
Hqwuhsuhqhxuvkls lq D Xqlrqlvhg Hfrqrp|�

Yhvd Ndqqldlqhq|dqg Plnnr Ohssçpçnl}

Wklv yhuvlrq= Mdqxdu| 64/ 5333

Devwudfw

Wklv sdshu vkrzv wkdw oderu pdunhw lqvwlwxwlrqv duh lpsruwdqw iru
wkh irupdwlrq ri qhz hqwuhsulvhv dqg pdunhw hqwu|1 Wkh h�hfwv ri gli0
ihuhqw oderu pdunhw lqvwlwxwlrqv rq zdjh ghwhuplqdwlrq/ hqwuhsuhqhxu0
vkls dqg �up vl}h duh dqdo|vhg erwk dqdo|wlfdoo| dqg looxvwudwhg qx0
phulfdoo|1 Prghov zkhuh oderu xqlrqv duh vwurqj lq wkh zdjh vhwwlqj
duh frpsduhg wr wkh fdvh ri pruh frpshwlwlyh oderu pdunhwv1 Wkh
pdlq uhvxow lv wkdw xqlrq srzhu uhgxfhv hqwuhsuhqhxuvkls lq wkh vhqvh
ri qhz hqwu| dqg uhvxowv lq d ghfolqh ri wkh rswlpdo vl}h ri hqwhusulvhv/
phdvxuhg lq whupv ri wkhlu kluhg oderu1

Nh|zrugv= hqwuhsuhqhxuvkls/ rffxsdwlrqdo fkrlfh/ xqlrqv/ oderu
pdunhw rujdql}dwlrqv

MHO Fodvvl�fdwlrq= M56/ M57/ M84/ P46

�Zh wkdqn Fkulvwldq Nhxvfkqljj dqg wkh rwkhu sduwlflsdqwv ri wkh Frqihuhqfh rq Hq0
wuhsuhqhxuvkls/ Edqnlqj dqg Sxeolf Srolf| Rfwrehu 48049/4<<< iru wkhlu frpphqwv1 Zh
kdyh dovr ehqh�wwhg iurp wkh frpphqwv ri sduwlflsdqwv ri wkh uhvhdufk vhplqdu dw wkh
Xqlyhuvlw| ri Khovlqnl1

|Xqlyhuvlw| ri Khovlqnl/ Ghsduwphqw ri Hfrqrplfv
}Xqlyhuvlw| ri Khovlqnl/ UXHVJ/ Ghsduwphqw ri Hfrqrplfv1 Dgguhvv iru fru0

uhvsrqghqfh= S1R1 Er{ 87/ ILQ033347 Xqlyhulvw| ri Khovlqnl/ Ilqodqg/ h0pdlo=
plnnr1ohssdpdnlCkhovlqnl1�
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4 Lqwurgxfwlrq
Wkhuh lv dexqgdqfh ri hpslulfdo revhuydwlrqv lqglfdwlqj wkdw wkh udwh ri hq0
wuhsuhqhxuvkls gl�huv vxevwdqwldoo| dprqj RHFG frxqwulhv14Lw lv dqrwkhu hp0
slulfdo idfw wkdw wkh oderu pdunhw lqvwlwxwlrqv kdyh wdnhq udglfdoo| gl�huhqw
irupv lq gl�huhqw hfrqrplhv1 Lq Hxursh/ xqlrqv kdyh wudglwlrqdoo| dgrswhg
d vljql�fdqw uroh lq zdjh ghwhuplqdwlrq zkloh lq wkh dqjor0dphulfdq zruog/
zdjhv duh ghwhuplqhg pdlqo| wkurxjk edujdlqlqj dw wkh ohyho ri vlqjoh �upv
zlwkrxw qdwlrqzlgh ru lqgxvwu|0zlgh frruglqdwlrq ehwzhhq uhsuhvhqwdwlyhv ri
xqlrqv dqg hpsor|huv1 Zkloh lw kdv ehhq vxjjhvwhg wkdw hqwhusulvh irupdwlrq
pd| eh ohvv dfwlyh lq d xqlrql}hg hfrqrp| wkdq lq frpshwlwlyh oderu pdu0
nhwv/ vxfk d uhodwlrqvkls kdv vr idu hoxghg d wkhruhwlfdo dqdo|vlv15 Rxu sdshu
surylghv vxfk dq dqdo|vlv1 Xqolnh wkh hduolhu olwhudwxuh rq hqwuhsuhqhxuvkls
zklfk kdv irfxvhg rq shuvrqdo surshuwlhv ri hqwuhsuhqhxuv olnh delolw| +Oxfdv
+4<:;, dqg Ndqexu +4<:<,, ru ulvn dyhuvlrq +Nlkovwuùp dqg Od�rqw +4<:<,
dqg Qhzpdq +4<<8,,/ rxu sdshu kdv d udwkhu gl�huhqw irfxv1 Lq ghyhorslqj
d jhqhudo htxloleulxp prgho ri d rqh0vhfwru hfrqrp|/ frqvlvwlqj ri oderu dqg
jrrgv pdunhwv/ zh zloo qrupdol}h wkh hqwuhsuhqhxuldo delolw| dfurvv lqglylg0
xdov1 Lqvwhdg/ rxu prgho fdq eh ylhzhg dq h{whqvlrq wr wkdw e| Nlkovwurp
dqg Od�rqw +4<:<, lq wkdw zh frsh zlwk ydulrxv oderu pdunhw lqvwlwxwlrqv1 Lq
sduwlfxodu/ zh frpsduh wkh lqfhqwlyhv wr pdunhw hqwu| xqghu d oderu pdunhw
rujdql}dwlrq zlwk vwurqj xqlrqv wr wkh qdwxuh ri lqfhqwlyhv wr hqwhu xqghu
frpshwlwlyho| rujdql}hg oderu pdunhwv1

Wkh dqdo|vlv ri oderu pdunhwv lq d xqlrql}hg hfrqrp| kdv ehhq xvhixo
lq lqwurgxfwlrq ri pdq| nh| lqvwlwxwlrqdo vwuxfwxuhv olnh wkh xqlrq srzhu ru
vwudwhjlf zdjh qhjrwldwlrq ehwzhhq xqlrqv dqg hpsor|huv16 Wkh xvhixoqhvv ri
vxfk d sdudgljp lv kljkoljkwhg e| wkh idfw wkdw lw kdv idflolwdwhg d ghsduwxuh
iurp wkh dvvxpswlrq ri frpshwlwlyh oderu pdunhwv1 Lq Hxursh lq sduwlfxodu/
vxfk dq dssurdfk fdq eh wkrxjkw wr eh �uhdolvwlf�1 Wkh fdyhdw/ krzhyhu/ lv
wkdw wkh lqkhulwhg dqdo|vlv kdv d sduwlfxodu olplwdwlrq= lw kdv wdnhq wkh vl}h
ri wkh hqwhusulvh vhfwru ru lqgxvwu| dv h{rjhqrxv zlwkrxw sd|lqj dwwhqwlrq wr
wkh idfw wkdw pdunhw hqwu| dqg h{lw duh d nh| sduw ri exvlqhvv g|qdplfv dqg
wkdw qhz hqwhusulvhv fdq eh wkrxjkw wr hphujh rqo| li wkh ixwxuh survshfwv

4Iru grfxphqwhg hpslulfdo hylghqfh/ vhh Olqgk dqg Rkovvrq +4<<:, dqg Lopdnxqqdv/
Ndqqldlqhq/ Odppl +4<<;,1 Prvw w|slfdoo|/ hqwuhsuhqhxuvkls lv phdvxhg dv wkh vkduh ri
wkrvh zrunlqj rq wkhlu rzq dffrxqw uhodwlyh wr wkh wrwdo oderu irufh1

5Fi1 Lopdnxqqdv/ Ndqqldlqhq dqg Odppl +4<<<,1
6Vhh iru lqvwdqfh Errwk +4<<7, dqg Iduehu +4<;9,1
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duh oxfudwlyh hqrxjk1 Wkh fxuuhqw sdshu wkhuhiruh dvnv= zkdw phfkdqlvp gr
wkh suhvhqfh ri oderu xqlrqv fuhdwh zkhq dqdo|}lqj hqwu| ri qhz hqwhusulvhvB

Xqlrqv whqg wr kdyh dq lpsruwdqw uroh lq zdjh ghwhuplqdwlrq1 Khqfh/
dq| udwlrqdo srwhqwldo hqwhusulvh kdv wr eh iruzdug0orrnlqj dqwlflsdwlqj wkh
iruwkfrplqj oderu pdunhw frqglwlrqv lq zklfk lw lv erxqg wr rshudwh lq wkh
srvw0hqwu| vwdjh1 Wkh lvvxh lv lqwhuhvwlqj qrw ohdvw ehfdxvh wkh phfkdqlvpv
ehfrph txlwh frpsolfdwhg1 E| sxvklqj xs wkh zdjh udwh/ xqlrq dfwlrqv whqg
wr hqkdqfh lqfhqwlyhv iru lqglylgxdov wr devwdlq iurp hqwuhsuhqhxuvkls dqg
lqvwhdg hqwhulqj wkh oderu pdunhw1 Exw rq wkh rwkhu kdqg/ kljk zdjhv whqg wr
ghfuhdvh wkh suredelolw| ri �qglqj d mre/ wkhuhe| kdylqj d frxqwhu h�hfw/ l1h1
sxvklqj shrsoh wr vhoi0hpsor|phqw1 Pruhryhu/ kljk zdjhv whqg wr uhgxfh
wkh rswlpdo rshudwlyh vl}h ri d �up1 Pruhryhu dqg jlyhq wkh pdunhw vl}h/
wkh rswlpdo vl}h pd| eh dgyhuvho| d�hfwhg e| wkh qxpehu ri hqwhusulvhv1
Rxu dqdo|vlv frq�upv wkh lqwxlwlrq wkdw wkh vwurqjhu wkh xqlrq srzhu lv/ wkh
vpdoohu lv wkh htxloleulxp hqwu| ri qhz hqwhusulvhv1 Pruhryhu/ lw frq�upv
wkdw wkh vl}h ri hdfk �up/ phdvxuhg lq whupv ri oderu hpsor|hg/ lv ghfuhdvlqj
lq wkh xqlrq srzhu1 Lqwxlwlyho|/ wkhvh uhvxowv iroorz iurp wkdw zdjhv sod| d
grxeoh uroh lq wkh prgho1 Iluvw/ wkh zdjh udwh uhsuhvhqwv wkh rssruwxqlw|
frvw lq wkh rffxsdwlrqdo fkrlfh iru dq| srwhqwldo hqwuhsuhqhxu1 Vhfrqg/ kljk
zdjhv uhgxfh wkh rswlpdo dprxqw ri kluhg oderu zlwklq hdfk �up1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ zh lqwurgxfh d prgho
ri d �up xqghu pdunhw xqfhuwdlqw|/ xqlrq suhihuhqfhv/ dqg wkh rffxsdwlrqdo
fkrlfh ri lqglylgxdov1 Lq vhfwlrq 6/ zh dqdo|}h gl�huhqw oderu pdunhw lqvwlwx0
wlrqv dqg lqwurgxfh d jhqhudo prgho iru zdjh edujdlqlqj zlwk d �up*v uljkw
wr pdqdjh lwv oderu irufh h{ srvw1 Wkh fdvh zlwk vwurqj xqlrq srzhu +wkh vr
fdoohg prqrsro| xqlrq, lv dqdo|}hg dv d vshfldo fdvh dv lv wkh fdvh ri frpshw0
lwlyh oderu pdunhw1 Vhfwlrq 7 lqwurgxfhv wkh uhvxowv ri qxphulfdo vlpxodwlrqv1
Vhfwlrq 8 frqfoxghv wkh sdshu1

5 Wkh Prgho
Wkh hfrqrp| frqvlvwv ri � ulvn0dyhuvh lqglylgxdov zkr txdoli| iru ehfrplqj
hqwuhsuhqhxuv ru zrunhuv lq wkh hfrqrp|1 Wkh| duh doo lghqwlfdo/ kdylqj wkh
vdph suhihuhqfhv uhsuhvhqwhg e| yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrqv
dqg wkh| kdyh wkh vdph lqqdwh delolwlhv1 Wkh lqglylgxdov idfh wkh vdph rf0
fxsdwlrqdo fkrlfh/ l1h1 fkrlfh ri wkhlu hfrqrplf urohv/ ehwzhhq hqwhulqj dv
hqwuhsuhqhxuv ru ehfrplqj hpsor|hg e| wkrvh zkr fkrrvh hqwuhsuhqhxuvkls1
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Doo hqwhusulvhv zloo eh uxq h{dfwo| e| rqh lqglylgxdo zkrvh zrun h�ruw lv d
qhfhvvdu| lqsxw1 Wkhuh duh ? vxfk lqglylgxdov zkloh wkh qxpehu ri wkrvh zkr
ehfrph +hpsor|hg ru xqhpsor|hg, zrunhuv zloo eh � � ?1

Wkh lqwhudfwlrq lq wkh oderu pdunhw fdq wdnh d ydulhw| ri irupv/ ghshqglqj
rq wkh uroh ri xqlrqv1 Wkhlu uroh lq zdjh qhjrwldwlrq pd| eh fhqwudo1 Wkh
hpsor|huv duh dvvxphg wr suhvhuyh wkh uljkw wr dgmxvw wkh oderu irufh h{ srvw/
jlyhq wkh zdjh ohyho/ dqg vxemhfw wr qhjoljleoh �ulqj frvw1 Hpsor|huv duh dovr
dvvxphg wr eh rujdql}hg dv d ihghudwlrq1 Erwk sduwlhv duh dvvxphg wr eh
udwlrqdoo| iruzdug orrnlqj lq wkdw wkh| dqwlflsdwh wkh ixwxuh frxuvh ri hyhqwv
zkhq frpplwwlqj wkhpvhoyhv lqwr wkhlu vwudwhj|1

Zh ghyhors d jhqhudo htxloleulxp prgho ri d rqh0vhfwru hfrqrp| frqvlvw0
lqj ri oderu dqg jrrgv pdunhwv1 Rxu prgho lv dq h{whqvlrq wr wkh vhplqdo
sdshu e| Nlkovwurp dqg Od�rqw +4<:<, lq wkdw zh ghyhors wkh dqdo|vlv wr
frsh zlwk ydulrxv oderu pdunhw lqvwlwxwlrqv1 Zh dovr dgguhvv wkh lpsolfdwlrqv
ri wkh qdwxuh ri jrrgv pdunhwv/ zkloh wkh| irfxvhg rq frpshwlwlyh oderu dqg
jrrgv pdunhwv1 Lq wkh pdlq wh{w/ zh krzhyhu/ wdnh wkh wdvn ri dqdo|}lqj
wkh xqlrq h�hfwv lq wkh frpshwlwlyh fdvh/ zkloh zh glvfxvv wkh frpsolfdwlrqv
dulvlqj iurp wkh qrq0frpshwlwlyh surgxfw pdunhw lq dq Dsshqgl{1 Wkxv zh
zulwh frpshwlwlyh pdunhw sulfh dv

R ' hk +4,

Yduldeoh hk : f lv vwrfkdvwlf uh hfwlqj wkh xqghuo|lqj xqfhuwdlqw| lq wkh
surgxfw pdunhw1 Lwv uhdol}dwlrq fkdudfwhul}hv wkh pdunhw vl}h1 Yduldeoh hk kdv
elqdu| vxssruw/ hk 5 Ekc k� zlwk suredelolwlhv bc �� b� Wkhuh duh qr qhwzrun
h{whuqdolwlhv1

Diwhu frpplwwlqj wkhpvhoyhv wr wkh hqwu| frvw/ vd| & : fc wkh hqwuhsuhqhxuv
kdyh dffhvv wr wkh vdph surgxfwlrq whfkqrorj| ri wkh frqvwdqw hodvwlflw| yd0
ulhw|

sE,� ' ,�c � 	 � +5,

zkhuh , lv wkh qxpehu ri zrunhuv lq d �up/ hdfk zrunlqj rqh zrunlqj krxu
+� ' �,1 Li lw zhuh wkh fdvh wkdw � ' �c zh zrxog kdyh wkh fdvh ri frqvwdqw
uhwxuqv zklfk lv xqlqwhuhvwlqj iru wkh sxusrvh ri wkh uhvhdufk wdvn ri wkh
fxuuhqw sdshu vlqfh lw zrxog lpso| wkdw wkh wrwdo rxwsxw zrxog eh surgxfhg
e| d vlqjoh odujh �up rqo|1
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Wkh xqlrq rshudwlqj lq wkh hfrqrp| lv dvvxphg wr eh hqjdjhg lq zdjh
edujdlqlqj zlwk wkh remhfwlyh ri pd{lpl}lqj wkh xwlolw| ri lwv hpsor|hg dqg
xqhpsor|hg phpehuv1 Lqfrph ri dq hpsor|hg phpehu lv wkh zdjh udwh/
�c dqg wkh lqfrph ri xqhpsor|hg/ K/ lv h{rjhqrxv vdwlvi|lqj K � � dqg
lv lqghshqghqw ri wkh fxuuhqw yduldeohv1 Rqh lqwhusuhwdwlrq ri K lv wkdw lq
olqh zlwk wkh h{lvwlqj oderu pdunhw olwhudwxuh lw lv uhjdughg dv dq h{rjhqrxv
xqhpsor|phqw frpshqvdwlrq1

Xwlolw| ri d phpehu lv ri wkh frqvwdqw hodvwlflw| w|sh1 Wkhuhiruh/ zh
lqwurgxfh wkh iroorzlqj xwlolw| phdvxuh dv dq h{ srvw xwlolw| ri wkh xqlrq lq
whupv ri d xwlolwduldq ydulhw|

L ' ?,�4 n E� � ?� ?,�K4� +6,

Qrwh wkdw wklv irupxodwlrq txdol�hv wkh vwdqgdug prgho lq wkh olwhudwxuh lq wkh

vhqvh wkdw lq +6,/ ? fdswxuhv wkh qxpehu ri hqwuhsuhqhxuv/ odwhu uhihuuhg dovr
dv d udwh ri hqwuhsuhqhxuvkls1 Lw lv lpsolflwo| dqg zlwkrxw orvv ri jhqhudolw|
dvvxphg wkdw doo zrunhuv ehorqj wr wkh xqlrq1

Wkh pdunhw iru hqwuhsuhqhxuvkls lv dvvxphg wr eh rshq rqo| rqfh1 Krz0
hyhu/ rqh fdq dovr jlyh wkh lqwhusuhwdwlrq wkdw rqfh wkh oderu frqwudfwv kdyh
ehhq uhdfkhg/ wkrvh zkr ehfrph xqhpsor|phqw kdyh wkh rswlrq iru vhoi0
hpsor|phqw rxwvlgh wkh oderu pdunhw1 Wkhq wkh rxwvlgh lqfrph K fdq dowhu0
qdwlyho| eh ylhzhg dv uhwxuq rq vhoi0hpsor|phqw1

Lq wkh surgxfw pdunhw/ hdfk �up lv dvvxphg wr ehkdyh frpshwlwlyho|
diwhu hqwu|/ wdnlqj wkh pdunhw sulfh R dv h{rjhqrxv1 Diwhu uhdol}dwlrq ri sulfh
xqfhuwdlqw|/ wkh sur�w ri hdfk �up lv jlyhq e|

Z ' R,� � �, +7,

zkhuh R @ wkh uhdol}hg sulfh1
Dq hqwuhsuhqhxu idfhv wkh ulvn ri qrw ehlqj deoh wr uhfrxs wkh vxqn frvw

&/ xqlqvxuhg e| wkh ulvn pdunhwv1Wklv ulvn lv qrq0glyhuvl�hg1 Wkh h{0srvw
surmhfw ydoxh pd| wkxv eh qhjdwlyh1 Oderu idfhv hpsor|phqw ulvn exw lv
ehwwhu surwhfwhg lq wkh oljkw ri vrfldo lqvxudqfh lq wkh irup ri xqhpsor|phqw
frpshqvdwlrq1 Ulvn0dyhuvh lqglylgxdov pdnh wkhlu rffxsdwlrqdo fkrlfh lq wkh
oljkw ri wkh deryh survshfwv1 Lq htxloleulxp/ wkhlu h{shfwhg xwlolw| iurp wkh
hqwuhsuhqhxuldo lqfrph EZ� kdv wr pdwfk zlwk wkdw iurp ehlqj hpsor|hg e|
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dq| �up lq wkh hfrqrp|/ dgmxvwhg iru wkh vxqn frvw ri hqwu|1 Zh kljkoljkw
wkdw e| ehfrplqj dq hqwuhsuhqhxu/ dq lqglylgxdo orvhv khu rswlrq ri kdylqj
dffhvv wr zdjh lqfrph1 Wkh hqwu| frvw/ &/ wkxv sod|v rq lpsruwdqw uroh lq wkh
fkrlfh ri pdunhw hqwu| exw lq wkh xqlrq ghflvlrq pdnlqj lwv uroh lv dssduhqwo|
hwhuqdo1 Zh udlvh wklv lvvxh zkhq frqvlghulqj wkh lpsdfw ri wkh hqwu| frvw rq
frqwudfw zdjh1

Wkh uhdol}dwlrq ri wkh pdunhw sulfh dqg wkh rxwfrph ri oderu pdunhw qh0
jrwldwlrq zloo glfwdwh wkh rswlpdo vl}h ri hdfk �up/ l1h1 krz pxfk oderu hdfk
�up zloo hyhqwxdoo| kluh1 Lq olqh zlwk wkh oderu pdunhw olwhudwxuh/ zrunhuv
idfh wkh fkdqfh ri hlwkhu ehlqj hpsor|hg ru ehfrplqj xqhpsor|hg1 Dvvxp0
lqj wkdw wkh hpsor|hg dqg xqhpsor|hg zrunhuv duh fkrvhq udqgrpo| zlwk
�suredelolwlhv� ?,*E� �?� dqg E� �?�?,�*E� �?�c zh zloo qrz lqwurgxfh
wkh nh| h{ dqwh lqgl�huhqfh frqglwlrq +sduwlflsdwlrq frqvwudlqw, ri dq| sr0
whqwldo hqwuhsuhqhxu1 Lw vwdwhv wkdw wkh h{shfwhg xwlolw| ri wkh lqfrph iurp
hqwuhsuhqhxuvkls kdv wr eh vx!flhqw wr pdwfk zlwk wkh h{shfwhg xwlolw| ri
lqfrph hduqhg dv dq hpsor|hh +ru xqhpsor|hg,/ .dZo ' .dL o/ lq rwkhu zrugv/

.EZ � &�4 ' .d
?,

� � ?
�4 n

� � ?� ?,

� � ?
K4o� +8,

Wklv frqglwlrq ghwhuplqhv wkh htxloleulxp hqwu|/ ?c vxemhfw wr oderu pdu0
nhw lqvwlwxwlrqv1

Wr ixuwkhu foduli| wkh prgho/ lw lv xvhixo wr vwdwh wkh wlplqj ri wkh wkuhh0
vwdjh prgho pruh suhflvho|>

Wlplqj=

3������������4���������5���:w
hqwu| xqfhuwdlqw| zdjh qhjrwldwlrqv oderu ghpdqg

uhvroyhg

Dw wlph | ' f/ ? lqglylgxdov hqwhu dv hqwuhsuhqhxuv dv d uhvxow ri wkhlu
rffxsdwlrqdo fkrlfh/ frpplwwlqj wkhpvhoyhv wr dq hqwu| frvw/ & : f1 Wklv
hqwu| frvw lv dvvxphg wr eh vxqn1 Diwhu hqwu|/ pdunhw xqfhuwdlqw| lv uhvroyhg
dqg wkh �upv dqg wkh xqlrq nqrz wkh ydoxh ri k� Dw wlph | ' �/ wkh zdjh
udwh � lv qhjrwldwhg ehwzhhq wkh xqlrq dqg wkh ihghudwlrq ri wkh hpsor|huv1
Dw wlph | ' 2/ wkh hqwhusulvhv fkrrvh wkhlu oderu lqsxw +�up vl}h,/ ,/ lq wkh
oljkw ri wkhlu uljkw wr pdqdjh1
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6 Wkh Dqdo|vlv ri Oderu Pdunhw Lqvwlwxwlrqv
dqg Hqwuhsuhqhxuvkls

614 Hqwu| xqghu Frpshwlwlyh Oderu Pdunhwv

Lw lv khosixo wr frqvlghu �uvw dv wkh ehqfkpdun wkh fdvh ri frpshwlwlyh oderu
pdunhw l1h1 zkhuh xqlrqv gr qrw h{lvw1 Zh wklqn ri hqwu| lqwr d frpshwlwlyh
pdunhw xqghu sulfh xqfhuwdlqw| d fdvh zkhuh hqwu| lv luuhyhuvleoh exw zkhuh
hpsor|phqw ghflvlrqv fdq eh pdgh diwhu uhvroxwlrq ri sulfh xqfhuwdlqw|1 Wkh
oderu xqlrq olwhudwxuh kdv qrw lqwurgxfhg pdunhw xqfhuwdlqw|/ wkrxjk lv kdv
lqfrusrudwhg wkh sureohp ri xqhpsor|phqw1 Xqghu frpshwlwlyh oderu pdu0
nhw/ wkhuh lv qr uroh iru xqhpsor|phqw frpshqvdwlrq ehfdxvh wkhuh zloo eh
e| gh�qlwlrq eh qr xqhpsor|phqw1 Pdunhw zdjh zloo dgmxvw wr wkh pdunhw
sulfh wr surylgh ixoo hpsor|phqw1

Hqwu|/ ?c lv ghwhuplqhg e| wkh lqgl�huhqfh frqglwlrq

.L dZ � &o ' .L d�o�

Dvvxplqj wkdw wkh xwlolw| lv ri frqvwdqw h{srqhqwldo ydulhw|/ wklv frqglwlrq
uhdgv dv

.ER,� � �, � &�4 ' .E��4c 4 	 ��

Diwhu luuhyhuvleoh hqwu|/ sulfh xqfhuwdlqw| lv uhvroyhg dqg frpshwlwlyh zdjh
ghwhuplqhg1 Hdfk �up lv sulfh wdnlqj lq doo pdunhwv dqg fkrrvhv lwv vl}h/
l1h1wkh oderu ghpdqg e| wkh pdujlqdo surgxfwlylw| frqglwlrq/

,� ' E
��

k�
��� +9,

Lq wkh oderu pdunhw wkh vxsso| ri oderu kdv wr pdwfk wkh ghpdqg lq wkh
djjuhjdwh1 Lq wkh uhvw ri wkh sdshu zh qrupdol}h � ' �/ dqg wkxv lq htxl0
oleulxp wkhuh zloo eh +40 ?, zrunhuv hdfk vxsso|lqj rqh xqlw ri oderu dqg ?

:



hqwhusulvhv zloo ghpdqg oderu dffruglqj wr +9,1 Oderu pdunhw htxloleulxp
wkxv uhtxluhv

E�� ?� ' ?, ' ?E
��

k�
�� +:,

Iurp wklv frqglwlrq/ rqh fdq vroyh iru wkh htxloleulxp zdjh dv d ixqfwlrq
ri hqwu| dqg pdunhw sulfh

�E?c R� ' k�d
�� ?

?
o
�

� +;,

zlwk wkh h{ srvw lpsdfw Y�*Y? : f� Pruhryhu/ wkh vl}h ri hdfk hqwhusulvh lv

uhodwhg lq d vlpsoh zd| wr pdunhw hqwu|/ , ' E�� ?�*? zlwk Y,*Y? 	 f�

Ohppd 4 Lq frpshwlwlyh oderu pdunhw/ htxloleulxp zdjh lv srvlwlyho| uhodwhg
wr pdunhw hqwu|1 Pruhryhu/ wkh vl}h ri hdfk hqwhusulvh phdvxuhg lq whupv ri
kluhg oderu lv ghwhuplqhg dv , ' �3?

?
�

Lq wkh frpshwlwlyh oderu pdunhw wkhuh lv ixoo mre vhfxulw|= wkh vl}h ri
wkh �up lv lqghshqghqw ri wkh vwdwh ri pdunhw ghpdqg exw wkh zdjh zloo
devrue sduw ri wkh sulfh ulvn1 Luuhyhuvleoh hqwu| lv h{ dqwh/ krzhyhu/ ulvn|
iru dq hqwuhsuhqhxu zkrvh lqfrph lv wkh uhvlgxdo kv kdv wr eh vx!flhqw wr
frpshqvdwh iru wkh frvw ri hqwu|/ &1 Lw lv khosixo wr vroyh iru wkh htxloleulxp
hqwu| �uvw lq wkh devhqfh ri hqwu| frvw/ & ' f�

Kdylqj wkh uhvxowv ri Ohppd 4 dw kdqg/ lw lv hdv| wr vkrz

Sursrvlwlrq 5 Xqghu frpshwlwlyh oderu pdunhw dqg lq wkh devhqfh ri hqwu|
frvw/ pdunhw hqwu| lv ixoo| ghwhuplqhg e| wkh ghjuhh ri uhwxuqv wr vfdoh/ q@40��

Surri1 Lqvhuwlqj wkh vroxwlrqv iru � dqg , lqwr wkh lqgl�huhqfh frqglwlrq
jlyhv wkh uhvxow1

Wzr lpsruwdqw ylvlrqv dulvh iurp wkh deryh uhvxowv1 Iluvw/ lq frpshwl0
wlyh oderu pdunhwv zlwk frvwohvv hqwu|/ wkhuh lv qr ulvn suhplxp iru dq hq0
wuhsuhqhxu lq wkdw kh dqg klv oderu vkduh ulvnv rq dq htxdo edvlv1 Vhfrqg/ wkh
lqfhqwlyh iru pdunhw hqwu| lv lqyhuvho| uhodwhg wr wkh ghjuhh ri glplqlvklqj

;



uhwxuqv wr vfdoh lq wkdw xqghu vorzo| ghfuhdvlqj uhwxuqv/ wkhuh lv ohvv urrp
iru lqwudpdujlqdo sur�wv vxjhjvwlqj wkdw wkhuh duh ihzhu hqwhusulvhv exw zlwk
d odujhu vfdoh1

Zkhq hqwu| uhtxluhv frvwo| h{ dqwh frpplwphqw/ & : fc vxfk d frvw lv
dyrlghg e| oderu dqg kdv wr eh frpshqvdwhg iru d ulvn0dyhuvh hqwuhsuhqhxuv1
Vlqfh wkh uljkw0kdqg vlgh ri +11, .E��4 ' .dR�o4E�3?

?
�E�3��4 lv lqghshqghqw ri

&crqh pxvw kdyh iurp wkh ohiw0kdqg vlgh/ Y.ER,� � �, � &�4*Y& ' Y.dRE��
��E�3?

?
�� � &o4*Y& ' fczklfk lv srvvleoh rqo| li Y?*Y& 	 f� Hqwu| frvw wkxv

pdnhv ? 	 ���( hqwhulqj �upv uhtxluh d ulvn suhplxp ryhu wkh zdjh lqfrph
zklfk lv ohvv ulvn|=

Ohppd 6 Hqwu| frvw jhqhudwhv d srvlwlyh ulvn suhplxp iru hqwhulqj hqwhu0
sulvhv1

Lw lv qrw srvvleoh wr vroyh dqdo|wlfdoo| iru hqwu| ? zkhq & : f ehfdxvh
ri wkh qrq0olqhdulwlh}v lqyroyhg1 Lq wkh vxevhtxhqw vhfwlrq/ zh looxvwudwh rxu
uhvxowv e| d qxphulfdo dqdo|vlv dqg frpsduh wkhp wr wkh fdvh ri xqlrql}hg
oderu pdunhw1 1 Vxfk dq dqdo|vlv lv zhofrph lq wkdw lw zdv qrw srvvleoh wr
vroyh iru wkh htxloleulxp hqwu| h{solflwo| lq d xqlrqlvhg hfrqrp|1

<



615 Zdjh Edujdlqlqj= Wkh Uljkw0wr0Pdqdjh Prgho

Zh vwduw rxu dqdo|vlv e| �uvw irupxodwlqj wkh jhqhudo fdvh zkhuh wkh xqlrq
dqg wkh ihghudwlrq ri wkh hpsor|huv vkduh wkh edujdlqlqj srzhu1 Wkdw lv/ ?
lqglylgxdov fkrrvh wr ehfrph hqwuhsuhqhxuv> � � ? fkrrvh wkhlu rffxsdwlrq
dv d zrunhu1 Wkh prgho lv vroyhg e| edfnzdug lqgxfwlrq1

Zh ghqrwh wkh xqlrq*v edujdlqlqj srzhu dv w 	 � dqg wkh �up*v edujdlq0
lqj srzhu dv +40w,/ uhvshfwlyho|1 Wkh wkuhdw srlqw ri wkh xqlrq lv wdnhq wr
eh wkh vlwxdwlrq zkhuh doo � � ? zrunhuv duh xqhpsor|hg/ ehlqj holjleoh wr
xqhpsor|phqw ehqh�w K1 Wkh wkuhdw srlqw ri d �up lq wxuq lv dvvxphg wr eh
}hur surgxfwlrq dqg wkxv }hur sur�w17

Dw wkh �qdo vwdjh/ dqg dv d uhvxow ri sur�w pd{lpl}dwlrq ri sulfh0wdnlqj
�upv/ wkh ghpdqg iru oderu e| hdfk �up diwhu uhvroxwlrq ri sulfh xqfhuwdlqw|
dqg zdjh qhjrwldwlrq uhdgv dv

, ' E
�

R�
�� +<,

zkhuh � ' �
�3�

	 f dqg zkhuh R lv hlwkhu k ru k� Gxh wr glplqlvklqj uhwxuqv/
�upv kdyh dffhvv wr lqwudpdujlqdo sur�wv1 Lw lv frqyhqlhqw wr vroyh wkh sur�w
ixqfwlrq dv Z ' ,E���E �

�
� �� : f zkhuh/ rqh vkrxog uhphpehu/ Y,*Y� 	

31 Wr ghwhuplqh wkh zdjh udwh dw wkh suhfhglqj vwdjh/ zh irupxodwh wkh
edujdlqlqj ehwzhhq wkh xqlrq dqg hpsor|huv dv d Qdvk edujdlqlqj sureohp=

4@ 
�

K ' d?,E�4 � K4� n E� � ?�K4 � E� � ?�K4owd?Zo�3w +43,

r�|�

, 5 @h}4@ Z ' R,� � �,

7Dqdorjrxvo| wr wkh olwhuduxuh rq oderu xqlrqv/ wkhvh dvvxpswlrqv duh lqwurgxfhg li
rqo| wr vlpsoli| wkh dojheud1
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Hqwu| ? lv e|jrqh zkhq wkh zdjh qhjrwldwlrq wdnhv sodfh1 Wkhuhiruh/ wkh
pd{lpl}dwlrq sureohp lq +43, lv htxlydohqw wr

4@ 
�

K ' �wZ�3w v1w1 , 5 @h}4@ Z ' R,� � �,c +44,

zkhuh � ' ?,E�4 � K4�� Qrwlfh wkdw zkhq hqwhulqj wkh pdunhw/ d srwhqwldo
hqwuhsuhqhxu lv lqwhuhvwhg lq klv ru khu h{shfwhg xwlolw| ri sur�w/ dv pdqlihvwhg
lq wkh lqgl�huhqfh frqglwlrq +8,1 Ehfdxvh wkh glplqlvklqj pdujlqdo xwlolw|
ri frqvxpswlrq kdv ehhq dfnqrzohgjhg lq wkh lqgl�huhqfh frqglwlrq dw wkh
lqlwldo vwdjh/ | ' �/ lw lv wkh ohyho ri sur�w lq wkh srvw0hqwu| vwdjh dw w@5
rq zklfk wkh hqwuhsuhqhxuv duh frqfhuqhg zkhq sduwlflsdwlqj lq wkh zdjh
qhjrwldwlrq1

Wkh vroxwlrq wr wkh edujdlqlqj sureohp lv ghwhuplqhg e| wkh iroorzlqj
�uvw0rughu frqglwlrq8

w�w3���Z
�3w n �wE�� w�Z3wZ� ' f� +45,

Zlwk srvlwlyh lqwudpdujlqdo sur�wv +Z : f�/ wklv frqglwlrq fdq dowhuqdwlyho|
eh vwdwhg dv wkh zhljkwhg dyhudjh ri wkh hodvwlflwlhv ri xwlolw| dqg sur�w zlwk
uhvshfw wr zdjh=

�wZ�3wdw
��
�

n E�� w�
Z�
Z
o ' f� +46,

Lq vroylqj iru wkh uhvxowlqj zdjh udwh/ zh zloo pdnh xvh ri wkh idfw wkdw
zlwk lqwudpdujlqdo sur�wv +Z : f�/ wklv frqglwlrq fdq krog rqo| zkhq wkh
h{suhvvlrq zlwklq wkh vtxduh eudfnhwv lv htxdo wr }hur1 Qrwlfh wkdw wkh �up*v
oderu ghpdqg lv wkh �up*v rswlpdo fkrlfh/ dqg wkxv gxh wr hqyhorsh wkhruhp
Z� ' �,� Vxevwlwxwlqj lqwr +46, rqh rewdlqv

w
d? Y,

Y�
E�4 � K4� n ?,4�43�o

d?,E�4 � K4�o
' E�� w�E

,

Z
� +47,

8Zh dvvxph wkdw wkh vhfrqg0rughu frqglwlrq krogv1
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Ehfdxvh , ' E �
k�
�� dqg Y,

Y�
' �E �

k�
��3� �

k�
iurp deryh/ dqg holplqdwlqj Zc

zh rewdlq diwhu vrphzkdw lqyroyhg pdqlsxodwlrq wkh frqglwlrq

�4d�Ew � �� n wE4n ��o ' K4d�Ew � �� n w�o +48,

Frqglwlrq +48, ghwhuplqhv wkh rxwfrph ri Qdvk edujdlqlqj/ wkh zdjh udwh/
vd| ��Ewc Kc 4c ��� Zh fdq lpphgldwho| uhsruw d khosixo uhvxow

Ohppd 7 Lq d edujdlqlqj prgho/ wkh qxpehu ri �upv/ ?/ grhv qrw lq xhqfh
wkh rxwfrph ri edujdlqlqj1

Wkdw wkh qxpehu ri �upv/ ?/ grhv qrw lq xhqfh wkh rxwfrph ri edujdlqlqj/
lv vrphzkdw vxusulvlqj exw fdq eh ylhzhg wr uh hfw wkh Ehoopdq*v sulqflsoh
ri rswlpdolw| lq d prgho zkhuh e|jrqhv duh e|jrqhv1Lq wkh qh{w vhfwlrq/ zh
uhsruw qxphulfdo vlpxodwlrq uhvxowv rq wkh frqwudfw zdjh xqghu fhqwudol}hg
edujdlqlqj1

Lq wkh lqlwldo vwdjh/ zkhuh hqwhulqj �upv kdyh wr dqwlflsdwh erwk wkh
ixwxuh sulfh ghyhorsphqw dqg wkh xqlrq ehkdylru diwhu hqwu|/ wkhlu h{ dqwh
lqgl�huhqfh +htxloleulxp, frqglwlrq +8, uhtxluhv

.EZ� � &�4 ' bd
?,

� � ?
�4
� n

� � ?� ?,

� � ?
K4o n

E�� b�d
?,

� � ?
�4
� n

� � ?� ?,

� � ?
K4o� +49,

Hydoxdwlqj erwk vlghv ri +49,/ zh uhzulwh lw dv=

bdZE�� c w�� &o4 n E�� b�dZE�� c w�� &o4 +4:,

' E�4
� � K4�

?

� � ?
db, n E�� b�,o n K4�

zkhuh ,' ,Ek� dqg , ' ,Ek� duh wkh vwdwh0ghshqghqw hpsor|phqw ghfl0
vlrqv1 Kdylqj lqvhuwhg wkh vroxwlrq iru �� / wkh deryh frqglwlrq vwdwhv wkh
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htxloleulxp hqwu| ri qhz hqwuhsuhqhxuv/ ?� � Jlyhq ?� crqh fdq �qdoo| dovr
h{suhvv wkh htxloleulxp vl}h ri �up/ ,� / lq whupv ri wc wkh edujdlqlqj srzhu1

Dowkrxjk zh kdyh lqwurgxfhg d qxpehu ri vlpsoli|lqj sdudphwhul}dwlrq lq
rxu prgho/ wkh lqgl�huhqfh frqglwlrq deryh uhpdlqv kljko| qrq0olqhdu lq ?� c
wkh udwh ri hqwuhsuhqhxuvkls1 Wkhuhiruh/ qr forvhg0irup vroxwlrq lv dydlodeoh
lq wkh jhqhudo fdvh1 Krzhyhu/ zh fdq surgxfh fohdu0fxw dqdo|wlf uhvxowv dqg
looxvwudwh wkhp qxphulfdoo|1

Wkh pdlq lqwhuhvw olhv zlwk wkh txhvwlrq krz oderu pdunhw lqvwlwxwlrqv
d�hfw wkh hqwu| dqg hqwhusulvh irupdwlrq/ l1h1 zkhwkhu Y?*Yw : f� Wkh idfw
wkdw wkh xqlrq kdv edujdlqlqj srzhu ryhu pdunhw irufhv vxjjhvwv wkdw zdjhv
whqg wr eh sxvkhg xs/ ohdglqj wr ohvv mrev dydlodeoh dqg xqhpsor|phqw1 Ds0
sduhqwo|/ wkh xqlrq lqfhqwlyhv duh d�hfwhg qrw rqo| e| wkhlu edujdlqlqj srzhu
+dulvlqj/ vd| iurp phpehuvkls,/ exw dovr e| wkh dffhvv ri xqlrq phpehuv wr
xqhpsor|phqw frpshqvdwlrq/ zklfk grhv qrw kdyh dq| uroh lq wkh frpshwl0
wlyh prgho1 Zh h{soruh wklv lqwxlwlrq ehorz zkhuh zh dovr h{dplqh lq zklfk
zd| fhqwudol}hg oderu pdunhwv lqwhudfw zlwk hqwhusulvh irupdwlrq1

Lq rughu wr dqdo|}h wklv sureohp/ zh surfhhg lq wzr vwhsv1 Zh �uvw �qg
rxw krz wkh edujdlqlqj srzhu d�hfwv wkh edujdlqlqj zdjh h{ srvw1 Wkhq zh
dqdo|}h krz wkh zdjh udwh d�hfwv wkh pdunhw hqwu| h{ dqwh1 Zh �uvw suryh=

Ohppd 8 Wkh frqwudfw zdjh lv lqfuhdvlqj lq wkh xqlrq edujdlqlqj srzhu/
_�+w�*_w : f�

Surri1 Lqvshfwlqj wkh �uvw0rughu frqglwlrq +48, +dqg dvvxplqj wkdw vhfrqg
rughu frqglwlrq lv vdwlv�hg, rqh �qgv wkdw vljq~_�Ew�

_w
�@vljq~ Y2K

Y�Yw
�@ �4E� n

4 � �� � K4E� � �� : f/ vlqfh � : K dqg 4 : f� Lq rwkhu zrugv/ dq lqfuhdvh
lq wkh xqlrq*v edujdlqlqj srzhu lqfuhdvhv wkh edujdlqlqj zdjh1 �

Qh{w/ zh dqdo|}h wkh vhfrqg olqn lq wkh surfhvv1 Zh xvh wkh wkh lq0
gl�huhqfh frqglwlrq +4:, wr h{dplqh xqghu zklfk frqglwlrqv lw krogv wkdw
_?*_� : f� Qrwlfh wkdw frqglwlrq +4:, vwdwhv dq htxdolw| ehwzhhq wzr ydoxh
ixqfwlrqv/ rqh iru hdfk djhqw dv d srwhqwldo hpsor|hu dqg rqh iru hdfk djhqw
dv d srwhqwldo hpsor|hh1 Xqghu sulfh0wdnlqj �upv dqg xqlrqv/ wkh ohiw0kdqg
vlgh lv lqghshqghqw ri wkh qxpehu ri hqwhulqj hqwhusulvhv1 Wrwdoo| gl�huhqwl0
dwlqj +4:, rqh rewdlqv

_?�
_��

'
.�dZ� o�.�dL� o

.?dL� o
+4;,
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Zh qh{w hydoxdwh wkh vljq ri +4; ,1 Wkh pdujlqdo hqwuhsuhqhxu xqghu0
vwdqgv wkdw dq lqfuhdvh lq wkh zdjh frvw uhgxfhv h{shfwhg sur�w/

.�dZ� o ' �b,4EZ � &�43� � E�� b�,4EZ � &�43� 	 f� +4<,

Lq deryh zh kdyh xvhg wkh idfw wkdw gxh wr hqyhorsh wkhruhp _Z*_� ' �,�
Lqfuhdvhg qxpehu ri hqwhusulvhv lv ehqh�fldo wr zrunhuv/ vlqfh wkh suredelolw|
ri rewdlqlqj wkh mre erwk lq wkh jrrg vwdwh dqg lq wkh edg vwdwh lv kljkhu=

.?dL� o ' db, n E�� b�,o
�

E� � ?�2
E�4

� � K4� : f� +53,

Lw uhpdlqv wr dqdo|}h wkh lpsdfw ri kljkhu zdjh rq wkh h{shfwhg xwlolw|
ri dq hpsor|hg zrunhu/

.�dL� o '
?

� � ?
bd

Y,

Y�
E�4

� � K4� n ,4�43�
� o n +54,

?

� � ?
E�� b�d

Y,

Y�
E�4

� � K4� n ,4�43�
� o�

Wkh vhfrqg whupv zlwklq erwk vtxduh eudfnhwv duh srvlwlyh1 L1h1 iru
dq| jlyhq udwh ri hqwu| dqg dq| jlyhq vl}h ri dq hqwhusulvh/ kljkhu zdjh
udlvhv wkh xwlolw| ri hdfk hpsor|hh1 Wkh �uvw whupv/ krzhyhu/ duh qhjdwlyh
ehfdxvh kljkhu zdjh lv h{shfwhg wr ohdg wr d vpdoohu vl}h ri hqwhusulvhv1
Iurp d srwhqwldo hqwuhsuhqhxu*v srlqw ri ylhz/ wkh surgxfwlrq frvw lv kljkhu1
Krzhyhu/ wklv h�hfw lv sduwo| gloxwhg wr wkh h{whqw wkdw wkh hqwhusulvhv fdq
dgmxvw wkhlu oderu irufh h{ srvw lq wkh vslulw ri wkh uljkw0wr0pdqdjh= dq lqfuhdvh
lq wkh zdjh frvw dovr uhgxfhv wkh rswlpdo vl}h ri hdfk �up1 Wklv h�hfw wkhq
dfwxdoo| whqgv wr lqfuhdvh wkh htxloleulxp hqwu|1

1 Wkhuhiruh/ wkhuh duh wzr r�vhwwlqj phfkdqlvp d�hfwlqj wkh zrunhu*v
xwlolw|1 Wkxv/ lw lv khosixo wr vwdwh

Ohppd 9 D qhfhvvdu| frqglwlrq iru wkh edujdlqlqj zdjh wr fuhdwh dq hqwu|
eduulhu lq �up irupdwlrq lv wkdw lwv pdujlqdo lpsdfw rq wkh h{shfwhg sur�w
ri hdfk hqwhusulvh dw hqwu| htxloleulxp h{fhhgv lwv lpsdfw rq dq hpsor|hh*v
h{shfwhg xwlolw| dw wkh htxloleulxp1
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Li wkh srvvlelolw| wr phhw kljkhu zdjh frvw e| vfdolqj grzq wkh rswlpdo
surgxfwlrq xqlw lv vljql�fdqw/ wkh lpsdfw rq hqwu| uhpdlqv ohvv fohdu1 Vpdoohu
xqlw vl}h pd| eh dvvrfldwhg zlwk pruh hodvwlf vxsso| ri qhz hqwhusulvhv1 Lw lv
qrw/ krzhyhu/ olnho| wkdw vxfk dq d�hfw frxog dfwxdoo| wxuq wkh qxphudwru ri
+54, srvlwlyh1 Lv lv h{shfwhg wkdw wkh lpsdfw ri kljkhu zdjh ghshqgv rq wkh
xqhpsor|phqw frpshqvdwlrq vfkhph dqg rq wkh uhwxuqv rq vfdoh1 Zh qh{w
vkrz wkdw wklv lqwxlwlrq lv ydolg1 Hydoxdwlqj wkh h�hfw rq wkh rswlpdo vl}h ri
dq hqwhusulvh lq +54, deryh rqh �qgv

Y,

Y�
'

�

� � �
ER���3��3

23�

�3� ' E
�

� � �
�E

,

�
�� +55,

Wkrxjk lw dozd|v krogv Y,
Y�

	 f ehfdxvh � 	 �c rqh qrwlfhv wkdw zkhq
wkhuh duh pdq| vpdoo �upv lq wkh hfrqrp|/ l1h1 zkhq � $ fc Y,

Y�
$ fc wrr/

l1h1 *�4�<f Y,*Y� ' f� Wklv revhuydwlrq jlyhv d klqw ri wkh vljq ri .�dL� o�
Iurp +BB ,/ rqh �qgv wkdw lq wkh edg vwdwh +wkh vdph dujxphqw dssolhv lq
wkh jrrg vwdwh,

Y,

Y�
E�4

� � K4� n ,4�43�
� ' E

,

�
�d4�4

� n E
�

� � �
�E�4 � K4�o +56,

Qrz E ,
�
� : f dozd|v1 Wkh h{suhvvlrq lq wkh vtxduh eudfnhwv lv srvlwlyh

surylghg wkdw

K*�� : d�� 4E�� ��o�*4�

Wklv fdqqrw krog li � $ �� Lw zloo/ krzhyhu krog/ li � $ f dqg li wkh
xqhpsor|phqw frpshqvdwlrq lv vx!flhqwo| odujh uhodwlyh wr wkh zdjh udwh1
Erwk txdol�fdwlrqv pdnh lqwxlwlyh vhqvh1 Wkxv/

Ohppd : Iru vx!flhqwo| jhqhurxv xqhpsor|phqw frpshqvdwlrq/ wkhuh h{0
lvwv �� vxfk wkdw � � �� , .�dL o : f iru doo z1 Dowhuqdwlyho|/ jlyhq �c wkhuh
h{lvwv K� vxfk wkdw K � K� , .�dL o : f iru doo z1
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Vwdwhg yhuedoo|/ vx!flhqwo| glplqlvklqj uhwxuqv wr oderu lqsxw lv vx!flhqw
+exw qrw qhfhvvdu|, wr pdnh _?

_�
	 f�

Jlyhq Ohppdv 4/5/6/ zh fdq uhsruw

Sursrvlwlrq ; Vx!flhqwo| glplqlvklqj uhwxuqv wr oderu lqsxw dvvrfldwhg zlwk
vx!flhqwo| jhqhurxv xqhpsor|phqw frpshqvdwlrq pdnh xqlrq srzhu wr fuh0
dwh dq hqwu| eduulhu dqg wr uhgxfh wkh htxloleulxp hqwuhsuhqhxuvkls ri dq
hfrqrp|1

616 Wkh Fdvh ri Vwurqj Xqlrq= Prqrsro| Xqlrq dv
Zdjh Vhwwhu

Zh qrz wxuq wr dqdo|}h wkh h{wuhph fdvh ri d vwurqj xqlrq zklfk grhv qrw
qhhg wr qhjrwldwh derxw wkh zdjh> lqvwhdg lw lv deoh wr lpsrvh lw xqlodwhudoo|
dv d pdunhw prqrsrolvw1 Dw wlph | ' �/ wkh xqlrq wkxv vhwv wkh zdjh udwh �/
dqg jlyhq wkh zdjh/ sulfh0wdnlqj �upv ghflgh rq wkh dprxqw ri oderu wkh|
zloo kluh dw wlph | ' 21 Wkh xqlrq fkrrvhv � vr dv wr pd{lpl}h lwv remhfwlyh
ixqfwlrq dqwlflsdwlqj +udwlrqdoo|, wkh oderu fkrlfh e| wkh hqwhusulvhv1 Wkh
xqlrq*v sureohp fdq eh vlpso| rewdlqhg e| lqvhuwlqj w ' � lq +48,1 Lw wxuqv
rxw wkdw wkh �uvw0rughu frqglwlrq ri wkh prqrsro| xqlrq zkhq vroyhg iru wkh
zdjh udwh uhdgv dv=

�� ' KE
�

4n �
�
�

4 � +57,

Wkhq zh vkrz

Ohppd < D prqrsro| xqlrq zloo dozd|v kdyh dq lqfhqwlyh wr sxvk wkh zdjh
udwh deryh wkh rxwvlgh rswlrq ri wkh hpsor|hh/ �� : K�

�oJJs 1 Wkh uhvxow iroorzv iurp � 	 � ', E� � ��4 	 f ', �
E�3��4n�

:

� ', E �
E�3��4n�

��*4 : ���

Wkh h�hfw ri wkh zdjh udwh +��� rq ghwhuplqdwlrq ri qhz hqwu| xqghu
prqrsro| xqlrq fdq eh vwdwhg lq d vrphzkdw pruh h{solflw irup=
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Sursrvlwlrq 43 Xqghu prqrsro| xqlrq wkh lqfuhdvhg zdjh udwh xqdpeljx0
rxvo| uhgxfhv wkh htxloleulxp udwh ri hqwuhsuhqhxuvkls1

Surri=

_?

_��
'

�b,4EZ � &�43� � E�� b�,4EZ � &�43� 	 f�

db, n E�� b�,o �
E�3?�2

E�4
� � K4�

	 f� +58,

Wklv iroorzv iurp wkh revhuydwlrq wkdw wkh prqrsro| xqlrq zloo gh�ql0
wlyho| fkrrvh Y.dL o*Y� ' f lq +4;,1THG

Lq oljkw ri wklv uhvxow/ wkh ghwulphqwdo h�hfw ri prqrsro| xqlrq rq pdunhw
hqwu| lv eh|rqg dq| grxew1

Wr surylgh vrph dgglwlrqdo lqwxwlwlrq/ lw lv xvhixo wr frqwudvw wkh edujdlq0
lqj prgho +ru wkh xqlrq prghov dv dq h{wuhph, wr wkh frpshwlwlyh fdvh1 Wkh
ixqgdphqwdo gl�huhqfh lv wkdw zkloh lq wkh frpshwlwlyh fdvh pdunhwv vwdelol}h
hpsor|phqw/ lw lv wkh frqwudfw zdjh zklfk lv vwdelol}hg lq wkh xqlrq prgho1

Wkh vhfrqg ixqgdphqwdo lpsolfdwlrq lv wkhq wkh hphujhqf| ri xqhpsor|0
phqw ulvn erwk lq wkh jrrg vwdwh dqg lq wkh edg vwdwh wr wkh xqlrq phpehuv1
Wkh vrfldo ulvn srrolqj duudqjhphqwv/ krzhyhu/ whqg wr plwljdwh wklv lp0
sdfw1 Wkhuh lv dq lqwhuhvwlqj lpsolfdwlrq iru wkh rswlpdo vl}h ri hqwhusulvhv1
Jlyhq wkdw kljk xqlrq srzhu uhgxfhv irupdwlrq ri qhz hqwhusulvhv/ wkhuh lv
pruh vfrsh iru wkh h{lvwlqj hqwhusulvhv wr jurz zkhq wlphv duh jrrg1 Wklv
lpsolfdwlrq zloo eh yhul�hg lq rxu vlpxodwlrq uhvxowv ehorz1
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7 Vlpxodwlrq Uhvxowv ) Glvfxvvlrq
Lq wkh devhqfh ri doo forvhg0irup vroxwlrqv iru wkh htxloleulxp qxpehu ri hq0
wuhsuhqhxuv +?, dqg �up vl}h +,,/ zh surgxfh qxphulfdo vlpxodwlrqv lq wkh
jhqhudo edujdlqlqj fdvh dqg zh uhsruw vhqvlwlylw| dqdo|vlv ri wkrvh vlpxod0
wlrqv1 Zh dgrsw wkh iroorzlqj sdudphwhu dvvxpswlrqv= � ' �/ � ' 4 '
f�Dc K ' f�bHf�

714 Vlpxodwlrq Uhvxowv

Wdeoh 41 Wkh Uhodwlrqvkls ehwzhhq Edujdlqlqj Srzhu +w,/ Zdjh Udwh +�,/
Ilup Vl}h +,, dqg Udwh ri Hqwuhsuhqhxuvkls +?,

E& ' f�fDc{k ' �c K ' f�bHfc b ' f�D�
w �Ek ' 2� ,Ek ' 2� �Ek ' �� ,Ek ' �� ?
31: 417<5 3177< 417<5 41344 3137
319 41754 317<8 41754 41447 314:4
318 41687 31878 41687 4155: 315;3
317 415;: 31937 415;: 4168; 316;6
316 4154< 319:6 4154< 41847 317;;
315 4147; 31:8< 4147; 41:3: 31938
314 413:3 31;:6 413:3 41<98 31:8:

Wdeoh 51 Wkh Uhodwlrqvkls ehwzhhq Edujdlqlqj Srzhu +w,/ Xqhpsor|phqw
Ehqh�w +K,/ Zdjh Udwh +�,/ Ilup Vl}h +,, dqg Udwh ri Hqwuhsuhqhxuvkls +?,
xqghu lqfuhdvhg xqfhuwdlqw|

E& ' f�fDc{k ' ��Dc K ' f�fbHc b ' f�D�

w �Ek ' ��.D� ,Ek ' ��.D� �Ek ' ��2D� ,Ek ' ��2D� ?
31: 417<5 31677 417<5 414;: 31366
319 41754 316:< 41754 4163; 3148;
318 41687 3174; 41687 41773 31598
317 415;: 31795 415;: 418<7 3169;
316 4154< 31848 4154< 41::; 317:6
315 4147; 318;4 4147; 51336 318<5
314 413:3 3199< 413:3 51639 31:7:
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715 Glvfxvvlrq ri wkh Uhvxowv

+l, Htxloleulxp zdjh
Dv h{shfwhg/ wkh htxloleulxp zdjh lv lqfuhdvlqj lq wkh xqlrq*v edujdlqlqj

srzhu1 Zkhq wkh xqlrq*v edujdlqlqj srzhu lv uhgxflqj/ wkh zdjh udwh gh0
fuhdvhv dv zhoo1 Wkh edujdlqhg zdjh lv lqghshqghqw ri wkh hqwu| frvw &1 Lq
olqh zlwk wkh hduolhu uhvxowv lq wkh olwhudwxuh +Rvzdog +4<;8,,/ wkh zdjh udwh
lv qrw d�hfwhg e| wkh surgxfw pdunhw xqfhuwdlqw|1

+ll , Vl}h ri wkh �up
Iluvw/ wkh dyhudjh vl}h ri dq hqwhusulvh +phdvxuhg e| wkh oderu irufh ,, lv

khdylo| ghshqghqw rq wkh oderu pdunhw lqvwlwxwlrqv19 Lq wkh fdvh ri prqrsro|
xqlrq/ wkh vl}h ri dq hqwhusulvh lv wkh vpdoohvw1 Lq wkh edujdlqlqj prgho/ wkh
dyhudjh �up vl}h lv eljjhu dqg lv lqfuhdvlqj lq wkh edujdlqlqj srzhu ri �upv/
+40w,1 Kljk hqwu| frvw +&, lpsolhv eljjhu �up vl}h/ dqg wklv h�hfw lv yhu|
urexvw1 Zkhq wkh surgxfw pdunhw lv errplqj/ wkh �up vl}h lqfuhdvhv 1

+lll, Hqwu| ri Qhz Hqwhusulvhv ) Hqwuhsuhqhxuvkls
Zh duh qrz deoh wr dqdo|}h wkh h�hfwv ri oderu pdunhwv rq hqwu| ri qhz

�upv1 Iluvw/ dqg qrw vxusulvlqjo| shukdsv/ wkh udwh ri hqwuhsuhqhxuvkls lv
odujhvw zkhq wkh oderu pdunhw lv rujdql}hg pruh frpshwlwlyho|1 Wkh vwurqjhu
lv wkh xqlrq srzhu lq oderu pdunhwv/ wkh vpdoohu lv wkh qxpehu ri hqwhusulvhv
+uhfdoo dovr wkdw wkhq wkh �up vl}h lv vpdoo dv zdv vkrzq deryh,1 Xqvxusulv0
lqjo| djdlq/ kljkhu & phdqv ohvv hqwuhsuhqhxuv1

+ly, H�hfwv ri Lqfuhdvhg Xqfhuwdlqw|
Lq wdeoh 5 zh frqvlghuhg d fdvh zkhuh wkh pdunhw xqfhuwdlqw| lq whupv ri

{k lv kljkhu/ exw zkhuh wkh h{shfwhg ydoxh ri pdunhw xqfhuwdlqw| uhpdlqv wkh
vdph1 wklv lv gxh wr rxu dvvxpswlrq wkdw b ' f�D l1h1 zh frqvlghu wkh fdvh ri
phdq suhvhuylqj vsuhdg1 Lq wklv fdvh zh fdq vhh wkdw kljkhu xqfhuwdlqw| grhv
qrw kdyh dq| h�hfw rq zdjhv dv zdv h{shfwhg/ exw kdv rq h{shfwhg h�hfw rq
zdjhv1 Prvw lqwhuhvwlqjo| zh revhuyh wkdw wkh kljkhu wkh pdunhw xqfhuwdlqw|
lv wkh orzhu lv wkh htxloleulxp udwh ri hqwuhsuhqhxuvkls/ ?� Lq rwkhu zrugv/
zkhq wkh pdunhw xqfhuwdlqw| lqfuhdvhv shrsoh suhihu d zrunhu*v vwdwxv1

9Lw kdv ehhq uhusruwhg e| Ndqqldlqhq +4<<;, wkdw wkh hpsor|phqw ri vpdoo hqwhusulvhv
lv vpdoohu lq Ilqodqg wkdq lq rwkhu HX0frxqwulhv1
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8 Frqfoxglqj Uhpdunv

Rxu prgho kdv frqvlghuhg wkh ghwhuplqdwlrq ri hqwuhsuhqhxuvkls lq wkh oljkw
ri wzr pdunhw lpshuihfwlrqv1 Wkh �uvw dulvhv iurp xqlrq srzhu zklfk kdv
ehhq vkrzq h{ dqwh wr uhgxfh pdunhw hqwu|1 Wkh vhfrqg dulvhv iurp hqwu|
eduulhuv/ prghoohg dv d frvw ri hqwhulqj wkh pdunhw dv dq hqwuhsuhqhxu1 Lq
wkh oljkw ri rxu uhvxowv/ wkhvh wzr phfkdqlvpv uhlqirufh hdfk rwkhu1 Lw zrxog
eh d fkdoohqjlqj wdvn iru hpslulfdo zrun wr glvhqwdqjoh zklfk ri wkh wzr
phfkdqlvpv lv uhodwlyho| pruh lpsruwdqw1 Wkhuh lv/ krzhyhu/ vx!flhqw furvv0
frxqwu| yduldwlrq dw ohdvw lq wkh phdvxuhv ri xqlrq srzhu wr pdnh vxfk d
uhvhdufk djhqgd erwk ihdvleoh dqg iuxlwixo1 Hqwhusulvh irupdwlrq dqg hqwu|
dovr kdv wr gr zlwk wkh qdwxuh ri pdunhw ghpdqg1 Wkh prgho ri wkh fxuuhqw
sdshu kdv ehhq irupdol}hg lq whupv ri jlyhq/ wkrxjk xqsuhglfwdeoh pdunhw
sulfhv1 Wr wkh h{whqw wkdw pdunhw ghpdqg lv sulfh0hodvwlf/ wkhuh pd| eh dq
dgglwlrqdo eduulhu wr hqwu| dulvlqj iurp frqvxphu suhihuhqfhv1 Zh wkhuhiruh
h{whqg rxu prgho lq wkh Dsshqgl{ wr frsh zlwk wkh fdvh ri hodvwlf pdunhw
ghpdqg1 Wklv dqdo|vlv surylghv dq h{whqvlrq wr rxu edvlf prgho lq wkh pdlq
wh{w1

Dqrwkhu h{whqvlrq exw vxemhfw ri ixwxuh zrun lv wr lqwurgxfh pdunhw xq0
fhuwdlqw| dqg lwv lpsolfdwlrq iru pdunhw hqwu| dqg h{lwv lq d g|qdplf frqwh{w
zkhuh hqwhusulvhv kdyh gl�huhqw frvw vwuxfwxuhv dqg h!flhqf|1

Uhihuhqfhv
^4` Erdgzd|/ U1 hw do 4<<;= Hqwuhsuhqhxuvkls/ Dv|pphwulf Lqirupdwlrq/

dqg Xqhpsor|phqw/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh 81 63: 0 65:1

^5` Errwk/ D1 4<<7= Wkh Hfrqrplfv ri Wkh Wudgh Xqlrq1

^6` Iduehu/ K1 V1 4<;9= Wkh Dqdo|vlv ri Xqlrq Ehkdylru/ lq Kdqgerrn ri
Oderu Hfrqrplfv/ yro LL/ +hgv, Dvkhqihowhu/ R1 dqg U1 Od|dug1 Qruwk0
Kroodqg1

^7` Lopdnxqqdv/ S1/ Y1Ndqqldlqhq/ dqg X1Odppl 4<<;= Hqwuhsuhqhxuvkls/
Hfrqrplf Ulvnv/d dqg Ulvn0Lqvxudqfh lq wkhZhoiduh Vwdwh/ HSUX/ zrun0
lqj sdshu vhulhv 4<<<0361
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^8` Ndqexu/ V1 P14<:<= Ri ulvn wdnlqj dqg Wkh Shuvrqdo Glvwulexwlrq ri
Lqfrph/ Mrxuqdo ri Srolwlfdo Hfrqrp| ;:1 :9: 0 :<:1

^9` Ndqqldlqhq/ Y1 4<<;= Wkh Uroh ri Hqwhusulvhv lq dq Hfrqrp|/ Wdorxvwl0
hwr R|/ Khovlqnl1

^:` Nlkovwuùp/ U1 dqg Od�rqw/ M1M1 4<:;= D Jhqhudo Htxloleulxp Wkhru| ri
Ilup Irupdwlrq Edvhg rq Ulvnv Dyhuvlrqv/ Mrxuqdo ri Srolwlfdo Hfrqrp|
;:1 :4< 0 :7;1

^;` Olqgk/ W1 dqg K1Rovvrq +4<<:,/ Hjhqiùuhwdjdqgh rfk pdqqd iuèq klpohq/
Ilqdqvghsduwhphqwhw Gv 4<<:=:41

^<` Oxfdv/ U1 Mu1 4<:;= Rq Wkh Vl}h Glvwulexwlrq ri Exvlqhvv Ilupv/ Ehoo
Mrxuqdo ri Hfrqrplfv <1 83; 0 8561

^43` Qhzpdq/ D1 4<<8= Ulvn0Ehdulqj dqg �Nqljkwldq� Hqwuhsuhqhxuvkls/
plphr1 Froxpeld Xqlyhuvlw|/ Qhz |run1

^44` Rvzdog/ D14<;8= Wkh Hfrqrplf Wkhru| ri Wudgh Xqlrqv= Dq Lqwurgxf0
wru| Vxuyh|/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv ;:1 493 0 4<61
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Dsshqgl{
Dsshqgl{1 Xqlrq h�hfwv zlwk hodvwlf pdunhw ghpdqg

Ghpdqg uhdgv dv

R ' hk'3"c " � f +59,

Wkh htxloleulxp pdunhw sulfh lv ghwhuplqhg e| wkh surgxfw pdunhw htxlole0
ulxp

?,� ' '

, R ' kE?,��3" +5:,

zkhuh k lv wkh uhdol}dwlrq ri hk� Dv d uhvxow ri sur�w pd{lpl}dwlrq ri d
sulfh0wdnlqj �up/ wkh ghpdqg iru oderu e| hdfk �up uhdgv diwhu uhvroxwlrq
ri sulfh xqfhuwdlqw| dqg zdjh qhjrwldwlrq dv

, ' E
�?0

k�
�� +5;,

, ' E
�

R�
�� +5<,

zkhuh � ' �
�E�3"�3�

	 f dqg zkhuh k lv hlwkhu k ru k� Wr ghwhuplqh wkh
zdjh udwh/ zh lqwurgxfh wkh Qdvk edujdlqlqj sureohp dv iroorzv=

4@ 
�

K ' d?,E�4 � K4� n E� � ?�K4 � E� � ?�K4owd?Zo�3w +63,

r�|� , 5 @h}4@ Z ' R,� � �,

Frqwudfw zdjh qrz vroyhv

�wZ�3wdw
��
�

n E�� w�
Z�
Z
o ' f� +64,

Wkh �up*v oderu ghpdqg lv wkh �up*v rswlpdo fkrlfh/ dqg wkxv gxh wr
hqyhorsh wkhruhp Z� ' �,� Vxevwlwxwlqj Z� ' �, lqwr +47, rqh rewdlqv
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w
d? Y,

Y�
E�4 � K4� n ?,4�43�o

d?,E�4 � K4�o
' E�� w�E

,

Z
� +65,

Ehfdxvh , ' E�?
0

k�
�� dqg Y,

Y�
' �E�?

0

k�
��3� ?

"

k�
iurp deryh/ dqg holplqdwlqj

Zc zh rewdlq diwhu vrph txlwh lqyroyhg pdqlsxodwlrq wkh iroorzlqj frqglwlrq1
Zkhq " : fc wkh ohiw0kdqg vlgh ghshqgv ri wkh qxpehu ri hqwhusulvhv1 Wrwdoo|
gl�huhqwldwlqj/

_?

_�
'

.�dZo�.�dL o

.?dL o� .?dZo
�

D pdujlqdo hqwuhsuhqhxu xqghvwdqgv wkdw dq lqfuhdvh lq wkh zdjh frvw
uhgxfhv wkh h{shfwhg sur�w/

.�dZo ' �b,4EZ � &�43� � E�� b�,4EZ � &�43� 	 f�

iru dq| jlyhq ? exw wkdw wkhuh zloo dovr eh dq dgmxvwphqw lq ? wr eh
frruglqdwhg e| pdunhwv1
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