruevalueatrateT) (Stock,
19 8 7 ):H oweverthepresenceofserialcorrelationand/orcross-correlationinthevari-
ables, implies thatthis estimatoris notasymptoticallye¢cientandmixednormal
distributed(A EM N ) (Saikkonen, 19 9 1), soanoptimalinferencetheoryisnotappli-
cable(seePhillips, 19 9 1a). M oreover, thepresenceofnonzeromedianterms in its
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distributionproduces serious biases in…nitesamples (Banerjeeetal., 19 86). T hus,
theO L S estimatoris asub-optimalmethodrelativetoA EM N estimators, likefor
examplethefullinformationmaximum likelihood (see Johansen, 19 88 , 19 9 1; and
A hnandR einsel, 19 9 0), thefullymodi…edordinaryleastsquares (seePhillips and
H ansen, 19 9 0) ordynamicordinaryleastsquares (seeSaikkonen, 19 9 1;and Stock
andW atson, 19 9 3).

T hereasonstostudythisnoA EM N estimatorarethefollowing: …rst, thetheo-
reticalinterestintemporalaggregatione¤ectsonacointegratingestimator. Second,
theO L S estimatoristhebasisfortheconstructionofalternativeproceduresthattry
todealwiththecorrelationproblems, liketheFM L S, thecanonicalcointegratingre-
gressionofPark(19 9 2), andthethreestepestimatorofEngleandYoo(19 9 1). T hird,
theO L S residuals, ^ut; areusedasthebasis forsomerobutscointegrationtests (see
G onzaloand L ee, 19 9 8) likethecointegrationtestofPhillips andO utliaris (19 9 0),
sothee¤ectsoftemporalaggregationontheO L S estimatorcoulda¤ectthesizeand
powerofthesetests.

Toderive the distribution ofO L S, it is assumed thatr = 1, sothere is one
cointegratingvectorandg = n ¡1 commonstochastictrends inthesystem:

y1;t = ¯0y2 ;t+ ut;
¢ y2 ;t = vt;

wherey1;tis ascalartimeseries, ¯ isag£1 vector. T heO L S estimatorof¯;
^
¯
(m )

;
canbewritten(aftercenteringandscaling)as:

T(m )
0
@^
¯
(m )

¡̄
1
A

=

2
4T (m )¡2

T(m )X

¿= 1
Y 2 ;¿Y 02 ;¿

3
5
¡1 2

4T (m )¡1
T (m )X

¿= 1
Y 2 ;¿¡1U¿ + T (m )

¡1
T(m )X

¿= 1
V¿U¿

3
5 :

4.1 M ultivariate invariance principle fortemporallyaggre-
gatedprocess

Becausetemporalaggregation is alineartransformationon ³t, if³tsatis…es an IP,
thenalso³i¿ (i= ss;as;m s)willsatisfyanIP (seeL i, 19 9 8). T heIP fortemporally
aggregatedtimeseries isestablishedinthefollowingproposition:

Proposition3 (InvariancePrinciplefortemporallyaggregatedprocess)
Supposethat»tfollowsan n -dimensionalrandomwalkwithoutdrift:

»t= »t¡1 + ³t;
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where »0 ´0 and³t is an n -dimensionalcovariancestationaryprocess thatsatis…es
themultivariateIP (3), then

T (m )¡1=2
[T(m )¢r]X

¿= 1
³i¿

L! B ³i = P³i³i¢W ³ ´B M (­ ³i³i);

where³i¿=Si(L)³m ¿, and­ ³i³i isthelong-runcovariancematrixof³i¿:

­ ³i³i = P³i³iP
0
³i³i;

where
P³i³i = m ¡1=2Si(1)¢P³³;

fori= as; ss; m s:

Proof. L et³tbeann -dimensionalcovariancestationaryprocessthatsatis…esthe
IP

T¡1=2
[T¢r]X

t= 1
³t

L! B ³; (19 )

and³i¿ = Si(L)³m ¿;3 alineartransformationof³t, then³i¿ satis…estheIP

T (m )¡1=2
[T (m )¢r]X

¿= 1
³i¿

L! B ³i: (20)

T herelationship betweentheW ienerprocesses B ³ and B ³i is obtainedaftersome
substitutions intheleft-handsideof(20):

T (m )¡1=2
[T(m )¢r]X

¿= 1
³i¿ =

µT
m

¶¡1=2 [T=m ¢r]X

¿= 1
Si(L)³m ¿

= T¡1=2 m 1=2 m ¡1
[T¢r]X

t= 1
Si(L)³t

= m ¡1=2Si(1)T¡1=2
[T¢r]X

t= 1
³t:

T hisexpressionconverges indistributionto

P³i³i¢W;

where
P³i³i = m ¡1=2Si(1)P³³;

3T heproofisvalidforanytemporalaggregationscheme.
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sothelong-runcovariancematrixof³i¿ is

­ ³i³i = P³i³iP
0
³i³i:

N ow, de…ne
»(m )i ¿ = »(m )i ¿¡1 + ³(m )i ¿ ; i= ss;as;m s;

thenthefollowingasymptoticresults arenecessarytoderivetheasymptoticdistri-
butionsofO L S estimators:

1. T(m )¡1
P T (m )

¿= 1 ³
i
¿³

i0
¿

p! ¡³i³i(0 );

2. T(m )¡2
P T (m )

¿= 1 »
i
¿¡1»

i0
¿¡1

L! P³i³i
³R

W ³W 0
³

´
P0³i³i;

3. T(m )¡1
P T (m )

¿= 1 »
i
¿¡1³

i0
¿

L! P³i³i
³R

W ³d W 0
³

´
P0³i³i+ ¤ ³i³i:

4.2 Systematicsampling
From proposition3, theP³ss³ss matrixandthelong-runvariancematrixof³ss¿ are
givenby

P³ss³ss =
"
m ¡1=2 ¢Pu
m 1=2 ¢Pv

#
;

­ ³ss³ss =
"
m ¡1­ uu ­ uv

­ vu m ­ vv

#
;

respectively. T henwehave

T (m )
¡2

T(m )X

¿= 1
Y ss
2 ;¿Y

ss0
2 ;¿

L! m Pvv
µZ

W vW 0
v

¶
P0vv;

T(m )
¡1

T (m )X

¿= 1
Y ss
2 ;¿¡1U

ss
¿

L! Pv
µZ

W d W 0
¶
P0u+ ¤ V asUss;

where¤ V asU ss =
P 1

j= 1 ¡V asU ss(¡j)andassumethat

T (m )
¡1

T(m )X

¿= 1
V as
¿ U ss

¿
p! ¡V asU ss(0 ):

T hedistributionofT (m )(
^
¯
(m )

ss ¡̄ ) is

T (m )
0
@^
¯
(m )

ss ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
m ¡1Pv

µZ
W d W 0

¶
P0u+ m ¡1¢ V asUss

¸
;
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where ¢ V asUss = ¡V asU ss(0 ) + ¤ V asUss:T he nuisance parameter¢ V asUss does not
dependontemporalaggregationorderbecause

¡V asUss(¡j) =
(j+ 1)m ¡1X

i= jm
¡vu(¡i)

so
¢ V asUss =

1X

j= 0
¡vu(¡j) = ¢ vu: (21)

andthis implisthatthea.d. ofT(m )(
^
¯
(m )

ss ¡̄ ) is

T (m )
0
@^
¯
(m )

ss ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
m ¡1Pv

µZ
W d W 0

¶
P0u+ m ¡1¢ vu

¸
;

(22)
T hedistribution(22) showsthejointe¤ectoftemporalaggregationandthespan

ofthesample intheestimator, becauseitis expressed interms ofthesamplesize
T(m ), soforaproperanalysisofthee¤ectsoftemporalaggregationonthedistribution

of
^
¯
(m )

ss ;wemustusethedistributionofT(
^
¯
(m )

ss ¡̄ ) insteadof(22); thatis interms
ofthesamespanofthesample. Sowemustmultiply(22) bym ; andthenthea.d.

ofT(
^
¯
(m )

ss ¡̄ ) isgivenby

T

0
@^
¯
(m )

ss ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
Pv

µZ
W d W 0

¶
P0u+ ¢ V asU ss

¸
: (23)

A s itisseenin(23), thea.d. ofO L S forsystematicallysampledtimeseriesdoesnot
dependonthesamplingintervalm .

Proposition4 L etytbeann -dimesionaltimeseriesgeneratedbytheCI(1,1)process
(1)-(2), asymptoticallytheO L S estimatorofthecointegratingvector¯ is equivalent
forall…nitetemporalaggregationorderofthesystematicallysampledtimeseriesY ss

¿ .

4.3 A veragesampling
T heP³as³as matrixisgivenby

P³as³as =
"
m 1=2 ¢Pu
m 3=2 ¢Pv

#
;

andthelong-runvariancematrixis

­ ³as³as =
"
m ­ uu m 2 ­ uv

m 2 ­ vu m 3­ vv

#
:
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Fromtheasymptoticresults 1-3ofsubsection4.1

T(m )
¡1

T(m )X

¿= 1
V as¤
¿ U as

¿
p! ¡V as¤U as(0 );

T (m )
¡2

T (m )X

¿= 1
Y as
2 ;¿Y

as0
2 ;¿

L! m 3Pv
µZ

W W 0
¶
P0v;

T(m )
¡1

T(m )X

¿= 1
Y as
2 ;¿¡1U

as
¿

L! m 2Pv
µZ

W d W 0
¶
P0u+ ¤ V as¤U as;

where¤ V as¤U as =
P 1

j= 1 ¡V as¤U as(¡j):T hen,

T (m )
0
@^
¯
(m )

as ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
m ¡1Pv

µZ
W d W 0

¶
P0u+ m ¡3¢ V as¤U as

¸
;

(24)
where¢ V as¤U as = ¡V as¤U as(0 )+ ¤ V as¤U as;andintermsofthecovariances ¡vu(j) can
bewrittenas

¢ V as¤U as = ¡vu(m ¡1)+ (1 + 2 )¡vu(m ¡2 )+ :::+ (1 + 2 + :::+ m )¡vu(0 )
+ :::+ (1 + 2 + :::+ m + (m ¡1)+ :::+ 2 )¡vu(¡m + 2 ) (25)

+ (1 + 2 + :::+ m + (m ¡1)+ :::+ 1)
1X

j= 0
¡vu(¡m + 1¡j):

Intermsofthesamespanofthesample(T),

T

0
@^
¯
(m )

as ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
Pv

µZ
W d W 0

¶
P0u+ m ¡2 ¢ V as¤U as

¸
: (26)

U nliketheprevious case, nowforaveragesampling, temporalaggregationorder
m a¤ectthe impactofthe endogeneity in the distribution through the nuisance
parameterm ¡2 ¢ V as¤U as includedinthe’simultaneousequationbias’(s.e.b) term:

m ¡2
·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1
¢ V as¤U as;

anonzeromeandistribution. T herefore, temporalaggregationcana¤ectnotonly
thevariancebutthebias oftheO L S estimator. Concretely, averagesamplingcan
reducetheimpactofthes.e.b. term inthebiasandvarianceoftheO L S ifthenext
propositionisful…lled, howeveraveragesamplingwillnoteliminatethetermanddoes
nota¤ecttheunitrootterm, soalthoughaveragesamplingcan improvethe…nite
samplepropertiesofO L S estimator, theO L S estimationwithtemporallyaggregated
datawillnotbeanA EM N estimator.
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N otethatwhen ­ uv = 0 ;andsoPuv = 0 ;theO L S estimatorisanA EM N estima-
tor, likethefullinformationmaximum likelihoodinaCointegratedVA R system of
Johansen(19 88 , 19 9 1)andA hnandR einsel(19 9 0). Inthiscasetemporalaggregation
hasnoe¤ectsontheestimator.

Proposition5 L etytbeann -dimesionaltimeseriesgeneratedbytheCI(1,1) system
(1)-(2), then asymptoticallythe O L S estimatorofthecointegratingvector¯ is less
biasedandmoree¢cientwhen is estimatedwithaveragedsampleddata, ifandonly
if

¢ V as¤U as < m 2 ¢ vu:

A s itisshowninthedistribution(26), theO L S estimatorwithaveragedsampled
time series willdepend on temporalaggregation through the nuisance parameter
m ¡2 ¢ V as¤U as, allcovariances betweenthepresentpermanentcomponent, V as¤

¿ ; and
allleadsofthetemporarycomponent, U as

¿+ jforj= 0 ;1;:::. T histermdependsonthe
covariances ¡vu(¡i) and¡vu(j) fori= 0 ;1;2 ;:::; andj= 1;2 ;:::;m ¡1;4 Comparing
theexpression(25)withthes.e.b. termofthea.d. forthedisaggregatedcase¢ vu, the
followingremarksestablishthesituationswheretheO L S estimationisnotimproved
withaveragesampling:

R emark6ThebiasandvarianceoftheO L S estimatorwillincreasewiththetem-
poralaggregationorderofthevariablesifandonlyif: i) ¡vu(¡i) = 0 (i= 0 ;1;2 ;:::;)
andii) thereexistssomej= 1;2 ;:::;m ¡1 suchthat¡vu(j)6= 0:

R emark7 ThebiasandvarianceoftheO L S estimatorwillnotdependonthetem-
poralaggregationorderifandonlyif: i i) ¡vu(¡i) = 0 (i= 0 ;1;2 ;:::)and¡vu(j) = 0
(j= 1;2 ;:::;m ¡1) orii) ¢ V as¤U as = m 2 ¢ vu:

R emarks6and7 aremathematicallypossible, butempiricallynotveryprobable,
anywayatestonthesigni…canceofthesecovariances canbeusedtodiscardthese
remarks. Becausethenuisanceparameter¢ V as¤U as is amatrix, adeeperanalysis is
necessary.

Example8 Considerthetrivariatemodel

y1;t = ¯y2 ;t+ ®y3;t+ ut;
¢ y2 ;t = v1;t;
¢ y3;t = v2 ;t;

where³t= (ut;v1;t;v2 ;t) isacovariancestationaryprocess, thesimulatenousequation
biascanbeexpressedas

4N otethedi¤erencebetween¡vu(¡1 )=E(vtut+ 1)=E(utvt¡1)and¡vu(1)=E(vtut¡1):
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"
a11¢ v1u+ a12 ¢ v2u

a2 1¢ v1u+ a2 2 ¢ v2u

#

whereweassumethat
·
Pv

µZ
W vW 0

v

¶
P0v

¡̧1
=

"
a11 a12
a2 1 a2 2

#
;

andforaveragedsampledtimeseriesoforderm is
"
a11 1

m 2 ¢ V as¤
1 U as + a12 1

m 2 ¢ V as¤
2 U as

a2 1 1
m 2 ¢ V as¤

1 U as + a2 2 1
m 2 ¢ V as¤

2 U as

#
:

T hen, ifwecomparetheO L S estimatorof¯ ;wemustcomparethenuisanceparameter

a11¢ v1u+ a12 ¢ v2u

with
a11

1
m 2 ¢ V as¤

1 U as + a12
1
m 2 ¢ V as¤

2 U as;

and, sothefollowingsituationscanoccur(term 1: 1m 2 ¢ V as¤
1 U as; term 2: 1m 2 ¢ V as¤

2 U as) :
i) Ifthe twoterms satisfy proposition 5, temporalaggregation improves the O L S
estimationof¯; ii) ifonlyterm 1 satis…esproposition5 (withoutlossofgenerality),
andremark7 holdsforterm 2, temporalaggregationimprovestheO L S estimationof
¯; iii) ifonlyoneterm satis…es proposition 5, andtheotherholds remark6, itcan
occurthatalthoughterm2 increasesthebias, thereductionofthebiasbecausetheterm
2 is biggerandtemporalaggregation improves theestimation;iv) the reduction of
thebiasbecauseterm 2 isnotenoughtocompensatetheincreaseinthebias implied
throughterm 1, andsotemporalaggregation implies aworstestimation;andv) if
the proposition 5 is notsatis…edbyanyterm then temporalaggregation leads toa
worstestimation. In practicethemostprobable situation is the …rstcasewhatever
thedimensionofthesystem:

Example9 Forexample, thenuisanceparameterwhenthetime series is averaged
sampledtwoperiodsis¡1

4 ¡vu(1)+
3
4 ¡vu(0 )+

P 1
i= 1 ¡vu(¡i);andthreeperiods¡1

9 ¡vu(2 )¡
1
3¡vu(1)+

2
3¡vu(0 )+

8
9 ¡vu(¡1)+

P 1
i= 2 ¡vu(¡i):So, themostprobablesituationisthat

temporalaggregation improves thebehaviourofthe O L S estimator. A s itis shown
inthenextexample, thes.e.b. term is themain sourceofbias andvariance in the
estimatorsoaveragesamplingmayhaveanimportantimpactontheprecisionofthe
estimator.

Example10 Considerthe bivariate cointegrated system usedbymanyauthors in
theirsimulationsandtheoreticalanalysis (Banerjeeetal., 19 86;EngleandG ranger,
19 8 7 ;orG onzalo, 19 9 4):

y1;t= ¯y2 ;t+ ut;

18



¢ y2 ;t= vt:

where³t= (ut;vt)0 isan i.i.d. sequencewithcovariancematrix

¡³³(0 ) =
Ã
1 °¾
°¾ ¾ 2

!
;

sothelong-runvariancematrix­ ³³ = ¡³³(0 ):T heO L S estimatorof¯ isgivenby

^
¯
(m )

=
P T (m )

¿= 1 Y as
2 ;¿Y as

1;¿
P T(m )

¿= 1 Y as2
2 ;¿

; (27 )

andthe limitingdistribution of(27 ) foralltemporalaggregation orderofthevari-
ableswhenthetemporalaggregationisobtainedthroughaveragesamplingintermsof

T(m )(
^
¯
(m )

¡̄ ) isgivenby:

T(m )(
^
¯
(m )

¡̄ ) L! 1
m
(1¡°2 )1=2

¾
Q 1
Q 2

+
1
m
°
¾
Q 3

Q 2
+
m + 1
2 m 2

°
¾
1
Q 2

; (28)

andintermsofT(
^
¯
(m )

¡̄ ) by:

T(
^
¯
(m )

¡̄ ) L! (1¡°2 )1=2

¾
Q 1

Q 2
+
°
¾
Q 3

Q 2
+
m + 1
2 m

°
¾
1
Q 2

; (29 )

whereQ 1 =
R
W vd Wu, Q 2 =

R
W vd W v, Q 3 =

R
W 2

v , WuandW v aretwoindependent
scalarstandarizedW ienerprocesses. T hedistribution(28) showsthejointlye¤ ectof
thespanandtemporalaggregationontheestimator, andthedistribution(29 ) shows
thee¤ ectoftemporalaggregationwhenthespanofthesampleis…xed. T hesecondcase
ismoreinteresting, andshowsthatfora…xedspanofthesampletemporalaggregation
willreducethebiasandvarianceoftheO L S estimatorthroughtheterm:

m + 1
2 m

°
¾
1
Q 2

:

In fact, this improveintheprecisionoftheestimatoris obtainedreducingthesam-
ple size. Itis interestingtocompare theexactmean andvarianceof(29 ).5 T hese
momentsare:

TE(
^
¯
(m )

¡̄ ) =
°
¾

µ
¡1:7814 3+ m + 1

2 m
5:562 86

¶
;

5For this purpose the exact moments of the ratios Q 1 =Q 2, Q 1 =Q 2
2; (Q 1 =Q 2)2;

Q 3=Q 2;1 =Q 2;(Q 3=Q 2)2;(1 =Q 2)2;(Q 3=Q 2
2);and Q 1 Q 3=Q 2 areneeded. E(Q 1 =Q 2)= 0 becausethe

mixedgaussiandistributioniscenteredatzero, E(Q 1 =Q 2
2)=0 ;andE(Q 1 Q 3=Q 2)=0 :ForE(Q 3=Q 2);

E(1 =Q 2);E(Q 3=Q 2)2;E(1 =Q 2)2 andE(Q 3=Q 2
2)seeG onzaloandP itarakis (19 9 8 , L emma3.1);and

forE(Q 1 =Q 2)2 seeA badirandParuolo(19 9 4, T heorem 1).
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TVar(
^
¯
(m )

¡̄ ) = 5:196+
Ã
8:0 9 0 ¡4 5:580 m + 1

2 m
+ 67:831

µm + 1
2 m

¶2 !
°2

+
Ã
¡6:347+ 39:639 m + 1

2 m
¡61:891

µm + 1
2 m

¶2 ! °2

¾

+
µ
3:173+ 11:12 6

m + 1
2 m

¶ °2

¾ 2
:

L etting°= 0:5, and ¾ = 0:5, …gures 4.1 and 4.2 represents TE(
^
¯
(m )

¡̄ ) and

TVar(
^
¯
(m )

¡̄ ), respectively. A s itis showninboth…guresaveragesamplingreduces
thebiasandvarianceoftheO L S estimator, wherethemostimportantimprovement
intheestimatorisproducedwhenwemovefrom m =1 tom =2.

0

1

2

3

4

5

2 4 6 8 10m

Figure4.1 TE(
^
¯
(m )

¡̄ )

8

9

10

11

12

13

14

15

2 4 6 8 10m

Figure4.2 TVar(
^
¯
(m )

¡̄ )
T heaggregatione¤ectsofaveragedsamplingontheO L S estimatorimplythatin

practice, canbebettertoestimatethecointegratingvectorwithaveragedsampling
datathanwithdisaggregateddata. A directimplicationofthis resultis thatthe
historicaldata, the samplewith longerspan and temporallyaggregateddatawill
providemoreaccurateestimationofthelong-runrelationship thantheshorterspan
andhigherfrequencysample, becausethespanandthetemporalaggregationhavea
positiveimpactontheprecisionoftheO L S estimatorofcointegratingvectors.
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4.4 M ixedsampling
4.4.1 y1;t is systematicallysampledandy2 ;t isaveragedsampled

T hematrixP³m s1³m s1 is

P³m s1³m s1 =
"
m ¡1=2 ¢Pu
m 3=2 ¢Pv

#
;

andthelong-runvarianceof³m s1
¿ is

­ ³m s1³m s1 =
"
m ¡1­ uu m ­ uv

m ­ vu m 3­ vv

#
:

T his impliesthatthefollowingquantitiesconvergeindistributionto

T(m )
¡2

T(m )X

¿= 1
Y as
2 ;¿Y

as0
2 ;¿

L! m 3Pv
µZ

W W 0
¶
P0v;

T(m )
¡1

T(m )X

¿= 1
Y as
2 ;¿¡1U

ss
¿

L! m Pv
µZ

W d W 0
¶
P0u+ ¤ V as¤Uss;

sothea.d. forT (m )(
^
¯
¤(m )

m s1 ¡m ¡1¯) is

T(m )
0
@^
¯
¤(m )

m s1 ¡m ¡1¯

1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
m ¡2Pv

µZ
W d W 0

¶
P0u+ m ¡3¢ V as¤Uss

¸
;

andforT
^
(̄

(m )

m s1 ¡̄ ) is

T

0
@^
¯
(m )

m s1 ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
Pv

µZ
W d W 0

¶
P0u+ m ¡1¢ V as¤Uss

¸
:

where

¢ V as¤Uss

= ¡vu(0 )+ 2 ¡vu(¡1)+ :::+ (m ¡1)¡vu(¡(m ¡2 ))+ m
1X

i= 0
¡vu(¡(m ¡1 + i));

sotheterm m ¡1¢ V as¤U ss issmallerthan¢ vu:

Proposition11 L etytbeann -dimesionaltimeseriesgeneratedbytheCI(1,1) pro-
cess (1)-(2), then asymptoticallytheO L S estimatorofthecointegratingvector¯ is
moreprecisewhenitisestimatedwithmixedsampled(case1) timeseries Y m s1

¿ than
whenis estimatedwithtemporallydisaggregatedtimeseries.
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4.4.2 y1;t isaveragedsampledandy2 ;t is systematicallysampled

P³m s2 ³m s2 is

P³m s2 ³m s2 =
"
m 1=2 ¢Pu
m 1=2 ¢Pv

#
;

andthelong-runvariacematrixis

­ ³m s2 ³m s2 =
"
m ­ uu m ­ uv

m ­ vu m ­ vv

#
;

so

T (m )
¡2

T (m )X

¿= 1
Y ss
2 ;¿Y

ss0
2 ;¿

L! m Pv
µZ

W W 0
¶
P0v;

T (m )
¡1

T (m )X

¿= 1
Y ss
2 ;¿¡1U

as
¿

L! m Pv
µZ

W d W 0
¶
P0u+ ¤ V asU as:

T hea.d. forT(m )(
^
¯
¤(m )

m s2 ¡m ¯) is

T(m )
0
@^
¯
¤(m )

m s2 ¡m ¯
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
Pv

µZ
W d W 0

¶
P0u+ m ¡1¢ V asU as

¸
;

andforT
^
(̄

(m )

m s2 ¡̄ )

T

0
@^
¯
(m )

m s2 ¡̄
1
A L!

·
Pvv

µZ
W vW 0

v

¶
P0vv

¡̧1 ·
Pv

µZ
W d W 0

¶
P0u+ m ¡1¢ V asU as

¸
;

where

¢ V asU as = ¡vu(m ¡1)+ 2 ¡vu(m ¡2 )+ :::+ (m ¡1)¡vu(1)+ m ¢ vu:

U nliketheprecedingcaseofmixed sampling, in this casethenuisanceparameter
m ¡1¢ V asU as isbiggerthan¢ vu, becausethepresenceoftheterms

1
m
¡vu(m ¡1)+

2
m
¡vu(m ¡2 )+ :::+

(m ¡1)
m

¡vu(1):

Proposition12 L etytbeann -dimesionaltimeseriesgeneratedbytheCI(1,1) pro-
cess (1)-(2), then asymptoticallytheO L S estimatorofthecointegratingvector¯ is
moreprecisewhen is estimatedwithmixedsampled(case 2) time series Y m s2

¿ than
whenis estimatedwithtemporallydisaggregatedtimeseries.
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4.4.3 y1;t is systematicallysampledandy2 ;t ismixedsampled

T hematrixP³m s3³m s3 is nowexpressedpartitionedconformabilywithy1;t, y12 ;t, and
y22 ;t

P³m s3³m s3 =

2
64
m ¡1=2 ¢Pu
m 3=2 ¢Pv1
m 1=2 ¢Pv2

3
75 ;

andthelong-runvariancematrixis

­ ³m s3³m s3 =

2
64
m ¡1­ uu m ­ uv1 ­ uv2

m ­ v1u m 3­ v1v1 m 2 ­ v1v2

­ v2u m 2 ­ v2 v1 m ­ v1v1

3
75

wherePv1 = [0 ;Pv1v1;Pv1v2 ]andPv2 = [0 ;0 ;Pv2 v2 ], so

T(m )
¡2

T (m )X

¿= 1

"
y1 (m )as 2 ;¿

y2 (m )ss 2 ;¿

# h
y1 (m )0as 2 ;¿ y2 (m )0ss 2 ;¿

i
L! m 1=2

"
m 0
0 1

#
Pv

µZ
W W 0

¶
P0v

"
m 0
0 1

#
m 1=2 ;

T(m )
¡1

T(m )X

¿= 1

"
Y 1as
2 ;¿¡1
Y 2 ss
2 ;¿¡1

#
U ss
¿

L! m 1=2

"
m 0
0 1

#
Pv

µZ
W d W 0

¶
P0um

¡1=2 +
"
¤ V 1as¤U ss

¤ v2 asUss

#
;

thenthea.d. ofT(m )(
^
¯
¤(m )

m s3 ¡̄ (m )) is

T(m )
0
@^
¯
¤(m )

m s3 ¡̄ (m )

1
A L!

"
m 1=2

"
m 0
0 1

#
Pv

µZ
W W 0

¶
P0v

"
m 0
0 1

#
m 1=2

#¡1

£
"
m 1=2

"
m 0
0 1

#
Pv

µZ
W W 0

¶
P0um

¡1=2 +
"
¢ V 1as¤U ss

¢ v2 asU ss

# #
:

Byintroducingthehabitualsubstitutionsweobtainthea.d. ofT(
^
¯
(m )

m s3 ¡̄ )

T

0
@^
¯
(m )

m s3 ¡̄
1
A L!

"
m 0
0 1

# " "
m 0
0 1

#
Pv

µZ
W W 0

¶
P0v

"
m 0
0 1

# #¡1

£
" "

m 0
0 1

#
Pv

µZ
W d W 0

¶
P0u+

"
¢ V 1as¤U ss

¢ v2 asU ss

# #
:
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andthenthelimitingdistributiondependingonthetemporalaggregationorderis

T

0
@^
¯
(m )
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A ccordingwiththeprecedingresults thecoe¢cientsofthecointegratingvector
associatewith the‡owregressors y12 ;t, ¯ 1; areestimatedmorepreciseattemporal
aggregatedlevel, andthecoe¢cientsassociatedwiththestockregressorsy22 ;t, ¯ 2 ;are
estimatedequallywellwithdisaggregatedthanwithtemporallyaggregateddata, so
thewholevector¯ mustbeestimatedwithtemporalaggregatedtimeseries.

4.4.4 y1;t isaveragedsampledandy2 ;t ismixedsampled

T hematrixP³m s4 ³m s4
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T hen, thecoe¢cientsofthe‡owregressorsy12 ;t, ¯ 1;areestimatedwithmorepre-
cisionattemporalaggregatedlevel, andthecoe¢cientsofthestockregressors y22 ;t,
¯ 2 ;areestimatedmorepreciseatdisaggregatedlevel.

5 A M onteCarlostudy
T hemodelconsidered inourM onteCarlosimulation is thebivariatecointegrated
system:

y1;t = ¯y2 ;t+ ut; t= 1;2 ;:::;T
¢ y2 ;t = vt;
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whereut= ½ut¡1 + "t; j½j< 1, "tis i.i.dN (0 ;1); vtis i.i.dN (0 ,1) andE("t;vt) = °; so
theparameterspaceis ¯ £½£°:T hevaluesfortheseparametersarethefollowing:

¯ = 2 ; ½ = f0:6;0:9g; °= f0 ;0:75g;

suchthatfourdi¤erentD G P swillbeconsidered: D G P 1 (°= 0 , ½ = 0:6), D G P 2 (°=
0 ,½ = 0:9); D G P3(°= 0:75, ½ = 0:6);andD G P4(°= 0:75, ½ = 0:9):T hecorrelation
°determines theoptimality(ornot) when°= 0 (or°= 1) oftheO L S estimator.
T heautoregressiveparameter½ determinesthevelocityoftheadjustmenttothelong-
runrelationship. T hespansofthesampleconsideredareT = f50 ;10 0 ;150gandthe
temporalaggregationordersm = f1;2 ;3;4 ;5;6;7;8;9 ;10g:

T heresults forthesystematicsamplingcaseareshownintables 1 to4, andfor
averagesamplingin tables 5 to8.6 Inallthesimulations wehavegenerated 5000
seriesoflengthT + 50 , startingwith"0 = v0 = 0 ; andthendiscardingtheinitial50
observations.7

T heasymptoticdistributionsforthedi¤erenttemporalaggregationschemesare
givenbynextexpressions. Fordisaggregated(andsystematically)sampledtimeseries
thea.d. ofO L S is:
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T heO L S estimatorforD G P 1 andD G P 2 is A EM N foralltemporalaggregation
orderofthevariables and foranytypeofaggregation. Sotheoretically temporal
aggregationwillnota¤ecttheestimator. O ntheotherhand, forD G P3andD G P4
averagesamplingwillimprovetheestimator, andsystematicsamplingwillnota¤ect
theestimator. T heestimatorsarecomparedintermsofthebias inmean(B .mea.),
R ootM eanSquareError(R M SE), andtheconcentrationprobabilitycalculatedby

Pr(j
^
¯
(m )

i ¡̄ j< 0:0 5) (Pr.); thatisthefrequencythattheestimationdeviatesfrom
thepopulationparameterby0.05.

Tables 1 and2 shownthesimulationresultsforsystematicsamplingwhenO L S
is an A EM N estimator. T heestimation is notbiasedforalltemporalaggregation

6T heM onteCarloresultsformixedsamplingareavailableuponrequest.
7 T heG A U SS programminglanguageanditsR N D N functionwereusedtogeneratethepseudo-

normalinnovations.
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order, buttheprecisionoftheestimatordecreaseswithtemporalaggregationwhen
thesizeofsampleissmall, showingthesamplesizee¤ect. W henO L S isanine¢cient
estimator(tables3and4), thebiasishardlyreducedwithtemporalaggregation, and
theprecisiondecreases for½ = 0:6; butinthecase½ = 0:9; theprecisionofO L S is
almostthesame.

Intables 5 and6(°= 0 ) theresultsforaveragesamplingandD G P 1 andD G P 2
(O L S is an A EM N estimator), respectively, showhowtheestimatoris notbiased
foranyaggregationlevelofthevariables, accordingwiththetheoreticalresultsand
howthemostaccurate estimation is obtained with temporaldisaggregated data,
althoughthedispersionoftheempiricaldistributionhardlydecreases, showingthe
samplesizee¤ect. A s itis observed in table 2 whentheparameter½ is closerto
1 although the bias ofthe estimatoris similarthe dispersion ofthe distribution
increaseswith m . M ore interestingresults areobservedwhentheestimatoris not
A EM N (D G P3 and D G P4). T hetemporalaggregation e¤ects fora…xed span of
the sample areobserved horizontally forevery span. Ifwe lookattables 7 and
8, itis observedthatfora…xed span, temporalaggregation reduces thebias and
thedispersionoftheestimator. Forexample, thebias inmean intable3 forcase
(m= 1,T = 50,T (1)= 50) is 0.056andgoesto0.0467 for(m= 2,T = 50,T (2 )= 25) andto
0.0415 for(m= 3,T = 50,T (3)= 16):T hereduction inthebias is almostthesamefor
everyspan, butstronglydependson½ (table8). A sitisseenintable8 thereduction
inthebiasfor½ = 0:9 isquiteinferiortothereductionfor½ = 0:6. A notherinteresting
comparisoncanbedoneverticallyinthetable. W henwemoveverticallyweobserve
thee¤ectofthespanontheestimator, for…xed m . In fact, this is whatis done
in M onteCarloanalysis, ignoringanytemporalaggregatione¤ects. A s itis seen, a
biggerspanreducesthebiasanddispersionoftheestimator, andthee¤ectismore
importantthanthee¤ectoftemporalaggregationaccordingwithsomeresultsinthe
literatureoftemporalaggregationandunitrootandcointegrationtesting(seeShiller
andPerron, 19 85;orL ahiri andM amingi, 19 9 5). Followingwiththeexample(table
7 ), an increaseatthesamerateofthespan, movingfrom (m= 1,T = 50,T (1)= 50) to
(m= 1,T = 100,T (1)= 100) and(m= 1,T = 150,T (1)= 150) impliesahigherreductionof
thebias, from 0:0 56to0.038 7 andto0.0286, respectively. T hise¤ectdoesnotdepend
on thetemporalaggregation ordernorthevalueoftheautoregressive parameter.
N oticethat, fora…xed spantoobtain areductionofbias similartotheobtained
whenmovingfrom T = 50 toT = 150 , wemustestimatethecointegratingvector
withaveragedsampleddataoforder7 .

Twoprecedingcasesshowhowitispossibletoimprovetheestimatorbyreducing
thesamplesize (fora…xed span andmoreaggregateddata) orby increasingthe
samplesize(fora…xedtemporalaggregationorderandaincreasingspan), becausethe
temporalaggregationandthespanhaveapositivee¤ectonthestatisticalproperties
oftheO L S estimator. Finally, itis possibletocomparethebehaviouroftheO L S
estimatorfor…xed a sample size, when the span and m arevaryingatthe same
rate, thatisthejoine¤ectofthespanandaggregation. Inthiscasewecanobserve
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thesee¤ectsonthediagonallinesofthetables, i.e., theline(m= 1,T = 50,T (1)= 50)-
(m= 2,T = 100,T (2 )= 50)-(m= 3,T = 150,T (3)= 50). Inthiscase(table7 ), thebiasgoes
from 0.056to0.0325 andto0.0215, showingthebiggestimprovingoftheestimator,
almostatthetheoreticallyrateT.

6 Conclusions
T heobjectiveofthepaperwastoanalyzetheO L S estimatorofcointegratingvectors
withtemporallyaggregateddata. A triangularsystemrepresentationofthedi¤erent
schemesoftemporallyaggregatedtimeseriesallowustoderivethelimitingdistribu-
tionoftheO L S estimatorforall…nitetemporalaggregationorder, anditis shown
howtemporalaggregationa¤ects its limitingdistribution, andhowforsometypes
ofaggregationlikeaveragesampling, theO L S estimatorwithtemporallyaggregated
dataisbetter(intermsofbiasandvariance) thantheestimatorwithdisaggregated
data, contrary tosomeresults in the literatureoftemporalaggregation andunit
roots. A M onteCarlostudyisconductedandshowstheconsistencyofthetheoret-
icalresultsfortheaverageandsystematicsampling. T hemain implicationsofthis
paperare: First, itis possibletoimprovethebehaviourofO L S estimatorofcoin-
tegratingvectorswithaveragesampling. Infact, thistransformationcanbeapplied
to‡owvariablesaswelltostockvariablesbecauseitdoesn’ta¤ectthecointegrating
space. Second, O L S estimationwithaveragedsampledtimeseriescanbeusedasthe
basisofsomeA EM N estimatorslikeFM -O L S or3SL S, orasthebasisofsomerobust
cointegrationtestslikethecointegrationtestofPhillipsandO utliaris.
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Table1: B ehaviourofO L S estimationofcointegrated
vectorswithsystematicsampling(D G P 1)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. -0.0006 -0.0007 0.0002 0.0003 0.0003 0.0019 -0.0022 0.0011 0.0019 0.0009
R M SE 0.0056 0.0060 0.007 7 0.008 7 0.009 3 0.0118 0.0137 0.0150 0.0209 0.0182
Pr. 0.647 4 0.6364 0.59 36 0.58 7 4 0.57 3 0.5314 0.5222 0.504 0.4526 0.4668
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. -0.0005 -0.0005 -0.0007 -0.0008 -0.0006 -0.0007 -0.0009 -0.0017 -0.0006 -0.0005
R M SE 0.0022 0.0024 0.0025 0.0029 0.0033 0.0041 0.0045 0.0051 0.0052 0.0057
P r. 0.8188 0.8036 0.7 864 0.7 684 0.7 51 0.7 07 2 0.69 66 0.67 52 0.649 0.6524
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.0002 0.0004 0.0002 0.0004 -0.0002 0.0006 0.0002 0.0002 0.0003 0.0005
R M SE 0.0010 0.0012 0.0012 0.0015 0.0015 0.0018 0.0020 0.0024 0.0026 0.0028
Pr. 0.8 9 62 0.8864 0.8 7 84 0.856 0.849 6 0.8288 0.8112 0.7 846 0.7 7 02 0.7 67

Table2: B ehaviourofO L S estimationofcointegrated
vectorswithsystematicsampling(D G P 2)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. -0.0029 -0.0026 -0.0026 -0.0027 -0.0036 -0.0022 -0.0024 -0.0027 -0.0034 -0.0047
R M SE 0.0550 0.0558 0.059 8 0.0627 0.0613 0.0682 0.07 06 0.07 50 0.09 38 0.0852
Pr. 0.237 8 0.2332 0.229 4 0.2342 0.2328 0.217 8 0.2286 0.217 4 0.2148 0.217 6
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. -0.0017 -0.0017 -0.0016 -0.0016 -0.0008 -0.0016 -0.0021 -0.0016 -0.0026 -0.0011
R M SE 0.0226 0.0227 0.0233 0.0234 0.0238 0.0256 0.0256 0.027 2 0.027 3 0.0284
Pr. 0.3644 0.3606 0.357 6 0.356 0.3634 0.3524 0.3512 0.3512 0.3446 0.357
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.0018 0.0017 0.002 0.0018 0.002 0.0022 0.0022 0.0021 0.002 0.0026
R M SE 0.0123 0.0123 0.0125 0.0128 0.0127 0.0130 0.0137 0.0145 0.0147 0.0141
Pr. 0.4354 0.4368 0.437 0.439 4 0.437 0.4448 0.435 0.436 0.43 0.4368
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Table3: BehaviourofO L S estimationofcointegrated
vectorswithsystematicsampling(D G P 3)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. 0.055 0.0546 0.0535 0.0537 0.0524 0.049 2 0.049 4 0.0483 0.0502 0.0456
R M SE 0.0558 0.0554 0.0546 0.0549 0.0538 0.0511 0.0515 0.0511 0.0548 0.049 7
P r. 0.569 4 0.5582 0.5524 0.5244 0.5218 0.49 8 0.4822 0.47 06 0.4326 0.449 4
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. 0.0384 0.037 9 0.0384 0.037 4 0.0354 0.037 5 0.036 0.0367 0.0351 0.0323
R M SE 0.0386 0.0381 0.0386 0.037 7 0.0357 0.037 9 0.0364 0.037 2 0.0357 0.0330
Pr. 0.7 188 0.7 156 0.7 09 0.69 88 0.69 34 0.6596 0.6516 0.639 4 0.6318 0.6216
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.028 9 0.028 7 0.0284 0.0284 0.0284 0.027 5 0.0282 0.027 5 0.027 3 0.0259
R M SE 0.029 0 0.0288 0.0285 0.0285 0.0285 0.027 6 0.0283 0.027 7 0.027 5 0.0261
Pr. 0.817 0.8114 0.8054 0.8024 0.7 9 1 0.7 81 0.7 658 0.7 442 0.7 41 0.7 384

Table4: BehaviourofO L S estimationofcointegrated
vectorswithsystematicsampling(D G P 4)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. 0.17 24 0.17 07 0.17 3 0.169 2 0.1656 0.167 1 0.166 0.1629 0.1648 0.1539
R M SE 0.189 2 0.18 7 6 0.19 13 0.18 7 5 0.1834 0.18 7 3 0.1860 0.1855 0.19 22 0.17 65
Pr. 0.168 0.167 0.169 2 0.17 5 0.17 28 0.167 2 0.17 56 0.17 54 0.167 6 0.17
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. 0.127 4 0.1267 0.127 2 0.1254 0.1253 0.1264 0.1242 0.1247 0.1233 0.122
R M SE 0.1323 0.1316 0.1322 0.1304 0.1303 0.1319 0.129 5 0.1304 0.129 0 0.127 7
P r. 0.2388 0.243 0.2406 0.2522 0.2462 0.246 0.2436 0.2406 0.2568 0.259 2
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.1051 0.1048 0.1041 0.1046 0.1032 0.1026 0.1035 0.1039 0.1032 0.1018
R M SE 0.107 6 0.107 3 0.1066 0.107 2 0.1057 0.1051 0.1061 0.1067 0.1060 0.1045
Pr. 0.3124 0.3126 0.3138 0.3116 0.317 0.3138 0.3184 0.3136 0.3146 0.322
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Table5: B ehaviourofO L S estimationofcointegrated
vectorswithaveragedsampling(D G P 1)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. 0.002 0.002 0.002 0.0018 0.0019 0.0018 0.0019 0.0021 0.0024 0.002
R M SE 0.0064 0.0068 0.007 6 0.007 7 0.007 4 0.0084 0.0082 0.0089 0.0108 7 0.009 1
Pr. 0.627 2 0.6228 0.6096 0.6132 0.6156 0.6004 0.607 0.59 9 6 0.5842 0.6064
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. 0.0011 0.0011 0.0011 0.0011 0.0012 0.001 0.001 0.0011 0.0012 0.0013
R M SE 0.0022 0.0022 0.0023 0.0023 0.0023 0.0024 0.0024 0.0025 0.0025 0.0026
Pr. 0.8162 0.8124 0.8102 0.809 8 0.8106 0.7 9 9 4 0.804 0.7 9 2 0.8016 0.8062
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.0001 0.0001 0.0001 0.0001 0.0001 0 0 0 0 0.0001
R M SE 0.0009 0.0010 0.0010 0.0010 0.0010 0.001 0.0011 0.0011 0.0011 0.0011
Pr. 0.9 05 0.9 034 0.9 01 0.8 9 82 0.9 0.8 9 9 2 0.8 9 2 0.8882 0.8 9 08 0.8 9 52

Table6: BehaviourofO L S estimationofcointegrated
vectorswithaveragedsampling(D G P 2)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. 0.0044 0.0045 0.0052 0.0053 0.0042 0.0061 0.0051 0.0061 0.0051 0.0055
R M SE 0.0584 0.0621 0.0683 0.07 14 0.07 04 0.07 7 2 0.07 80 0.0848 0.1003 0.0850
Pr. 0.2302 0.229 0.2222 0.2218 0.2246 0.2186 0.2196 0.2142 0.208 0.2162
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. 0.0014 0.0014 0.0014 0.0012 0.0013 0.0017 0.0014 0.0015 0.0013 0.0012
R M SE 0.0239 0.0247 0.0257 0.0260 0.0266 0.028 7 0.0285 0.029 8 0.029 1 0.029 6
Pr. 0.3518 0.3504 0.3442 0.349 2 0.348 0.3362 0.3364 0.3358 0.345 0.3438
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.0005 0.0005 0.0005 0.0005 0.0005 0.0006 0.0006 0.0005 0.0005 0.0006
R M SE 0.0125 0.0129 0.0131 0.0136 0.0135 0.0137 0.0145 0.0153 0.0155 0.0145
Pr. 0.4608 0.46 0.459 4 0.4536 0.4566 0.4546 0.4514 0.443 0.443 0.453
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Table 7 : B ehaviourofO L S estimationofcointegrated
vectorswithaveragedsampling(D G P3)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. 0.056 0.0467 0.0415 0.0369 0.0331 0.0306 0.0283 0.0263 0.0252 0.0233
R M SE 0.0569 0.047 4 0.0422 0.037 6 0.0337 0.0313 0.029 0 0.027 1 0.0262 0.0241
Pr. 0.5564 0.582 0.59 48 0.6036 0.6238 0.6208 0.627 4 0.6226 0.606 0.6404
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. 0.038 7 0.0325 0.029 0.0259 0.0239 0.0225 0.0211 0.019 8 0.018 7 0.017 6
R M SE 0.0389 0.0327 0.029 1 0.0260 0.0240 0.0226 0.0212 0.0200 0.0188 0.017 7
P r. 0.7 162 0.7 55 0.7 7 42 0.7 8 84 0.8 0.7 9 34 0.807 0.8054 0.819 4 0.8202
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.0286 0.0242 0.0215 0.019 7 0.018 0.0168 0.0158 0.0151 0.0142 0.0135
R M SE 0.028 7 0.0243 0.0215 0.019 7 0.0180 0.0168 0.0158 0.0151 0.0142 0.0135
Pr. 0.8154 0.8452 0.8686 0.8804 0.8 9 46 0.9 002 0.9 026 0.9 0.9 058 0.9 17 4

Table 8: B ehaviourofO L S estimationofcointegrated
vectorswithaveragedsampling(D G P4)

m 1 2 3 4 5 6 7 8 9 10
[T (m )] 50 25 16 12 10 8 7 6 5 5
B .mea. 0.1636 0.157 4 0.1546 0.1502 0.1452 0.1424 0.1385 0.1348 0.1353 0.1281
R M SE 0.17 8 7 0.17 26 0.17 07 0.1664 0.1610 0.1596 0.1555 0.1534 0.157 2 0.1469
Pr. 0.1808 0.1818 0.182 0.185 0.19 04 0.19 0.19 04 0.19 08 0.1844 0.18 7 2
[T (m )] 100 50 33 25 20 16 14 12 11 10
B .mea. 0.129 5 0.1249 0.1221 0.1185 0.1157 0.1155 0.1117 0.1104 0.1065 0.1042
R M SE 0.1348 0.1300 0.127 0 0.1233 0.1204 0.1205 0.1164 0.1153 0.1111 0.1086
Pr. 0.239 4 0.2432 0.2456 0.2514 0.2552 0.2506 0.2596 0.257 8 0.2668 0.27 2
[T (m )] 150 7 5 50 37 30 25 21 18 16 15
B .mea. 0.09 8 7 0.09 51 0.09 24 0.09 08 0.08 7 9 0.0859 0.0849 0.084 0.0822 0.07 8 9
R M SE 0.1008 0.09 7 1 0.09 43 0.09 27 0.08 9 7 0.08 7 6 0.0867 0.0860 0.0840 0.0805
Pr. 0.3244 0.333 0.3382 0.3426 0.349 0.3556 0.3564 0.359 4 0.3634 0.37 16
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