
Erxqgv rq wkh Ulvn0Iuhh Lqwhuhvw Udwh lq Lqfrpsohwh Pdunhwv zlwk dqg zlwkrxw

Xwlolw| Ixqfwlrqv H{klelwlqj Frqvwdqw Devroxwh Ulvn DyhuvlrqW

Fkldnl Kdud�

Idfxow| ri Hfrqrplfv dqg Srolwlfv/ Xqlyhuvlw| ri Fdpeulgjh

Dwvxvkl Ndmll

Lqvwlwxwh ri Srolf| dqg Sodqqlqj Vflhqfhv/ Xqlyhuvlw| ri Wvxnxed

Mdqxdu| 5333

Devwudfw= Lq d prgho ri d wzr0shulrg h{fkdqjh hfrqrp| xqghu xqfhuwdlqw|/ zh �qg dq xs0

shu erxqg iru wkh htxloleulxp ulvn0iuhh lqwhuhvw udwh zkhq wkh h{shfwhg djjuhjdwh hqgrzphqw

lq wkh vhfrqg shulrg lv qr juhdwhu wkdq wkh �uvw0shulrg djjuhjdwh hqgrzphqw1 Zh dovr �qg

d orzhu erxqg zkhq wkh djhqwv* xwlolw| ixqfwlrqv h{klelw frqvwdqw devroxwh ulvn dyhuvlrq dqg

wkh h{shfwhg djjuhjdwh hqgrzphqw lq wkh vhfrqg shulrg lv qr vpdoohu wkdq wkh �uvw0shulrg

frxqwhusduw1 Wkhvh erxqgv duh lqghshqghqw ri wkh ghjuhh ri pdunhw lqfrpsohwhqhvv/ dqg vr

wkhvh uhvxowv vkrz wr zkdw h{whqw pdunhw lqfrpsohwhqhvv fdq h{sodlq wkh ulvn0iuhh udwh sx}}oh

lq wklv fodvv ri jhqhudo htxloleulxp prghov zlwk khwhurjhqhrxv djhqwv1 D jhqhudo phwkrg ri

�qglqj orzhu erxqgv lv dovr suhvhqwhg1

MHO Fodvvl�fdwlrq Frgh= G85/ G<4/ H54/ H77/ J451

Nh|zrugv= Wkh ulvn0iuhh udwh sx}}oh/ frqvwdqw devroxwh ulvn dyhuvlrq/ lqfrpsohwh pdunhwv/

jhqhudo htxloleulxp1
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�� Dgguhvv iru Fruuhvsrqghqfh= 68F Fkxufkloo Froohjh/ Fdpeulgjh FE6 3GV/ Xqlwhg Nlqj0

grp> Whohskrqh dqg Id{= .77+3,455606694;;> Hpdlo= fk534Chfrq1fdp1df1xn

- Wkh �qdqfldo vxssruw ri ]hqjlq Irxqgdwlrq iru Vwxglhv lq Hfrqrplfv dqg Ilqdqfh lv

judwhixoo| dfnqrzohgjhg1



41 Lqwurgxfwlrq

Lq wklv sdshu/ zh frqvlghu d prgho ri dq h{fkdqjh hfrqrp| xqghu xqfhuwdlqw| zlwk wzr

frqvxpswlrq shulrgv dqg rqh sk|vlfdo jrrg/ zkhuh frqvxpswlrq vprrwklqj ryhu wlph dqg

xqfhuwdlqw| lv grqh e| dvvhw wudqvdfwlrqv lq �qdqfldo pdunhwv1 Wkh suhihuhqfhv ri hdfk djhqw

lv uhsuhvhqwhg e| d wlph0lqghshqghqw/ dgglwlyho| vhsdudeoh xwlolw| ixqfwlrq dqg wkh glvfrxqw

idfwru lv frpprq dfurvv wkhp1 Zh duh lqwhuhvwhg lq krz wkh ulvn0iuhh lqwhuhvw udwh ghshqgv

rq wkh sulplwlyhv ri wkh hfrqrp|/ lq sduwlfxodu/ wkh glvfrxqw idfwru dqg wkh lqfrpsohwhqhvv ri

pdunhwv1 Wklv kdv ehhq d irfxv ri h{whqvlyh uhvhdufk xqghu wkh qdph/ jlyhq e| Zhlo +4<<5,/

ri wkh ulvn0iuhh udwh sx}}oh1 Nrfkhuodnrwd +4<<9, surylghv dq h{fhoohqw vxuyh| rq wklv wrslf1

Wkh frqwulexwlrq ri wklv sdshu lv wzr irog1 Iluvw/ zh vkrz wkdw wkh htxloleulxp sulfh

ri wkh ulvn0iuhh erqg lv qr kljkhu wkdq wkh glvfrxqw idfwru/ surylghg wkh ghulydwlyh ri hyhu|

djhqw*v xwlolw| ixqfwlrq lv d frqyh{ ixqfwlrq dqg wkh h{shfwhg djjuhjdwh hqgrzphqw lq wkh

vhfrqg shulrg lv qr odujhu wkdq wkh �uvw0shulrg djjuhjdwh hqgrzphqw1 Qrwh wkdw wkhuh lv

qr frqglwlrq lpsrvhg rq wkh xwlolw| ixqfwlrqv rwkhu wkdq wkh frqyh{lw| ri ghulydwlyhv/ dqg

wkhuh lv qr dvvxpswlrq rq wkh lqfrpsohwhqhvv ri pdunhw> wkdw lv/ zh gr qrw dvvxph dq|wklqj

dv wr zkdw nlqg ri ulvn| dvvhwv duh dydlodeoh iru wudgh1 Vr mxvw dv Zhlo*v +4<<5, ruljlqdo

frqwulexwlrq/ wklv uhvxow fdq eh vhhq dv d ehqfkpdun iru wkh txhvwlrq ri wr zkdw h{whqw

wkh pdunhw lqfrpsohwhqhvv fdq srvvleo| h{sodlq wkh orzhu ulvn0iuhh lqwhuhvw udwh lq jhqhudo

htxloleulxp prghov zlwk khwhurjhqhrxv djhqwv1

Rxu vhfrqg frqwulexwlrq lv wkdw li hyhu| djhqw*v xwlolw| ixqfwlrq h{klelwv frqvwdqw devroxwh

ulvn dyhuvlrq +FDUD iru vkruw, dqg wkh h{shfwhg djjuhjdwh hqgrzphqw lq wkh vhfrqg shulrg

lv qr vpdoohu wkdq wkh �uvw0shulrg djjuhjdwh hqgrzphqw/ wkhq wkhuh lv dq xsshu erxqg iru wkh

erqg sulfh zklfk rqo| ghshqgv rq wkh sulplwlyhv ri wkh hfrqrp|1 Wkh erxqgv duh vxfflqfwo|

uhodwhg wr wkh ghjuhh ri ulvn dyhuvlrq dqg wkh ulvn surshuwlhv ri lqlwldo hqgrzphqwv1 Wklv
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uhvxow frpsohphqwv wkh �uvw rqh> qr h{lvwlqj frqwulexwlrq kdv fodul�hg d wkhruhwlfdo xsshu

erxqg rq wkh erqg sulfh +ru orzhu erxqg rq wkh lqwhuhvw udwh, zlwk lqfrpsohwh pdunhwv1

Zh hpskdvl}h wkdw wklv uhvxow dovr dvvxphv qr frqglwlrq rq wkh lqfrpsohwhqhvv ri pdunhwv1

Lw wkhuhiruh vkrzv wkh udqjh ri wkh htxloleulxp ulvn0iuhh lqwhuhvw udwhv h{sodlqdeoh e| wkh

lqfrpsohwhqhvv ri pdunhwv lq wkh prghov zlwk khwhurjhqhrxv FDUD djhqwv1 Dv d fruroodu|

wr wklv uhvxow/ zh dovr vkrz wkdw wkh ulvn0iuhh erqg sulfh fdq eh pdgh duelwudulo| odujh zlwk

lqfrpsohwh pdunhwv zlwkrxw fkdqjlqj wkh erqg sulfh zlwk frpsohwh pdunhwv1

Wkh uhsruwhg erxqgv fdq eh frpsxwhg yhu| vlpso|1 Vr wklv uhvxow dovr vhuyhv dv d ydoxdeoh

wrro iru �qglqj d urxjk hvwlpdwh ri htxloleulxp lqwhuhvw udwhv/ vlqfh fdofxodwlqj dq htxloleulxp

sulfh v|vwhp fdq eh d whglrxv h{huflvh zkhq pdunhwv duh lqfrpsohwh1

Ohylqh dqg ]dph +4<<;/ 4<<<, frqvlghuhg dq lq�qlwh0krul}rq hfrqrp| xqghu xqfhuwdlqw|

zlwk khwhurjhqhrxv djhqwv wr lqyhvwljdwh krz wkh srvvlelolw| ri lqwhuwhpsrudo lqfrph wudqvihuv

zhdnhqv htxloleulxp lpsolfdwlrqv ri lqfrpsohwh pdunhwv1 D nh| vwhs ri wkhlu dqdo|vlv lv wr

�qg dq xsshu erxqg rq wkh lqwhuhvw udwh1 Rxu whfkqltxh lv lqvsluhg e| wkhluv/ wkrxjk zh gr

qrw qhhg wr pdnh dq| d sulrul glvwlqfwlrq ehwzhhq wkh fdvhv zlwk dqg zlwkrxw wkh djjuhjdwh

ulvn dv wkh| glg1 Wkh orzhu erxqg zlwk FDUD xwlolw| ixqfwlrqv lv rewdlqhg/ rq wkh rwkhu

kdqg/ dv d fruroodu| wr wkh uhvxow ri Kdud +4<<;,/ zklfk jhqhudol}hv dq hduolhu uhvxow vkrzq lq

Hoxo +4<<:, rq wkh ulvn0iuhh udwh sx}}oh1

Wkh qh{w vhfwlrq suhvhqwv wkh jhqhudo prgho ri wklv sdshu1 Lq Vhfwlrq 6 ghdov zlwk jhqhudo

xwlolw| ixqfwlrqv dqg vkrzv wkdw wkh ulvn0iuhh erqg sulfh fdqqrw eh orzhu wkdq wkh frpprq

glvfrxqw idfwru1 Lw dovr glvfxvv d jhqhudo phwkrg ri �qglqj erxqgv rq wkh erqg sulfh1 Vhfwlrq

7 wdnhv xs wkh fdvh ri FDUD xwlolw| ixqfwlrqv dqg �qg dq xsshu erxqg iru wkh erqg sulfh1

Vhfwlrq 8 frqfoxghv dqg vxjjhvwv d frxsoh ri gluhfwlrqv ri ixwxuh uhvhdufk1
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51 Wkh Prgho

Wkhuh duh wzr wudglqj shulrgv/ dqg wkhuh lv d vlqjoh shulvkdeoh jrrg lq hdfk shulrg1 Wkhuh lv

qr xqfhuwdlqw| lq wkh �uvw shulrg/ zkhq frqvxpswlrq jrrg dqg dvvhwv duh h{fkdqjhg1 Dw wkh

ehjlqqlqj ri wkh vhfrqg shulrg/ wkh dvvhwv sd| r�/ dqg wkhq frqvxpswlrq wdnhv sodfh1 Wkh

xqfhuwdlqw| lq wkh vhfrqg shulrg lv ghvfulehg e| d suredelolw| phdvxuh vsdfh +>E> �,= Ghqrwh

e| 4 +wkh �0htxlydohqw fodvv ri, wkh ixqfwlrq iurp  wr U wkdw wdnhv frqvwdqw ydoxh rqh1 Wkh

ixqfwlrq 4 zloo eh lqwhusuhwhg dv wkh ulvn0iuhh glvfrxqw erqg1 Ohw [ eh d olqhdu vxevsdfh lq

wkh vhw ri doo phdvxudeoh ixqfwlrqv iurp  wr U vxfk wkdw 4 5[= Zh wdnh wkh frpprglw|

vsdfh wr eh U�[ dqg ghqrwh e| H wkh h{shfwdwlrq zlwk uhvshfw wr �= D jhqhulf hohphqw ri

U �[ zloo eh ghqrwhg e| +{f>{,/ zkhuh {f fruuhvsrqgv wr frqvxpswlrq lq wkh �uvw shulrg/

dqg { lv d udqgrp yduldeoh wkdw fruuhvsrqgv wr frqvxpswlrq lq wkh vhfrqg shulrg1 Zh vkdoo

odwhu dvvxph vrph plqlpdo uhjxodulw| frqglwlrq rq [/ exw rxu uhvxowv fryhu lqwhuhvwlqj dqg

frpprqo| vwxglhg fdvhv vxfk dv  lv d �qlwh vhw dqg E lv wkh srzhu vhw ri [/ ru [ lv wkh

olqhdu vxevsdfh vsdqqhg e| �qlwho| pdq| mrlqwo| qrupdoo| glvwulexwhg udqgrp yduldeohv1

Wkhuh duh K djhqwv lq wkh hfrqrp|1 Hdfk djhqw/ lqgh{hg k 5 i4> � � � >Kj> lv fkdudfwhul}hg

e|=

� Wlph lqyduldqw yrq Qhxpdqq Prujhqvwhuq xwlolw| ixqfwlrq x�1 Lw lv vwulfwo| frqfdyh dqg

frqwlqxrxvo| gl�huhqwldeoh1 Lwv ghulydwlyh Gx� lv dvvxphg wr eh d frqyh{ ixqfwlrq1

� Lqlwldo hqgrzphqw yhfwru +h�
f
>h�, 5 U�[=

Zh dvvxph wkdw wkh djhqwv kdyh d frpprq glvfrxqw idfwru � A 31 Wkxv wkh suhihuhqfh

uhodwlrq ri djhqw k lv uhsuhvhqwhg e| wkh h{shfwhg xwlolw| ixqfwlrq X� = U �[ $ U gh�qhg

e|
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Wkh uhjxodulw| dvvxpswlrq dvvxphg wkurxjkrxw wklv sdshu lv wkdw wklv ixqfwlrq lv frqwlqxrxvo|

gl�huhqwldeoh dqg wkh �uvw rughu qhfhvvdu| frqglwlrq iru xwlolw| pd{lpl}dwlrq lv zhoo gh�qhg1

Wklv dvvxpswlrq lv yhu| plog dqg fdq eh mxvwl�hg lq ydulrxv zd|v> iru lqvwdqfh/ d vhw ri

vx!flhqw frqglwlrq lq whupv ri xwlolw| ixqfwlrq dqg wkh xqghuo|lqj suredelolw| vsdfh fdq eh

irxqg lq Qlhovhq +4<<6/ Sursrvlwlrq 4 dqg 8,1

Dowkrxjk wudgh wdnhv sodfh vhtxhqwldoo|/ zh gh�qh dq djhqw*v xwlolw| pd{lpl}dwlrq sureohp

dqg dq htxloleulxp ri wkh hfrqrp| gluhfwo| lq whupv ri pdunhw vsdqv dqg vwdwh sulfh ixqfwlrqv1

Wklv idflolwdwhv d vlpsohu h{srvlwlrq/ dqg lw fdq eh uhdglo| vkrzq wkdw lw lv htxlydohqw wr d

prgho zkhuh dvvhw wudgh lv h{solflwo| prghoohg1 Qdpho|/ zkhq wkh wudghg dvvhwv vsdq d olqhdu

vxevsdfh P / fdoohg wkh pdunhw vsdq/ ri wkh frpprglw| vsdfh [> dqg wkhlu duelwudjh0iuhh

sulfhv frlqflghv zlwk d olqhdu ixqfwlrq s = P $ U/ fdoohg wkh vwdwh sulfh ixqfwlrq/ djhqw k*v

xwlolw| pd{lpl}dwlrq sureohp lv

Pd{

+{�
f
>{�, 5 U�[

X�+{�
f
>{�,

vxemhfw wr= {� � h� 5P>

+{�
f
� h�

f
, . s+{� � h�, � 3=

Wkh �uvw frqvwudlqw lpsolhv wkdw wkh qhw wudgh yhfwru {� � h� fdq eh dfklhyhg wkurxjk dvvhw

wudghv/ dqg wkh vhfrqg frqvwudlqw lv wkh exgjhw frqvwudlqw1 Qrwh wkdw wkh olqhdulw| ri P dqg

s phdqv wkdw wkhuh duh qr wudqvdfwlrq frvwv> lq sduwlfxodu wkhuh lv qr vkruw vdohv frqvwudlqw1
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Qrwh dovr wkdw wkh �uvw0shulrg frqvxpswlrq lv wkh qxpìudluh/ zkrvh sulfh htxdov rqh1 Wkh

fdvh ri frpsohwh pdunhwv fruuhvsrqgv wr wkh fdvh zkhuh wkh pdunhw vsdq P frlqflghv zlwk

wkh frpprglw| vsdfh [=

Zh vd| wkdw d vwdwh sulfh ixqfwlrq s dqg d frqvxpswlrq doorfdwlrq ++|�
f
>|�,,�Mt�cuuucM�

frqvwlwxwh dq htxloleulxp iru wkh pdunhw vsdq P li/ iru hyhu| k> +|�
f
>|�, lv d vroxwlrq wr wkh

deryh pd{lpl}dwlrq sureohp dqg
SM

�'�+|
�
f
>|�, @

SM
�'�+h

�
f
> h�,1 Lw fdq wkhq eh vkrzq wkdw

wkh dvvhw pdunhwv fohdu dxwrpdwlfdoo|1 Vr wkh htxloleulxp sulfh ri wkh ulvn0iuhh glvfrxqw erqg

lv s+4, dqg wkh htxloleulxp ulvn0iuhh lqwhuhvw udwh lv s+4,3� � 41 Khqfh d orzhu lqwhuhvw udwh

phdqv dq kljkhu erqg sulfh/ dqg ylfh yhuvd1

61 Erxqgv iru wkh Ulvn0Iuhh Lqwhuhvw Udwh zlwk Jhqhudo Xwlolw| Ixqfwlrqv

Lq wkh �uvw vxevhfwlrq/ zh surylgh dq xsshu erxqg iru wkh htxloleulxp ulvn0iuhh lqwhuhvw udwh

ru/ htxlydohqwo|/ d orzhu erxqg iru wkh ulvn0iuhh erqg sulfhv1 Wklv lv grqh iru jhqhudo xwlolw|

ixqfwlrqv/ xqghu wkh dvvxpswlrq wkdw wkh h{shfwhg djjuhjdwh hqgrzphqw lv qrq0lqfuhdvlqj

ryhu wlph1 Lq wkh vhfrqg vxevhfwlrq/ zh glvfxvv d jhqhudo phwkrg ri �qglqj xsshu dqg orzhu

erxqgv iru wkh lqwhuhvw udwh/ zklfk dovr vhuyhv dv dq lqwurgxfwlrq wr wkh qh{w vhfwlrq1

6141 Dq Xsshu Erxqg iru wkh Ulvn0Iuhh Lqwhuhvw Udwh

Xqghu wkh uhjxodulw| dvvxpswlrq/ iru hyhu| djhqw k> wkh iroorzlqj �uvw rughu frqglwlrq lv phw

dw d vroxwlrq
�
{�
f
>{�

�
ri klv xwlolw| pd{lpl}dwlrq sureohp=

s+4,Gx�+{�f, @ �H

�
Gx�+{�,

�
=
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Wklv fdq eh uhzulwwhq dv

s+4, @ �
H
�
Gx�+{�,

�

Gx�+{�
f
,

@ �
Gx�+{�,

Gx�+{�
f
,

H
�
Gx�+{�,

�

Gx�+{�,
> +614,

zkhuh �{� @ H
�
{
�
�
= Zh zulwh h� @ H

�
h
�
�
> h @

S
� h

�> dqg hf @
S

� h
�
f
= Vr h� lv djhqw

k*v h{shfwhg hqgrzphqw lq wkh vhfrqg shulrg/ h lv wkh h{shfwhg djjuhjdwh hqgrzphqw lq wkh

vhfrqg shulrg/ dqg hf wkh djjuhjdwh hqgrzphqw lq wkh �uvw shulrg1

Sursrvlwlrq 41 Dvvxph wkdw hf � h= Ohw P eh d pdunhw vsdq vxfk wkdw 4 5P 1 Dovr ohw d

vwdwh sulfh ixqfwlrq s = P $ U dqg d frqvxpswlrq doorfdwlrq
��
{�
f
>{�

��
�Mt�cuuucM�

frqvwlwxwh

dq htxloleulxp iru P 1 Wkhq s+4, � �=

Lw lv hdv| wr vkrz wkdw li
S

� h
� @ hf4/ vr wkdw wkhuh lv vwdwlrqdulw| exw qr djjuhjdwh

xqfhuwdlqw|/ dqg wkh pdunhwv duh frpsohwh/ wkhq s+4, @ �= Wklv sursrvlwlrq wkxv lpsolhv wkdw

li wkh djjuhjdwh hqgrzphqw lv vwdwlrqdu|/ wkhq wkh ulvn0iuhh lqwhuhvw udwh lv htxdo ru orzhu zlwk

lqfrpsohwh pdunhwv wkdq zlwk frpsohwh pdunhwv1

Surri ri Sursrvlwlrq 41 Vlqfh Gx� lv frqyh{ iru hyhu| k/ zh kdyh

H

�
Gx�+{�,

�
� Gx�

�
�{�
�
= +615,

Vlqfh
S

{�
f
@ hf � h @

S
� �{� e| wkh dvvxpswlrq dqg wkh htxloleulxp frqglwlrq/ wkhuh lv dw

ohdvw rqh k @ �k vxfk wkdw {
7�
f
� �{

7�> dqg wkxv

Gx
7�
�
�{
7�
�
� Gx

7�
�
{
7�
f

�
= +616,

Soxjjlqj +615, dqg +616, lqwr +614,/ zh rewdlq s+4, � �= �

:



Qrwlfh wkdw wkh htxdolw| +614, vkrzv wkdw li hf � h dqg wkh Gx� duh frqfdyh lq wkh

uhohydqw lqwhuydo ri zhdowk ohyhov/ wkhq s+4, � � zrxog iroorz1 Wkh pruh lqwhuhvwlqj fdvh/

krzhyhu/ lv zkhuh wkh Gx� duh frqyh{ dv dvvxphg hduolhu/ ehfdxvh prvw iuhtxhqwo| dssolhg

xwlolw| ixqfwlrqv/ vxfk dv wkrvh h{klelwlqj frqvwdqw devroxwh ru uhodwlyh ulvn dyhuvlrqv/ kdyh

wklv surshuw|1

6151 D Jhqhudo Dssurdfk wr Ilqglqj Erxqgv

D erxqg lq Sursrvlwlrq 4 lv rewdlqhg xqghu d yhu| jhqhudo dvvxpswlrq rq xwlolw| ixqfwlrqv/

zlwk qr uhihuhqfh wr wkh vwuxfwxuh ri pdunhw lqfrpsohwhqhvv1 Exw lw grhv qrw wlh grzq vkduso|

wkh uhodwlrq ehwzhhq wkh djhqwv* dwwlwxgh wrzdug ulvnv dqg wkh htxloleulxp udwh1 Lq wklv

vxevhfwlrq/ zh vkdoo glvfxvv krz wkhvh fdq eh pruh wljkwo| uhodwhg lq jhqhudo1 Wkh glvfxvvlrq

zloo dovr foduli| wkh lqwxlwlrq ehklqg wkh uhvxow uhsruwhg lq wkh qh{w vhfwlrq1

Dv fdq eh vhhq iurp htxdolw| +614,/ wkh wdvn ri �qglqj erxqgv iru wkh ulvn0iuhh lqwhuhvw udwh/

ru/ htxlydohqwo|/ iru wkh ulvn0iuhh erqg sulfh lv rqh ri �qglqj erxqgv iruH
�
Gx�+{�,

�
@Gx�+{�

f
,

iru vrph k= Wkh uljkw0kdqg vlgh ri +614, vkrzv wkdw lw lv wkh surgxfw ri wzr idfwruv1 Wkh �uvw

idfwru Gx�+{�,@Gx�+{�
f
, lv wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq1 Zh kdyh vhhq

wkdw li hf � h> wkhq wklv idfwru lv qr vpdoohu wkdq 4 iru vrph k= Vlploduo|/ li hf � h> wkhq wklv

idfwru lv qr odujhu wkdq 4 iru vrph k= E| forvho| h{dplqlqj wkh ulvn dwwlwxgh ri wklv djhqw/ zh

fdq �qg d ehwwhu erxqg wkdq 41

Qrwh �uvw wkdw li d yrq Qhxpdqq Prujhqvwhuq xwlolw| ixqfwlrq x lv pruh ulvn dyhuvh wkdq

dqrwkhu y/ wkhq/ iru hyhu| zf dqg z� zlwk zf � z�> zh kdyh

Gx+z�,

Gx+zf,
�

Gy+z�,

Gy+zf,
=

Ohw hf � h> wkhq wkh djhqwv pxvw frqvxph pruh lq wkh �uvw shulrg lq htxloleulxp/ dqg

;



vr wkhuh lv dq djhqw zkr grhv vr pruh wkdq wkh dyhudjh> wkdw lv/ wkhuh lv dq k vxfk wkdw

{
7�
f
� {

7�
� K3� +hf � h, � 3= Li djhqw k lv pruh ulvn dyhuvh wkdq dq djhqw zlwk frqvwdqw

devroxwh ulvn dyhuvlrq zlwk frh!flhqw � rq wkh lqwhuydo ^{
7�> {

7�

f
` wkhq xvlqj wkh lqhtxdolw|

deryh iru y +z, @ � h{s ^��z`/ zh kdyh

Gx�+{�,

Gx�+{�
f
,
�

h{s
k
��{�

l

h{s
k
��{�

f

l � h{s
�
�K3� +hf � h,

�
� 4=

Vr wkh jhqhudo uhflsh iru �qglqj d wljkwhu orzhu erxqg iru wkh whup Gx�+{�,@Gx�+{�
f
, zkhq

hf � h lv wr lghqwli| djhqw k zkr frqvxphv pruh lq wkh �uvw shulrg uhodwlyh wr wkh rwkhu djhqwv

dqg phdvxuh wkh plqlpxp ghjuhh � ri ulvn dyhuvlrq rq wkh lqwhuydo ^{
7�> {

7�
f
`1 Wkhq wkh orzhu

erxqg iru wkh erqg sulfh lv lpsuryhg irup rqh wr h{s
�
�K3� +hf � h,

�
1

Iru vrph xwlolw| ixqfwlrqv/ wkh frh!flhqwv ri uhodwlyh ulvn dyhuvlrq ydu| lq d pxfk qduurzhu

udqjh ryhu uhohydqw zhdowk ohyhov wkdq wkh frh!flhqwv ri devroxwh ulvn dyhuvlrqv1 Zh fdq wkhq

lpsuryh wkh deryh erxqg e| xvlqj wkh lqwhuwhpsrudo udwlr hf@h ri djjuhjdwh hqgrzphqwv1

Lqghhg/ li wkh +jhqhudoo| qrq0frqvwdqw, frh!flhqwv ri uhodwlyh ulvn dyhuvlrqv ri x� duh odujhu

wkdq �/ wkhq zh kdyh

Gx�+{�,

Gx�+{�
f
,
�

�hf
h

�k
� 4=

V|pphwulf erxqgv fdq eh rewdlqhg iru wkh fdvh ri hf � h=

Wkh vhfrqg idfwru H
�
Gx�+{�,

�
@Gx�+{�, vkrzv krz pxfk/ lq udwlr/ wkh pdujlqdo xwlolw|

iurp wkh erqg lv lqfuhdvhg e| wkh ulvn suhvhqw lq wkh vhfrqg0shulrg frqvxpswlrq1 E| Mhqvhq*v

Lqhtxdolw|/ wklv lv qr vpdoohu wkdq 4= Lw phdvxuhv wkh ghjuhh ri suxghqfh ri Nlpedoo +4<<3,1

Lqghhg/ li d yrq Qhxpdqq Prujhqvwhuq xwlolw| ixqfwlrq x lv pruh ulvn dyhuvh dqg pruh suxghqw

<



wkdq dqrwkhu y/ wkhq/ iru hyhu| { 5 [ zlwk H+{, @ {> lw fdq eh vkrzq wkdw

H +Gx+{,,

Gx+{,
�
H +Gy+{,,

Gy+{,
=

Rqfh/ iru h{dpsoh/ zh nqrz wkdw wkh +jhqhudoo| qrq0frqvwdqw, frh!flhqwv devroxwh ulvn dyhu0

vlrqv ri hyhu| x� olh lq wkh lqwhuydo ^�> �`/ zh fdq frqfoxgh wkdw

H
�
h{s+��{�,

�

h{s+��{�,
�
H
�
Gx�+{�,

�

Gx�+{�,
�
H
�
h{s+��{�,

�

h{s+��{�,

iru hyhu| k> zklfk surylghv erwk wkh xsshu dqg orzhu erxqgv ri H
�
Gx�+{�,

�
@Gx�+{�,=

Zh kdyh wkxv rewdlqhg erxqgv iru wkh vhfrqg idfwru H
�
Gx�+{�,

�
@Gx�+{�, iru hyhu|

k dqg erxqgv iru wkh �uvw idfwru Gx�+{�,@Gx�+{�
f
, iru vrph k= E| pxowlsolfdwlrq/ zh fdq

rewdlq erxqgv iru wkh erqg sulfh s+4,=

Wkh gl!fxow| lq wklv dssurdfk wr �qg wkh erxqgv iru wkh erqg sulfh lv wkdw zh qhhg wr

lghqwli| wkh vhfrqg0shulrg htxloleulxp doorfdwlrq
�
{
�> � � � >{M

�
= Lw fdq krzhyhu eh flufxp0

yhqwhg li doo x� h{klelwv frqvwdqw devroxwh ulvn dyhuvlrq1

71 D Orzhu Erxqg zlwk FDUD Xwlolw| Ixqfwlrqv

Iurp qrz rq/ zh dvvxph wkdw xwlolw| ixqfwlrq x� kdv d frqvwdqw frh!flhqw �� A 3 ri devroxwh

ulvn dyhuvlrq/ vr wkdw x� +z, @ ��� h{s
�
���z

�
iru hyhu| k1 Wkxv wkh xwlolw| ixqfwlrq fdq

qrz eh zulwwhq dv

X
�
+{

�
f >{

�
, @ � h{s+��

�
{
�
f,� �H+h{s+��

�
{
�
,,=
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Qrwlfh wkdw Gx� lv d frqyh{ ixqfwlrq/ dqg vr wkh uhvxowv ri wkh suhylrxv vhfwlrq duh dssolfdeoh1

Iru wkh uhvw ri wklv vhfwlrq/ zh duh frqfhuqhg zlwk wkh xsshu erxqg iru wkh htxloleulxp sulfh

ri wkh glvfrxqw erqg1

Wkh iroorzlqj wkhruhp zdv suryhg lq Kdud +4<<;,/ zklfk jhqhudol}hg vrph ri wkh uhvxowv

lq Hoxo +4<<:, rq wkh ulvn0iuhh udwh sx}}oh1

Sursrvlwlrq 51 Ohw P dqg Q eh wzr pdunhw vsdqv vxfk wkdw 4 5P � Q= Ohw s = P $ U

eh dq htxloleulxp vwdwh sulfh ixqfwlrq iru P dqg ohw d vwdwh sulfh ixqfwlrq t = Q $ U dqg

d frqvxpswlrq doorfdwlrq ++}�
f
>}�,,�Mt�cuuucM�

frqvwlwxwh dq htxloleulxp iru Q= Vxssrvh wkdw

}
�
� h

� @5P iru vrph k= Wkhq s+4, A t+4,=

Wklv wkhruhp lpsolhv wkdw wkh ohvv frpsohwh wkh pdunhwv P duh/ wkh orzhu wkh ulvn0iuhh

lqwhuhvw udwh lv1 Lq sduwlfxodu/ wkh htxloleulxp ulvn0iuhh lqwhuhvw udwh lv orzhvw zkhqP frlqflghv

zlwk wkh olqh vsdqqhg e| 41

Iru hdfk k/ gh�qh

f
�
@
H
�
h{s

�
���h�

��

h{s
�
���h�

� =

Wklv phdvxuhv djhqw k*v suxghqfh hydoxdwhg dw klv lqlwldo hqgrzphqw1 Lw wkxv ghshqgv rqo|

rq wkh sulplwlyhv ri wkh hfrqrp|1

Dqrwkhu zd| wr orrn dw wklv qxpehu lv wr dsso| wkh vhfrqg0rughu Wd|oru dssur{lpdwlrq

h{s+z, � 4 . z . 5
3�z2= Wkhq f� � 4 . 5

3�
�
��

�2
Ydu+h�,> ru �

�
V+h�, �

�
5+f� � 4,

��*2
>

zkhuh V ghqrwhv wkh vwdqgdug ghyldwlrq1 Wkh qxpehuv f� wkxv phdvxuh wkh yduldelolw| ri

klv vhfrqg0shulrg lqlwldo hqgrzphqwv zhljkwhg e| wkh frqvwdqw frh!flhqwv ri devroxwh ulvn

dyhuvlrq1 Dv vkrzq e| Gx!h dqg Mdfnvrq +4<<3,/ Ghpdqjh dqg Odurtxh +4<<8,/ Rkdvkl

+4<<8,/ Udkl +4<<8,/ dqg rwkhuv/ wkh| khos surylgh d qhfhvvdu| dqg vx!flhqw frqglwlrq iru

44



wkh rswlpdo dvvhw vwuxfwxuh zkhq rqo| d olplwhg qxpehu ri dvvhwv fdq eh wudghg lq pdunhwv1

Zh dovr gh�qh � @ pd{i��> � � � > �Mj dqg

e @ h{s
�
��K3�

+h� hf,
�
>

zklfk lv qr juhdwhu wkdq rqh li hf � h=

Sursrvlwlrq 61 Dvvxph wkdw hf � h= Ohw P eh d pdunhw vsdq vxfk wkdw 4 5P dqg s = P $

U eh dq htxloleulxp vwdwh sulfh ixqfwlrq iru P 1 Wkhq=

41 s+4, � �epd{if�> � � � > fMj1

51 Li/ ixuwkhupruh/ P frlqflghv zlwk wkh olqh vsdqqhg e| 4> hf @ h> dqg f� @ � � � @ fM >

wkhq s+4, @ �f� iru hyhu| k=

Wkh vhfrqg sduw ri wklv sursrvlwlrq vwdwhv wkdw wkh xsshu erxqg ri wkh erqg sulfh lq

wkh �uvw sduw lv lqghhg dwwdlqhg li wkh pdunhwv duh ohdvw frpsohwh/ wkh h{shfwhg djjuhjdwh

hqgrzphqw lv frqvwdqw ryhu wlph/ dqg doo djhqwv kdyh wkh vdph f�= Dq lpsruwdqw lpsolfdwlrq

ri wklv lv wkdw wkh htxloleulxp erqg sulfh lq lqfrpsohwh pdunhwv fdq eh duelwudulo| odujh

zkloh wkh erqg sulfh lq wkh frpsohwh pdunhwv vwd|v dw wkh glvfrxqw idfwru �= Wr vhh wklv/ �uvw

�{ wkh lqlwldo hqgrzphqwv +h�
f
>h�, dqg wkh frh!flhqwv �� ri devroxwh ulvn dyhuvlrq vr wkdw

S
�
h
�
@ hf4> �

�
@ � � � @ �M > dqg wkh h� kdyh wkh vdph glvwulexwlrq zlwk srvlwlyh yduldqfh1

Wklv lpsolhv wkdw f� @ � � � @ fM A 4= Iru hdfk v A 3> gh�qh h�+v, @ h
�
. v

�
h
� � h�4

�
dqg

f�+v, @ H
�
h{s

�
���h�+v,

��
@ h{s

�
���h�

�
= Lw fdq eh vkrzq wkdw wkh htxloleulxp erqg sulfh

lq wkh frpsohwh pdunhwv lv htxdo wr � uhjdugohvv ri wkh ydoxhv ri v> exw wkh erqg sulfh lq wkh

ohdvw frpsohwh pdunhwv/ �f�+v,/ ehfrphv xqerxqghgo| odujh dv v$4=

Surri ri Sursrvlwlrq 61 41 E| Sursrvlwlrq 5/ zh fdq dvvxph wkdw P lv htxdo wr wkh
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olqh vsdqqhg e| 4= E| htxdolw| +614,/ lw vx!fhv wr vkrz wkdw

Gx�+{�,

Gx�+{�
f
,

� e +714,

iru vrph k @ k> dqg

H
�
Gx�+{�,

�

Gx�+{�,
@ f� +715,

iru hyhu| k= Wkh �uvw lqhtxdolw| +714, iroorzv vlqfh wkhuh h{lvwv dq k vxfk wkdw {� � {�
f
�

K3�
+h� hf, =

Vlqfh P lv vsdqqhg e| 4> zh kdyh {� @ h
�
. |�4 iru vrph |� 5 U= Wkxv �{� @ �h� . |�/

dqg vr zh kdyh {� � {�4 @ h
� � h�4= Khqfh

H

�
h{s+���+{� � {�4,,

�
@ H

�
h{s+���+h� � h�4,,

�
@ f�

hyhu| k1

51 Wkh v|pphwulf dujxphqw lv dssolfdeoh1 Vlqfh hf @ h/ zh kdyh e @ 4 dqg

Gx�+{�,

Gx�+{�
f
,

� 4

iru vrph k @ k= E| htxdolw| +715,/ s+4, � �f�= Wkxv

s+4, � �plqif�> � � � > fMj=

Vlqfh plqif�> � � � > fMj @ pd{if�> � � � > fMj> wklv dqg wkh �uvw sduw hvwdeolvk wkh vhfrqg sduw1

�
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81 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh irxqg wkh xsshu dqg orzhu erxqgv rq wkh ulvn0iuhh lqwhuhvw udwhv lq

d wzr0shulrg prgho zlwk lqfrpsohwh dvvhw pdunhwv1 Wkh xsshu erxqg zdv jlyhq iru jhqhudo

xwlolw| ixqfwlrqv/ zkloh wkh orzhu erxqg zdv rqo| iru FDUD xwlolw| ixqfwlrqv1 Zh dovr glv0

fxvvhg d jhqhudo phwkrg ri �qglqj xsshu dqg orzhu erxqgv1 Wkhvh uhvxowv zloo eh xvhixo lq

looxvwudwlqj wkh ulvn0iuhh udwh sx}}oh lq wudfwdeoh jhqhudo htxloleulxp prghov zlwk lqfrpsohwh

dvvhw pdunhwv1

Dv phqwlrqhg dw wkh hqg ri Vhfwlrq 615/ dq revwdfoh wr rewdlqlqj d orzhu erxqg rq wkh

ulvn0iuhh lqwhuhvw udwh zlwk jhqhudo xwlolw| ixqfwlrqv zdv wkdw zh fdqqrw �qg erxqgv iru wkh

suxghqfh H
�
Gx�+{�,

�
@Gx�+{�, dw wkh vhfrqg0shulrg htxloleulxp frqvxpswlrq exqgoh {�=

Ilqglqj wkhvh erxqgv lv d jrrg ixwxuh uhvhdufk wrslf1

Wkh fuxfldo h{suhvvlrq iru wkh erqg sulfh zdv htxdolw| +614,1 Lw zdv xvhixo ehfdxvh lw lghq0

wl�hg wkh wzr ghwhuplqdqwv ri wkh erqg sulfh/ wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq

dqg wkh suxghqfh1 Wklv vxjjhvwv wkh iroorzlqj h{whqvlrqv ri rxu dssurdfk1 Wkh �uvw vwhs lv wr

wkh fdvh ri wlph0vhsdudeoh/ exw wlph0ghshqghqw yrq Qhxpdqq Prujhqvwhuq xwlolw| ixqfwlrqv1

Wkh qh{w vwhs lv wr wkh fdvh ri uhfxuvlyh xwlolw| ixqfwlrqv1

Uhihuhqfhv
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Vhfxulwlhv/� Mrxuqdo ri Hfrqrplf Wkhru| 98= 56608:1

^5` Gx!h/ Gduuhoo/ dqg Pdwwkhz Mdfnvrq/ 4<<3/ Rswlpdo lqqrydwlrq ri ixwxuhv frqwudfwv/

Uhylhz ri Ilqdqfldo Vwxglhv 5/ 5:805<91
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^6` Hoxo/ Urqho/ 4<<:/ Ilqdqfldo lqqrydwlrq/ suhfdxwlrqdu| vdylqj dqg wkh ulvn0iuhh udwh/

Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 5:= 4460641

^7` Nlpedoo/ Plohv/ V1/ 4<<3/ Suhfdxwlrqdu| vdylqj lq wkh vpdoo dqg lq wkh odujh/ Hfrqrphwulfd

8;= 860:61
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XFOD Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Fdoliruqld/ Orv Dqjhohv1
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Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Fdoliruqld/ Orv Dqjhohv1

^;` Qlhovhq/ Oduv/ 4<<6/ Wkh h{shfwhg xwlolw| ri sruwirolrv ri dvvhwv/ Mrxuqdo ri Pdwkhpdwlfdo

Hfrqrplfv/ 55/ 76<07941

^<` Rkdvkl/ Nd}xklnr/ 4<<8/ Hqgrjhqrxv ghwhuplqdwlrq ri wkh ghjuhh ri pdunhw0

lqfrpsohwhqhvv lq ixwxuhv lqqrydwlrq/ Mrxuqdo ri Hfrqrplf Wkhru| 98= 4<;054:1

^43` Udkl/ Urklw/ 4<<8/ Rswlpdo lqfrpsohwh pdunhwv zlwk dv|pphwulf lqirupdwlrq/ Mrxuqdo

ri Hfrqrplf Wkhru| 98= 4:40<:1
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