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W e prpcee a structural model of iniesstmat whidh is besed an the
agorecatian of (S, ) investmantprgjects within.. ims. T his enaompasses the
-ndings thatwhikt..im kel inestmantis smaoth plant bwel inesstment
is Lmpy ad firecuently zaro. W e undertake stodestic aggrecatian and
derme astrucural .. m Bel inesstmattestimator:

T he anpirical perfomance and .. tofthis estimatoran a panel ofFman
ulEecturing .. ims is encauragng and provides an avaue Tar general policy
simultian. T his madel abo epEIrs the rid nan inear dynamics of ..im
kel inestmentdataad the frequentsimulianaty of. m kbwelinestmant
and disinvestment: T his gpproadh proidess an altermative structural esti-
mator 1o the standard aanvex adjustmatt astmodel, sudh as T doins Q
and the Eukbrequatian. T he is importantbecause these estimakars, Wwhidh
assume guedratic edjustmatt asts, gopear 1o be misspad..ed and subject
aBlboy ofampasitian betinean smooth .. m kelinvestmatand umpy
plkit el inestmat

For aampEetaness we albo aasider time aggrecatian as an allermatinve
saurae of smoothing but statistically rIgect this as bang insud dent
smaoth ilnvestmentalone. T his testakbo rIgects mostplbnt kel datg sudh
asteUSLRD andUKA RD, asbanggemerated from asinge (S, S) procsss.

A ddaonkedopments. T heauthas wauld ke tothenk0 ratziol tlanesiq
R idardB Lindell StephanB ad Costesll echir; JdnV anR esrenand par
tidpants attteB IR C atbreneinll ssstrictand e Bl T ER aatlerence
iNnUCL .

Corvespadenas nidkblbom@ ilB.aguk; 7 R idgnaunt Strest L axdan
W CLE7A E UK.



1.1 otivation & R elated | iteratune

Falloning the saminal work of Eisner and Strolz (19 €3) empirical madek of in
estmat hae tpically assumed that the ast ofF adjustmantis anvex. Canex
adjusstmentasts ware introducd prindpallly ss amatier ofanalytical connvenience
wrthautmud underyingted nical justi.cation. | evertheless modebk sudh T doins
Q, A belad B brdard’s (U986 directiaecsting gopraady ad the BEubregua
t1an whidh haae Tamed the mairstay ofthe investmeant erature hae spically
bean pramised ypan quedratic asts of adjustmantt . H onever; these mocek are
inarsisiattwith a number of stylized fcts of investmatt and gppear 1O matdh
the snoaoth behaiaurof..m kel inestmattanly because ofaggrecatiaon aatcss
plants and progjects.

StudiesoftneU S| agtudinalR escexdh D atebese (L R D ) caamied auttloyD ams
and D ure (1994) ad Caperetal (1999) demastake thatplbnt bel invest
meantis lrgely a Lmpy activity with investmentspikes acoounting fora lrge pro
partion oftotal iniesstmatt Cogerandt altivanger (1999) repartthac10.4% of
dosenvatias atta | near zaro inesstmant (ss then 1% ). N ilen and Sdhiantzxeli
(1998) mEpartin i awnwsgan miao data that 33 of dsenatias dsply zero
investthent, Whi BtR edutodasR s (1999) reparts thatinU K estebismantdata
2.4 ofdosenatias dspby zaro inestmat€. T his aampares starkly o) belad
Eberly’s (1999) Canpustat..:im kel results whidh displys no zaro inestmac
gpisadkes in thar12075 dosenatias, ad B bban etal (1999) who rippartany 1
zaro investmat dosenatian in thar506 U K D atestiean dosenatias.

T hat plant kel data dsplys a prevalbne of inestmatt zexcs is ot sur
prising T he predictias of aannvex adjustmatt aast madek are not rdoust to the
addtian ofeven tiny nananvex adjustmattasts. D idt(1991) and A bel ad
Eberly (199 6 1997) repatthat.. xed asts arpartial inrearsibiities kbecs ..ms
O udertae mpy Ss styk inesstment behaviaur, even Tor adjustmant asts of
Ess then 5% ofthe price ofnew Gpital goacks. 1N reearse the Limpy investinanit
predctias of Ss madek are rioust to bang supplmented by caanvex adjustinantt
asts Whidh does noteliminate the investmatzarcs®. T his suggsstthat..m el
inestment anly lbdss smaoth because of aggrecatian aatss productian plants
and prgjects. T his wauld albo epln another stylized fect of inesstmat, that
smulianeas iInestmaTt and disinvestmant aaaurs in goprodamately half of all
UK adUS ..im kel desenatias.

1SeeB Lindelletal (1992), Chirinko (199 3), and B ad and V an R eanen (2000) £ reviens
oftre invesstment ierature and A bel and Eberly (199 4) Toran impartantexaptian.

2T he wide dicerence in the number of zero investment dosenvatias aacss dala sets retects
natianal dicerenass in the gaping afproductian uni's within ripating units, with el awe
gan data set gpparatly dosest 1o single production platdata

3Seeh beland Eberly (199 4).




A Memative Ss madebk of inestmatt whidh assume ineversibiities and/ar
xe&d asts ae asstEait wth Lmpy plait kel investment but not smaoth
..m Bl inesstmant B utby ganeralising the stendard Ss madek ofinvestiantt
10 albw Tor aggegatian within eedh .. itis passible O enaompeass both sty
ized results. In this pgperwe bu ld a ganerallsed madel of aggrecated investmant
ucerpartial imeversibi ity H onever; Toreanpinal ampketaness befae we pro
aad 1o model aggrecatian aatcss uni's we must aasicer the allematinve saure
ofinestmattsnoothing aggrecatian aacss time. Calubltias of the impactof
tme aggregatian an the frequancy of zaro investmant gpisades deamastrate this
is inLe datttareplnng smaoth ..m kbwl inestmatt Furthbermore the fie
quay of predded inestment zercs is so high Tor standard parameter valess
aaud50% peryear; thateven Lmpy miao kbvel data gopears 1o be toosmaoth
10 be daraderised a6 a Singe inestmatproject

Sointhe absence ofany truly singke projectdatave mustallovioran abitrary
degee of aggrecatian. U nder a mairntained hypothesis an the separabiity of
margnal project bel maes, we udertake stodesticaggrecatian, and devekp
an estimation procdure for.m bl panel datas T he encouragng empiral ..t
ofthis estimatoran ... im parel dala the asistency with bmpy plent el data
ad the asistaxy with smulianeas inestment and disinestmatt by ..ims
sugssts this proddss amare reesaneble structural maodel ofinvestmeantt then the
aonvex adjustmantt aost gopraedn.

A beland Eberly (1999 ) aboestimate aggrecated .. m bBvel iniestmat;, butin
aTdoinsQ fiamenor, hidh assumes perfectaompetition and aastant retums
saEk Sine the ..im’s pital stodk may hae no ..Nie size under these aan
dtias wthaut aonnvex adjustimattasts aurestimatar rulkess this autby assump
. H enae aurtho gopraadness are Taundad an muttally edusive maintained
hypotheses, allthauch as the aondirians in aurmadel gppraedh perfectaompetitian
and astantretunrs tsak auressimatorwould gppraedh thars ifaugnatied by
anex ajustmentasts. Caballeroand Engel’s (1999 ) estimatoris abosimi barin
sointtoaus. T harinmowative gopraadh assumes a disaete time distribution Tor
.>8&d asts 1O dae an goprodmate madamum kellhoad forinestmatt T har
daubke aggecatian oer adjustmattdrans and inestmantprojects requres lrger
investent”’project’ numbers forthe canvargenaee ofepected ad realisad invesk
matthoneer; lkeding them o estimate an industry bel data T hargopraadh
is abo besad an ..>@&d asts and disaete time and so kss dosely Inked in terms
offthe notian of real ptias and the impactofunceranty an inestmant

INnSecian 2 weaasidertreinvestmattprdolem Trasingke iniesstmaitproject;
draning an prevass results inh bel and Eberly (199 §. In Sectian 3 we eamt
ine the impact of time aggrecatian an the investmant pro. ke of a singke project

4seed bel and Eberly (199 4)



..Im, soMng Tarthe evolLiion of the invesstmant prdoshi ity 1o alubke the sam

pk mean and \variance of the frecuancy of zero investment episadess thata singe
project.. im wauld generaie. T his is (statistially) sigi. catly dicerentfran the
doserved friequency of zaro investment episades in . m bwel datla and we Igect
e snge prgect.. m hypothesis. In Sectian 4 we disauss a madel of stodestic
agpgrecation simi artothose aasiderad inB ertolaand Caballero (199 0, 199 4), ad
dere its implicatias Tor estimating inestmatt and disinestmatt  In Sectian
5 we disass aurdata ad in Sectian 6w.e presait the estimatian results from a
panel o212 U K manuedtunng... ims. Sectian 7 aondudess and extiasive ted nical

gopedicss Tl

2. TheSingke P roject Hm:

W e aasidera..mm whidh onrs a single proodudion progject Farthis project the
Joeraling eaLes are a astait ebstiaty functian of K, the installied pirtal
stodk ad’ , an index ofbusiness anditias;

Y(K;1)= AK?Z; 0<a<1 1)

T his Ttnatiagal fom nests aCdob D augies praducian incticnwith anisoelsstic
damand aunes, inwhidh fedbEe inputs, sudh as Boar; have been gotimised aut
T his hes bean used, Toreampk by D pat(1991) andD ixdtandP indyd< (199 4) in
tharaxdalsss ofinrevasibe inestmait T he buainess adiias . ae a proy
1o the stodesticelbEnatts in the .. ims eMamatt sud ss Botorprcs, Bdor
productivity and demand aondiias.

L etfl (©g b the procss

iZ(®=1@®C: it %W (9) 22)

wherel; ad¥%’ represantthe bronnian meen andarianceeandW (9 isall iener
process. T he assumptian thatbusiness aoditias evole as abronnian motian is
nota attical sssumptian Torthe (S, 9) styk ofinestment (anly persistence in the
stodestic pracsss is reguired) butis made Tor analytical trediebiit. R andan
waks, vhidh are the disaete time equinvalentofB ronnian motian, abkohave sane
enpircal suppat fran the ecoonic erature. ¢ ibrat’s bwv of propaias,
whidh ean be states as the bbg of .. m size gpprodmately evohes as a randam
wak hes bean hard 1O dedsively 1Igeck. | sset pricss, aommadity pricss and
edance rakes are abo usually macelled as randon wakk proasssss. |n the maao
Iterature the hypothesis that productivity evolhes a6 a randam wak hes hed
mixed empirical suaasss, sugpesting this processs is att kesthighly autoconekatac.

5Seell ars.eld (1988), Sutton (199 6 and ¢ ercski etal (1997).

See treampkeKingetal, (1991).




W e assume that the ..M is nisk neutral and maxamisss the expected presat
vabe ofits Geh fovoeran in.nite haizan. I'ts ceh fovatany pantin time
equak the goerating pro. tAK (9?2 (9, minus the aost of purdnesing Gpital at
aastaitprne B, pls the prossds reaved fron seliing Gpital ata astant
price S. T he gotimal invesstmant fareedh prgjectis the solutian 1o the dynamic
praganme

%Z, Y
VK®ZI®-= QgéEt . expi"CIO(AL (K (s)is i BdI* (5)+ ST (s))

23
sbjecto (K ®= §Kit | (9

A bel and Eberly (199 6§ proe that thare edsts a unigee (§,s) solutian o
this prdbEm vhidh éan be TUlly daradierized in terms of the margrnal evae
product of cpital aAK 217 | an yoper investmant trigger (big S) and a bner
danestmatttiger (ke s). T hese investima Tt tigoess riepresant the standard
Jagasmian usar ast of pital ams suppkEmatied by a paitive real gotian
tBm Ay at the investment trigger and a necative real qotion 'Bm A at the
dsnethatt tiger: Inestmat anly Bkes plae when the margnal mawve
product ofspirtal hits the upper tigger and disinestimattanly when ithis the
bnertiger. T his investmantpdiicy is summarized in the tebke 1 below

Tabk 1: T he magral rievaLe productilnestment trigoers
Investift aAK2il7 = r+ a+ §j1; + Ay
Innectian when r+at ji; + AL< aAK?i17 < r+ a+ 31, + Ay
Dis-Inestmentif | aAK 2117 = r+ a+ j1; + AL

SineEthese otian tams areindgpadatofthesize oftheprojetK , thedicer
ence betineen the Ibgped upper and boner investmatt trigoess log(@ ) i log(Z L)
is abo indgpendat of the size of the prgect T his Is a artical property Tor
apgecatian.  Italbns a gap of inestment projects 1o be daracterized by
e distributian of thar individual margnal produdtivities an a aanmman U
pat- the internal betnean the loner and ypper inesstmat tigoars. Tosim
pfy notatian Tor aggrecatian we Hoel the margnal revanue praduct of epirtal
Y = aAK?i17 _ U sing lonerasss Tor logs we ..nd that the logged margnal rev
avre proouct y = bg@AK?2ilZ), hes is a bronnian motion process with drift
1, = 1, + (1 ja) i L adaiancey! . Fornoaticalsimplidtywe re namalize
the upperad bnerinestmatttigoars bey adl .



3. TimeA gorecatian

T he time saries of the investtaTt behaviaur that sobhes this aatrdl prdolam is
daracierised by bursts ofinvestmat at the upper tiger;, dsinestmentat the
bner triggerand periacs ofinectian in betnean. AM el investmeant gppears
o anaoth 1 be asistatwith this bddng both the daraderistic investment
bursts ad the intervening periacs ofzero inestmatt 0 ne potattial epbnatian
is ime agoracatian. B ecatseve anly doseneinestmattamulated aatss disaete
periacks of time - ganerally aatss the acoounting year - this may dosaure this
inestment impulbe bedhaiaur. W e dae a statistical test o time aggrecatian
belon

L et F(y; £ T) daote that prdosbi ity thata prgect at ime tad positan y
w Huderadeaninvestmattimpube by timeT _ € T his prdoebi Ity distiibutian
evoles agooding 1o the Koimagarov badanard equatiay

3/42

7 REET)+ R ET)+ R TT) = 0 @1
wrth baundary coxdias
fO;€T) = 1 8 0 -€-T B2
fy;tT) = 1 8 0 -€-T (€XX))
Ty,T;T) = 0 8 0<y<y (C¥4))
in f(y;tT) = 1 8 I<y<y, 8 t B5)

Tr1

T he ..ist o baundary aoditias in (32) ad (3.3) state thatinesstmat akes
plbe aincstsurely at the bner (Y= 0) and upper (Y = Y) inesstment triggers.
T he third baundary codiian (34) states thatwith no time remaning the prd>
abi ity ofhitling the inesstment tigoer Toran interarpdartis zero. T he Tourth
baundary andttan (35) states that as the time frame exiands o in.nity the
prdoebi ity of an invesstmant impulbe Tor any starting pcsitian goproedes ae
Far the investment prablem under ampete inrevasibi ity this prdoshi ity Tnc
tian F(y; £ T) hes asdution in tarms of the standard namal distributiat . For
e mae gaeral partial inreversbi ity prdolem the solutian hes a poner sexies
fom whidh is dernvead inh ppendixB .

Fgure 1 plots the prdoebility ofF a ../ starting at y hitling ether iniesk
mat tigoer within ane year, o years ad ..\e years Tor the parameter vables

"see Coxandll iler (1999
8 52 pages H arrison (199 0)




1, =092;% =05a=08;r= 098, adbu~rsll= 2. T heinestmatprdoa
bi Ity inaeesss a5 the starting pasitian mowes tonarts atherbanrier retecting the
uderling unaartainty in the W ienerprocsss. T he underving diift tonarcs the
upperbamier(ty ) tads toinaeese the investtenttprdosbi ity Torhigherstarting
vales. Figure? plots theinvesstmantprdosbi ity fora. m with the same paramne
ters butabussell ratioofl 1. T he inaeessd reversibi ity ofinvestmaTt reducss
e distanae betinean the loner and upper tigers and inareesss the prdosbi ity
ofan investmantepisate.

[FIURES1AND 2-SEEBACKOFPAPR ]

To grarake a stistical tsstan the dosenead frequacy ofinvesstmattwe in
Boake the eqacted frequacy ofinvestmentaaditiaal an the inftial valle ofy
with respect o the ergodic dasity. T he exgodic dasity is kg run prdoebi ity
dasity Torthe margnal revaue productof pital y, and waul refectthe dis
tribution ane in a large sample of projects. Far the thiresholcs (0 ;) the ergodic
distributian hes the ome?

1
21 )

2:LY 3/2Y
= T 3.
(0= RCEY) o @9
0 that the expected frecuency ofinvestiaTt episades attuntil time T is equal
Lo -
y
h(€T)= : ey, Tt Ty (EX))

Leting T j t= 1 (0e ) avblks s 1 alubie the meen prdocbi ity of
doserving a zero investmant episcce’. Fara lrge numbers of dosenatias the
binamial distributian gppraades the namal distributiaon N [p;p (L § p)=n]vhare
n is the number of triak and p the prdosbi ity of suaess. W e aan use 1o this
1 Akl the goproamate kelihood ofF doserving any share of zero investment
gpisadkes in apanel ofprojects. T hese resullis abo goply 1O (S, 5) modek geerated
by .. >xed adjustmant asts sine the anly lkvantvariabke is the band width and
the (2;%) ofthe bronnian process.

"SeeH arrisan (1990)

Sineinestmeantand dis investmantare aatinuaus \alued Tnctias the inddence ofexactly
arsetting pasitive and necative investmentimpulbes within any pericd hes messure zero. H ence
the prdosbi ity oF zaro net investmantis the same as the praosbi ity ofF zero gGss investmat
T his is nottrue Tormodeb with . x&d asts alae whidh have adisaete investmant functian.
Sowhi bt aur resulis wauld be conect Tor gcss invesstmant they woul provice a bnerbaund
an the prediced frecpency Tornetinvestment: T his is due 10 the smalll prdosbi ity ofFeactly
arsetting pasitive and necative inestants within aperiad.



Tabk?2 dgpbys the deenad inddence ofzaroinvestmantepisodess inaur..imm
kel ad plat bel data sets. Tabk 3 dgplhys the prediced inddance of zero
investthenttepisodes (and standard deviatias) Tarfoursets of stendard parameter
vabies besed around thase estimated inSectian'5 belovwe Tabkeh 2 inthel ppendix
presents a releraae tEbke of inestmant prdoahi kties Tar a mudh wider range of
paraneter\vales.

Tebk2: A CTUA L Aeguency of. ero Investmeanit Episades
Obs. |Bubdinp&lad| P bt adinary | Vehides | Total
FmlLed |2434 |59 0.1 00
SingkeP bnt| 20,907 | 530 43 23.6 24
Saurgss UK D atssttreem and UK A RD (sseRedutodsR @s 1999)

Tabke 3 PR BD ICT BD Aequeancy of ero Investtment Episodes

P arameterV ales @ () (©) (@)

U ncartainty () 05 015 15 05

B uy/Sell ratio 2 2 2 1.05

P redicied Frecpaoy (stdev)

Fml ed (2,434 dxs.) 582 (0.01) | 0.3(0.00)| 372 (0.01) | 349 (0.00)
SingkeP Bt (20,907 dos)) 582 (0.00) | 0.3(0.00)| 372 (0.00) | 349 (0.00)

OtePaanee&xVabes 1y = 0936,r=098;a=038

T he standard deviatias, p(1 j p)-\ , dgoand an the rumbarN  ofF dosenalians.

Inaoblmn (1) of T abke 3we see thatthe predided frecpacy ofzaro investment
gpisadkes is hiderad signi.. cantly diceratat58 2% fram the doserned frecuecy
ofzaroinestmattepisodss INT abke?2 for. m dalaad plaitkbeldatia Coumrs
) ad Q) danastrae that this acondusian is ridoust 1o ten old dangs o
e ba ofuaartanty wniktaoblmn (4) deamastratss this is even e Toran
imrearsbility astofally 5% ofthe price dimewcepital goods. IntebEl 2 ofthe
A ppendicss itis dear that the predided bel ofinesstmattzercs is sgi. ity
1o hich or..m ad plant bwel data 1o be interpreted as a singe invesstment
project forawide range of parameters.

0 reepbatian Torthe bk oF zaro invesstmantepisades In actiwal plat b el
data may be thatinestmattaciLally takes tho general Toms. aoitinuaus main
T\ instmattvwhidn is not subject o adjustmatt asts, and prgject bel
inestment ess mackelled aboe. H onever; it gopears that anly by relecating an
uneceptabke hidh el of inesstmat into the unexplined residual categary of
mantenancae inesstmentdoess the frequencoy ofzarogpisads INUS LRD andU K
A RD data axe agan the beaome aasistatwith the singe projectmocel For



eanpk Caperetals. (1999) stuidyofthel RD reparts thateven the fliecuacy
of bwinestmat episades (kss then 4% ) is 246 , whidh is still oo bwvformast
rees0 bk parametervables.

T his suggessts thateven plat el inesstmant proassses are aggrecated aatss
inestmentprojects within the plantso thatesimatian ofSs modek anplnt e el
datawi lencountersigni. cataggrecatian prcdblEms. A forion this sugessts that
..m Bwelinestmantis aggrecpied aacss both plants and projedts, dosauring the
Nk betineen the theary and datas T his hes been an.imed by H anmermesh
(1989) and Caballeroetal (1985) who...nd deareidence of Bbaurdanand and
inestmentsmaothing aacss plaits within.. ims.

4. A ggrecatian ofl nvestmenitP rigjects up o tteAmMmL evel

In the aosance ofany truly prgject el dataa ridoustestimation strategy e res
accounting foraggrecatian. W egeneralise the.. m el production fondian toal
byvthe.. mO@aateN afsgparate praductiaon progjecss. W e cauld thinkofthese
riepresanting individual projects, Ines and vinteges ofcpitall separate procuctian
plants proiding intexrmediate inputs ar regaal produdtian sites. T hese separate
projects may even invohe attirely distinct qoeratias onned by a aonglomerated
paet Fabrevty we shall atinte 1 refer 1 these "units” as prgjects but
wrth this mae gaeral interpretatian in mind.

T he ..1ims total qoerating reverLe is assumed 1o be Inearly sparabke in the
margnal gperating revaLe of eech pradudian prgject;, and Gan be riepresarnted
by the fom.

YKy mmsl L, e)= H AAy o)+ 2 fX I,,K2 0<a<1l (41)
F1l

where A ; is the indicator finciion whidh takes thevalle 1 ifproject i exists ad

zarootherwise H () issane..nieftndian, £ ¢ isa..m kel shak to business

adtias ad !’ , are idasynaatic project el shods 1 business acondiias.

T he prgect retunms are subject 1 aomman shods o the .. ims aaditias ad

idicsynaatic shods o the prgject’s aaditias. L et L «;1 .9 Ol the proeess

1 ¢ (el & %edW §) 42
where fil ¢; iV .0} ;g are allindgpendentll ienerprocesses'™ .
1T he prgjectand .. i lvel shadss nesd nottbe indgpendantbut this assumptian signi. cantly

smpl..es themathematics with ttle Ioss ofganerality, A necsssary arndiion forauraggregatian
procedure is thatplentand .. im bvel shadss are not perfectly degpadent

g



Seweral pants are warth noting ebaut this producian fTunctian.  Firstly, by
assuming the near separabi ity of the margnal rather then aosolie revae
product of progjects we éGan provice sane raticnake or the agenisatian of pro
ductian into ..Mms rather then atonistic prgects. T he actian ofH () an the
indcator functias allons .. ms 1 derve \valle frfam ambining diceraTt §pes
of productian prgjects. Fareanpk amining ..im cauld denve a paaitive rev
erLe fovfran anmbining the onnarship of are exraction ad re.ning plats it
HQ;0;Ay ;A 20500 > 0 whereAy and A, ., are the indicator nctias or
the onnarship ofae exdtractian ad re.ning plaats.

Seaodly by bang delibarately veg e abaut the de.niian of a praductian
projectwe Gan allov these 1o represantgaps ofinestmattuni's whidh are do
served benon separabk.. H enae this gopraadh is ridoustiothe nan ssparabi ity
ofsame gayps ofpraduction proaesses, with thegap bel? | shadk rigpresanting
el idaan index ofthe processes.

Fnally, sincetherumberofprgectsh  is abitrary (and estimatzebE) this nests
aur earier madel besed an A bel and Eberly (199 6 in whidh the ..im qperated
ae prgect A ae prgect soed..catian abo nests the madel of Cdob D augies
productian and 1so ebstic damand in the standard Eulerinvestmattmaockel?.

So this Inearly separablke mulli- project structure is a generalisation of the
mare standard singe prgect.. im, vWhidh as sedian (3) ri|parts, is notsupparted
by the data. W hiktis would be desirebke o gaeralize still Lrther to allov or
abitrary interadtias betneen projects within eedh .. this is not analytically
tactebe. T he dic ailty is that the distributian ofprojects beaomes astate \an-
ebk dramatically inaessing the dmearsiaality of the gotimisatian pradbolm'3.
T his riequirss us 1O make the strudural trace @ betineen the graralty of the
uderiying madel and the varsati ity of the estimatian procdure the suassss of
whidh éan be gauged by the perfamance of aur estimatcr-

5. Estimatiaon T ednigues4

Sine the magral mvaLe indian is inearly ssparcbke at tre prgect b el the
.Istader adtias an be aasiderad separately aatss prgjects, ad the ot

s orexampk B ad and !l eghir(1994)

13Same pragess hes been macke in soling madek of agpregatian with interactias aacss
agets by using gpprodmatias ofthe distribution (see Krusselland Smirth, 199 8) artheigharing
elbmants ofthe”edhoss” dfprevias shadss (sseCeplinandl eshyy 1998). T heexiarsiaon ofthese
methocs o aurgpplicatian is Eftforfuture reseadh.

14\ e are happy O provice the Tll6 auss estimatian aodes and data (subject oD atestieam
apyridi) an reusstat (e mall) nid<bloom@ iB.aguk T o d iate aaxsssahi ity we are aur
rently esting editing and smplfing these axdes and witing an acocomparying manual for
arinrecaaboilty.
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mal investmant ke is an aggregatian of sectian (2)- T his is Editated by tho
important results.  Firstly eedh prgect hes the same loner and upper inesk
mat tiggers and so the distribution of thar margrnal revanLe praduct hes a
anman suppat Seaodly sincee the pasitianing of the margnal revaLe prad
uct of prgjects betinean thar loner and upper investment tigoess is a baundsd
1(0) procsss and thargpital stok is an ubaunded 1 (1) procsss these musthae
zero imiting aaneltian. T his pamits a mgpping fram the acss sectiaal disti-
butian of projects betnean the investmat tigoars © ..M bBel inestmattad
dsinestment

T his distributian of projects within the .. im is shgped by tho Tacss. Firstly
..m kel shads actto shifts the etire distributian of projects betineen the in
vestment tigoars. Seaodly, the prgect el shodss actas meen reverting e
whidh snootts the ecects of the . m bvel shads. T he prdosbi ity distributian
ofprojects p(y; 9, satis..es the Kdmagaov fomard ecuatian'®

TP OAD B D § LoD ¢ G

Sinee atinuass infamatian is not aaBbke as 1o the evoliian of.m kel
shodss these are madelled as periad sped.. crates ofdnft? y , besad ofthe gonth
of lgpd saks as aproy Tl (sse sectian (6). T his is anly an goprodmatian
becase investmant is path depadatt but this an be tested using e L ewy
procsdure disasssed inA ppendix C.

T he eqpected rate ofinestmatat e .. m kel is just the integal oer the
desity o prgjects ata therinvestmantbaundary durng the periad. Sodenociting
the dasity ofprgjects atthe lonaerand upper trigers by p(0; 9 adp(y; 9, the
epectied inesstmattand disinestnattoerapericd of B gth T is equal O

I+ 1 4Ty

E[?] = —pRit (G2)

el ] Tp0ivit 63

T his is only an idatity Toregpaced .. Bel investment P revas estimatias
wsing stodnestic aggrecatian, sudh and Caballero and Encel (1991), Caballero
(199 3), and B ertolh ad Caballero (199 0,19 9 4), madelled aggrecate inestmattor
asumptian, ad soassumed that the number of ’progjects” within the econamy
isin.ne. T his allons the goplicatian ofa”’strag bwvof lxge numbers” styke of
agumaenttodemastiaie that the distributian ofprojects makhes I'ts prdosbi ity
distributian'® 1o deanastake that the eqoedtatias of the proasss meen aon

vags o the realssd inesstmatrate. W hi Bt this anverganae still holds Toraur

B ee Cocadll ilker (1996
16T his invalves an gpplicatian of thet Ivenko Cantellll (seeB ilincskey, 19 79).
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estimatian procdureg since e assume that.. ims qperates anly a..nite numberof
projects, the estimatian ofactiLal investmattwi il ilnvole a Taecsstenar; similar
10 the enor tam usually gppended 1 starndard near. Finally we nesd to an
inftial distribution o the margnal revaLe products of the investment projects,

vwhidhwe assumeis the Ibg run ergodicdistribution. Since this abo introducss a
sauree dfenar; butwhidh decays oerime wediscard the . istthiree dosenatias
Toreadh .. m vhen .. tling aur parametess.

Estimatian is undertaken by minimising the sum of souared devatias be
e actual and Taecssted netinesstmaTtoer aghd ofparaneterales. T his
estimatian iteratively updates the estimated distribution of prgjects within the
..Im gvan the shodk tosaks (as aproy Torbusiness anditias). T hedistributian
offprgects within eedh .. aaotlErs an esimate ofinesstmantt, tsing (G.2) - (6.3),
ad asun ofsguared residuak ana..im by ..mim basis. The sum ofthese ..mm
bel sstimatiaon enars provdess the total sguared enrarand assodated R -Sguared.
B ecause of this ..im by ..MM estimatiaon gppraedh, bosstrgpping stendard enars
by randaomising oerthe wagitings gven toeadh ... im in the summatian, is cam
putatiaally auidk

Fgures 3 1o Gdisp by the saouatial evolution of this project el distributian
TaBA SS P KEs..istiunyears te..ist. minarxrdatasstadabrgeU K B rener;
whidh we use as an exampke Dillstrate this tednigee. In FHgure 3we plotthe
ejpected distribution of B asss investment projects, in terms of thar margral
revae praducts of epital betneen thar bner and upper ilnvesstmant tigess.
In this eampk these projects auld rgpresant sane number of B asss regaal
brening akties. 1Twe knew the exact margnal revaLe product of epital of
eary ae ofthese units wewauld hae a disaete distributian - ahistogram - but
sne this estimatoranly had in eqoectatias this plot lods smooth.

[FI URES3 45AND 6 SEEBACKOFPAPR]

Bvary ime B ass hes agoad .. el saks shak the distribution of these
investihent projects moes tonards the upper barrier. In ..gure 3 we pbt the
.. Istyeardistiibution ofprgects and in ..gure 4 the .. isttho years” distributias
wrth the sacod yeardistribution (the addiiaal ae o ..guare 3) representing the
exect offthe nacative sakes shadkvwhidn hitB ass inyear2. A saresult thereisa
bnerdasity ofprojects atthe investment trigoer (the ngttrigoey) and ahigher
dersity dfprgjects are novatthe bnertigoer (the Efttrigey). Figure5 displys
(in additan) the distributiaon of projects after another bad sakess shadk in year 3
and ..gure 6the distributian ofprojects after B ass reaved a goad sakes shadk in
year 4.

A sequatias (6.3) ad (52), inestmattad disinestmatt are just the time
integral ofprojects atthe ypperand Ioner triggers over e year: | e presatthe
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Ul 19 year saries Tor sabs shodss, adieal investment and predicied investment
fxrBasin.gae 7. Itis daarthat both the pradicded and actual investmant
series TorB ass are mudh smaother than the salkss saries, the atierbang a resullt
of the aggrecatian. T he poar realisatias of saks (solid ne) vwhidh Ed o the
donrnvardd shiftin the progjectdistributias in..gures 4 ad 5, anbesseninyears
2 ad 3 TrBass. T his poorsaks realisatias kbeds 1o a redudian in prediced
inestment (deshed & doted ne) wnidh matdhad the &l in actual inestmac
(deshed ine). 1IN year 4 the good shodk 1o saks is abovsbe in .gure 7 ad
ek 10 a praddian of a pid<wp In inestmant; althoudh this is at adds with
actal iniesstimattwnidh antinued ol Figares 8, 9 and 10 represantthe next
tree..iMms inaurdatiaset (G PV, Crota Intematiaal and Seniar Engnesring
6 raup) with tharsaks, investmentand prediced inestmatt..gures, as afurther
ilLstration ofthis estimator-

[FI6 URES 7,8,9 AND 10- SEEBACKOFPAPERR]

0 ur..rstsetofempirnal resullts .. s estimated netinestmaTtto doserved net
inestment Since aurestimatir yiels separate preddias an gass inestmatt.
(5.2), ad dsinesstment. (5.3), we jantly .. t these proessss by aambining the
souared residuak fran both sexies usinganegualwnwadgit || aegenerally, aompany
acoouts abo antairs goad infomatian an the hinng ad ..ning of Bbar: 0 ur
CdobD augles praductian Tunctian impliatly ilnvoles a predicied  Boar input
whidh althaugh maxamisad autofthe concairated pro. tiunctian in sectian (2),
is esslly rmowaerabke fron the (implid?) ..rstader aditias. T his alloned s
10 jantly estimate the .. IMms iNnvessthatt and Ebar demand strategy in a singe
cdrerant madel ad estimation procedure. T his anfers a sigi.cant achentege
oerthe standard modek bessed on T doinsQ ard beland B lbndard (19 8 § whidh
bk the stuctural foundatias o estimate using the jant infomatian in these
processes.

6D ala

T he aampany daga is drann fran the datestream an Ineserviae and aasists ofall
manuiecturnng aampanies guoted an the U K stodkmartketin 19 73 with ..nenaal
haolding ampanies digpped. W e deeted .. ims with Ess then ten aassautine
dosenatias, brde the saries Tor .. ims Whose acoounting periad #ll autsice 300
10400 days due todangs in yearad timing and exdudsed the dosenatias Tor
..mmswhere there are 100% plus jumps in any of the epbratary variabks. 0 ur
pital stodk messure is darived fran the bodk valbe of the ..1im’s stodk of et
.x8&d essets using the investmatdata in astandardd perpetual inentay fomulkad
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Saks ...gures have been adjusted Tordangss ininventaries and caeh o irepresants
pre tax eamings With depredation allonanass added badk in (see b ppendix D).
Tabk5 rparts sane sunmary statisics an the ..ims in aursampke.

Tabk5: U noalenced P arel of212 | anulectuning .. mms, 3070
dosenatias

mean | median | stand. dev. min. | max.

ol | wthin| betan

inestmatt(l €Ky1) | 0.113 | 0.095 0.10 | 0.05 0.09 -0.10| 1.14

¢ bpdmalsaks | 0.026] 0.025 0.14 | 0.05 013 |-08 |06

% share retums 156 | 1. 0.71 | 055 04 001 | 1103
ashiov(CeKyg) 018 | 0.140 0.16| 0.09 017 |-009 | 196
dosenatrs per.im | 15 14 2.3 0 238 11 20

T he underingdrving\ariablke orinvestiatt- the dange in loggsd business
adtas ¢ bgl ), - is undoserebke and mustbe proded by looped real sakss
¢ bgS), were

¢ bgS=¢ bgZ )+ a¢ bgK) (&N
Itis dear fion the idantity (Gl) that we auld use subtracta¢ bg(K) firan
¢ bg(S) dotEin an estimate of ¢ Bg ). H anever; becase the costruction
of the pirtal stodk thraugh the papetual inentary method Gan be subject o
messuremat enmas We axadd using this estimated ¢ ﬂgﬂ ) 1O prevait intlo
duang the same saurce of enar iNto aur depadant ad eplbnatory \anabks.
Furtermare as we showin i ppendix D, dangss in Ibg sakes proAadess a proy
frﬁlad: ﬂgﬂ ), with the degree of acauracy inaessing with the time interval
betneen dosenatias. H axe we estimate invesstmetusing (1 § a)¢ bglS) o
proy ¢ bgZ ).

7. R esults (wWork in pragress |

W e estimate oara three dmeasiaal gid of parameters, with Fexdble valles Tor
the standard deviation ofproject b el shadss [¥ s | the degree ofrevarsibi ity in the
purdiese ad resake vallbe of pirtal [busse IT] ad the retums o scake paameter
[a] T he memaining parametars were determinad as Tollons. the real discount rate
r wes assumed to be 8% ; the driftrate ofdenand * wss the 2.1% aerage fran
aur..m data ad the stendard deviation ofthe .. im bvelshodk? g wes the 13.5%

aerace fran aurdata T he dgpredation rate + Wes a..Im ped...C parameter set
o mest the kg N pital acamulation aastiant - = ++ d log(S) where S
is..im saks. T his Iog run relatiaship an the antegration of apital ad sakes
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holds enpirically and is implied by curmadel T he fexdbi ity in the dpredatias
raiss aaGss .. Ims refedts the divarsity ofassetmines with this parameter anging
flon 1.6 ©1% 7.

0 ur estimated \valles and bostrigppad stendard enrars fran minimising the
residual sum ofsguares oernetinestmatare presanted in T abke 6

T bk 6 EstimatianR esults | etlnvestmat R = 0276
bufEse I T b

P arameter sstimate (stendadd enrar) | 2 (0.32) | 0.6(0.13) | 08 (0.12)
Paametergidbussell= 11;1315;2;2 5;3y;
Whp=M2;0303;05060:08g,a= 01;05060:7038;09;0 950

The bLﬁcsell paramneter estimate sugoest that the degree of inrevarsibiity is
sgi.cantwtha50% resake koss inaunred. T his acoods with the o lbvel ofGpi-
tal dsinestmentdoserned in aurdata whaere the mean disinvestma investmant
ratiois 0.181. W ithautan impartant reversbi ity caastrant this ratiowauld be
dser to ae gven the high empirical standard deviation (0.13%) and bow drift
0026 of.. m bweldamand. T his ratioofdosered tolaldsinestma Tt inestment
abo goprodamately matdes the predded ratio of 0 2 6fram aurestimator-

Withie = 05 the magnal revaLe praduct of gpital at the individual
prgect kel shaud vary by as mudh as &% in eabaut tno thirds ofFGsss ana
year- o yearbesis. T his seams implasibly hich and we hae tnocommeants inre
Htion o this. Firstly we hae igxaad the issue ofacss sectiaal heteraogpaty in
the prgject el parameters, whidh as Caballero and Encel (199 1) demastiate
abo graratss the type of smoothing prgperties we attribute 1o these idasyn
aatic progject bel shads. H ena itis kely that the anission ofacss sectiaal
hetexogea ty biasss this project el shodk parameter upnards!? . Seacondly, ©
mantan tractsbi ity of gopraadh we ighare the passibiity of . im bvel anvex
adjustmentasts. T his will abo biss G- uowarts In atlempting 1 generake the
addtical . m kel inestmattsnoothness.

T he estimated \alLe offny the degree oFhaonageaity an epital is08. T his
is not sigi..cantly dicerent from unity whidh is the valbe Tora under perfect
ampetiion and astait retums o sak (CR S). H onever; sine the .. im’s o
al stodk may have no ..nite size under these aanditias aur estimator rulkess this
autby assumptian. T he bel and Ebarly (1994) madel ofFnat ineexrQ, an the
atrary, regures perfbectampetiion ad CR S forempircal gpplicatian, and so

T here is nonecessity Tordepredatian rates tobe pasitive i Fhe apital stodk indudkss a lrge
share of property.

18\ e coud indude acss secticnal heterageity in this estimator butat aarsidereble aompu
taticnal ease as we woud ned 1o estimatie the procsss Tareadh (plants, type) ambinatian.
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is Tounded an amutually exdlsive mantained hypothesis. T his Is an impartant
issLe althouch the econanic evdance Tor perfect campetiian is notsttag [ref
Hal1987]

T heR -Sguared Tarthis estimatian wWas 0 .27 8Ahidh gppears tobe asatisbcory
.torastrucural estimatorbutpoar-fora general reduced fTom estimator: A sa
raugh gudewve presaittheRr -Sguared Torsanel L S and within graups estimatars
an the same datasetbelbo 1tis dearthataur esimatorautperfams thessmple
0L S estimatxs in rons (1) (2) ad (3) in terms ofFgoodness of . €t T he within
ga s sstimatars in rons (6), (6 ad (7), whidh allbbv1or210 extra paameters
{®, =®,11} INnthetom of..Mm gpad..cinterapts haeasuyperiargoodness of.. to
aursttuctural estimator! . Columins (7) and (8) presantresults iom the0 L S ad
within ga s Eulerequatian, an allemative stucural estimator?® . Theepba
tayponerofthel | S Eulereguation whichhes 4 fieeparametars{0®+; 1; ;; 3},
is mudh bnerthen aurestimator; Whi ktthe within graups Eulereguation, wnidh
hes 214 fiee parametars {® 1 220,11; 1] ;5 3 IS goproadmately equal

0l S Estimatas R educsd Fam R-Souared
@) | k= O+ 1€ logyie 0.156
@) | wcie= @1+ 10 logyiet ¢ logYigi+ 3¢ logYge: 0201
| cie= @1t 10 logYaet 26 10gYig1+ 30 000Vt + i1t Sk | 02
W ithin6 raups Estimators R educsd Fom
&) I?it: @i+t 1ClogYeet ¢ logYigit 3 b0gYig: 033
G) | wcie= @it 1ClogYiet ¢ logYaga+ 3¢ bogYig: + _4lfm1+ _5|?i;uz 0.363
© I?it: Ot 1¢logYeet ;¢ logYigit 3 logYeg: + 4 (¢ logY gef 0.418
5@ bgYed™ + ek pgit Tken t 8Geens) * 9Goen)
0L S andW ithin( raups - EubrSped..cation
— — _ 2
@ '?it: @+ ;¢ logYigat 4Pl<_i;131+ 5?'?m1,2 04138
BG)| wcie= @it 20 100Vin1+ ki1t 5 Kins 0237

T hese cmparisas are vay preiminary. T hey are estimatled wth 0L S ad
wrthin gaups rather then aasistattt | i, edusive of ..nenaal variebks, ad
besad an the Eulereguation aloe butrnevertheless encouraging 4 s astructural
estimator the sampk ..t of aur estimator is satisbctary. Furthrermare a mare

YT his an.ms a camman result in enpirical investmant that there is a trade @ betineen
structural estimatars suitebke Torgaeral policy smmulation and reducad orm estimators with
supaia-faecstingad .. t(Toreanpk ss=0 Ineretal, 1995).

209 rexampk B ad ad|l eghir (199 4)
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agreralmetricof. tvwhidh induded the &bl ity toep lan ather fecsts chnvesstment
datla sudh s the Lmpy nature of plant el iniesstmatt, the smooth nature of
..m bwelinestimattand the freaquacy ofsimulianeass . m bwelinestmattad
dsnestmattdossenatias, wauld faaur aur gppraadh.

Extersias T hexe resuls are preiminary and aunatexteansias inlnolhe

1. BExteding the estimatars © use additiaal disinestmatt and Boaur de
mand cata

2. U singaunariance ofstodkmarketretums tooproy or.. m beluncertanty
1O st the underiying madeling assumptias (seeB lban etal, 1999).

3. Extading aurdaia setad giid seerdh

4. I akdngthet auss estimatian ades ada Bbke at newrth some accompany
ing epbratay "maual’

8. Caxdsias

T he standard gppraadh 1 estimating investmant, olloned by madek sudh as
Tdoins Q, A bel ad B bndard and the BEuler equatian, is bassd an quediratic
adjustmantassts. W hiktthis gppraadh is satisectay Treplaningsnooth ...m

bel inestmattitis inasistattwith tho impataitstylized Bcts that plait
belinestmeantis Lmpy ad frequatly zexoand that. ims are ypically doserned
inestingand dis iniesstingsimulaneasly. 1nact; itshauld nothe suprising that
piat bel inesstmatt doss not catiom 1o the smooth predictias of guedratic
adjusstmant asts. Q uadratic adjustmatt asst modek are not rKoust o the I

d s ofeven tiny inrevasibiities and . >ed asts dsplying (S,s) styke Limpy
inessthent orineversibiities ad . >&d asts s itk as 5% of the prnce ofFnew
Gpital In ot the suprising resultis that.. m bevel datais sosmooth.

W e investigate Whether this snootthness of ..im - inestmant is due 1o time
aggecatian alone butby aluliling the statistical distribution Toryearly ze1o
inestimentdosenatias, e are bk o statistially rgject this hypothesis. || ae
importantly, we .. nd thatt the predidied frequacy of zero investmant gpisades is
abo too hidh Torplait bel inesstmant to be ganerated by asinge (S, ) procsss.
T his result ad the disgppearance of zaxas when moing fram small pbaits o
ke plhits ad fran plais © ..1ms bk s 1o aduce that aggecatian
aacss investmant projects wihin eedh ..mm is respasible Tor ganerating snooth
inestmentand simultaneaus investmentand disinestmentc
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6 iventhese..ndings We pragocee astructiural moadel ohinestmantbased an the
aggrecalian of (S, s) iIniesstmatprogjects within .. mims. U nderamaintained hypotthy
esis an the separabi ity ofmargnal revanLe product of pirtal aacss projects, we
udertake stodestic aggrecatian, develkp an estimatiaon procsdure Tor..m bl
parel dala ad estimate a structiural inestmat ecuatian an aur pacel of..im
data 0 urpreiminary results are pramising the enpircal perfamancead .. tof
this on aurparel is goad Tarastructural model and gppears toproscean aae
Torgrnaral polioy smulation. T he estimatied paranetervalles suggesstthat ine
\arsbiktes are impartantwith pital resake inauning a50%  koss; that progject
belidoynaasiss ae lge; ad thatthe honapaty ofreturms oo pitalis 0.8
sugoEsting imperfiect aampetitian and/ aor deaessing retunms to scake

T his gppraadh abo viekss predicias an the comovementofBbaurand cpital
in asingke madel and estimatian procsdure. T his aafers asigni.. antachattece
oarthestandard madek ohinestmattbesed an T doinsQ at belandB bdad
(19 86 vwhidh ek the structural Toundatias o undertake estimatian using the
Jantiniomatian in the Boaurand gpral pracsssss. T his shauld help toaddress
e gusstian oerthe reltive adjustmantofBoaurand Gpitaland the gpprcpriate
maodeling strategy betneen allermatinve assumptias of astly Gpital adjustantt
ar astly Bbaur adjustmatt || ae gnerally this estimatian procsdure is abo
gopraprate Torthe other aggrecaied (S,5) processes nidh have bean acasidared
in the erature sudh as hausahold demand Toraasumer durables.
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9. A pperdixA

10. A ppaedxB : T he solutian o the ttime aggrecation prdo
.

L etf(X; £ T) be the prdoebi Ity ofa prgectin (pasian ime) space (X; § hitling
atherinsstmatbammierby ime T . T o smplfy the use ofthe baundary aodi-
tas Trheraawesohe torg(x; £ T), whidh is the prdosbi ity of notimnesting
otatg(;tT) = 1 § F;ET). T hen takdng binomial goprodmatias we Gan
derve the Komagoov badknard ecpuatian Torg(x; €. T)

3/2
T GG ET)+ 106 ET)+ GG ET) = 0 (101)
wrth baundary acadtas
g0;€T) = 0 8 0 -t-T (102)
gX;tT) = 0 8 0 -t-T (10.3)
gx;T;T) = 1 8 0< x<X (1049
Tﬂ gi;tT) = 0 8 0<x<XxX; 8 t (105)

T he ..ist o bandary adtias in 102 ad 103 state that investmant tBakes
plbxeamctsurely atthe bonaer(x = () and yoper(X = X) baundaries. T hethird
baundary acoditian 10 4 states that at the end ofthe time periad the prdosbi ity
ofhitting the invesstmantbamaerforan intenarparntis zera T he Tourth baundary
adtian 10.5 states thatas the time frame exiancs o in. nity the prdosbi ity of
an inesstmatimpule Torany starting pasition gopraedes aein..niteime

P racsedingtosohe 10.1 by separation ochanablesg(x; € T) = u®v(X), where
we tampaarly suppress the dgpada e an (the paraneter) T until bEler; we
dame tho sets of adinary dicerattial equatias ad an unknoan canecting
tem Kk

w® i k(9=10 10.6
Vi (X) + ;—tvx(x)+ ;—Iz(v(x): 0 (10.7)

T he..istadnary dcerattial equatianl0.6hes an epaattial solutian
9= Aexp(kp (1038)

T he secod admary dicerential equatiaon 10.7 and baundary crnoliﬁas 102
ad 10.3 de.re aStumtl iamMle prcblem with integating Bdore ™ (sseeg
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Churdillad B ronn 199 3) with daeraderistic equatiaon

— 21 _ Lk
2 — 1

Ifk - 3/2 en the 1ooks of are real ad the solutias ke the general Tam

_ _ 1

A X+ Age X k< W distinctroots (16 ;) (10.10)
a1 a 212

AT X+ xA e k= i , the rgpeated raotcese (10.11)

v(X)

v(x)

T hese soutias canot meet the baundary coditias so we aasider k > 23/;22
whidh celivers ampkex racts;

= i%1 8i 2!(.;2 2 (10.12)
= i%—2 81 K) (10.13)
where the solutias hae the Tam
V() = e 7S (A co(, (KX) + A Sir(, (X)) (10.14)
Impaing10.2 wedotain A; = 0, and impasing 10.3 we dotain
k = # + % n=1;2;3: (10.15)

fran vhidh we Gan deme ageneral solutian ©10.1 in terms ofits Fauner sexies;

X nY
Ao 9 Dep (i X)SE %) 1016

1

9x; 9

>
1

g0 ET) 8,09k (€ T)OP(i 085 %) (1017)

n=1

where 10.17 ames fran riede.ningtteaetadats B, = A exp(kT). The ter
minal codiian

g(x;T;T)=1 (10.18)

cble:mmesﬂecrrslanlsﬁﬂhgn - Setingt= T in10.17 using10.18, muliply/

mgbolhsucbstye/zxsr(mx) integrating betnean 0 and X, and eplatng the
arthogmalty of the Faunerterms we dotan
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Ri X g N
e342 S T4X X
By = ‘R r;(x X ; on=1;2;oz (10.19)
0 IS X)dX
2n¥%t L+ e ()™
XA + n2Y2e%4)

U sing the ergodic distributian e (X) whidh Gan be sohed fran the staticaery
Kdmagaxrov eguatian

1
21 N

T 10.20
79 oe@x il (1020

we éan integrate aacss the inftal stades 1o dene the prdoabi ity thatan indi-
vidual x wiith an ergodic initial distributian wi ll hitather barrier betinean tad
T.

21

e(x) = ex(

Z

PtiT) = ie(x)f(x;1;T)dx (10.21)
= eI 1906 TN 022)
X Zx 2. . NY%
= 1§ B, : ewzxsr(¥x)dx (10.23)
A 21 ! . 1N =10+
e T S O ST T TR )

pGX) il - (@22% + n4290)
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TabkA 2: P redcted ! ero Investmartt Frequeraes % )
W | Busl| 1y | a frecpency (100£p)

0211 002 |0.08 | 08 | 44.0%
02]15 002|008 | 08 | &2%
022 002|008 08 | &M%
02| 4 002 |0.08 | 08 | 731%
05] 11 002|0.08 | 08 | 254% .
05|15 002 |0.08 | 08 | 46M%
052 002|008 | 08 | &4
05| 4 002 |0.08 | 08 | 72.5%
1 |11 002|0.08 | 08 | 11.4%
1 |15 002|0.08 | 08 | DM
1 |2 002|0.08 | 08 | 48.4%
1 (4 002|0.08 08 | &.0%
15|11 002|008 | 08 |5.6
15|15 002 |0.08 | 08 | 20.0%
152 002|0.08 | 08 | 373N
15(4 002 |0.08 | 08 | 51.0%
052 0.1 |0.08 | 08 | S57.4%
052 -0.1 | 0.08 | 08 | 57.4%
052 00202 |08 | 5%
052 002|0.02 |08 | €@%
052 002 |0.08  095| &@&3%
052 002|0.08 | 05 | &.5%
052 002 |0.08 | 025| &.4%

T he standard deviatias Tl dos. is p(1-p)/N
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11. A ppadxC: T he Bvolutian oftte P rgjectl evelD istr-
butian

Sine atinuaus infomatian is not ad Bbk as 1o aggecate develpmatts we
assume the raalizatias of .. bvel uncertanty 1 be evenly spreed within eedh
doservation periad. T his is anly an gpproamatian ofcurse. | nrevarsibke investe
mantis path degpadant, and sothe variabi ity ofthe Gpirtal stodk upperbaund ac
higerfrequendes is in pindpke rrkbantforthe dosernvad path ofinstalled Gpi-
Al H onever; we belleve any enpirnalimportance ofthese Issues is oershadoned
by the substantial smpll. catian ofthe analytical and estimation prdolems. itre
duas an intrectebke stodsstic partial dicerattial equation (SD E) toaseguenae
ofFdeterministic Inearpartial dcerantial equatias (P D Es) whase solutianis pre
sated belon A the ed of this section we epln thel ewy testTordiscaming
the estimated errarin goproamatinga Sb E with aP D E in this mamer

L et T(s; § danote the prdosbi ity dasity of a proaess s() with stodestic
diceratial

is(®= 1t %iz 111)

where( z isastaendad W ienerprocss, 1 < (, ad Etfsg be retected at0. T he
TUNctian éan be damved by soMing the Kamagarov Tovard eguatian

P D= 0TS § 0D @12)
With the baundary aonditias
SO0 9= 1FED Bt )
RSy 1HSD 8t )
e intlegation astrantan the distributian
Zf(s;1): 1 st (115)

ad the inftial codiian
f(s;0)= Ks) 11.9
T his Gan be solhved \ia a separation charablkes o dotain aaupke ofadinary
diceratial equatians. D encting T(s; 9 = g(s)h (9, we anwiite

h® _ 1,958 _,09s(S) _
hep 2 0® b (L0
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Torsane asiait, : In the tdiredian

he(® §.h(©O=0 (118)
hes the ggreral solution h (9 = Ae-t Inthe s direction

0(5) i 709 1 5396 = 0 @)
9s(0) = ;—jg(o) 8t (11.10)
9s(S = f/;g(S) 8t (11.11)

Eqﬂalicns 119 ©11.11 de.reaStuml iamMlik prdolen with integrating fector
eiw® (sseeg Churdiillad B ronn, 199 3) with daracteristic ecuatian

v 2r 2, )
|3/47X iy~ (11.12)
If, — then the roots of are reall and the solutias ke the general form
1
9(S.) = ArM+ Ae™® > ﬁ distinctroots (X6 %) (11.13)
0(S.) = AT+ sAewS | = the repeated oot sl 1.14)

3/2
P utting the distinct roots solutias into the baundary aadiias

XAt XA (Al + A) 8t (11.15)

_3/2

X1 AgetS + szzeXZS— (Alexls+ Ae*S 8t 8t (1116

3/2
ad rmarvangng yiebks
1 1
G0 IAERTOSI)E 0 G iy JAEN PS03 BEQLLY)
Far the rgpeatied raots putting the solutias into the bandary coditas ad
rearranging yieks

WSAQ =0; A= iTA; 8t (11.18)

H ence solutias ofthis Tam with real roots can anly satisiy the baundary aodi-
tasif, = ;A = 0, weare

9(S;, = 0)= Ae® 11.19)

24



W e then asidar the solutias dotained Tor camplex roots of the daracteristic

eqalian | < iz
A 2 !

X = %§| i%—4 i%—; (11.20)
= 780 (11.21)

where the solLitias have the om
0(S.) = e (Aco( ()9 + A Sr( ()s)) 11.22)

Impainglly ©1l.11weditan
CCA = 8t 1123)

3/2

i QA9 OAco( ()9 = (A1005(_(,)S)+ A air((,)9)

3/2

(1124)
whidh affer re arranging vieks,
ar{ (()s)=10 (11.25)
sotattteagnaless Trg(S ) ae
IR 126

=N~ ) S [ | %
Cambining resulls we ..nd thatthe gneral solitian 1011 .2 ©11 .4 Gan bewartien

X
fc9 = i+ e"KE) (11.27)
n=1
22 o 7 S1 7
£ = AT (D)= oA, cos(”—s) = sir(gs S(112)
T he infial aaditian X
fn 9= 10 (11.29)

detemines threcastants A, ¢, . | ultiplingbothsides of11.29 bye ' /zsf (s 0,
mlegalg{\gbew\eeno andS, adephtngthe athaoalty oftheagaiuncias
sotat SS9 9=0 8 16 j weddtain
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1

.3/4 1 gens -

) 0J(s,) co(es)+ ~ i Sr(”%S) is -
A, = Rs n% n% ’ n=hhE (11-30
0 COi S) 1/43/42 sr-( S)

T he integral can be aomputed numerically Targaneral () ad the numeratorhes
the dosed Tom

(11.30)

ZsH  ny S1 ny SL1 nY L
O+ Lo Slgs) = (g + 1L 1.2)
0 n¥ %
11.1. A N gopraadh Tortesting the importance of the gpprodmatian of
teSDEbyaPDE

T he prdolEn of gpprodmating catiinuos time stodestic dicerattial equatias
(SD BE) tsingdisaete time data is conman in the physical saenass and anumber
ofmethacs have been develped todeal with this. T hel ewy gopraadh starts from
theproofthatadticgalanthe (%) broanian motiaon process bangdosernved at
;0 ad (x; & T) in(evatime) soace its intervening praoshi ity distributian
is nomal Fareampk attime t+ 21 e uknonn pasititan of the bronnian
procss hes a prdosbi ity distribution N ("—lzm;%2 21). T he evolution of the SD E
oerteinenal (t & T) anthenbegoproamated by integratingwith respectto
this namal distribution oerevery pa rofalfpenad partial dic erential equatias
(PDEs) aacss (t+ 1) and (& ;& T) whidh jdnatt+ T. By splitting this
halfperiad into Tour guarter periacks, eight% periads, szixlaenl—l6 perias etc. ay
degree ofacauracy Gan be adhievad 1o the exact prdosbi istic solution o the SD E
adtaal o theada BbEedsaete information. T his proides acomputatiaally
inasi\e st of the impartance of assuming the smaoth e\,ohlim of the .M
el shadk betineen periacs of doservatian whidh we perfom at s Spis orte
paraneter estimaties - [insertresults herel

12. A ppeddxD : D ata

TheU K datais takan fran the acoounts of ..mms Iisted an the U K stodk market
wth ..nendal holding aampanies exdudaed. T his datais aotained in the D alss
traeam an Iiresarviae

Investmeantt (). T he basicvanablke used is total new . x&d essets Bss mvae
rasd filon . >ed assetsaks. D S436-D S423

26



Caortal Stok (K): W as aomputed by adjusting the histaric ast vales Tor
intatian and gopling a paerpetual inaTtiary procedure with a depredatian rate
of8% perarum Tarall years olloning the .. iIstyear fomnhidh historic aostdaia
were ada Bbk. daally e wauld use the depredation rates fron the ..m kel
g iun inestmentidentity - = £+ ¢ bg(s), butthe aerace rake of8% hes
been usad O d iate comparabi ity with otherestimatars and toaxad addtiaal
estimatiaon boqps.

PKe= (1 iJ_r)ldem(pitly Pl ¢ 12.1)
4

8% K :CopitalStok 2

B P rice of Investments oor:ts§
=l¢ :Reallnestmatti cok =
"+  :DepredationR ate ’

T he starting \valLe wes besad an the netbodk valle of tang bk . >ed pital
assets inthe.. iIstdosenationwithin aursampkepeaeriad adjusted farprevas years
intation. Subsecpantvallss ware dotained using acoounts datlaan inesstmeantad
dspcsalk, natical price indiass Torinvestmantgoods prGss.

0 utput (Y ): Saks, D S104, detated by the agprecaiet D P defator

Cash Fbwv (O): Farthe pumpasss ofthe regressias, Gesh fowvis aamputed as
TNk aa BbE Torinvestmatt, i.e. as netinaome plus depredation.

12.1. Substitutiaon of Saks D alaas aP roxy Tor B usinesss Cadiias

Touesaksdala bg'S) = bg/AK 2] ), as aproy Torbusiness arditias, bg( ),
we ned 1O argle that these proossss are doely reltied. T his proof ilvolhes
s ..istthat the dange in logpged saks is a same wagted aombinatian w of
wet bgZ )+ (1 iw)%(ﬁ bg )). W ethen shovthat orany sstofinitial
adtas this wagiing tndionw tends 10, sothat the relatiaship betnean
boped saks and business aondiias tends ¢ bg(S) = Fla¢ bt ), theproy
reltiaship adgpted Toresimation.
Takng..istdireranass of logged sakes we dotain

¢ bgS=¢ bgZ )+ a¢ bgK) (122)
Aon ssatian 2) itis dear thatata ther invesstment tigoer

¢ bgK)= 1—1i61¢ bo ) 123)
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sothatby ambining (12 2) ad (12.3) wedotan tatatathertigger ¢ bg(S) =
=¢ bg ). In betneen ether investment trigger ¢ bg(K) = 0 so that fian

(122)¢ bgS) = ¢ bgR ). H ece oeraypeicdofimet bg(S) = A(©¢ bgl )+

A iA®);¢ bgl ), whereA (9 2 [0;1] is aveiditing fndtian which represants
the time propartian ofprojects hitling the invesstment igpers. Fareampke tora
single projectA (9 would ecpal 0 iFthe projectwss atthe investment trigger and
1 otrernise. To aanpkte the assertion that ¢ bg(S) Y4 3¢ bgl ) we proe
m“n'r 11 A(") =0.

T he results fram 4 bel and Eberly (199 6§ can be grneralised to demastriate
that fora madel ofthe tpe presatied in sectian (2) the ggp betinean the looped
bnerand uppertigeess is astatt and so1(0). T he dmvng procsss Torinvesk
mat the denge in buainess aditias ¢ bg ), is1(1). By aarntegatian itis
dearthat the lIog run gonth rate is unecectied by inrevarsibi ity

Famally de.reK,( ) ©te be the bel of epital stok thatwould preail
uder ampkete reearsibi ity coditiaal an business aditias. Thisanbe de
med fram the .. istaderadtias an the egualty betinean the margnal product
of pital ad the user astofFcpital

aAK?il7 = (r+ ax j1;) 124

bgaA j bgl b + 31
) ) . )
boK,( )= gaA j bg 1li aQX" at ;)

De.reK,( ) adKp () be the gpital stods vwhid wauld induce investment
and disinvestimatatthe upperand bwnerinestmenttrigoers underineersibi I/
By reveakd prefrence theay the ampEete rmasbility bel of pial K (2 )
must e strictly betneen K, ¢ ) adKp (€ ). W e an use the ce. nitias of the
bnerand upper iniesstmat trigoass in sectian (2) o dotan

l1ja 129
whidh is pasitive sinae A < 0 and Ay > 0. T his proides bauncs Tor the actual
oiral stodk under-partial evarsibi ity

(125)

bgKp = bgK, +

bgaA i bgl ibgr+at i) i@y iA)
lja

< bgK
bgaA i bg. §j bgr+ at j

12.7)
o)+ GAu 1A

lja

211fa (dis)invesmantis qotimal underpartial reversibi ity itmust be gotimal onvalle adding
uder aamplete reversibi ity sinae no adjustmeantacsts are inaunred.
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where Since the epital stok is baundad within a aastantwindovw betineen tho
B ronnian procsses, bgKp ad bgK,, vwnidh haae acomman dnfit, veriance ad
W ienerterm, bgKk mustabohae thesamednft T hus

1

] iza]! as:() (1238)

an the .. ered prdoahi ity spae (- ;F¢ P) ahwnidh bronnian proasss bg(Z o) is
adgpted ad so

0 (G b § bIK) i

0 (oK § B! * M 17— (Bgl 7.9 i bl D] (129)
Itis interesting o note thatthis abko proes thatthe lohg run gonth rate ofFGepi-
@l is indgpedattofany ofthe parametars ofinrevasbi ity athe varianae ofthe
business aoditias. T hatis, uncartanty hes no kog run impactofthe acaumu
Etion of pital T his hes albo bean denastrated by H artman and H endndaon
(1999) wsing an altemative method ofprook
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Thick Lines; First and Second Years
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Thick Lines: First and Second Years; Dotted Third Year
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Thick Lines; First and Second Years; Dotted Third and Fourth Years

o~

0.8
T

0.6
T

Probabiity Density of Projects
0.4
T

I I
0.0 0.4 0.8 1.2 1.6 2.0 2.4

0.0

Marginal Productivity

Fgure 13.6 P rgectl eelD istributiax Years 1,2, 3 & 4 BA SS



Solid Line=Sales Growth; Dashed=Actual I/K; Dots & Dashed=Modelled I/
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Solid Line Sales Growth; Dashed Lines Actual I/K and Modelled |I/K
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Fgure 139 : Changss InSaks, Investmattand P redidied Investment Crada In
temnatianal
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Fgure 13.10: Changes In Saks, Investmant and P redidied Investanttt Senior
Engnesring(t raup



