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1 Introd uction
W hatcanoneinferabouttheroleofjobandworker° owsfrompaneldataonthe
laborforcedynamicsofindividualestablishmentsmatchedtoworkeridentī ers?
Preliminaryanswers tothis questionareraised inthis paper.Essentiallythe
ideaproposedhereistouseasynthesisofthetheoreticalconstructsfoundinthe
recentliteratureonthe °̀ owsapproach'toequilibriumlabormarketanalysisas
developed in P issarides (1 990 ), M ortensenandP issarides (1 994),B ertolaand
Caballero(1 994),BurdettandM ortensen(1 998),andBontemps etal.(1 998)
as atoolforanalyzingtherecentlyavailablematched employer-workerpanel
datadescribedbyA bowdandKramerz(1 999).

A simpleframeworkfortheanalysisoftherelationshipsbetweenhire,lay-
o®,andquit° owsandtheirdeterminantsdesignedtoexplaintheevolutionof
establishmentsizeis presented inthepaperandsetwithinasynthesis ofthe
searchandmatchingequilibrium frameworks.FollowingtheargumentofIdson
and O i (1 999),theexplanation forlaborforce sizedi®erences studied in the
paperis heterogeneityinemployerproductivity.H eterogeneityofthis form is
alsoneededtounderstandthebehaviorofjob ° ows as documentedbyD avis,
H altiwangerand Schuh (1 996). A n implied positive correlation between the
wagepaidandplantsizeforbothabilateralbargainingrentsharingmodelof
wagedeterminationasassumedbyP issarides(1 990 )andadynamicmonopsony
modelinwhicheachemployerpostsawageo®eras inBurdettandM ortensen
(1 998)is an implication ofthehypothesis.1 W ithin the frameworkstudied,
more productive establishments hire atgreaterrates, paybetter, experience
lowerturnoverrates,and,asaconsequence,growtoalargersizeinbothcases.

T hebehavioralrelationshipsofthemodel,appropriatelyaggregated,deter-
minethedistributions ofwageo®ers aswellasmarkettightness andthelevel
ofemploymentundereitherwagedeterminationhypothesis.But,markettight-
ness,unemployment,andthewageo®erdistribution providethe information
thatagentsusetomakesearchandrecruitingdecisions.A proofthataratio-
nalexpectationsmarketequilibrium exists forboththerentsharingandwage
postingmodels ofwagedetermination is theprincipaltheoreticalresultofthe
paper.A demonstrationthattheequilibriumbehaviorrelationshipsandaggre-
gatescanbeestimatedusingmatchedavailablematchedjob-worker° owdatais
themoreoriginalandinterestingcontribution.Insum,thegoalofthepaperis
thedevelopmentofatheoreticalmarketequilibriumapproachfortheempirical
analysisofmatchedemployer-employeedata.

Insection2,adynamictheoryofanestablishment'slaborforcesizeiscreated
bymergingthetheoryofoptimalworkersearche®ortwiththetheoryofvacancy
creation.T heresultis acharacterizationofestablishmentlaborforcesize,n;
as asimple b̀irth-death'M arkovprocess characterizedbyahiringfrequency,

1T he existence ofthe relationship isd ocumented byB row nand M ed o® (1989) for the U S.
B ontempset al. (1998) and Ab ow d et al. (1999) d emonstrate that the relationship exists
inFrance,B lanch°ow er et al.(1996) provid esevid ence for the relationship inE ngland ,and
Albraek (1998) and B ingley and W estergaard -Nielsen(1996) show that plant size e®ec tson
w agesare ofsimilar magnitud e inDenmark.
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h;andseparationrate,d.Inthespecialcaseofconstantmarginalproductper
workerbothareindependentofnandtheinvariantdistributionforthisprocess
isPoissonwithmeanequaltoh=d:T heexpectedfrequencieswithwhichaworker
receiveso®ersandanemployerreceivesjobapplicantsaswellasthedistribution
ofwageo®ersareregardedasgivenbyeachindividualagentbutaredetermined
bytheircollectiveactivities.A nequilibrium is asetofoptimalagentactions
thatgeneratethemarket° owparameters andwageo®erdistributionthatall
theagentsexpect.Equilibrium is dē nedandexistenceproofsareprovidedin
section 3 forboththerentsharingandwagepostingcases.A s notedabove,
themodelimplies thatan employer's laborforce size is a known stochastic
process.A recursivemaximumlikelihoodestimationstrategybasedonthisfact
is devised insection4 ofthepaper.U nderthestrategy,searchandrecruiting
levelsforeachemployertypeandtheequilibriumdistributionofwageo®ersare
identī ed.

2 Lab or Forc e Dynamics

2 .1 Search Strategyand R eservationWage
W orker's chooseacceptance and search strategies tomaximize the expected
presentvalueoftheirown future income stream. L etr¸ 0 representthe
common discountrateand let F (w)representthe fraction ofvacancies that
o®erwageworless..T heworker's maximalvalueofamatchwiththatpays
wagewsolves

rW (w)=max
ş 0

½
w+ ±(U ¡W )

+ ¸s
R
maxhW (ew);W (w)i¡W (w)]dF (ew)¡cw(s)

¾
(1)

where¸s isthePoissonrateatwhichoutsideo®ersarrivegivensearchintensity
s,cw(s)denotesthecostsearche®ort,± is theexogenous jobdestructionrate,
andU representsthevalueofunemployment.T herelationshipre° ectsthefact
thattheworkeronlyquitswhenanoutsideo®erhas ahighervaluethanthe
currentjobandthefactthatworker'sexpectedpresentvalueoffutureincome
fallstoU whendestructionoccurs.Similarly,thevalueofunemploymentsolves

rU =max
ş 0

½
b+ ¸s

Z
[maxhW (ew);U i¡U ]dF (w)¡cw(s)

¾
(2)

wherebrepresents incomewhenunemployed.G iventhattheo®erdistribution
hasaboundedsupport,theexistenceanduniquenessofaincreasingvaluefunc-
tion W (w)andanassociatedvalueofunemploymentU is consequenceofthe
factthatbothcanberepresented as x̄ed points ofcontractionmaps.(See
M ortensenandP issarides(1 999b).)

O necanrewritetheBellmanequation(1)as

rW (w)=max
ş 0

(
w¡c(s)+ ¸s

Zw

w
[W (ew)¡W (w)]dF (ew)¡±[W (w)¡U ]

)
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wherewdenotestheuppersupportofthewageo®erdistribution.Consequently,

W 0(w)=
1

r+ ±+ ¸s(w)[1 ¡F (w)]

bytheenvelopetheorem,where

s(w)=argmax
ş 0

(
¸s

Zw

w
[W (ew)¡W (w)]dF (ew)¡cw(s)

)

istheoptimalchoiceofsearche®ort.
Integrationbyparts implies

s(w) = max
ş 0

(
¸s

Zw

w
[W 0(ew)[1 ¡F (ew)]dew¡cw(s)

)
(3)

= max
ş 0

(
¸s

Zw

w

[1 ¡F (ew)]dew
r+ ±+ ¸s(ew)[1 ¡F (ew)]¡cw(s)

)
:

H ence,optimalsearche®ortis theuniqueparticularsolutiontotheordinary
di®erentialequation

c00w(s(w))s
0(w)=

¡̧ [1 ¡F (w)]
r+ ±+ ¸s(w)[1 ¡F (w)]

consistentwiththeboundaryconditionc0w(s(w))=0 : A s animplication,s(w)
isdecreasinganddi®erentiableifF (w)iscontinuous.

W henunemployed,thetypicalworkeracceptsano®eronlyifitisnosmaller
thanthereservationwage.A sthereservationwageequatesthevalueofemploy-
menttothevalueofunemployedsearch,denotedbyU ;acceptancerequiresthat
w¸R wherethereservationwage,R ;solves U = W (R ): G iventhatawage
o®erarrives atrate¸sandthatwageis arandom drawfrom thedistribution
ofo®ers F ,U solvestheBellmanequation

rU = max
ş 0

½
b¡cw(s)+ ¸s

Z
[maxhW (ew);U i¡U ]dF (w)

¾

max
ş 0

(
b¡cw(s)+ ¸s

Zw

R
[W (ew)¡W (R )]dF (w)

)

wherebis theunemploymentbenē tforgonewhenemployedand W (R )= U
is thedē nitionofthereservationwage.H ence,equations (1)and(3)imply
thatthe search intensityofan unemployedworkeris the sameas thatofa
workeremployedatthereservationwageprovidedthatthereservationwageis
theunemploymentbenē t,

s0 =s(R ) (4)

whichinturnimpliesthatthereservationwageis equaltotheunemployment
benē tifthelowestwageo®eredistheunemploymentbenē t,i.e.,

R =bifw=b: (5)
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2 .2 R ec ruitingStrategyand Wage O ®er
Inthis subsection,atheoryofrecruitingbehavioralongthelinesdevelopedby
P issarides(1 990 )andBertolaandCaballero(1 994)isusedtoderiveanoptimal
establishmenthire ° ow.Each employerrecruits newworkers by postingjob
vacancies,anumberdenotedbyv.2

Employers di®erinproductivee±ciency.L etp representtheproductivity
ofajob-workermatchand ¹(p)representthemeasureofemployerswithpro-
ductivity equaltoorless than p: A llworkers are perfectsubstitutes and all
havethesameoutsideoptiontoemploymentcharacterizedbyacommonreser-
vationwageR = bas establishedabove.Forthemoment,letthepair(p;w)
characterizeandemployerwherewrepresentsherwagero®er.

L et´0 s0 and ´1 s(w)denotethefrequencieswithwhichunemployedwork-
ers andemployedworkerrespectivelyapplyforavacancy.A s allworkers are
identical,allwageso®eredinthemarketbyparticipatingemployermustbeac-
ceptabletounemployedworkers.H owever,becauseanemployedworkeraccepts
onlywheno®eredahigherpayingjob,therateatwhichavacancyo®eringwage
wismatchedwithsomeworkeris´0 s0 + ´1

Rw
w s(z)dG(z)whereG(w)represents

thefractionofworkersearnworless,i.e.,thewagedistribution.Eachemployer
poststhenumberofvacanciesthatmaximizestheexpectedpresentvalueofthe
r̄m'sfuturecash° owattributabletorecruitingactivity.Formally,thenumber
ofvacanciespostedsolves

¼(p;w)=max
v 0̧

½
v[´0 s0 + ´1

Zw

w
s(z)dG(z)]J(p;w)¡cf(v)

¾
(6)

whereJ(p;w)denotestheexpectedpresentvalueofanemployedworkergiven
the employer's productivity p andwagew and cf(v)is an increasing, twice
di®erentiable,andstrictlyconvexcostofrecruitingfunction.

Becauseanemployedworkerquitswhenahigheroutsideo®erislocated,the
employer'svalueofacontinuingmatchsolvestheB ellmanequation

rJ(p;w)=p¡w¡±J(p)¡¸s(w)[1 ¡F (w)]J(p):

Equivalently,

J(p;w)=
p¡w

r+ ±+ ¸s(w)[1 ¡F (w)]
: (7)

A ftersubstitutionforthevalueofa l̄ledjobfrom(7),equation(6)impliesthat
theoptimalnumberofvacanciespostedbyanemployerofproductivityp is

v(p;w)=argmax
v 0̧

( Ã
[´0 s0 + ´1

Rw
w s(z)dG(z)]

r+ ±+ ¸s(w)[1 ¡F (w)]

!
(p¡w)v¡cf(v)

)
: (8)

2Vacancieshere are b etter measured byanind ic ator ofrec ruitinge®ort rather thana count
ofjob openings;e.g.,the volume ofw ant ad sw illd o.
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T hesolutiontothesu±cient r̄stordercondition

c0f(v(p;w))=
[´0 s0 + ´1

Rw
w s(z)dG(z)](p¡w)

r+ ±+ ¸s(w)[1 ¡F (w)]
: (9)

Inalabormarketcharacterizedbyfriction,thewagerateo®eredbyanyem-
ployerisessentiallyindeterminate.3 FollowingP issarides(1 990 )amongothers,
onemightsupposethatthewageistheoutcomeofasimplebilateralbargaining
problem.Forexample,supposethatwhenanunemployedworkerandemployer
meet,theworkermakes awagedemandwithprobability¯ andtheemployer
acceptsorrejects.Conversely,theemployersetsthewagewithcomplementary
probability 1 ¡¯ andtheworkeraccepts orrejects.Ifnegotiationends after
the r̄stround,theexpectedoutcomeyieldsthesimplelinearrentsharingrule

w(p)=¯p+ (1 ¡¯)R (1 0 )

because each agentwilldemand alltherentwhen heorshehas the power
tosetthewage.N otethattherecruitinge®ortundertherentsharingwage
rulev(p;w(p));increaseswithemployerproductivitypfrom (9)giventhatthe
employer'sexpectedshareofmatchrent¯ isafraction.

Instead ofsharing the rent, Burdettand M ortensen (1 998)assume that
employerspostthewagetheypayallemployeesonceandforallandthateach
workeronlyhavethepowertoacceptorreject.Becausetheemployersetsthe
wageaswellasvacanciestomaximizeprō tfromrecruitingactivitiesasdē ned
inequation(6),thewagepostingrule isdē nedby

w(p)=argmax
w̧ R

( Ã
[´0 s0 + ´1

Rw
w s(z)dG(z)]

r+ ±+ ¸s(w)[1 ¡F (w)]

!
(p¡w)

)
: (1 1)

B ecausethe r̄stterm,theproductoftheacceptanceprobabilitydividedbythe
rateatwhichmatchrentisdiscounted,is increasinginthewageo®er,thewage
rule is welldē ned.Be implication,recruitinge®ortv(p;w(p))alsoincreases
withemployerproductivityfromequation(9)andtheenvelopetheorem under
wageposting.

Finally,itisusefultonotethattheproductivityofthemarginalemployer,
thesmallestwageo®eredandthereservationwageallequaltheunemployment
benē tbundereitherwage settingrule ifemployers existwith productivity
slightlyhigherthanthebenē t.Formally,

w=p=R =bif¹(b+ ")> 0 forallsmall"> 0 : (1 2)

T his resultis implied by(8), (5), and thewagerule in each case. N amely,
becausev(p;w)> (=)0 as p > (=)w in bothcases,v(p;w(p))= 0 =) p=
w(p)=w= R = bunderboththerentsharingrules,equation(1 0 )andthe
wagepostingrule(1 1 ). T hequalī cation is needed in therentsharingcase
becausep=p0 if¹(p0)=0 forsomep0 > band,therefore,w=w(p0)> R > b.
A lthoughw= R =balways inthecaseofwageposting,thequalī cationitis
stillnecessaryforp=b:

3See M ortensenand P issarid es(1999b ) for a more extensive d evelopment ofthispoint.
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2 .3 Lab or Forc e Size
T hatemployerproductivity,wageandlaborsizeareallpositivelycorrelatedis
awelldocumentedstylizedfact.Inthis sectionwedemonstratethatpositive
associationsbetweenanytwoofthesethreevariableisimpliedundereitherwage
determinationhypothesis.

Becauseinanysu±cientlysmalltimeintervaleitheraworkerishired,one
separatesorneithereventoccurs,laborforcesizeisaspecialM arkovchainon
theintegersknownasabirth-deathprocess.Formally,anemployer'slaborforce
sizefn(t)gevolvesasastochasticprocesscharacterizedbythe b̀irth'frequency

h(p;w)=[´0 s0 + ´1

Zw

w
s(z)dG(z)]v(p;w) (1 3)

anda d̀eath'rateperemployedworker

d(w)=±+ ¸s(w)[1 ¡F (w)]: (1 4)

Itiswellknownthedistributionofthefuturevalueofn(t)convergestoaPoisson
withmean

E fng=n(p)=
h(p;w(p))
d(w(p))

=
[´0 + ´1

Rw
w s(z)dG(z)]v(p;w(p))

±+ ¸s(w)[1 ¡F (w(p))]
: (1 5)

att ! 1 forany initialvalues (See,Feller(1 968)).B ecausetheacceptance
probability increases withw, thequitratedecreases withw;and recruiting
e®ortv(p;w(p))increasewith p undereitherwagedetermination hypothesis
implythatthelaborforcesizen(w)increaseswithbothproductivitypandthe
wagew(p).O fcourse,thepositiveassociationis inducedbythefactthatmore
productiveemployersbothpayahigherwageandemploymoreworkers inthe
longrun.

Forfuturereference,itusefultoderivethelawsofmotionfortheprobability
thatthelaborforcesizewilltakeonanyparticularintegervalueinthefuture.
T heargumentis basedonthefactthateitheraworkerishired,aworkersep-
arates,orneitherhappens inanysu±cientlyshortperiodoftime.A nyother
changeinsizewouldinvolvesomecombinationofindependenthireandsepara-
tionevents,theprobabilityofwhichvanishesrelativetothelengthoftheperiod
astheperiodlengthitselfconvergestozero.

Indeed,theprobabilityofatransitionfromalaborforcesizen¡1 tooneof
ninanysu±cientlyshorttimeintervaloflength¢ isapproximateequaltoh¢ ;
theprobabilityoftransitionfrom sizen+ 1 ton is approximatelyd(n+ 1 )¢
andtheprobabilityofmakingatransitionfromanyotherlaborforcesizeton
is oforder¢ 2 orhigher.H ence,theprobabilitythatthelaborforceis ofsize
natdatet+ ¢ ;denotedaspn(t+ ¢ )conditionalonthedistributionovernat
timetsatis̄ es

pn(t+ ¢ ) = pn¡1 (t)h¢ + pn+ 1 (t)d(n+ 1)¢
+ [1 ¡h¢ ¡dn¢ ]pn(t)+ o(¢ )
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foralln¸1 and

p0 (t+ ¢ )=p1 (t)d¢ + [1 ¡h¢ ]p0 (t)+ o(¢ )

whereo(¢ )=¢ ! 0 as ¢ ! 0 : In continuous time thedistribution evolves
accordingtothelawsofmotion

_pn= lim
¢! 0

½
pn(t+ ¢ )¡pn(t)

¢

¾
=hpn¡1 + (n+ 1 )dpn+ 1 ¡(h+ nd)pn (1 6)

forn¸1 and

_p0 =dp1 ¡hp0 : (1 7)

T heinvariantdistribution is thesteadystatesolutiontothesedi®erential
equations.T hesteadystateconditions imply

p1 =
µ
h
d

¶
p0 ;

and

p2 =
(h+ d)p1 ¡hp0

2d
=
1
2

µ
h
d

¶2

p0 :

H ence,byinduction

pn =
(h+ (n¡1 )d)pn¡1 ¡hpn¡2

nd

=
1
n

µ
h
d

¶
pn¡1 =

1
n!

µ
h
d

¶n

p0 forn=1;2:::

Finally,because

1 =
1X

0

pn=p0
1X

0

1
n!

µ
h
d

¶n

=p0 e
h
d

theinvariantdistributionoflaborforcesizegivenhiringandseparationratesis
thePoissondistributionwithmeanh=d,i.e.,

pn(h;d)=
e¡(h=d)

n!

µ
h
d

¶n

: (1 8)

3 Lab or M arket E quilib rium

3.1 T he M atchingP rocess
T hevariousmeetingrateparameters,¸;´0 and´1 ;areinterrelatedthroughthe
processbywhichworkersandjobvacanciesmeet.Supposethatthisprocesscan
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berepresentedbyamatchingfunctionthattransformsmatchinginputs,search
andrecruitinge®ort,intoanaggregatemeeting° ow.W emadetwoassumptions
thatsimplifytheanalysisthatfollows:(1)T hesearche®ortofunemployedand
employedworkers areperfectsubstitutes foroneanother.(2)T hematching
functionexhibits constantreturns.B othoftheseassumptions arestandardin
thesearchandmatchingequilibrium literature.(SeeM ortensenandP issarides
(1 999a,1 999b).)

T hemarketmeetingrateis thevalueofthelinearlyhomogenousmatching
function M (V;S)where

V =
Zp

p
v(p;w(p))d¹(p) (1 9)

representstheaggregatenumberofvacanciesposted,

S =us0 + (1 ¡u)
Zw

w
s(w)dG(w): (20 )

U ndertheusualassumptionofrandommatchingatratesproportionaltoown
search(recruiting)e®ort,themeetingfrequenciesperunitsearche®ortandper
vacancyrespectivelyare

¸ =
M (V;S)

S
= M

µ
V
S
;1

¶
=m(µ)

s0 ´0 =
M (V;S)

V

³u
S

´
=

µ
m(µ)
µ

¶³s0 u
S

´
(21)

s(w)́ 1 =
M (V;S)

V

µ
(1 ¡u)s(w)

S

¶
=

µ
m(µ)
µ

¶µ
(1 ¡u)s(w)

S

¶

wheremarkettightness isrepresentedbytheratioofrecruitingtosearche®ort,

µ´ V
S
=

Rw
w v(p;w(p))d¹(p)

us0 + (1 ¡u)
Rw
w s(w)dG(w)

: (22)

3.2 Stead yState U nemployment and Wage Distribution
B ecauseallo®ersareacceptabletoanunemployedworker,theunemployment
ratethatequates ° owinandoutofunemployment,thesteadystate,solves

u
1 ¡u

=
±
¸s0

=
±

s0m(µ)
:

from(4)and(21 ).Bysubstitutionforu into(22),µ solves

µ
h
±s0 + m(µ)

Rw
w s(w)dG(w)

i

±+ s0m(µ)
=

Zw

w
v(p;w(p))d¹(p) (23)
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giventhesearche®ortandvacancyfunction.Becausem(µ)is increasingand
concave, the leftside is monotone increasing in µ and is zero ifand only if
µ = 0 : H ence, there is a unique solution forµ given any search e®ortand
vacancyfunctionpair(s(w);v(p;w)).

A sthesteadystatemeasureofworkersearningworless,G(w);balancesthe
° owofworkers intoandoutofthecategory,thesteadystatewagedistribution
functionsolves

±G(w)+ ¸[1 ¡F (w)]
Zw

R
s(z)dG(w)=

¸s(R )F (w)u
(1 ¡u)

=±F (w) (24)

wheretheleftsideaccountsforthefractionofemploymentisthecategorywho
arelaido®plusthefractionwhoquittotakehigherpayingjobsandtheright
sideisthe° owintothecategoryfromunemploymentexpressedasafractionof
employment.Finally,thewageo®erdistribution,thefractionofvacanciesthat
o®erwageworless,isinducedbythevacancyfunctionv(p;w)andthemeasure
of r̄msthatpaywagew(p)orless:Indeed,

F (w(p))=

Rw(p)
w v(ep;w(ep))d¹(ep)
Rw
w v(ep;w(ep))d¹(ep)

: (25)

D ē nition1 G iven avacancyfunction v(p);andasearch intensityfunction
s(w);theassociatedlabormarketsteadystateisthetightnessparameterµ;o®er
distribution F (w);andwagedistributionG(w)dē nedbyequations(23),(24),
and(25).

3.3 E xistence
Inasteadystateequilibrium,eachworkersearchesandeachemployerrecruits
atoptimalratestakingasgiventhelabormarketsteadystateinducedbytheir
collectiveactions.

D ē nition2 A steady state rentsharingequilibrium is a pairoffunctions
(s(w);v(p))and the associated labormarketsteady state thatsatisfy the op-
timalityconditions,equations(2)and(8),giventhatthewageisdeterminedby
thelinearrentsharingrule(9).

Ifsearch and recruiting e®ortare both essential inputs in thematching
process, i.e., M (0 ;S)= M (V;0 )= 0 forallS and V;thenatrivialno-trade
equilibrium alwaysexists.Sincetheapplicationratepervacancyis ´0 + ´1 =
M (V;0 )=V = 0 whennoworkers searchandbecausetheo®erarrivalrateper
unitofsearche®ortis ¸ = M (0 ;S)=S =0 whennoemployerrecruits,notrade
inthesensethatV = S = 0 is anequilibrium becauseeveryindividualagent
oneithersideofthemarkethasnoincentivetomakethee®ortto n̄damatch.
B elowwedemonstratethatanon-trivialequilibriumalsoexists ifalittlesearch
e®ortiscostless.Fortechnicalreason,wealsoneedtoassumeanuniformupper
boundonvacancies.
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A ssumption1 T hecostofsearchcw(s)is strictlyincreasing,strictlyconvex,
andtwicedi®erentiableon[s;1)forsomearbitrarilysmallnumbers> 0
andcw(s)= c0w(s)=0 foralls2 [0 ;s]:

A ssumption2 T hecostofrecruitingcf(v)is strictlyincreasing,strictlycon-
vex,andtwicedi®erentiableon [0 ;v]forsomearbitrarilylargenumber
v < 1 ,cf(0)=c0f(0 )=0 andcf(v)=1 forv > v:

T heargumentfortheexistenceofanequilibriumisbasedonthefactthatthe
equilibriumconditionsdē neamapping,T ;fromthespaceofrealvaluedvector
functionpairsf(w)=(s(w);v(w))dē nedonthecompactinterval[R ;w],call
itz;toitselfwhereR =bundertheassumptionthattherearepotentialentrant
whowouldpaylessthanthereservationwage,i.e.,¹(b)> 0 .Byconstruction,
any x̄edpointofthemap is anequilibrium.ToderiveT ,notethatforany
f 2z thesteadystatelabormarketequations(23)-(25)uniquelydeterminea
vector(µ;F )2<+ £¢ ;where¢ isthespaceofdistributionfunctions.L etT 1
denotethis transformation.T heoptimalityconditions,equations (2)and(8),
generateauniquef2z foranychoiceof(µ;F )2<+£¢ .L etT2 representthis
map.Tosum upthen,atransformationT :z ! z exists,whereT f= T 1 T2f
andany x̄edpointf=T f isarentsharingequilibrium.

Inthecaseofameasureofemployerso®eringwageworless,¹(w),which
is continuous, z is a subsetofthe spaceofcontinuous bounded realvalued
functionpairsdē nedon[R ;w];withthesupnorm,underA ssumptions 1 and
2.Formally,equations(2)and(21 )implythat

c0w(s(w))=m(µ)
Zw

w

[1 ¡F (ew)]dew
r+ ±+ m(µ)s(ew)[1 ¡F (ew)] (26)

forany µ.If¹(w)is continuous then F (w)is alsocontinuous givenanycon-
tinuousfunctionv :[R ;w]! <+ from equation(24).H ence,thesolutions(w)
totheequationaboveisacontinuousmapfrom theinterval[R ;w]to[s;s(R )]:
Furthermore,s(w)! sasm(µ)! 0 and

s(R ) · c0¡1f

Ã
m(µ)

Zw

R

[1 ¡F (ew)]dew
r+ ±+ m(µ)s(ew)[1 ¡F (ew)]

!
(27)

· s´c0¡1f

µ
m(µ)(w¡R )

r+ ±

¶

where µ is auniform upperbound on possible equilibrium values ofmarket
tightness impliedby A ssumptions 1 and 2 andderivedbelow.O fcourse,the
r̄stinequalityisimpliedbythefactthatµ·µandthatm(µ)isincreasingand
thesecondbythefactthatF (w)2 [0 ;1 ],s(w)̧ 0 .Insum,s(w)isacontinuous
boundeddecreasingfunction ifauniform upperboundonmarkettightness µ
exists.

W eproceedtoshowthataboundonmarkettightnessexistsunderA ssump-
tions 1 and2.First,notethatthemarketequationsof(21 )implythatthe r̄st
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orderconditionforandinteriorsolution,equation(9),canbewrittenas

c0f(v(p:w(p))) =
µ
m(µ)
µ

¶2
4 ±+ m(µ)

Rw(p)
w s(z)dG(z)

±+ m(µ)
Rw
w s(w)dG(w)

3
5 (28)

£
·

p¡w(p)
r+ ±+ s(w(p))m(µ)[1 ¡F (w(p))]

¸

byequation (8).T he solution is unique,continuous and increasingin p and
v(R )= 0 foranycontinuous distributionfunction F (w),aconditionalready
established.O fcourse,forsu±cientlysmallvaluesofµ,v(p)isatthecornerv
specī edinA ssumption2.

G iventhat(26)and A ssumption 1 implythats(w)is uniformlybounded
belowbysandthat(28)and A ssumption2 implyv(x)is uniformlybounded
abovebyv;

µ´v[¹(p)¡¹(p)]
s

(29)

represents auniform upperbound on µ by equation (22)given any f 2 z.
Consequently,wehavecompletedthedemonstrationthatT :z ! z wherez
isasubsetofthespaceofcontinuousboundedrealvaluedfunctionpairsdē ned
on[R ;w]:

T heorem 3 Ifthemeasureofemployersofproductivityporless,¹(p);iscon-
tinuous and ¹(b)> 0 , ifthedi®erence between the uppersupportofthe pro-
ductivitydistribution,x,andtheunemploymentbenē t,b;ispositiveand n̄ite,
and ifthe o®erarrivalrate perunitofsearch e®ort,m(µ); is non-negative,
increasing,continuousandconcave,thenanon-trivialrentsharingequilibrium
existsunderA ssumptions 1 an2.

Proof.SeetheA ppendix.

3.4 AnE xample
P issarides'(1 990 )theoryofequilibriumunemploymentisalimitingexampleof
thegeneralframework.Specī cally,hismodelcorrespondstothecaseofonly
oneemployertypeandaconstantpostingcostpervacancy.Itis wellknown
thatauniquenon-trivialequilibriumexists inthis specialcase.

Tocharacterizetheequilibrium, r̄stnotethatthelackofwagedispersion
impliesnosearchwhileemployed,i.e.,s(w)= 0 forw> R from equation(26)
becausew=w is theonlywageo®ered.A saconsequence,

W (w)¡U =
w¡rU
r+ ±

R = rU =max
ş 0

fb¡c(s)+ sm(µ)[W (w)¡U ]g

J(p) =
p¡w
r+ ±
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from equation (1), equation (3), thedē nition ofthereservationwage U =
W (R );andequation(7)wherep=pistheproductivitycommontoallemployer.
H ence,P issarides'assumptionofN ashbargainingovermatchsurplus,i.e.,

w=argmax
w

n
(W (w)¡U )¯

¡
J(x;w)1 ¡̄

¢o
;

istheequivalenttothelinearrentsharingruledē nedinequation(9).4
Equilibriummarkettightnessisdeterminedbyequations(28)and(9),rewrit-

tenhereastheP issarides(1 990 ) f̀reeentry'condition

aµ
m(µ)

=
p¡w(p)
r+ ±

=(1 ¡¯)
·
p¡R
r+ ±

¸

wherea= c0f(v)is theconstantcostofpostingavacancyandtheaggregate
numberofvacancies posted byallemployers is implied by µ = V =s0 u from
equation(22).B ecausesearchintensitywhenunemployedsolvesthe r̄storder
condition

c0w(s0)=m(µ)[W (w(p))¡U ]=m(µ)
·̄

(p¡R )
r+ ±

¸

fromequation(9),thereservationwagecanbeexpressedas

R =b¡cw(s0 )+ s0 c0w(s0 ):

A non-trivialequilibrium is anytriple (µ;s0 ;R )thatsatis̄ es these three
equationsandtheassociatedsteadystateunemploymentrateis

u=
±

±+ s0m(µ)
: (30 )

G iventhatm(µ)is increasingandconcave,the r̄stequation implies anega-
tivelyslopedrelationbetweenR andµwhichlies inthepositivequadrant.A s
s0 c0w(s0 )¡c(s0 )isnon-negativeandincreasingins0 underA ssumption1 ,the
secondandthirdequationimplyanincreasingrelationship betweentheR and
µ suchthatR = bwhen µ = 0 :Consequently,auniquepositivesolution for
(µ;s0 ;R )exists ifx¡b¸0 .

3.5 Wage P ostingE quilib rium
Instead ofsharingtherent, Burdettand M ortensen (1 998)assumethatem-
ployers postthewagetheypayallemployees andthateachworkeronlyhave

4How ever,thisequivalence result hold sonlyinthe c ase ofhomogenousemployers.Inthe
heterogenouscase, w orkersemployed at lessthanthe highest w age o®ered w illsearch w hile
employed . B ec ause employed w orker'sd on't ac c ount for the lossinrentssu®ered by their
employer w hena quit takesplace,the Nash b argainingsolutionw illb e set to partially o®set
thisexternale®ec t ofsearch onthe job.
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thepowertoacceptorreject.B ecausetheemployersets thewageaswellas
vacancies tomaximizeprō tfrom recruitingactivities as dē ned in equation
(6),thelinearrentsharingrule,equation(1 0 ),is replacedbythewageposting
rule,equation(1 1 ),whichmaximizestheemployer'sexpectedfuturediscounted
prō tattributabletoemployingaworker.T hatconditioncanbewrittenas

w(p)=argmax
w̧ 0

f(p¡w)̀ (w)g: (31)

wheretheemployer'ssteadystate l̀aborsupply'is

`(w) =
´0 s0 + ´1

Rw
w s(z)dG(z)

r+ ±+ ¸s(w)[1 ¡F (w)]
(32)

=
µ

m(µ)=µ
r+ ±+ ¸s(w)[1 ¡F (w)]

¶2
4 ±+ m(µ)

Rw
w s(z)dG(z)

±+ m(µ)
Rw
w s(z)dG(z)

3
5 (33)

fromequations(21)and(??).5 T hefactthatahigherwageincreasestheprob-
abilitythatanemployedapplicantwillacceptanddecreasestherateatwhich
existingemployeesquittotakehigherpayingjobs,theemployerhasandexploits
dynamicmonopsonypower.

A labormarketequilibriumwithwagepostingisdē nedasfollows:

D ē nition4 A steadystatewagepostingequilibriumisafunctiontuple(s(w);v(p);w(p))
andtheassociatedlabormarketsteadystate thatsatisfytheoptimalitycondi-
tions,equations(2),(8),and(31).

A sdemonstratedbyBurdettandM ortensen(1 998)andbyBontempsetal.
(1 998),w(p)isunique,strictlyincreasing,w=R ;andR < w(p)< pwhenthe
distributionofpisatomlessjustasinthelinearrentsharingcase.6 Furthermore,
theoptimalvacancychoice,whichsolvesc0f(v(x))=maxw̧ 0 f(p¡w)̀ (w)g;is
alsoincreasingin p:Consequently,thenumberofvacancies postedbya r̄m
o®eringwagew is alsoincreasing. Because thewagepostingwageruleand
vacancypolicysatis̄ esallthesamequalitativepropertiesasunderrentsharing,
theexistenceofanon-trivialwagepostingequilibriumfollowsbyessentiallythe
sameargumentusedabovegivenaslightlystrongerconditiononthedistribution
ofproductivity.

5O fcourse, (̀w ) isthe prod uc t ofthe ac c eptance prob ablityand the present value ofa unit
future stream ofincome d iscounted at a rate equalto the sum ofthe interest and separation
rates.How ever,inthe case ofr = 0 ; (̀w ) isequalto the expected longrunsize ofthe lab or
force ofanestablishment that paysw age w byequation(15).T hisfac t tiesthe mod elto that
stud ied inBurd ett and M ortensen(1998).

6O ne d i®erence isthat the low est w age isequalto the reservationw age, R ; evenifthe
low er support ofthe d istributionofemployer prod uc tivity islarger.T he reasonisthat the
employer payingthe low est w age hiresno employed w orkersand losesallemployeesto higher
paying¯rms. Hence, that employershasno incentive to pay more thanthe w age thanall
unemployed w orkers¯nd ac c eptable.
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T heorem 5 Ifthemeasureofemployerswhowithproductivityporless,¹(p);
is di®erentiable,ifthedi®erencebetweentheuppersupportofthedistribution,
p;andtheunemploymentbenē t,R =b;is positiveand n̄ite,andiftheo®er
arrivalrate perunitofsearch e®ort,m(µ); is non-negative, increasing, con-
tinuous andconcave,then anon-trivialwage postingequilibrium exists under
A ssumptions 1 and2.

Proof.SeetheA ppendix.

4 E stimation
A n estimation strategythatuses matched employer-employeedatawhich in-
cludethesizeofanemployer's laborforceandemployerspecī cworker° ows
is sketched in this section. A s an example, considerthe D anish Integrated
D atabaseforL aborM arketR esearch(ID A ) l̄e. Itincludes annualobserva-
tionsontheemploymentofallD anishestablishments,employeeidentī ers,the
earningofeachemployee,andemployeecharacteristics forallyear1 980 -1 995.
(SeeB ingleyetal.(1 999).)T heseobservationsoverasingleyeararesu±cient
toidentifythestructureofthemodelconstructedabove.

Specī cally,non-parametricsearchandrecruitingpolicyfunctionss(w)and
v(p)= v(p)togetherwiththetransitionparametervector(±;̧ ;́ 0 ;́ 1)canbe
estimatedusingamaximumlikelihoodprocedureforgiveno®erandwagedistri-
butionfunctions F andG.Forthispurpose,itisnaturaltousenon-parametric
estimates ofthetwodistributionfunctions basedonthewages receivedbyall
workershiredduringtheyearandwagesearnedbyallworkersemployedatthe
beginning,bothofwhichareobservableintheID A data.O ncetheseinitiales-
timatesareobtained,theassociatedwageando®erdistributionsimpliedbythe
aggregatelabormarketand steadystateconditions,equations (22)-(25),can
becomputed. O bviously,onecanusethesecomputeddistribution functions
andthesamemaximum likelihoodproceduretoobtainsecondstageestimates
ofthepolicyfunctionsandtransitionparameters.Ifthesequenceofestimates
obtainedbycontinuediterationinthisfashionconverges,thenthelimitingesti-
mates incorporateallthestructureimpliedbythemodel.A comparisonofthe
o®erandwagedistributionsactuallyobservedwiththe n̄alestimatesprovide
agoodnessof t̄nesstest.Furthermore,acostofsearchfunctionandacostof
recruitingfunctioncanbeinferred.T heinteractiveprocedurerepresentsacom-
putationallysimplewaytocomputetheequilibriumwageando®erdistribution
whileatthesametimeestimatingthestructurethatunderliesthedistributions.

4 .1 M aximum Likelihood E stimates
Foreachi2f1 ;:::;N g inarepresentativesampleofemployers inagivenlabor
market,

ni=nsi + ndi andn
0
i=nhi + nsi (34)

1 5



whereni isthenumberofemployeesatthebeginningoftheyear,nsi isacount
ofthe\ stayers,"workerspresentinthe r̄m'slaborforcebothatthebeginning
andattheendoftheyear,ndi isthenumberofworkerspresentatthebeginning
oftheyearwholeaveduringtheyear,andnhi is thenumberhiredduringthe
yearwhoreported intheemployer's laborforceattheyear.L etwi represent
theaveragewagepaidbytheemployerandletpi denoteoutputperworker..
U ndertheassumptionthatworkers areidenticalbutarepaiddi®erentwages
acrossemployingestablishments,themodel èxplains'crossemployervariation
inthetriple(n0;ns;n;)bycrossemployervariationinwandp.7L et

L i(hi;di)=Prfn0=n0ijns=nsi;n=nigPrfns=nsijn=nigP rfn=nig (35)

representthecontributionoftheithobservationtotheoveralllikelihoodfunc-
tion.

A s demonstrated above, an employer's establishmentsize is a stochastic
birth-deathprocess dē nedbythebirthfrequencyhi anddeathratedi: T he
invariantdistributionofthiscontinuoustime r̄storderM arkovprocessonthe
non-negativeintegers is thePoisonwithmeanequaltohi=d.H ence,thesize
distributionforestablishmenti is

P rfn=nig=
e¡

hi
di

ni!

µ
hi
di

¶ni

(36)

G iventhefactthatajobspellwithaparticularemployeris exponentiallydis-
tributedwithparameterequaltotheseparationrated,theconditionalproba-
bilitythatexactlyns oftheoriginalnworkers stayedtheentireyearandthe
remainderdidnotisdistributedaccordingtothebinomialwithparametere¡d

P rfns=nsijn=nig=
µ

ni
nsi

¶
e¡din

s
i(1 ¡e¡di)ni¡n

s
i: (37)

O fcourse,nh=n0¡ns representonlymeasuredhires,alowerboundonthe
numberactuallyhiredduringayeartotheextentthatsomeofthosehiredleft
beforetheyearended Still,iftheseparationratedwere s̀mall'

Prfn0=n0ijns=nsi;n=nig¼
e¡hi

(n0i¡nsi)!
(hi)

n0i¡nsi

sincenewhiresarriveatthePoissonratehovertheunitinterval.H owever,one
canusethemodeltoimproveonthisapproximation.

A ssignthe integers 1 ton0¡ns tothosehiredandpresentattheendof
theintervalandassignlargernumberstothosewhowerehiredandleft.L etj

7To emperic allyimplement thisassumption,oneneed sto d ivid e thesampleinto subsamples
ofw orkersthat are ashomogenousaspossible and w ho partic ipate inseparate lab or markets.
Inthe case ofthe IDA, w orkersare id entī ed by oc cupationcategories, managers, o± c e
w orkers,skilled and unskilled w orkers,that approximate thisrequirement.
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denotethis index.Then,anyworkerwith index j·n0¡ns musthavebeen
hiredatsomeunobserved instantt2 [0 ;1 ]withintheperiodandstayedfora
periodoflength[t;1 ]whileanyonewithindexjgreaterdidnotstay.Sincethe
instanthiredintheintervalisuniformlydistributed,theprobabilityofactually
observingsomeonewhowashiredduringtheintervalstillinthe r̄mattheend
is

Z 1

0
e¡(1¡t)ddt=e¡d

Z 1

0
edtdt=e¡d

µ
edt¡e
d

¶
=
1 ¡e¡d

d
:

H ence,

Prfn0=n0ijns=nsi;n=nig=
1X

j=n0i¡nsi

e¡hii
j!

(hi)
j
µ
1 ¡e¡di

di

¶n0i¡nsi µ
1 ¡ 1 ¡e¡di

di

¶j¡(n0i¡nsi)

becauseweknowthatatleastj¸n0¡nswerehired,thosethatwereobserved
atthe r̄m stayed,andthosehiredbutnotobservedleft.Finally,aftersome
tediousalgebra,oneobtains

Prfn0 = n0ijns=nsi;n=nig=e¡hi
Ã

1¡e¡di
di

1 ¡ 1¡e¡di
di

! n0i¡nsi

£¡
µ
n0i¡nsi;hi

µ
1 ¡ 1 ¡e¡di

di

¶¶
(38)

£
µ

e¡hi

(n0i¡nsi)!
(hi)

n0i¡nsi
¶0

@e¡
hi
di

ni!

µ
hi
di

¶ni
1
A

where¡(x;y)is theincompleteG ammafunction,theCD Fofthegammaran-
domvariate.8

Conditionalonnon-parametricestimatesofthewageando®erdistributions,
F andG,thehiringandseparationratearerelatedtoeachemployer'sproduc-
tivityandwageby

hi = [´0 s0 + ´1

Zwi

R
s(z)dG(z)]v(pi;wi)

(39)
di = ±+ ¸s(wi)[1 ¡F (wi)]:

Forpurposeofidentī cation,thefollowingnormalizationsareimposed.

s0 =s(R )=1 =v(p;w) (40 )
8T his¯nalstep inthe d erivationisa contributionfrom G eorge Neumann.
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Essentially,theseassumptions determinetheunits inwhich search e®ortand
vacanciesaremeasured.Finally,the r̄ststageestimatessolve

³
b±;b́0 ;b́1 ;bv(p;w);b̧;bs(w)

´
=argmax

(
NX

i=1

ln(L i(hi;di))

)
s.t.(39)and(40 ).

(41)

Calltheparameterandpolicyfunctionestimates obtained inthis casebyap-
plying(41 )the r̄ststageestimates.

4 .2 Distributionand M atchingCost E stimates
T he equilibrium wageo®ered andwage earned distributions implied by the
r̄ststageestimates ofthetransitionparameters andpolicyfunctions canbe
constructedusingequations(23)-(25):Specī cally,theequilibriumsampleo®er
distributionimpliedbytheestimatesoftherecruitingpolicyfunctionis

bF (w)=
P

wi·wbv(pi;wi)P
i2N bv(pi;wi)

(42)

wherewi is theactualwagepaidbyemployeri andpi is thesameemployer's
laborproductivity.T heassociatedsteadystatewagedistributionistheunique
solutionto

±bG(w)+ ¸[1 ¡bF (w)]
Zw

R
bs(z)dbG(w)=±bF (w): (43)

Secondstageestimatesoftheparametersandpolicyfunctionscanbecomputed
byusingthesefunctions intheequationsof(39)andthenresolvingthemaxi-
mum likelihoodestimationproblem dē nedbyequation(41).T helimitofthe
sequenceofestimates obtainedby iteratingbetweenthesetwoequations and
equations(42)and(43)satisfyallthestructureimposedbythemodel.Finally,
theseestimatescanbecomparedwiththeactualdistributionsobservedinthe
datatodeterminetheextenttowhichthemodelexplains thewageando®er
distributions.

T hatequations (42)and(43)aretheo®erandwagedistributions implied
bythemodelforboththerentsharingandwagepostinghypotheses isworthy
ofnote.T hereasonfortheindependenceisthatbothwagedeterminationmod-
els havethesamequalitativeimplicationsaboutthevacancyfunction,namely
thatthenumberofvacancies posted increases withthewagepaid.G ivenan
estimateofthisfunctionwhichismonotone,boththeo®erdistributionandthe
steadystatewagedistributionimpliedbythemodelisthesameunderanywage
determinationmechanism thatimpliesthatvacancies increasewiththewage.

T hefundamentalassumptionofthesearchequilibrium °̀ ow'approachto
labormarketanalysis isthatfrictions intheformofsearchandrecruitingcosts
areimportant.A ccountingdatasimplycannotprovideatestofthis assump-
tionbecauseaccountingpracticedoesnotseparateoutthesecostsfromgeneral
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overhead.O neadvantageofthestructuralframeworkoutlinedhereis thatit
permitsinferenceaboutthemagnitudeofthesecosts.Specī cally,themarginal
searchcostfunctionimpliedbytheestimates,

c0w(bs(wi))= b̧
Zw

wi

[1 ¡bF (ew)]dew
r+ b±+ b̧bs(ew)[1 ¡bF (ew)]

(44)

byequation(26),whichisdetermineduptoaspecī cationofthediscountrate
r.Becauseempiricallythe separationrate is much largerthananyestimate
ofthediscountrate,eventheupperboundonthemarginalcostobtainedby
settingr=0 isagoodapproximation.Similarly,equation(28)impliesthatthe
marginalcostofrecruitingfunctionestimateintherentsharingcaseis

c0f(bv(pi;wi))=
[b́0 + b́1

Rwi
w bs(z)dbG(z)](pi¡wi)

r+ b±+ b̧bs(w)[1 ¡bF (w)]
: (45)

O fcourse,intherentsharingcase,thisestimateofrecruitingcostisonlyiden-
tī eduptoachoicesoftheshareparameter¯ andreservationwageR =b:

5 Future R esearch
T hemodelexploredinthis paperisaprototypeforamoregeneralframework
thatmightbeusefulforthestructuralinterpretationandanalysis ofmatched
employer-employeedata.A morecomplexversionisneededtoconfronttherich-
nessofthedataactuallyavailableandthesetofquestionsthatareofinterest.

Extendingtheempiricalapproachtothefullpanelofobservationsavailable
inmostmatchedemployer-employeedatasets is anobvious nextstep.T ime
variationinemployerproductivitywillbeafeatureofthesedatathatonecan-
notignore.H owdoes onemodelthis feature? Shouldtheobservedvariations
beregardedasnoiseorastherealizationsofastochasticprocesswithalawof
evolutionknowntothedecisionmakers inthemodel? O fcourse,births and
deaths ofemployingestablishments willalsobeobserved. H owdoes oneac-
knowledgetheseevents inthemodelandintheestimationstrategy?A lthough
theformalmodelis muchmorecomplicatedwhentheemployerproductivity
parameteristreatedasaprocess,ithasthepotentialforprovidinginsightinto
theinterpretationofjobandworker° owdata,particularlythosecomponents
thatareassociatedwiththebirthsanddeathsofestablishments.

A nothergeneralization would explicitly accountforwithin establishment
workerheterogeneity.InthecaseoftheID A ,theusualdemographicanded-
ucationofeachworkerisknownaswellas occupation.T heavailabilityofthe
datapermitajointtheoreticalandempiricalstudyoflaborforcecomposition
e®ects.Forexample,themodelcanbemodī ed toincludeanestablishment
levelproduction function thatcouldbeestimatedusingobserved time series
variationinagivenemployers laborforcecompositionaswellas cross section
di®erences.T heextenttowhichemployeecompositionexplainscrossemployer
productivitydi®erences is alsoaquestionthatoneshouldbeabletoaddress
fromastructuralperspective.
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6 Append ix: E xistence P roofs

6.1 R ent SharingCase
P roof.U nderthehypothesis,thelowestwageo®eredandtheleastproductive
employer's productivity both equalthe reservation wage, i.e.,w = p = R :
H ence,any x̄ed pointofthemap T :z ! z dē ned in thetextis arent
sharingequilibrium whenw(p)is thewagerule(9)wheref = (s(w);v(p))is
an elementofz, a subsetofcontinuous bounded realvalued function pairs
dē nedonthecompactinterval[R ;w(p)]£[R ;p]:H ence,Schauder's x̄edpoint
theorem,asstatedbyL ucasandStokey(1 989,p.520 ),impliesexistenceifz is
non-empty,closed,boundedandconvex,theoperatorT is continuousandthe
familyoffunctions T (z)is equicontinuous.

T hevacancyfunctionv(p)maps[R ;p]into[0 ;v]andthesearchfunctions(w)
maps [R ;w(p)]into[s;s]wheres is specī edinA ssumption1 ,v is specī edin
A ssumption 2,and s is uniquelydeterminedbyequations (27)and(29).A s
¹(R )is increasingin R ,s is monotonedecreasingin R : H ence,forany n̄ite
w> R ,1 > s > s foralls > 0 chosensu±cientlysmallfrom equation(26).
Consequently,z is nonempty,closed,boundedandconvex.

ToshowthatT is continuous onz itis necessaryandsu±cienttoprove
thatbothofitscomponentoperators,T 1 andT2;arecontinuous.First,consider
T 1 :z ! <+£¢ dē nedbyequations(23)-(25).W ithoutbelaboringthedetails,
continuityofthe transformation is implied bythatfactthatthe integration
operatoronanycontinuous boundedrealvaluedfunction is continuous inthe
spaceofcontinuousboundedfunctionswiththesupnorm.Thetransformation
T2 :<+ £¢ ! z dē ned bythe integralequation (26)is continuous and
equation (28)dē nes apointwise continuous functionalrelationship between
v(w)and(µ;s(w);F (w))forallw2 [R ;w(p)]:

T hefamilyT (F )isequicontinuousifeveryf 2T (z)isuniformlycontinuous
on[R ;w(p)]£[R ;p]andifthecontinuityisuniform forallfunctions T (z);i.e.,
ifforeveryx2 [R ;w(p)]£[R ;p]and"0 > 0 thereexistsa±0 > 0 suchthat

jx¡yj< ±0 impliesjjf(x)¡f(y)jj< "0 ;allf 2T (z) (46)

where

jjf(x)¡f(y)jj́ maxhjv(x)¡v(y)j;js(x)¡s(y)ji:
T hefollowingdemonstrationthatthisconditionholdsamountstoshowingthat
thegradientoff(x)isuniformlyboundedforallfunctions T (z).

Byequation(26),

c00w(s(w))s
0(w)=

¡m(µ)[1 ¡F (w)]
r+ ±+ m(µ)s(w)[1 ¡F (w)]

:

H ence,m(µ)increasingandµ·µ imply

js0(w)j· m(µ)
c00w(s(w))(r+ ±)

20



whereµ is dē nedinequation(29).A saconsequence,

jx¡yj < ±0 ) js(x)¡s(y)j· max
w2[b;w]

js0(w)jgjy¡xj (47)

< ±0 max
w2[R ;w]

½
m(µ)

c00w(s(w))(r+ ±)

¾
="0

whereµ is theuniform upperboundonmarkettightnessdē ned in(29)given
thatthesearchcostfunctionis strictlyconvex.

Eitherv(p)equalstheupperboundv orv(w)isaninteriorsolution.Inthe
lattercase,

c0f(v(p))=(1 ¡¯)(p¡R )̀(w(p))

byequations(28)wherew(p)=¯p+ (1 ¡¯)R and

(̀w)=
µ

m(µ)=µ
r+ ±+ ¸s(w)[1 ¡F (w)]

¶2
4 ±+ m(µ)

Rw
w s(z)dG(z)

±+ m(µ)
Rw
w s(z)dG(z)

3
5 : (48)

B ecauses(w)and F (w)arebothdi®erentiablegivenanyf=(s(w);v(p))2z
by equations (2)and (23), so is `(w): N owin general,m(µ)=µ is monotone
increasingin µ andm(µ)=µ ! 1 as µ ! 0 : Ifso,thena1 > µ(p)> 0 exists
suchthatv(p)= v forallµ·.µ(p):H ence,

jx¡yj< ±0 ) jv(x)¡v(y)j· max
p2[R ;p]

fv0(p)gjx¡yj (49)

< ±0 max
p2[b;p]

( Ã
m(µ(p))

c00f(v(p))µ(p)

!
(1 ¡¯)[ (̀w(p))+ (p¡w)̄ 0̀(w(p))]

)
="0

giventhatthecostofrecruitingis strictlyconvex.

6.2 Wage P ostingCase
P roof.Inthiscasethewagerulew(p)isendogenousandsatis̄ es(31 ).H ence,
itisappropriatetothinkofz asasubsetofthespaceofvectorfunctionsf(x)=
(w(p);v(p);s(w(p)))dē nedontheproductivityinterval[R ;p]togetherwiththe
supnormwhere

w(p)=argmax
w̧ R

f(p¡w)̀(w)g (50 )

v(p)=argmax
v 0̧

fmax
w̧ R

f(p¡w)̀(w)gv¡cf(v)g (51)
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and

s(w)=max
ş 0

(
m(µ)s

Zw

w

[1 ¡F (ew)]dew
r+ ±+ ¸s(ew)[1 ¡F (ew)]¡cw(s)

)
: (52)

T hesedē nitionstogetherwiththemarketequationsandsteadystateconditions
(23)-(25)dē ne amap T :z ! z where z is the subspaceofcontinuous
boundedrealvectorfunctionwiththesupnormandany x̄edpointofthemap
is anon-trivialequilibrium underA ssumptions 1 and 2.A s z is non-empty,
compactandconvexandT iscontinuousonz forthereasonsgivenintherent
sharingcase, Schauder's theorem applies inthis caseaswellif(46)holds for
thisextendeddē nitionofz:

Intherentsharingcase,weusedthefactthatT (z)is inthesetofdi®er-
entiablefunctionsgiventhatF isasubsetofthecontinuousboundedfunctions
toproveequicontinuityintherentsharingcase.Toapplythesameargument
inthewagepostingcasewherew(p)is acomponentofanyf 2 F weneedto
showthatw(p)isdi®erentiableaswellasv(p)ands(p):T headdedassumption
thatthemeasureofemployerswithproductivitylessthanorequaltop;callit
¹(p);isdi®erentiableisneededforthispurpose.U nderthisassumption,z can
beregardedasasubsetofthedi®erentiablefunctionsdē nedon[R ;p].N amely,
givenanydi®erentiablef(p)=(w(p);v(p);s(w(p));itfollowsthattheimplied
F (w)istwicedi®erentiablebyequation(23).A saconsequence,s(w)byequa-
tion(52)is alsotwicedi®erentiableandsois (̀w)byequation(48)givenany
di®erentiablef(p).H ence,w(p)isdi®erentiablebyequation(50 )sothat

jx¡yj< ±0 ) jw(x)¡w(y)j· max
z2[R ;:p]

fw0(z)gjx¡yj< ±0 max
z2[R :p]

fw0(z)g="0 ;

(53)

jx¡yj < ±0 ) js(w(x))¡s(w(y))j· max
z2[R ;p]

js0(w(z))w0(z)jgjy¡xj(54)

< ±0 max
z2[R ;p]

½
m(µ)w0(z)

c00w(s(z))(r+ ±)

¾
="0 ;

and

jx¡yj < ±0 ) jv(x)¡v(y)j· max
z2[b;p]

fv0(z)gjy¡xj (55)

< ±0 max
z2[R ;p]

(
m(µ)̀(w(z))
c00f(v(z))µ

)
="0 :

6.3 Non-trivialE quilib rium
P roof.Insum,wehaveshownthatT f satis̄ ed(46)andconsequentlyT :z !
z has a x̄edpointbySchauder's theorem inboththerentsharingandwage
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postingcases.T heclaimthatany x̄edpointisnon-trivialfollows:Becauseas
constructedeveryf 2z is suchthats(w)¸s> 0 forallw¸bequation(22)
impliesthatµ=V =S < 1 :B utgiventhatfact,equation(28)requiresv(w)> 0
forallw> bandconsequentlyµ= V =S > 0 givenw> b: Inshort,thetrivial
equilibrium thatalwaysexists isnota x̄edpointoftheconstructedmap.
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