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A bstyackt

T he pgperderives the asymptotic distribution ofthe adinary ksstsouares
estimator of acdntegrating vectars with temparally agpregated time sexies. Itis
shonn, thatttemporal aggrecatian reducss the biss and variance of the estimator
Tor aerage sanpling (temparal aggregatian of Fonvseries) and does notae ect
the Imiting distribution Torsystematicsampling (temparal aggrecation of stodk
series). A I ate Carb epenment shons the aasistancy of the .. nite sampke
resulis with the ssymptotic theory/.



1 Intoductiay

T emparal aggrecaliaon e ects N ad negrating vedorestimatian hes notboean anallyzed
in the FMeralure and as itis shoan in this pgper this transtamatian of the datlacan
& ect the statistical prperties of same estimatars.  Sane previas asideratias
must be made an the besis of theaetial results and enpinal practice. Fiist of
all whi ke shartrun dynamics dnangss with temporal aggrecatian (ss2 Tar eampke
B raner; 19 73), the aantegrating space is inariat (sset rangey; 1990;6 rangerad
Sikis 1995;adll ac=ling 199 6. T han althaugh econonictimesaries are doserned
ata bhger intenal then are gnaraied the aantegrating vector of the generating
medanism Gan be estimated with lonerfrequacy data

T emparal aggregatian is nottiaken into accountior the estimatian ofcantegrating
relatiaships ad the hebitual thing is 1 assume that high frequency data proicde
better resuls then lovw frequency data because its biggersampke size. || asoer; In
e Ierature oFfteanpaal aggrecatian and unitroots, a aasidarabke anantohnarks
edsts that study the er ects of teEmparal aggecatian an unt rook (see Treampke
ShillerandP ermvan, 1985;Perran, 1989, 1991;Cha, 1992 ;and Chad and Chung 199 5),
and antegration tssting (seet oder; 1993; arl @i ad il aming, 1995). T hese
papars, althaudh there is no an agreamaitan the magiitude ofthe er ect; shovthat
tamparal aggrecatian rieducss the poner of the tests, so inerence an unitroots and
adntegating relatiaships hes betier properties with hidh frequencoy datlas 0 nthe
otherhand sametimes in empirical modeling tho samples of the same \variabks are
adbBbk asanpk with a log span and tempaally aggrecpied datla and another
sampkewrth sharterspan butwrth high frecuency data passibly with a biggersample
sgze. Fareanpk( regay axdH asen (199 6§ use an avual sampke coering 19 01-
1985 and aguarterly ae Torthe pariad 19 6-199 1. Soin aderto dedde the mast
gopropiate sampling intenal Tor estimate cantegrating veokars, itis necsssary
study the tempaal aggrecatian e ects an the estimator.

T he pgpar analyzes temparal aggrecatian e edtls an the bedhaviaur of adinary
bsstsguares (0L S) estimatorwhen the generating mednenism of the diseggrecated
tme saries is an n-dmasiaal adntegated system with ae adntegating vedor:
T he Imiing distribution of the estimatoris dermved Tor dic erant pes of emparal
agprecalian. [tis shonn thatioraerage sampling and mixed sampling the distribu
ton dgpacs an the tEmpaal aggrecatian bel ofthe variabless ad itis passible Tor
aerage sampling and same Gasss ofFminad sampling 1o reduce the biss and variance
ofthe estimator; by estimating the cantegrating vector with temparally agogrecaied
time saries. 0 n the other hand systematic sampling doss not e ect the Imiting
dstribution ofthe0 L S estimator:

T he plen of the pgperis ...1Ist O esteblish in Secian 2, the gaerating meda
nism ofthe disaggrecaied time sexies, aCl(1,1) procsss adntegrated procsss ofader

1l an gaefil © Jess 6 awalb and Saen Jdansan or many helpful aammeants an an earfier
\ersian of the paper-




(1,1). Section 3 provdes the represaTiatian for dic erent ypes ofF empaally agge
caied time series.  In Sedian 4, a mulivariate inariance prindp ke or empaally
agprecaied procsss is proAaded, and the asymptoticdistiibutian of0 L S estimator for
dis erent tpes oF aggrecatian is derved. In Sectian 5 same smulatian epernmants
are aanducted. Sectian 6aondluces.

T hroughaut the paper; I© denotes anvergenee in distribution and 1P stands or
anagneinprdosbi ity T heB ronnianmotianB (r) and the standarized B ronnian
matianW (r) an[0,1 fJarevwnitienasB andW reqoecﬂ»e&toai‘ua.erﬂaqglalecn}
any. Similbarly \é\ewﬂeinlegalsvxim respect ol doesge messure sudn 01W (rr
maesmplyas W . VedorB ronnian motion with aonvariance matrix - Is wirtien
BM (- ). yedenotes ann-dmasiaal ime series messured atbesicimeunits t ad
Y, denotes an n-dimersianal teEmparally agprecated time series messured at,, wWhere
¢ = [€m ]and[x]is the integer partofx.

2 ( earatimgmedeEnisnofye A antegatedsys
L S8p

Casider then-dmersicnal imeseties yg; t= 1; =3 T; partiiced as = (Vg Y05
wherey cisr-dmasicalady; cisg-dmasiaal (g = n jr), gnerated atdisacte
time t by the systeam

Vie = _M;t+ Lk @
CYxe = Vg @

whare ther £n matix (1, § ) is the matrix of cdntegatingvedtass, ¢ is thedicer
ence cperatorinttime ¢ = 1 jL, whereL is the Bgperatarin €time Ly = vy 5°
U, the disegu ibrium enrarofthe aantegrating relatiaships (1) is called the tempo
ray anpaait ad vy the shods that dne the stodestic trads, the permanait
ampaeit De.ne3.= (VY% and inraduce the Blloning assumptias:

1. yi.cad Yy . are notadrtegrated procsssss
2. 3 is amarianc staticnary proass With zero meen
3. thatsatis..es the inariance prindple (IP) (P hilips and D urleuf 198 6:

el
Til 3.1 Bs 7 BM (- =3); (©)
€1
or 2[0;1] wereB, isann-dmasagal vaedorl ienerprocsss with covan-
ane matnx - ==, the kg run coartance matiix ofs ¢
2A !A)I 153
-z=== Wm TilE4 3t 3t S - (4)
Tei €1 €1



Theassumptias 1 ad 2 imply thaty is a ClI(1,1) procss. In this madel the
sharerun dynamics are absonad in the lbng run \ariance matrix of 32 T he main
dranbadk ofthis represantation is that the aasistancy ofthe resulls dgppads an the
namalization of the cantegrating regressian baing aonect

INn ader o dene the asymptolic distribution (ad) ofthe 0Ll S estimator thO
decompasiias ofthe g run\ariance- == Willbevery ussful Frst Eteress- =
&b

-33= jas(0)+ Bast+ O35

X
Bss = jes(AD;

F1
ad
is==(= E(3t3(1)3 §-
A nother ussiull decompasitian of- s is the Chalesky fctarizatian:

- 33 = RaFé%;

where Bs; atriangularmatrix is the souare rootof- ss. W ith the Cholesky tector
ization e Gan eoress the V' ienerprocsss B s as the product

B:= Ra (Wa,

where W s is astandard n-dmasiaal vedor ' iener procsss.
L etpartiianBs; Ws; - =3, js:(J), @s2; ad R: acocodingwith the dmesias of
yadvg

" #
Bs = Bu ;
By
" #
Ws = Wu
Wy
" #
- ms = uu uv
“vu T owv
" #
@ = @ i
1w 1w
Qas = Quu Bw
Oy Bw
ad ' #
R3: IDLILI Pl_!/
0 Ry



wth ther £r matnx Ry, ther £g matnmx R, ; ad theg £9 matmx R, gwven by

= ~
= - R

uu uw vyvy VU

1=2

i
il=2.
W

P
1

|
Sng
1

Daxtingter £n matmx R [Ru;Ryv]adtheg £n matnix R=[0;R]; Bu
ad B, an bewiten s

B u = IDLlu ¢Vu+ PL!/ (M/v;
Bv = ID\/v (M/v:
3 R goresatatias Tortemporally agorecated time

sernes

Tempaal aggrecatian doss av ect sane praperties of the aantegrating systam (1)
ad (2), the shorerun dynmamics but doss not dange the zero unit rooks nor the
antegating space (ss26 rangey; 1990; Philips, 1991b; i aceling 1996 1999 ; ar
L1, 1998) becase the Incarity of the tlarsiomatian. In the erature studies an
tEmparal aggecatian et ects an ime series mocek oad..catias hae atersd an
ARIN A (se=Braner; 1973;W &, 1981 ;adW ass 1984), A Rl A X (seeB rener; 19 73;
andW ass, 1984),6 A RCH (s=eD ristadll ijnan 1993), ar'VA Rl A (seel utkepdll
1987; and ll ac=ling 1996 1999) dessss oF madek. T his erature demes the
agprecped mackl (ripresantatian of the temparally aggrecaied time savies) ad the
reltiaoft R adll A polynamial aders of aggrecated madel with the adars ofthe
disegprecatied mackl (represantatian of the diseggregaied time sexies), as well a6 the
Tndiaon relting the parameters of the aggrecatied madel with the parameters ofthe
disegorecpted ane.

Sanetimes the links betineen the agpragated and disaggrecaiied madel are di¢ aullic
esteblish. Fareanpk ttedemationofttell A aet dents ofatenmpaally agge
agaied VA Rl A (p,q) madel an be aamplicated tesk Farthis reeson the tianguler
represatatian is uissd inthe pgper: W ith this madelwe axad the amplicatias asso
dated with the shork run dynamics sped.. catias. |n tiangulbaraantegrated systans
these dynamics are summarized by the log run varianee - =s; ad as itis shoan in
ssclian 4 the e ects oFtEeamparal aggrecatian an this matrix can be dotained essi by

T hree temporal acgrecatian sdhemes will be arsidered. dgpending an the aom
paaits of the vedtor vy, bang stodk ar fowv \ariebks. W hen all the elemnaits of
V¢ are stok \variabks, tampaally aggecaied time saries are dotained thraudh sys
tamatic sanpling P urdhasing poner parity analysis ar the FHsher equation theary
are eampks of log run relatiaships betineen stodss. 0 n the ather hand wWhen all



te ebnatts ofy are favsanes (e, atcone asumptian ad iniestmat) aer
ae sampling is goplied 1Oy, 1O dotan the Empaally aggrecaied time sevies. T he
mixed sampling thatis when sane \ariablks are aeraged sampld ad others are
systematically samplEd (i.e, g run maey demand studies) is aasidared T

Farevery type oFftemparal aggrecatian, itis assumed thatann -dmersiaalvectar
mesaries, v = 1; 5T isgrarated attimeintenal 1, indeed by t(i.e, amaith),
aditan bedsenaed atabgerintenal m > 1, indead by ; whare, = [€n ]
(e, ifm =12 then ¢ daotes years) ad the sanpke size oF aggracaked time sexies is
T = [T=m ]:\ ole that, T is the sampke size at diseggrecaied bvel and the span
1orall tenpaal aggrecation ader messured attunits. |n ader to adgota notatian
valid oralln , T®) willdanote the sampkesizeand T the span ofthe sampke.

T he systematially sanpled time sexies, Y 55 is de.ned a8

YZ 7 Yo 6))
and the averaged sampld time sexies, Y 2° a8
Y2 S ©

wheres(L) isthe (n j 1) ader g polynamial

mil o
s(L) = L3 )
o
T hen the averaged sampld time saxies is the partial sum ofthem  nanoverigpping
dosernatias
Y= Yot Yhgit® S Va1
W dss (1984) doserved thataerace sanpling (6 is the resultofFtno trarstama
tas. First the g palyamial (7) is goplied 1oy, dotaning the partial sum ofthe
m  owerigoping dosenatia s,
Ye= sLYe= Vet Vg1t = Ygnet: ®)
T hen, systematic ssampling ofaderm  (5) is goplied 1© (8) dotaining the aeraged
sampEd time series
Y25= Yy, ¢)

\ ote thatthe dir eraae betinean aeracge sampling (6 and systematic sampling (6),
is thatin the .. st se sampling is goplied 1o the partial sum ofy 8), ad in the
ssaod e is gpoplied o y,:



31 I odel ofsystematically sasmplked time series
L etdarve the represatation 1o the systematically sanpled time sexies, Y =2 In this
e systamatic sampling is goplied to both eqcuatias (1) (2) dotaining
R PRl Ve
¢y, = VS (10)

| ofe thatin euatian (10), Y = is dicerenced in €time H onever; Y = is messured in
,-time sote .. rIstdreranceinthe,-time 1 §j L" ; mustbe dotained. T hen de.ne
the dir erene parator'in - time as

¢, “13§L";

vhere L" is the g qperatorin ¢-time such thetL" Y ! = Y5, (i= ss;as;m s):
¢ iven teegualty

¢, =s(L)a ;
e payamial s(L) must be goplied 1© (10) o dotan ¢ , - T han the canman
stodestic trad in the aggrecated modelis?

CnY,S= V28 11)
P rpasitian 1 L ety ke ann-dmensianalvectorime series gereraed by e CI(1,1)

praess (1)-(2), ten te systematially ssmpld ime sexies Y > llbns aCl(1,1) pro
s represanted by

SSs
Y1;c

- Ss SS.
Q{Z;c * Uc ’

as.
V2

where
3= (USEVN0= Sl
and tre polynamial matrix Sg(L) is gven by
I 0
SO 4 e,
whs(L) gven by (7).

2\ ote that the permanant campaat of the triangular madel ©r systamatically samplkd time
series V = is the averaged sampled permanaitaompanantof the disegoregated maded vy




32 I odel oFaeraged sampkEd time series

In aderto dotain the aeraged samped time saries Y 255 e will ol the trarstor
matias doserved by W ass. Sothe palynamial s(L); is goplied o eguatias (1) ad
@

sWvie = sL) Yt s
sL)Y v« = sL)vg
sudh that
Yl;t: _WZ;t-}' Uf, (12)
CY,«= Vg 13

whereY,.¢ Y, .4 Ug ad Ve are the oerigpoping partial sums ofyi-¢ V-« W ad Ve
N ext; systamatic sampling is goplied toeguatias (12) ad (13) sudh that

Y25 = TSRS+ U
Y= V. ()
L iketheprecedingcee itis necsssary tomuliply theecuatian (14) by s(L) todotain
te .. sedreranein-time so..nally the stodesticcomnman trad is gven by

Yoo = VS

whare
VA= (SL)) Vi, -

P rapasitian 2 L ety ke ann-dmensianalvectortime series generated by e CI (1,1)
praess (1)-(2), ten te averaged sampld time series Y 2° TOlbons a Cl(1,1) praess
represened by

as
Y1;c

¢

- as as.
Q{Z;c * Uc ’

asa.
v 2s,

were
3= UV Sy
wrh te polynanial matmx Ss(L) gven by

_os(L) @, 0
Ss(L)= ) SL) @,

gUL)= (L)) = 1+ 2L+ =+ mL" i+ (n §OL" + oo+ LML

8



33 I odeb oFmi>ed sasmplked time senes

T he mixed sampling situatian is canman in empircal madeling of maatsaonanic
time sevies. T he mixed sampled time seyies is denoted Y " °; and four ceses ofmided
sampling are aasidasd v ¢ is systematially ssmpld ad v -« is avseraged sampled

wvi-¢ 1S aeraged sampld and s -« IS systematically ssmpEd v ¢ IS systematically sam

pkEdady; «is mixad samplkd andy; -« is averaged sampled ad y; - Is mixed sampled.
Forthe Bsttno Gess we axsiderthe parttian ofthe g-dmesignal vedtrnys -« in tho
subvectors v ad y, . ofdmersiang;, andg,, respectively sudh thaty/ is avereged
sampled and ¥ . is systematticallly sampled.

331 wi.tissystamatically sasnpled ad y -+« Is aaveraged sasmpled

T o denve the representatian of the temparally agpracated time sexries goply the OF
bning ttarsiomatian an the cantegrating regressian of the diseggrecated madel (1)
= -

wes ST CSLyat W
and multiply the palynamnial s(L) 1o (2)
s(L)¢ yi= s(L)vg

such that
Vies MY e W @5)
ad
¢Yye= Ve 16

o vee goply sampling to equatias (15) and (1§ sudh tat
Y2 =m YR U
CY2 =V Qan
and then goply s(L) ©© (17) dotaning
€0 Y2 = VA
D enote3] %t = (USOV 290 then3] ! = S 4 (L)3, , with

#

S131(L): 0 SZ(L) ¢g



332 wi.tlis aeraged samplked ad y ¢ is systematically ssmpled
T odame the tampaal aggrecaied model goply s(L) © (1)

sLyie= s(L) Yt s (18)

and then systamatic sampling 1o (18) dotaining
Y2 =m Y3+ U
0 natherhand goply systematic sampling to ecuation 2) and then s(L):
CnY,S= V28
Theproess 37 % is
AL = UV 0= § g (L), ,;
_ s(L) @, 0

31 L (L) - 0 S(L) ¢g
333 wi.tis systamatically ssmpld ad y; -« Is mixed sampled
Intis s Etwitie theD ¢ P acotiomabi ly with the partitian ofy .«

yl.t = _?Ml;t-*- _?)é;t-*- 3
¢ Ml;t = Vi;
CYe = Vi

where = (45 ;) ve= (VSVPOC viisg £1, ad Vi isg £1. | ovpartition 3
then-dmasicaal standarized\V ienerprocsss, and the R matrix acafomabi iy with

Ve GRaY%HD:
"= (Y

Ws= [WEW3I;W2

2 3
Ru Rw Ry
P = 9 0 IDVlVl R,lvz g
0 0 Py
respectinvely.

yirand . ae systematically ssmpld and ¥ is averaged sampled. so the rep
resatatian or the tempaally agpracaied time senies is gven by

Ylsf = il_(l)YZl;caS-F _E)YZZ;c$ * U?;
¢ 4

2 ss 2 as.
¢mY2;c - Vc ’

10



d

M= UIBV L0V 2 00= § L3, ,

:

2 0 )
S <L)=13 0 S(L) &y, 0 £
0 0 s(L) &,

334 witlis aeraged samplked ad y -« iIs mided samplied

I owy itis assumed thaty:.c ad V. are averaged sampled, and Y is systematically
sampEd. T hen the aggregated madel is

Yla}cs = _(1)Y21;cas+ m _?YZZ;(;$+ Ufs;
¢ N Yzl;éas — Vél asc;
¢ o Y22;¢$ — Véz as;
ad
3 = (UEJY ey tas0= g | (L)3,,
with 2
s(L) ¢, 0 0
SsL=8% 1 dLe o
0 0 S(L) ¢g2

4 A symptoticdistributionof0 L S estimatorforall
tempoaral aggrecatian ader of the \ariables

In this section we derme e ad. of e 0L S estimator Tor the div erat Gsss oF
tamparal aggrecation desaibed aboe T he erature of temparal aggrecatian ad
unitrooks is aantered in unitroot esting (sse Toreampke Shillerad Perran, 1985)
and antegatian tessting (sse foreampkel anin andll aming, 1995). T his erature
analyzes the aggrecaion e ects thiraudchll ante Carlo smulatian, thatalthaugh éan
proJide saome infamatian an the direcion oftre e ects, the results are alnays mocel
soaa..c T he pgper; a5 a..istatiemptstudes the ad. of0L S esimatorwhen the
veotortime series y is tempaally aggrecated and v, is he CI(1,1) pracsss desaibed
insscian 2.

TheOl S esimator (Engead( rangey; 1987), aasists in asimple static rieges
san ofthe ek oftre vantabks y,. T his SImp e methad hes the desirable property
thatis super asisaTt(the ssimatoranergng o tte ttealeatrate T) Stok
1987):H oneverthe presence ofsarial aareltion and/ aracss aarelation in the vani-
abks, implies that this estimator is not ssymptotically et datt and mixed namal
distributed (¢ BI | ) Sakkaan 1991), soan gotimal inference theary is notgopl-
bk (ss=2P hillips, 199138). | asower; the presanae of non zero median Bems inits

11



distribution praducss serias biasss in..nite samples B anerjec etal, 198G. T hus,
Te Ol S estimatoris a sub- gotimal methad reltine ol Bl | esimatas, ke Tor
eanpk the Tll infkamatiah maxdmun kkelihood (see Jdasan, 1988, 1991; ad
A hnadRdansel 1990), the Tully mad..ed adinary ksst souares (see P hillips ad
H ansen 1990) ar dyrnamic adinary Esst sguares (sse Sakkaen, 1991 ; ad Stok
ad W atsn 199 3).

T he reesas O study this oA Bl | estimatorare the Olloning .. 1St the theo
retical intarsstin temparal aggrecatian e ects an a adntegrating esimatar. Seacaod
1Te0l S esimataris the basis Torthe aastruciaon ofaliermatine procedurss thatry
W deal with the aneltion prdolems, ikette Hl L S, the eenaoni@al antegrating re
gessanof? arkk (199 2), and the three step estimatorofeEngeandY co(1991). T hird
1TeOl S residuak /l:l-, are usd as the basis Tar saome ridouts antegratian t&sts (s
¢ arzabadl eg 1998) lke the cantegratian st ofP hilips and 0 utharis (1990),
o the e ects oFtemparal aggrecation an the 0 L S estimatoraaud ee ectthe size ad
ponerof these sts.

To dane the distribution of 0L S, Itis assumed thatr = 1, so there is ae
antegatingvedorad g = n §j 1 anman stodestic trands in the systam:

Vie = MYt W
CVr = Vg
AMD
where yi cis asalrtimesaries  isag £1 vador: TheOL S estimatarof ;
G be writien (after aantiering and scalling) s

0 1
AM)
2 , 3i12 T>g") T>g") 3
i? il il
= 4T(m) YZ;CYZ(;)(',S 4T(m) YZ;{,ilUC+ T(m) V(-’U(.’5 -
¢=1 ¢=1 =1

41 N ulthariate inarance pnnapke for empaally agge
aaied proasss
B ecause tempaal aggregatian is a ineer rarsfomatian an 3, if3 satis.es an IP,

1henalswo3ci (1= ss;as;m s)willsatislyan IP (seel i, 1998). T he P Tortampaally

agpregaied time sexies is esteblishad in the lloning prapasi iat

P rypacsitian 3 (Imnarance P nndpk tor emporally agprecpied praess)
Suppose tat» . lbns an n-dmensianal rendom vakwthoutdnft

3 -

Y= Vg1 + 35

12



were », ~ ( ad 3, is an n-dmasiaal mweriance setiaary praess tatsalis. es
te mulihanake IP (3), ten

TQRIe]
T @il 371" Bui= Pii Ws “BM (- awi);
¢=1

where 3!=S§(L)3, ,, and- i is te long rn owariane matrix of3!:
- 261 = RuiPs;

where
Rui= m 17 5(1) dRs;

ori= as;ss;ms:

P roof. | et3 beann-dmasiaal cariance satiaaery procsss thatsatis..es the

IP
]

B
Til=2 3t!L B3; (19)

€1

and3! = S(L)3, ,;° alinear tarsformation of 3, then 3} safis.es the IP

TR el
T@)i2 M1 B (20)

4
¢=1

T he reltiaship betnen the W iaer procssses B: ad B.i Is dotainaed after same
substitutians in the Efthand side of (20):
TQoe] M Tii= [Tsa €]

o= SO

=1 m =1

TO)il=

3%
= T il= m 1=2 m il S(L)3t
€tl
3%
m il=2 S(l)T il=2 3t:

€1

T his eqresssan anvagss in distiibutian ©©
R @V;

where
Rei=nm 1= S(l)Ra;

3T he proofis valid Torany tempaal aggrecatian sdhame.

13



so the Iong run mwariane matrix of3;] is
- s = PoiPa:

N\ o de.ne
»gmc): »gm(;)i1+ 3%’“2; I= Ss;as;m s;
e the Tdlloning asymptolic resuls are necsssary 1o dene the asymptotic disti-
butias of0 L S estimatars:

i1tPreygizop . )
1. T® CT:l 3:36 1’ jaua(0);
2 Pray 3R -
2. T®)H (-,T=(1)»¢'i1»(21  Bai WaWO P.::
G Pey R -
3. T(m)ll -(-I::(l)»zil3:)!l_ Rii W3dW:9 Fx3)i3i+ O 3izic

42 Systematic sampling
Fam propasitian 3, the Rsss== mattix and the long run varianee marix of33° are
gwvenby

" #
_ omitdr,
R$3$_ m 1=2 qPV ’
1 #
- assass = mt-=- uu T w .
T vu m- v ’
respectinely. T henwe hae
. ) nz q
TG Yt n R, WWO B
¢=1
_lT)g") L nz Al
T(m)' YZS,SilU(,SSI IDV WdWo IjL)"}' Qvasuss;
¢=1
P
V\rﬂeQVaSUSZ _]'izl ivasU$(i_Da-dmem
LD
T yasys I gy ass0):
¢=1
A
T he distibuicn oFT@(C . §7)is
0,\(m) L - uz | -i1 " uz q -
T . AN R, WWOR nilR WIW® PP+ m it yasyss ;
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where ¢ yasyss = jyasyss(0) + Byasyss: T he nuisana parameter ¢ \ asyss does not
degpad an tEEmparal eggrecation aderbecause

Grigm il
ivasyss(i D = ivd(1D
g
0 X
¢ yasyss = ivd(iD= ¢ (¢4
FO

A
ad this implis thatthread. ofF T®(C § )is

0 1
@) - pz 91 -1 pnz q

T . AN R, WWO PR miR WIWO PP il ;
(22)
T he distributian (22) shons the janter ect ofFtenparal aggregatian and the span
of the sampke in the estimatr; because itis epressed In tams of the sampke size
T®), sofraprgeranalysis ofthe er ects oftemparal acgrecatian an the distributian
INGD) RO

of . ; wemustuse the distribution of T (i ) irsteed ofF (22); thatis in &ms
of the same span of the sampke. Sowe mustmuliply (22) by m ; and then e ad.

AM)
oFT(« i )isgwenby

0 1
A - uz | ;17 RZ q R

T L. i A" R, WWOPR R WIWC P+ Cyays 1 (23
A sitisseenin (23), tead. A0 L S Torsystematically ssmpld time series does not
dgpad an the sampling interalm .

P rpasitian 4 L ety ke ann-dmesianal time series generated by te CI (1, 1) praocsss
1)-2), ssynpotically te 0L S estimator of te cinegating\vector  is eguivalent
forall.. nite emporal agpregation arcer of e systematially sampled time series Y 5.

43 A \erage sampling
T he Raszas matrix is gven by

" #
1=2

m dar
Ras as — u -

i m 3 AR

and the Ibg run vaerianee matnx is
" 2 4

M-w M-

- zaszas —

mz'vu m3'w

15



Ram the ssymptotic resullts 1-3 of sulbbsscian 4.1

L 0
T(m)ll V(.’asmfs!p ivascuas(O);
¢=1

T . pnz Al
T Y220 m R wwO B
=1
) z ll
(m)ilT)gn as as |L 2 H 0 PP .
T Y2 USRS WIW O PO+ By asayes;
¢=1
P
V\rﬂeﬂvas:yas: _]i:liva%as(i_‘i)ﬂ—rﬂl

0 1
A@)D - uz | -1 " uz q

T AN R WWOR nilR WIW® PP+ m 1% yasyas |

()
Where €  asqyas = jyasqyas(0) + By asqyas; and in t&ms of the coaiancss j () Gan
be written a8

Cyvassyas = judM D)+ @+ D)jvdm §2)+ =+ @+ 2+ 2t m)jvd0)

+t L+ 2+ ZZtm+ M gD+ 2 D)jvdEm +2) (25)
+(@Q+2+ v m+ (M gL+ ot 1)X ivd(im + 1§ P:
o

In tams ofthe same span ofthe sampke (1),

0 1
A - uz | -1 BZ T -

TO . i A" R, WWOFR R WIWC P+ mi’tyamyes - 26

U nlike the previas s now Tar aerage sampling tempaal aggrecatian ader
m aect the impact of the endoopaty In the distribution through the nuisancee
parameterm i2¢ \ asqyas induded in the *simultaneaus equatian biss” (s.eb) tam:
- nZ T =jl
m i’ ID\/v WVW\9 I?i/ ¢ v as=yas,

an zero mean distibutian. T harefore tempaal aggrecation an a et notanly
te varnance but the biss ofF e 0L S estimatar. Canaetely aerage sampling aan
reduce the impactoftte seb. tem in the biss and varianee ofthe 0 L S ifthe next
prapaatianis Ul Iied honeveraverage sasmplingwi llinoteliminate the term and daes
not ar ect the unit root term, so althaudh aerage sampling an improe the ..nite
sampkprperties o0 L S estimator; 1he0 L S estimation with tenmpaally aggecaied
datawillnotbeant BI | estimator-
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\ olethatwhen- = 0; adsoR, = 0; theOl S esimatorisani Bl | estima
1or; ke the Wl infomatian maxamum likelihood in aCartegrated VA R system of
Jdharsan (1988, 199 1) andA hnandR a@nsel (199 0). Inthis cese tempaal aggregatian
hes noer ects an the estimator.

P rpasitian 5 L ety ke ann-dmesiaal ime series geerated by te CI(1,1) sysem
1)-2), ten assympotically te 01 S estimator of te cinmegating vector  is ks
hased and mae e¢ dattwen is estimated wh averagd sampld datg, ifand anly
it

¢ yasyas < M2C 0o

A sitis shonnin the distribution 26, te0 Ll S estimatorwith aeraged sampked
tme saries Wl dgpad an tEEemparal aggecatian thraudh the nuisance parameter
m i2¢ y asqyas, all Ovariancss betnean the presant pamanant campanant; V2T and
all ecs ofthe tempoary compaatt U P s for g= 0;1; ==, T histerm degpends antre
oaianas j (i adijJP orEl;l;2; s ad j= 1;2;:5n j1;4 Canpaing
teepressan (25) with thes.eb. tam ofttead. Trthedsacgegated e ¢, e
Olloning remarks esteblish e stuatias Ware theO L S estimatian is notimproed
writh aerage ssmpling

R emarkk 6T he has and varnane of te 0 L S estimator will inaesse wih te 8n-
poral aggregation ackr of te varigbks ifad alyit 1) j (iD= 0 (1= 0;1;2;3)
adii) tereedsssane J= 1;2;:5m jl suchtetj, (P 6E60:

R emarkk7 Thehas advanane ofte0Ll S esimatorw il notdgeend an te &
poral aggegation ackrifand oy it 11) jo (iD= 0 (1= 0;1;2; D) adjvfPD=0
(3= 1;2;mm §D) arii) ¢ yasqyas = m2¢

R emarks Gad 7 are mathematically passibke butempinclly notvery pradosblie
anynay a tsstan the sSigi. ane of these arianas an be used 1 discad these
remarks. B ecause the nuisanae parameter € | asqas IS amatnx adegperanalysis is
nacessary/.

BEanpk8 Casicer te tivariae makl
Vi = ¥t @yaet W

¢M;t = Vl;f;
¢)L3>;t = VZ;f;

weres3 = (W Vig V-0 IS a@wariance saeticnary pracsss, te simulbtenaus ecpefion
has an ke epressad as

4 ote the div erence betnemn juu Gl )=E@ e 1 )=EQUve;: Dand jwu (O)=E@ue;1 X
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#
allq: v1u+ alZ ¢ vo U

8.21¢ v1u+ a)) ¢ v u

where we assume et
- HZ ﬂ -i1l a a #
R/ WVW\9 F\jl) - 11 12
Q1 an
ardfjraeragﬁjsanpmﬁmeseﬁesofaobrm IS
#
a11mz¢vaS"uaS+6112 ¢ yasyas
a21,112(]:va$‘=uaS+ azzmzq:vaS"UaS

T hen ifweampare telL S esimatorof ; we mustampare the nuisance paraneer
allq: v1u+ alZ ¢ vo U
wth
1 1 _

allm_Zq: vasayas + ap m—2¢ VASyas,
and so te Dlbning sitatias an aaour (Brm 1:5 ¢y asayas; BIM 2:25¢  asqyas) -
) IT te o Ems satisly prgoositian 5, Emporal aggecatian improes #e 0L S
estimatian of ; ii) iIfanly am 1 satis..es prgoositian 5 (Wrhout bss of generall ),
and remark 7 hols forem 2, emporal aggegaian improes €e 0L S estimatiaon of
;i) iIfonly ae Bm safis..es prgoosiion 5, and te otter hobs remark 6 itan
aaurtatalhoudh erm 2 inaessss telas, te reduction ofte hias because te erm
2 i1s bger and empoal aggecation improwes e esimatian; iV) e ieducion of
te has bease Brm 2 is notenoudh 1 ampensate te inaesse In te hias implied
traugh Bm 1, and so Eenporal aggecatian implies a worst estimation; and V) i
te prgoosiion 5 Is notsatis..ed by any Brm ten Eemporal aggrecation etk b a
worstestimation. 1N practice te most prdebke sitatian is te .. 1IstGse wWakeer
te dmensian of e system:

BEanpk’ Fore>empla te nusane eter wen te time series isaeragad
sanpEdtoperiakbis i IVL(l)+p ivd0) 1o ivd(iD;andtyeeperiak §5ivU2) i
3|VL(1)+ 23|VL(0)+ glvdll)'*' l=2 iv iD:Sq te mostprdebke station is tat
Empaal aggecatian improess te eeMarof te 0L S estimator. A s itis Soan
in te nedeanpk tes.eh tm is te man soure ofkhias and variane in te
estimator so aerage sampling may have an importantimpactan te predsion of ke
estimator-

BEanpk 10 Casicer te hhvarake canegaed sysem ussd by many autors in
teirsimultias ad teoretical anabysis (B anerjes etal, 198G Enge and 6 rancer;
1987; ort awaly 199 4):

Yie= Vet W
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C V= V£
were 3 .= (L Vvolis ani.i.d saopene wih cmwariane matrix
A !
i .1 =2
l33(0)_ 9, 3/42 ’

s0 te bng run\ariane matrix- ss = jss(0):TheOl S esimatorof  is gven by
= ey @n

ad te Imiting distribution of (27) 1or all Empoal aggregation acer of te van-
abkes wWen e temporal aggrecptian is dotained throudh average samplingin erms of

~() _
TOOC i )isdwenby.

20 1@ )T, 1M, m+1°1
@) e Ll Sl X1, - k3 -
™0 i o, Y awo, T w0, 8)
_ ~A@)
adintemsofT( i )by
RNl bl i T ENLEE Rl B @)

3, 0, %Q, 2m %0Q,’

V\yHte = RWVqu Qz = RWVdWV, Q3: RW\E, Woadw, alet/\l)lrmt
saklr sencarizzd Wl iener pracesssss. T he distribution (28) dons te jantly e ectof
e spen and Emporal aggrecatian an e estimator; and e distributian (29) shons
te e ectofFemporal aggecatian Wen te sten ofte sampkis .>ed T hesaaondese
Is more ineresting and shons tatiora.. >ad goen of e sanple Eemporal aggrecatiaon
w il e te has andvariance of te 0L S estimator thaugh te erm:

m+1<1

am o % Q, i
In Bt tis improe in te preasion of te estimator is dolained redudng te sam
pk siz. Itis ineresting © ampare te exactmean and variane of (29).° T hese
mamerns are

TEC i)= m iliB14 3+ T 55686 ;
4

SFar this pumpce tte eact manas of te mtics Q;=Q,, Q:=03; Q:=0:);
Q3=Q251=025Q3=Q2Y;C=02¥;Q3=Q3%xadQQ3=Q, arenesded. EQ:=Q,)=10 becase the
mixed gaussiandistributionis catered atzerg EQ ; =Q 2)=10;andEQ ; Q 3=0 ,)=0:ForEQ 3=Q » X
EC=0,X EQ:=0.¥;EC=0,¥ adEQ :=0 2)se=t awabandP itarakis (1998, L enma31); ad
TrEQ =0,y seeh badirad P aruolbo (1994, T heoram 1).
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A

1
AM) + Mo o 9, -
TVa( §) = 5196+ 8990 545580m2m1+ 6783l m2m1 <
A !
v 1637+ :33ﬁ33m+1'6l891um+1ﬂ2 =
1 2m 1 2m Y
H m+ 1T
y 343+ V6 -
2m Y2

~()
leting <= 05 ad¥% = 05 .gumes 41 ad 4.2 epresats TE( i) ad
~@)

TVa( i ), respectinely. A sitis shonn in both ..gares average sampling reducess
te bhas advariane of te 0L S estimator, Where te mcstimporantimprosanent
in e estimator is praobced wenwe moe framm =1 tom =2.

5
4t

3t

~(m
Hgure 42 TVa(_( ) i)

T he aggegatian e ects ofaveraged sampingan e 0 L S estimatarimply thatin
practics Gan be better 1o estimate the aarntegating vedorwith averaged sampling
data than with disaggrecaied dalas 4 directimplication of this reaultis that the
histrical datg the sanplke with Ioger pan and tempaally agpecaied data willl
proice mare acauraie estimatian ofthe log run relatiaship then the sharter span
and hiderfrequency samplke because the span ad the tempaal aggrecation hae a
pasitive impactan the preasian ofthe 0 L S estimator of carntegrating vedtors.
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44 N pedsampling

441 vyilissystematically sampled ad y - Is averaoed samplied
T hematriX Rn sizn st 1S " 4

m i dR
IDe,m slam sl = m 3 qPVu ;

and the Iong run vaxiance of 3] %' is

mil'uu m- w
M- vu m3'w

= 3mslamsl =

T his implies thatthe Tolloning guantities aanverce in distitbutiaon

) pnz Al
T YAV m PR wwO PR
¢=1
e Wz T
TOW T v UsSiEn R WIWO P+ oyasyss;
¢=1
Am)
sotead. @ T®(C o inil1)is
oAdm) 1 S 4 T .1 HZ il

TMe L initTAN R, WWO P

A @)
ad®rT( 4 i )is

0 1
A - uz | .17 RZ q R

T@_m sl i_A !L ID\/V WVW\9 Ijvz/ IDV WdWO IjL)“}' m il¢ \V asqJss -

whare

¢ V asss

X
= jpvdO)* 2ivdiDF O i DivEM 512+ m i §l+ D)

F0
sothetamm i1¢ yasquss issmallerthen ¢
P rpasitian 11 L ety ke an n-dmesianal ime series generated by e CI(1,1) pro
s (1)-(2), ten assynpoically e 0L S estimator of te cinegating \vector  is

mare predse wen itis estimated wih mi>ed sampld (@2 1) time series Y [ sl ten
when is estimated wth emporally dsaggrecaied ime series.
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442 wyis aeraged sampked ad y ¢ Is systematically ssmplied
IDa,m L2 3m 2 iS

" #
o nFdr, .
ID3mSZ3m32— mlzquv y
and the g run variace matrix is
#
— M-w M- w .
= 3mKLazmL — )
M=-vu M- w
S e
_2T>@) oL pz O‘ﬂ
T® YIVSPmR ww B
¢=1
T . pnz O‘ﬂ
T® Y, 2aUR MR WIW O o+ oyasyes:
¢=1
Alm)
Thead & T®(C, 4, in )is
OAdm) L - nz q -j1 - BZ |

T o in AN Ry WW2 R, R WIW® Bt m it yasyss ;

A @D
ad®orT (o i)

0 1
A - uz | -1 - RZ q

T@_mSZ i_A !L ID\/V WVW\9 I?i, IDV WdWo IjL)“}' m il¢ \V asyas ;

¢VaSUaS: iVL(m i1)+ 2iVL(m i2)+ o (m il)iVL(l)+ mq:vu:

U nlike the preacsding ceee of midad sampling in this Gse the nuisane parameter
m il¢ yasyas is biggerthan ¢ ., because the presance of the BIms
Mm 5l1).

mii“(m i)+ mz—i\,L(m i)+ oot . ivdl):

P rpasitian 12 | ey, ke an n-dmesianal ime seres generated by e CI(1,1) pro
s (1)-(2), ten assynpoically e 0L S estimator of te cinegating vector  is
mare predse When is estimated wh mided sampld (@ee 2) time series Y[ < ten
wen is estimaied with emporally dsagpregaied time sexies.
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443 w-clis systematically sasmpld ad y; -« iIs mided sanplked

T he maltix P sean = is nowv eressed partitianed anformabily with yi ¢ V., ad

Y 2 3
m ¥ dR,
P s3am sz = 9 m 3 aR: g;
m 1 R
and the Ibg run varianee matnx is
2

il
mit*--w M-yt - w?
'3m333m33:9 m-vig m = viyl mZ-V1V2 g

2
" Vu me- 22 M- 12

where R = 05 Ry Rav Jand Re = [0:0; Ry} 0

" # ] " #
B @) "h i nz q
O TG AL Y e D R wwO R
¢=1 SS 23
" 4 " 4 "
R 'Bg") las ”Z Al ase | ss
T izz;és” usit p 2 ”8 i R Wiwo By it v
=1 2l V2 asyss
Am)
tentread. ofF T®)(C i ™)is
1
A )
TMe i @A it
" # " # #
nz q il
1= MmO 0 m 0 1=
m"01PVWWF3001m"
0# uz q A ##
£ ml=2 R/ WWO % jl=2 + V lasqyss -
0 1 ¢V2asU$
AM)
B y introduding the hebittal substitutias we dotain ttead. ofF T, 5 0 )
1
AM)

- —a L
TO ms3iA!

o " " 4
nz q il
m 0 m 0 0 m 0
o1 01 7 WW..P“001
m 0# Hz Al Cya #
£ ,, R Wdiw° PP+ ¢V U=
yvlasyss
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and then the Imiting distributian dgpending an the temparal aggrecation aderis

0 1 "
ACD - pz 1 .1 HZ i #

il
Te A Ry W BT R wiwo R TSy
A acaaxding with the precading resuls the aoet dants of the adntegrating veckor
assadate with te fovregesas i, ;; ae estimated mare predse at tempaal
acprecaied el and the aoet deants assodated with the stok legressars M, ;aie
estimated equally well with disagprecaied then with tempaallly agprecaied dala so
thewvwhokevectrr  mustbe estimated with teEmparal aggrecated time series.

444 wy¢is aeraged samplked ad y -« Is mided sasmplied
T f'E maDiX IDe,m st am A

2 . 3
m ¥ dR,
|33ms43ms4:9m32 QIDVlg;
m ¥ dR,
implies the olloning aavergenass in distributian
" 4 ] . 4 . )
T 1as h i nz 1q
TOOH 122;% Y,Laso y 2 s0 b 122 ng) (:)L R Ww° P ng) (:)L m =2
(=1 23
" " . " . )
) 1 pz T
T Yoen yesit gz ™0 p T g py ey Bviesue
(":1 YZ;(',il ¢ 0 1 QVZasuas

1
AM)

thataftersone ttarsfrmatias and substitutias the imitingdistributianof T @~ § A
is

0 1 " "
ACD - pz 1 ... Kz T #

i2 a as
TO™ L iAN R, wWwWwe R R wiwe PP+ M v

m il¢ V2 asyas

T hen the aoet dais oftte tovriegessas i, ;@€ estimated with mare pre
dsion at tempaal acgrecaied el and the aet das of the stodk IegessaIs V.,
, ; ae estimated mare predse atdisecpesaied bel

5 A N ate Cabstdy
T he model aasiderad in aurll atte Carbb smulatian is the bivariate cantegrated
system:

Vie = VYoot W - 1;2;5T

CyYe = Vg
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where y= b1t e < 1, eisiid (0;1); veisiid (0,1) adEC'sv) = S 0
the parameter paeis £% £ <:T hevales Tarthese paramnetars are the Hlloning

=2 %= M B0Ig; == M;07Ag;

sudhthatfourdcera D ¢ Pswillbeacosidaredt D6 P1 (5= 0,%=086),D6 P2 (5=
0,b=09);D6 P3(C=0A%=08B);adDt P4(= 04 %= 029):T heconelaiaon
< determines the gotimality (arno) when ©= (| (ar <= 1) oftheOLl S estimator-
T heautoregessive paraneter’, determines the\elaty ofthe adjustmattiotre kg
run reltiaship. T he pas oftesanpe caasidaed ae T = 15 ;100;19 g ad the
tampaal aggecatian adersm = 11;2;34;5,6,78;9;109:

T he resuls Tor the systamatic sampling Gee are shonn in ebkes 1 4, ad Tor
aerace sampling in Bbks 5 1©8.° In all the smultias we have gnerated 5000
sriessofF b gth T + 9, staringwith ') = v, = 0; and then discarding the initial 50
dosenatias.’

T he asymptolic distributias Tor the dis erant temparal aggrecatian sdames are
g\ven by nexteressias. Fardisaggrecaied (and systematically) sasmpld imeseries
thead o0l S is ) )

A ! A !

= - 1 Qs 1 1

TC i)!" A+ o2y - .

Ci) 1§% Q, 1§% 0,

and Toraeraged samplEd time series is
™) 2 2 X 3
~ (I -

T(Cas i) - A+ Al +1 + I+ mizlll/zm il 4 @ il+ D5 oi:
Zm m §o Q;

A= 1 1 = < 122& 1 o&”_

Lt " Q. Tik Q;

TheOlL S estimatrfx D6 P1 adD6 P2 ish BI | forall tempaal aggegatian
ater of the \variablks ad Tor awy e of aggecatian. So theaetially tanpaal
agprecatian will notar ect the estimator. 0 n theotherhand D6 P3 axdD6 P4
aerage samplingw il improe the estimatar; and systematic ssmplingw llnotae ect
e estimator: T he estimators are aampared in terms of the biss in mean B .mea),
R aotll een Sguare Enor Rl SE), and the aconaantratian pradosbi ity alaulated by

~@)

Prd; i K 0395 (r); tatis the freqpacy that the estimation deviates fram
the papulatiaon parameterby 0.05.

Tabks 1 ad 2 shonn the smulatiaon results Torsystematic sanpingwhen 0L S

isanh Bl | estimatr: T he estimatian is not bisead Tor all tempaal aggrecatian

S hell atte Carb results Tormixed sampling are as Ebke upan recuest

Thet A USS programming lbnguege and isR Il DIl fndtian were usad 1o ganarate the psaudo
namal innowatians.
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ader; butthe pradsion of the estimatar deaessss With teEmporal agpgrecatian When
tesgzedfsampkis samall sroningthesampkesizeeeect W hen0 L S isaninet dait
esstimator (tebks 3 and 4), the biss is hardly reducsd with temparal aggrecatian, ad
tepraasiondaaessss Tr, = 0 6, butinthe e, = 09; thepraasian of0L S is
amocstthe same.

Int&bEs5 ad 6(°= 0) the resuls Traerage ssampingad D6 P1 adD6 P2
OCLS isanh BI I estimaty), respeciinely show how the estimatar is not biased
Torany aggrecation el of the variebless, acooding with the theoretical resullls ad
how the mcst acaurate estimatian is dotained with temparal disagoecaied dala,
althaugh the disparsian of the enpincal distribution hardly deaessss, shoning the
sanpk size et A s itis dosenad in Bbke 2 when the parameter; is doser 1o
1 althaudh the bias of the estimatir is Smilar the disparsian of the distributian
inaessss withm . Il ae interesting resuls are doservad when the estimator is not
ABIN @CP3adD6 P4). The tempaal aggecatian eeects Tora .. >ed span of
e sampk are dsernved haizatally oreary soan. ITwe bk at tebks 7 ad
8, itis dosenad that Tor a .>&d goan tEemparal aggrecatian reduacss the biss ad
e digpasian of trhe estimatar: Fareamplk the bias in mean in Ebke 3 Ir e
(m=1,T =50,T ®=50) is 0.056ad goes ©0.046G Tor(m=2,T =50,T ®=25) and O
0.0415 ©or (m= 3T =50,T ®=16: T he reduction in the biss is almcst the same o
evary span, butstragly dgpoends an': (Bbke8). A sitis ssnintebEs the redudtian
inthebisstor’, = (0 9 isquteinBriatothe redudiantor’, = ( 6. A notherinteresting
amparisan an be doe vertically in the tebE. W henwe moe vartically we dosene
te eatof the goan an the estimator; Tor.>a&d m . In Bt this is what is dae
inll ate Caro analysis ighaing any temparal aggrecation ecedts. A sitisseen a
bigoer oan reducss the biss and disparsion of the estimatir; and the e ectis mare
important then the e ectofFfteanpaal aggrecatian accodingwith saome resuls inthe
Ierature ofFtemporal aggrecation and unrtrootand adntegration testing (seeShilller
adPear 1985; arl ahin adll aning, 1995). Follonnngwith the eampk (Bbke
7), an inaeeee at the same ratke of the span, moving fiam (M= 1,7 =50,T ¥=50) 1
(m=1,T =100,T P=100) and (m=1,T =150,7 ®=150) implies a higher reductian of
tebias fran( 156 100.037 ad 100.028 6 respectinely. T his er ectdass notdgpad
an the EEmparal aggrecatian ader nar the \ale of the autoregessive paraneter.
\ otice that, Tora . >ed gpan 1o dotain a redudcian of bias similar 1o the dotained
vwvenmoangfran T = § T = 15, we mustestimate the cantegating veckor
with aeragsd sanpled data ofader 7.

T wo precading Geess showvhowvitis passibe toimproe the estimatorby reduding
e sampk size (Tor a . >&d span and mare aggrecaied datle) ar by inaessing the
sampkesize (Tara.. >ed tempoaral aggrecation aderand ainaessinggpan), becausethe
tEmparal aggrecatian and the span have apaaitive er ectan the statistical praperties
ofthe 0l S estimator: Finally itis passibE 1O ampare the behaiaurofthe 0L S
stimator Tor .>&d a sampke sze wen e span ad m  are varying at the same
rale thatis the jan e ectofthe goan and aggecatian. 1N this Gese we Gan dosene
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these @ ects an the diagonal ines of the t8bks, i.e, the ine (m=1,T =50,T ®=50)-
(m=2,T =100,T ®=50)-(m=3T =150,T @=50). In this cee (tebke 7), the biss goes
fran 0.056100.0325 ad 1©0.0215, shoning the biggestimproang of the estimator;
alncstatthe theoretically raie T .

6 Cadiseias

T he dojectine OFthe pgperwnes thaalyze the0 L S estimataorofadntegrating vedtars
writh empaally aggrecaied datas 4 trfangularsystem represaiatian of the dic erait
sdhames oftempaally aggrecated time saries alllovus o denve the imirting distribu

ton ofthe Ol S estimator forall ..nite teEmpaal aggrecatian ader; ad itis shoan
how tempaal aggrecatian acedts its imiting distributian, and how Tor some types
of agogrecatian ke aerage sampling the 0 L S estimatoraith teEmparally agorecaied
data is betier (in tams ofbiss and varian®) than the estimatorwith disagorecaied
dala attrary 1 sane resuls Iin the Merature of empaal aggrecatian ad unit
roots. A I atte Cardo study Is anducted and shons the aasistacy of the theaet

ial resuls Tor the aerage ad systanatic sampling T he main implicatias of this
paper are FHist itis passibe o improe the bedhaiaurof O L S estimatar of can

tBgating vedors With aerace sampling. In et this ttarsfomatian can be gpplied
O itovariabks as well 1o stodk variables because itdoesntar ect the aarntegating
soae. Seaaod 0L S estimation with asveraged sampled time sexvies can be usad as the
besis ofsomel BI | estimatrs ke Rl -0L S ar3SL S, aras the basis ofsame rdoust
antegatian st ke the antegation testofP hilips and 0 utiaris.
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Tabk 1l: Bedaviaurof0l S estimatian of acantegrated
vectars with systematicsampling O 6 P 1)

m 1 2 3 4 5 6 7 8 9 10
[T@)] 50 25 16 12 10 8 7 6 5 5
B.mea -0.0006 -0.0007 0.0002 0.0003 0.0003 00019 -0.0022 0.0011 0.0019  0.0009
RI SE 0.0056 00066 0.0077 00087 00093 00118 00137 0.0150 0.209 0.0182

Prr 06874 066 0536 05874 0573 05314 05222 0504 04526 0463
[T @] 100 50 3 25 20 16 14 12 11 10
B.mea -0.0005 -0.0005 -0.0007 -0.0008 -0.0006 -0.0007 -0.0009 -0.0017 -0.0006 -0.0005
RI SE 0.0022 00024 00025 0002 00033 0.0041 00045 0.0051 0.052 0.0057

Prr 08188 08036 0.73& 0764 0751 07072 06865 0652 069 0.624
[T@] 150 75 50 37 0 25 21 18 16 15
B.mea 00002 00004 0.0002 0.0004 -0.0002 0.0006 00002 0.002 0.003 0.0005
RW SE 0.0010 00012 0.0012 00015 00015 0.0018 0.0020 0.0024 0.0026 0.0028

Prr 08)@ 088& 08784 0856 0846 08288 08112 0.7846 07702 0.76

Tabk 2: Bedaviaurof0l S estimatian of acntegrated

vectars with systematicsampling O 6 P 2)
m 1 2 3 4 5 6 7 8 9 10
[T @] 50 25 16 12 10 8 7 6 5 5
B.mea -0002 -0.0026 -0.0026 -0.0027 -0.0036 -0.0022 -0.0024 -0.0027 -0.0034 -0.0047
RI'SE 00550 00558 00598 0.0€7 0083 0062 00706 00750 0.0938 0.0852
Pr. 02378 0232 02294 02342 0238 02178 02286 02174 02148 02176
[T @] 100 50 3 25 20 16 14 12 11 10
B.mea -00017 -0.0017 -0.0016 -0.0016 -0.0008 -0.0016 -0.0021 -0.0016 -0.0026 -0.0011
RI SE 00226 00227 00233 0.0234 00238 00256 00256 00272 0.0273 0.0284
Pr. 0364 0366 0.F76 0.F6 03634 03524 0312 0.FH12 0346 0.357
[T @] 150 75 50 37 0 25 21 18 16 15
B.mea 00018 00017 0002 0.0018 0.002 00022 00022 00021 0002 0.0026
RI'SE 00123 00123 00125 00128 00127 00130 00137 00145 00147 0.0141
Pr. 044 04368 0437 0434 0437 0448 043 0436 043 0436




Tabke 3 Bdaviaurof0l S estimatian of acantegrated
vectars with systematicsampling Q6 P 3J)

1 2 3 4 5 6 7 8

9

10

m
[r ]

50 25 16 12 10 8 7 6

5

5

B .mea
RN SE

0055 00546 0.053% 00537 00524 0042 0044 00483
0.0558 00554 0.0546 0054 0053 0.0511 00515 0.0511
0564 05582 0.5524 05244 05218 048 04322 04706

0.0502
0.0548
04326

00456
0047
044 4

]

100 50 3 25 20 16 14 12

11

10

B .mea
RN SE
Pr

0034 00379 0034 00374 0034 00375 0.036 0.03G
0036 00381 0.03x6 00377 003x%7 003719 003a& 00372
0.7188 07156 0709 0688 063H#A 066 0.616 0.694

0031
0.03%7
0.6318

00323
0030
0816

]

150 75 50 37 0 25 21 18

16

15

B .mea
RN SE
Pr

0.0289 00287 0.0284 00284 0.0284 0.0275 0.0282 0.0275
0.0290 00288 0.0285 00285 0.0285 00276 00283 0.0277
0817 08114 08054 08024 0.791 0.781 0.768 0.7442

0.0273
0.0275
0.741

0.0259
0.028
0.734

Tabk 4 Bdaviaurof0l S estimatian of acantegrated
vectars With systeamaticsampling O ¢ P 4)

1 2 3 4 5 6 7 8

9

10

@]

50 25 16 12 10 8 7 6

5

5

B .mea
RN SE
Pr

0.1724 01707 0173 0162 0166 0161 0166 0.1
0.1892 01876 0.1913 01875 0.1834 0.1873 0.18& 0.1855
0168 016 0162 0175 01728 0162 0.1756 0.1754

01a8
0.1922
0166

0.153
0176
0.17

[T ]

100 50 3 25 20 16 14 12

11

10

B .mea
RN SE

0.1274 0126 0.1272 01254 0.1253 012& 0.1242 0.1247
0.123 01316 01322 0.1304 01303 0.1319 01295 0.1304
0238 0243 02406 02522 0248 0246 02436 02406

0.1233
01290
0256

0122
01277
02592

[T ]

150 75 50 37 0 25 21 18

16

15

B .mea
RN SE
Pr

0.1051 01048 0.1041 01046 0.102 01026 0.10x 0.103
0.1076 01073 0.108 0.1072 0.1057 01051 o0.10& 0.108

0.10=x2
0106

0.1018
0.1045

03124 03126 0313 0316 037 03133 03184 03136 03146 0.32




TabE5: Bedaviauwrof0l S estimatian of acntegrated
vectors with averaged sampling (O 6 P 1)

m 1 2 3 4 5 6 7 8 9 10
[T@)] 50 25 16 12 10 8 7 6 5 5
Bmea 0002 0002 0002 00018 00019 00018 00019 00021 0.0024 0.002
RI SE 0.00& 00068 00076 00077 00074 00084 00082 0.0089 0.01087 0.0091
Prr 0872 0628 0696 0.8 0856 0.604 067 0596 05842 0.6&
[T @] 100 50 3 25 20 16 14 12 11 10
B.mea 00011 00011 00011 00011 00012 0001 0001 00011 0.0012 0.0013
RN SE 0.0022 0.0022 0.023 00023 0.0023 00024 00024 00025 0.025 0.0026
Prr 081& 08124 08102 08098 08106 0.7994 0804 0.792 08016 080&
[T @] 150 75 50 37 0 25 21 18 16 15
B.mea 0.0001 0.0001 0.001 0.0001 0.0001 0 0 0 0 0.0001
RN SE 0.0009 00010 0.010 00010 00010 0.001 00011 00011 0.0011 0.011
Pr. 0905 09034 0901 08982 09 08992 0892 08882 08908 08952
Tabk 6 Bedaviaurof0L S estimatian of acantegrated
vectors with averaged sampling (D 6 P 2)
m 1 2 3 4 5 6 7 8 9 10
[T®)] 50 25 16 12 10 8 7 6 5 5
B.mea 0.0044 00045 0.0052 00053 00042 0006 00051 000& 00051 0.0055
RI SE 00584 00€1 0063 00714 00704 00772 00780 00848 0.1003 0.0850
Pr. 02302 0229 02222 02218 02246 02186 02196 02142 0208 021
[T @] 100 50 3 25 20 16 14 12 11 10
B.mea 0.0014 00014 00014 00012 00013 00017 00014 00015 0.0013 0.0012
RI'SE 0023 00247 00257 00266 00265 00287 00285 00298 00291 00296
Pr. 0.3518 0.3504 03442 0342 038 033G 0336 03B 0345 0.343
[T @] 150 75 50 37 0 25 21 18 16 15
B.mea 0.0005 0.0005 0.005 0.0005 0.005 0.0006 00006 0.0005 0.0005 0.0006
RI'SE 00125 00129 00131 00136 0013% 00137 00145 00153 00155 0.0145
Pr. 0468 046 0454 04536 04565 04546 04514 0443 0443 0453




Tabk 7: Beaviaurof0l S estimatian of acantegrated
vectors with averaged sampling (0 6 P 3J)

m 1 2 3 4 5 6 7 8 9 10
[T®)] 50 25 16 12 10 8 7 6 5 5
Bmea 0056 0046 00415 0036 00331 00306 00283 00268 00252 0.0233
RI SE 0056 00474 00422 00376 00337 00313 00200 00271 0026 0.0241
Pr. 0556 0582 0548 0636 0.83 0.808 0674 0826 0.66 0.604
[T @] 100 50 3 25 20 16 14 12 11 10
Bmea 0037 0035 002 0025 0023 00225 00211 00198 00187 0.0176
RI'SE 0039 0027 00291 0026 00240 00226 00212 00200 00188 0.0177
Pr. 071& 0.755 0.7742 07884 08 07934 0807 08054 08194 08202
[T @] 150 75 50 37 0 25 21 18 16 15
Bmea 00286 00242 00215 00197 0018 0016 00158 00151 00142 0.0135
RI' SE 00287 00243 00215 00197 00180 0016 00158 00151 00142 00135
Pr. 08154 08452 0866 08804 08946 09002 03026 04 09058 04174
TabE§: BedaviaurofOl S estimatian of acantegrated
vectors with averaged sampling (D 6 P 4)
m 1 2 3 4 5 6 7 8 9 10
[T®)] 50 25 16 12 10 8 7 6 5 5
Bmea 0166 01574 0.1546 01502 01452 01424 01385 01348 01353 0.1281
RI'SE 01787 01726 0.1707 0163 0160 0156 01555 0.1534 01572 0.146
Pr. 0.808 0.1818 0.182 0.185 01904 0.9 01904 01908 0.1844 0.1872
[T @] 100 50 3 25 20 16 14 12 11 10
Bmea 01205 0124 01221 01185 041157 0.1155 01117 0.1104 0106 0.104
RI'SE 01348 01300 01270 01233 01204 01205 0.J1& 01153 01111 01086
Pr. 0234 024 02456 02514 02552 02506 02506 02578 0288 0272
[T @] 150 75 50 37 0 25 21 18 16 15
B.mea 0.0987 00951 00924 00908 00870 0085 0084 0.084 00822 0.0789
RI'SE 01008 00971 0.0943 00927 00897 00876 0086 0086 00840 0.0805
Pr. 0.244 0338 0382 03426 034 03556 0.B6E 0394 0364 03716




