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Devwudfw

HV 5333

Fdq Qrquhqhzdeoh Uhvrxufhv Doohyldwh wkh Nqlih0hgjh Fkdudfwhu ri Hq0

grjhqrxv JurzwkB

e| Fkulvwldq Jurwk dqg Srxo Vfkrx

Fruuhvsrqglqj dxwkru=

Fkulvwldq Jurwk/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/

Vwxglhvwudhgh 9/

GN04788 Frshqkdjhq N1/ Ghqpdun1

Fku1JurwkChfrq1nx1gn

Devwudfw= Fdq wkh nqlih0hgjh uhvwulfwlrq rq whfkqrorj| lpsrvhg e| vwdq0

gdug hqgrjhqrxv jurzwk prghov eh uhod{hg e| doorzlqj iru qrquhqhzdeoh

uhvrxufhv hqwhulqj wkh whfkqrorj|B Wr dqvzhu wklv txhvwlrq zh h{dplqh

zkhwkhu vwdeoh hqgrjhqrxv jurzwk lv frpsdwleoh zlwk lqfuhdvlqj uhwxuqv wr

vfdoh zlwk uhvshfw wr surgxfleoh lqsxwv zkhq qrquhqhzdeoh uhvrxufhv duh

d qhfhvvdu| lqsxw lqwr wkh jurzwk hqjlqh1 Lq d rqh0vhfwru rswlpdo jurzwk

prgho/ zh �qg wkdw wkh h{lvwhqfh dqg vwdelolw| ri d vwhdg| vwdwh lv frpsdw0

leoh zlwk d zlgh udqjh ri sdudphwhu ydoxhv/ lqfoxglqj fdvhv zlwk lqfuhdvlqj

uhwxuqv wr fdslwdo dqg2ru wkh qdwxudo uhvrxufh1 Krzhyhu/ lq doo fdvhv/ srsx0

odwlrq jurzwk wxuqv rxw wr eh qhfhvvdu| iru vwdeoh jurzwk lq su1 fdslwd frq0

vxpswlrq1 Wkxv/ xqghu wkhvh flufxpvwdqfhv/ +vwulfwo|, hqgrjhqrxv vwdeoh

jurzwk lv qrw srvvleoh/ qrw hyhq dv d nqlih0hgjh fdvh1 Exw vhpl0hqgrjhqrxv

jurzwk lv dq dwwudfwlyh dowhuqdwlyh doorzlqj d ulfk vhw ri ghwhuplqdqwv ri

orqj0uxq jurzwk1

��

Zh wkdqn Fduo0Mrkdq Gdojddug/ Xqlyhuvlw| ri Frshqkdjhq/ dqg Vmdn

Vpxoghuv/ Wloexuj Xqlyhuvlw|/ iru ydoxdeoh frpphqwv rq d �uvw gudiw1
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41 Lqwurgxfwlrq

Rqh ri wkh zhdnqhvvhv ri hqgrjhqrxv jurzwk prghov zlwk edodqfhg jurzwk sdwkv

+h1 j1 Oxfdv 4<;;/ Urphu 4<<3/ dqg Erqg hw do1 4<<9, lv wkdw h{dfwo| frqvwdqw

uhwxuqv wr vfdoh zlwk uhvshfw wr wkh surgxfleoh idfwruv lq wkh fruh vhfwru ri wkh

hfrqrp| lv d qhfhvvdu| frqglwlrq iru vwhdg| srvlwlyh shu fdslwd jurzwk1 Voljkwo|

lqfuhdvlqj uhwxuqv zrxog ohdg wr h{sorvlyh jurzwk/ zkhuhdv voljkwo| ghfuhdvlqj uh0

wxuqv ohdg wr jurzwk shwhulqj rxw xqohvv vrph h{rjhqrxv idfwru +h1j1/ srsxodwlrq,

jurzv +fi1 Vrorz/ 4<<7,1 Wklv lv d vhulrxv fkdoohqjh wr wkh wkhru|/ dv lw lpsolhv

odfn ri urexvwqhvv wr hyhq voljkw sdudphwhu fkdqjhv1 Wkh gh�qlqj fkdudfwhulvwlf ri

wkhvh jurzwk prghov +vxuyh|hg lq Eduur dqg Vdod0l0Pduwlq 4<<8, lv wkdw su1 fdslwd

frqvxpswlrq lq wkh orqj uxq jurzv dw d frqvwdqw srvlwlyh udwh hyhq li wkhuh lv qr

h{rjhqrxvo| jlyhq jurzwk lq dq| idfwru1 Zh fdoo wklv skhqrphqrq +vwulfwo|, hq0

grjhqrxv jurzwk1 Qhfhvvdu| iru lwv h{lvwhqfh lv wkdw wkh �jurzwk hqjlqh� ihdwxuhv

wkh nqlih0hgjh surshuw| phqwlrqhg1

Wkh sxusrvh ri wklv sdshu lv wr h{dplqh li pruh urexvw uhvxowv fdq eh rewdlqhg

lq d prgho zkhuh qrquhqhzdeoh qdwxudo uhvrxufhv duh d qhfhvvdu| lqsxw lqwr wkh

jurzwk hqjlqh dqg zkhuh wkhuh lv xwlolw| glvfrxqwlqj dqg frqvxpswlrq vprrwklqj1

Lqwxlwlrq vxjjhvwv wkdw wkh vwudlq rq wkh hfrqrp| lpsrvhg e| wkh qhhg wr h{wudfw

vxffhvvlyho| vpdoohu dprxqwv ri wkh uhvrxufh pljkw r�vhw wkh srwhqwldoo| h{sorvlyh

h�hfwv ri lqfuhdvlqj uhwxuqv wr vfdoh zlwk uhvshfw wr wkh uhsurgxfleoh idfwru+v, ri

wkh prgho1 Hyhq li wklv lqwxlwlrq pd| eh ydolg dv idu dv wkh sxuh whfkqlfdo ihdvlelolw|

ri jurzwk lv frqfhuqhg/ wkh sureohp ri h{dplqlqj wkh uhvwulfwlrqv lpsolhg e|

rswlpdolw| dqg vwdelolw| vwloo uhpdlqv1

Rxu dssurdfk wr wklv sureohp lv edvhg rq dq h{whqvlrq ri wkh edvlf rqh0

vhfwru rswlpdo jurzwk prgho zlwk qrq0uhqhzdeoh uhvrxufhv gxh wr Vwljolw} +4<:7,41

Vwljolw} frqfhqwudwhv rq wkh fdvh ri frqvwdqw uhwxuqv zlwk uhvshfw wr fdslwdo/ oderxu/

dqg wkh uhvrxufh wdnhq wrjhwkhu1 Zh h{whqg wkh dqdo|vlv/ fkdudfwhul}lqj vwhdg|

jurzwk sdwkv iru d eurdghu udqjh ri sdudphwhu ydoxhv1 Lq sduwlfxodu/ lq olqh zlwk

hqgrjhqrxv jurzwk wkhru|/ zh doorz iru d frqvwdqw ru lqfuhdvlqj pdujlqdo surg0

4Gdvjxswd dqg Khdo +4<:7/ vhfwlrq 4, dqdo|}hg d udwkhu vlplodu prgho1 Iru frqyhqlhqfh/ lq

wkh iroorzlqj zh uhihu rqo| wr Vwljolw} +4<:7,1
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xfw ri fdslwdo dv zhoo dv ri wkh rwkhu wzr surgxfwlrq idfwruv/ oderxu dqg qdwxudo

uhvrxufhv1

Lqghhg/ d frqvwdqw pdujlqdo surgxfw zlwk uhvshfw wr +vrph nlqg ri, fdslwdo lv

hvvhqwldo wr prvw hqgrjhqrxv jurzwk prghov +dqg doo wkrvh wkdw glvsod| edodqfhg

jurzwk,/ vxfk dv wkh DNprgho1 D qrq0ghfuhdvlqj pdujlqdo surgxfw pd| qrw vhhp

vr xquhdolvwlf zkhq zh uhfrjql}h h{whuqdolwlhv ru li zh lqwhusuhw �fdslwdo� eurdgo|

dv d frpelqdwlrq ri sk|vlfdo fdslwdo/ whfkqlfdo nqrzohgjh/ dqg kxpdq fdslwdo1 Li

d frqvwdqw pdujlqdo surgxfw ri fdslwdo lv dffhswhg/ d voljkwo| lqfuhdvlqj pdujlqdo

surgxfw vkrxog eh frqvlghuhg dv htxdoo| uhdolvwlf1 Ri frxuvh/ vxfk frqglwlrqv pd|

qrw eh frqvlvwhqw zlwk d odlvvh} idluh pdunhw hfrqrp| zlwk shuihfw frpshwlwlrq

dqg hyhq ohvv zlwk d vrfldoo| rswlpdo pdunhw hfrqrp|1 Krzhyhu/ lq wkh jurzwk

olwhudwxuh lpshuihfw frpshwlwlrq dqg2ru wd{ dqg vxevlg| lqwhuyhqwlrqv ã od Sljrx

duh riwhq ylhzhg dv lqvwlwxwlrqv wkdw eulqj derxw dq doorfdwlrq dssur{lpdwlqj wkh

vrfldo rswlpxp1

Zkhuhdv wkh Vwljolw} +4<:7, prgho uholhv rq h{rjhqrxv whfkqrorjlfdo surjuhvv wr

jhqhudwh jurzwk/ d qxpehu ri odwhu sdshuv olnh Urevrq +4<;3,/ Wdnd|dpd +4<;3,/

Vfkro} dqg ]lhphv +4<<9,/ Djklrq ) Krzlww +4<<;/ ss1 496097,/ dqg Vfkrx +4<<<,

kdyh h{dplqhg wkh lpsolfdwlrqv ri wkh suhvhqfh ri qrq0uhqhzdeoh uhvrxufhv lq

ydulrxv hqgrjhqrxv jurzwk prghov1 Frpprq iru doo wkhvh sdshuv lv/ krzhyhu/ wkdw

wkh qdwxudo uhvrxufh grhv qrw dsshdu lq wkh fruh vhfwru +wkh jurzwk hqjlqh, ri wkh

prgho +hyhq qrw lqgluhfwo| lq wkh vhqvh wkdw uhvrxufhv duh d qhfhvvdu| lqjuhglhqw

lq wkh surgxfwlrq ri sk|vlfdo fdslwdo jrrgv/ zklfk duh wkhq xvhg lq wkh jurzwk0

fuhdwlqj vhfwru/ h1 j1/ d uhvhdufk vhfwru,1 Wklv lv d fuxfldo ihdwxuh frpsduhg wr

wkh suhvhqw prgho/ dqg suredeo| dq xquhdolvwlf rqh1 Lw vhhpv xqolnho| wkdw vxfk

vhfwruv vkrxog eh frpsohwho| lqghshqghqw ri sk|vlfdo fdslwdo dqg wkxv xowlpdwho|

ri wkh qrquhqhzdeoh uhvrxufh1

Wkh suhvhqw sdshu lv uhodwhg dovr wr dqrwkhu prgho ri Djklrq ) Krzlww +4<<;/

ss1 495096,1 Wkh| frqvlghu d rqh0vhfwru DN0prgho zlwk d qrquhqhzdeoh uhvrxufh

dgghg lq Free0Grxjodv idvklrq1 Lq wkdw prgho/ srvlwlyh orqj0uxq jurzwk lv qrw

srvvleoh1 Rxu sdshu vkrzv krz wklv uhvxow pd| eh uhyhuvhg zlwkrxw ylrodwlqj

vwdelolw| zkhq srsxodwlrq jurzwk dqg dq h{solflw surgxfwlyh uroh iru oderxu duh
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lqwurgxfhg1 E| vwuhvvlqj wkh hvvhqwldo uroh ri lqfuhdvlqj uhwxuqv dqg srsxodwlrq

jurzwk iru srvlwlyh su1 fdslwd jurzwk +zkhq wkhuh lv qr h{rjhqrxv whfkqrorj|

jurzwk,/ rxu dqdo|vlv kdv d!qlw| zlwk zkdw Mrqhv +4<<8, fdoov vhpl0hqgrjhqrxv

jurzwk dv glvwlqfw iurp +vwulfwo|, hqgrjhqrxv jurzwk1 Dq hduo| h{dpsoh ri d

vhpl0hqgrjhqrxv jurzwk prgho lv wkh idprxv ohduqlqj0e|0grlqj sdshu e| Duurz

+4<95,> dqrwkhu h{dpsoh lv wkh prgl�fdwlrq ri wkh Urphu04<<3 prgho vxjjhvwhg

e| Mrqhv +4<<8,1 Wkhvh �vwdqgdug� vhpl0hqgrjhqrxv jurzwk prghov +vxuyh|hg lq

Hlfkhu ) Wxuqryvn| 4<<<, gl�hu iurp wkhlu +vwulfwo|, hqgrjhqrxv0jurzwk uhodwlyhv

e| kdylqj orqj0uxq jurzwk udwhv wkdw duh lqghshqghqw ri suhihuhqfh sdudphwhuv1

Lw wxuqv rxw wkdw zkhq qrquhqhzdeoh uhvrxufhv hqwhu wkh jurzwk hqjlqh/ vhpl0

hqgrjhqrxv jurzwk djdlq dvvljqv d uroh wr suhihuhqfh sdudphwhuv 0 khqfh dovr d

uroh wr �vfdo srolf| 0 dv d ghwhuplqdqw ri wkh orqj0uxq jurzwk udwh1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Wkh qh{w vhfwlrq suhvhqwv wkh

h{whqghg Vwljolw} prgho dqg ghvfulehv lwv vwhdg| vwdwh dqg wudqvlwlrqdo g|qdplfv1

Lq vhfwlrq 6/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru h{lvwhqfh dqg vwdelolw|

ri d vwhdg| vwdwh lq ixoo jhqhudolw| duh jlyhq iroorzhg e| dq h{dplqdwlrq ri wkh

frqglwlrqv iru vwdeoh vwhdg| vwdwhv zlwk srvlwlyh su1 fdslwd jurzwk1 Vhfwlrq 7 ghdov

zlwk d ghjhqhudwh fdvh dulvlqj zkhq wkh rxwsxw hodvwlflw| ri wkh uhvrxufh wdnhv rq

d fulwlfdo ydoxh1 Vhfwlrq 8 dffrxqwv iru vrph frpsdudwlyh g|qdplfv surshuwlhv1

Frqfoxvlrqv duh gudzq lq wkh �qdo vhfwlrq1

51 Wkh Prgho

Lqvwdqwdqhrxv xwlolw| ri wkh uhsuhvhqwdwlyh lq�qlwho|0olyhg krxvhkrog lv lvr0hodvwlf=

]
"

f

SE|��30 � �

�� 0
�E|�e34|_|c �E|� ' �Ef�e?|c 0 : fc 4 : ? � fc �Ef� : f +514,

zkhuh f lv shu fdslwd frqvxpswlrq/ 0 lv plqxv wkh hodvwlflw| ri pdujlqdo xwlolw|/ Q

lv krxvhkrog vl}h +lqwhusuhwhg dv srsxodwlrq vl}h,/ 4 lv wkh udwh ri wlph suhihuhqfh/

dqg q lv wkh udwh ri srsxodwlrq jurzwk1 +Iurp qrz rq zh zloo qrupdoo| vxssuhvv

wkh wlph dujxphqw1, Wr hqvxuh wkdw wkh qrquhqhzdeoh uhvrxufh lv qhfhvvdu| iru

surgxfwlrq/ exw grhv qrw d sulrul uxoh rxw vxvwdlqdeoh frqvxpswlrq/ zh iroorz
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Vwljolw} dqg dvvxph dq djjuhjdwh surgxfwlrq ixqfwlrq ri Free0Grxjodv irup=

t ' �gk�q-�c �c kc qc � : f +515,

zkhuh \ lv rxwsxw ri edvlf jrrgv/ N lv wkh fdslwdo vwrfn/ dqg U lv wkh  rz ri wkh

qrquhqhzdeoh uhvrxufh +iurp qrz mxvw fdoohg wkh uhvrxufh,1 Lq frqwudvw wr Vwljolw}

+4<:7,/ zh ljqruh h{rjhqrxv whfkqrorjlfdo surjuhvv1 Pruh lpsruwdqwo|/ zh gr qrw

lpsrvh dq xsshu erxqg rq k/ q ru �1 Dw ohdvw/ dv phqwlrqhg lq wkh lqwurgxfwlrq/

d fdvh fdq eh pdgh iru odujhu ydoxhv ri wkhvh sdudphwhuv wkdq duh dvvxphg e|

Vwljolw} zkr frqfhqwudwhv rq wkh fdvh knqn� ' �� D frqvwdqw pdujlqdo surgxfw

zlwk uhvshfw wr +vrph lqgh{ ri djjuhjdwh, fdslwdo +l1h1/ k ' �, lv lqghhg vwdqgdug

dqg hvvhqwldo wr prvw hqgrjhqrxv jurzwk prghov1 Li N lv lqwhusuhwhg dv �eurdg

fdslwdo� lqfoxglqj whfkqlfdo nqrzohgjh dqg kxpdq fdslwdo/ wkhq wkh h{solflw uroh

ri Q lq wkh surgxfwlrq ixqfwlrq zrxog uhsuhvhqw wkh uroh ri udz sk|vlfdo oderxu1

Li k ' � lv dffhswhg/ ydoxhv voljkwo| deryh xqlw| vkrxog eh doorzhg dv zhoo1

Hpslulfdo h{dplqdwlrqv ri uhvrxufhv vxfk dv plqhudov dqg irvvlo ixhov xvxdoo|

frqvlghu � wr eh frqvlghudeo| ehorz xqlw|/ lqghhg/ dv orz dv 3138 +dffruglqj wr

Gdvjxswd ) Khdo/ 4<:</ s1 538,1 Zh zdqw wr qrwh dq dowhuqdwlyh lqwhusuhwdwlrq ri

wkh uhvrxufh zklfk pdnhv wkh srwhqwldo ydoxh udqjh ri � odujhu= U frxog eh wdnhq

wr uhsuhvhqw srooxwlrq dv dq lqhylwdeoh e|0surgxfw ri surgxfwlrq/ dqg srvvleo|

zlwk d ydoxh ri � frqvlghudeo| deryh 31381 Lq d vlwxdwlrq zlwk lqvx!flhqw dedwh0

phqw srvvlelolwlhv/ doo srooxwlrq ghwudfwv iurp wkh txdolw| V ri wkh hqylurqphqw/

frqvlghuhg wr eh d vwrfn ri �qdwxudo fdslwdo�1 Li fxpxodwhg srooxwlrq nhhsv jurz0

lqj/ wkhq dw d fhuwdlq srlqw wkh hqylurqphqwdo vwrfn lv frpsohwho| h{kdxvwhg/ dqg

lw zloo eh lpsrvvleoh wr srooxwh dq| pruh dqg khqfh wr surgxfh dq| ixuwkhu jrrgv51

Lq d vlplodu pdqqhu/ Vwrnh| +4<<;, suhvhqwv d jurzwk prgho zkhuh wkh prghoolqj

ri srooxwlrq kdv vrph vlplodulwlhv zlwk xvxdo uhsuhvhqwdwlrqv ri d qrquhqhzdeoh

uhvrxufh1

Zkdwhyhu wkh lqwhusuhwdwlrq ri U/ rxwsxw lv xvhg iru frqvxpswlrq dqg iru

5Wkrxjk wklv lqwhusuhwdwlrq lv srvvleoh/ lq wkh iroorzlqj/ wr �{ lghdv zh zloo uhihu wr U dv

lqsxw ri d qdwxudo uhvrxufh1
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lqyhvwphqw lq fdslwdo jrrgv/ vr wkdw

�g ' t � � � Bgc gEf� : fc B � f +516,

zkhuh � � S� lv wrwdo frqvxpswlrq/ dqg B lv wkh fdslwdo ghsuhfldwlrq udwh +glv0

uhjdughg lq Vwljolw} 4<:7,1 Wkh uhvrxufh vwrfn 7 glplqlvkhv zlwk wkh  rz ri wkh

uhvrxufh=

�7 ' �-c 7Ef� : f� +517,

Wkh vrfldo sodqqhu zdqwv wr pd{lpl}h 514 vxemhfw wr 51507 dqg wr wkh frqglwlrqv

S : fc - � f +518,

iru wkh frqwuro yduldeohv/ dqg

g � fc 7 � f +519,

iru wkh vwdwh yduldeohv1

Wkh fxuuhqw0ydoxh Kdplowrqldq iru wklv sureohp lv=

M '
S�30

�� 0
� n >gE�g

k�q-� � S� � Bg�� >7- +51:,

Qhfhvvdu| frqglwlrqv iru dq lqwhulru vroxwlrq duh jlyhq e| wkh iroorzlqj �uvw0rughu

dqg wudqvyhuvdolw| frqglwlrqv=

S30 ' >g +51;,

>g�
t

-
' >7 +51<,

�>g
>g

' 4� k
t

g
n B +5143,

�>7
>7

' 4 +5144,

*�4
|<"

e34|>gg ' f +5145,

*�4
|<"

e34|>77 ' f +5146,

zkhuh >g dqg >7 duh wkh fr0vwdwh yduldeohv dvvrfldwhg zlwk sk|vlfdo fdslwdo dqg

:



wkh uhvrxufh vwrfn/ uhvshfwlyho|1

Gl�huhqwldwlqj wkh surgxfwlrq ixqfwlrq 515 zlwk uhvshfw wr wlph/ zh jhw

}t ' k}g n q?n �}- +5147,

+zkhuh }� ghqrwhv wkh jurzwk udwh ri yduldeoh �,1 Gl�huhqwldwlqj 51; zlwk uhvshfw

wr wlph dqg frpelqlqj zlwk 5143 jlyhv wkh Nh|qhv0Udpvh| uxoh=

}S '
tg � B � 4

0
+5148,

zkhuh tg lv wkh pdujlqdo surgxfw ri fdslwdo1 Vlploduo|/ gl�huhqwldwlqj 51< zlwk

uhvshfw wr wlph dqg frpelqlqj zlwk 5143 dqg 5144 jlyhv wkh Krwhoolqj uxoh iru

rswlpdo h{wudfwlrq ri d qrq0uhqhzdeoh uhvrxufh=

�t-
t-

' tg � B� +5149,

5141 Vwhdg| Vwdwh

Zh gh�qh d vwhdg| vwdwh dv d sdwk dorqj zklfk \/ U/ F/ N/ dqg V duh srvlwlyh

dqg fkdqjh zlwk frqvwdqw/ wkrxjk qrw qhfhvvdulo| srvlwlyh udwhv1 Dorqj vxfk d

sdwk/ rxwsxw/ fdslwdo dqg +wrwdo, frqvxpswlrq pxvw kdyh wkh vdph jurzwk udwh

+rwkhuzlvh/ 516 frxog qrw krog iru doo w,1 Wklv frpprq jurzwk udwh zh fdoo j1

Frpelqlqj 5148 dqg 5149 dqg pdnlqj xvh ri wkh Free0Grxjodv vshfl�fdwlrq/ zh

fdq ghulyh wkh iroorzlqj vwhdg|0vwdwh frqglwlrq=

}- ' E�� 0�} n 0?� 4� +514:,

Qrz/ ohw

( � �� kn E0� ����

Revhuyh wkdw G grhv qrw ghshqg rq 4c qc ?c dqg B� Dvvxph

( 9' f� +D4,

;



Wkhq/ 514: wrjhwkhu zlwk 5147 +zlwk }t ' }g ' }, uhvxowv lq wkh iroorzlqj vwhdg|0

vwdwh jurzwk udwhv/ suhvxssrvlqj wkdw d vwhdg| vwdwh h{lvwv6=

} '
��4n Eq n �0�?

(
+514;,

}- '
Ek� ��4n E0E�� k� q� n q�?

(
+514<,

}S ' } � ? '
��4n Ekn q n � � ��?

(
� +5153,

Gh�qh wkh iroorzlqj udwlrv=

% '
�

g
c 5 '

t

g
c � '

-

7
� +5154,

{/ } dqg x duh wkh frqvxpswlrq0fdslwdo udwlr/ rxwsxw0fdslwdo udwlr dqg uhvrxufh

h{wudfwlrq udwh/ uhvshfwlyho|1 Wkhvh udwlrv zloo eh frqvwdqw lq wkh vwhdg| vwdwh1

Lqghhg/ iru % dqg 5 wklv iroorzv iurp 516 dqg lw dssolhv wr � dv zhoo/ vlqfh/ e| 517/

x @ �}7/ zklfk lv/ e| gh�qlwlrq/ frqvwdqw lq d vwhdg| vwdwh1 Xvlqj 5148/ 5153/

516/ 514; dqg 514</ wkh vwhdg|0vwdwh ydoxhv +ghqrwhg e| dq dvwhulvn, ri wkhvh wkuhh

yduldeohv duh irxqg=

%W '
E�� k�E�� ��4n E0Eq � E�� k�E�� ���� kq�?

k(
n

�� k

k
B +5155,

5W '
E�� k� ��4n Ekn q n � � ��0?

k(
n

B

k
+5156,

�W ' �}- '
E�� k�4� E0E�� k� q� n q�?

(
� +5157,

Dv zh kdyh gh�qhg d vwhdg| vwdwh/ lw rqo| h{lvwv li wkhvh wkuhh ydoxhv duh

srvlwlyh1 Lw lv ehfdxvh ri wkh hqgrjhqrxv jurzwk shuvshfwlyh ri wklv sdshu wkdw

rxu gh�qlwlrq ri d vwhdg| vwdwh glvuhjdugv wkh frqfhlydeoh dv|pswrwlf vwdwlrqdu|

vwdwhv zkhuh %c 5c dqg2ru � dssurdfk }hur/ fi1/ h1j1/ Gdvjxswd dqg Khdo +4<:7,1

6Zkhq G @ 3/ wkhuh zloo eh hlwkhu qr ru/ dv d nqlih0hgjh fdvh/ lq�qlwho| pdq| vwhdg|0

vwdwh jurzwk udwhv j dqg jU ixo�oolqj wkh qhfhvvdu| frqglwlrqv iru rswlpdolw|1 Wr dyrlg wkhvh

xqlpsruwdqw frpsoh{lwlhv/ zh dvvxph lq wkh uhpdlqghu ri wklv sdshu wkdw D4 krogv1

<



Wkh h{suhvvlrqv 514;053 dqg 5155057 duh vwudljkwiruzdug jhqhudol}dwlrqv ri fru0

uhvsrqglqj h{suhvvlrqv lq Vwljolw} +4<:7,1 Wkh lqwhuhvwlqj txhvwlrq lv krz wkh

odujhu udqjh doorzhg iru wkh sdudphwhuv d�hfwv wkh h{lvwhqfh dqg fkdudfwhu ri

vwhdg| vwdwhv1 Krzhyhu/ zh ghihu wkh h{dplqdwlrq ri wklv txhvwlrq xqwlo diwhu d

suhvhqwdwlrq ri wkh wudqvlwlrqdo g|qdplfv1

5151 Wudqvlwlrqdo G|qdplfv

Lw iroorzv iurp 5154/ 516 dqg 517 wkdw

}g ' 5 � %� B +5158,

}% ' }� � 5 n %n B +5159,

}5 ' }t � 5 n %n B +515:,

}� ' }- n �� +515;,

Xvlqj wkh Free0Grxjodv vshfl�fdwlrq/ wkh Krwhoolqj uxoh 5149 fdq eh uhzulwwhq dv

}- ' }t � k5 n B� +515<,

Lq wkh vdph zd| wkh Nh|qhv0Udpvh| uxoh 5148 wrjhwkhu zlwk 5159 lpsolhv

}% ' %n E
k

0
� ��5 �

B n 4

0
n ?n B� +5163,

Lqvhuwlqj 5158 dqg 515< lqwr 5147 |lhogv/ iru � 9' �7/

}t ' �
k

�� �
%n k5 n

q?n E� � k�B

�� �
� +5164,

Xvlqj wklv h{suhvvlrq lq 515:/ zh �qg

}5 '
�� k� �

�� �
%n Ek� ��5 n

q?n E�� k�B

�� �
� +5165,

Wkh jurzwk ri x lv jlyhq e| 515;/ 515< dqg 5164=

}� '
�k

�� �
%n

q?n E�� k�B

�� �
n �� +5166,

7Wkh fdvh � @ 4 lv vwxglhg lq vhfwlrq 71
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Wkh g|qdplfdo v|vwhp iru %c 5 dqg � lv frpsohwho| ghvfulehg e| 5163/ 5165 dqg 51661

Wkh v|vwhp lv ghfrpsrvhdeoh1 5163 dqg 5165 frqvwlwxwh d g|qdplfdo vxev|vwhp

iru % dqg 5 dorqh1 Lq vwhdg| vwdwh/ }% ' }5 ' f +rwkhuzlvh/ 516 frxog qrw krog iru

doo |,1 Zh fdq irup wkh vwhdg|0vwdwh Mdfreldq=

a '

%
Y �%
Y%

Y �%
Y5

Y �5

Y%

Y �5

Y5

&
'

%
%W Ek

0
� ��%W

�3k3�

�3�
5W Ek� ��5W

&

zkhuh d vwdu ghqrwhv d vwhdg|0vwdwh ydoxh1 Wkh ghwhuplqdqw lv

5W%Wk
�� kn E0� ���

E� � �� 0
� 5W%Wk

(

E� � �� 0

zklfk lv qhjdwlyh +khqfh/ lpso|lqj hljhq ydoxhv ri rssrvlwh vljq, li dqg rqo| li

e�|�eo E( : f @?_ � 	 �� Jo E( 	 f @?_ � : ��� +5167,

Lq wkh fdvh ri frqvwdqw uhwxuqv wr vfdoh +k n q n � ' ��/ dqdo|}hg e| Vwljolw}

+4<:7,/ wkh frqglwlrq E( : f @?_ � 	 �� lv dxwrpdwlfdoo| vdwlv�hg1

Lq �jxuh 514/ d skdvh gldjudp lv gudzq iru d sduwlfxodu frqvwhoodwlrq ri wkh

sdudphwhuv vdwlvi|lqj lqwhu dold f 	 � 	 � � k 	 0 vr wkdw 5167 dssolhv1

Dorqj wkh vdggoh sdwk/ zh kdyh dssur{lpdwho|

�5 ' bE5W � 5�c +5168,

% ' sE5� +5169,

zkhuh wkh frqvwdqw b lv plqxv wkh qhjdwlyh hljhq ydoxh ri a / dqg s lv d olqhdu

ixqfwlrq wkdw fdq eh ghwhuplqhg e| vwdqgdug phwkrgv1

Xvlqj wklv idfw/ zh fdq frqvwuxfw d skdvh gldjudp lq } dqg x +�jxuh 515,/ xvlqj

5168 dqg 5166/ zkhuh { lv uhsodfhg e| i+},1 Wkh ghwhuplqdqw ri wkh Mdfreldq ri

wklv v|vwhp lv �b�- 	 f�

Hyhq wkrxjk }/ {/ dqg x duh doo �mxps yduldeohv�/ e| vxevwlwxwlqj xV iru U lq

wkh surgxfwlrq ixqfwlrq 515 zh jhw

5 ' �gk3��q��7�c +516:,
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vkrzlqj wkdw wkhuh lv d erxqg ehwzhhq wkh ydoxhv ri } dqg x zklfk pxvw krog dw

dq| w> wkxv/ lqlwldoo|/ �f ' E�3�g�3k
f u3qf 73�f 5f�

�

� / fi1 wkh grwwhg fxuyh lq �jxuh

5151 Wkh lqwhuvhfwlrq ehwzhhq wklv fxuyh dqg wkh vdggoh0sdwk ghwhuplqhv xqltxho|

wkh lqlwldo ydoxhv ri } dqg x/ }f dqg xf/ uhtxluhg iru frqyhujhqfh wr wkh vwhdg|

vwdwh1 Wkh xqltxh lqwhuvhfwlrq ehwzhhq wkh olqh } @ }f dqg wkh vdggoh sdwk lq

�jxuh 514 jlyhv wkh uhtxluhg {f1 Wkhq/ suhvxssrvlqj frqyhujhqfh/ wkh pryhphqw

ri wkh hfrqrp| ryhu wlph lv dorqj wkh vdggoh0sdwkv ri �jxuhv 514 dqg 5151 +Djdlq/

wklv dqdo|vlv lv mxvw dq rxwuljkw h{whqvlrq ri wkh fruuhvsrqglqj vwdelolw| dqdo|vlv

lq Vwljolw} +4<:7,1 Wkh vorshv ri wkh �% ' f dqg wkh �5 ' f olqhv lq �jxuh 514 pd|

eh hlwkhu srvlwlyh ru qhjdwlyh/ ghshqglqj rq wkh sdudphwhuv> lq fdvh � 	 �/ li k lv

voljkwo| deryh �c wkhq wkh �5 ' f olqh kdv srvlwlyh vorsh dqg vr kdv wkh �% ' f olqh

li wkhuh lv wr eh vwdelolw|1,

61 Wkh H{lvwhqfh dqg Fkdudfwhu ri Vwhdg| Vwdwhv

Zh zdqw wr fkdudfwhul}h wkh sdudphwhu vhw hqvxulqj wkh h{lvwhqfh dqg vwdelolw|

ri d vwhdg| vwdwh ixo�oolqj wkh vwdwhg �uvw0rughu dqg wudqvyhuvdolw| frqglwlrqv1 Lq

sduwlfxodu/ rxu hpskdvlv zloo eh rq vwhdg| vwdwhv zlwk dq lqfuhdvlqj udwh ri su1

fdslwd frqvxpswlrq1

Sursrvlwlrq 6141 Jlyhq wkh prgho 5140519/ dvvxph D41 D vwhdg| vwdwh +ixo�oolqj

wkh �uvw0rughu dqg wudqvyhuvdolw| frqglwlrqv deryh, h{lvwv li dqg rqo| li wkh uljkw0

kdqg vlghv ri 5155/ 5156 dqg 5157 duh srvlwlyh1 Li/ lq dgglwlrq/ � 9' �/ wkhq8=

d, wklv vwhdg| vwdwh lv vdggoh srlqw vwdeoh li dqg rqo| li 5167 krogv dqg lw lv

wrwdoo| xqvwdeoh li 5167 grhv qrw krog>

e, d vwdeoh vwhdg| vwdwh kdv lqfuhdvlqj su1 fdslwd frqvxpswlrq li dqg rqo| li

wkh uljkw0kdqg vlgh ri 5153 lv srvlwlyh>

f, zkhq � 	 �/ d vwdeoh vwhdg| vwdwh kdv qrq0ghfuhdvlqj su1 fdslwd frqvxps0

wlrq li dqg rqo| li kn q : � dqg ? � �4*Ekn q n � � ��1

Surri= Vhh dsshqgl{1

8Dv wr wkh fdvh � @ 4/ vhh vhfwlrq 71
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Wkh sursrvlwlrq lpsolhv wkdw wkhuh h{lvwv d vwdeoh vwhdg| vwdwh dovr rxwvlgh

wkh udqjh ri sdudphwhu ydoxhv h{dplqhg lq Vwljolw} +4<:7,91 Lqghhg/ dv zh vkdoo

vhh ehorz/ h{lvwhqfh lv frpsdwleoh zlwk ydoxhv ri k +dqg2ru �, deryh xqlw|/ vr

wkdw wkhuh fdq eh lqfuhdvlqj uhwxuqv wr vfdoh zlwk uhvshfw wr fdslwdo +dv zhoo dv

wr wkh uhvrxufh,1 Vwdwhphqw d, dovr kdv wkh lpsolfdwlrq wkdw d pxowlsolflw| ri

frqyhujhqw sdwkv qhyhu dulvhv> hlwkhu d vwhdg| vwdwh lv vdggoh srlqw vwdeoh ru lw lv

wrwdoo| xqvwdeoh:1 Ixuwkhu/ dv zloo ehfrph fohdu lq wkh vhtxho/ wkh vhw ri sdudphwhu

ydoxhv lpso|lqj d vwdeoh vwhdg| vwdwh zlwk jurzlqj su1 fdslwd frqvxpswlrq lv d

qrq0hpsw| rshq vhw1 Dv wr vwdwhphqw f, ri wkh sursrvlwlrq/ wkh lpsolfdwlrq lv

wkdw/ lq wkh uhdolvwlf fdvh � 	 �/ lqfuhdvlqj uhwxuqv wr vfdoh zlwk uhvshfw wr fdslwdo

dqg oderxu wdnhq wrjhwkhu dv zhoo dv hqrxjk srsxodwlrq jurzwk duh uhtxluhg wr

r�vhw wkh h�hfwv ri wkh ghfuhdvlqj lqsxw ri wkh qdwxudo uhvrxufh li d vwdeoh vwhdg|

vwdwh lv wr h{lvw;1

Lw lv qrw hdv| wr vwdwh/ lq ixoo jhqhudolw|/ wkh ydulrxv sdudphwhu frqglwlrqv lq d

pruh lqirupdwlyh dqg frqflvh zd| wkdq grqh lq sursrvlwlrq 41 Zh fdq/ krzhyhu/

gr wklv iru wkuhh sduwlfxodu ehqfkpdun fdvhv= Wkh fdvh ri qr srsxodwlrq jurzwk +?

@ 3,/ wkh fdvh ri frqvwdqw uhwxuqv wr fdslwdo +k @ 4,/ dqg wkh fdvh ri orjdulwkplf

xwlolw| +0 @ 4,1

Fdvh 4= Qr Srsxodwlrq Jurzwk

Sursrvlwlrq 6151 Dvvxph D4 dqg q @ 31 Wkhq wkhuh fdq eh qr vwhdg| vwdwh +dv

khuh gh�qhg, zlwk }S ' f� Wkhuh h{lvwv d vwhdg| vwdwh zlwk }S : f li dqg rqo| li

( 	 f

k : �

� 	 �

9Lw fdq eh vkrzq wkdw Duurz*v vx!flhqw frqglwlrqv iru rswlpdolw| duh ixo�oohg li dqg rqo| li

� . � � 41 Zh frqmhfwxuh wkdw hyhq rxwvlgh wklv udqjh +dw ohdvw dv orqj dv G A 3,/ d vwhdg|

vwdwh jurzwk sdwk ixo�oolqj wkh qhfhvvdu| �uvw0rughu dqg wudqvyhuvdolw| frqglwlrqv deryh lv lqghhg

rswlpdo1
:Wklv krogv hyhq li � @ 4 lv doorzhg/ vlqfh � @ 4 dxwrpdwlfdoo| hqvxuhv �vdggoh srlqw vwdelo0

lw|�/ surshuo| gh�qhg/ fi1 vhfwlrq 71
;Uhphpehu wkdw gxh wr wkh hqgrjhqrxv jurzwk shuvshfwlyh ri wkh suhvhqw sdshu/ zh glvuhjdug

wkh srvvleoh dv|pswrwlf vwhdg| vwdwhv zkhuh {> }> dqg2ru x dssurdfk }hur1
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4 :
�(B

�� �
�

D vwhdg| vwdwh zlwk }S : f lv frpsohwho| xqvwdeoh1

Surri= Vhh dsshqgl{1

Wkdw }S : f uhtxluhv k : � lv vhhq iurp wkh Nh|qhv0Udpvh| uxoh dqg wkh

idfw wkdw rwkhuzlvh/ wkh pdujlqdo surgxfw ri fdslwdo zrxog whqg wr }hur dv fdslwdo

dffxpxodwhv dqg uhvrxufh xvh glplqlvkhv1 Wkh sursrvlwlrq vkdushqv d uhpdun

pdgh e| Uhehor +4<<4/ s1 84<, lq wkdw vx!flhqf| uhtxluhv qrw rqo| k � � +dv

fodlphg e| Uhehor,c exw k : � dqg � 	 � +ehfdxvh d qrw wrr odujh surgxfwlyh

lpsruwdqfh ri wkh uhvrxufh lv uhtxluhg lq rughu wkdw fdslwdo dffxpxodwlrq fdq

r�vhw wkh h�hfw ri wkh glplqlvklqj uhvrxufh xvh,<1 Lq dq| fdvh/ gxh wr lwv odfn ri

vwdelolw|/ wklv vwhdg| vwdwh lv qrw yhu| dsshdolqj1

Exw dq lqwhuhvwlqj lpsolfdwlrq dulvhv zkhq zh frpsduh sursrvlwlrq 615 zlwk

wkh idfw wkdw/ hyhq zlwk qr srsxodwlrq jurzwk/ fdslwdo dffxpxodwlrq fdq/ iurp d

sxuho| whfkqlfdo srlqw ri ylhz/ vxssruw dq| srvlwlyh frqvwdqw frqvxpswlrq jurzwk

udwh dv vrrq dv k : � dqg � 	 � +lq wkh fdvh B ' f�1 Wklv iroorzv hdvlo| e|

vwxg|lqj whfkqlfdoo| h!flhqw sdwkv +gh�qhg dv whfkqlfdoo| ihdvleoh sdwkv vdwlvi|lqj

wkh Krwhoolqj uxoh/ exw qrw qhfhvvdulo| wkh Nh|qhv0Udpvh| uxoh,/ xvlqj wkh phwkrg

ri Vwljolw} +4<:7/ vhfwlrq 5,431 Wklv lv dovr zkdw lqwxlwlrq vxjjhvwv/ qdpho|/ �uvw

wkdw wkh vwudlq rq wkh hfrqrp| lpsrvhg e| wkh qhhg wr h{wudfw vxffhvvlyho| vpdoohu

dprxqwv ri wkh uhvrxufh fdq eh r�vhw e| lqfuhdvlqj uhwxuqv wr vfdoh zlwk uhvshfw

wr fdslwdo/ dqg vhfrqg wkdw rq wkh rwkhu kdqg wkh srwhqwldoo| h{sorvlyh h�hfwv ri

wklv w|sh ri lqfuhdvlqj uhwxuqv pd| eh h{dfwo| frxqwhuedodqfhg e| wkh glplvklqj

uhvrxufh xvh1 Qrz/ sursrvlwlrq 615 qrw rqo| whoov xv wkdw d ghvluh iru frqvxpswlrq

vprrwklqj frpelqhg zlwk xwlolw| glvfrxqwlqj uhvwulfwv wkh ihdvlelolw| ri vwhdg|

vwdwhv zlwk jS : f zkhq ? ' f/ exw dovr wkdw lw frpsohwho| h{foxghv vwdelolw| ri

vxfk sdwkv1

<Ixuwkhu/ Uhehor�v uhpdun lv frqfhuqhg rqo| zlwk ihdvlelolw| dqg grhv qrw uhodwh wr rswlpdolw|

dqg vwdelolw|1
43Vhfwlrq 5 ri wkh Vwljolw} sdshu vwxglhv vxfk whfkqlfdoo| h!flhqw jurzwk sdwkv1 Prvwo| frq0

fhqwudwlqj rq wkh FUV fdvh/ �.�. � @ 4> Vwljolw} grhv qrw srlqw dw wkh frqfoxvlrq phqwlrqhg1

Rswlpdo jurzwk lq wkh FUV fdvh lv wkh wrslf ri klv vhfwlrq 61
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Wklv kdv lpsolfdwlrqv iru wkh rqjrlqj glvfxvvlrq rq hqgrjhqrxv jurzwk1 Zh

kdyh gh�qhg +vwulfwo|, hqgrjhqrxv jurzwk wr rffxu li su1 fdslwd frqvxpswlrq lq

wkh orqj uxq jurzv dw d srvlwlyh frqvwdqw udwh hyhq li wkhuh lv qr h{rjhqrxvo| jlyhq

jurzwk lq dq| yduldeoh1 Olnhzlvh/ zhdno| hqgrjhqrxv ru vhpl0hqgrjhqrxv jurzwk

+dv lqwurgxfhg e| Jurwk +4<<5, dqg Mrqhv +4<<8,, lv vdlg wr rffxu li su1 fdslwd

frqvxpswlrq lq wkh orqj uxq jurzv dw d srvlwlyh udwh zlwkrxw dq| h{rjhqrxvo|

jlyhq whfkqrorj| jurzwk1 Zlwk wkhvh gh�qlwlrqv/ zh kdyh wkh iroorzlqj=

Fruroodu|1 Lq d Free0Grxjodv rqh0vhfwru rswlpdo jurzwk prgho zlwk qrq0

uhqhzdeoh qdwxudo uhvrxufhv/ d vwdeoh vwhdg| vwdwh zlwk hqgrjhqrxv jurzwk grhv

qrw h{lvw/ qrw hyhq dv d nqlih0hgjh fdvh144

Wkh prgho/ krzhyhu/ pd| glvsod| vwdeoh vhpl0hqgrjhqrxv jurzwk1 Dv sursr0

vlwlrq 614 lqglfdwhv dqg dv zh zloo h{soruh lq pruh ghwdlo ehorz/ wkhuh pd| eh

vwdeoh srvlwlyh su1 fdslwd jurzwk/ exw d qhfhvvdu| frqglwlrq iru wklv lv wkdw

wkhuh lv hqrxjk srsxodwlrq jurzwk1 Lw lv zruwk phqwlrqlqj wkdw lq frqwudvw wr

vwdqgdug vhpl0hqgrjhqrxv jurzwk prghov +vxuyh|hg lq Hlfkhu dqg Wxuqryvn|

4<<<,/ zh �qg wkdw zkhq qrquhqhzdeoh uhvrxufhv hqwhu wkh jurzwk hqjlqh/ vhpl0

hqgrjhqrxv jurzwk ihdwxuhv dq lqwhuhvwlqj surshuw| vlplodu wr wkdw ri vwulfwo| hq0

grjhqrxv jurzwk1 Wklv lv wkh surshuw| wkdw wkh orqj0uxq jurzwk udwh ghshqgv rq

whfkqrorj| dv zhoo dv suhihuhqfh sdudphwhuv/ wkhuhe| doorzlqj hyhq d gluhfw uroh wr

�vfdo srolf|1

Fdvh 5= Frqvwdqw Uhwxuqv wr Fdslwdo +k ' �,

Khuh zh frqvlghu dq DN prgho dxjphqwhg zlwk dq h{solflw uroh iru erwk wkh

oderxu irufh dqg qdwxudo uhvrxufhv lq surgxfwlrq1 Lq wklv fdvh wkh �5 ' f fxuyh lq

�jxuh 4 lv krul}rqwdo1 Wkh jurzwk udwhv 514< dqg 5153 uhgxfh wr

}- '
�q?

�
+614,

}S '
��4n Eq n ��?

E0� ���
c +615,

44Reylrxvo|/ wklv frqfoxvlrq dovr krogv li/ lqvwhdg ri wkh fodvvlfdo xwlolwduldq fulwhulrq lq 514/

edvhg rq �wrwdo xwlolw|�/ wkh �dyhudjh xwlolw|�0fulwhulrq kdg ehhq xvhg +holplqdwh wkh idfwru Q+w,

lq 514, vlqfh/ zkhq q @ 3/ wkh wzr fulwhuld duh wkh vdph1
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dqg dvvxpswlrq D4 lpsolhv 0 9' �� Zh kdyh wkh iroorzlqj

Sursrvlwlrq 6161 Dvvxph D4 dqg k ' �1 Wkhq wkhuh h{lvwv d vwhdg| vwdwh zlwk

}S : f li dqg rqo| li ? : f dqg

hlwkhu 0 : � a � 	
q?

4� ?

ru 0 	 � a � :
q?

4� ?
�

Zkhq dgglwlrqdoo| � 9' �/ wkh vwhdg| vwdwh lv vwdeoh li dqg rqo| li

hlwkhu 0 : � a � 	 � ru 0 	 � a � : ��

Surri= Vhh dsshqgl{1

Zkhq k ' �/ d orz zloolqjqhvv wr lqwhuwhpsrudo vxevwlwxwlrq +kljk 0, uhtxluhv d

frxqwhuzhljkw lq wkh irup ri d vpdoo rxwsxw hodvwlflw| zlwk uhvshfw wr wkh uhvrxufh1

Srsxodwlrq jurzwk vwloo fdq hqvxuh vwdeoh su1 fdslwd frqvxpswlrq jurzwk lq wkh

orqj uxq1 Wklv frqwudvwv zlwk wkh prgho zlwkrxw uhvrxufhv +� ' f,/ zkhuh d

vlwxdwlrq zlwk k ' �c q : f dqg srsxodwlrq jurzwk lv qrw frpsdwleoh zlwk d

vwhdg| vwdwh/ exw lpsolhv h{sorvlyh jurzwk1 Lq wkh suhvhqw prgho/ srsxodwlrq

jurzwk lv qrw rqo| frpsdwleoh/ exw qhfhvvdu| iru srvlwlyh vwdeoh jurzwk1 Rqh ri

wkh prghov h{dplqhg lq Djklrq ) Krzlww +4<<;/ ss1 495096, lv dq DN prgho zlwk

d qrq0uhqhzdeoh uhvrxufh1 Lq wkdw prgho/ krzhyhu/ oderxu grhv qrw dsshdu lq wkh

surgxfwlrq ixqfwlrq1 Ehfdxvh ri wklv/ lq wkdw prgho srvlwlyh orqj0uxq jurzwk lv

qrw srvvleoh451

D gl�huhqw shuvshfwlyh vkrzv xs li rqh dffhswv wkh Vrorz ylhz wkdw wkhuh lv

suredeo| dq luuhgxfleo| h{rjhqrxv hohphqw lq wkh ghyhorsphqw ri qhz whfkqrorj|

lq vrflhw|/ dw ohdvw h{rjhqrxv wr wkh hfrqrp| +Vrorz 4<<7/ s1 84,1 Iroorzlqj wklv

45Djklrq ) Krzlww fduu| rq zlwk dqrwkhu prgho edvhg rq zkdw wkh| fdoo d Vfkxpshwhuldq

dssurdfk wr qrq0uhqhzdeoh uhvrxufhv +Djklrq ) Krzlww 4<<;/ ss1 496097,1 Khuh wkh hfrqrp|

kdv wzr vhfwruv/ d pdqxidfwxulqj vhfwru dqg d U ) G vhfwru/ erwk zlwk frqvwdqw uhwxuqv wr

vfdoh wr surgxfleoh lqsxwv1 Wkh dxwkruv �qg wkdw qrz jurzwk lv srvvleoh +zlwkrxw srsxodwlrq

jurzwk, dqg wkh| dvfuleh wklv wr wkh Vfkxpshwhuldq dssurdfk dv glvwlqfw iurp wkh DN dssurdfk1

Lq rxu ylhz/ wkh nh| lv udwkhu wkdw wkh �jurzwk hqjlqh� +wkh U ) G vhfwru, lv prghoohg dv qrw

ghshqglqj rq wkh uhvrxufh +qrw hyhq lqgluhfwo| vlqfh wkh U ) G vhfwru grhv qrw xvh fdslwdo,1
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vwudqg/ zlwk d voljkw prgl�fdwlrq ri wkh prgho/ wkh lpsruwdqw sdudphwhu ? frxog

eh uhlqwhusuhwhg dv uhsuhvhqwlqj wklv h{rjhqrxv hohphqw1

Fdvh 6= Orjdulwkplf Xwlolw| +0 @ 4,1

Lq wklv fdvh/ iurp 5157/ �W ' 4 � ? +d qlfh vlpsoh h{suhvvlrq dovr qrwhg e|

Vwljolw},1

Sursrvlwlrq 6171 Dvvxph D4 dqg 0 @ 41 Wkhq wkhuh h{lvwv d vwhdg| vwdwh zlwk

}S : f li dqg rqo| li

hlwkhu k 	 � a � 	
kn q � �

4� ?
? a ? : f

ru k : � a
kn q � �

4� ?
? 	 � 	 � n

q?� Ek� ��B

4� ?
�

Zkhq dgglwlrqdoo| � 9' �/ wkh vwhdg| vwdwh lv vwdeoh li dqg rqo| li

hlwkhu k 	 � a � 	 � ru k : � a � : � a ? : f�

Surri= Vhh dsshqgl{1

Wkh sursrvlwlrq lpsolhv wkdw d qhfhvvdu| frqglwlrq iru vwhdg| srvlwlyh su1

fdslwd jurzwk zkhq 0 @ 4 lv k n q : �1 Dw wkh vdph wlph/ wkhuh lv d fhuwdlq

uhodwlrq ehwzhhq wkh vl}hv ri k dqg �1 Zkhq wkh rxwsxw hodvwlflw| zlwk uhvshfw

wr pdq0pdgh fdslwdo/ kc lv ehorz d fulwlfdo ohyho/ htxdo wr 4/ wkhq dovr wkh rxwsxw

hodvwlflw| zlwk uhvshfw wr wkh uhvrxufh/ �c pxvw kdyh dq xsshu erxqg1 Frqyhuvho|/

zkhq k lv odujh +deryh 4,/ � pxvw eh qrw wrr vpdoo1 Fdslwdo dqg wkh uhvrxufh

kdyh frxqwhu0dfwlqj lq xhqfhv rq wkh srvvlelolwlhv iru vwhdg| jurzwk/ vr wkhlu lp0

sruwdqfh lq surgxfwlrq fdqqrw gl�hu wrr pxfk1 Rq wkh rwkhu kdqg/ zkhq k lv

deryh 4/ wkhq � pxvw dovr qrw eh wrr odujh ehfdxvh wkdw zrxog pdnh lw lpsrvvleoh

iru fdslwdo dffxpxodwlrq wr r�vhw wkh glplqlvklqj uhvrxufh lqsxw1 Lw lv dovr vhhq

wkdw li rqh ri hlwkhu k ru � lv deryh 4/ wkhq vwdelolw| ri d vwhdg| vwdwh zlwk jS : f

uhtxluhv wkdw erwk k dqg � duh deryh 41

4;



71 Wkh Ghjhqhudwh Fdvh � ' �

Zkhq � ' �/ wkh irupxodv xs wr 5163 duh vwloo ydolg/ l1h1/ wkh vwhdg| vwdwh surshuwlhv

duh qrw txdolwdwlyho| d�hfwhg1 Exw wkh wudqvlwlrqdo g|qdplfv lv fkdqjhg udglfdoo|1

Lqghhg/ fdofxodwlqj wkh htxlydohqwv ri 5164 dqg 5163 vkrzv wkdw wkhuh zloo eh qr

wudqvlwlrqdo g|qdplfv/ jlyhq D4 +lpso|lqj k 9' 0/ lq wklv fdvh,1 Wkh v|vwhp

ghjhqhudwhv lqwr d uhfxuvlyh vwuxfwxuh= { lpphgldwho| mxpsv wr lwv vwhdg|0vwdwh

ydoxh/ Eq?nE��k�B�*kc lqghshqghqwo| ri wkh uhvw ri wkh v|vwhp/ lpso|lqj wkdw lq

wxuq } dqg wkhq x wdnh rq wkhlu vwhdg|0vwdwh ydoxhv1 +Lw lv frqyhqlhqw wr h{whqg wkh

qrwlrq ri vdggoh srlqw0vwdelolw| wr fryhu hyhq wklv fdvh1, Ixuwkhu/ lq wklv vlwxdwlrq

5153 vkrzv wkdw wkh h{lvwhqfh ri dq rswlpdo vwhdg| vwdwh zlwk jurzlqj su1 fdslwd

frqvxpswlrq djdlq uhtxluhv d jurzlqj srsxodwlrq461

81 Frpsdulvrq ri Vwhdg| Vwdwhv

Dvvxplqj wkdw wkh uljkw0kdqg vlghv ri 5155057 duh srvlwlyh vr wkdw d vwhdg| vwdwh

h{lvwv/ zh fdq h{dplqh wkh frqvhtxhqfhv iru wkh frqvwdqw jurzwk udwhv 514< dqg

5153 ri ydu|lqj wkh ydulrxv sdudphwhuv ri wkh prgho1 Iluvw/ zh qrwh wkdw qhlwkhu

wkh surgxfwlylw| sdudphwhu D qru wkh ghsuhfldwlrq udwh B d�hfwv wkh vwhdg|0vwdwh

jurzwk udwh dw doo/ lq frqwudvw wr wkh xvxdo rqh0vhfwru hqgrjhqrxv jurzwk prgho

+wkh DNprgho,> wklv lv wuxh hyhq zkhq k ' �1 +Exw B hqwhuv wkh frqglwlrqv iru wkh

h{lvwhqfh ri d vwhdg| vwdwh/ fi1 51550571, Lw lv lqwhuhvwlqj wkdw doo wkh uhpdlqlqj

sdudphwhuv ri wkh prgho d�hfw wkh udwh ri su1 fdslwd jurzwk1 Khqfh/ wkhuh lv

d srwhqwldo iru wd{ dqg vxevlg| srolflhv wr lq xhqfh qrw rqo| wkh �ohyho� dorqj

zklfk jurzwk rffxuv/ exw dovr wkh orqj0uxq jurzwk udwh1 Wklv lv lq frqwudvw wr

vwdqgdug vhpl0hqgrjhqrxv jurzwk prghov zkhuh srolf| kdv rqo| ohyho h�hfwv +fi1

Mrqhv 4<<8,1

Uhjduglqj wkh vljq ri wkh h�hfw rq jurzwk ri d fkdqjh lq d sdudphwhu/ wkh

uhvxowv ghshqg fuxfldoo| rq wkh vljq ri wkh ghqrplqdwru G1 Zh glvwlqjxlvk ehwzhhq

46Vxssrvh � @ 4> dqg q @ 3= Wkhq/ e| 5153/ jf A 3 , G ? 3 , � A % , � A 4 vlqfh/ e|

5157/ x� @ +4� �,�@+%� �, A 3= Exw � A 4 frqwudglfwv { A 3/ e| 51551
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wkh vwdqgdug fdvh47 +G : 3, dqg wkh �sdudgr{lfdo� fdvh +G 	 3,1

8141 Wkh Vwdqgdug Fdvh +G : 3,

Lq wklv fdvh/ xvlqj +5153,/ frqvxpswlrq su1 fdslwd lv vhhq wr jurz lq wkh vwhdg|

vwdwh li dqg rqo| li

Ekn q n � � ��? : �4 +814,

zklfk phdqv wkdw srvlwlyh srsxodwlrq jurzwk dqg lqfuhdvlqj uhwxuqv wr vfdoh iru

fdslwdo dqg oderxu wdnhq wrjhwkhu lq wkh surgxfwlrq vhfwru +k n q : �, duh erwk

qhfhvvdu| frqglwlrqv iru d vwhdg| vwdwh zlwk jurzlqj su1 fdslwd frqvxpswlrq

+wkh odvw frqglwlrq iroorzv ehfdxvh �4 : �?,1 Pruh jurzwk lq srsxodwlrq +riwhq

frqvlghuhg ghwulphqwdo wr su1 fdslwd jurzwk, d�hfwv su1 fdslwd frqvxpswlrq

jurzwk srvlwlyho|/ dv orqj dv wkhuh duh lqfuhdvlqj uhwxuqv wr vfdoh1 Wklv lv wkh qhw

uhvxow ri wkuhh gl�huhqw h�hfwv= Wkhuh lv d gluhfw srvlwlyh h�hfw rq rxwsxw jurzwk

ehfdxvh d jurzlqj srsxodwlrq phdqv d jurzlqj oderxu irufh/ pdjqli|lqj wkh h�hfwv

ri lqfuhdvlqj uhwxuqv wr vfdoh1 Lq dgglwlrq/ wkhuh lv dq lqgluhfw surgxfwlrq h�hfw

ehfdxvh srsxodwlrq jurzwk dovr d�hfwv uhvrxufh h{wudfwlrq +dv vhhq iurp 514<,/

wkrxjk wkh vljq ri wklv h�hfw lv dpeljxrxv1 Wklugo|/ jlyhq wkh jurzwk udwh ri wrwdo

surgxfwlrq/ d odujhu srsxodwlrq jurzwk udwh qdwxudoo| phdqv d vpdoohu jurzwk lq

su1 fdslwd frqvxpswlrq srvvlelolwlhv1

5153 dovr vkrzv wkh idploldu h�hfw iurp Vwljolw} +4<:7, wkdw d ulvh lq lpsdwlhqfh

+odujhu 4, zloo d�hfw wkh frqvxpswlrq jurzwk udwh qhjdwlyho|> dqg dffruglqj wr

5157 wklv zloo eh dffrpsdqlhg e| dq lqfuhdvhg uhvrxufh h{wudfwlrq udwh/ fdxvlqj

wkh uhvrxufh wr glplqlvk idvwhu ryhu wlph1 D odujhu ydoxh ri 4 zloo dovr fdxvh

d vpdoohu frqvxpswlrq jurzwk udwh zkhq k : 4> lqwhuhvwlqjo|/ krzhyhu/ lq wklv

fdvh wkh h{wudfwlrq udwh zloo idoo1 Wkh uhdvrq pxvw eh wkdw zkhq wkh rxwsxw

hodvwlflw| ri fdslwdo lv kljk/ vpdoohu fdslwdo lqyhvwphqw lv uhtxluhg vr wkdw d kljk

lqlwldo frqvxpswlrq ohyho fdq eh rewdlqhg zlwk orzhu rxwsxw hduo| rq/ khqfh orzhu

h{wudfwlrq ri wkh uhvrxufh hduo| rq1

Wkh h�hfw ri d ulvh lq k/ q ru � +d shupdqhqw whfkqrorj| vkrfn, rq wkh su1

fdslwd frqvxpswlrq jurzwk udwh zloo eh=

47Fdoohg vr/ ehfdxvh lw lv lpsolhg e| wkh vwdqgdug dvvxpswlrq/ �. � . � @ 4=
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Qrw vxusulvlqjo|/ d ulvh lq q/ wkh rxwsxw hodvwlflw| ri oderxu/ zloo udlvh wkh jurzwk

udwh ri frqvxpswlrq/ zkhuhdv d ulvh lq � zloo orzhu lw +� phdvxuhv wkh lpsruwdqfh ri

wkh uhvrxufh lq surgxfwlrq> wkh qhhg wr vdyh lqfuhdvlqjo| rq wkh uhvrxufh lv uh hfwhg

lq wkh qhjdwlyh h�hfw ri wklv sdudphwhu rq jurzwk,1 Wkh h�hfw ri k rq frqvxpswlrq

jurzwk ghshqgv rq wkh vljq ri }/ l1h1/ wkh jurzwk udwh ri wrwdo surgxfwlrq= Zkhq

rxwsxw lv jurzlqj wkhq dovr fdslwdo lv jurzlqj dqg dq lqfuhdvh lq wkh rxwsxw

hodvwlflw| ri fdslwdo/ kc zloo lqfuhdvh jurzwk ixuwkhu> vlploduo|/ zkhq wrwdo rxwsxw

frqwudfwv/ d kljkhu ydoxh ri k lpsolhv d ghfuhdvh lq wkh douhdg| qhjdwlyh su1 fdslwd

jurzwk udwh ehfdxvh wkh fdslwdo vwrfn lv idoolqj/ dqg d odujhu lpsruwdqfh ri fdslwdo

iru surgxfwlrq zloo vshhg xs wkh frqwudfwlrq1

Wkh vljq ri wkh h�hfw rq wkh h{wudfwlrq udwh ri d ulvh lq kc qc ru �c ghshqgv rq

wkh ghvluh iru frqvxpswlrq vprrwklqj dv phdvxuhg e| 01 E| 5157/ zh kdyh

�
Y}-
Y�

'
Y�W

Y�
' E0� ��

Y}S
Y�

c � ' kc qc �c +818,

zkhuh Y}S
Y�

lv jlyhq lq 81508171 Zkhq shrsoh duh yhu| frqfhuqhg zlwk vprrwklqj

frqvxpswlrq ryhu wlph +0 : �,/ wkh vljq ri wkh h�hfw rq x- zloo hfkr wkdw ri

wkh h�hfw rq frqvxpswlrq jurzwk1 Wkh uhvrxufh h{wudfwlrq udwh zloo dgmxvw wr

frxqwhudfw wkh h�hfw rq wkh frqvxpswlrq ohyho +fdxvhg e| fkdqjhg fdslwdo lqyhvw0

phqw zkhq jurzwk fkdqjhv, wr vsuhdg rxw wkh srwhqwldo jdlqv ru orvvhv iurp d

shupdqhqw whfkqrorj| vkrfn pruh hyhqo| ryhu wlph1 Frqyhuvho|/ zkhq wkh ghvluh

iru frqvxpswlrq vprrwklqj lv vpdoo/ uhvrxufh h{wudfwlrq lv qrw suhyhqwhg iurp dg0

mxvwlqj lq d frpsohphqwdu| zd| wr wkh fkdqjh lq wkh ixwxuh pdujlqdo surgxfwlylw|

ri wkh uhvrxufh fdxvhg e| fdslwdo dffxpxodwlrq1

Wkh h�hfw ri d fkdqjh lq 0 lwvhoi lv

Y}S
Y0

'
��}S
(

c +819,
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Qdwxudoo|/ d odujhu 0 +suhihuhqfh iru frqvxpswlrq vprrwklqj, zloo ohdg wr d qxphu0

lfdoo| vpdoohu frqvxpswlrq jurzwk udwh1 Lqghhg/ iurp 5153/ li 0 $ 4/ wkhq }S $ f�

Wkh vljq ri wkh h�hfw rq wkh h{wudfwlrq udwh lv wkh vdph dv wkdw ri E�� k�}S�

8151 Wkh Sdudgr{lfdo Fdvh +G 	 3,

Wkh ghqrplqdwru ( lv qhjdwlyh li dqg rqo| li kn� : �n0�/ l1h1/ wkh hodvwlflw| ri

vfdoh zlwk uhvshfw wr fdslwdo dqg wkh uhvrxufh wdnhq wrjhwkhu pxvw eh frqvlghudeo|

deryh 41Zkhq ( lv qhjdwlyh/ doo wkh irupxodv iurp wkh vwdqgdug fdvh duh ydolg/ exw

wkh vljqv ri wkh h�hfwv ri sdudphwhu fkdqjhv duh uhyhuvhg1 Lqghhg/ pruh lpsdwlhqfh

uhvxowv lq kljkhu su1 fdslwd frqvxpswlrq jurzwk/ dqg kljkhu srsxodwlrq jurzwk

lpsolhv orzhu su1 fdslwd frqvxpswlrq jurzwk/ d ulvh lq k zloo uhgxfh frqvxpswlrq

jurzwk zkhq wklv lv douhdg| srvlwlyh/ d kljkhu hodvwlflw| ri pdujlqdo xwlolw| ohdgv

wr odujhu gl�huhqfhv lq wkh frqvxpswlrq ohyho ryhu wlph/ hwf1 Doo wkhvh uhvxowv duh

kljko| frxqwhulqwxlwlyh/ exw wkh| duh qhyhuwkhohvv frpsdwleoh zlwk wkh h{lvwhqfh ri

d vwdeoh vwhdg| vwdwh wkdw h{klelwv srvlwlyh su1 fdslwd jurzwk dqg vdwlv�hv wkh �uvw0

rughu dqg wudqvyhuvdolw| frqglwlrqv 51;051461 Lw fdqqrw eh h{foxghg/ krzhyhu/ wkdw

lq wkh fdvh ( 	 f wkhvh frqglwlrqv gr qrw vljqli| rswlpdolw|1 Krzhyhu wkdw pd|

eh/ wkh uhdolvp ri wkh sdudphwhu ydoxhv jhqhudwlqj wklv vlwxdwlrq lv txhvwlrqdeoh

+dv zh kdyh vhhq/ vwdelolw| lq wkh fdvh ( 	 3 uhtxluhv � � �-,1

91 Frqfoxvlrq

Zh kdyh vwxglhg d Free0Grxjodv rqh0vhfwru rswlpdo jurzwk prgho zlwk qrq0

uhqhzdeoh uhvrxufhv +dqg qr h{rjhqrxv whfkqrorjlfdo surjuhvv,1 D vwdeoh vwhdg|

vwdwh h{lvwv iru d odujhu udqjh ri ydoxhv wkdq h{dplqhg lq Vwljolw} +4<:7,/ dqg

wklv odujhu udqjh dovr doorzv iru vrph qhz frpsdudwlyh g|qdplfv uhvxowv +hyhq

lq wkh vwdqgdug fdvh G : 3,1 Lqghhg/ h{lvwhqfh dqg vwdelolw| ri d vwhdg| vwdwh

zdv vkrzq wr eh frpsdwleoh zlwk lqfuhdvlqj uhwxuqv wr vfdoh zlwk uhvshfw wr wkh

uhsurgxfleoh idfwru fdslwdo dqg2ru wkh qdwxudo uhvrxufh1 D kljk rxwsxw hodvwlflw|

ri fdslwdo qhhg qrw ohdg wr h{sorvlyh jurzwk sdwkv ehfdxvh wkh qhhg wr vdyh rq wkh
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qdwxudo uhvrxufh kdv d frxqwhu0edodqflqj h�hfw1 Khqfh/ wkh nqlih0hgjh fkdudfwhu ri

xvxdo hqgrjhqrxv jurzwk prghov zlwkrxw qrquhqhzdeoh uhvrxufhv lv qrw suhvhqw1

Krzhyhu/ srsxodwlrq jurzwk lv d qhfhvvdu| frqglwlrq iru d vwdeoh rswlpdo vwhdg|

vwdwh zlwk srvlwlyh su1 fdslwd jurzwk1 Wkhuhiruh/ wkh h{whqghg Vwljolw} rswlpdo

jurzwk prgho lv qrw frqvlvwhqw zlwk hqgrjhqrxv jurzwk lq wkh vwulfw vhqvh ri

wkh zrug/ l1h1/ wkh prgho fdqqrw jhqhudwh srvlwlyh dqg vwdeoh su1 fdslwd jurzwk

zlwkrxw uho|lqj rq srsxodwlrq jurzwk1

Wkh frqfoxvlrq lv wkdw wkh fkdoohqjh ri jhqhudwlqj d jhqhulf prgho zlwk vwulfwo|

hqgrjhqrxv jurzwk fdqqrw eh phw e| vlpso| lqfoxglqj qrquhqhzdeoh qdwxudo uh0

vrxufhv1 Rq wkh frqwudu|/ lq wklv vhwwlqj wkh skhqrphqrq ri vwdeoh hqgrjhqrxv

jurzwk lq wkh vwulfw vhqvh grhv qrw h{lvw hyhq dv d nqlih0hgjh srvvlelolw|$ Khqfh/

wr wkh h{whqw wkdw wkh suhvhqfh ri vxfk lqglvshqvdeoh qdwxudo uhvrxufhv lq d pdfur

surgxfwlrq ixqfwlrq lv frqvlghuhg uhdolvwlf/ wkh dqdo|vlv kdv lghqwl�hg d qhz sure0

ohp iru wkh frqfhsw ri vwulfwo| hqgrjhqrxv jurzwk= Lw vhhpv qrw srvvleoh wr kdyh

vwdeoh/ vwulfwo| hqgrjhqrxv jurzwk dw doo zkhq qrq0uhqhzdeoh uhvrxufhv hqwhu wkh

jurzwk hqjlqh1 Wklv dovr dssolhv/ wkhq/ wr pdunhw hfrqrplhv li wkh| duh frqvlghuhg

wr eh uhsolfdh/ wkurxjk wd{ dqg vxevlg| lqwhuyhqwlrqv/ ri vrfldo rswlpd1 Wkhuhiruh/

wkh shuvshfwlyh vxjjhvwhg e| wkh dqdo|vlv lv vhpl0hqgrjhqrxv jurzwk1

Lw lv d srvvlelolw| +exw zh wklqn dq xqolnho| rqh, wkdw wklv uhvxow frxog fkdqjh lq

d pxowl0vhfwru prgho zkhuh wkh uhsurgxfleoh dvvhw+v, jhqhudwlqj jurzwk zrxog gh0

shqg rq wkh uhvrxufh +srvvleo| lqgluhfwo|,1 +Wkh pxowl0vhfwru hqgrjhqrxv jurzwk

prghov zlwk qrq0uhqhzdeoh uhvrxufhv phqwlrqhg lq wkh lqwurgxfwlrq doo vkduh wkh

ihdwxuh wkdw wkh jurzwk hqjlqh lv qrw ghshqghqw rq wkh uhvrxufh,1 Wklv sureohp

lv ohiw iru ixwxuh uhvhdufk1

D voljkwo| gl�huhqw shuvshfwlyh vkrzv xs li rqh dffhswv wkh Vrorz ylhz wkdw

wkhuh lv suredeo| dq luuhgxfleo| h{rjhqrxv hohphqw lq wkh ghyhorsphqw ri qhz

whfkqrorj| lq vrflhw|/ dw ohdvw h{rjhqrxv wr wkh hfrqrp| +Vrorz 4<<7/ s1 84,1

Iroorzlqj wklv vwudqg/ zlwk d prgl�fdwlrq ri wkh prgho/ wkh lpsruwdqw sdudphwhu

? frxog eh uhlqwhusuhwhg dv uhsuhvhqwlqj wklv h{rjhqrxv hohphqw dqg zh frxog

surfhhg zlwk d nlqg ri txdvl0hqgrjhqrxv jurzwk dqdo|vlv edvhg rq wklv qrwlrq1

Lqwhuhvwlqjo|/ zkhq qrquhqhzdeoh uhvrxufhv hqwhu wkh jurzwk hqjlqh/ erwk vhpl0
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hqgrjhqrxv jurzwk dqg txdvl0hqgrjhqrxv jurzwk ihdwxuh wkh surshuw| ri vwdqgdug

+vwulfwo|, hqgrjhqrxv jurzwk wkdw wkh orqj0uxq jurzwk udwh ghshqgv rq whfkqrorj|

dv zhoo dv suhihuhqfh sdudphwhuv/ wkxv doorzlqj hyhq d gluhfw uroh wr �vfdo srolf|1

:1 Dsshqgl{

:141 Vwdelolw| surshuwlhv ri wkh wkuhh0glphqvlrqdo v|vwhp zkhq � 9' �1

Wkh Mdfreldq ri wkh g|qdplfdo v|vwhp iru {/ } dqg x/ hydoxdwhg lq wkh vwhdg|

vwdwh/ zkhq � 9' �c lv=
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Wkh wudfh lv

%W n Ek� ��5W n �W ' 2�W : f

zkhuh zh kdyh xvhg 5158/ 515</ dqg 515;1 Wkh ghwhuplqdqw lv

%W5W�Wk
�� kn E0� ���

E� � �� 0
' %W5W�Wk

(

E� � �� 0

zklfk lv qhjdwlyh li dqg rqo| li 5167 krogv1 Khqfh/ 5167 lpsolhv rqh hljhqydoxh

zlwk qhjdwlyh uhdo ydoxh dqg wzr hljhqydoxhv zlwk srvlwlyh uhdo ydoxh/ zklfk lv mxvw

zkdw lv uhtxluhg iru vdggoh0srlqw0vwdelolw|1 Li/ rq wkh frqwudu|/ wkh ghwhuplqdqw lv

srvlwlyh/ wkhq wkhuh duh wkuhh hljhqydoxhv zlwk srvlwlyh uhdo ydoxh/ l1h1/ wkh v|vwhp

lv wrwdoo| xqvwdeoh1

:151 Surri ri sursrvlwlrq 614

Xvlqj 514 dqg 514:/ lw fdq hdvlo| eh vkrzq wkdw �W +@ �}-, : 3 hqvxuhv wkdw wkh

xwlolw| lqwhjudo frqyhujhv dorqj d vwhdg|0vwdwh jurzwk sdwk> vlploduo|/ lw lv hdv| wr

vkrz wkdw �W : f jxdudqwhhv wkh ixo�ophqw ri wkh wudqvyhuvdolw| frqglwlrqv 5145

dqg 51461 Khqfh/ h{lvwhqfh dqg wkh vwdwhphqwv d, dqg e, iroorz gluhfwo| iurp

vhfwlrqv 514/ 515 dqg :141 Dv wr vwdwhphqw f,/ e| 5167 dqg dsshqgl{ :14/ � 	 � dqg
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vwdelolw| +e| vwdwhphqw d, vwdelolw| lv htxlydohqw wr vdggoh srlqw vwdelolw|, hqvxuhv

( : f1 Wkhuhiruh/ e| 5153/

}S � f , Ekn q n � � ��? � �4 , Ekn q � ��? � �4� �? : f

iurp 514> exw wklv lpsolhv

? � �4*Ekn q n � � �� : f a kn q : ��

:161 Surri ri sursrvlwlrq 615 +wkh fdvh q @ 3,

Lq wklv fdvh/ iurp 5153 lw lv vhhq wkdw d vwhdg| vwdwh zlwk }S ' f lv qrw srvvleoh/

vlqfh 4 : f� Ixuwkhu/ e| 5153/ ( 	 f lv d qhfhvvdu| frqglwlrq iru d vwhdg| vwdwh

zlwk }S : f1 Zkhq ( 	 f/ e| 5157 �W : f / k : �1 k : � zloo dovr hqvxuh

wkdw 5W : f +iurp 5156,1 Ixuwkhupruh/ iru ( 	 f dqg k : �c e| 5155 %W : f

/ E�� ��4 : �(B> khqfh/ wkh frqglwlrqv � 	 � dqg 4 : � (B

�3�
duh uhtxluhg1 Wklv

suryhv wkh �uvw sduw ri wkh sursrvlwlrq1 Dv wr wkh vhfrqg sduw/ zkhq ( 	 f dqg

� 	 �/ wkh vwhdg| vwdwh lv wrwdoo| xqvwdeoh dv vhhq lq vhfwlrq :141

:171 Surri ri sursrvlwlrq 616 +wkh fdvh k ' ��

Lq wklv vlwxdwlrq/ %W ' �W ' q

�
?/ iurp 5155 dqg 5157/ vr wkdw srvlwlyh srsxodwlrq

jurzwk lv qhfhvvdu| dqg vx!flhqw iru srvlwlyh ydoxhv ri wkhvh wzr yduldeohv1 E|

5156 dqg 615/ 5W ' 0}S n B n 4 vr wkdw }S � f , 5W : f1

Iurp 615/ }S : f li dqg rqo| li

0 : � a � 	
q?

4� ?
Jo 0 	 � a � :

q?

4� ?
�

Iurp 5167/ qhfhvvdu| dqg vx!flhqw frqglwlrqv iru vdggoh srlqw vwdelolw| +e| sursr0

vlwlrq 614 htxlydohqw wr vwdelolw|, duh wkdw hlwkhu

0 : � a � 	 � Jo 0 	 � a � : ��

:181 Surri ri sursrvlwlrq 617 +wkh fdvh 0 ' ��

Lq wklv fdvh/ iurp 5157/ �W ' 4� ? : f +iurp 514, dqg ( ' �� k�

58



Vxefdvh k 	 �1 Khuh/ }S : f / � 	 knq3�

43?
?c e| 51531 Khqfh/ ? : f lv

dovr uhtxluhg lq wklv fdvh1 Dv 5W ' �

k
E}S n B n 4�c }S : f , 5W : f1 E|/ 5155/

%W ' �

k
dE�� ��4n Eq n � � ��?n E�� k�Bo : �

k
dE�� ��4n Eq n � � ��?� kE4�

?� n E�� k�Bo ' E�� k�5W : fc e| 5156�

D qhfhvvdu| dqg vx!flhqw frqglwlrq iru vdggoh0srlqw vwdelolw| +e| sursrvlwlrq

614 htxlydohqw wr vwdelolw|, lq wklv fdvh lv � 	 � +iurp 5167,1

Vxefdvh k : �� Khuh/ }S : f / � : knq3�

43?
?c e| 51531 Zh vwloo kdyh 5W ' �

k
E}Sn

B n 4� : f zkhq }S : f� Dv wr %W/ iurp 5155 iroorzv %W : f / � 	 � n q?3Ek3��B

43?
1

Qrz/ zkhq k : �/ e| 5167/ � : � lv qhfhvvdu| dqg vx!flhqw iru vdggoh0

srlqw vwdelolw|/ jlyhq wkdw wkh vwhdg| vwdwh h{lvwv1 Exw � : � lv rqo| frqvlvwhqw

zlwk wkh h{lvwhqfh ri wkh vwhdg| vwdwh/ fi1 wkh h{lvwhqfh uhtxluhphqwv k : � dqg

� 	 �n q?3Ek3��B

43?
/ li ? : f1 Khqfh/ wkh frqfoxvlrq wkdw dovr ? : f lv qhfhvvdu| iru

vdggoh srlqw vwdelolw| +khqfh vwdelolw|,1

Uhpdun1 Orjlfdoo| lw zrxog eh vx!flhqw wr vd| wkdw/ lq wkh fdvh k : �c d

vwhdg| vwdwh lv vwdeoh li dqg rqo| li � : �� Zh suhihu/ krzhyhu/ wr sxw lw wkh zd|

lw lv grqh lq wkh sursrvlwlrq/ pdnlqj wkh qhfhvvlflw| ri ? : f h{solflw1

Uhihuhqfhv

^4` Djklrq/ Sklolssh/ ) Shwhu Krzlww/ 4<<;= Hqgrjhqrxv Jurzwk Wkhru|1 PLW

Suhvv/ Fdpeulgjh/ Pdvvdfkxvvhwwv1

Duurz/ Nhqqhwk M1/ 4<95= Wkh Hfrqrplf Lpsolfdwlrqv ri Ohduqlqj e| Grlqj/

Uhylhz ri Hfrqrplf Vwxglhv/ yro1 5</ ss1 48804:61

Eduur/ Urehuw M1/ ) [dylhu Vdod0l0Pduwlq/ 4<<8= Hfrqrplf Jurzwk1 PfJudz0

Kloo/ Qhz \run1

Erqg/ Hulf Z1/ Slqj Zdqj/ dqg Fkrqj N1 \ls/ 4<<9= D Jhqhudo Wzr0Vhfwru

Prgho ri Hqgrjhqrxv Jurzwk zlwk Kxpdq dqg Sk|vlfdo Fdslwdo= Edodqfhg

Jurzwk dqg Wudqvlwlrqdo G|qdplfv/ Mrxuqdo ri Hfrqrplf Wkhru|/ yro1 9;/

Qr1 41
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Gdvjxswd/ Sduwkd/ ) Jhr�uh| Khdo/ 4<:7= Wkh Rswlpdo Ghsohwlrq ri H{0

kdxvwleoh Uhvrxufhv/ Uhylhz ri Hfrqrplf Vwxglhv/ V|psrvlxp Lvvxh/ ss1 60

5;1

Gdvjxswd/ Sduwkd/ ) Jhr�uh| Khdo/ 4<:<= Hfrqrplf Wkhru| dqg H{kdxvwleoh

Uhvrxufhv1 Qlvehw2Fdpeulgjh Xqlyhuvlw| Suhvv1

Hlfkhu/ Wkhr V1/ ) Vwhskhq M1 Wxuqryvn|/ 4<<<= Qrq0Vfdoh Prghov ri Hfr0

qrplf Jurzwk/ Hfrqrplf Mrxuqdo/ yro1 43</ ss1 6<707481

Jurwk/ Fkulvwldq/ 4<<5= Hqgrjhq whnqrorjlvn xgylnolqj +Rq d Prgho ri Hq0

grjhqrxv Jurzwk,1 Qdwlrqdoûnrqrplvn Wlgvvnuliw/ yro1 463/ ss1 68308<1

Mrqhv/ Fkduohv L1/ 4<<8= U ) G0Edvhg Prghov ri Hfrqrplf Jurzwk1 Mrxuqdo

ri Srolwlfdo Hfrqrp|/ yro1 436/ ss1 :8<0:;71

Oxfdv/ Urehuw H1/ 4<;;= Rq wkh Phfkdqlfv ri Hfrqrplf Ghyhorsphqw1 Mrxu0

qdo ri Prqhwdu| Hfrqrplfv/ yro1 55/ ss1 60751

Uhehor/ Vhujlr/ 4<<4= Orqj0 Uxq Srolf| Dqdo|vlv dqg Orqj0Uxq Jurzwk1

Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 <</ 6/ ss1 83308541

Urevrq/ D1 M1/ 4<;3= Frvwo| Lqqrydwlrq dqg Qdwxudo Uhvrxufhv1 Lqwhuqdwlrqdo

Hfrqrplf Uhylhz/ yro1 54/ ss1 4:0631

Urphu/ Sdxo P1/ 4<<3= Hqgrjhqrxv Whfkqrorjlfdo Fkdqjh1 Mrxuqdo ri Srolw0

lfdo Hfrqrp|/ yro1 <;/ V:40V4351

Vfkro}/ Fkulvwldq P1/ ) Jhruj ]lhphv/ 4<<9= H{kdxvwleoh Uhvrxufhv/ Prqrs0

rolvwlf Frpshwlwlrq/ dqg Hqgrjhqrxv Jurzwk1 Plphr/ Xqlyhuvlw| ri Nlho1

Vfkrx/ Srxo/ 4<<<= Srooxwlqj Qrquhqhzdeoh Uhvrxufhv dqg Jurzwk1 Iruwk0

frplqj lq Hqylurqphqwdo dqg Uhvrxufh Hfrqrplfv1

Vrorz/ Urehuw P1/ 4<<7= Shuvshfwlyhv rq Jurzwk Wkhru|1 Mrxuqdo ri Hfr0

qrplf Shuvshfwlyhv/ yro1 ;/ ss1 780871

Vwljolw}/ Mrvhsk/ 4<:7= Jurzwk zlwk H{kdxvwleoh Qdwxudo Uhvrxufhv= H!flhqw

dqg Rswlpdo Jurzwk Sdwkv1 Uhylhz ri Hfrqrplf Vwxglhv/ yro1 74/ V|psrvlxp

Lvvxh/ ss1 456046:1
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Vwrnh|/ Qdqf|/ 4<<;= Duh Wkhuh Olplwv wr JurzwkB Lqwhuqdwlrqdo Hfrqrplf

Uhylhz/ yro1 6</ ss1 40641

Wdnd|dpd/ Dnlud/ 4<;3= Rswlpdo Whfkqlfdo Surjuhvv zlwk H{kdxvwleoh Uh0

vrxufhv1 Lq= Nhps/ P1 F1/ ) Q1 Ydq Orqj +hgv1,= H{kdxvwleoh Uhvrxufhv/

Rswlpdolw|/ dqg Wudgh1 Qruwk0Kroodqg/ Dpvwhugdp 4<;31
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