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Abstract

We derive a local linear estimator of generalized impulse response (GIR) functions
for nonlinear conditional heteroskedastic autoregressive processes and show its asymp-
totic normality. We suggest a plug-in bandwidth based on the derived asymptotically
optimal bandwidth. A local linear estimator for the conditional variance function is
proposed which has simpler bias than the standard estimator. This is achieved by
appropriately eliminating the conditional mean. Alternatively to the direct local lin-
ear estimators of the k-step prediction functions which enter the GIR estimator we
suggest to use multi-stage prediction techniques. In a small simulation experiment the
latter estimator is found to perform best.

KEY WORDS: Confidence intervals; heteroskedasticity; local polynomial; multistage
predictor; nonlinear autoregression; plug-in bandwidth.

1 INTRODUCTION

Recent advances in statistical theory and computer technology have made it possible to
use nonparametric techniques for nonlinear time series analysis. Consider the nonlinear
conditional heteroskedastic autoregressive process {Y;},~,

Vi = f(Xio1) + o(X) Uy, t=mym+1,.... (1)

where X;_1 = (Yi—1,..., Yi_m)T, t = m,m+1, ... denotes the vector of lagged observations
up to lag m, and f and o denote the conditional mean and conditional standard devia-
tion, respectively. The series {U;};>, represents i.i.d. random variables with E(U;) = 0,
E(U}) =1, E(U}) = m3, E(U}!) = my4 < +oo and which are independent of X; 1. Masry
and Tjgstheim (1995) showed asymptotic normality of the Nadaraya-Watson estimator
for estimating the conditional mean function f under the condition that the process is
a-mixing. Hardle, Tsybakov and Yang (1998) proved asymptotic normality for the local
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linear estimator of f. For selecting the order m one may use the nonparametric procedures
suggested by Tjgstheim and Auestad (1994) and Tschernig and Yang (2000) which are
based on local constant and local linear estimators of the final prediction error, respec-
tively. Alternatively one may use cross-validation, see Yao and Tong (1994). For further
references the reader is referred to the surveys of Tjgstheim (1994) or Hérdle, Liitkepohl
and Chen (1997).

An important goal of nonlinear time series modelling is the understanding of the un-
derlying dynamics. As is well known from linear time series analysis it is not sufficient
for this task to estimate the conditional mean function. This is even more so if the condi-
tional mean function is a nonlinear function of lagged observations. One appropriate tool
that allows to study the dynamics of processes like (1) are generalized impulse response
functions.

In this paper we propose nonparametric estimators for generalized impulse response
(GIR) functions for nonlinear conditional heteroskedastic autoregressive processes (1) and
derive their asymptotic properties. Here, we follow Koop, Pesaran and Potter (1996) and
define the generalized impulse response GIRy, for horizon k as the quantity by which a
prespecified shock u in period ¢ changes the k-step ahead prediction based on information
up to period ¢t — 1 only. Formally, one has

GIRy(x,u) = EYik—1|Xim1 =x,Up = u) = E(Yipp—1|X4—1 = x)
= Eip|Ye = f(x) +o(x)u,Yio1 = 21,0, Vimp1 = Z1) - (2)
—E(Yiik 1Yio1 = 21,0, Yiom = o).

In general, the GIR;, depends on the condition x as well as the size and sign of the shock
u. An alternative definition of nonlinear impulse response functions is given by Gallant,
Rossi and Tauchen (1993).

We propose local linear estimators for the prediction functions which are contained in
GIR; and derive the asymptotic properties of the resulting GIRj estimator. This also
delivers an asymptotically optimal bandwidth allowing to compute a plug-in bandwidth.
The estimation of GIR), also requires to estimate the conditional standard deviation o
which can be done e.g. with the local linear volatility estimator suggested by Hardle and
Tsybakov (1997). In this paper we propose an alternative local linear estimator that
exhibits a simpler asymptotic bias. For estimating the prediction functions, we alterna-
tively suggest to apply multi-stage prediction techniques which were recently analysed by
Chen, Yang and Hafner (1999). An initial evaluation of the performance of both local
linear GI Ry, estimators is provided by a small Monte Carlo study where we compare the
mean squared errors of nonparametric and parametric GIRy estimators for a logistic
autoregressive process of order one. Higher order processes are currently analyzed.

The paper is organized as follows. In Section 2 we define local linear estimators for
the generalized impulse response function and investigate its asymptotic properties. The
alternative estimator for the conditional standard deviation is introduced in Section 3.
In Section 4 a GIR estimator based on multi-stage prediction is proposed. Issues of
implementation are discussed in Section 5. The results of the small Monte Carlo study
are summarized in Section 6.



2 AN ESTIMATOR FOR THE GIR FUNCTION

To facilitate the presentation, we use the following notation. Denote for any k£ > 1 the
k-step ahead prediction function by

fr(x) = E(Yip—1|X4—1 = %) (3)
and write
Yith—1 = fu(Xi1) + 0x(Xi—1)Up e (4)
where
02(x) = Var(Yies—1[Xi-1 = x) (5)

and where the Uy }’s are martingale differences since E(U; |X;—1) = E(Uyx|Yi-1,...) =0,
E(ng|Xt_1) = E(Ut%k|Yt_1, ) =1,t=m,m+1,.... Apparently, f{ = f, 01 = 0. One
also denotes
op 1 (%) = Cov { (Vi 1, Y 1) Xt = x}, (6)
2
o k(%) = COU{ {Yt+k’4 - fk’(thl)} Yipk—1 — fk(th)} 1X; 1= X} . (7

One can now write the generalized impulse response (GIRy) function defined in (2)
more compactly as

GIRk(x,u) = fr 1 {f(x) +o(x)u, X"} — fe(x) = fr1(xu) — fr(x) (8)

where X' = (21, ..., Zm—1) and x, = {f(x) + o(x)u,x'}.
The estimated G IRy, function is then

GIRk(x,u) = fr—1 (%) — fr(x) (9)

where all unkown functions are replaced by local linear estimates. The estimator of x,
is X, = {f(x) + 8(x)u,x’}. For defining the local linear estimators, K : R' — IR!
denotes a kernel function which is assumed to be a continuous, symmetric and compactly
supported probability density and

Kn(x) =1/0™ [[ K(z;/h)
j=1

defines the product kernel for x € IR™ and the bandwidth h = gn~Y(™*% Define further
the matrices

T
1 1
_ T _
6_(1’01><m) ’ Zk_(Xml—x Xn—k_x>
. n—k+1 T
Wy = diag {Kp(Xim1 —x)/n} 207, Yy = ( Yotrb—1 - Yy ) .

Then the local linear estimator f(x) of the k-step ahead prediction function f4(x) can be
written as

~ -1
Fu(x) =" (Z{szk) ZIWL Y. (10)
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The local linear estimate ox(x) of the conditional k-step ahead standard deviation is
defined by

_ 1/2
Gr(x) = {eT (zfwiz) lszWkY,z—f,f(x)} . (11)

For simplicity, we write f(x) = f1(x), 5(x) = &1 (x).

In the following theorem we show the asymptotic normality of the local linear GI Ry
estimator (9) based on (10) and (11). The theorem also states the asymptotically optimal
bandwidth. We denote | K||3 = [ K*(u)du, 0% = [ K (u)u’du.

Theorem 1 Define the asymptotic variance

K13 0 (x) [Ui_l(xu)u(X) o (%)
(%) plxu)o?(x)  o?(x)

0(2}11?, k(x u) =

_l’_

Ofi_1 (x4) 2 u?(my — 1 Ofk—1(xy) (2015(x o X
{ fka;l( )} {1+um3+ ( ;1 )}_ fka;( ){ U;IE}(C))Jru (17131(2(())}]

2
K™

N(X) 2M01 k—l(x) +u

8:131 ’

I(x=xy) {Q%_I,k(x) _ Of k1 (Xu) o11,8-1(%) }

0z o(x)
and the asymptotic bias

3fk 1 (xu)

barr(x,u) = brr—1 (Xy) — bpr(x) + {by(x) + by (x)u} (13)

where

br(x) = of Tr{V>fi(x) }/2

bok(x) = 0% [TrV? {12(0) + 02(0)} — 2/ (0) Y V2 {fu(x)}] / {dop()}. (Y

Tr {V2fp(x)} denotes the Laplacian operator, and one abbreviates by (x),bs1(x) simply
as bg(x),by(x). Then under assumptions (A1)-(A3) given in the Appendiz, one has

vVnhm {GTI\Rk(x,u) — GIRk(x,u) — bG[R,k(x,u)hZ} - N {O,UQGIR’k(x,u)} (15)

and so the optimal bandwidth for estimating GIRy(x,u) is

1/(m+4
mg%‘IR,k(Xau) } )

16
4bQGIR7k(x,u)n (16)

hopt (x, u) = {

In practice, some quantities in the asymptotically optimal bandwidth (16) are unknown. In
Section 5 we discuss estimators for those quantities in order to obtain a plug-in bandwidth.
This plug-in bandwidth is then used in the small Monte Carlo experiment presented in
Section 6.

Koop, Pesaran and Potter (1996) consider various definitions of generalized impulse
response functions. For example, one alternative to (2) is to allow the condition to be a



compact set. Denoting by Cx and C, compact subsets of R™ and R, respectively, the
generalized impulse response function over these compact sets is defined by

GIRk(Cx, Cu) = E{GIRk(Xi_l, Ui)|Xi_1 € Cy,U; € Cu} . (17)

For its estimation, we consider its empirical version

n—k+1

GIR;,(Cyx, Cy) = (C o 3 GIRy(Xi—1,Ui)I (Xio1 € Cx, U; €Cy)  (18)

i=m

where

N 1 okt
P (Cy,Cy) :E E;L X;—1 € Cx,U; € ().

The asymptotic properties of the estimator (18) for generalized impulse response functions
over compact sets (Cx, Cy) are summarized in the next theorem.

Theorem 2 Under assumptions (A1)-(A3) given in the Appendix
G/I\Rk(CXa Cu) - GIRk(CX7 Cu) = bGIR,k(CXa Cu)h2 + Op(hQ) (19)

where
barrk(Cx, Cu) = E{barri(X;-1,U;)|X;-1 € Cx,U; € Cy} .

Theorem 2 shows that for the generalized impulse response functions over compact
sets there does not exist the usual bias-variance trade-off. Within the constraint of h =
Bn~Y(m+4) it is better to use a smaller h. This, of course, has to be qualified for finite
samples.

While the estimator for GIRj proposed in this section has reasonable asymptotic
properties, it may cause problems in finite samples. In the next section we discuss the
problem in more detail and present an improved estimator.

3 AN ALTERNATIVE LOCAL LINEAR ESTIMATOR OF
THE CONDITIONAL VOLATILITY

The GIRy, estimator (9) is based on the standard estimator (11) for the conditional volatil-
ity. This local linear estimator 5%(x), however, may produce negative values for o(x) if
f? is estimated badly and is then not usable. This problem can also occur for other aux-
iliary functions such as o4(x), 01 4(%), 011,%(x), etc., which will be needed for computing
the plug-in bandwidth based on formula (16). In this section we present an alternative
local linear estimator for the conditional standard deviation that cannot become negative
due to a badly estimated f2. The proposed method can also be used for estimating the
covariance functions o%(x), o1 k. (x), 011k (%)

The idea for estimating o2 (x) is to base the estimator on the estimated residuals and
use

-1
Ghx) = " (Z{WiZs)  Z{WiVy (20)

T
" 2 ~ 2
where Vj, = ( {Ym+k71 - fk(Xm—l)} {Yn - fk(ank)} ) - In the next lemma
it is shown that this approach is indeed useful.



Lemma 1 Under assumptions (A1)-(A3) in the Appendiz, one has

F2(x) — 02 (X) = by (x)h? + WI(X) gnj Kn(Xj1 = %)02 (X;-1) (U2 — 1) + 0p(h2) (21)
Jj=m
where )
boe() = “E e v {0 ()} (22)
and
Vb {52 (x) = o3 (%) = ber(x)h?} > N {0,02 (%)}
with

_ 1K™ ot (x)

2
Ogk (X) ,U,(X)

(mag —1)
where my ), = E(Uﬁk).

This lemma basically says that by de-meaning one can estimate a,%(x) as well as if
one knew the true k-step regression function fi. As one would expect, the noise level is
the same for both 57(x) and 72(x) which can be seen from (21) and (28). However, from
comparing b, j and Eg,k given by (14) and (22), it can be seen that 72(x) has a simpler
bias which does not depend on fj.

In a similar way one can define estimators for the quantities (6) and (7). The following
lemma states their asymptotic properties.

Corollary 1 Under assumptions (A1)-(A3) in the Appendiz, one can also estimate o1 j(x)
as

_ —1
Frp(x) =€’ (wakzk) ZiWiViik

where
Vll,k = < {Ym - f(mel)}2 {Ym—l—k—l - ﬁc(mel)} T {Yn—k-i-l - J/C\(}(n—lc)}2 {Yn - ﬁc(Xn—k)} >

and likewise oy j(x). The respective estimators have similar properties as 53 (x).

The fact that o4 (x) has a simpler bias facilitates the computation of the plug-in band-
width since the asymptotic bias term in the asymptotically optimal bandwidth (16) be-
comes simpler as well. For this reason we use from now on in the GI Ry estimator (9) the
new estimator (20) instead of (11) for estimating conditional volatilities. We note that
in some cases e.g. if the bandwidth is not appropriate and x is outside the range of the
observed data, ox(x) can lead to negative estimates for the conditional variance. Then
one replaces in (20) the local linear by the local constant estimator which always produces
positive estimates.



4 GIR ESTIMATION USING MULTI-STAGE PREDIC-
TION

The main ingredient of the GIRy, estimator (9) are the direct local linear predictors f;
and fk,l. While they are simple to implement, they may contain too much noise which
has accumulated over the k prediction periods.

To estimate fi(x) more efficiently, we therefore propose to use instead the multi-stage
method. It was analyzed in detail by Chen, Yang and Hafner (1999). To describe the
procedure, one starts with Yt(o) =Y}, and repeats the following stage for j =1,...,k — 1.
For an easy presentation, we use here the Nadaraya-Watson form.

Stage j: Estimate

_ 1—1
f(x) _ ?:r]rﬂzfl K, (X — X)Yt(ij :
’ Sk K (X —x)

?

and obtain the j-th smoothed version of Y;; by Yt(_ﬁ; = fj(Xt).
Then, the conditional mean function fi(x) is estimated by

_ sk Ky (X —x)v oY
t=m—1 th (Xt - X)

Graphically, the above recursive method can be presented as

(1) (2) (k—2) (k—1)
(Y't+k:7X +k:—1) (1) (Y,5+kzxt+k72) (2) (Y,5+kaxt+kf3) (Y,5+k aXt+1) (k*l) (th-i-k: 7Xt) rs
Y =TT U= YL T =Y = fr(x).

The following theorem is shown in Chen, Yang and Hafner (1999).
Theorem 3 Under conditions (A1)-(A3) in the Appendiz, if hj = o(hy),nh]* — oo for

j=1,....k—1, and hy = Bn=/ Y for some B > 0, and if the estimators f](x) are all
obtained local linearly, then

£, Zm 2
b {Fe() = fulx) — bpa(nl} —N {0, %}

where

si(x) = Var {fk,l(Xt)|Xt_1 = x} .
The local linear GI Ry, estimator based on multi-stage prediction is therefore given by
GIRy(x,u) = fr_1 (X4) — fr(x) (24)

with the multi-stage predictor fi(x) and the alternative estimator for the conditional
standard deviation o (x) given by (23) and (20), respectively. In the next section we turn
to issues of implementation.



5 IMPLEMENTATION

Computing the direct or multi-stage GIR estimators (9) or (24) requires suitable band-
width estimates. Both estimators were implemented in GAUSS and use the Gaussian
kernel. We first discuss how to obtain a plug-in bandwidth by estimating the unknown
quantities in the asymptotically bandwidth (16) where (14) is replaced by (22) since (20)
is used. For estimating the densities pu(x) and u(x,) in (12) we use a kernel density esti-

mator with the Silverman’s (1986) rule-of-thumb bandwidth A, = h (m +2, @"(X))

where

hs(k, o) = o (4/k)"/FF2) p=1/(k+2) (25)

and where ‘7a\7“(X) denotes the geometric mean of the variances for each regressor. The
bandwidth h, is also used for estimating all other unknown quantities and is of the correct
order except for estimating the second order direct derivatives in (13). For the latter
quantities we use a partial quadratic estimator which is a simplified version of the partial
cubic estimator presented in Yang and Tschernig (1999) and for which they show that

hsq = hs <m + 4,34/ X7a\r(X)> has the correct order.

For the multi-stage GI Ry estimator (24) there does not exist a scalar optimal band-
width. According to Chen, Yang and Hafner (1999) the optimal bandwidth for the
first 7 < k — 1 predictions f](x) has a different rate. In their simulations they find
hyvisk—1 = ?Loptn*4/(m+4)2/5 to work quite well. For the kth-step we use Eopt. If the
multi-stage predictor is used for computing the plug-in bandwidth, lALopt is replaced by h,,.

6 A SMALL SIMULATION STUDY

In this section we investigate the performance of the proposed GIRy estimators based on
500 observations of the logistic autoregressive process

Y; =0.9Y;_; — 0.7Y;_ + Uy, Ug~i4.d.N(0,1). (26)

1+ exp(—3Yi_1)
One realization of the process is shown in Figure 1a). In the following we present results
for estimating GIRy(x,u) for k = 10, a unit shock v = 1 and x taking values from -5
to 1 in steps of 1. Figure 1b) displays the true fx(x) and fx_1(x,) functions which were
computed by simulation.

Next we conducted 100 simulations of this process and estimated GIRy(x,u) by (9)
with (10) and (20) as well as by the alternative estimator based on the multi-stage predic-
tor (23) and (20). We also fitted a linear AR(1) model and computed the corresponding
impulse responses. Finally, we estimated the impulse responses on the estimated param-
eters of the correct logistic AR model. Figure 2 displays the various estimates for the
54th simulation. The multi-stage based GIR estimate (short dashes) seems to be closest
to the true GIR function while using the one-stage predictors (long dashes) perform worse
for negative values of x. The parametric estimate of the impulse response (short dots
at the top of the plot) based on the true model is the worst. This can be attributed to
the difficulties in estimating the parameter in the exponential function. The linear im-
pulse response (dots) also misses the GIR by construction. This observations are indeed



Table 1: Mean squared errors of various estimates of the generalized impulse responses for
k=10and u =1

Estimator \ x -5 -4 -3 -2 -1 0 1
linear IR 0.0118 0.0092 0.0085 0.0114 0.0238 0.0475 0.0527
local linear one-stage 0.1657 0.0838 0.0468 0.0257 0.0182 0.0125 0.0099

local linear multi-stage 0.0289 0.0211 0.0114 0.0061 0.0024 0.0042 0.0027
GIR with est. par. of (26) | 0.3593 0.3960 0.4493 0.5694 0.5954 0.1860 0.1273

Table 2: Mean integrated squared errors of various estimates of the generalized impulse
responses for £ =10 and u =1

Estimators

linear IR 0.0272
local linear one-stage 0.0257
local linear multi-stage 0.0059
GIR with est. par. of (26) | 0.3767

representative. Table 1 displays the mean squared error of each estimator for each x. If
one is interested in further aggregating these performance measures, one can consider the
mean integrated squared error. It is obtained by the weighted sum of the MSE’s where
the weights are given by the density of x. Inspecting the MISE’s in Table 2 confirms the
superiority of the multi-stage local linear estimator for the generalized impulse responses
GIRl[)(X, ].)

From this little simulation study we conclude that the proposed multi-stage estimator
may be useful in practice although much more Monte Carlo experiments are needed for
assessing the empirical applicability of the proposed methods. This is particularly true
for nonlinear autoregressive processes of higher order. In any case, these methods have
standard asymptotic properties.

APPENDIX
With regard to the process (1) we assume the following:

(A1) The vector process X; 1 = (Y;_1,..., Y;_m)7 is strictly stationary and geometrically
B-mixing: B(n) < cop ™ for some 0 < p < 1, ¢y > 0. Here

B(n) = Esup{\P(Am’;) - P(A)‘ L A€ FS)

where ]:f' is the o-algebra generated by X, X¢y1, ..., Xy



(A2) The stationary distribution of the process X; ; has a density u(x), x € IR™, which
is continuous. If the Nadaraya-Watson estimator is used, p(-) has to be continuously
differentiable.

(A3) The function f(-) is twice continuously differentiable while o(-) is continuous and
positive on the support of p(-).

A discussion of these assumptions can be found e.g. in Tschernig and Yang (2000).

For proving Theorem 1 it is necessary to derive some auxiliary results first and de-
compose the GIRy, estimator in several terms. By Hérdle, Tsybakov and Yang (1998), we
have

n—k+1
ﬁ(x>=fk(x>+bf,k(x>h2+ﬁ(x) > Ku(Xiot —x)on(Xi ) Uik +0p(h%)  (27)

1 n—k+1
o x)or () g;n Kn(Xio1 —x)0j(Xio1) (U7 — 1) + 0p(h?) (28)

Now the estimated GIR function is
GIR,(x,u) = foe1 (Xy) — fr(x)

= fro—1 (Ru) = fr(x) + {bg -1 (Xu) — bpi(x)} B>+

1 n—k+2
e Z Kp(Xi—1 —Xy)0p—1(Xi—1)Ui g1
1 n—k+1
_nu(x) Z Kh(Xi—l — X)Uk(Xi_1)Ui7k + Op(hz)
= fr1 (xu) = fe(x) + [brr_1 (xu) — byi(x)] A2+
1 n—k+2

> Kp(Xim1 = xu)op-1(Xic1) Ui

np (XU) i=m

1 n—k+1
> Kp(Xio1 — x)ok(Xi—1)Ui s+

Cnp(x) &

M%wl(xu) {f(x) - f(x) + E(X)u — U(X)u} + Op(h2)

ZZC;I]%k(X,lQ +'bGIILk(X7U)h2 +-13 +-JE +-1§ +-12'+'0p(h2) (29)

where bgrr i (x,u) is as defined in (13) while

1

n—k-+2
T, = > Kn(Xic1 — xu)op-1(Xi—1)Uj -1
(Xu) 1=m

np

10



n—k+1

T, = Z Kin(Xio1 — x)0k(Xi—1) Ui
Ofp—1 (xu) 1 & .
T3 a’L‘l ny,(x) Z (Xi—l —X)U(Xi_l)UZ
Ofr_1(xy
Ty = fka;f )2W ZZ Kn(Xi1 — x)0%(X;1) (U2 — 1) (30a)

by Hardle, Tsybakov and Yang (1998). We now consider the expectations of all products
T;Tj, 1,5 = 1,...,4 which are needed to compute the asymptotic variance. First, one has
the following five equations

o o (%) e
E(T?) = | K| #(X)Jro(n thm)

O'2 X
B(T3) = |KI" 7o) b o (n 0 m)

E(T3) = {78‘)%5;1()(“) }2 1K (5™ 702(1) +o(n"th™)

2 On nh™pu(x)
2
B(TyTy) = {af’“a;f “)} TR anL() jma-+o(n!h") (31)
Lemma 2
E(T\Ty) = —0'“”;(:,),;(();): ) KI5 + o (n A~

E(T\T;) = 8fk8;1(x“) ks ;(hgl ((i) ) gt (n'nm)

001 (%) ks (T (K= %a) | om . (1)
BOT) = =5 g0 imntom — KIE" +o (v 'h7)  (32)

Proof: We take i = 3 as an illustration. By the definitions in (30a)
E(Ts) =

8fk—1 (Xu) n n—k+2
Z > EB{Kp(Xi1 —x)Kp(Xj-1 — x4)0(Xi—1)0%1(Xj—1)UiUj p-1} -

i=m j=m

0z n2u Xy)
Take a typical term from the double sum

E{Kp(Xi 1 —x)Kp(Xj 1 —x4)0(X;1)0k—1(Xj-1)UiUj k-1 }

11



and apply change of the random variable X; ; = x+hZ, the term becomes

himE {K(Z)K <y> a(x+hZ)ak_1(XjI)Uin,k_l} .

If i # j, then X, 1 = (Yj_1,...,Yj_m)" contains variables that are not in X; ; and
so further changes of variable will make the above term of order O(h~™1). If i < j,
then both X; ; and U; are predictable from Y; 1,...,Y; ,,,... and so by the marthingale
property of Uj;_1 the above term equals 0. Similarly the term equals 0 if 7 > j +k — 2.
Hence, the only nonzero terms satisfy 0 < i — j < k — 2, and there are only O(n) such
terms. Furthermore, these nonzero terms are of order O(h~"*!) unless i = j. So one has

E(Tng) = O(?’Lilhim+1)+

8fk—1 (Xu) 1 n—k-+2
Oz n?p(x)p (xu)

i=m

If x = x,, then by definition of o (x)

E{o(Xi 1)op—1(X;-1)UiUj p—1|1Xi 1} = 01 p—1(X; 1)

and so
8fk71 (xu) 1 n—k+2 )
ESKi(X;_1 — X,_ _1(Xi21)UU; g —
oo pGon ) 2, P UK =K ) (K ) Uil

n—k+2

_ Of—1(x Z E {Kﬁ(Xz'q — x)01,k_1(Xz>1)}

) 1
dr1  n?p?(x)

_ 9fi1 (30 1K™ 01,1 (x)
0z nhmu?(x)

If x # x,,, use the same change of variable X;_; = x+hZ, one gets

1 X,_1 — X,_1 —
o {K <#> K (17") o—(X“)ok_l(XH)UiUi,k_l} -

+o(n~th™™).

h h

himE{K(Z)K(

which is of order o(h™™) as

X — Xy

+ Z) U(X+hZ)0k1(X+hZ)UiUi,k1}

sup K(z)K(X_Xu +z> —0
zER™ h

The latter follows from the fact that x 7# x, makes the maximum of ||z|| and |*5%*« + z|
go to zero uniformly for all z € R™, the boundedness of K and that lim, ., K(z) =0.
Hence, now one has

E(T\T3) = O(n 'h™™1) 4 o(n~th™™).

12

> E{Kp(Xi1 —x)Kp(Xio1 — x4)0(Xi-1)0%-1 (Xic)UilU p—1} -



Lemma 3

E(T2T3) _ _afké;l(xu) Ulk( ()) ||K||§m +o (nflhfm) (33)
E(T2T4) _ _%8]01:5:1[;1(3(11) nh;ll(k()o-)( ) “ “3m +o (nflhfm) (34)

Proof: We prove (33) as an illustration. By the definitions in (30a)

E(TQT?,) — _8fk71 (Xu Xn:

o E{KL (X1 —x)Kp (X1 — x)o(Xi1) ok (Xj-1)UiUj i }

n—k+1
zm]m

and by the same reasoning as in Lemma 2, one has

8f B Xu 1 n—k—l—l B o
E(TyT3) = — ka;I( )nzuz(x) Z E {K}%(Xi,1 — X)U(Xz',l)O'k(Xifl)UiUi’k}+0 (n h )

Note that by definition of oy (x)

E{o(Xi—1)ok(Xi—1)UiU; 4| X1} = o1(Xi—1)

and so
Ofp-1(xy) 1 "' 2 -
E(T2T3) = — axl 7’L2/1,2(X) Z FE {Kh(Xi—l — X)Ulk(Xi—l)} +o0 (’I’L h )
Ofr-1(xy) 1

= — — KZm —lh—m
G g MK o1e(x) 0 (n='h )

which is (33).
Lemma 4

E(Ty + Ty + Ty + T1)? = 0™ A" 0% (x,0) + 0 (™' h ™)
where O'?;IRJC(X,’U,) is as defined in (12).

Proof: This follows from equations (31), (32), (33) and (34), together with

E(Ty +To + Ts + Ty)? ZET2+2 > EB(T/Ty).
=1 1<i<j<4

Proof of Theorem 1.

Note that all the four terms T4, 75, T3, T4 and their linear combinations can be written
as sample mean of martingale differences, and so one can apply Corollary 6 of Liptser and
Shirjaev (1980). Then using Lemma 4, the asymptotic normal distribution is established.
Proof of Lemma 1.

Note that by definition

2 2 ~ 2
{Viteor = BeX D)} = (Viaror = X DY + { (X0 = Fu(X50)}

13



+2{Y -1 — X} { A1) = Fu(Xj) (35)
and that

sup {f0) — i)} = 0,(h?)

XECX

and so one can drop the second term when smoothing V, in the decomposition (35). Since

Yirk—1 — fe(Xj-1) = 0k (Xj-1)Ujk

so instead of V, one smoothes local linearly a vector whose terms are

or(Xj_1)UZy, + 20%(X5-1) Uy {fk(qu) - fk(qu)} =

1 n
or (X)) U 4201(X 1)U {bf,k(Xj—l)h2 + (X)) > Kp(Xioy — Xj—l)Uk(Xi—l)Ui,k}+0p(h2)
J— i=m

Now obviously

2n? &
Kpn(Xjo1 = x)bp e (Xj-1)o%(Xj-1)Uj e = 0p(h?
nu(x) J;n ( J ) f ( J ) ( ] ) J P( )

so one only needs to smooth the following term local linearly on X;_; = x:

20’k(X 1) k
U%(Xj—l)UjQ,k"i_W ZKh i—1 — Xj_1)20%(Xi-1)Uj .
=m

By using the geometric mixing conditions as in Hardle, Tsybakov and Yang (1998),
local linear smoothing of o,%(Xj,l)Uj% . gives the two terms on the right hand side of (21)
except the higher order term, so it remains to show that local linear smoothing of the
following term is o, (h?):

QUk(XJ 1 J
—_— g K Xi1)206(X;21)U; k.
(1) ZEm n(Xic1 — Xj-1)20%(Xi—1) Ui i

Writing explicitly the local linear smoothing, one needs to show that

2
> TZJ—ZSV—OP h)
)m<z,]<n
where
_JEXj—x) | KX —x) | | . )UirU;
Tl]_{ w(Xj-1) - w(Xi-1) Kp(Xi1 = Xj1)ok(Xi1)or(Xj-1)Ui kUi
s S T oy KX 0K 0)02 (XU
IU’( )m<7,<n n ﬂ’( )jzm H’(XJ 1)

Y. Ty

2
n2p(x) m<i<j<n



It is easy to verify that S; = O(n~'h™™) by Corollary 6 of Liptser and Shirjaev (1980).
It is also clear that E(T;;Ty;) =0 forallm <i < j<n,m <i' <j' <n,j#j. Thus

4 8
ES;= 5~ >, BT+ 45—~ Y. BTy
i (x) m<i<j<n ntp?(x) m<i<i'<j<n

Now let k, = [cInn] be such that B(k,) < n~*, then

e L B@ = Y o+ Y |ead
ntp?(x)

4,,2
m<i<j<n n2(X) \ i Thcjcn  m<j—insi<i<n

h2m hm—i—l

4 4
S g 2(x) Z Oh4m T 2(x) Z ¢ hAm

mM<i<j—kn<j<n nop m<j—kn<i<j<n

= O(n2h™2™ 4 n 73k, B 73M) = O(n~'h™™) = o(h?). (36)

Meanwhile -, ;i <, E(Ti;Ty ) is decomposed into also two parts: part 1 consists of
those terms with max (i’ — i, j — i') > k,, while part 2 those terms with max (i’ —4,j — ') <
kn. Then it is clear that terms in part 1 can be treated as if U; ;, or Uy j, is independent of
the other variables index around j or j', with negligible errors, so part 1 is of smaller order
than n*h*. Part 2 has at most O(nk2) terms, so it is at most O(nk2h'=3™) = o(n*h?).
Hence we have proved that

8
— E(T;;iTy;) = op(h'). (37)
n4’u2( )m<i<zi:’<j<n Y g

Combining (36) and (37), we have shown that
S|+ Sy = Op(hQ)

and thus also the lemma.
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(a) Time Series of LSTAR_I2
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Figure 1: a) Realization of 500 observations of the logistic autoregressive process; b) True
k-step and k— 1-step ahead prediction functions for various x for the logistic autoregressive
process.



Process: LSTAR_I2, GIR, k = 10, sim_count = 54
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Figure 2: Various estimates of generalized impulse response functions for the logistic
autoregressive process for 10 periods ahead, u = 1 and various x: through line: true GIR,
long dashes: local linear estimator, short dashes: local linear estimator using multi-stage
prediction, dotted line: estimated impulse responses of linear AR model, short dotted line:
GIR based on estimated correctly specified logistic autoregressive model.



