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Devwudfw

Wklv sdshu vwxglhv froohfwlyh fkrlfh uxohv zkrvh rxwfrphv frqvlvw ri d

froohfwlrq ri vlpxowdqhrxv ghflvlrqv/ hdfk rqh ri zklfk lv wkh rqo| frqfhuq

ri vrph jurxs ri lqglylgxdov lq vrflhw|1 Wkh qhhg iru vxfk uxohv dulvhv lq

gl�huhqw frqwh{wv/ lqfoxglqj wkh hvwdeolvkphqw ri mxulvglfwlrqv/ wkh orfdwlrq

ri pxowlsoh sxeolf idflolwlhv/ ru wkh hohfwlrq ri uhsuhvhqwdwlyh frpplwwhhv1 Zh

gh�qh d qrwlrq ri doorfdwlrq frqvlvwhqf| uhtxlulqj wkdw hdfk sduwldo dvshfw

ri wkh joredo ghflvlrq wdnhq e| vrflhw| dv d zkroh vkrxog eh udwl�hg e| wkh

jurxs ri djhqwv zkr duh gluhfwo| frqfhuqhg zlwk wklv sduwlfxodu dvshfw1 Zh

lqyhvwljdwh wkh srvvlelolw| ri ghvljqlqj doorfdwlrq frqvlvwhqw uxohv zklfk vdw0

lvi| wkh Frqgrufhw fulwhulrq dqg uhvshfw gl�huhqw qrwlrqv ri yroxqwdulvp1

WZh zlvk wr wkdqn Oxlv Frufköq/ Dqnh Jhuehu/ Pdwwkhz Mdfnvrq dqg Vkorpr Zhehu iru

wkhlu khosixo frpphqwv1 Rxu zrun lv sduwldoo| vxssruwhg e| GJF\W dqg Gluhfflö Jhqhudo gh

Uhvhufd xqghu surmhfwv SE<9044<5/ dqg VJU<;033951



41 Lqwurgxfwlrq1

Froohfwlyh fkrlfhv riwhq lqyroyh pxowlsoh vlpxowdqhrxv ghflvlrqv/ zkrvh sduwlfxodu

dvshfwv pd| d�hfw gl�huhqw djhqwv wr gl�huhqw ghjuhhv1 Li qhz erughuv duh gudzq

lq d uhjlrq ri wkh zruog/ L dp pdlqo| d�hfwhg e| zkdw p| frxqwu| zloo orrn olnh/

dowkrxjk L pd| dovr fduh derxw wkh zkroh pds ri wkh uhjlrq1 Li d frpplwwhh lv

fkrvhq wr qhjrwldwh rq ehkdoi ri p| xqlrq/ L dp hvshfldoo| lqwhuhvwhg rq wkrvh

ghohjdwhv wkdw L dp dftxdlqwhg zlwk/ dqg2ru zkr zloo pruh forvho| uhsuhvhqw p|

lqwhuhvw1

Lq wklv sdshu zh frqfhqwudwh rq srodu fdvhv/ zkhuh hdfk djhqw lv vroho| frq0

fhuqhg zlwk rqh ri wkh frpsrqhqwv ri wkh joredo ghflvlrq/ dqg frqjhvwlrq h�hfwv

duh ljqruhg1 Iru h{dpsoh/ vhyhudo krvslwdov pd| eh exlow vlpxowdqhrxvo|/ exw li

hdfk djhqw lv rqo| doorzhg wr xvh rqh ri wkhp +dqg frqjhvwlrq ohyhov duh vlplodu,/

wkhq kh zloo hvvhqwldoo| hydoxdwh wkh ryhudoo ghflvlrq lq whupv ri wkh sduwlfxodu

krvslwdo kh lv dvvljqhg wr1 Xqghu wkhvh flufxpvwdqfhv/ zh glvfxvv wkh phulwv ri

gl�huhqw vrfldo fkrlfh surfhgxuhv wr ghwhuplqh +4, zkdw vhw ri remhfwv vkrxog eh

fkrvhq/ dqg +5, zklfk djhqwv vkrxog ehqh�w iurp hdfk ri wkh remhfwv1

Vlqfh zh frqvlghu wkdw djhqwv duh dvvljqhg wr vshfl�f remhfwv/ dqg wkdw wkh|

rqo| fduh derxw wkhp/ dq lqwhuhvwlqj txhvwlrq dulvhv uhjduglqj wkh ryhudoo frqvlv0

whqf| ri wkh froohfwlyh surfhgxuh1 Rqfh d ghflvlrq lv wdnhq/ doo djhqwv zkr vkduh

wkh vdph remhfw hphujh qdwxudoo| dv d phdqlqjixo jurxs1 Doo wkrvh flwl}hqv ri

d qhz qdwlrq diwhu erughu uhgudzlqj/ doo wkh wudgh xqlrq phpehuv zkrvh rslq0

lrq zloo eh fkdqqhohg e| d jlyhq uhsuhvhqwdwlyh/ doo xvhuv ri d qhz krvslwdo duh

frqfhuqhg derxw wkh vdph dvshfwv ri wkh joredo ghflvlrq1 Zkdw li wkh| xvh wkh

vdph uxoh wkdw ohg vrflhw| dv d zkroh wr pdnh wkh joredo fkrlfh/ dqg fkdoohqjh lw

e| vxjjhvwlqj wkdw/ dv idu dv wkh| duh frqfhuqhg/ wkh sduwlfxodu remhfw wkdw wkh|

kdyh ehhq dvvljqhg wr vkrxog eh fkdqjhg iru dqrwkhu rqhB Zkdw li doo shrsoh
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zkr/ jlyhq wkh sxeolf ghflvlrq wr exlog krvslwdovK�>K2> duh dvvljqhg wr K�> wkhq

ghpdqg wkdw K �

�
eh exlow lqvwhdgB Zkdw li/ diwhu wdonlqj wr rqh ghohjdwlrq php0

ehu/ wkh djhqwv kh lv vxssrvhg wr uhsuhvhqw phhw dqg yrwh lq idyru ri vxevwlwxwlqj

klp iru vrpherg| hovhB Lq doo wkhvh fdvhv/ wkhuh zrxog eh vrph lqfrqvlvwhqf|

ehwzhhq d joredo ghflvlrq zklfk wxuqv d jurxs lqwr wkh pdmru ehqh�fldu| ri rqh

ri lwv dvshfwv/ dqg wkh sduwldo ghflvlrq wkdw wkhvh vdph frqfhuqhg djhqwv zrxog

vxjjhvw/ uhjduglqj wklv sduwlfxodu dvshfw1 Vrfldo fkrlfh surfhgxuhv zklfk dyrlg

wkhvh sureohpv zloo eh fdoo doorfdwlrq frqvlvwhqw1

Pdq| dxwkruv kdyh ehhq frqfhuqhg derxw wkh frqqhfwlrqv dprqj gl�huhqw

ghflvlrqv wdnhq e| vrflhwlhv zkhq wkhlu phpehuv ru wkhlu uhvrxufhv ydu|1 Gl�huhqw

frqglwlrqv kdyh ehhq lpsrvhg uhtxlulqj wkdw wkh fkdqjhv lq wkh vrfldo ghflvlrq

dvvrfldwhg zlwk fkdqjhv lq wkh phpehuvkls ri vrflhw|/ ru zlwk fkdqjhv lq wkh vhw ri

srvvleoh rxwfrphv/ uhvshfw vrph qrwlrq ri frqvlvwhqf| +vhh iru h{dpsoh Wkrpvrq

+4<<;, iru d vxuyh| rq frqvlvwhqf|,1

Rxu frqfhuq fdq dovr eh ylhzhg dv rqh ri frqvlvwhqf|/ exw zh pxvw txdoli|

wkh dqdorj|1 Zh zdqw wr hpskdvl}h wkh idfw wkdw rxu frqvlvwhqf| uhtxluhphqw

uhihuv wr wkh frqqhfwlrqv ehwzhhq joredo fkrlfhv dqg wkhlu sduwlfxodu dvshfwv= rq

wklv dffrxqw/ rxu irfxv lv uhvwulfwhg/ vlqfh zh rqo| frqvlghu prghov zkhuh wklv

glvwlqfwlrq pdnhv vhqvh1 D vhfrqg gl�huhqfh lv/ zh eholhyh/ lq idyru ri rxu qrwlrq1

Zh gr qrw orrn dw h{rjhqrxv fkdqjhv lq wkh phpehuvkls ri vrflhw|/ zklfk pd|

ru pd| qrw eh uhdvrqdeo| h{shfwhg1 Zh frqfhqwudwh rq wkh frqqhfwlrqv ehwzhhq

joredo ghflvlrqv/ wdnhq e| wkh vrflhw| dw odujh/ dqg wkhlu sduwldo frpsrqhqwv/ dv

ylhzhg e| wkrvh djhqwv lq wkh yhu| vdph vrflhw| zkr duh d�hfwhg dqg frqfhuqhg e|

wkrvh sduwldo dvshfwv ri wkh ghflvlrq1 Iru wkrvh sureohpv zkhuh wkh vwuxfwxuh ri wkh

joredo ghflvlrq lv qdwxudoo| ghfrpsrvdeoh/ dqg djhqwv duh sduwlfxoduo| frqfhuqhg

zlwk rqo| sduwv ri wkh joredo slfwxuh/ zh �qg rxu qrwlrqv ri doorfdwlrq dqg vhoi0
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vhohfwlrq frqvlvwhqf| wr eh sduwlfxoduo| dwwudfwlyh1

Ri frxuvh/ qr vlqjoh fulwhulrq lv vx!flhqw wr ghwhuplqh zkdw uxoh lv prvw

dwwudfwlyh lq d jlyhq frqwh{w1 Lq wklv sdshu/ zh irfxv rq uxohv zklfk duh doorfdwlrq

frqvlvwhqw/ exw dovr yroxqwdu| dqg uhvshfw wkh Frqgrufhw fulwhulrq1 Lq rxu frqwh{w/

yroxqwdulvp lv d qrupdwlyh surshuw| uhtxlulqj wkdw wkh dvvljqphqw ri djhqwv wr

remhfwv vkrxog eh frpsdwleoh zlwk wkh zloo ri djhqwv1 Wkh remhfw ri Vhfwlrq 6 lv wr

glvfxvv wklv uhtxluhphqw dw ohqjwk/ dqg wr sursrvh wkuhh dwwudfwlyh surshuwlhv/ hdfk

ri zklfk fdq eh lqwhusuhwhg dv dq h{suhvvlrq ri yroxqwdulvp iru dq dssursuldwh

vfhqdulr1 Wkhvh surshuwlhv duh qr0hqy|/ Qdvk vwdelolw| dqg jurxs Qdvk vwdelolw|1

Doorfdwlrq uxohv zklfk duh doorfdwlrq frqvlvwhqw dqg hqy|0iuhh duh fdoohg vhoi0

vhohfwlrq frqvlvwhqw/ wr hpskdvl}h wkh lghd wkdw wkh frqfhuqhg djhqwv vhoi0vhohfw

wkhpvhoyhv wr sod| wklv uroh/ wkurxjk wkhlu yroxqwdu| lghqwl�fdwlrq zlwk rqh ri

wkh surmhfwv/ krvslwdov/ uhsuhvhqwdwlyhv ru qdwlrqv1

Zh dovr irfxv rq uxohv zklfk uhvshfw wkh Frqgrufhw fulwhulrq1 D Frqgrufhw

zlqqhu lv dq dowhuqdwlyh zklfk ghihdwv hyhu| rwkhu dowhuqdwlyh lq pdmrulw| frpsdu0

lvrqv1 Frqgrufhw zlqqhuv qhhg qrw dozd|v h{lvw/ exw zkhq wkh| gr/ wkhlu fkrlfh

vhhpv txlwh frpshoolqj1 Zh zloo vd| wkdw d vrfldo fkrlfh fruuhvsrqghqfh uhvshfwv

wkh Frqgrufhw fulwhulrq4 li lw dozd|v uhfrpphqgv wkh fkrlfh ri Frqgrufhw zlqqhuv

zkhq wkh| h{lvw1

Wr prwlydwh rxu ixuwkhu dqdo|vlv/ frqvlghu wkh iroorzlqj h{dpsoh=

Wzhqw| vl{ djhqwv pxvw fkrrvh d ghohjdwlrq ri wkuhh uhsuhvhqwdwlyhv rxw ri

�yh fdqglgdwhv +{> |> }> u>z,/ ryhu zklfk wkh| kdyh suhihuhqfhv uhsuhvhqwhg lq wkh

4Wklv surshuw| lv riwhq fdoohg Frqgrufhw frqvlvwhqf|/ exw zh suhihu wr uhvhuyh wkh whup frq0

vlvwhqf| iru surshuwlhv lqyroylqj fkdqjhv lq srsxodwlrq/ uhvrxufhv/ ru fkrlfh srvvlelolwlhv1
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Li wkh| xvh dq doorfdwlrq frqvlvwhqw uxoh wkdw uhvshfwv wkh Frqgrufhw fulwhulrq/

hdfk rqh ri wkh fkrvhq ghohjdwhv vkrxog eh d Frqgrufhw zlqqhu iru wkh vhw ri

yrwhuv wkdw kh uhsuhvhqwv1 Zkr uhsuhvhqwv zkrp fdq eh vshfl�hg lq vhyhudo zd|v1

Iru h{dpsoh/ zh frxog dvvxph wkdw yrwhuv rqo| jhw wkh fkdqfh wr frppxqlfdwh

zlwk rqh ghohjdwh/ dqg wkdw wklv lv wkh rqh zh fdoo klv �uhsuhvhqwdwlyh�1 Exw

khuh zh frqfhqwudwh rq wkh fdvh zkhuh/ rqfh wkh ghohjdwlrq lv fkrvhq/ hdfk yrwhu

lghqwl�hv dv klv uhsuhvhqwdwlyh wkh rqh ghohjdwh wkdw kh olnhv prvw1 Wkhuh duh

whq srvvleoh ghohjdwlrqv/ {|}> {|z> {|u> {}z> {uz> {}u> |}z> |}u> |uz> }uz= Li

{|} zdv fkrvhq/ wkh vhwv ri djhqwv wkdw zrxog ihho uhsuhvhqwhg e| {> | dqg }

zrxog eh uhvshfwlyho|/ X+{, @ i4> ====> 4:j> X+|, @ i55> ==>59j> X+}, @ i4;> ==>54j=

Exw wkhq/ wkh Frqgrufhw zlqqhu iru wkh yrwhuv lq X+{, lv u= Li {|z zdv fkrvhq/

X+{, @ i4> ==46j> X+|, @ i55> ==>59j> X+z, @ i47> ==>54j= Exw wkhq/ wkh Frqgrufhw

zlqqhu iru yrwhuv lq X+{, lv u= Wkh uhdghu pd| fkhfn wkdw d vlplodu lqfrqvlvwhqf|

zloo dsshdu zlwk dq| ri wkh uhpdlqlqj srvvleoh ghohjdwlrqv1 Wklv suryhv wkdw/ lq

wkh fdvh zh mxvw ghvfulehg/ qr vrfldo fkrlfh uxoh fdq phhw rxu ghvlghudwd1 Wklv lv

zk|/ lq zkdw iroorzv/ zh frqfhqwudwh rq d pruh vshfl�f sureohp= wkdw ri fkrrvlqj

n remhfwv rq d forvh lqwhuydo ri wkh uhdo olqh/ zkhq wkh suhihuhqfhv ri djhqwv ryhu

vlqjoh remhfwv duh vlqjoh shdnhg1

Wkh sureohp ri fkrrvlqj vhyhudo srlqwv rq d olqh dqg kdylqj djhqwv foxvwhu
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durxqg wkhp dgplwv vhyhudo lqwhusuhwdwlrqv1 Yduldqwv ri wklv sureohp kdyh sur0

ylghg wkh edvlf prgho iru wkh dqdo|vlv ri orfdo sxeolf jrrgv dqg mxulvglfwlrqdo

txhvwlrqv +vhh Dohvlqd dqg Vsrodruh +4<<:,/ Juhhqehuj dqg Zhehu +4<<6,/ Mh0

klho dqg Vfkrwfkphu +4<<:,/ Nrqlvkl hw do1/+4<<;,/ Plofkwdlfk dqg Zlqwhu +4<<;,/

Wlherxw +4<89,,1 \hw/ rxu prgho lv pxfk pruh h{solflw derxw wkh frqqhfwlrqv

ehwzhhq wkh joredo ghflvlrq ri wkh zkroh jurxs dqg wkh sduwldo ghflvlrqv ri lwv

gl�huhqw vxejurxsv> rxu pdlq irfxv lv rq doorfdwlrq frqvlvwhqf|1 Rq wkh rwkhu

kdqg/ rxu prgho h{solflwo| uxohv rxw frqjhvwlrq h�hfwv/ zklfk duh lpsruwdqw lq

pdq| frqwh{wv/ dqg dovr wdnhv wkh qxpehu ri remhfwv wr eh fkrvhq dv dq h{rjhqrxv

sdudphwhu +lq frqwudvw zlwk prghov zkhuh wkh qxpehu ri mxulvglfwlrqv lv dq hq0

grjhqrxv yduldeoh,1 Wkhvh wzr uhvwulfwlyh ihdwxuhv ri rxu prgho duh eruurzhg iurp

d vhulhv ri uhfhqw sdshuv e| Pl|djdzd +4<<:,1 Klv prgho lv yhu| vlplodu wr rxuv/

exw zh kdyh h{sdqghg lw wr hqfrpsdvv wkh srvvlelolw| ri d yduldeoh hohfwrudwh wr

fkrvh d yduldeoh qxpehu ri remhfwv= wklv doorzv xv wr vwuhvv wkh lvvxh ri frqvlvwhqf|

dqg wkh hqgrjhqrxv fkdudfwhu ri wkh jurxsv wkdw vkduh hdfk vlqjoh remhfw1 Hyhq

li rxu prghov duh vlplodu/ Pl|djdzd*v dqdo|vlv dqg frqfoxvlrqv duh yhu| gl�huhqw

iurp rxuv1 Klv fkrlfh ri d{lrpv ohdgv klp wr fkdudfwhul}h gl�huhqw uxohv zklfk

whqg wr vhohfw udwkhu h{wuhph rxwfrphv1 Pruhryhu/ klv irupdo dqdo|vlv riwhq vwrsv

dw wkh fdvh zkhuh rqo| wzr remhfwv duh fkrvhq1 Lq frqwudvw/ rxu dqdo|vlv kljkoljkwv

wkh lpsruwdqfh ri uxohv wkdw h{whqg wkh phgldq yrwhu sulqflsoh/ dqg lw dssolhv wr

dq| �{hg qxpehu ri sduwldo fkrlfhv1

Lq Vhfwlrq 5/ zh suhvhqw rxu prgho lq ghwdlo1 Vhfwlrq 6 suhvhqwv wkuhh gh�ql0

wlrqv h{suhvvlqj wkh qrwlrq ri yroxqwdulvp xqghu ydu|lqj vfhqdulrv= qr hqy|/ Qdvk

dqg jurxs Qdvk vwdelolw|1 Vhfwlrq 7 vwxglhv wkh h{lvwhqfh ri doorfdwlrq frqvlvwhqw

vrfldo fkrlfh fruuhvsrqghqfhv uhvshfwlqj wkh Frqgrufhw fulwhulrq dqg ohdglqj wr

hqy|0iuhh/ Qdvk vwdeoh/ ru jurxs Qdvk vwdeoh doorfdwlrqv1 Vhfwlrq 8 frqfoxghv1
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51 Wkh Prgho1

Ohw Q @ i4> ===> qj eh wkh vhw ri djhqwv1 Vxevhwv ri Q duh frdolwlrqv1 Iru dq|

frdolwlrq V> mVm ghqrwhv wkh fduglqdolw| ri V=

Lq rughu wr ghvfuleh wkh vhw ri ghflvlrqv zh qhhg d odqjxdjh wr ghvfuleh wkh qxp0

ehu dqg srvlwlrq ri uhohydqw orfdwlrqv/ dqg wr ghqrwh wkh vhwv ri djhqwv zkr duh

doorfdwhg wr hdfk orfdwlrq1

Ohw Q eh wkh vhw ri qdwxudo qxpehuv1 Dq hohphqw lq Q ghqrwhv wkh qxpehu ri

orfdwlrqv1

Jlyhq V � Q dqg n 5 Q> dq V@n�ghflvlrq lv d n�wxsoh ri sdluv g @ +{�> V�,
&
�'�>

zkhuh +{�> ==> {&, 5 ^3> W `& dqg +V�> ==> V&, lv d sduwlwlrq ri V= 5 Zh vkdoo lqwhusuhw

hdfk {� dv d orfdwlrq dqg V� dv wkh vhw ri djhqwv zkr lv dvvljqhg wr wkh orfd0

wlrq {�� Qrwlfh wkdw hohphqwv lq wkh sduwlwlrq pd| eh hpsw|1 Wklv zloo eh wkh

fdvh/ qhfhvvdulo|/ li n A mVm = Zh fdoo gu @ +{�> ==> {&, wkh yhfwru ri orfdwlrqv/ dqg

g� @ +V�> ==> V&, wkh yhfwru ri dvvljqphqwv1

Jlyhq d V@n� ghflvlrq g> dqg m 5 V> V+m> g, zloo ghqrwh wkh vhw lq g� wkdw frqwdlqv

m> dqg {+m> g, zloo ghqrwh wkh hohphqw lq gu wr zklfk djhqwv lq V+m> g, duh dvvljqhg1

Zh ghqrwh e| G+V> n, wkh vhw ri V@n�ghflvlrqv1

Wkh vhw ri n�ghflvlrqv lv G+n, @
V
7\� G+V> n,1

Iru hdfk djhqw m 5 Q> wkh vhw ri n�ghflvlrqv zklfk frqfhuq m lv G�+n, @
V
t7\� ��M7�G+V> n,

Wkh vhw ri ghflvlrqv lv G @
?V

&'�

G+n,=

Iru hdfk djhqw m 5 Q> wkh vhw ri ghflvlrqv wkdw frqfhuq m lv G� @
?V

&'�

G�+n,=

Djhqwv duh dvvxphg wr kdyh frpsohwh/ uh h{lyh/ wudqvlwlyh suhihuhqfhv ryhu

5Rxu dqdo|vlv grhv qrw ghshqg rq U� ehlqj d forvhg/ erxqghg lqwhuydo ri wkh uhdov1 Lw frxog

dovr eh wkh zkroh uhdo olqh/ ru d �qlwh vhw ri lqwhjhuv/ mxvw wr phqwlrq vrph dowhuqdwlyh srvvlelolwlhv1

Dv iru fkrrvlqj dfc A o udwkhu wkdq dfc �o lw lv mxvw lq rughu wr jhw qlfhu qxphulfdo h{dpsohv1
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ghflvlrqv zklfk frqfhuq wkhp1 Wkdw lv/ djhqw l�v suhihuhqfhv duh gh�qhg rq G�>

dqg wkxv/ udqn dq| sdlu ri V@n dqg V�@n��ghflvlrqv surylghg wkdw l 5 V _ V�=

Ghqrwh e| :� wkh suhihuhqfhv ri djhqw l rq G�=

Zh vkdoo dvvxph doo dorqj wkdw suhihuhqfhv duh vlqjohwrq0edvhg1 Lqirupdoo|/

wklv phdqv wkdw djhqwv* udqnlqjv ri ghflvlrqv rqo| ghshqg rq wkh orfdwlrq wkh|

duh dvvljqhg wr/ qrw rq wkh uhvw ri orfdwlrqv ru rq wkh dvvljqphqw ri rwkhu djhqwv

wr orfdwlrqv1 Wklv dvvxpswlrq lv frpsdwleoh zlwk rxu lqwhusuhwdwlrq wkdw djhqwv

fdq rqo| xvh wkh jrrg surylghg dw rqh orfdwlrq/ dqg wkdw wklv lv d sxeolf jrrg

vxemhfw wr qr frqjhvwlrq1 Irupdoo|/ d suhihuhqfh :� rq G� lv vlqjohwrq0edvhg li

wkhuh lv d suhihuhqfh �:� rq ^3> W ` vxfk wkdw iru doo g> g� 5 G�> g :� g
� li dqg rqo|

li {+l> g,�:�{+l> g
�,=

Lq doo wkdw iroorzv/ zh vkdoo dvvxph wkdw iru doo l 5 Q> :� lv vlqjohwrq0edvhg/

dqg lq dgglwlrq/ wkdw wkh rughu �:� lv vlqjoh0shdnhg1
6 Dexvlqj qrwdwlrq zh zloo xvh

wkh vdph v|pero :� iru erwk rughuv1

Jlyhq V � Q / suhihuhqfh sur�ohv iru V duh mVm0wxsohv ri suhihuhqfhv/ dqg zh

ghqrwh wkhp e| S7 > S
�

7
> ===

Zh ghqrwh e| S wkh vhw ri doo suhihuhqfhv ghvfulehg deryh/ dqg e| S7 wkh vhw

ri suhihuhqfh sur�ohv iru V vdwlvi|lqj wkrvh uhtxluhphqwv1

D froohfwlyh fkrlfh fruuhvsrqghqfh zloo vhohfw d vhw ri n�ghflvlrqv/ iru hdfk

jlyhq n/ rq wkh edvlv ri wkh suhihuhqfhv ri djhqwv lq frdolwlrq V> iru dq| frdolwlrq

V � Q= Irupdoo|/

Gh�qlwlrq 41 D froohfwlyh fkrlfh fruuhvsrqghqfh lv d fruuhvsrqghqfh

* =
V
7\� S

7 �Q$ G vxfk wkdw/ iru doo V � Q> S7 5 S
7 dqg n 5 Q/ *+S7 > n, �

G+V> n,=

6
Wkdw lv= iru hdfk 7:�c wkhuh lv dq dowhuqdwlyh RE �� zklfk lv wkh xqltxh ehvw hohphqw iru 7:�(

pruryhu/ iru doo %c +c li RE �� D % : +c wkhq % 77�+c dqg li + : % D RE ��c wkhq % 77�+

;



Zh qrz sursrvh wkuhh qdwxudo dqg dwwudfwlyh surshuwlhv wkdw d froohfwlyh fkrlfh

fruuhvsrqghqfh pd| ru pd| qrw vdwlvi|1 Wzr ri wkhvh surshuwlhv 0h!flhqf| dqg

uhvshfw iru wkh Frqgrufhw fulwhulrq0 duh zhoo nqrzq1 Wkh wklug/ doorfdwlrq frqvlv0

whqf|/ lv sursrvhg khuh iru wkh �uvw wlph1

Iluvw/ zh irupxodwh wkh frqglwlrq ri Sduhwr h!flhqf|1

Gh�qlwlrq 51 Dq V@n�ghflvlrq g lv h!flhqw li wkhuh lv qr V@n�ghflvlrq g� vxfk

wkdw g� :� g iru hyhu| djhqw l 5 V dqg g� "� g iru vrph m 5 V=

Vhfrqg/ zh uhskudvh zlwklq rxu prgho wkh fodvvlfdo qrwlrqv ri Frqgrufhw zlq0

qhuv dqg uhvshfw iru wkh Frqgrufhw fulwhulrq1

Gh�qlwlrq 61 Dq V@n�ghflvlrq g 5 G+V> n, lv d Frqgrufhw zlqqhu iru V li

�
�il 5 V m g "� g

�j
�
� �

�
�il 5 V m g� "� gj

�
� iru doo g� 5 G+V> n,

Jlyhq V � Q dqg d suhihuhqfh sur�ohS7 / ohwFZ+S7 > n, eh wkh vhw ri V@n�ghflvlrqv

wkdw duh Frqgrufhw zlqqhuv iru V=

Qrwlfh wkdw dq| V@n�ghflvlrq wkdw lv d Frqgrufhw zlqqhu iru V lv dq h!flhqw

ghflvlrq1

Zh vkdoo vhh lq H{dpsoh 4 wkdw iru n A 4 Frqgrufhw zlqqhuv pd| qrw h{lvw/

exw zkhq wkh| gr/ wkhlu fkrlfh vhhpv txlwh frpshoolqj1 Khqfh/ zh zloo ghpdqg

iru d froohfwlyh fkrlfh fruuhvsrqghqfh wr uhfrpphqg wkh fkrlfh ri wkh Frqgrufhw

zlqqhuv zkhqhyhu wkh| h{lvw1

Gh�qlwlrq 71 D froohfwlyh fkrlfh fruuhvsrqghqfh * uhvshfwv wkh Frqgrufhw ful0

whulrq li iru doo V � Q dqg iru doo S7 vxfk wkdw FZ+S7 > n, 9@ >> *+S7 > n, @

FZ +S7 > n,=

<



Zh sursrvh rxu qrwlrq ri doorfdwlrq frqvlvwhqf| iru froohfwlyh fkrlfh fruuh0

vsrqghqfhv1

Gh�qlwlrq 81 D froohfwlyh fkrlfh fruuhvsrqghqfh * lv doorfdwlrq frqvlvwhqw li iru

doo V � Q> S7 / n 5 Q> dqg ++{�> V�,> ===> +{&> V&,, 5 *+S7 > n,> +{�> V�, 5 *+S7� > 4,

iru doo k vxfk wkdw V� 9@ >=7

Ehiruh forvlqj wklv vhfwlrq/ zh foduli| wkh uhodwlrqvkls dprqj vrph ri wkh

uhtxluhphqwv rq froohfwlyh fkrlfh fruuhvsrqghqfh wkdw zh �uvw ghvfulehg1 Zh vkrz

wkdw/ zkhqhyhu d Frqgrufhw zlqqhu h{lvwv/ hdfk ri lwv frpsrqhqwv lv d Frqgrufhw

zlqqhu iru lwv fruuhvsrqglqj jurxs1 Wklv jxdudqwhhv wkdw doorfdwlrq frqvlvwhqf|

dqg wkh Frqgrufhw fulwhulrq duh/ lq sulqflsoh/ frpsdwleoh uhtxluhphqwv1 Ilqdoo|/

zh dovr jlyh d qhfhvvdu| frqglwlrq iru dq doorfdwlrq frqvlvwhqw froohfwlyh fkrlfh

fruuhvsrqghqfh wr uhvshfw wkh Frqgrufhw fulwhulrq1

Sursrvlwlrq 41 Jlyhq V � Q / S7/ dqg n 5 Q/ li dq V@n�ghflvlrq g @ ++{�> V�,,
&

�'�
5

FZ +S7 > n,> wkhq g� @ +{�> V�, 5 FZ +S7� > 4, iru doo k vxfk wkdw V� 9@ >=

Surri1 Vxssrvh wkdw wkhuh lv dq k vxfk wkdw g� @ +{�> V�, lv qrw d Frqgrufhw

zlqqhu iru V�= Wkhq wkhuh lv d g�

�
@ +{�

�
> V�,> vxfk wkdw

�
�il 5 V� m g

�

� "� g�j
�
� A

�
�il 5 V� m g� "� g

�

�j
�
�

Ohw V�� @ il 5 V� m g�

�
"� g�j> V�2 @ il 5 V� m g� "� g�

�
j> dqg g� @ +g�

�
> g3�,=

Wkhq/ il 5 V m g� "� gj @ V��> dqg il 5 V m g "� g�j @ V�2= Exw wkhq/

mil 5 V m g� "� gjm A mil 5 V m g "� g
�jm > zklfk frqwudglfwv wkh dvvxpswlrq wkdw g

lv d Frqgrufhw zlqqhu iru V=
7
Vlqfh iru & ' � wkhuh lv d xqltxh dvvljqphqw ri wkh djhqwv +doo ri wkhp wrjhwkhu,/ zh zloo xvh

lqglvwlqfwo| E%�c 7�� M )E�7k c �� ru %� M )E�7k c ��
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Sursrvlwlrq 4 dqg h!flhqf| jlyh qhfhvvdu| frqglwlrqv iru dq V@n�ghflvlrq wr

eh d Frqgrufhw zlqqhu1 Exw wkh| duh qrw vx!flhqw1 Wklv lv suryhq lq H{dpsoh

41 Lq wklv h{dpsoh wkhuh lv d xqltxh V@5�ghflvlrq vdwlvi|lqj erwk qhfhvvdu|

frqglwlrqv/ exw lw lv qrw d Frqgrufhw zlqqhu ghvslwh rxu vwurqj uhvwulfwlrqv rq

suhihuhqfhv +zklfk jxdudqwhh wkh h{lvwhqfh ri Frqgrufhw zlqqhuv zkhq n @ 4,1

H{dpsoh 41 Ohw Q @ i4> 5> ===>46> 47j/ dqg S @ +:�,�e�'� eh vxfk wkdw iru doo l> :�

lv hxfolghdq rq ^3> 433` zlwk wkh iroorzlqj shdnv= s+l, @ l> iru doo l @ 4> ==>7 dqg

s+8, @ 65> s+9, @ 66> s+:, @ 67> s+;, @ 9:> s+<, @ 9;> s+43, @ 9<> s+44, @ <:>

s+45, @ <;> s+46, @ <<> s+47, @ 433= Ohw*v vhh wkdw FZ +S /Q> 5, @ >= Ehfdxvh

ri Sursrvlwlrq 4 li g @ +g�> g2, 5 FZ +S>5,> g� 5 FZ%+S7� > 4, iru k 5 i4> 5j

dqg g vkrxog eh dq h!flhqw Q@5�ghflvlrq1 Ohw g @ ++7> V�,> +<:> V2,,> zlwk V� @

i4> ==>:j> dqg V2 @ i;> ==>47j= Qrwlfh wkdw g lv h!flhqw/ +7> V�, 5 FZ+S7�> 4,> dqg

+<:> V2, 5 FZ+S72 > 4,= Wklv lv wkh xqltxh h!flhqw Q@5�ghflvlrq vxfk wkdw g� 5

FZ +S7� > 4, iru k 5 i4> 5j> dqg wkxv/ wkh xqltxh srwhqwldo fdqglgdwh1 Krzhyhu

g lv qrw d Frqgrufhw zlqqhu iru Q> vlqfh iru g� @ ++83> V�

�
,> +<;> V�

2
,,/ zlwk V�

�
@

i4> ==>43j> V�

2
@ i44> ==>47j> il 5 Q m g� " gj @ i8> 9> :> ;> <> 43> 45> 46> 47j> dqg

il 5 Q m g " g�j @ i4> 5> 6> 7> 44j1

Sursrvlwlrq 51 Ohw * eh dq doorfdwlrq frqvlvwhqw froohfwlyh fkrlfh fruuhvsrq0

ghqfh1 Li * uhvshfwv wkh Frqgrufhw fulwhulrq/ wkhq iru doo V � Q> iru doo S7 >

iru doo n 5 Q/ dqg iru doo V@n�ghflvlrq g 5 *+S7 > n,> g� 5 FZ+S7� > 4,> iru doo

k 5 i4> ==> nj vxfk wkdw V� 9@ >=

Surri1 Wklv lv ehfdxvh/ vlqfh * lv doorfdwlrq frqvlvwhqw/ +{�> V�, 5 *+S7� > 4,=

Vlqfh * uhvshfwv wkh Frqgrufhw fulwhulrq/ *+S7� > 4, @ FZ+S7� > 4,=
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61 Yroxqwdu| dvvljqphqwv1

Zh kdyh prghohg vrfldo fkrlfh fruuhvsrqghqfhv dv wkh frqmxqfwlrq ri uxohv zklfk

+d, ghflgh wkh orfdwlrq ri hdfk remhfw/ dqg +e, dvvljq hdfk djhqw wr rqh remhfw1

Wklv irupxodwlrq jlyhv qr urrp iru lqglylgxdo ehkdylru rwkhu wkdq yrwlqj ru uh0

yhdolqj suhihuhqfhv1 Wkhuhiruh/ rxu qrwlrqv ri yroxqwdulvp duh qrw dvvrfldwhg zlwk

wkh dfwxdo ehkdylru ri djhqwv zlwklq wkh prgho/ vlqfh wkh djhqwv gr qrw dfwxdoo|

fkrrvh zkhuh wr jr= rqfh wkhlu suhihuhqfhv duh nqrzq/ wkh| duh dvvljqhg wr rqh

orfdwlrq1 Exw zh duh vwloo lqwhuhvwhg lq qrupdwlyh surshuwlhv ri wkh dvvljqphqw uxoh

uhodwhg wr wkh iroorzlqj txhvwlrq1 Li djhqwv zhuh jlyhq wkh fkdqfh wr mrlq d jurxs

rwkhu wkdq wkh rqh wkh| duh dfwxdoo| dvvljqhg wr/ zrxog wkh| zdqw wr xvh wklv

sulylohjhB Li qrw/ zh vd| wkdw wkh suhvhqw dvvljqphqw lv yroxqwdu|1 Rwkhuzlvh/ lw

lv dq lpsrvlwlrq iurp wkh uxoh1 Khqfh/ yroxqwdulvp lv d qrupdwlyh uhtxluhphqw lq

rxu dqdo|vlv/ qrw wkh ghvfulswlrq ri dq| doorfdwlyh surfhvv1 Lq rughu wr eh suhflvh

derxw wklv qrupdwlyh uhtxluhphqw/ zh pxvw eh h{solflw derxw wkh frqvhtxhqfhv

wkdw djhqwv pd| h{shfw xqghu wkh k|srwkhwlfdo vwdwhphqw wkdw wkh| duh �jlyhq

wkh fkdqfh wr mrlq dqrwkhu jurxs�1 Rxu qrwlrqv ri Qr0hqy|/ Qdvk dqg jurxs

Qdvk vwdelolw| fruuhvsrqg wr wkuhh gl�huhqw vshfl�fdwlrqv ri zkdw djhqwv pljkw

h{shfw xqghu wklv k|srwkhvlv1 Li djhqwv hqylvdjh wkh srvvlelolw| ri mrlqlqj dqrwkhu

jurxs/ exw qrw ri fkdqjlqj wkh orfdwlrq ri dq| remhfw/ wkhq yroxqwdulvp lv htxdo

wr Qr0hqy|1 Li djhqwv hqylvdjh wkh srvvlelolw| ri mrlqlqj dqrwkhu jurxs/ dqg frq0

vlghu wkdw wkh remhfw dvvljqhg wr wklv qhz jurxs pd| eh uhdoorfdwhg dffruglqjo|/

wkhq yroxqwdulvp lv Qdvk vwdelolw|1 Jurxs Qdvk vwdelolw| zrxog eh vlplodu/ zlwk

wkh dgghg srvvlelolw| wkdw djhqwv pljkw frruglqdwh zlwk rwkhuv zkhq ghflglqj

zkhwkhu ru qrw wr fkdqjh jurxsv1

Zh qrz surfhhg wr gh�qh wkhvh qrwlrqv ri yroxqwdulvp/ dqg wr vwxg| wkhlu

frpsdwlelolw| zlwk rwkhu ghvludeoh ihdwxuhv ri wkh froohfwlyh fkrlfh uxohv1
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Gh�qlwlrq 91 Dq V@n�ghflvlrq g 5 G+V> n, lv hqy|0iuhh li iru doo l 5 V> {+l> g, :�

{� iru doo {� 5 gu=

Uhpdun 41 Qrwlfh wkdw dq| h!flhqw V@n�ghflvlrq lv hqy|0iuhh/ wkhuhiruh/ Frq0

grufhw zlqqhuv/ zkhqhyhu wkh| h{lvw/ vdwlvi| wklv yroxqwdulvp surshuw|1

Gh�qlwlrq :1 D fkrlfh fruuhvsrqghqfh * lv hqy|0iuhh li iru doo V � Q dqg S7 >

*+S7 > n, vhohfwv hqy|0iuhh V@n�ghflvlrqv1

Zh qrz suhvhqw wkh gh�qlwlrq zklfk dsshduv lq wkh wlwoh ri wkh sdshu1

Gh�qlwlrq ;1 D froohfwlyh fkrlfh fruuhvsrqghqfh lv vhoi0vhohfwlrq frqvlvwhqw li lw

lv hqy|0iuhh dqg vdwlv�hv doorfdwlrq frqvlvwhqf|1

Zh hpskdvl}h wkh frqmxqfwlrq ri wkh wzr surshuwlhv zklfk jlyh ulvh wr vhoi0

vhohfwlrq frqvlvwhqf|/ ehfdxvh wkh jurxsv ri djhqwv zkrvh sduwldo ghflvlrqv pxvw

pdwfk zlwk wkh joredo ghflvlrq duh vhoi vhohfwhg dv wkh vhw ri shrsoh zkr zrxog

dwwdfk wkhpvhoyhv wr hdfk orfdwlrq/ rxw ri d yroxqwdu| fkrlfh1

Lghqwli|lqj vhoi0vhohfwlrq frqvlvwhqw froohfwlyh fkrlfh fruuhvsrqghqfhv uhvshfw0

lqj wkh Frqgrufhw fulwhulrq zloo eh wkh remhfw ri wkh qh{w vhfwlrq1 Dv d �uvw vwhs

lq wkdw gluhfwlrq/ zh vwxg| khuh wkh fruuhvsrqghqfh wkdw vhohfwv iru hdfk V � Q>

dqg iru hdfk n> doo wkh V@n�ghflvlrqv wkdw duh hqy|0iuhh dqg vdwlvi| wkh qhfhvvdu|

frqglwlrq ri Sursrvlwlrq 5/ dqg suryh wkdw vxfk fruuhvsrqghqfh lv zhoo gh�qhg1

Gh�qlwlrq <1 Ohw *. eh wkh froohfwlyh fkrlfh fruuhvsrqghqfh vxfk wkdw iru hdfk

V � Q / S7 dqg n 5 Q>

*.+S7 > n, @ ig 5 G+V> n, m g lv hqy|0iuhh dqg g� 5 FZ+S7� > 4, iru doo k v1w1V� 9@ >j

Sursrvlwlrq 61 Wkh fruuhvsrqghqfh *. lv zhoo gh�qhg1 Wkdw lv/ iru hdfk V � Q>

S7 dqg n 5 Q> *.+S7 > n, 9@ >=
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Surri1 Zh r�hu wkh surri iru n @ 4> 5> 6= Iru dq| rwkhu w wkh surri lv vlplodu1

Iru n @ 4> *.+S7> 4, @ FZ +S7> 4,= Vlqfh suhihuhqfhv duh uhvwulfwhg wr eh vlqjoh0

shdnhg rq ^3> W `/ FZ+S7 > 4, 9@ >=

Ehiruh frqvlghulqj wkh fdvhv n @ 5> 6> ohw xv �{ vrph qrwdwlrq1 Wkh orzhu phgldq

ri d �qlwh froohfwlrq N ri uhdo qxpehuv lv ghqrwhg e| ophg+N,= Lw vwdqgv iru wkh

phgldq zkhq wkh fduglqdolw| ri N lv rgg/ dqg iru wkh orzhvw ydoxh ri wkh phgldq

li wkh fduglqdolw| lv hyhq81

Iru n @ 5> ohw xv rughu wkh djhqwv e| lqfuhdvlqj rughu ri wkhlu shdnv1 Ohw Vf
�
@

il 5 V m s+l, @ s+4,j> dqg Vf
2

@ il 5 V m s+l, A s+4,j= Ohw {� @ +{�
�
> {�

2
, eh

vxfk wkdw {�� @ ophg+s+l,,�M7f
�

/ iru k 5 i4> 5j= Ohw V�
�
@ Vf

�
^ il 5 Vf

2
m {�

�
:�

{�
2
j> dqg V�

2
@ Vf

2
qil 5 Vf

2
m {�

�
:� {

�
2
j= Li V�� @ Vf� iru doo k 5 i4> 5j/ wkhq

++{�
�
> V�

�
,> +{�

2
> V�

2
,, 5 *.+S7 > 5,1 Rwkhuzlvh zh frpsxwh wkh orzhu phgldq ri wkh

shdnv ri wkh djhqwv lq V�
�
> dqg V�

2
/ dqg ohw {2� @ ophg+s+l,,�M7�

�

iru k 5 i4> 5j>

{2 @ +{2
�
> {2

2
,> V2

�
@ V�

�
^ il 5 V�

2
m {2

�
:� {

2
2
j>dqg V2

2
@ V�

2
qil 5 V�

2
m {2

�
:� {

2
2
j=

Li V2� @ V�� iru doo k 5 i4> 5j/ wkhq ++{2
�
> V2

�
,> +{2

2
> V2

2
,, 5 *.+S7> 5,1 Rwkhuzlvh zh

uhshdw wkh vdph surfhvv/ zklfk lv �qlwh ehfdxvh wkhuh lv d �qlwh vhw ri djhqwv/

dw hdfk vwhs {
�
� � {

�3�
� iru doo k 5 i4> 5j> zkhuh {

�
� @ ophg+s+l,,

�M7
�3�

�

> dqg

ixuwkhupruh/ V
�3�
�

� V
�
�
dqg V

�
2
� V

�3�
2

1 Khqfh/ iru vrph m zh zloo jhw V
�3�
�

@ V
�
�

iru doo k> dqg g @ +{��> V
�
�,

2

�'� 5 *.+S7> 5,=

Iru w @ 6> ohw s+4, eh wkh vpdoohvw shdn ri wkh djhqwv/ s+5, wkh vhfrqg vpdoohvw

shdn1 Ohw Vf
�

@ il 5 V m s+l, @ s+4,j> Vf
2

@ il 5 V m s+l, @ s+5,j> dqg

Vf
�
@ il 5 V m s+l, A s+5,j= Ohw {� @ +{�

�
> {�

2
> {�

�
, eh vxfk wkdw {�& @ ophg+s+l,,�M7f

�
=

Qrwlfh wkdw {�
�
@ s+4,> {�

2
@ s+5,> iru doo l 5 Vf

�
> {�

�
"� {

�

2
"� {

�

�
> dqg iru doo

8Zh fdqqrw vlpsoli| rxu dqdo|vlv e| dvvxplqj dq rgg qxpehu ri yrwhuv ehfdxvh wkh qdwxuh

ri rxu txhvwlrqv uhtxluh wkh vl}h ri wkh hohfwrudwh wr eh yduldeoh dqg hqgrjhqrxvo| jlyhq1
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l 5 Vf
2
> {�

2
"� {

�

�
> {�

2
"� {

�

�
= Li lq dgglwlrq iru doo l 5 Vf

�
> {�

�
:� {

�

2
:� {

�

�
> wkhq

{�� 5 FZ +S7f
�

> 4, iru doo k 5 i4> 5> 6j> dqg ++{��> V
f

�,,
�

�'� 5 *.+S7 > 6,1 Rwkhuzlvh/

ohw V�
�
@ Vf

�
> V�

2
@ Vf

2
^ il 5 Vf

�
m {�

2
:� {

�
�
j/ dqg V�

�
@ Vf

�
qil 5 Vf

�
m {�

2
:� {

�
�
j=

Iru hdfk ri wkhvh vhwv/ zh frpsxwh wkh orzhu phgldq ri wkh shdnv ri wkh djhqwv lq

wkrvh vhwv/ irupdoo|= {2� @ ophg+s+l,,�M7�
�

> iru k 5 i4> 5> 6j= Qrwlfh wkdw {2� � {��

iru doo k 5 i4> 5> 6j= Ohw V2
�
@ V�

�
^ il 5 V�

2
m {2

�
:� {

2
2
j> V2

2
@ ^V�

2
qil 5 V�

2
m {2

�
:�

{2
2
j` ^ il 5 V�

�
m {2

2
:� {

2

�
j> dqg V2

�
@ V�

�
qil 5 V�

�
m {2

2
:� {

2

�
j= Li V2� @ V�� iru doo

k 5 i4> 5> 6j> wkhq {2� 5 FZ +S72
�

> 4,/ dqg ++{2�> V
2

�,,
�

�'� 5 *.+S7 > 5,= Rwkhuzlvh

zh uhshdw wkh vdph surfhvv/ zklfk lv �qlwh ehfdxvh wkhuh lv d �qlwh vhw ri djhqwv/

dw hdfk vwhs {�
�
� {�3�

�
> k 5 i4> 5> 6j> V�3�

�
� V�

�
dqg V�

�
� V�3�

�
= Khqfh/ iru

vrph m zh zloo jhw V�
� @ V�3�

� > {�� @ ophg+s+l,,
�M7

�3�

�

> iru doo k 5 i4> 5> 6j/ dqg

g @ +{�
�
> V�

�
,��'� 5 *.+S7> 6,=

Wkh qhfhvvdu| frqglwlrq ri Sursrvlwlrq 5 whoov xv wkdw li zh zdqw d vhoi0vhohfwlrq

frqvlvwhqw froohfwlyh fkrlfh fruuhvsrqghqfh * zklfk uhvshfwv wkh Frqgrufhw ful0

whulrq/ wklv fruuhvsrqghqfh vkrxog eh d vhohfwlrq iurp *. = Xqiruwxqdwho|/ wkh

iroorzlqj h{dpsoh vkrzv wkdw wkh fruuhvsrqghqfh *. lwvhoi lv qrw d vroxwlrq wr

rxu txhvwlrq1 Wklv qdwxudo fruuhvsrqghqfh lv �wrr odujh�/ ehfdxvh lw pd| vhohfw

V@n0ghflvlrqv zklfk ylrodwh wkh Frqgrufhw fulwhulrq1

H{dpsoh 51 Ohw Q @ i4> 5> ===> :> ;j/ dqg S @ +:�,
H

�'� eh vxfk wkdw iru doo l>

:� lv hxfolghdq rq ^3> 48` zlwk wkh iroorzlqj shdnv= s+l, @ l> iru doo l 5 i4> 5j

dqg s+6, @ 7> s+7, @ 8> s+8, @ 9> s+9, @ <> s+:, @ 43> s+;, @ 44= Ohw g @

++5> V�,> +<> V2,,> zlwk V� @ i4> ==> 7j dqg V2 @ i8> ==>;j> g 5 *.+S> 5,> ehfdxvh

iru doo l 5 V�/ 5 "� 45> dqg iru doo l 5 V2/ 45 "� 5> dqg g� 5 FZ+S7� > 4,>

g2 5 FZ+S72 > 4,= Krzhyhu g @5 FZ +S>5,> ehfdxvh iru g� @ ++7> V�
�
,> +43> V�

2
,,>

zlwk V�
�
@ i4> ==> 8j> V�

2
@ i9> ==>;j> il 5 Q m g� "� gj @ i6> 7> 8> :> ;j> zkloh

il 5 Q m g "� g�j @ i4> 5> 9j/ dqg g� lv d Frqgrufhw zlqqhu iru Q=
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Zh qrz wxuq wr rxu qh{w gh�qlwlrqv uhodwlqj wr yroxqwdulvp1 Erwk wkh qrwlrq

ri Qdvk dqg jurxs Qdvk vwdelolw| duh edvhg rq wkh dvvxpswlrq wkdw djhqwv pd|

frpsduh gl�huhqw vhwv ri ghflvlrqv/ uhvxowlqj iurp wkhlu xvh ri dowhuqdwlyh vwudwh0

jlhv +wklv lv ehfdxvh zh duh vwxg|lqj vrfldo fkrlfh fruuhvsrqghqfhv,1 Vlqfh djhqwv*

suhihuhqfhv kdyh ehhq gh�qhg xs wr qrz rq vlqjoh ghflvlrqv/ zh pxvw eh suhflvh

rq wkh nlqg ri vhw frpsdulvrqv wkdw zh doorz iru1 Zh gr wkdw e| sursrvlqj dq

h{whqvlrq uxoh/ zklfk jhqhudwhv d sduwldo rughu rq vhwv1 Jlyhq rxu h{whqvlrq/ wkh

uhvw ri gh�qlwlrqv duh vwdqgdug1

Jlyhq d suhihuhqfh uhodwlrq : gh�qhg rq U/ ohw 	 +:, ghqrwh wkh h{whqvlrq ri

: ryhu vxevhwv ri U gh�qhg e|= iru doo D�> D2 � U/ D� 	 +:,D2 li iru doo { 5 D�>

dqg iru doo | 5 D2> { " |=

Iurp qrz rq/ zkhq lw lv reylrxv wkdw 	 +:, lv wkh h{whqvlrq ri :> zh vkdoo

mxvw zulwh 	> olnhzlvh/ 	� zloo uhihu wr wkh h{whqvlrq 	 +:�, zkhq :� lv dq reylrxv

uhihuhqfh/ hwf1

Qrwlfh djdlq wkdw 	 lv d fulwhulrq iru h{whqglqj : zklfk doorzv iru 	 +:, wr

eh kljko| lqfrpsohwh1 Rxu qh{w gh�qlwlrqv ri Qdvk dqg jurxs Qdvk vwdelolw| duh

qdwxudo/ exw ri frxuvh uhodwlyh wr 	 =

Gh�qlwlrq 431 D froohfwlyh fkrlfh fruuhvsrqghqfh * lv Qdvk vwdeoh li wkhuh lv

qr g 5 *+S7 > n,> l 5 V> dqg g� @ +{� > V�, zlwk l @5 V� vxfk wkdw *+S7��t��> 4, 	�

{+l> g,1

Gh�qlwlrq 441 D froohfwlyh fkrlfh fruuhvsrqghqfh* lv jurxs Qdvk vwdeoh li wkhuh

lv qr g 5 *+S7 > n,> g� @ +{� > V�, dqg L � V�> k 9@ m> vxfk wkdw *+S7��U > 4, 	� {+l> g,

iru doo l 5 L=

Frqgrufhw zlqqhuv/ zkhqhyhu wkh| h{lvw/ ehkdyh zhoo zlwk uhvshfw wr jurxs

Qdvk vwdelolw|/ dqg frqvhtxhqwo|/ zlwk uhvshfw wr Qdvk vwdelolw|1
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Sursrvlwlrq 71 Jlyhq V � Q / S7 dqg n 5 Q vxfk wkdw FZ+S7 > n, 9@ >> wkhuh lv

qr g 5 FZ +S7 > n,> g� @ +{� > V�, dqg L � V�> k 9@ m> vxfk wkdw FZ +S7��U > 4, 	�

{+l> g, iru doo l 5 L=

Surri1 Vxssrvh wkhuh lv g 5 FZ+S7 > n,> g� @ +{� > V�, dqg L � V�> k 9@ m>

vxfk wkdw FZ +S7��U > 4, 	� {+l> g, iru doo l 5 L= Zlwkrxw orvv ri jhqhudolw|

vxssrvh wkdw k @ m . 4= Ohw ^|�> |2` @ FZ +S7��U > 4,= Ohw g� eh vxfk wkdw

g�, @ g, iru doo o @5 im> kj> g�� @ +|�> V� ^ L,> g�� @ +{�> V�qL,= Ohw*v vhh wkdw

mil 5 V m g� "� gjm A mil 5 V m g "� g
�jm = Qrwlfh wkdw il 5 V m g� "� gj @ il 5

V� ^ L m |� "� {�j> dqg vlqfh |� 5 FZ+S7��U > 4,> mil 5 V� ^ L m |� "� {�jm �

mil 5 V� ^ L m {� "� |�jm = Ixuwkhupruh/ vlqfh g 5 FZ+S7 > n,> g lv hqy|0iuhh/ wkhq

{+l> g, :� {� iru doo l 5 L> wkhuhiruh {� @5 FZ+S7��U > 4,> dqg vlqfh {� ? |� � | iru

doo | 5 FZ +S7��U > 4,> wkhq mil 5 V� ^ L m |� "� {�jm A mil 5 V� ^ L m {� "� |�jm >

dqg wulyldoo|/ mil 5 V� ^ L m {� "� |�jm @ mil 5 V m g "� g�jm > zklfk frqwudglfwv wkh

idfw wkdw g 5 FZ+S7 > n,=

Djdlq/ lghqwli|lqj vhoi0vhohfwlrq frqvlvwhqw froohfwlyh fkrlfh fruuhvsrqghqfh

vdwlvi|lqj +Jurxs, Qdvk vwdelolw| dqg uhvshfwlqj wkh Frqgrufhw fulwhulrq zloo eh

wkh remhfw ri wkh qh{w vhfwlrq1 Dv d �uvw vwhs lq wkdw gluhfwlrq/ zh gh�qh wkh

pd{lpdo vxefruuhvsrqghqfh ri *. zklfk lv +Jurxs, Qdvk vwdeoh/ dqg zh suryh

wkdw vxfk fruuhvsrqghqfh lv zhoo gh�qhg1

Gh�qlwlrq 451 Ohw *� eh wkh vxefruuhvsrqghqfh ri *. vxfk wkdw iru hdfk V �

Q> S7 dqg n 5 Q/ *� +S7 > n, @ *.+S7> n,qQQ+S7 > n,> zkhuh QQ+S7 > n, lv wkh

vhw ri doo g 5 *.+S7 > n,> vxfk wkdw wkhuh lv dq l 5 V> dqg g� @ +{� > V�,/ l @5 V� >

vxfk wkdw FZ +S7��t��> 4, 	� {+l> g,=

Gh�qlwlrq 461 Ohw *C eh wkh vxefruuhvsrqghqfh ri *. vxfk wkdw iru hdfk V �

Q / S7 dqg n 5 Q/ *C+S7 > n, @ *.+S7 > n,qQJ+S7 > n,> zkhuh QJ+S7 > n, lv wkh
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vhw ri doo g 5 *.+S7 > n,> vxfk wkdw wkhuh lv g� @ +{�> V�, dqg L � V�> k 9@ m> vxfk

wkdw FZ +S7��U > 4, 	� {+l> g, iru doo l 5 L=

Uhpdun 51 Qrwlfh wkdw iru doo V � Q / S7 dqg n 5 Q/ *C+S7> n, � *� +S7 > n,>

dqg qrw qhfhvvdulo| lghqwlfdo dv wkh iroorzlqj h{dpsoh vkrzv1

H{dpsoh 61 Ohw Q @ i4> 5> ==>49j> dqg S @ +:�,
�S
�'� eh vxfk wkdw iru doo l> :� lv

hxfolghdq rq ^3> 47` zlwk wkh iroorzlqj shdnv= s+l, @ l> iru doo l @ 4> 5> 6> s+7, @ 8>

s+8, @ 9> s+;, @ ;> iru doo m @ 9> :> ;> <> s+n, @ n> iru doo n @ 43> 44> 45> 46>

s+k, @ 47> iru doo k @ 47> 48> 49= Ohw g @ ++6> V�,> +44> V2,,> V� @ i4> ==>8j> dqg

V2 @ i9> ==>49j= Qrwlfh wkdw g 5 *� +S> 5,> exw g @5 *C+S> 5,> ehfdxvh doo djhqwv

lq wkh vhw L @ i9> :> ;> <j vwulfwo| suhihu FZ+S7��U > 4, @ i9j wr wkh orfdwlrq wkdw

wkh| duh dfwxdoo| dvvljqhg wr1

Sursrvlwlrq 81 Wkh fruuhvsrqghqfh *C lv zhoo gh�qhg1 Wkdw lv/ iru hdfk V � Q>

S7 dqg n 5 Q> *C+S7> n, 9@ >=

Surri1 Jlyhq V � Q> S7 > dqg n 5 Q> zh vwduw zlwk wkh �uvw V@n0ghflvlrq lq

*.+S7 > n, wkdw zh �qg lq wkh surfhvv ghvfulehg lq Sursrvlwlrq 61Vxssrvh wkdw wklv

ghflvlrq zdv rewdlqhg dw vwhs m= Ohw g� @ ++{��> V
�
�,,

&
�'� eh vxfk ghflvlrq1 Vxssrvh

wkdw g� @5 *C+S7> n,> wkhq/ wkhuh lv d g�
,
@ +{�

,
> V�

,
,> dqg L � V�

| > w 9@ o> vxfk wkdw

FZ +S
7
�

,
�U
> 4, 	� {+l> g, iru doo l 5 L= Ehfdxvh suhihuhqfhv duh vlqjoh shdnhg rq

^3> W `/ V�
| pxvw eh V�

,n�
ru V�

,3�
= Ohw*v suryh wkdw/ jlyhq wkh surfhvv ghvfulehg lq

Sursrvlwlrq 6/ L � V�
,n�= Wkdw lv/ wkh pryhphqwv ri djhqwv jr dozd|v lq wkh vdph

gluhfwlrq> dw dq| vwhs/ li djhqwv pryh dw doo/ wkh| pryh iurp jurxsv V,n� wr V,=

Vxssrvh wkdw L � V�
,3�

> dqg ohw |, 5 FZ +S
7
�

,
�U
> 4,= Qrwlfh wkdw |, ? {�

,
=Suhylrxv

wr vwhs m wkhuh zdv d vwhs t vxfk wkdw L zdv lq V^
, > dqg {^, @ ophg+s+l,,�M7^

,
� |,>

exw wkh| pryh/ suredeo| qrw doo ri wkhp dw wkh vdph wlph1 Ohw t eh vxfk wkdw

4;



L � V^
,
> dqg dw t . 4> wkhuh zdv M � L vxfk wkdw M � V^n�

,3� ehfdxvh {^
,3� :� {

^
,

iru doo l 5 M= Dw vwhs m> zh jhw wkh iroorzlqj uhodwlrq/ {�,3� � {^n�,3� � {^,3�> zklfk

lpsolhv wkdw {�,3� :� {^, :� |, iru doo l 5 M= Wkhuhiruh/ L pxvw eh d vxejurxs

ri V�
,n�

= Ohw {�n�
,

@ ophg+s+l,,
�M7�

,
�U
> {�n�

,n�
@ ophg+s+l,,

�M7�

,3�
.U

dqg {�n�
�

@ {�
�

iru doo k 9@ o> o . 4= Ohw V�n�
�

@ V�
�
^ il 5 V�

2
m {�n�

�
:� {

�n�
2

j> V�n�
� @ +V�

�qil 5

V�
� m {�n��3� :� {�n�� j, ^ il 5 V�

�n� m {�n�� :� {�n��n�j iru doo k 5 i5> ==> n � 4j

dqg V�n�
&

@ V�
&
qil 5 V�

&
m {�n�

&3� :� {�n�
&

j= Li V�n�
�

@ V�
�
iru doo k 5 i4> ==> nj/

wkhq g�n� @ ++{�n�� > V�n�
� ,,&�'� 5 *.+S7 > n,> li wklv lv qr wkh fdvh/ zh surfhhg dv

lq Sursrvlwlrq 6 xqwlo zh jhw d ghflvlrq lq *.+S7 > n,=Ohw g6 eh vxfk ghflvlrq1

Li g6 5 *C+S7 > n,> zh duh grqh1 Rwkhuzlvh/ zh surfhhg dv lq wkh ehjlqqlqj11

Wkh surfhvv lv �qlwh iru wkh vdph uhdvrq wkdw lw zdv �qlwh lq Sursrvlwlrq 6/ dqg

ehfdxvh/ dw dq| vwhs/ wkh pryhphqwv ri wkh djhqwv jr dozd|v lq wkh vdph gluhfwlrq/

irup V,n� wr V,=

D vhoi0vhohfwlrq frqvlvwhqw dqg jurxs Qdvk vwdeoh froohfwlyh fkrlfh fruuhvsrq0

ghqfh zklfk uhvshfwv wkh Frqgrufhw fulwhulrq vkrxog eh d vhohfwlrq iurp *C=

Xqiruwxqdwho|/ wkh iroorzlqj h{dpsoh vkrzv wkdw wkh fruuhvsrqghqfh *C lwvhoi lv

qrw d vroxwlrq wr rxu txhvwlrq/ ehfdxvh lw pd| vhohfw V@n0ghflvlrqv zklfk ylrodwh

wkh Frqgrufhw fulwhulrq1

H{dpsoh 71 Ohw Q @ i4> 5> ==>;j> dqg S @ +:�,
H
�'� eh vxfk wkdw iru doo l> :� lv

hxfolghdq rq ^3> 47` zlwk wkh iroorzlqj shdnv= s+l, @ l> iru l @ 4> 5> s+6, @ 8>

s+7, @ 9> s+8, @ <> s+9, @ 45> s+:, @ 46> s+;, @ 47= Iru wklv sur�oh wkh vhw

ri Frqgrufhw zlqqhuv iru n @ 5 lv qrw hpsw|1 Iru h{dpsoh/ ++8> V�,> +46> V2,,

zlwk V� @ i4> 5> 6> 7> 8j dqg V2 @ i9> :> ;j lv d Frqgrufhw zlqqhu1 Ohw g @

++5> V�,> +45> V2,, zlwk V� @ i4> ==>7j> V2 @ i8> ==> ;j= Qrwlfh wkdw g 5 *C+S>5,>

exw wklv lv qrw d Frqgrufhw zlqqhu1 Lw lv grplqdwhg e| ++:> V��,> +46> V
�
2,, zlwk

V�� @ i4> ==>8j> V�2 @ i9> ==>;j=
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71 Vhoi0vhohfwlrq Frqvlvwhqw dqg +Jurxs, Qdvk vwdeoh fruuhvsrq0

ghqfhv uhvshfwlqj wkh Frqgrufhw fulwhulrq1

Lq wkh suhylrxv vhfwlrq zh kdyh qrwhg wkdw vhoi0vhohfwlrq frqvlvwhqw fruuhvsrq0

ghqfhv uhvshfwlqj wkh Frqgrufhw fulwhulrq pxvw eh vwulfw vxefruuhvsrqghqfhv ri

dqrwkhu/ wkdw zh kdyh fdoohg *.> zklfk zh kdyh suryhq wr eh zhoo gh�qhg exw

zloo qrw dozd|v uhvshfw wkh Frqgrufhw fulwhulrq1 Vlploduo|/ doorfdwlrq frqvlvwhqw

fruuhvsrqghqfhv vdwlvi|lqj +Jurxs, Qdvk vwdelolw| dqg uhvshfwlqj wkh Frqgrufhw

fulwhulrq pxvw eh vxefruuhvsrqghqfhv ri *� dqg *C/ zklfk djdlq gr qrw dozd|v

uhvshfw wkh Frqgrufhw fulwhulrq1 Khqfh/ zkloh wkhuh lv vwloo krsh wr lghqwli| vrph

dghtxdwh vxefruuhvsrqghqfh phhwlqj doo ghvlghudwd/ vrph phwkrgv wr vhohfw iurp

wkh deryh fruuhvsrqghqfhv pxvw eh vxjjhvwhg1

Dq dowhuqdwlyh urxwh wrzdug �qglqj vdwlvidfwru| uxohv frxog kdyh ehhq wr �uvw

lghqwli| vrph fruuhvsrqghqfh wkdw jxdudqwhhv uhvshfw iru Frqgrufhw/ dqg wkhq

fkhfn iru lwv uhvshfw ri frqvlvwhqf| dqg yroxqwdulvp1 Zh qrz lqwurgxfh wkh Vlps0

vrq fruuhvsrqghqfh +Prxolq +4<;;,,/ zklfk lqghhg uhvshfwv wkh Frqgrufhw fulwh0

ulrq dqg lw zloo eh vkrzq qrw wr eh doorfdwlrq frqvlvwhqw1 \hw/ lwv lqwurgxfwlrq lv

xvhixo ehfdxvh dq dssursuldwh prgl�fdwlrq ri wkh Vlpsvrq uxoh/ zkhq frpelqhg

zlwk rxu uhvxowv lq wkh suhylrxv vhfwlrq/ zloo doorz xv wr frqvwuxfw fruuhvsrqghqfhv

vdwlvi|lqj doo rxu uhtxluhphqwv1

Zh �uvw gh�qh wkh Vlpsvrq uxoh dqg vkrz wkdw lw grhv qrw gluhfwo| gh�qh dq

doorfdwlrq frqvlvwhqw fkrlfh fruuhvsrqghqfh1

Gh�qlwlrq 471 Jlyhq d suhihuhqfh sur�oh S> dqg d vhw ri djhqwv V> iru dq| g> g� 5

G+V> n,> ohw Q+g> g�, @ mil 5 V m g :� g�jm = Jlyhq g 5 G+V> n,> wkh Vlpsvrq vfruh

ri g> ghqrwhg VF+g,> lv wkh plqlpxp ri Q+g> g�, ryhu doo g� 5 G+V> n,> g� 9@ g=

Dq V@ n0ghflvlrq g lv d Vlpsvrq zlqqhu iru V li VF+g, � VF+g�, iru doo g� 5
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G+V> n,=

Wkh Vlpsvrq fruuhvsrqghqfh/ VZ> lv gh�qhg vr wkdw iru hdfk V � Q / S7 dqg

n 5 Q/

VZ +S7> n, @ ig 5 G+V> n, m VF+g, � VF+g�, iru doo g� 5 G+V> n,j

Zkloh fohduo| wkh VZ fruuhvsrqghqfh uhvshfwv wkh Frqgrufhw fulwhulrq dqg

lv hqy|0iuhh/ lw pd| ylrodwh doorfdwlrq frqvlvwhqf|/ dv vkrzq e| wkh iroorzlqj

h{dpsoh1

H{dpsoh 81 Ohw*v frqvlghu H{dpsoh 4 djdlq1 Li VZ zhuh doorfdwlrq frqvlvwhqw/

vlqfh lw lv hqy|0iuhh dqg uhvshfwv wkh Frqgrufhw fulwhulrq/ wkhq lw vkrxog eh d

vhohfwlrq ri *. = Qrwlfh wkdw lq wklv h{dpsoh/ *.+S>Q>5, @ i++7> V�,> +<:> V2,,j>

zlwk V� @ i4> ==>:j> dqg V2 @ i;> ===> 47j= Krzhyhu/ g @ ++7> V�,> +<:> V2,, lv qrw

d Vlpsvrq zlqqhu iru Q= Wr vhh wkdw ohw g� @ ++{�

�
> V�

�
,> +{�

2
> V�

2
,, eh vxfk wkdw

74 ? {�

�
? 93> <: ? {�

2
� <;> V�

�
@ i4> ==>43j> dqg V�

2
@ i44> ==>47j= Wklv Q@50

ghflvlrq lv vxfk wkdw g� "� g iru doo l 5 i8> 9> :> ;> <> 43> 45> 46> 47j> dqg g "� g�

iru doo l 5 i4> 5> 6> 7> 44j= Wkhuhiruh wkh qxpehu ri yrwhuv suhihuulqj g wr g� lv

�yh/ dqg wklv lv wkh plqlpxp ryhu doo �g= Vr/ wkh Vlpsvrq vfruh ri g lv �yh1 Iru

ag @ ++6> V�,> +<;> V2,,> lw lv hdv| wr vhh wkdw wkh Vlpsvrq vfruh ri ag lv vl{1 Wkhq g

fdq qrw eh d Vlpsvrq zlqqhu1 Wkhuhiruh/ VZ lv qrw doorfdwlrq frqvlvwhqw1

Hyhq li wkh Vlpsvrq fruuhvsrqghqfh lv qrw frqvlvwhqw/ zh fdq xvh wkh Vlpsvrq

vfruhv lq rughu wr gh�qh vxefruuhvsrqghqfhv ri dq| jlyhq fruuhvsrqghqfh1 Zh

surylgh d jhqhudo gh�qlwlrq/ dqg wkhq xvh lw iru rxu vshfl�f sxusrvhv1

Gh�qlwlrq 481 Jlyhq d vxevhw ri V@n�ghflvlrqv/K � G+V> n,> wkh vhw riK�Vlpsvrq

zlqqhuv lv wkh vhw ri ghflvlrqv lqK zkrvh Vlpsvrq vfruh + vwloo frpsxwhg rq sdlu0

zlvh frpsdulvrqv ryhu doo G+V> n,, lv pd{lpdo rq K=
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Khqfh/ wkh K�Vlpsvrq zlqqhuv duh wkrvh hohphqwv lqK zklfk kdyh wkh pd{0

lpdo Vlpsvrq vfruhv1 Exw wkhvh vfruhv duh frpsxwhg qrw rqo| lq sdluzlvh frp0

sdulvrqv dprqj hohphqwv lq K/ exw rq sdluzlvh frpsdulvrqv dprqj doo hohphqwv

ri wkh odujhu vhw G+V> n,=

Wklv phwkrg fdq qrz eh dssolhg wr gh�qh vxefruuhvsrqghqfhv ri dq| jlyhq

fruuhvsrqghqfh1

Gh�qlwlrq 491 Jlyhq d fruuhvsrqghqfh *> lwv Vlpsvrq vxefruuhvsrqghqfh/ *W> lv

gh�qhg vr wkdw iru hdfk V � Q / S7 dqg n 5 Q>

*W+S7 > n, @ ig 5 *+S7 > n, m g lv *+S7 > n,� Vlpsvrq zlqqhuj

Ilqdoo|/ dsso| wklv jhqhudo surfhgxuh wr *.> dqg gh�qh lwv Vlpsvrq vxefru0

uhvsrqghqfh/ *W. = Lw lv vwudljkwiruzdug wr fkhfn wkdw *W. zloo vdwlvi| doo rxu

uhtxluhphqwv1

Sursrvlwlrq 91 Ohw *W. eh wkh Vlpsvrq vxefruuhvsrqghqfh ri *.=Wklv fruuh0

vsrqghqfh lv vhoi0vhohfwlrq frqvlvwhqw dqg uhvshfwv wkh Frqgrufhw fulwhulrq1

Iru lghqwlfdo uhdvrqv/ zh fdq gh�qhg vdwlvidfwru| Vlpsvrq vxefruuhvsrqghqfhv

ri *� > dqg *C=

Sursrvlwlrq :1 Wkh Vlpsvrq vxefruuhvsrqghqfh*W� lv vhoi0vhohfwlrq frqvlvwhqw/

vdwlv�hv Qdvk vwdelolw| dqg uhvshfwv wkh Frqgrufhw fulwhulrq1

Wkh Vlpsvrq vxefruuhvsrqghqfh *WC lv vhoi0vhohfwlrq frqvlvwhqw/ vdwlv�hv jurxs

Qdvk vwdelolw| dqg uhvshfwv wkh Frqgrufhw fulwhulrq1

Sursrvlwlrqv 9 dqg : surylgh xv zlwk vshfl�f dqg qdwxudo h{dpsohv ri froohfwlyh

fkrlfh fruuhvsrqghqfhv vdwlvi|lqj frpelqdwlrqv ri doo rxu ghvlghudwd1

Rxu odvw h{dpsoh vkrzv wkdw wkh uxohv gh�qhg lq Sursrvlwlrqv 9 dqg : qhhg

qrw eh lghqwlfdo1 Zh gr qrw nqrz |hw zkhwkhu wkh| duh dozd|v qhvwhg1
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H{dpsoh 91 Ohw Q @ i4> 5> ==>49j> dqg S @ +:�,
�S

�'�
eh vxfk wkdw iru doo l> :� lv

hxfolghdq rq ^3> 533` zlwk wkh iroorzlqj shdnv= s+4, @ 43> s+5, @ 5<> s+6, @ 63>

s+7, @ 73> s+8, @ 83> s+9, @ ;3> s+:, @ ;5> s+;, @ <3> s+<, @ 438> s+43, @

s+44, @ 468> s+45, @ 4:3> s+46, @ s+47, @ 4:8> s+48, @ 4<3> s+49, @ 533=

Ohw g @ ++73> V�,> +4:> V2,b,> zlwk V� @ i4> ==> ;j> V2 @ i<> ==> 49j> dqg g� @

++83> V�

�
,> +4:8> V�

2
,,> zlwk V�

�
@ i4> ===> <j> V�

2
@ i43> ==>49j= Wkhvh duh wkh xqltxh

hqy|0iuhh Q@5�ghflvlrqv vxfk wkdw g� 5 FZ +S7� > 4,> g
�

�
5 FZ +S7�

�

> 4,> iru doo

k 5 i4> 5j= Wkhuhiruh/ *.+S> 5, @ ig> g�j1 Lw lv hdv| wr vhh wkdw VF+g, @ VF+g�, @

9= Wkhq *W.+S>5, @ ig> g�j> exw *� +S> 5, @ ig�j> wkhq/ *W� +S> 5, @ ig�j=

81 Ilqdo uhpdunv1

Zh kdyh suryhq wkdw vrfldo fkrlfh fruuhvsrqghqfhv vdwlvi|lqj rxu txlwh ghpdqg0

lqj uhtxluhphqwv gr h{lvw1 Zh kdyh qrw surylghg fkdudfwhul}dwlrq uhvxowv/ exw mxvw

h{dpsohv lqyroylqj vshfl�f uxohv1 Wkhlu frqvwuxfwlrq frpelqhv d �uvw fkrlfh ri

ghflvlrqv vdwlvi|lqj edvlf qhfhvvdu| frqglwlrqv/ iroorzhg e| d ixuwkhu fkrlfh dprqj

wkhp +wkurxjk wkh Vlpsvrq uxoh, lq rughu wr jxdudqwhh uhvshfw iru wkh Frqgrufhw

fulwhulrq1 Rxu xvh ri wkh Vlpsvrq uxoh lv qrw hvvhqwldo> rwkhu h{whqvlrqv ri pdmru0

lw|/ dovr uhvshfwlqj wkh Frqgrufhw fulwhulrq/ frxog kdyh ehhq xvhg1 Krzhyhu/ qrw

doo h{whqvlrqv zrxog kdyh ehhq dssursuldwh1 Wkh Vlpsvrq uxoh lv kdqg| ehfdxvh

lw lv hdv| wr h{whqg wr wkh fkrlfh rxw ri dq lq�qlw| ri dowhuqdwlyhv +xqolnh wkh

Frshodqg uxoh, dqg ehfdxvh lw lv vlpso| edvhg rq sdluzlvh frpsdulvrqv ehwzhhq

dowhuqdwlyhv1

Wkh deryh uhpdunv vxjjhvw wzr gluhfwlrqv iru ixuwkhu uhvhdufk1 Rqh zrxog

eh wr �qg dgglwlrqdo vrfldo fkrlfh fruuhvsrqghqfhv vdwlvi|lqj rxu surshuwlhv1 Wkh

rwkhu zrxog lqyroyh wkh d{lrpdwlf fkdudfwhul}dwlrq ri wkh uxohv zh kdyh sursrvhg/

ru ri odujhu fodvvhv frqwdlqlqj wkhp1
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Uhihuhqfhv

^4` Dohvlqd/D1/ dqg H1 Vsrodruh +4<<:,1 �Rq wkh Qxpehu dqg Vl}h ri Qdwlrqv�/

Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ s1435:0891

^5` Juhhqehuj/ M1/ dqg V1 Zhehu +4<<6,1 �Vwdeoh Frdolwlrq Vwuxfwxuhv zlwk d Xql0

glphqvlrqdo Vhw ri Dowhuqdwlyhv�/ Mrxuqdo ri Hfrqrplf Wkhru|1 Yro193 +4,/

s1950;51

^6` Mhklho/ S1/ dqg V1 Vfkrwfkphu +4<<:,1 �Iuhh Prelolw| dqg wkh Rswlpdo Qxpehu

ri Mxulvglfwlrqv�/ Dqqdohv G*Hfrqrplh hw gh Vwdwlvwltxh1 Yro1 3+78,/ s154<0641

^7` Nrqlvkl/ K1/ P1 OhEuhwrq/ dqg V1Zhehu +4<<;,1 �Htxloleulxp lq d Ilqlwh Orfdo

Sxeolf Jrrgv Hfrqrp|�/ Mrxuqdo ri Hfrqrplf Wkhru|1 Yro1:< +5,/ s15570771

^8` Plofkwdlfk/ L1/ dqg H1 Zlqwhu +4<<;,1 �Vwdelolw| dqg Vhjuhjdwlrq lq Jurxs

Irupdwlrq�/ plphr/ Kheuhz Xqlyhuvlw| ri Mhuxvdohp1

^9` Pl|dzdjd/ H1+4<<:,1 �Phfkdqlvpv iru Surylglqj d Phqx ri Sxeolf Jrrgv�/

Xqlyhuvlw| ri Urfkhvwhu/ Sk1G1

^:` Prxolq/ K1 +4<;;,1 �D{lrpv ri Frrshudwlyh Ghflvlrq Pdnlqj�/ Fdpeulgjh

Xqlyhuvlw| Suhvv1

^;` Wkrpvrq/ Z1+4<<;,1 �Frqvlvwhqf| dqg Lwv Frqyhuvh= Dq Lqwurgxfwlrq�/

Urfkhvwhu Fhqwhu iru Hfrqrplf Uhvhdufk1 Zrunlqj Sdshu Qr177;/ 4<<;1

^<` Wlherxw/ F1 +4<89,1 �D Sxuh Wkhru| ri Orfdo Sxeolf H{shqglwxuh�/ Mrxuqdo

ri Srolwlfdo Hfrqrp|1 Yro197/ s174907571
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