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Devwudfw

Zh dqdo|}h wkh lqwhudfwlrq ri wzr glvflsolqdu| phfkdqlvpv= frp0
shwlwlrq dqg uhsxwdwlrq1 Zh �uvw vwxg| d g|qdplf prgho ri prqrsr0
olvwlf frpshwlwlrq zlwk h{shulhqfhg jrrgv1 Li frqvxphuv* eholhiv vdwlvi|
d zhdn uhjxodulw| frqglwlrq/ wkhq wkhuh lv d xqltxh vxvwdlqdeoh htxlole0
ulxp zlwk txdolw| jrrgv ehlqj surgxfhg dqg wkh sulfh kdv d pdun0xs
zklfk lv hlwkhu wkh ixoo lqirupdwlrq prqrsrolvwlf pdun0xs ru/ li wklv lv
qrw vxvwdlqdeoh +h1j1/ zkhq jrrgv duh yhu| forvh vxevwlwxwhv,/ wkh udwh
ri wlph suhihuhqfh/ wkdw dfwv dv d uhsxwdwlrq frqvwudlqw1 D yduldwlrq
ri wkh prgho doorzv xv wr vwxg| wkh sulydwh surylvlrq ri fxuuhqflhv1 Lq
sduwlfxodu/ zh lqtxluh zkhwkhu frpshwlwlrq ehwzhhq sur�w pd{lpl}lqj
fxuuhqf| lvvxhuv zrxog gulyh lq dwlrq udwhv wr wkh h!flhqw rxwfrph/ dv
vxjjhvwhg surplqhqwo| e| Kd|hn1 Zlwkrxw frpplwphqw/ wkh h!flhqw
rxwfrph zlwk gh dwlrq 0dv lpsolhg e| wkh Iulhgpdq uxoh0 fdqqrw eh
vxvwdlqhg1 Krzhyhu/ li fxuuhqflhv duh forvh vxevwlwxwhv +dqg eholhiv duh
uhjxodu, wkh htxloleulxp lq dwlrq udwh lv }hur1

MHO fodvvl�fdwlrq= H73> H83> H8;> H93
Nh| zrugv= H{shulhqfhg jrrgv> Fxuuhqf| frpshwlwlrq> Uhsxwd0

wlrq> Lq dwlrq

�Zh zdqw wr wkdqn Pdvvlpr Prwwd dqg Slhusdror Edwwljdool iru wkhlu frpphqwv dv zhoo
dv sduwlflsdqwv lq wkh 4<<; Qruwkzhvwhuq Xqlyhuvlw| Vxpphu Zrunvkrs lq Pdfurhfrqrplf
Wkhru| dqg lq wkh 4<<< Vxpphu Fdps lq Lqwhuqdwlrqdo Hfrqrplfv lq Exhqrv Dluhv1

|U1 Pdulprq/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Xqlyhuvlwdw Srpshx Ideud/ QEHU dqg
FHSU> M1S1 Qlfrolql/ Xqlyhuvlgdg Gl Whood dqg Xqlyhuvlwdw Srpshx Ideud> S1 Whohv/
Edqfr gh Sruwxjdo dqg Xqlyhuvlgdgh Fdwrolfd Sruwxjxhvd1
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4 Lqwurgxfwlrq
Fdq fxuuhqf| eh h!flhqwo| surylghg e| frpshwlwlyh pdunhwvB Dv zh vkrz
lq wklv sdshu/ vxfk d pdfur txhvwlrq kdv d yhu| vlplodu plfur irupxodwlrq=
fdq h{shulhqfhg jrrgv +l1h1/ jrrgv zkhuh txdolw| lv revhuyhg diwhu ehlqj sxu0
fkdvhg, ri kljk txdolw| eh surylghg e| frpshwlwlyh pdunhwvB Lq wklv sdshu/
zh vwxg| d g|qdplf prqrsrolvwlf htxloleulxp prgho wr surylgh dq dqvzhu wr
wkh plfur txhvwlrq1 D yduldwlrq ri wkh prgho doorz xv wr dqvzhu wkh ruljl0
qdo pdfur txhvwlrq1 Erwk txhvwlrqv dgguhvv wkh pruh jhqhudo wkhph ri krz
wkh uhsxwdwlrq dqg wkh frpshwlwlyh phfkdqlvpv lqwhudfw1 Wklv lv wkh fhqwudo
wkhph ri wkh sdshu1

Lq prqhwdu| wkhru|/ wkh vwdqgdug odlvvh}0idluh ylhz �dv/ iru h{dpsoh/ kdv
ehhq h{suhvvhg e| Kd|hn� lv edvhg rq d �Ehuwudqg frpshwlwlrq� dujxphqw/
dffruglqj wr zklfk frpshwlwlrq zloo gulyh wkh sulfh +uhwxuq, ri prqh| wr lwv
pdujlqdo frvw1 Jlyhq wkh uhdo udwh ri lqwhuhvw/ dqg devwudfwlqj iurp ohjdo uh0
vwulfwlrqv ru dffhswdelolw| lvvxhv/ wkh ghpdqg iru d jlyhq fxuuhqf| ghshqgv rq
lwv uhdo uhwxuq1 Wkhuhiruh/ d frpshwlwlyh lvvxhu zloo wu| wr xqghufxw frpshwl0
wruv zlwk d orzhu lq dwlrq udwh1 Li wkh pdujlqdo frvw ri surgxflqj fxuuhqf| lv
}hur/ wklv surfhvv ri frpshwlwlrq vkrxog pdnh wkh lq dwlrq udwh htxdo wr wkh
v|pphwulf ri wkh uhdo udwh ri lqwhuhvw1 Wkdw lv/ dq �rswlpdo prqhwdu| srolf|�
ri }hur qrplqdo lqwhuhvw udwhv vkrxog eh wkh uhvxow ri frpshwlwlrq1

Wkhuh lv/ krzhyhu/ rqh pdmru  dz lq wklv �Ehuwudqg frpshwlwlrq� du0
jxphqw/ zkhq dssolhg wr �dw prqh|1 Zkhq vxssolhuv ri fxuuhqf| fdqqrw
frpplw wr wkhlu ixwxuh dfwlrqv/ wkhq frpshwlwlrq pd| orvh lwv elwh1 Wkh uhd0
vrq ehlqj wkdw/ zkloh fxuuhqflhv frpshwh rq wkhlu surplvhg udwhv ri uhwxuq/
rqfh djhqwv krog d sduwlfxodu fxuuhqf| wkhuh pd| eh dq lqfhqwlyh iru wkh lv0
vxhu wr lq dwh wkh sulfh ri jrrgv lq whupv ri wklv fxuuhqf|/ uhgxflqj/ lq wklv
zd|/ wkh rxwvwdqglqj oldelolwlhv1 Wklv sureohp/ qrwlfh/ lv dw wkh urrw ri wkh
wlph lqfrqvlvwhqf| sureohp lq prqhwdu| wkhru|1 Fxuuhqw fxuuhqf| sruwirolrv
kdyh ehhq suh0vshfl�hg/ zkloh wkhuh lv ixoo  h{lelolw| wr fkrrvh wrpruurz*v
sruwirolrv1 Fxuuhqflhv frpshwh iru wrpruurz sruwirolrv1 Wkxv/ Ehuwudqg
frpshwlwlrq gulyhv surplvhg udwhv ri uhwxuq wr wkh h!flhqw ohyho1 Exw wkrvh
surplvhv pljkw qrw eh fuhgleoh1 Wkdw lv/ wkh fxuuhqf| vxssolhu kdv dq lqfhq0
wlyh wr ghidxow rq wkh surplvh pdgh zkloh frpshwlqj zlwk rwkhu fxuuhqflhv1
Lq rwkhu zrugv/ zkhq wkh fkrlfhv duh vhtxhqwldo/ fxuuhqflhv duh qr orqjhu
shuihfw vxevwlwxwhv> lq d vhqvh/ wkh| duh qrw vxevwlwxwhv dw doo$

Lq wkh lqgxvwuldo rujdql}dwlrq wkhru|/ frpshwlwlrq lq h{shulhqfhg jrrg
pdunhwv kdv vlplodu surshuwlhv1 �Ehuwudqg frpshwlwlrq� fdq rqo| d�hfw pdu0
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nhw sulfhv/ exw qrw wkh txdolwlhv zklfk duh revhuyhg h{0srvw1 Ilupv kdyh dq
lqfhqwlyh wr � |0e|0qljkw� surylglqj orz txdolw| surgxfwv1 Wklv sureohp/
qrwlfh/ lv dw wkh urrw ri wkh �pdunhw iru ohprqv� sureohp lq lqgxvwuldo rujd0
ql}dwlrq wkhru|1 Lq vxppdu|/ lq d prqrsrolvwlf frpshwlwlrq frqwh{w/ hyhq li
jrrgv duh forvh vxevwlwxwhv/ frpshwlwlrq grhv qrw glvflsolqh �upv1

Lq d g|qdplf hfrqrp|/ krzhyhu/ �upv duh frqfhuqhg iru wkhlu ixwxuh pdu0
nhw srvlwlrq dqg vxfk uhsxwdwlrq phfkdqlvp pd| eh hqrxjk wr glvflsolqh
�upv wr surylgh kljk txdolw| jrrgv1 Vlploduo|/ wkh uhsxwdwlrq phfkdqlvp
pd| uhvroyh wkh wlph lqfrqvlvwhqf| sureohp lq wkh vxsso| ri prqh|= frqfhuq
iru wkh ixwxuh flufxodwlrq ri prqh| pd| glvlqfhqwlyh fxuuhqf| lvvxhuv wr fuhdwh
xqh{shfwhg lq dwlrqv1 Qhyhuwkhohvv/ uhsxwdwlrqdo frqfhuqv h{lvw dv orqj dv
�upv/ prqrsrolvwlf �upv lq rqh frqwhvw dqg fxuuhqf| vxssolhuv lq wkh rwkhu/
h{shfw kljk hqrxjk ixwxuh sur�wv dv wr uhiudlq iurp fdswxulqj wkh vkruw0whup
sur�wv1 Wkhuhiruh/ frpshwlwlrq/ gulylqj grzq sur�wv/ pd| hqkdqfh h!flhqf|/
exw pd| dovr ghvwur| wkh glvflsolqdu| surshuwlhv ri wkh uhsxwdwlrq phfkdqlvp1
Wkh dqdo|vlv ri wklv wudgh0r� lv wkh fhqwudo frqwulexwlrq ri wklv sdshu1

Lq vwxg|lqj prqrsrolvwlf frpshwlwlrq zh �uvw frqvlghu wkh fdvh ri shu0
ihfw revhuydelolw| zkhuh/ dv wkh zhoo xqghuvwrrg wkhru| suhglfwv/ htxloleulxp
lv xqltxho| ghwhuplqhg e| wkh ghjuhh ri vxevwlwxwlrq dqg/ dv jrrgv ehfrph
forvhu vxevwlwxwhv/ htxloleuld ehfrph pruh h!flhqw/ dfklhylqj Sduhwr h!0
flhqf| lq wkh olplwlqj fdvh ri shuihfw vxevwlwxwlrq1 Krzhyhu/ zkhq txdolw| lv
rqo| revhuyhg zlwk d odj wkh pdun0xs pxvw eh erxqghg dzd| iurp }hur dv
wr jxdudqwhh hqrxjk ixwxuh sur�wv iru uhsxwdwlrq wr sod| d uroh1 Wkh udwh
ri wlph suhihuhqfhv 0dv lqglfdwru ri wkh revhuydelolw| odj0 gh�qhv wkh orzhu
erxqg rq pdun0xsv1 Pruh suhflvho|/ zh �uvw vkrz wkdw dq| sulfh fryhulqj
vxfk pdun0xs frxog eh vxvwdlqhg dv d v|pphwulf vwdwlrqdu| vhtxhqwldo htxl0
oleulxp +dqg dv d vxvwdlqdeoh htxloleulxp,1 Wklv dovr phdqv wkdw frpshwlwlrq
grhv qrw sod| dq| uroh vlqfh/ iru h{dpsoh/ dq| duelwudu| odujh sulfh fdq eh dq
htxloleulxp sulfh/ vxvwdlqhg e| eholhiv wkdw sulfh ghyldwlrqv/ iurp vxfk d kljk
sulfh/ vljqdo orz txdolw|1 Wkdw lv/ duelwudulqhvv ri eholhiv uhvxowv lq duelwudu|
sulfh htxloleuld1

Zh wkhq frqvwudlqw eholhiv wr vdwlvi| wzr zhdn uhjxodulw| frqglwlrqv zklfk
duh frqvlvwhqw zlwk prvw ohduqlqj surfhgxuhv1 Lq rwkhu zrugv/ zh frqvwudlqw
udwlrqdo h{shfwdwlrqv htxloleuld wr eh ohduqdeoh lq wkh vhqvh ri ehlqj vxssruwhg
e| eholhiv wkdw vdwlvi| plqlpxp uhjxodulw| frqglwlrqv/ vxfk dv d zhdn irupv
ri frqwlqxlw| dqg prqrwrqlflw|1 Zh lqwurgxfh wklv zd|/ wkh frqfhsw ri uhjxodu
vhtxhqwldo htxloleulxp/ zklfk lv glvwlqfw iurp rwkhu h{lvwlqj uh�qhphqwv dqg
fdq eh ri lqwhuhvw lq rwkhu dssolfdwlrqv1 Lq frqwudvw zlwk vhtxhqwldo htxloleuld/
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wkhuh lv d xqltxh vwdwlrqdu| uhjxodu vhtxhqwldo htxloleulxp/ lq zklfk frpsh0
wlwlrq sod|v d fuxfldo uroh1 Lq sduwlfxodu/ wkh pdun0xs lv hlwkhu wkh pdun0xs
ri wkh prqrsrolvwlf frpshwlwlrq zlwk shuihfw revhuydelolw| ru/ li jrrgv duh
wrr forvh vxevwlwxwhv dv vxfk d sulfh qrw ehlqj vxvwdlqdeoh/ wkh 0orzhu erxqg0
udwh ri wlph suhihuhqfhv1

Rxu prgho ri fxuuhqf| frpshwlwlrq lv rqh zkhuh jrrgv duh vxssolhg lq
shuihfwo| frpshwlwlyh pdunhwv/ exw frqvxphuv/ zkr zrxog olnh wr frqvxph
doo jrrgv/ pxvw sd| iru hdfk jrrg zlwk d vshfl�f fxuuhqf|/ wkdw lv/ wkh|
idfh pxowlsoh +d frqwlqxxp, ri fdvk0lq0dgydqfh frqvwudlqwv +dv lq Zrrgirug
4<<3,1 Hdfk fxuuhqf| lv vxssolhg e| d sur�w pd{lpl}hu surylghu/ wkhuhiruh
fxuuhqf| frpshwlwlrq sodfh wkh uroh ri prqrsrolvwlf frpshwlwlrq lq wkh rulj0
lqdo prgho1 Wkh sdudooho zlwk wkh fdvh ri shuihfw revhuydelolw| lv wkh fdvh
zlwk ixoo frpplwphqw1 Fxuuhqf| frpshwlwlrq dfklhyhv wkh h!flhqw +Iulhg0
pdq uxoh, prqhwdu| htxloleulxp li fxuuhqflhv ehfrph shuihfw vxevwlwxwh/ dv
Kd|hn kdg hqylvlrqhg1 Krzhyhu/ wkh sdudooho zlwk wkh fdvh ri xqrevhuydeoh
txdolw| lv wkh fdvh zlwkrxw ixoo frpplwphqw1 Erwk fdvhv vkduh wkh surshuw|
wkdw frpshwlwlrq lv rq dqqrxqfhg sulfhv +lqwhuhvw udwhv,/ zkloh frqvxphuv
edvh wkhlu ghpdqgv rq h{shfwdwlrqv rq zkhwkhu vxfk dqqrxqfhphqwv zloo eh
uhdol}hg1 Wkh htxlydohqw ri wkh orzhu erxqg rq pdun0xsv lv d qrq0qhjdwlyh
lq dwlrq frqglwlrq/ zklfk pxvw eh jxdudqwhhg iru uhsxwdwlrq wr sod| d uroh1
Dv lq wkh prqrsrolvwlf frpshwlwlrq prgho/ wkhuh lv d odujh vhw ri vhtxhq0
wldo htxloleuld/ zklfk vkulqnv wr d xqltxh htxloleulxp zkhq eholhiv vdwlvi|
uhjxodulw| frqglwlrqv1 Lq sduwlfxodu/ wkh xqltxh vwdwlrqdu| uhjxodu vhtxhqwldo
htxloleulxp lv fkdudfwhul}hg e| dq lq dwlrq wkdw lw lv hlwkhu }hur ru wkh lq d0
wlrq ri wkh ixoo frpplwphqw htxloleulxp/ li vxfk lq dwlrq udwh lv srvlwlyh1 Lw
iroorzv/ iru h{dpsoh/ wkdw wkh h!flhqw +Iulhgpdq uxoh, prqhwdu| htxloleulxp
fdq qrw eh vxvwdlqhg dv Kd|hn kdg hqylvlrqhg1 Lw dovr iroorzv/ krzhyhu/ wkdw/
zlwk uhqw pd{lpl}lqj fxuuhqf| surylghuv/ frpshwlwlrq hqkdqfhv h!flhqf|/
frqwudglfwlqj vrph ri wkh dujxphqwv ri wkrvh dgyrfdwlqj wkdw �prqh| lv d
qdwxudo prqrsro|�1

Dowkrxjk zh h{sorlw wkh vlplodulwlhv ehwzhhq h{shulhqfhg jrrgv dqgprqlhv/
vxfk dqdorj| vkrxog qrw eh sxvkhg wrr idu1 Iru h{dpsoh/ wkhuh lv d �frru0
glqdwlrq sureohp� dvvrfldwhg zlwk wkh �dffhswdqfh ri �dw prqh|/� zklfk lv
pruh vlplodu wr �frruglqdwlrq sureohpv� dvvrfldwhg zlwk vrph surgxfwv/ vxfk
dv �idvklrq jrrgv�1 Lq frqwudvw zlwk wkh lqgxvwuldo rujdql}dwlrq olwhudwxuh/
lq prqhwdu| wkhru| riwhq wkh dujxphqw iru �prqh| dv d qdwxudo prqrsro|�
kdv ehhq pdgh edvhg rq wkh h{lvwhqfh ri vxfk d �frruglqdwlrq sureohp�1 Lq
wklv sdshu zh zloo qrw dgguhvv vxfk hqgrjhqhlw| sureohpv1 Zh zloo/ krzhyhu/

7



wdnh lqwr dffrxqw dqrwkhu gl�huhqwldo ihdwxuh ri �dw prqh|= wkh idfw wkdw li
shrsoh gr qrw h{shfw wkdw d fxuuhqf| zloo eh khog lq wkh ixwxuh/ wkhq wkhlu
fxuuhqw ghpdqg iru vxfk d fxuuhqf| lv }hur1 Lq wklv uhjdug prqh| lv pruh
olnh d qrq0shulvkdeoh gxudeoh jrrg wkdw uhtxluhv jrrg pdlqwhqdqfh iru olih1
Wkdw lv/ lw lv hqrxjk wkdw |rx gr qrw h{shfw wr �qg vhuylfh +ri txdolw|, lq
wkh ixwxuh iru |rx qrw wr ex| 0vd|/ d fdu ri d fhuwdlq pdnhu0 hyhq li fxuuhqw
txdolw| +erwk ri wkh fdu dqg wkh vhuylfh, lv wkh dssursuldwh rqh1

Rxu zrun lv uhodwhg wr gl�huhqw vwudqgv ri olwhudwxuh1 Zlwk uhvshfw wr wkh
lqgxvwuldo rujdql}dwlrq olwhudwxuh rq h{shulhqfh jrrgv/ rxu zrun lv forvho| uh0
odwhg wr Vkdslur +4<;6,41 Kh frqvlghuv d vlplodu prgho ri prqrsrolvwlf frp0
shwlwlrq lq zklfk frqvxphuv* h{shfwdwlrqv uhjduglqj txdolw| iroorz dq dg0krf
h{rjhqrxv surfhvv1 Kh grhv qrw vwxg| wkh wudgh0r�v ehwzhhq �frpshwlwlrq
dqg uhsxwdwlrq�1 Lq frqwudvw/ zh frqvlghu udwlrqdo h{shfwdwlrqv derxw txdolw|
dqg/ dv zh kdyh vdlg/ rxu fhqwudo wkhph lv wkh vwxg| wkhvh wudgh0r�v1

Wkh lvvxh ri fxuuhqf| frpshwlwlrq kdv ehhq wkh vxemhfw ri dq h{whqvlyh
dfdghplf ghedwh1 Wklv ghedwh kdv vhhq pdq| vxssruwhuv ri iuhh frpshwl0
wlrq pdnlqj dq h{fhswlrq zkhq lw frphv wr prqh| +dv Iulhgpdq/ 4<93,/
zkloh dgyrfdwhv ri iuhh fxuuhqf| frpshwlwlrq +qrwdeo|/ Kd|hn4<:7 dqg 4<:;/
dqg Urfnr�/ 4<:8, kdyh ehhq vrphzkdw lvrodwhg 1 Dowkrxjk/ wkh uhfhqw
uhdssudlvdo ri wkh vhoi0uhjxodwlqj surshuwlhv ri iuhh edqnlqj5/ kdv udlvhg qhz
lqwhuhvw rq wkh vwxg| ri fxuuhqf| frpshwlwlrq1 Zrrgirug +4<<3, vwxglhv fxu0
uhqf| frpshwlwlrq lq d prgho vlplodu wr wkh rqh vwxglhg khuh1 Kh lv lqwhuhvwhg
lq vwxg|lqj wkh vwdelolw| ri h{fkdqjh udwhv dqg grhv qrw frqvlghu uhsxwdwlrqdo
lvvxhv1

Wkh sureohp ri wkh wlph0lqfrqvlvwhqf| ri prqhwdu| srolflhv kdv ehhq h{0
whqvlyho| vwxglhg +vhh/ iru h{dpsoh/ Fkdqj +4<<;,/ Fkdul ) Nhkrh +4<<3,/
Luhodqg +4<<7,/ Vwrnh|/ 4<<4,/ exw zlwk wkh sduwldo h{fhswlrq ri Wdxe +4<;8,/
wkh �fxuuhqf| frpshwlwlrq� dujxphqw kdv qrw ehhq frqvlghuhg61 Wdxe +4<;8,
vwxglhv wzr frpplwphqw uhjlphv= rqh zlwk ixoo frpplwphqw zlwk qrq0vwdwlrqdu|
+�wlph0lqfrqvlvwhqw�, srolflhv/ dqg dqrwkhu lq zklfk srolfhv duh frqvwudlqhg
wr eh �wlph0frqvlvwhqw� +vwdwlrqdu|,1 Kh vkrzv wkdw lq wkh frpplwphqw fdvh/

4Vhh dovr Wluroh +4<;;, iru dq lqwurgxfwru| dffrxqw1
5Vhh/ iru h{dpsoh/ Fdorplulv dqg Ndkq +4<<9,/ Grzg +4<<5,/ Nlqj +4<;6,/ Uroqlfn dqg

Zhehu +4<;6,/ Vhojlq +4<;:,/ Vhojlq ) Zklwh +4<;:,/ Ydxeho +4<;8,/ dqg/ pruh jhqhudoo|/
Zklwh +4<<6, 1 Vhh dovr Vfkxohu +4<<5,/ iru dq dffrxqw ri klvwrulfdo hslvrghv ri iuhh edqnlqj/
dqg Kd|hn +4<:7/4<:;,/ Grzg +4<<5, dqg Zklwh +4<<6, iru d eurdg shuvshfwlyh rq wkh
olwhudwxuh rq iuhh edqnlqj1

6D vkruwfrplqj wkdw kdv qrw jrqh xqqrwlfhg +vhh/ iru h{dpsoh/ Khoozlj +4<;8,,1
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wkh Iulhgpdq uxoh hphujhv dv wkh frpshwlwlyh rxwfrph/ zkloh lq wkh �wlph0
frqvlvwhqw� fdvh wkh rxwfrph lv lqh!flhqw dqg/ dv d uhvxow/ kh dujxhv lq idyru
ri wkh �qdwxudo prqrsro|� dujxphqw1 Zkloh zh kdyh wkh vdph uhvxow zkhq
wkhuh lv ixoo frpplwphqw/ rxu dqdo|vlv ri wkh �qrq0frpplwphqw fdvh� gl�huv
vxevwdqwldoo|/ vkrzlqj krz/ dqg zkhq/ frpshwlwlrq hqkdqfhv h!flhqf|1 Il0
qdoo|/ wkh sdshu zklfk lv forvhvw wr wklv rqh/ lv rxu/ Pdulprq/ Qlfrolql dqg
Whohv +4<<;,/ frpsdqlrq sdshu rq wkh h�hfwv rq +wkh xqltxh, prqhwdu| srolf|
ri frpshwlwlrq iurp hohfwurqlf prqh|/ dqg rwkhu fxuuhqf| vxevwlwxwhv1

5 D prgho ri prqrsrolvwlf frpshwlwlrq zlwk
h{shulhqfhg jrrgv

Rxu prgho lv d yhuvlrq ri wkh prgho ri prqrsrolvwlf frpshwlwlrq ri Gl{lw dqg
Vwljolw} +4<::,/ zlwk h{shulhqfhg jrrgv1 Frqvlghu dq hfrqrp| zlwk d odujh
qxpehu ri lghqwlfdo krxvhkrogv wkdw jdlq xwlolw| iurp vhuylfhv dqg ohlvxuh1
Wkh xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh krxvhkrog lv

"[
|'f

q| dLE+|�� k?|o / +4,

zkhuh L lv lqfuhdvlqj dqg frqfdyh dqg/ zlwkrxw orvv ri jhqhudolw|/ LEf� ' f/
k lv d srvlwlyh frqvwdqw/ ?| lv zrun h�ruw dqg +| lv dq lqgh{ ri vhuylfhv

+| '
�]

�

f

E+E��|^E��|�
�*> _�

�>
/

zlwk > � �1 +E��| lv wkh frqvxpswlrq ri jrrg � 5 dfc �o1 Hdfk ri wkh jrrgv
fdq eh surylghg zlwk yduldeoh txdolw|/ ^E��| ' f ru �1

Wlph pxvw eh ghyrwhg wr wkh surgxfwlrq ri vhuylfhv/ dffruglqj wr wkh
olqhdu whfkqrorj|

+E��|^E��| ' ?E��|/

Wrwdo h�ruw shu fdslwd lv

?| '
]
�

f

?E��|_��

Zh dvvxph wkdw wkhuh lv d vlqjoh prqrsrolvw wkdw surgxfhv hdfk jrrg1

9



Surgxfhuv kdyh/ dw dq| wlph/ wkh rswlrq ri surgxflqj �idnh� xqlwv ri wkh
frqvxpswlrq jrrg wkdw duh frvwohvv wr surgxfh1 D nh| dvvxpswlrq iru wkh
fkdudfwhul}dwlrq ri wkh htxloleuld lv zkhwkhu frqvxphuv fdq glvwlqjxlvk wkh
jrrg txdolw| jrrgv iurp wkh edg txdolw| rqhv ehiruh wkh| ex| wkhp1 Zh
surfhhg wr fkdudfwhul}h wkh htxloleulxp zkhq wkh vhuylfhv rewdlqhg zlwk wkh
frqvxpswlrq ri wkh jrrgv duh revhuyhg ehiruh wkh| duh sxufkdvhg1

514 Prqrsrolvwlf frpshwlwlrq zlwk shuihfw revhuydelo0
lw|

Li wkh txdolw| ri wkh jrrg lv sxeolf lqirupdwlrq/ wkhuh h{lvwv d xqltxh htxlole0
ulxp lq wklv prgho hfrqrp| zlwk prqrsrolvwlf frpshwlwlyh �upv1 Hdfk �up
vhwv wkh sulfh htxdo wr d frqvwdqw pdun xs ryhu wkh xqlwdu| pdujlqdo frvw1

Lq hdfk shulrg |/ wkh uhsuhvhqwdwlyh krxvhkrog fkrrvhv wkh qxpehu ri
xqlwv ri hdfk jrrg � wr sxufkdvh/ +E��|/ dv zhoo dv zrun h�ruw/ ?|/ lq rughu wr
pd{lpl}h xwlolw|/ +4,/ vxemhfw wr

"[
|'f

'|

�]
�

f

ERE��|+E��| � �E��|� _�� ?|

�
� f/

zkhuh �E��| duh wkh shu0fdslwd sur�wv ri �up �/ RE��| lv wkh sulfh ri jrrgv lq
xqlwv ri oderu wlph/ dqg '| lv wkh sulfh ri oderu dw wlph |/ lq xqlwv ri oderu
dw wlph }hur1 Wkh ghpdqg ixqfwlrqv iru jrrgv zloo eh jlyhq e|

L �E+|�+
>3�

>

| E+E��|^E��|�
�3>

> ^E��| ' kRE��|/ +5,

iru doo � dqg |1 Zkhq ^E��| ' f/ wkhq +E��| ' f1
Zkhq lqvwhdg ^E��| ' �/ doo �/ wkh sulfh ri wkh frpsrvlwh jrrg +| lv

R| �
�]

�

f

RE��
�*�3>
| _�

��3>
'

L �E+|�

k

Wkh ghpdqg ixqfwlrqv iru vhuylfhv ri hdfk ri wkh jrrgv/ +5,/ fdq wkhq eh
zulwwhq dv

+E��| ' +|

%
RE��|
R|

& >

�3>

+6,

Wkh prqrsrolvw ri surgxfw � fkrrvhv wkh txdolw| dqg wkh sulfh wr pd{lpl}h
sur�wv

"[
|'f

q| ERE��|+E��| � ^E��|+E��|� � +7,

:



Vlqfh zlwk ^E��| ' f/ +E��| ' f/ dqg sur�wv zloo eh }hur/ wkhq wkh �upv zloo
surylgh wkh kljk txdolw|/ ^E��| ' �1 Wkh| fkrrvh wkh sulfhv wr pd{lpl}h
sur�wv +7, vxemhfw wr wkh ghpdqg ixqfwlrqv +6,1 Wklv lv d vwdwlf sureohp1 Dv
wkh ghpdqg ixqfwlrq kdv frqvwdqw sulfh hodvwlflw|/ wkh rswlpdo sulfh shu xqlw
ri vhuylfh ri hdfk jrrg zloo eh

RE��| ' >� +8,

Wkh pdunhw fohdulqj frqglwlrq]
�

f

^E��|+E��|_� ' ?|

pxvw krog lq htxloleulxp1 Wkh xqltxh htxloleulxp zloo eh fkdudfwhul}hg e| d
sulfh zklfk zloo eh frqvwdqw ryhu wlph dqg dfurvv jrrgv

R ' >c +9,

dv htxdwlrq +8, vkrzv1 Wkhuhiruh/ wkh txdqwlw| ri vhuylfhv ri wkh jrrgv/
+| ' +/ zloo eh frqvwdqw dqg zloo vdwlvi| wkh iroorzlqj frqglwlrq

L �E+� ' k> +:,

Wkh ydoxh ri wkh sdudphwhu > ghwhuplqhv wkh vxevwlwxwdelolw| ri wkh jrrgv1
Wkh forvhu lv > wr rqh/ wkh kljkhu lv wkh ghjuhh ri vxevwlwxwdelolw|1 Qrwh wkdw
zkhq > lv lq idfw rqh/ wkh pdun0xs jrhv wr }hur dqg wkh htxloleulxp lv d
shuihfwo| frpshwlwlyh rqh1 Rq wkh rwkhu kdqg/ dv > jhwv odujhu/ vr gr wkh
pdun0xsv1 Qrwh wkdw zh duh qrw doorzlqj iru iuhh hqwu|/ vr sur�wv zloo lqghhg
eh srvlwlyh h{fhsw lq wkh olplwlqj fdvh lq zklfk > ' ��

Wkxv/ wkhuh h{lvwv d xqltxh htxloleulxp wkdw lv forvhu wr wkh h!flhqw rxw0
frph/ wkh forvhu lv wkh sdudphwhu > wr rqh1 Lqghhg rqo| zkhq > ' �/ wkh
pdujlqdo udwh ri vxevwlwxwlrq htxdov wkh pdujlqdo udwh ri wudqvirupdwlrq1 Wkh
lqfuhdvhg vxevwlwxwdelolw| ehwzhhq jrrgv lqfuhdvhv frpshwlwlrq dqg lqfuhdvhg
frpshwlwlrq lpsolhv dq rxwfrph forvhu wr wkh h!flhqw rqh1 Wklv prghov wkxv
looxvwudwhv lq d yhu| fohdu zd| wkh qlfh surshuwlhv ri frpshwlwlrq1

Dq dowhuqdwlyh zd| wr prgho lpshuihfw frpshwlwlrq lv wr dvvxph wkdw
jrrgv duh shuihfw vxevwlwxwhv lq wkh xwlolw| exw surgxfwlrq uhtxluhv �{hg
hqwu| frvwv/ dv lq Vdors +,*v flufxodu0flw|0prgho1 Wkh orzhu wkh �{hg frvwv/
wkh vwurqjhu lv frpshwlwlrq dqg wkh orzhu wkh htxloleulxp pdun0xsv1 Wkxv/
wkhuh lv d fohdu frqqhfwlrq ehwzhhq orzhu ydoxhv ri > lq Gl{lw0Vwljolw} dqg
orzhu �{hg frvwv lq Vdors1 Lq idfw/ wkh vdph uhvxowv jr wkurxjk lq erwk
prghov1 Krzhyhu/ wkh dqdorjxh prqhwdu| prgho lq wkh Gl{lw0Vwljolw} yhuvlrq
lv pxfk qlfhu/ vr wkdw wkh prghoolqj fkrlfh zdv qdwxudo1

;



515 Prqrsrolvwlf frpshwlwlrq zlwk xqrevhuydeoh txdo0
lw|

Zh qrz dvvxph wkdw/ dv zlwk pdq| gxudeoh jrrgv/ frqvxphuv fdq revhuyh
wkh txdolw| ri wkh jrrg 0ru vhuylfh0 rqo| diwhu sxufkdvlqj lw1 Wklv ihdwxuh
prgl�hv wkh prgho deryh lq yhu| lpsruwdqw zd|v1 Lq sduwlfxodu/ qrwh wkdw
hdfk �up qrz idfhv d �wlph lqfrqvlvwhqf| sureohp�1 Dv lv fohdu iurp wkh
h{suhvvlrq iru sur�wv +7,/ lq hdfk shulrg |/ rqfh wkh frqvxphuv kdyh sdlg wkh
sulfh ri wkh jrrg/ RE��|/ xqghu wkh h{shfwdwlrq wkdw wkh jrrg lv ri kljk txdolw|/
^E��| ' �/ lw lv rswlpdo wr surylgh qr vhuylfhv/ ^E��| ' f/ dqg vdyh wkh frvwv ri
surgxfwlrq/ dv orqj dv wklv grhv qrw d�hfw ixwxuh h{shfwdwlrqv71 Ri frxuvh/
wkh �upv zloo uhiudlq iurp grlqj vr/ li wklv dfwlrq fdq d�hfw ixwxuh ghpdqg/
vlqfh diwhu revhuylqj orz txdolw| wkh frqvxphuv pljkw fkrrvh +E��|n� ' f/
� � �1 Lq wklv vhfwlrq/ zh ghyhors d prgho ri uhsxwdwlrq wr dqdo|}h wklv
sureohp1

Ohw RE��| ghqrwh wkh sulfh vhw e| �up � lq shulrg | iru d jrrg ru vhuylfh1
Wkhq/ li wkh �up surgxfhv zlwk txdolw| ^E��|/ wkh sulfh shu xqlw ri vhuylfh lv
R^E��| ' RE��|*^E��|1 Ohw b�c|ERE��|� ' �h iR^E��| ' RE��|j cl1h1/ wkh suredelolw|
wkdw �up � vhwv wkh sulfh shu xqlw ri txdolw| R^E��| htxdo wr RE��|� Vr/ li
RE��| 	4/ wkhq b�c|ERE��|� lv wkh suredelolw| wkdw txdolw| lv kljk1 Ohw �| eh wkh
lqirupdwlrq dydlodeoh wr d �up dw wkh prphqw ri pdnlqj shulrg | ghflvlrqv1
Wkdw lv/ �f ' i>j dqg/ iru | : f/ �| ' i�|3�c RE��|3�c R

^E��|3� iru doo �j1 D
vwudwhj| iru �up �/ lv d js

� '
q
js

�c|

r
/ zkhuh/ js

�c|E�|� ' ERE��|c b�c|ERE��|�� �
Wkh uhsuhvhqwdwlyh krxvhkrog vlpso| ghflghv krz pxfk wr zrun dqg wr

sxufkdvh ri hyhu| vhuylfh/ l1h1/ E?|c +E��|ciru doo ��c jlyhq wkh dydlodeoh lqiru0
pdwlrq/ zklfk lq shulrg | lv i�|c RE��|/ iru doo �j c dqg wkh h{shfwdwlrqv rq wkh
txdolw| ri wkh vhuylfh1 Dq doorfdwlrq uxoh lv d j ' ij|j/ zkhuh/ j|E�|c RE��|� '
E?|c +E��|ciru doo ��1 Ohw v�

|E�|c RE��|� ghqrwh wkh eholhi wkdw/ jlyhq klvwru| �|

dqg sulfh RE��| wkh sulfh ri jrrg � shu xqlw ri txdolw|/ R^E��|c lv htxdo wr wkh
revhuyhg sulfh/ RE��|1 Wkdw lv/ iru RE��| 	4/ v�

|E�|c RE��|� lv wkh dvvhvvhg sure0
delolw| wkdw txdolw| lv kljk/ ^E��| ' �1 Qrwlfh wkdw zh lpsolflwo| dvvxph wkdw
eholhiv derxw �up � gr qrw ghshqg rq rwkhu �upv* sulfhv1 Frqvxphuv* eholhiv
duh frqvlvwhqw zlwk �upv* dfwlrqv li iru hyhu| E|c �|�c dqg sulfh RE��| ' jsc�

�c| E�|�/
v�

|E�|c RE��|� ' b�c|ERE��|�
81

7Wklv ihdwxuh kdv qrw ehhq xqqrwlfhg lq wkh Lqgxvwuldo Rujdql}dwlrq olwhudwxuh +vhh
Vkdslur 4<;6,1 Krzhyhu/ wr wkh ehvw ri rxu nqrzohgjh/ wkh sureohp kdv qrw ehhq dqdo|}hg
lq wkh frqwh{w ri ixoo| udwlrqdo djhqwv1

8Dv lq Nuhsv dqg Zlovrq +4<;5,* Vhtxhqwldo Htxloleulxp dqg dv lq Shuihfw +H{whqghg,
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D �Vhtxhqwldo Prqrsrolvwlf Frpshwlwlyh Htxloleulxp� +VPFH, frqvlvwv ri�
Ejc v�c Ejs

� �
�
vxfk wkdw/ iru hyhu| E|c �|�

41 js
�c|E�|� vroyhv wkh sureohp ri �up �/

dqg/ jlyhq RE��| ' jsc�
�c| E�|�c

51 v�
|E�|c RE��|� ' b�c|ERE��|�c dqg

61 E?|c +E��|� ' j|E�|c RE��|� vroyhv wkh sureohp ri wkh krxvhkrog/ jlyhq eh0
olhiv v�

|E�|c RE��|�c dqg vdwlv�hv wkh pdunhw fohdulqj frqglwlrq
U
�

f +E��|^E��|_� '
?|1

�Vhtxhqwldo Prqrsrolvwlf Frpshwlwlrq Htxloleulxp� +VPFH, surylghv d
qdwxudo iudphzrun wr vwxg| wkh lqwhudfwlrqv ehwzhhq frpshwlwlrq dqg uhsx0
wdwlrq1 Rq wkh rqh kdqg/ dv orqj dv > lv vwulfwo| odujhu wkdq rqh/ wkh hfrqrp|
h{klelwv prqrsrolvwlf srzhu/ dqg dv > jhwv forvh wr rqh/ wkh frpshwlwlrq eh0
wzhhq �upv lv lqfuhdvhg1 Rq wkh rwkhu kdqg/ lq pdnlqj txdolw| ghflvlrqv/
�upv fduh derxw wkhlu uhsxwdwlrq vlqfh txdolw| surylvlrq kdv vwudwhjlf lpsol0
fdwlrqv1

Qrwlfh wkdw wkh E�� uhtxluhphqw lv vlpso| wkdw frqvxphuv*v doorfdwlrqv
vdwlvi| wkhlu ghpdqgv1 Lq sduwlfxodu/ jlyhq E�|c RE��|�/ zlwk RE��| 	 4/ dqg
# ' v�

|E�|c RE��|� frqvxphuv* ghpdqgv duh jlyhq e|

+E��| ' +|

%
L �E+|�*k

RE��|*#

& >

>3�

Lq zkdw iroorzv/ zh uhvwulfw dwwhqwlrq wr v|pphwulf htxloleuld lq wkh vhqvh
wkdw doo �upv ehkdyh wkh vdph zd|/ vr h{shfwdwlrqv derxw txdolw| duh wkh
vdph iru hyhu| jrrg1

Lq rughu wr vwuhvv wkh shuydvlyh h�hfwv ri dvvxplqj wkdw wkh txdolw| lv
rqo| revhuyhg diwhu sxufkdvlqj wkh jrrg/ ohw xv frqvlghu dq htxloleulxp zkhuh
vwudwhjlhv gr qrw ghshqg rq klvwrulhv1 Li fxuuhqw dfwlrqv ri wkh �upv gr qrw
d�hfw wkh frqvxphuv* h{shfwdwlrqv derxw ixwxuh txdolw|/ wkhq/ qr pdwwhu zkdw
wkh sulfh lv/ lw lv d grplqdqw vwudwhj| iru wkh �upv wr fkrrvh wr surylgh wkh
orz txdolw|/ ^E��| ' f/ wr vdyh rq surgxfwlrq frvwv1 Li wkh �up surgxfhv orz

Ed|hvldq Htxloleulxp zh lpsrvh frqvlvwhqf| frqglwlrqv1 Krzhyhu/ lq rxu lpshuihfw lq0
irupdwlrq hqylurqphqw/ d vlpsoh irup ri frqvlvwhqf| rq uhodwlyh eholhiv vx!fhv +vhh/ iru
h{dpsoh/ Ixghqehuj dqg Wluroh/ 4<<4/ Fk1 ; dqg Edwwljdool/ 4<<9,1
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txdolw|/ wkhq iru dq| sulfh RE��| li v�
|E�|c RE��|� ' f/ frqvxphu*v h{shfwdwlrqv

duh ixo�oohg1 Wkh uhvxowlqj sd|r�v duh }hur lw iroorzv wkdw wklv lv wkh zruvw
VPFH1 Pruh irupdoo|/

Sursrvlwlrq 4 Wkhuh h{lvw orz txdolw| VPFH/ vxssruwhg e| vwudwhjlhv js
�c|E�|� '

ERE��|c f�/ dqg eholhiv v�
|E�|c RE��|� ' fc zlwk wkhlu fruuhvsrqglqj doorfdwlrqv

E?|c +E��|� ' Efc f�/ iru doo � dqg E|c �|�� Ixuwkhupruh/ wkhuh lv qr VPFH zlwk
orzhu sd|r�v iru frqvxphuv dqg �upv1

Lqflghqwdoo|/ qrwh wkdw wklv lv wkh xqltxh VPFH +sd|r�, lq zklfk vwudwh0
jlhv gr qrw ghshqg rq klvwrulhv1 Lq wklv fdvh qr uhsxwdwlrq frqvlghudwlrqv
dulvh1 Qrwh dovr wkdw wklv zrxog eh wkh xqltxh rxwfrph li �upv zkhuh dqrq|0
prxv sod|huv qrw dffrxqwdeoh iru wkhlu sdvw txdolw| ghflvlrqv1

Wkh qh{w vwhs lv wr ghwhuplqh xqghu zkdw frqglwlrqv wkh htxloleulxp
rxwfrph zlwk shuihfw revhuydelolw|/ ghvfulehg lq wkh suhylrxv vhfwlrq/ lv wkh
rxwfrph ri d VPFH1 Lq rughu wr fkhfn wklv/ zh frqvlghu wkh vwdqgdug wuljjhu
vwudwhjlhv ri uhyhuvlrq wr wkh zruvw VPFH vwudwhjlhv1

Frqvlghu wkh vwdwlrqdu| sdwk

RE��| ' Rc b�c|ER� ' �c +E��| ' +Rc ?R ' +R

zkhuh L �E+R� ' kR1 Zh zdqw wr �qg frqglwlrqv xqghu zklfk wklv rxwfrph lv
vxssruwhg e| wkh iroorzlqj �uhyhuw wr orz txdolw|� vwudwhjlhv dqg eholhiv dqg
doorfdwlrq uxohv=

js
�cf ' ERc �� c

js
| E�|� ' ERc �� / li R^E��? ' RE��? ' R iru f � ? 	 |c

' ERc f� / rwkhuzlvh1

v�
fE�fc RE��f� ' � li RE��f ' R dqg v�

fE�fc RE��f� ' fc rwkhuzlvh

v�
|E�|c RE��|� ' �c li R^E��? ' RE��? ' R/ f � ? 	 | dqg RE��| ' R

v�
|E�

S
| c RE��|� ' f rwkhuzlvh1

jfE�fc RE��f� ' E?Rc +R� li RE��f ' R /

jfE�fc RE��f� ' Efc f� li RE��f 9' R

j|E�|c RE��|� ' E?Rc +R� li R^E��? ' RE��? ' R/ f � ? 	 | dqg RE��| ' R

j|E�|c RE��|� ' Efc f� rwkhuzlvh1
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Frqvlghu �uvw wkh prqrsrolvwlf frpshwlwlrq rxwfrph zlwk shuihfw revhuy0
delolw|> wkdw lv/ R ' > dqg +R ' +� Qrwlfh wkdw/ li lw lv vhtxhqwldoo| udwlrqdo iru
�upv wr surgxfh kljk txdolw| zlwk suredelolw| rqh/ wkhq wkh deryh vwudwhjlhv
fruuhvsrqg wr vhtxhqwldoo| udwlrqdo fkrlfhv/ vlqfh wkh| zkhuh rswlpdo fkrlfhv
zlwk shuihfw revhuydelolw|1

Li wkh �up grhv lqghhg gholyhu wkh kljk txdolw| jrrg/ wkhq wkh sur�wv/ hdfk
shulrg/ zloo eh jlyhq e| �E�� ' E> � ��+ dqg/ wkhuhiruh/ wkh suhvhqw ydoxh
sur�wv/ diwhu kljk txdolw| lv revhuyhg doo suhylrxv shulrgv dqg wkh fxuuhqw
sulfh lv >c duh jlyhq e| T E>c �� ' E> � ��+*E� � q�� Rq wkh rwkhu kdqg/ li
wkh �up ghyldwhv 0vd|/ lq shulrg |0 dqg gholyhuv wkh orz txdolw| jrrg/ zkloh
vhwwlqj wkh sulfh RE��| ' >c wkh fxuuhqw sur�wv zloo eh >+ dqg wkh suhvhqw
ydoxh sur�wv/ diwhu R^E��| ' 4 lv revhuyhg wkh odvw shulrg +ru dq| suhylrxv
shulrg,/ duh T E>c f� ' f1 Wkxv/ wkh �up fkrrvhv qrw wr ghyldwh dqg surgxfh
kljk txdolw| +l1h1/b�c|E>� ' � lv vhtxhqwldoo| udwlrqdo, li

E>� ��+ n qT E>c ��

� >+ n qT E>c f�

wkdw lv/ li

qT E>c �� '
q

E�� q�
E>� ��+ � + +;,

Ohw q ' �*E� n 4�c wkhq wkh �up zloo fkrrvh qrw wr ghyldwh zkhq

> � � n 4�

Wkxv/ zh kdyh vkrzq wkh iroorzlqj sursrvlwlrq

Sursrvlwlrq 5 Li wkh pdunhw srzhu lv kljk hqrxjk/ vr wkdw wkh pdun0xs lv
kljkhu wkdq wkh glvfrxqw udwh/ wkhq wkh shuihfw lqirupdwlrq htxloleulxp lv d
VPFH1

Wkh lqwxlwlrq ri wkh odvw sursrvlwlrq lv fohdu1 Jlyhq wkdw wkh �up kdv
wkh rswlrq ri pdnlqj d vkruw uxq sur�w e| vhoolqj orz txdolw| jrrgv/ wkh
htxloleulxp pdun0xs pxvw eh kljk hqrxjk iru wkh �up qrw wr fkrrvh wr gr lw1
Dv wkh htxloleulxp sur�wv duh dffuxhg ryhu wlph/ wkh glvfrxqw udwh pdwwhuv1

Wklv lv wkh lqwxlwlrq ri wkh Lqgxvwuldo Rujdql}dwlrq olwhudwxuh rq xqrevhuy0
deoh txdolw|/ dqg wkh �uvw txrwdwlrqv jr edfn wr Dgdp Vplwk1 Li e| uhgxflqj
wkh txdolw| wkh �up fdq pdnh vkruw uxq sur�wv/ d uhsxwdwlrq dujxphqw fdq
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h{sodlq zk| �upv ghflgh qrw wr gr vr1 Dv zh kdyh mxvw vhhq/ uhsxwdwlrq lv
ydoxdeoh zkhq �upv pdnh srvlwlyh sur�wv lq htxloleulxp1 Exw/ dv frpshwl0
wlrq jhwv wljkwhu/ l1h1/ lq rxu prgho > jhwv duelwudulo| forvh wr �c prqrsrolvwlf
uhqwv glvdsshdu dqg wkh htxloleulxp zlwk shuihfw revhuydelolw| pd| qrw eh
vxvwdlqdeoh wkurxjk uhsxwdwlrq li wkh glvfrxqw udwh lv kljk hqrxjk1 Qrwlfh
wkdw wkh wlph shulrg fdq eh vhhq dv wkh wlph wkdw lw wdnhv iru frqvxphuv
wr revhuyh wkh txdolw| ri wkh jrrgv1 Wkh vkruwhu lv wkh lqirupdwlrq odj/ wkh
vpdoohu lv wkh glvfrxqw udwh/ dqg wkh hdvlhu wr vxvwdlq wkh htxloleulxp zlwk
shuihfw revhuydelolw|1 Qhyhuwkhohvv/ dv orqj dv 4 : f/ wkh Sduhwr h!flhqw
vroxwlrq lv qhyhu dwwdlqhg1

Vr idu/ zh kdyh rqo| vkrzq xqghu zklfk frqglwlrqv lv wkh shuihfw lqirupd0
wlrq htxloleulxp d VFH1 Krzhyhu/ lw vkrxog eh fohdu wkdw wkh deryh dujxphqw
dssolhv wr dq| rxwfrph gh�qhg e| R ' >� dqg +R ' +�/ dv orqj dv >� � � n 41
Lq wklv fdvh/ wkh fkrlfhv duh vhtxhqwldoo| udwlrqdo vlqfh frqvxphuv vdwlvi|
wkhlu ghpdqgv dw RE��| ' R^E��| ' >� c �upv pdnh qrq0qhjdwlyh sur�wv dqg
dq| ghyldwlrq lv sxqlvkhg1 Lq sduwlfxodu/ d sulfh ghyldwlrq lv lqvwdqwdqhrxvo|
sxqlvkhg e| wuljjhulqj wkh eholhiv wkdw wkh �up lv surgxflqj orz txdolw|1 Lw
iroorzv wkdw d sulfh ghyldwlrq lv grplqdwhg e| fkrrvlqj wr dqqrxqfh RE��| ' >�

dqg gholyhulqj kljk txdolw|1 Lq vxppdu|/

Sursrvlwlrq 6 Iru dq| >� � � n 4 wkhuh h{lvwv d vwdwlrqdu| VPFH zkhuh
wkh sulfh shu xqlw ri vhuylfh lv >� dqg �upv dozd|v surgxfh kljk txdolw|1

Wklv dqdo|vlv vkrzv krz kljk txdolw| fdq eh pdlqwdlqhg wkurxjk uhsxwd0
wlrq/ exw wkhuh lv qr uroh iru frpshwlwlrq1 Lq idfw/ li frqvxphu h{shfwdwlrqv
ghshqg rq sulfh dqg txdolw| klvwru|/ wkhuh pd| eh qr glphqvlrqv dorqj zklfk
wkh �upv fdq dfwxdoo| frpshwh1 Wkhuh lv d vhqvh lq zklfk frqvxphuv h{shf0
wdwlrqv dorqh ghwhuplqh wkh zkroh vhw ri uhvwulfwlrqv wkdw wkh �upv idfh/ dqg
wkh dfwlrqv ri d vlqjoh �up hqg xs e| ehlqj luuhohydqw iru wkh rwkhuv1 Wkh
sureohp/ krzhyhu/ lv pruh zlwk wkh gh�qlwlrq ri VPFH wkdq zlwk frpshwl0
wlrq1 Zh qh{w glvfxvv wklv sureohp/ vkrzlqj wkdw d pruh �vhqvleoh� gh�qlwlrq
ri htxloleulxp uhvxowv lq frpshwlwlrq sod|lqj d uroh1

51514 Uhjxodu eholhiv

Dv zh kdyh mxvw vhhq/ lq d VPFH frqvxphuv* eholhiv pd| eh idluo| xquhd0
vrqdeoh1 Iru h{dpsoh/ frqglwlrqdo rq sdvw klvwru|/ eholhiv fdq eh kljko|
glvfrqwlqxrxv lq fxuuhqw sulfhv/ d frqvxphu pd| kdyh kdg klv h{shfwdwlrqv
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ri kljk txdolw| dozd|v ixo�oohg lq wkh sdvw dqg/ |hw/ d sulfh dqqrxqfhphqw
wuljjhu d frpsohwh glvwuxvw1 Lq idfw/ qrwklqj suhfoxghv wkdw eholhiv frxog eh
vxfk wkdw revhuylqj kljk txdolw| zhuh wr ohdg wr grzq judglqj frqvxphuv*
h{shfwdwlrqv ri kljk txdolw|1 Lw vhhpv pruh qdwxudo +pruh frqvlvwhqw zlwk
dq| uhdvrqdeoh ohduqlqj surfhvv, wr dvvxph wkdw eholhiv vdwlvi| vrph plqlpdo
frqwlqxlw| dqg prqrwrqlflw| surshuwlhv1 Zh lpsrvh d uhjxodulw| frqglwlrq
rq eholhiv wkdw wdnhv lqwr dffrxqw wkhvh lqwxlwlyh lghdv1

Gh�qlwlrq 7 D frqvxphu kdv 0� srvlwlyh eholhiv li wkhuh h{lvw d 0 : f vxfk
wkdw/ iru doo �c |c �|c RE��| � �c v�

|E�|c RE��|� � 0 li wkhuh lv qr shulrg ? � fc
? 	 |c zlwk R^E��? 9' RE��?

Gh�qlwlrq 8 D frqvxphu kdv zhdno| prqrwrqh eholhiv li/ iru doo �/ |c �|/
RE��|/ v�

|n�E�|c RE��|c R
^E��|c RE��|n�� � v�

|E�|c RE��|�/ zkhqhyhu R^E��| ' RE��| dqg
RE��|n� � RE��|

Gh�qlwlrq 9 Dq 0� Uhjxodu VPFH lv d VPFH zkhuh djhqwv* eholhiv duh
00srvlwlyh dqg zhdno| prqrwrqh1

Gh�qlwlrq : D Uhjxodu Prqrsrolvwlf Frpshwlwlrq Htxloleulxp +UPFH, lv
d VPFH zlwk eholhiv iv�

|j/ vxfk wkdw wkhuh lv d vhtxhqfh ri 0?0Uhjxodu VPFH/
zlwk eholhiv iv�

|j? vdwlvi|lqj iv�
|j? $ iv�

|j dv 0? ) f�

Wkdw lv/ 00srvlwlyh eholhiv lqfrusrudwh hohphqwv ri wuxvw dqg lqgxfwlrq1
Frqvxphuv* eholhiv pxvw dvvljq dw ohdvw 0 suredelolw| ri gholyhulqj kljk txdo0
lw|/ dv orqj dv �upv kdyh qrw ghfhlyhg frqvxphu*v h{shfwdwlrqv1 Dowkrxjk
zh duh qrw dzduh wkdw vxfk uhvwulfwlrq rq eholhiv kdv suhylrxvo| ehhq xvhg/ lw
fdq dovr eh vhhq dv frqwdlqlqj wzr uhvwulfwlrqv wkdw kdyh ehhq xvhg hovhzkhuh1
Rqh lv d zhdn irup ri wkh lqgxfwlrq k|srwkhvlv9 uhtxlulqj/ iru h{dpsoh/ wkdw
v�
|E�|c RE��|� � 0 dv orqj dv/ iru ? 	 |c R^E��? ' RE��? � �1 Wkh vhfrqg
lv d qrq0ghjhqhudf| frqglwlrq rq lqwldo eholhiv uhtxlulqj/ iru h{dpsoh/ wkdw
v�
fE�fc RE��f� � 0? li RE��f � �c dqg wkhq ohwwlqj 0? ) fc dv lq shuihfwlrq

uhtxluhphqwv:1 Zhdno| prqrwrqh eholhiv dovr lqfrusrudwh dq hohphqw ri lq0
9Irupv ri wkh lqgxfwlrq k|srwkhvlv kdyh ehhq xvhg/ iru h{dpsoh/ e| Fkr dqg Pdwvxl

+4<<8, dqg Vdujhqw +4<<<,1
:Lw vkrxog eh qrwlfhg wkdw prvw ri rxu uhvxowv krog li zh gr qrw uhvwulfw lqlwldo eholhiv/

h{fhsw wkdw pruh htxloleuld h{lvw zlwk vxfk d zhdnhu uhvwulfwlrq rq eholhiv1 Lq sduwlfxodu/
wkh orz txdolw| htxloleulxp dqg d pxowlsolflw| ri qrq0vwdwlrqdu| kljk txdolw| htxloleuld zlwk
duelwudu| sulfhv lq shulrg }hur1 Lw vkrxog dovr eh qrwlfhg wkdw lpsrvlqj shuihfwlrq +l1h1/
 l
w
+kw> s+l,w, � %q> xqfrqglwlrqdoo|/ dqg wkhq %q ) 3, zrxog eh wrr vwurqj ri d uhvwulfwlrq

vlqfh ghyldwlrqv frxog qrw eh iroorzhg e| uhyhuvdov wr orz txdolw| htxloleulxp sdwkv1
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gxfwlrq/ lq wkdw/ jlyhq wkdw eholhiv zhuh ixo�oohg/ eholhiv fdqqrw eh orzhu wkdw
zloo qrw eh ixo�oohg wkh iroorzlqj shulrg zkhq d �up kdv qr juhdwhu lqfhqwlyh
wr ghyldwh +l1h1/ wkh srvwhg sulfh lv qrw orzhu,;1 Dv lw fdq eh vhhq/ rxu uhjx0
odulw| frqglwlrqv duh idluo| zhdn dqg uhdvrqdeoh1 Wkh| duh w|slfdoo| vdwlv�hg
zkhq eholhiv hyroyh +l1h1/ duh xsgdwhg, dffruglqj wr vrph ohduqlqj surfhgxuh1
Iru h{dpsoh/ Ed|hvldq xsgdwlqj zloo vdwlvi| zhdn prqrwrqlflw| li frqvxphuv
frqvlghu wkdw wkh| duh revhuylqj d vwdwlrqdu| sdwk> dv lq idfw wkh| duh lq
d vwdwlrqdu| UPFH1 Vlploduo|/ 00srvlwlyhqhvv lv vdwlv�hg zkhq wkh ohduqlqj
surfhvv vwduwv zlwk qrw ghjhqhudwhg lqlwldo eholhiv dqg/ djdlq/ vdwlv�hv plql0
pdo prqrwrqlflw| frqglwlrqv jxdudqwhhlqj wkdw d iruhfdvw ri orz txdolw| zlwk
suredelolw| rqh zloo qrw eh pdgh diwhu rqo| kdylqj revhuyhg kljk txdolw|1

Wr vhh wkh uroh wkdw vxfk uhjxodulw| frqglwlrqv fdq sod|/ frqvlghu wkdw
�upv* vwdwlrqdu| vwudwhjlhv dqg doorfdwlrqv duh wkh rqhv ghvfulehg deryh vxs0
sruwlqj wkh sulfh R : � n 4c R 9' >c dqg v�

|E�|c R� ' b�c|ER� ' �/ R ' L �E+R�*k
dv d VPFH/ dqg �up � frqvlghuv wr ghyldwh lq shulrg | dqg vhw dqrwkhu sulfh
RE�� � �� Jlyhq wkdw/ dorqj wkh sdwk/ frqvxphuv h{shfwdwlrqv duh qrw gh0
fhlyhg/ v�

|E�|c RE��� � 0? lq d 0?0UVFH1 Lq wklv fdvh/ �up � zloo gholyhu kljk
txdolw| lq shulrg | li wkh iroorzlqj lqfhqwlyh frqglwlrq/ htxlydohqw wr +;,/ lv
vdwlv�hg

q
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q?ERE��� ��+R

#
R

RE��

$ >

>3� �
v�|n?n�
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�|c RE��c ERE��*�c RE���

|n?n�

|n�
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� >

>3�

� +R

#
R

RE��

$ >

>3� �
v�|E�|c RE���

� >

>3�

zkhuh ERE��*�c RE���|n?n�|n� ghqrwhv wkh vhtxhqfh ri sulfhv ER^E��6c RE��6n��czlwk
R^E��6 ' R6E��*� ' RE��6n� ' RE��/ 6 ' |c ���c | n ?� Wkdw lv/

qERE��� ��
"[
?'f

q?
�
v�|n?n�E�|c RE��c ERE��*�c RE���

|n?n�
|n� �

� >

>3� �
�
v�|E�|c RE���

� >

>3�

+<,
Krzhyhu/ li eholhiv vdwlvi| wkh zhdn prqrwrqlflw| frqglwlrq/ +<, uhgxfhv wr

43�ERE��� �� � �

ru
RE�� � � n 4

;Dqdo|}lqj uhsxwdwlrq jdphv/ Nuhsv dqg Zlovrq +4<;5, frqvlghuhg d vlplodu uhvwulfwlrq
rq eholhiv1
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Lq rwkhu zrugv/ �up � zloo pdlqwdlq kljk txdolw| dv orqj dv wkh sulfh vdwlv�hv
wkh pdun xs uhsxwdwlrqdo frqglwlrq1 Wkhq/ v�

|E�|c RE��� ' �/ iru doo |1 Lw
iroorzv wkdw d sur�w pd{lpl}lqj �up zloo ghyldwh wr

RE�� ' 4@ i>c � n 4j +43,

Wkhuhiruh/ vlqfh iru dq| 0?0UVFH +43, lv vdwlv�hg/ lw pxvw dovr eh vdwlv�hg
lq d UVFH1 Ixuwkhupruh/ wkh suhylrxv dujxphqw dovr vkrzv wkdw wkh zruvw
VFH lv qrw d UVFH vlqfh/ jlyhq wkdw eholhiv duh qrw ghjhqhudwh lq shulrg
}hur/ �upv dozd|v suhihu wr vwduw r�hulqj kljk txdolw|1 Qhyhuwkhohvv/ lq wkh
}hur suredelolw| hyhqw wkdw orz txdolw| lv revhuyhg/ wkh zruvw VFH sdwk lv
sduw ri wkh UVFH vlqfh diwhu orz txdolw| kdv ehhq revhuyhg rxu uhjxodulw|
frqglwlrqv gr qrw sodfh dq| uhvwulfwlrq rq eholhiv1 Wkh deryh dujxphqw vkrzv
wkh xqltxhqhvv ri vwdwlrqdu| UPFH1 Lq wkh Dsshqgl{ zh vkrz wkdw vxfk
xqltxhqhvv uhvxow lv vdwlv�hg hyhq zkhq zh frqvlghu qrq vwdwlrqdu| sdwkv1 Zh
fdq qrz vwdwh wkh pdlq sursrvlwlrq wkdw uhodwhv frpshwlwlrq dqg uhsxwdwlrq1

Sursrvlwlrq ; Wkhuh lv d xqltxh Uhjxodu Prqrsrolvwlf Frpshwlwlrq Htxl0
oleulxp +UPFH,/ zklfk lv fkdudfwhul}hg e| wkh surgxfwlrq ri kljk txdolw|
vhuylfhv ehlqj vrog dw d shu xqlw sulfh ri >� ' 4@ i>c � n 4j �
Surri1 Lq Dsshqgl{1

Qrwlfh wkdw/ e| pdnlqj yhu| zhdn dvvxpswlrqv rq eholhiv/ zh kdyh re0
wdlqhg yhu| vwurqj uhvxowv1 Zlwk frpshwlwlrq dqg uhsxwdwlrq/ wkhuh lv d
xqltxh vwdwlrqdu| htxloleulxp zkhuh wkh pdun xs lv wkh pd{lpxp ehwzhhq
wkh pdun xs ri wkh frpshwlwlyh htxloleulxp zlwk shuihfw revhuydelolw| dqg
wkh glvfrxqw udwh1 Dv zh qrwlfhg ehiruh/ lw iroorzv wkdw wkh UPFH fdq qrw
eh h!flhqw +hyhq li >) �, dv orqj dv 4 : f�

6 D prgho ri fxuuhqf| frpshwlwlrq

Lq wklv vhfwlrq zh prgli| wkh prgho ghvfulehg deryh wr lqwurgxfh frpshwl0
wlrq ehwzhhq sur�w pd{lpl}lqj fxuuhqf| lvvxhuv1 Rxu dlp lv wr vkrz krz
frpshwlwlrq dqg uhsxwdwlrq lqwhudfw lq wkh sulydwh surylvlrq ri prqh| dqg/
lq sduwlfxodu/ li lw fdq eh dq h!flhqw prqhwdu| duudqjhphqw1

Dv lq wkh prqrsrolvwlf frpshwlwlrq prgho/ wkhuh lv d frqwlqxxp ri jrrgv
ru vhuylfhv dqg frqvxphuv* suhihuhqfhv duh jlyhq e|

S
"

|'f q
| dLE+|�� k?|o/
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zkhuh L vdwlv�hv wkh vdph prqrwrqlflw| dqg frqfdylw| dvvxpswlrqv dqg +| 'kU
�

f +E��
�*>
| _�

l>
zlwk > � �1 Lq frqwudvw zlwk wkh prqrsrolvwlf frpshwlwlrq

prgho/ zh doorz iru iuhh hqwu| lq wkh surgxfwlrq ri hdfk ri wkh jrrgv1 Wkdw
lv/ surgxfw pdunhwv duh frpshwlwlyh dqg/ vlqfh wkh whfkqrorj| lv olqhdu lq
oderu/ �upv zloo pdnh }hur sur�wv lq htxloleulxp1 Lw iroorzv wkdw doo jrrgv ru
vhuylfhv kdyh d shu xqlw sulfh ri rqh dqg wkdw wkh uhdo zdjh zloo eh frqvwdqw
dqg htxdo wr rqh1

Wkh fhqwudo fkdudfwhulvwlf ri rxu prgho ri fxuuhqf| frpshwlwlrq lv wkh
h{lvwhqfh ri fxuuhqf| lvvxhuv/ hdfk rqh kdylqj wkh uljkw +prqrsro|, wr lvvxh
lwv rzq glvwlqfw fxuuhqf|/ dqg hdfk vshfl�f fxuuhqf| ehlqj qhhghg wr sxufkdvh
d fruuhvsrqglqj vshfl�f jrrg1 Pruh suhflvho|/ zh lpsrvh d prqh|0vshfl�f
fdvk0lq0dgydqfh frqvwudlqw rq hdfk jrrg1 Wr vlpsoli|/ zh zloo ghqrwh e|
fxuuhqf| � wkh fxuuhqf| qhhghg wr sxufkdvh jrrg �1 Lw iroorzv wkdw dv >
dssurdfkhv rqh fxuuhqf| vxevwlwxwlrq lqfuhdvhv1 Lq sduwlfxodu/ fxuuhqflhv
duh shuihfwo| vxevwlwxwdeoh lq wkh olplwlqj fdvh ri > ' �� Zh dvvxph wkdw
fxuuhqf| lvvxhuv wdnh lqwr dffrxqw wkh ghpdqgv iru wkhlu fxuuhqflhv/ wdnlqj
uhdo lqwhuhvw udwhv dv jlyhq1 Wkhvh jrrg0vshfl�f fdvk0lq0dgydqfh frqvwudlqwv
kdyh ehhq xvhg/ iru h{dpsoh/ e| Zrrgirug +4<<3, dqg uhvhpeoh prqhwdu|
duudqjhphqwv zkhuh jrrgv duh lqgh{hg e| wkhlu orfdwlrq1 Dowhuqdwlyho|/ rqh
frxog gluhfwo| dvvxph wkdw d vlqjoh jrrg fdq eh erxjkw zlwk wkh prqhwdu|
djjuhjdwh 6| '

kU
�

f
6E��

�*>
| _�

l>
/ lqvwhdg ri ghulylqj h{solflwho| wkh ghpdqg

iru uhdo edodqfhv dv zh gr1
Wkxv/ wkh uhsuhvhqwdwlyh frqvxphu pd{lpl}hv xwlolw| vxemhfw wr wkh iro0

orzlqj exgjhw frqvwudlqw

K|n� n
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f

%
�E��|n�
� E��|

n +E��|

&
_� � ?| n K|E� n o|� n

]
�

f

�E��|
� E��|

_� n�|

zkhuh � E��| lv wkh sulfh ri jrrg � lq xqlwv ri prqh| �/ �E��| duh wkh fxuuhqw
sur�wv ri wkh surylghu ri fxuuhqf| �c�| '

U
�

f �E��|_�/ K|n� duh uhdo erqgv
phdvxuhg lq xqlwv ri wkh frpsrvlwh jrrg/ dqg o| lv wkh uhdo lqwhuhvw udwh1

Wkh fdvk0lq0dgydqfh frqvwudlqwv duh

� E��|+E��| ��E��|

iru doo � dqg |�
Lw iroorzv wkdw wkh ghpdqg iru jrrg � lq shulrg | lv jlyhq e|

L �E+|�+
>3�

>

| +E��
�3>

>

| ' k-E��| +44,

4:



zkhuh -E��| lv wkh jurvv qrplqdo lqwhuhvw udwh

-E��| ' E� n o|�E� n ZE��|�

dqg ZE��| lv wkh 0fxuuhqf| �0 lq dwlrq udwh ehwzhhq shulrg | � � dqg |1 Ixu0
wkhupruh/ jlyhq wkdw xwlolw| lv olqhdu lq ohlvxuh/ htxloleulxp uhdo lqwhuhvw udwhv
vdwlvi| o| ' 4

Wkh ghpdqg iru jrrg �/ fdq eh zulwwhq dv

+E��| ' +|

%
-E��|
-|

& >

�3>

+45,

zkhuh

-| �
�] �

f
-E��

�*�3>
| _�

��3>
Dv orqj dv wkh fdvk0lq0dgydqfh frqvwudlqwv duh elqglqj/ +45, uhvxowv lq d
ghpdqg iru fxuuhqf| �

6E��| ' 6|

%
-|

-E��|

& >

>3�

+46,

zkhuh 6| '
kU �
f E6E��

�*>
|

l>
_��

Wkh lvvxhu ri fxuuhqf| � idfhv dq lqwhuwhpsrudo exgjhw frqvwudlqw jlyhq
e|

�E��|n�
� E��|

n _E��|n� '
�E��|
� E��|

n _E��|E� n 4� n �E��|

zkhuh _E��| lv wkh ghew ri wkh �0fxuuhqf| lvvxhu dw wlph |/ lq xqlwv ri wkh
frqvxpswlrq jrrg/ dqg �E��| duh wkh sur�wv ri wkh prqh| lvvxhu lq xqlwv ri
wkh frqvxpswlrq jrrg1 Lw dovr idfhv wkh fruuhvsrqglqj qrq0Srq}l frqvwudlqwv
jxdudqwhhlqj wkdw wkh suhvhqw ydoxh exgjhw frqvwudlqw lv zhoo gh�qhg1 Wkh
suhvhqw ydoxh ri sur�wv duh
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q| EE-E��| � ��6E��|�� �E��f
� E��f

� _E��f
q

+47,

zkhuh 6E��| '
�E��|
� E��|

1
Lq rughu wr pd{lpl}h wkh suhvhqw ydoxh ri sur�wv/ �upv pxvw fkrrvh ZE��|

wr pd{lpl}h
E-E��| � ��6E��|
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wdnlqj o| ' 4 dqg +46, dv jlyhq1 Wkh| pxvw dovr plqlpl}h �E��f
� E��f

� Qrwlfh wkdw/
dv lq vwdqgdug +vlqjoh fxuuhqf|, prqhwdu| prghov/ d prqhwdu| srolf| iru wkh
�0fxuuhqf| lvvxhu frqvlvwv ri d fxuuhqw sulfh ohyho dqg d vhtxhqfh ri ixwxuh
qrplqdo lqwhuhvw udwhv= E� E��fc i-E��|j"|'�� �

614 Fxuuhqf| frpshwlwlrq zlwk ixoo frpplwphqw

Zh qrz dvvxph wkdw fxuuhqf| lvvxhuv fdq ixoo| frpplw wr d prqhwdu| srolf|
dqg fkdudfwhul}h wkh fruuhvsrqglqj prqhwdu| htxloleulxp

Uhjduglqj prqhwdu| srolflhv/ rswlpdolw| uhtxluhv wkh lqlwldo sulfh ohyho
wr eh duelwudulo| kljk vxfk wkdw wkh uhdo ydoxh ri lqlwldo rxwvwdqglqj prqh|
kroglqjv +oldelolwlhv, �E��f

RE��f
ehfrph }hur1 Wklv lv dfklhyhg wkurxjk d elj rshq

pdunhw rshudwlrq lq zklfk wkh fxuuhqf| lv vrog edfn wr wkh frqvxphuv1 Hdfk
fxuuhqf| lvvxhu wdnhv d qhjdwlyh srvlwlrq lq erqg kroglqjv/ lq dq dprxqw
htxdo wr wkh uhdo txdqwlw| ri prqh|1 Lq vxevhtxhqw shulrgv/ wkh fxuuhqf|
lvvxhu froohfwv wkh uhdo udwh ri lqwhuhvw rq wkhvh erqg kroglqjv/ dv zhoo dv wkh
lq dwlrq udwh rq uhdo prqh| kroglqjv/ fruuhvsrqglqj wr ixwxuh prqh| lvvxlqj11

Wr fkdudfwhul}h wkh sureohp ri pd{lpl}lqj wlph | sur�wv/ qrwlfh wkdw wr
pd{lpl}h

E-E��| � ��6E��|

vxemhfw wr +46,/ uhvxowv lq wkh fkrlfh

-E��| ' >

Wklv lv qrw vxusulvlqj/ vlqfh wklv pd{lpl}dwlrq sureohp lv wkh vdph/ lq wkh
prqrsrolvwlf frpshwlwlrq prgho/ dv wkdw ri pd{lpl}lqj +7, vxemhfw wr +6,1
Zh rqo| qhhg wr lghqwli| wkh jurvv qrplqdo lqwhuhvw udwh/ lq wkh fxuuhqf|
frpshwlwlrq prgho/ -E��| zlwk wkh sulfh RE��| lq wkh prqrsrolvwlf frpshwlwlrq
prgho/ dqg 6E��| zlwk +E��|� Dv lq wkh suhylrxv prgho/ zlwk wkhvh sulfhv/ wkh
frqvxpswlrq ri wkh jrrgv/ + ' 6/ lv frqvwdqw dqg vdwlv�hv L �E+� ' k>1

Lw iroorzv wkdw/ dv fxuuhqf| vxevwlwxwlrq lqfuhdvhv/ l1h1/ > ) �c qrplqdo
lqwhuhvw udwhv whqg wr }hur/ l1h1/ E-E��| � �� ) f/ zklfk lv vxssruwhg e|
d gh dwlrqdu| prqhwdu| srolf|/ l1h1/ ZE��| ) Eq � ��� Lq rwkhu zrugv/ zlwk
shuihfw vxevwlwxwlrq ri sulydwh fxuuhqflhv wkh prqhwdu| htxloleulxp lv h!flhqw
dqg wkh Iulhgpdq uxoh lv lpsohphqwhg1 Lq vxppdu|/ zlwk ixoo frpplwphqw/
Kd|hn*v frqmhfwxuh/ wkdw h!flhqw prqhwdu| htxloleuld fdq eh dfklhyhg wkurxjk
fxuuhqf| frpshwlwlrq/ lv vdwlv�hg1
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Qhyhuwkhohvv/ dv lq vwdqgdug +vlqjoh fxuuhqf|, prqhwdu| prghov/ wkh ixoo
frpplwphqw prqhwdu| srolf| lv wlph lqfrqvlvwhqw1 Wklv fdq hdvlo| eh vhhq
e| frqvlghulqj krz wkh exgjhw frqvwudlqwv ri d fxuuhqf| lvvxhu hyroyhv ryhu
wlph1 Dw wlph |/ wkh exgjhw frqvwudlqw lv

"[
�'|

q�3|�E��� '
"[

�'|n�

q�3| EE-E��� � ��6E����� �E��|
� E��|

� _E��|
q

+48,

Wkxv/ li jlyhq wkh rswlrq wr fkdqjh sodqv dw wlph |czklfk zh uxoh rxw zkhq
dvvxplqj ixoo frpplwphqw/ wkh fxuuhqf| lvvxhu zloo �qg lw rswlpdo wr h{sdqg
wkh prqh| vxsso| dqg ohw � E��| lqfuhdvh zlwkrxw erxqg1 Wkh uhdvrq lv wkdw
wkh uhdo prqh| ghpdqg lv ghfuhdvlqj lq wkh qrplqdo lqwhuhvw udwhv/ l1h1/ lq
h{shfwhg ixwxuh sulfhv1 Krzhyhu/ rqfh frqvxphuv kdyh pdgh wkhlu fxuuhqf|
ghflvlrqv/ wkh| duh vwxfn zlwk wkh rxwvwdqglqj prqh| kroglqjv dqg wkh qrp0
lqdo prqh| ghpdqg lv uljlg zlwk uhvshfw wr wkh uhdol}hg sulfh1 Zh wxuq qrz
wr dqdo|}h wkh fdvh zlwkrxw frpplwphqw1

615 Fxuuhqf| frpshwlwlrq zlwkrxw frpplwphqw

Dv wkhuh lv d sdudooho ehwzhhq prqrsrolvwlf frpshwlwlrq zlwk shuihfw revhuy0
delolw| dqg fxuuhqf| frpshwlwlrq zlwk ixoo frpplwphqw/ wkhuh lv d sdudooho
ehwzhhq prqrsrolvwlf frpshwlwlrq zlwk xqrevhuydeoh txdolw| dqg fxuuhqf|
frpshwlwlrq zlwkrxw frpplwphqw1 Pruh vshfl�fdoo|/ lq erwk prghov �upv
frpshwh lq sulfhv wkdw duh qrw revhuydeoh ru wkdw wkh| fdqqrw frpplw wr= lq
wkh prqrsrolvwlf frpshwlwlrq prgho/ wklv lv wkh sulfh ri wkh jrrg shu xqlw ri
txdolw|> lq wkh fxuuhqf| frpshwlwlrq prgho lw lv wkh qrplqdo lqwhuhvw udwh/ ru
wkh lq dwlrq udwh1 Zlwk shuihfw revhuydelolw| lq wkh �uvw prgho dqg zlwk ixoo
frpplwphqw lq wkh vhfrqg/ wkhuh lv qr glvwlqfwlrq ehwzhhq vhw dqg uhdol}hg
sulfhv1 Zlwk xqrevhuydeoh txdolw| lq wkh �uvw prgho dqg odfn ri frpplw0
phqw lq wkh vhfrqg/ wkh h{0srvw uhdol}hg sulfhv pd| gl�hu iurp wkh h{0dqwh
sulfhv1 Lq idfw/ lq vxfk d fdvh/ �upv pd{lpl}h vkruw uxq sur�wv e| vhwwlqj
dq duelwudulo| odujh uhdol}hg sulfh/ zklfk lq wkh txdolw| prgho fruuhvsrqgv
wr fkrrvlqj orz txdolw| dqg lq wkh fxuuhqf| prgho wr lq dwh dzd| fxuuhqw
prqh| kroglqjv +l1h1/ lq pdnlqj �wkh txdolw| ri rxwvwdqglqj prqh|� duelwudu0
lo| orz,1 Lq erwk prghov/ wkh wlplqj lv yhu| lpsruwdqw<= frqvxphuv sxufkdvh

<Lq d sdshu wkdw dovr dgguhvvhv wkh lvvxh ri frpshwlwlrq lq d wlph lqfrqvlvwhqf| vhwwlqj/
Nhkrh+4<;<,/ xvhg d gl�huhqw wlplqj/ dqg rewdlqhg wkh uhvxow wkdw frpshwlwlrq frxog vroyh
wkh wlph frqvlvwhqf| sureohp1
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vhuylfhv ehiruh wkh| revhuyh wkh txdolw| wkh| |lhog/ lq rqh/ dqg wkh| sxufkdvh
prqlhv ehiruh wkh| revhuyh wkh uhdo uhwxuq wkh| |lhog/ lq wkh rwkhu> lq erwk
prghov/ frqvxphuv pxvw irup wkhlu h{shfwdwlrqv rq uhdol}hg sulfhv/ edvhg rq
sdvw lqirupdwlrq dqg fxuuhqw sulfhv/ dqg/ lq erwk prghov/ uhsxwdwlrq lv zkdw
pd| suhyhqw �upv iurp � |lqj0e|0qljkw1�

Pruh irupdoo|/ zkloh prqrsrolvwlf �upv/ lq wkh prqrsrolvwlf frpshwlwlrq
prgho/ vhtxhqwldoo| fkrrvh ERE��|c R^E��|� c fxuuhqf| lvvxhuv vhtxhqwldoo| fkrrvh�
- E��

|n� c -
^E��|

�
c zkhuh/ lq shulrg |/ - E��

|n�lv wkh jurvv qrplqdo lqwhuhvw

udwh/ ehwzhhq shulrg | dqg | n �/ dqg -^E��| ' E� n 4�E� n � E��|
� E��|3�

� wkh
uhdol}hg/ ru h{0srvw/ udwh1 Wkh txdolw| ri prqh| lv wkh lqyhuvh ri wkh sulfh
ohyho/ �

� E��|
/ wkh xqlwv ri wkh jrrg wkdw duh erxjkw zlwk prqh|1 Wkh gl�huhqfh

ri wlplqj ehwzhhq wkh wzr prghov fruuhvsrqgv wr wkh idfw wkdw lq wkh �uvw
prgho/ frpshwlwlrq lv rq wkh xqnqrzq fxuuhqw 0shulrg |0 sulfhv shu xqlw ri
txdolw|/ zkloh lq wkh vhfrqg rq wkh/ dovr xqnqrzq/ uhdol}hg 0ehwzhhq shulrg
| dqg | n �0 lqwhuhvw udwhv1

Zh fdq qrz gh�qh d �Vhtxhqwldo Fxuuhqf| Frpshwlwlrq Htxloleulxp�
+VFFH, lq d vlplodu idvklrq dv zh kdyh gh�qhg VPFH lq wkh prqrsrolvwlf
frpshwlwlrq prgho1 Klvwrulhv duh jlyhq e| �f ' i>j/ �� '

q
-E���c

�
� E��f

/ doo �
r
/

dqg/ iru | � 2/ �| '
q
�|3�c - E��|n� c -

^E��|c doo �
r
1 Wkh �0fxuuhqf| lvvxhu

vwudwhj| lv jlyhq e|
jK�c|E�|� '

�
-E��|n�c #�c|

�
c

zkhuh #�c| lv d ghqvlw| glvwulexwlrq ryhu -n dqg #�c|E
�

� E��|
� lv wkh suredelo0

lw| wkdw wkh uhdol}hg sulfh ri prqh| � lq shulrg | lv �
� E��|

� Iru | : fc ohw
b�c|E-E��|� ' #�c| ERE��|3�d-E��|E� n 4�3� � �o3�� cwkdw lv wkh suredelolw| wkdw
wkh h{0srvw lqwhuhvw udwh htxdov wkh h{0dqwh rqh/

b�c|E-E��|� ' �hi-^ E��| ' -E��|j

Frqvxphuv ehkdyh frpshwlwlyho|/ ghflglqj/ iru | � fc j|E�|c -E��|n�� '
i?|c +E��|c�E��|n�c doo �/ K|n�j edvhg rq wkhlu eholhiv derxw ixwxuh ghflvlrqv
ri wkh fxuuhqf| lvvxhuv dqg fruuhvsrqglqj htxloleulxp sulfhv1 Jlyhq eholhiv
derxw fxuuhqw sulfhv +h1j1/ ohw eh ��|E�|c -E��|n��E

�
� E��|

� ghqrwh wkh dvvhvhg sure0
delolw| ri wkh sulfh ri prqh| lv �

� E��|
�c ohw v�|E�|c -E��|n�� ghqrwh wkh dvvhvvhg

suredelolw| wkdw/ jlyhq wkh klvwru|/ wkh h{0srvw qrplqdo lqwhuhvw udwhv duh
htxdo wr wkh h{0dqwh rqhv/ l1h1/ -E��|n� ' -^E��|n�� Udwlrqdo h{shfwdwlrqv
uhtxluhv wkdw wkhlu eholhiv uhjduglqj uhdol}hg slfhv +��|, duh frqvlvwhqw zlwk
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fxuuhqf| lvvxhuv vwudwhjlhv #�c|� Lq sduwlfxodu/

v�|E�|c -E��|n�� ' b�c|n�E-E��|n��

D VFFH frqvlvwv ri
�
EjSc vS�c Ejs� �

�
/ vxfk wkdw/ iru hyhu| E|c �|c -E��|n��c

js�c|E�|� vroyhv wkh pd{lpl}dwlrq sureohp ri wkh �0fxuuhqf| lvvxhu> j|E�|c -E��|n��
vroyhv wkh frqvxphu*v sureohp jlyhq frqvlvwhqw eholhiv v�|E�|c -E��|n��c dqg doo
pdunhwv fohdu/ lqfoxglqj wkh shuihfwo| frpshwlwlyh jrrgv pdunhwv1

Dv zlwk VPFH/ wkhuh lv d zruvw VFFH lq zklfk fxuuhqflhv duh qrw khog/
vlqfh djhqwv h{shfw uhdol}hg qrplqdo lqwhuhvw udwhv wr eh duelwudulo| odujh1

Wr vhh pruh h{solflwo| krz fxuuhqf| frpshwlwlrq dqg uhsxwdwlrq lqwhudfw/
frqvlghu wkh sureohp ri zkhwkhu d vwdwlrqdu| jurvv qrplqdo lqwhuhvw udwh/
-E��/ lv vxvwdlqdeoh dv d VFFH1 Vxssrvh wkdw wkh �0fxuuhqf| lvvxhu frqvlghuv
d ghyldwlrq lq shulrg |c vhwwlqj -^E��| 9' -E��| / l1h1/ b�c|E-E��|� ' f/ dqg
sulqwlqj duelwudulo| odujh dprxqwv ri prqh|/ l1h1/ vhwv �

� E��|
' f� Vxssrvh

wkdw djhqwv* h{shfwdwlrqv duh vxfk wkdw diwhu revhuylqj wkdw h{0srvw udwh
grhv qrw fruuhvsrqg zlwk h{0dqwh udwh ehfrph vSc�|nrE�|nrc -E��|n�nr� ' f/
r � f/ lpso|lqj wkdw/ jlyhq vxfk eholhyhv/ �

� E��|
' f grplqdwhv dq| rwkhu

ghyldwlrq1 Wkxv/ wkh ghpdqg iru fxuuhqf| � ehfrphv }hur iurp wlph | rq/
l1h1/ 6E��|nr ' f/ r � �/ zklfk phdqv wkdw wkh qhzo| lvvxhg slhfhv ri sdshu
duh zruwkohvv +l1h1/ wkh elj pdunhw rshudwlrq lv d elj idloxuh,1

Wkh ydoxh ri wkh rxwfrph diwhu wkh ghyldwlrq lv }hur/ h{fhsw iru wkh ydoxh
ri wkh rxwvwdqglqj uhdo ghew1 Wkh uhdvrq lv wkdw wkh ghyldwlrq wuljjhuv d
fxuuhqf| froodsvh iru wkdw fxuuhqf|/ vwduwlqj wrpruurz1 Exw/ frqwudu| wr wkh
prqrsrolvwlf frpshwlwlrq prgho zlwk xqrevhuyhg txdolw|/ wkh ghpdqg iru
prqh|/ ehlqj dq dvvhw/ ghshqgv rq ixwxuh sulfhv1 Wkxv/ wkh h{shfwdwlrqv ri
wkh fxuuhqf| froodsvh pdnh wkh qhzo| lqmhfwhg prqh| eh zruwkohvv wrgd|1
Wkhuhiruh/ wkh suhvhqw ydoxh ri wkh ehqh�wv iroorzlqj d ghyldwlrq lv rewdlqhg
e| uhsodflqj wkh uhdo ydoxh ri prqh| vwrfnv iurp wlph | rq e| }hurhv lq wkh
h{suhvvlrq iru sur�wv +48,

T (E��| ' �_E��|
q

Rq wkh rwkhu kdqg/ li wkh lvvxhu grhv qrw ghyldwh/ wkh suhvhqw ydoxh ri wkh
sur�wv duh

T �E��| ' q
E-E��� ��6E��

�� q
� �E��|

RE��|
� _E��|

q

55



' 43�E-E��� ��6E���6E��� _E��|q
3�

Wkh odvw htxdolw| iroorzv iurp wkh idfw wkdw/ lq htxloleulxp/ 6E�� ' �E��|
RE��|

� Lw
iroorzv wkdw/ wkh �0fxuuhqf| lvvxhu zloo fkrrvh qrw wr ghyldwh iurp wkh vwdwhg
srolf| zkhq k

43�E-E��� ��� �
l
� fc

l1h1/ -E�� � � n 4

ru/ htxlydohqwo|/ zkhqhyhu ZE�� � f�
Dv lq wkh suhylrxv prgho/ wkh vhw ri vwdwlrqdu| VFFH lv idluo| odujh/

dowkrxjk/ jlyhq d vwdwlrqdu| prqhwdu| srolf|
�

�
� E��f

c ZE��
�
/ l1h1/ -E��| ' E� n

4�E� n ZE���/ | : f/ wkh VFFH doorfdwlrq lv xqltxho| gh�qhg1 Pruh irupdoo|/
wkh iroorzlqj sursrvlwlrq sdudoohov Sursrvlwlrq 61

Sursrvlwlrq < Iru dq| ZE�� � f/ wkh srolf| Efc ZE��� fdq eh vxssruwhg dv
vwudwhj| ri d vwdwlrqdu| v|pphwulf VFFH1

Dq htxloleulxp sdwk zlwk v|pphwulf vwdwlrqdu| srolflhv lv vxvwdlqdeoh
li wkh fruuhvsrqglqj lq dwlrq udwhv duh srvlwlyh1 Wkh uhdvrq zk| lq dwlrq
pxvw eh srvlwlyh lv ehfdxvh ri wkh wlplqj ri froohfwlrq ri uhyhqxhv iru wkh
lvvxhuv1 Uhphpehu wkdw dorqj wkh frpplwphqw vroxwlrq/ wkh lvvxhuv pdnh
lqlwldo prqh| kroglqjv eh ydoxhohvv dqg/ e| dq rshq pdunhw rshudwlrq wkh|
vhoo edfn wkh qhz prqh| edodqfhv wr wkh frqvxphuv1 Wkxv/ dw wkh �uvw shulrg
wkh lvvxhuv krog srvlwlyh dvvhwv lq dq dprxqw htxdo wr wkh uhdo edodqfhv1
Iurp wkrvh dvvhwv wkh| froohfw wkh uhdo udwh ri lqwhuhvw/ 4� Wkhuhdiwhu/ wkh|
dovr froohfw wkh lq dwlrq udwh wlphv wkh uhdo prqh| edodqfhv hyhu| shulrg1 Li
wkh| ghyldwh/ wkh| zloo nhhs wkh uhdo dvvhw kroglqjv rqo|431 Wkxv/ dv orqj dv
wkh uhwxuqv wkh| pdnh zlwk wkh lq dwlrq wd{ duh qrq0qhjdwlyh/ wkh| kdyh qr
lqfhqwlyhv wr ghyldwh1 Lq rwkhu zrugv/ ixwxuh sur�wv pxvw eh vx!flhqwo| kljk/
dqg/ lq wklv prqhwdu| hqylurqphqw/ ixwxuh sur�wv duh wkh jdlqv iurp ixwxuh
lvvxdqfh ri prqh|1 Wkh jdlqv fruuhvsrqglqj wr wkh lqlwldo lvvxdqfh ri prqh|/
wkh uhdo udwh rq wkh uhdo prqh| vwrfn/ duh vxqn1

43Qrwh wkdw li wkh lvvxhu zhuh irufhg wr krog wkhlu rzq fxuuhqf| ghqrplqdwhg dvvhwv/
wkhq wkh h!flhqw rxwfrph frxog eh vxssruwhg dv d VFFH1
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61514 Uhjxodu eholhiv

Dv lq Vhfwlrq 2/ zh fdq uhvwulfw wkh vhw ri VFFH/ dqg doorz iru frpshwlwlrq
wr sod| lwv uroh/ e| dvvxplqj wkdw eholhiv vdwlvi| uhjxodulw| frqglwlrqv1 Zhdn
prqrwrqlflw| dqg 0� srvlwlyh eholhiv fdq eh vlploduo| gh�qhg e| uhsodflqj
RE�� e| -E�� dqg R^E�� e| -^E��1 Wkhq/ wkh sdudooho ri Sursrvlwlrq ; lv

Sursrvlwlrq 43 Wkhuh h{lvw vwdwlrqdu| Uhjxodu Fxuuhqf| Frpshwlwlrq Htxl0
oleulxp +UFFH, dqg duh fkdudfwhul}hg e| wkh lq dwlrq udwh ZE�� ' 4@ 

q
>

�n4
� �c f

r
�

Qrwlfh wkdw wkh rqo| uhdvrq wkdw UFFH lv qrw xqltxh lv wkdw wkh lqlwldo
sulfh RE��f lv qrw ghwhuplqhg hyhq zkhq eholhiv duh uhjxodu1 l1h1/ v�

�E��c -E��2�
ghshqgv rq �*RE��f/ dqg qrw rq dq h{0srvw lqwhuhvw udwh/ dqg lq uhvsrqvh
wr wkhvh 0dqg v�

fE�fc -E��f�0 eholhiv lw pd| eh ehwwhu wr vhw �*RE��f : f/ lq
frqwudvw zlwk wkh ixoo frpplwphqw fdvh1 Wklv lqlwdo shulrg lqghwhuplqdf|
lv d vshfldo ihdwxuh ri wkh prqhwdu| prgho qrw suhvhqw lq wkh prqrsrolvwlf
frpshwlwlrq prgho1

Lw iroorzv wkh odvw sursrvwlrq wkdw/ zlwkrxw ixoo frpplwphqw/ zkhq sul0
ydwho| lvvxhg fxuuhqflhv duh yhu| forvh vxevwlwxwhv/ lq dwlrq lv }hur dqg wkh
qrplqdo lqwhuhvw udwh 4� Wkdw lv/ wkh prqhwdu| htxloleulxp lv qrw h!flhqw dqg
wkh Iulhgpdq uxoh lv qrw lpsohphqwhg1 Lq vxppdu|/ zlwkrxw ixoo frpplwphqw/
Kd|hn*v frqmhfwxuh/ wkdw h!flhqw prqhwdu| htxloleuld fdq eh dfklhyhg wkurxjk
fxuuhqf| frpshwlwlrq/ lv qrw vdwlv�hg1

7 Frqfoxvlrqv

Lq wklv sdshu zh kdyh wulhg wr foduli| wkuhh uhodwhg 0exw glvwlqfw0 lvvxhv1 Iluvw/
krz frpshwlwlrq dqg uhsxwdwlrq lqwhudfw zkhq/ rq wkh rqh kdqg/ �upv duh
vxemhfw wr frpshwlwlrq/ exw/ rq wkh rwkhu kdqg/ vxfk frpshwlwlyh suhvvxuh
grhv dsso| wr doo wkhlu ghflvlrqv1 Wkhvh ghflvlrqv/ qhyhuwkhohvv/ pd| eh vxe0
mhfw wr uhsxwdwlrqdo suhvvxuhv1 Vhfrqg/ zh kdyh vhhq krz lq wklv jhqhudo
frqwh{w wzr 0dssduhqwo|/ yhu| gl�huhqw0 hfrqrplf sureohpv vkduh wkh vdph
edvlf ihdwxuhv= prqrsrolvwlf frpshwlwlrq zlwk h{shulhqfhg jrrgv dqg fxu0
uhqf| frpshwlwlrq1 Wklug/ zh kdyh vhhq wkdw vhtxhqwldo +ru vxvwdlqdeoh,
htxloleuld pd| qrw kdyh pxfk suhglfwdeoh srzhu/ dqg plvuhsuhvhqw wkh uroh
ri frpshwlwlrq/ lq uhsxwdwlrqdo prghov/ exw wkdw lpsrvlqj d zhdn uhjxodulw|
frqglwlrq rq eholhiv uhvxowv lq htxloleuld/ zkhuh frpshwlwlrq sod|v d fuxfldo
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uroh lq hqkdqflqj h!flhqf|1 Qhyhuwkhohvv/ lw lv zlwklq wkh qdwxuh ri wkh uhsx0
wdwlrqdo phfkdqlvp wkdw frpshwlwlyh suhvvxuhv fdq qrw dfklhyh ixoo h!flhqf|1
D sduwlfxodu fruroodu| ri wkhvh uhvxowv lv wkdw Kd|hn frqmhfwxuh/ wkdw h!flhqw
prqhwdu| htxloleuld fdq eh dfklhyhg wkurxjk fxuuhqf| frpshwlwlrq/ lv qrw
vdwlv�hg li fxuuhqf| vxssolhuv pdnh vhtxhqwldo ghflvlrqv1 Dq| ri wkhvh wkuhh
lvvxhv h{soruhg khuh vxjjhvw ixuwkhu zrun1 Lq sduwlfxodu/ dowhuqdwlyh irupv wr
prgho fxuuhqf| frpshwlwlrq pd| eh pruh vxlwdeoh wr uhodwh rxu uhvxowv zlwk
klvwrulfdo h{shulhqfhv1 Zh ohdyh wklv iru ixwxuh uhvhdufk1

8 Dsshqgl{= Surri ri Sursrvlwlrq ;

Ehiruh surylqj wkh sursrvlwlrq/ zh suryh d vhulhv ri xvhixo uhvxowv

Uhvxow 4= Lq dq| UPFH R| � >ciru doo |�
Si= Dvvxph qrw1 Ohw |� eh vxfk wkdw R|� 	 >� Li d vlqjoh �up ghyldwhv

e| lqfuhdvlqj wkh sulfh e| d vpdoo dprxqw/ sur�wv dw |� zloo eh kljkhu/ vr
vxvwdlqdelolw| lv vdwlv�hg iru doo | 	 |�� Rq wkh rwkhu kdqg/ dv wkh sulfh lv
kljkhu/ wkh txdqwlw| vrog dw |� lv orzhu/ vr vxvwdlqdelolw| lv dovr vdwlv�hg dw |��
Dv wkh sur�wv duh kljkhu/ �upv zloo lqghhg ghyldwh1

Uhvxow 5= Lq dq| v|pphwulf UPFH R| � � n 4c iru doo |�
Si = Dvvxph qrw1 E| Uhvxow 4/ R| � >c wkxv wkh sulfh vhtxhqfh lv erxqghg

ehorz1 Ohw R� eh wkh plqlpxp sulfh ri wkh vhtxhqfh 0 li wkh plqlpxp grhv
qrw ehorqj wr wkh vhtxhqfh/ vhh ehorz1 Reylrxvo|/ R� 	 >� Ohw |� eh wkh wlph
shulrg lq zklfk wkh plqlpxp lv dwwdlqhg1 Dv zh vkrzhg deryh/ lw lv wkh fdvh
wkdw

+ER�� :
"[
?'�

q?+ER��ER� � ��

Krzhyhu/ dv R| : R� : >c wkhq +ER��ER� � �� : +ER|�ER| � �� iru doo |� Wkxv

+ER�� :
"[
?'�

q?+ER|n?�ER|n? � ��

vr wkh vxvwdlqdelolw| frqglwlrq lv qrw vdwlv�hg1
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Li wkh plqlpxp lv qrw dwwdlqhg/ wkh vdph dujxphqw dssolhv zlwk wkh
lq�pxp/ vlqfh ghpdqg ixqfwlrqv dqg sur�wv duh frqwlqxrxv rq sulfhv1

Uhvxow 6= Li lq dq| UPFH R| : >c wkhq

+ER|� '
"[
?'�

q?+ER|n?�ER|n? � ��

Si= Dvvxph qrw1 Wkhq/ wkhuh h{lvwv d shulrg |� vxfk wkdw

+ER|�� 	
"[
?'�

q?+ER|n?�ER|n? � ��

Li d vlqjoh �up orzhuv wkh sulfh dw |� e| d vpdoo dprxqw/ sur�wv zloo eh kljkhu
dqg wkh vxvwdlqdelow| frqglwlrq zloo eh vdwlv�hg iru doo | 	 |�� Rq wkh rwkhu
kdqg/ dv wkh ghpdqg ixqfwlrqv duh frqwlqxrxv/ wkh vxvwdlqdelolw| frqglwlrq
zloo dovr eh vdwlv�hg dw |��

Uhvxow 7= Li lq d v|pphwulf UPFH R| : >c wkhq R|n? : > iru doo ?�
Si = Iluvw/ qrwh wkdw e| Uhvxow 5/ R| � � n 4c vr li � n 4 � >cwkh uhvxow lv

reylrxv1 Wkxv/ wkh rqo| lqwhuhvwlqj fdvh lv zkhq > � � n 4 ru q> � ��
Lq htxloleulxp lw kdv wr eh wkh fdvh wkdw

+ER|� �
"[
?'�

q?+ER|n?�ER|n? � ��

iru doo |� Li wklv htxdwlrq krogv zlwk htxdolw| iru doo |c wkhq

+ER|� ' q+ER|n��R|n� +49,

iru doo |� Xvlqj wkh gh�qlwlrq ri ghpdqg fxuyhv

L��3�EkR|� ' qL��3�EkR|n��R|n�

Vlqfh L lv frqfdyh/ lw lv vwudljkwiruzdug wr yhuli| wkdw wkh htxdwlrq deryh
gh�qhv dq hyhu lqfuhdvlqj gl�huhqfh htxdwlrq h{fhsw zkhq R| ' � n 4 iru
doo |1 Wklv phdqv wkdw li vrph sulfh lv kljkhu wkdq >c wkhq doo ixwxuh sulfhv
duh kljkhu wkdq >� Li/ rq wkh rwkhu kdqg/ wkh frqglwlrq grhv qrw krog zlwk
htxdolw| lq vrph shulrgv/ wkhq e| Uhvxow 6/ lw kdv wr eh wkh fdvh wkdw lq
wkrvh shulrgv wkh sulfh kdv wr eh htxdo wr >� Dvvxph wkhq/ frqwudglfwlqj wkh
k|srwkhvlv/ wkdw wkhuh h{lvwv d UPFH vxfk wkdw
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R| : >c R|n� ' >

vr

+ER|� '
"[
?'�

q?+ER|n?�ER|n? � ��

' q+E>�E>� �� n q
"[
?'�

q?+ER|n?n��ER|n?n� � ��

dqg

+E>� 	
"[
?'�

q?+ER|n?n��ER|n?n� � ��

vr

+ER|� : q+E>�E>� �� n q+E>�

+ER|� : q+E>�> � +E>�

vlqfh q> � �� Exw dv wkh ghpdqg ixqfwlrqv duh ghfuhdvlqj rq sulfhv/ wklv
phdqv wkdw

R| 	 >

frqwudglfwlqj wkh k|srwkhvlv1

Qrwh wkdw wkh fdqglgdwh vhtxhqfhv iru htxloleuld duh uhvwulfwhg wr vdwlvi|
htxdwlrq +49,/ zkhq kh sulfhv duh gl�huhqw iurp >�

Fruroodu|=

� Li > : �n4c d UPFH lv fkdudfwhul}hg e| hlwkhu R| ' >cru e| d vhtxhqfh
ri sulfhv vdwlvi|lqj RA : > iru vrph Ac dqg R|n� : R| iru doo | : A�

� Li > � � n 4c d UPFH lv fkdudfwhul}hg e| hlwkhu R| ' � n 4cru e| d
vhtxhqfh ri sulfhv vdwlvi|lqj RA : � n 4 iru vrph Ac dqg R|n� : R| iru
doo | : A�
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Sursrvlwlrq= Wkhuh lv d xqltxh Uhjxodu Prqrsrolvwlf Frpshwlwlrq
Htxloleulxp +UPFH,/ zklfk lv fkdudfwhul}hg e| wkh surgxfwlrq ri kljk

txdolw|
vhuylfhv ehlqj vrog dw d shu xqlw sulfh ri R ' 4@ i>c � n 4j �
Si= Dvvxph wkdw > � �n 4� Lw lv wulyldo wr vkrz wkdw R| ' > iru doo | lv dq

htxloleulxp vlqfh dw wkdw sulfh �up*v IRF duh vdwlv�hg/ vr sur�wv duh orzhu
li wkh| fkdqjh wkh sulfh1 Lq wkh wh{w zh vkrzhg wkdw �upv kdyh qr lqfhqwlyhv
wr ghyldwh lq wklv vwdwlrqdu| fdvh1

Wkh rwkhu fdqglgdwh iru d v|pphwulf UPFH lv jlyhq e| d sulfh vhtxhqfh
vxfk wkdw diwhu vrph wlph A shulrg h{klelwv lqfuhdvlqj sulfhv kljkhu wkdq >�
Li wklv lv wkh fdvh/ wkhq wkh sulfh vhtxhqfh vdwlv�hv wkh iroorzlqj gl�huhqfh
htxdwlrq

+EhR|� ' q+EhR|n��hR|n�
iru doo | � A� Frqvlghu qrz d �up � wkdw ghyldwhv dw wlph A n � e| srvwlqj
d sulfh deryh > exw orzhu wkdq RAn�� Iru wkh ghyldwlrq wr eh vxvwdlqdeoh/ doo
ixwxuh sulfhv pxvw dovr eh fkdqjhg vxfk wkdw wkh iroorzlqj gl�huhqfh htxdwlrq
krogv/

+EhR|�
%
RE��|hR|

& >

�3>

' q+EhR|n��

%
RE��|n�hR|n�

& >

�3>

RE��|n�

exw dv zh dvvxphg wkdw wkh sulfh vhtxhqfh lv dq htxloleulxp/ lw pxvw vdwlvi|

+|EhR�
q+|n�EhR� ' hR|n�

zklfk frpelqhg zlwk wkh suhylrxv h{suhvvlrq gholyhuv%
RE��|hR|

&>
'

%
RE��|n�hR|n�

&

Wklv lpsolhv wkdw li RE��| 	 hR|c wkhq RE��|n� : hR|n�� Wkxv/ wkh �up fdq ghyldwh
wr d vhtxhqfh ri orzhu sulfhv iru hyhu dqg vwloo vdwlvi| vxvwdlqdelolw|1 Dv wkh
sulfhv zhuh kljkhu wkdq wkh rswlpxp/ wkh �up lv pdnlqj kljkhu sur�wv/ vr
wkh ghyldwlrq lv rswlpdo1 Lw iroorzv wkdw wklv fdqqrw eh dq htxloleulxp1

Dvvxph qrz wkdw > 	 � n 4� Li wkh sulfh vhtxhqfh vdwlv�hv R| ' � n 4 iru
doo |c wkhq
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+E� n 4� '
"[
?'�

q?+E� n 4�4

Zkloh lw lv wuxh wkdw e| orzhulqj wkh fxuuhqw sulfh wkh �up pdnhv kljkhu
sur�wv wrgd|/ lw lv dovr wkh fdvh wkdw txdqwlwlhv vrog zloo eh kljkhu wrgd|1
Wkxv/ wkh ohiw kdqg vlgh ri wkh suhylrxv htxdwlrq zloo eh kljkhu dqg wkh
�up zloo wkhuhiruh kdyh lqfhqwlyhv wr gholyhu edg txdolw|1 Wkxv/ frqvlvwhqf|
lpsolhv wkdw eholhiv ri kljk txdolw| zloo dssurdfk }hur lq wkh vhtxhqfh ri
hsvlorq srvlwlyh eholhiv dv hsvlorq jrhv wr }hur1 Wkxv/ wkh �up zloo kdyh qr
lqfhqwlyhv wr ghyldwh e| uhgxflqj wkh sulfh1 Dv sur�wv duh orzhu iru kljkhu
sulfhv/ lw kdv qrw lqfhqwlyhv wr lqfuhdvh wkh sulfh hlwkhu1 Lw iroorzv wkdw
R| ' � n 4 lv d sulfh vhtxhqfh ri d UPFH1

Wkh rwkhu fdqglgdwh htxloleuld dovr h{klelw lqfuhdvlqj vhtxhqfhv ri sulfhv
kljkhu wkdq >c dv ehiruh1 Wkh vdph uhdvrqlqj uxohv wkhp rxw1

Uhihuhqfhv
^4` Deuhx/ Glols/ 4<;;/ �Rq wkh Wkhru| ri Lq�qlwho| Uhshdwhg Jdphv Zlwk
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wdwlrq lq d Prgho ri Prqhwdu| Srolf|�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/
45/ 434�4541
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479�4::,1

^5;` Nuhsv/ Gdylg P1 dqg Urehuw Zlovrq/ 4<;5/ �Uhsxwdwlrq dqg Lpshuihfw
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Sxeo1 Doghuvkrw Kdqwv/ XN1

^84` Zrrgirug/ Plfkdho/ 4<<3/ �Fxuuhqf| Frpshwlwlrq dqg wkh Wudqvlwlrq wr
Prqhwdu| Xqlrq= Grhv Frpshwlwlrq Ehwzhhq Fxuuhqflhv Ohdg wr Sulfh
Ohyho dqg H{fkdqjh Udwh Vwdelolw|B�/ lq D1 Jlrydqqlql dqg F1 Pd|hu/
hgv1/ Hxurshdq Ilqdqfldo Lqwhjudwlrq/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdp0
eulgjh / Pdvv1
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