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A bstract

W e propose a structuralmodelofinvestmentwhich is based on the
aggregationof(S,s)investmentprojectswithin…rms. T hisencompassesthe
…ndingsthatwhilst…rm levelinvestmentis smoothplantlevelinvestment
is lumpyand frequently zero. W e undertake stochasticaggregation and
deriveastructural…rm levelinvestmentestimator.

T heempiricalperformanceand…tofthisestimatoronapanelofman-
ufacturing…rms is encouragingandprovides anavenueforgeneralpolicy
simulation. T hismodelalsoexplains therichnon-lineardynamicsof…rm
levelinvestmentdataandthefrequentsimultaneityof…rmlevelinvestment
anddisinvestment. T his approachprovides analternativestructuralesti-
matortothestandardconvexadjustmentcostmodels, suchas Tobin’s Q
andtheEulerequation. T heis importantbecausetheseestimators, which
assumequadraticadjustmentcosts, appeartobemisspeci…edandsubject
toafallacyofcompositionbetweensmooth…rmlevelinvestmentandlumpy
plantlevelinvestment.

Forcompleteness wealsoconsidertimeaggregation as an alternative
source ofsmoothingbutstatistically rejectthis as being insu¢cientto
smoothinvestmentalone. T histestalsorejectsmostplantleveldata, such
astheU S L R D andU K A R D , asbeinggeneratedfromasingle(S,s)process.
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1. M otivation& R elatedL iterature

FollowingtheseminalworkofEisnerandStrotz (1963) empiricalmodels ofin-
vestmenthavetypicallyassumedthatthecostofadjustmentisconvex. Convex
adjustmentcostswereintroducedprincipallyasamatterofanalyticalconvenience
withoutmuchunderlyingtechnicaljusti…cation. N everthelessmodelssuchTobin’s
Q , A belandB lanchard’s(19 86)directforecastingapproach, andtheEulerequa-
tion, whichhaveformedthemainstayoftheinvestmentliterature, havetypically
beenpremiseduponquadraticcostsofadjustment1. H owever, thesemodels are
inconsistentwithanumberofstylizedfactsofinvestmentandappeartomatch
thesmoothbehaviourof…rmlevelinvestmentonlybecauseofaggregationacross
plantsandprojects.

StudiesoftheU S L ongitudinalR esearchD atabase(L R D )carriedoutbyD oms
andD unne(19 9 4) andCooperetal. (19 9 9 ) demonstratethatplantlevelinvest-
mentislargelyalumpyactivitywithinvestmentspikesaccountingforalargepro-
portionoftotalinvestment. CooperandH altiwanger(19 9 9 )reportthat10.4% of
observationsentailnearzeroinvestment(lessthan1% ). N ilsenandSchiantarelli
(19 9 8) reportin N orwegianmicrodatathat33% ofobservations display zero-
investment, whilstR edutodosR eis(19 9 9 )reportsthatinU K establishmentdata
2.4% ofobservationsdisplayzero-investment2. T hiscomparesstarklytoA beland
Eberly’s (19 9 9 ) Compustat…rm levelresultswhichdisplays nozero-investment
episodes intheir1207 5 observations, andB loometal. (19 9 9 ) whoreportonly1
zero-investmentobservationintheir5068 U K D atastreamobservations.

T hatplantleveldatadisplays aprevalenceofinvestmentzeros is notsur-
prising. T hepredictionsofconvexadjustmentcostmodelsarenotrobusttothe
additionofeventinynon-convexadjustmentcosts. D ixit(19 9 1) and A beland
Eberly(19 9 6, 19 9 7 ) reportthat…xedcostsorpartialirreversibilities leads …rms
toundertakelumpySs styleinvestmentbehaviour, evenforadjustmentcostsof
lessthan5% ofthepriceofnewcapitalgoods. Inreverse, thelumpyinvestment
predictionsofSsmodelsarerobusttobeingsupplementedbyconvexadjustment
costswhichdoesnoteliminatetheinvestmentzeros3. T hissuggestthat…rmlevel
investmentonly looks smooth becauseofaggregation across production plants
andprojects. T hiswouldalsoexplainanotherstylizedfactofinvestment, that
simultaneous investmentanddisinvestmentoccurs in approximatelyhalfofall
U K andU S …rm levelobservations.

1SeeB lundelletal. (19 9 2), Chirinko(19 9 3), andBondandVanR eenen(2000) forreviews
oftheinvestmentliterature, andA belandEberly(19 9 4) foranimportantexception.

2T hewidedi¤erenceinthenumberofzero-investmentobservationsacrossdatasetsre‡ects
nationaldi¤erencesinthegroupingofproductionunitswithinreportingunits, withtheN orwe-
giandatasetapparentlyclosesttosingleproductionplantdata.

3SeeA belandEberly(19 9 4).
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A lternative Ss models ofinvestment, which assume irreversibilities and/or
…xed costs, are consistentwith lumpy plantlevelinvestmentbutnotsmooth
…rm levelinvestment. B utbygeneralisingthestandardSsmodelsofinvestment
toallowforaggregationwithineach …rm itis possibletoencompass both styl-
izedresults. Inthispaperwebuildageneralisedmodelofaggregatedinvestment
underpartialirreversibility. H owever, forempiricalcompleteness, beforewepro-
ceedtomodelaggregationacross unitswemustconsiderthealternativesource
ofinvestmentsmoothing, aggregationacrosstime. Calculationsoftheimpactof
timeaggregationonthefrequencyofzero-investmentepisodes demonstratethis
is insu¢cientforexplainingsmooth…rm levelinvestment. Furthermore, thefre-
quencyofpredicted investmentzeros is sohigh forstandardparametervalues,
around50% peryear, thatevenlumpymicro-leveldataappearstobetoosmooth
tobecharacterisedasasingleinvestmentproject.

Sointheabsenceofanytrulysingleprojectdatawemustallowforanarbitrary
degree ofaggregation. U nderamaintained hypothesis on the separability of
marginalprojectlevelrevenues, weundertakestochasticaggregation, anddevelop
anestimationprocedurefor…rm levelpaneldata. T heencouragingempirical…t
ofthisestimatoron…rmpaneldata, theconsistencywithlumpyplantleveldata,
and the consistencywith simultaneous investmentand disinvestmentby …rms
suggeststhisprovidesamorereasonablestructuralmodelofinvestmentthanthe
convexadjustmentcostapproach.

A belandEberly(19 9 9 ) alsoestimateaggregated…rmlevelinvestment, butin
aTobin’sQ framework4, whichassumesperfectcompetitionandconstantreturns
toscale. Sincethe…rm’s capitalstockmayhaveno…nitesizeunderthesecon-
ditionswithoutconvexadjustmentcostsourestimatorrulesthisoutbyassump-
tion. H ence, ourtwoapproaches arefoundedonmutuallyexclusivemaintained
hypotheses, althoughastheconditionsinourmodelapproachperfectcompetition
andconstantreturnstoscaleourestimatorwouldapproachtheirsifaugmentedby
convexadjustmentcosts. CaballeroandEngel’s(19 9 9 )estimatorisalsosimilarin
spirittoours. T heirinnovativeapproachassumesadiscretetimedistributionfor
…xedcosts toderiveanapproximatemaximum likelihoodforinvestment. T heir
doubleaggregationoveradjustmentdrawsandinvestmentprojectsrequireslarger
investment”project”numbersfortheconvergenceofexpectedandrealisedinvest-
menthowever, leadingthem toestimateonindustryleveldata. T heirapproach
is alsobasedon…xedcostsanddiscretetimeandsoless closelylinkedinterms
ofthenotionofrealoptionsandtheimpactofuncertaintyoninvestment.

InSection2weconsidertheinvestmentproblemforasingleinvestmentproject,
drawingonprevious results in A belandEberly(19 9 6). In Section3weexam-
inetheimpactoftimeaggregationontheinvestmentpro…leofasingleproject

4seeA belandEberly(19 9 4)
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…rm, solvingfortheevolutionoftheinvestmentprobabilitytocalculatethesam-
plemeanandvarianceofthefrequencyofzeroinvestmentepisodesthatasingle
project…rmwouldgenerate. T hisis(statistically) signi…cantlydi¤erentfromthe
observedfrequencyofzeroinvestmentepisodes in…rm leveldata, andwereject
thesingleproject…rm hypothesis. InSection4wediscussamodelofstochastic
aggregationsimilartothoseconsideredinB ertolaandCaballero(19 9 0, 19 9 4), and
deriveits implications forestimatinginvestmentanddisinvestment. In Section
5 wediscussourdataandinSection6wepresenttheestimationresultsfrom a
panelof212 U K manufacturing…rms. Section7 concludesandextensivetechnical
appendicesfollow.

2. TheSingleProjectFirm:

W econsidera…rmwhichownsasingleproductionproject. Forthis projectthe
operatingrevenues areaconstantelasticityfunctionofK , theinstalledcapital
stock, and Z , anindexofbusinessconditions;

Y (K;Z ) = AK aZ ; 0 < a < 1 (2.1)

T hisfunctionalformnestsaCobb-D ouglasproductionfunctionwithaniso-elastic
demandcurves, inwhich‡exibleinputs, suchaslabor, havebeenoptimisedout.
T hishasbeenused, forexample, byD ixit(19 9 1)andD ixitandP indyck(19 9 4) in
theiranalyses ofirreversibleinvestment. T hebusinessconditions Z areaproxy
forthestochasticelementsinthe…rmsenvironment, suchasfactorprices, factor
productivityanddemandconditions.

L etfZ (t)g followtheprocess

d Z (t) = Z (t)(¹ Z d t+ ¾d W (t)) (2.2)

where¹ Z and¾ 2 representthebrownianmeanandvarianceandW (t) isaW iener
process. T heassumptionthatbusinessconditionsevolveasabrownianmotionis
notacriticalassumptionforthe(S,s) styleofinvestment(onlypersistenceinthe
stochasticprocess is required) butis madeforanalyticaltractability. R andom
walks, whicharethediscretetimeequivalentofBrownianmotion, alsohavesome
empiricalsupportfrom the economics literature. G ibrat’s lawofproportions,
which canbestates as thelogof…rm sizeapproximatelyevolves as arandom
walk, has been hard todecisivelyreject5. A ssetprices, commodityprices and
exchangeratesarealsousuallymodelledasrandomwalkprocesses. Inthemacro
literature the hypothesis thatproductivity evolves as a random walkhas had
mixedempiricalsuccess, suggestingthisprocessisatleasthighlyautocorrelated6.

5SeeM ans…eld(19 88), Sutton(19 9 6) andG eroski etal. (19 9 7 ).
6SeeforexampleKingetal., (19 9 1).
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W eassumethatthe…rm is riskneutralandmaximisestheexpectedpresent
valueofitscash‡owoveranin…nitehorizon. Itscash‡owatanypointintime
equals theoperatingpro…tAK (t)aZ (t), minus thecostofpurchasingcapitalat
aconstantpriceB , plustheproceedsreceivedfrom sellingcapitalataconstant
priceS. T heoptimalinvestmentforeachprojectisthesolutiontothedynamic
programme

V (K (t);Z (t)) = max
fI (s)g

Et

½Z1

t
exp¡r(s¡t)(AZ (s)K (s)ad s¡B d I + (s)+ Sd I ¡(s))

¾

(2.3)
subjectto d K (t) = ¡±K d t+ I (t)

A beland Eberly (19 9 6) prove thatthere exists a unique (S,s) solution to
this problem whichcanbefullycharacterized interms ofthemarginalrevenue
productofcapitalaAK a¡1Z , an upperinvestmenttrigger(bigS) and alower
disinvestmenttrigger(littles). T heseinvestmenttriggersrepresentthestandard
Jorgensonianusercostofcapitalterms supplementedbyapositiverealoption
term ÁU atthe investmenttriggerand anegative realoption term ÁL atthe
disinvestmenttrigger. Investmentonlytakes placewhen themarginalrevenue
productofcapitalhitstheuppertriggeranddisinvestmentonlywhenithitsthe
lowertrigger. T his investmentpolicyissummarizedinthetable1 below:

Table1: T hemarginalrevenueproductinvestmenttriggers
Investif: aAK a¡1Z = r + a±¡¹ Z + ÁU
Innactionwhen r + a±¡¹ Z + ÁL < aAK a¡1Z < r + a±¡¹ Z + ÁU
D is–Investmentif: aAK a¡1Z = r + a±¡¹ Z + ÁL

SincetheseoptiontermsareindependentofthesizeoftheprojectK , thedi¤er-
encebetweentheloggedupperandlowerinvestmenttriggers log(Z U )¡log(Z L)
is also independentofthe size ofthe project. T his is a criticalproperty for
aggregation. Itallows agroup ofinvestmentprojects tobe characterized by
the distribution oftheirindividualmarginalproductivities on acommon sup-
port- the intervalbetween the lowerand upperinvestmenttriggers. Tosim-
plifynotationforaggregationwelabelthemarginalrevenueproductofcapital
Y = aAK a¡1Z . U singlowercasesforlogswe…ndthattheloggedmarginalrev-
enueproduct, y = log(aAK a¡1Z ), has is abrownianmotion processwithdrift
¹Y = ¹ Z + (1¡a)±¡¾ 2

2 andvariance¾ 2 . Fornotationalsimplicitywere-normalize
theupperandlowerinvestmenttriggerstobeyand 0 .
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3.T imeA ggregation

T hetimeseries oftheinvestmentbehaviourthatsolves this controlproblem is
characterisedbyburstsofinvestmentattheuppertrigger, disinvestmentatthe
lowertriggerandperiodsofinactioninbetween. Firm levelinvestmentappears
toosmoothtobeconsistentwiththis, lackingboththecharacteristicinvestment
burstsandtheinterveningperiodsofzero-investment. O nepotentialexplanation
istimeaggregation. B ecauseweonlyobserveinvestmentcumulatedacrossdiscrete
periods oftime - generallyacross theaccountingyear- this mayobscurethis
investmentimpulsebehaviour. W ederiveastatisticaltestfortimeaggregation
below.

L etf(y;t;T) denotethatprobabilitythataprojectattimetandpositiony
willundertakeaninvestmentimpulsebytimeT ¸t. T hisprobabilitydistribution
evolvesaccordingtotheKolmogorovbackwardequation7

¾ 2

2
fyy(y;t;T)+ ¹Y fy(y;t;T)+ ft(y;t;T) = 0 (3.1)

withboundaryconditions

f(0 ;t;T) = 1 8 0 ·t·T (3.2)
f(y;t;T) = 1 8 0 ·t·T (3.3)
f(y;T;T) = 0 8 0 < y< y (3.4)

lim
T!1

f(y;t;T) = 1 8 0 < y< y; 8 t (3.5)

T he…rsttwoboundaryconditions in(3.2) and(3.3) statethatinvestmenttakes
placealmostsurelyatthelower(y = 0 ) andupper(y = y) investmenttriggers.
T hethirdboundarycondition(3.4) statesthatwithnotimeremainingtheprob-
abilityofhittingtheinvestmenttriggerforaninteriorpointis zero. T hefourth
boundarycondition (3.5) states thatas thetimeframeextends toin…nitythe
probabilityofan investmentimpulse forany startingposition approaches one.
Fortheinvestmentproblem undercompleteirreversibilitythis probabilityfunc-
tionf(y;t;T) hasasolutionintermsofthestandardnormaldistribution8 . For
themoregeneralpartialirreversibilityproblem thesolutionhas apowerseries
formwhichisderivedinA ppendixB .

Figure 1 plots theprobability ofa …rm startingaty hittingeitherinvest-
menttriggerwithinoneyear, twoyears and…veyears fortheparametervalues

7 seeCoxandM iller(19 9 6)
8 seepages H arrison(19 9 0)
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¹Y = 0:0 2 ; ¾ 2 = 0:5; a = 0:8; r = 0:0 8, andbuy=sell= 2 . T heinvestmentproba-
bilityincreasesasthestartingpositionmovestowardseitherbarrierre‡ectingthe
underlyinguncertaintyintheW ienerprocess. T heunderlyingdrifttowardsthe
upperbarrier(¹Y )tendstoincreasetheinvestmentprobabilityforhigherstarting
values. Figure2 plotstheinvestmentprobabilityfora…rmwiththesameparame-
tersbutabuy=sellratioof1:1. T heincreasedreversibilityofinvestmentreduces
thedistancebetweentheloweranduppertriggers andincreases theprobability
ofaninvestmentepisode.

[FIG U RES 1 A N D 2 - SEEB A CK O FPA PER ]

Togenerateastatisticaltestontheobservedfrequencyofinvestmentwein-
tegratetheexpectedfrequencyofinvestmentconditionalontheinitialvalueofy
withrespecttotheergodicdensity. T heergodicdensityis longrunprobability
densityforthemarginalrevenueproductofcapital, y, andwouldre‡ectthedis-
tributiononeinalargesampleofprojects. Forthethresholds (0 ;y) theergodic
distributionhastheform9

e(y) = exp(
2 ¹Y
¾ 2

y)
Ã 2 ¹Y

¾ 2

exp(2 ¹Y¾ 2 y)¡1

!
(3.6)

sothattheexpectedfrequencyofinvestmentepisodesattuntiltimeT is equal
to;

h(t;T) =
Zy

0
e(y)ft(y;t;t+ T)d y (3.7 )

L ettingT ¡t= 1 (one year) enables us tocalculatethemean probabilityof
observingazeroinvestmentepisode10. Foralargenumbers ofobservations the
binomialdistributionapproachesthenormaldistribution N [p;p(1¡p)=n]where
n is thenumberoftrials and p theprobabilityofsuccess. W ecanusetothis
tocalculatetheapproximatelikelihoodofobservinganyshareofzeroinvestment
episodesinapanelofprojects. T heseresultsalsoapplyto(S,s)modelsgenerated
by…xedadjustmentcostssincetheonlyrelevantvariableis thebandwidthand
the(¹;¾ 2 )ofthebrownianprocess.

9 SeeH arrison(19 9 0)
10Sinceinvestmentanddis-investmentarecontinuousvaluedfunctionstheincidenceofexactly

o¤settingpositiveandnegativeinvestmentimpulseswithinanyperiodhasmeasurezero.H ence,
theprobabilityofzeronetinvestmentisthesameastheprobabilityofzerogross investment.
T his is nottrueformodelswith…xedcosts alone, whichhaveadiscreteinvestmentfunction.
Sowhilstourresultswouldbecorrectforgross investmenttheywouldprovidealowerbound
onthepredictedfrequencyfornetinvestment. T his is duetothesmallprobabilityofexactly
o¤settingpositiveandnegativeinvestmentswithinaperiod.
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Table2 displaystheobservedincidenceofzeroinvestmentepisodesinour…rm
levelandplantleveldatasets. Table3 displays thepredicted incidenceofzero
investmentepisodes(andstandarddeviations)forfoursetsofstandardparameter
valuesbasedaroundthoseestimatedinSection5 below. TableA 2 intheA ppendix
presents areferencetableofinvestmentprobabilities foramuchwiderrangeof
parametervalues.

Table2: A CT U A L FrequencyofZ eroInvestmentEpisodes
O bs. B uildings& L and Plant, M achinery Vehicles Total

Firm L evel 2,434 5.9 0.1 0.0
SinglePlant 20,9 07 53.0 4.3 23.6 2.4
Sources: U K D atastreamandU K A R D (seeR edutodosR eis, 19 9 9 )

Table3: P R ED ICTED FrequencyofZ eroInvestmentEpisodes
ParameterValues (1) (2) (3) (4)
U ncertainty(¾) 0.5 0.15 1.5 0.5
Buy/Sellratio 2 2 2 1.05
PredictedFrequency(st.dev.)
Firm L evel(2,434obs.) 58.2 (0.01) 30.3(0.00) 37 .2 (0.01) 34.9 (0.00)
SinglePlant(20,9 07 obs.) 58.2 (0.00) 30.3(0.00) 37 .2 (0.00) 34.9 (0.00)
O therParameterValues: ¹Y = 0:0 36;r = 0:0 8;a = 0:8
T hestandarddeviations, p(1¡p)=N , dependonthenumberN ofobservations.

Incolumn(1)ofTable3weseethatthepredictedfrequencyofzero-investment
episodesishigherandsigni…cantlydi¤erentat58.2% fromtheobservedfrequency
ofzeroinvestmentepisodesinTable2 for…rmdataandplantleveldata. Columns
(2) and (3) demonstrate thatthis conclusion is robusttoten fold changes to
thelevelofuncertainty, whilstcolumn(4) demonstrates this is eventrueforan
irreversibilitycostofonly5% ofthepriceofnewcapitalgoods. IntableA 2 ofthe
A ppendices itisclearthatthepredictedlevelofinvestmentzeros is signi…cantly
toohigh for…rm andplantleveldatatobe interpretedas asingle investment
projectforawiderangeofparameters.

O neexplanationforthelackofzeroinvestmentepisodes inactualplantlevel
datamaybethatinvestmentactuallytakestwogeneralforms: continuousmain-
tenance investmentwhich is notsubjecttoadjustmentcosts, andprojectlevel
investmentas modelledabove. H owever, itappears thatonlybyrelegatingan
unacceptablehighlevelofinvestmentintotheunexplainedresidualcategoryof
maintenanceinvestmentdoesthefrequencyofzeroepisodes inU S L R D andU K
A R D dataonceagainthebecomeconsistentwiththesingleprojectmodel. For
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example, Cooperetal.’s. (19 9 9 )studyoftheL R D reportsthateventhefrequency
oflowinvestmentepisodes (lessthan4% ) is 24% , whichis stilltoolowformost
reasonableparametervalues.

T hissuggeststhatevenplantlevelinvestmentprocessesareaggregatedacross
investmentprojectswithintheplantsothatestimationofSsmodelsonplantlevel
datawillencountersigni…cantaggregationproblems. A fortiori thissuggeststhat
…rmlevelinvestmentisaggregatedacrossbothplantsandprojects, obscuringthe
linkbetween thetheoryand data. T his has been con…rmed by H ammermesh
(19 89 ) andCaballeroetal. (19 85)who…ndclearevidenceoflabourdemandand
investmentsmoothingacrossplantswithin…rms.

4. A ggregationofInvestmentProjectsuptotheFirmL evel

Intheabsenceofanytrulyprojectleveldataarobustestimationstrategyrequires
accountingforaggregation. W egeneralisethe…rmlevelproductionfunctiontoal-
lowthe…rmtooperateN ofseparateproductionprojects. W ecouldthinkofthese
representingindividualprojects, linesandvintagesofcapital, separateproduction
plantsprovidingintermediateinputsorregionalproductionsites. T heseseparate
projectsmayeveninvolveentirelydistinctoperationsownedbyaconglomerated
parent. Forbrevityweshallcontinuetorefertothese ”units” as projects but
withthismoregeneralinterpretationinmind.

T he…rmstotaloperatingrevenueis assumedtobelinearlyseparableinthe
marginaloperatingrevenueofeachproductionproject, andcanberepresented
bytheform.

Y (K 1;K 2 :::::;Z 1;Z 2:::::;Z f) = H (Â 1;Â 2 ;:::)+ Z f

NX

i= 1
Z p;iK a

i 0 < a < 1 (4.1)

whereÂi istheindicatorfunctionwhichtakesthevalue1 ifprojectiexistsand
zerootherwise, H (:::) is some…nitefunction, Z f isa…rm levelshocktobusiness
conditions and Z p are idiosyncraticprojectlevelshocks tobusiness conditions.
T heprojectreturns aresubjecttocommonshocks tothe…rm’s conditions and
idiosyncraticshockstotheproject’sconditions. L etfZ f;Z p;ig followtheprocess

d Z f = Z f(¹fd t+ ¾fd W f) (4.2)
d Z p;i = Z p;i(¹ p d t+ ¾p d W p) (4.3)

wherefW f;fW p;igNi= 1gareallindependentW ienerprocesses11.
11T heprojectand…rmlevelshocksneednotbeindependentbutthisassumptionsigni…cantly

simpli…esthemathematicswithlittlelossofgenerality. A necessaryconditionforouraggregation
procedureisthatplantand…rm levelshocksarenotperfectlydependent.
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Severalpoints areworthnotingaboutthis production function. Firstly, by
assumingthe linearseparability ofthemarginalratherthan absolute revenue
productofprojects wecan providesomerationalefortheorganisationofpro-
duction into…rms ratherthan atomisticprojects. T he action ofH (:) on the
indicatorfunctions allows …rms toderivevaluefrom combiningdi¤erenttypes
ofproductionprojects. Forexample, amining…rm couldderiveapositiverev-
enue‡owfrom combiningtheownership oforeextractionandre…ningplants if
H (0 ;0 ;::Â N ;Â N + 1;0 ;0::) > 0 whereÂ N and Â N + 1 aretheindicatorfunctions for
theownershipoforeextractionandre…ningplants.

Secondly, by beingdeliberatelyvagueaboutthe de…nition ofaproduction
projectwecanallowthesetorepresentgroupsofinvestmentunitswhichareob-
servedtobenon-separable.. H ence, thisapproachisrobusttothenon-separability
ofsomegroupsofproductionprocesses, withthegrouplevelZ p shockrepresenting
theH icksianindexoftheprocesses.

Finally, sincethenumberofprojectsN isarbitrary(andestimatable)thisnests
ourearliermodelbasedon A belandEberly(19 9 6) inwhichthe…rm operated
oneproject. A oneprojectspeci…cationalsonests themodelofCobb-D ouglas
productionandIso-elasticdemandinthestandardEulerinvestmentmodel12.

Sothis linearly separablemulti-projectstructure is ageneralisation ofthe
morestandardsingleproject…rm, whichas section(3) reports, isnotsupported
bythedata. W hilstiswouldbedesirabletogeneralizestillfurthertoallowfor
arbitrary interactions betweenprojectswithineach …rm this is notanalytically
tractable. T hedi¢cultyisthatthedistributionofprojectsbecomesastatevari-
able, dramatically increasingthedimensionalityoftheoptimisation problem13.
T his requires us tomakethestructuraltrade-o¤ betweenthegeneralityofthe
underlyingmodelandtheversatilityoftheestimationprocedure, thesuccessof
whichcanbegaugedbytheperformanceofourestimator.

5.EstimationTechniques14

Sincethemarginalrevenuefunctionislinearlyseparableattheprojectlevel, the
…rstorderconditionscanbeconsideredseparatelyacrossprojects, andtheopti-

12seeforexample, B ondandM eghir(19 9 4)
13Some progress has been made in solvingmodels ofaggregation with interactions across

agentsbyusingapproximationsofthedistribution(seeKrussellandSmith, 19 9 8)ortheignoring
elementsofthe”echoes”ofpreviousshocks(seeCaplinandL eahy, 19 9 8). T heextensionofthese
methodstoourapplicationisleftforfuturereseach.

14W earehappytoprovidethefullG aussestimationcodesanddata(subjecttoD atastream
copyright) onrequestat(e-mail) nick.bloom@ ifs.org.uk. Tofacilitateaccessabilitywearecur-
rently testing, editingand simplifyingthesecodes andwritingan accompanyingmanualfor
on-lineavailability.

10



malinvestmentrule is anaggregationofsection (2). T his is facilitatedbytwo
importantresults. Firstly, each projecthas the samelowerandupperinvest-
menttriggers and sothedistribution oftheirmarginalrevenueproducthas a
commonsupport. Secondly, sincethepositioningofthemarginalrevenueprod-
uctofprojects betweentheirlowerandupperinvestmenttriggers is abounded
I(0)processandtheircapitalstockisanunboundedI(1)processthesemusthave
zerolimitingcorrelation. T hispermitsamappingfromthecrosssectionaldistri-
butionofprojects betweentheinvestmenttriggers to…rm levelinvestmentand
disinvestment.

T hisdistributionofprojectswithinthe…rm is shapedbytwoforces. Firstly
…rm levelshocksacttoshiftstheentiredistributionofprojects betweenthein-
vestmenttriggers. Secondly, theprojectlevelshocksactasmeanrevertingforce
whichsmooths thee¤ectsofthe…rm levelshocks. T heprobabilitydistribution
ofprojects, p(y;t), satis…estheKolmogorovforwardequation15

1
2
¾ 2p@yyp(y;t)¡¹ Y @yp(y;t)¡@tp(y;t) = 0 (5.1)

Since continuous information is notavailable as tothe evolution of…rm level
shocksthesearemodelledasperiodspeci…cratesofdrift¹ Y , basedofthegrowth
ofloggedsalesasaproxyforZ (seesection(6)). T his isonlyanapproximation
because investmentis path dependent, butthis can be tested usingthe L evy
procedurediscussedinA ppendixC.

T heexpectedrateofinvestmentatthe…rm levelis justtheintegraloverthe
densityofprojectsateitherinvestmentboundaryduringtheperiod. Sodenoting
thedensityofprojectsattheloweranduppertriggersbyp(0 ;t) and p(y;t), the
expectedinvestmentanddisinvestmentoveraperiodoflengthT isequalto

E[
I +

K
] =

1
1¡a

ZT

0

¾ 2

2
p(y;t)d t (5.2)

E[
I ¡

K
] = ¡ 1

1¡a

ZT

0

¾ 2

2
p(0 ;t)d t (5.3)

T his isonlyanidentityforexpected …rm levelinvestment. Previousestimations
usingstochasticaggregation, such and Caballeroand Engel(19 9 1), Caballero
(19 9 3), andB ertolaandCaballero(19 9 0,19 9 4), modelledaggregateinvestmentor
consumption, andsoassumedthatthenumberof”projects” withintheeconomy
is in…nite. T hisallowstheapplicationofa”stronglawoflargenumbers” styleof
argumenttodemonstratethatthedistributionofprojectsmatchesitsprobability
distribution16 .todemonstratethattheexpectations ofthe process mean con-
vergestotherealisedinvestmentrate. W hilstthisconvergencestillholdsforour

15seeCoxandM iller(19 9 6)
16T his involvesanapplicationoftheG livenko-Cantelli (seeB illingsley, 19 7 9 ).
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estimationprocedure, sinceweassumethat…rmsoperatesonlya…nitenumberof
projects, theestimationofactualinvestmentwillinvolveaforecasterror, similar
totheerrorterm usuallyappendedtostandardlinear. Finallyweneedtoan
initialdistributionforthemarginalrevenueproductsoftheinvestmentprojects,
whichweassumeisthelongrunergodicdistribution. Sincethisalsointroducesa
sourceoferror, butwhichdecaysovertime, wediscardthe…rstthreeobservations
foreach…rmwhen…ttingourparameters.

Estimation is undertaken byminimisingthesum ofsquareddeviations be-
tweenactualandforecastednetinvestmentoveragridofparametervalues. T his
estimation iterativelyupdates theestimateddistributionofprojectswithin the
…rmgiventheshocktosales(asaproxyforbusinessconditions). T hedistribution
ofprojectswithineach…rmconfersanestimateofinvestment, using(5.2) - (5.3),
andasum ofsquaredresiduals ona…rm by…rm basis. T hesum ofthese…rm
levelestimationerrorsprovidesthetotalsquarederrorandassociatedR -Squared.
Becauseofthis …rm by…rm estimationapproach, boostrappingstandarderrors
byrandomisingovertheweightingsgiventoeach…rm inthesummation, iscom-
putationallyquick.

Figures3to6displaythesequentialevolutionofthisprojectleveldistribution
forB A SS Plc’s…rstfouryears, the…rst…rminourdatasetandalargeU K Brewer,
whichweuseasanexampletoillustratethistechnique. InFigure3weplotthe
expecteddistributionofBass’s investmentprojects, in terms oftheirmarginal
revenueproductsofcapital, betweentheirlowerandupperinvestmenttriggers.
In this exampletheseprojects could representsomenumberofBass’s regional
brewingfacilities. Ifweknewtheexactmarginalrevenueproductofcapitalof
everyoneoftheseunitswewouldhaveadiscretedistribution- ahistogram - but
sincethisestimatoronlyholdinexpectationsthisplotlookssmooth.

[FIG U R ES 3, 4, 5 A N D 6- SEEB A CK O FPA PER ]

Everytime Bass has agood …rm levelsales shockthedistributionofthese
investmentprojects moves towards theupperbarrier. In …gure3 weplotthe
…rstyeardistributionofprojectsandin…gure4the…rsttwoyears’distributions,
withthesecondyeardistribution(theadditionaloneto…gure3)representingthe
e¤ectofthenegativesalesshockwhichhitBass inyear2. A saresult, thereisa
lowerdensityofprojectsattheinvestmenttrigger(therighttrigger)andahigher
densityofprojectsarenowatthelowertrigger(thelefttrigger). Figure5 displays
(inaddition) thedistributionofprojectsafteranotherbadsales shockinyear3
and…gure6thedistributionofprojectsafterBassreceivedagoodsalesshockin
year4.

A sequations (5.3) and(5.2), investmentanddisinvestmentarejustthetime
integralofprojectsattheupperandlowertriggersovertheyear. W epresentthe
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full19 yearseries forsales shocks, actualinvestmentandpredicted investment
forBass in …gure 7 . Itis clearthatboththepredictedandactualinvestment
series forBassaremuchsmootherthanthesales series, thelatterbeingaresult
oftheaggregation. T hepoorrealisations ofsales (solid line) which ledtothe
downwardshiftintheprojectdistributionsin…gures4and5, canbeseeninyears
2 and3 forBass. T his poorsales realisations leads toareduction inpredicted
investment(dashed & doted line) whichmatchedthefallin actualinvestment
(dashed line). In year4 thegood shocktosales is alsovisible in …gure 7 and
leads toapredictionofapick-up in investment, althoughthis is atoddswith
actualinvestmentwhichcontinuedtofall. Figures8, 9 and10 representthenext
three…rms inourdataset(A P V , CrodaInternational, andSeniorEngineering
G roup)withtheirsales, investmentandpredictedinvestment…gures, asafurther
illustrationofthisestimator.

[FIG U R ES 7 , 8, 9 A N D 10 - SEEB A CK O F PA PER]

O ur…rstsetofempiricalresults…tsestimatednetinvestmenttoobservednet
investment. Sinceourestimatoryields separatepredictionsongross investment,
(5.2), anddisinvestment, (5.3), wejointly…ttheseprocesses bycombiningthe
squaredresidualsfrombothseriesusinganequalweight. M oregenerally, company
accounts alsocontains good informationonthehiringand…ringoflabor. O ur
Cobb-D ouglas production function implicitly involves a predicted laborinput,
whichalthoughmaximisedoutoftheconcentratedpro…tfunctioninsection(2),
is easilyrecoverablefrom the(implicit) …rstorderconditions. T his allowedus
tojointlyestimatethe…rms investmentandlabordemandstrategy inasingle
coherentmodelandestimationprocedure. T his confers asigni…cantadvantage
overthestandardmodelsbasedonTobin’sQ orA belandBlanchard(19 86)which
lackthestructuralfoundations toestimateusingthejointinformation inthese
processes.

6.D ata

T hecompanydataisdrawnfromthedatastreamon-lineserviceandconsistsofall
manufacturingcompaniesquotedontheU K stockmarketin19 7 3, with…nancial
holdingcompanies dropped. W e deleted …rms with less than ten consecutive
observations, broketheseries for…rmswhoseaccountingperiodfelloutside300
to400 daysduetochanges inyearendtiming, andexcludedtheobservationsfor
…rmswherethereare100% plusjumps inanyoftheexplanatoryvariables. O ur
capitalstockmeasure is derivedfrom thebookvalueofthe…rm’s stockofnet
…xedassets, usingtheinvestmentdatainastandardperpetualinventoryformula.
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Sales…gureshavebeenadjustedforchangesininventoriesandcash‡owrepresents
pre-taxearningswithdepreciationallowances addedbackin (seeA ppendixD ).
Table5 reportssomesummarystatisticsonthe…rmsinoursample.

Table5: U nbalancedPanelof212 M anufacturing…rms, 307 0
observations

mean median stand. dev. min. max.
total within betwn

investment(It=Kt¡1) 0.113 0.09 5 0.10 0.05 0.09 -0.10 1.14
¢ loggedrealsales 0.026 0.025 0.14 0.05 0.13 -0.61 0.65
¾ sharereturns 1.56 1.63 0.7 1 0.55 0.49 0.01 11.03
cash‡ow(C t=Kt¡1) 0.18 0.140 0.16 0.09 0.17 -0.09 1.9 6
observatnsper…rm 15 14 2.8 0 2.8 11 20

T heunderlyingdrivingvariableforinvestment- thechangeinloggedbusiness
conditions, ¢ log(Z ), - isunobservableandmustbeproxiedbyloggedrealsales,
¢ log(S), where

¢ log(S) = ¢ log(Z )+ a¢ log(K ) (6.1)

Itis clearfrom the identity (6.1) thatwecould use subtracta¢ log(cK ) from
¢ log(S) toobtainanestimateof d¢ log(Z ). H owever, becausetheconstruction
ofthecapitalstockthroughtheperpetualinventorymethodcanbesubjectto
measurementerrors, we avoid usingthis estimated d¢ log(Z ) topreventintro-
ducingthesamesourceoferrorintoourdependentandexplanatoryvariables.
Furthermore, asweshowin A ppendixD , changes in logsales provides aproxy
for 1

1¡a
d¢ log(Z ), with thedegreeofaccuracy increasingwith thetime interval

betweenobservations. H ence, weestimate investmentusing(1¡a)¢ log(S) to
proxy¢ log(Z ).

7 . R esults [workinprogress]

W eestimateoverathreedimensionalgridofparameters, with‡exiblevaluesfor
thestandarddeviationofprojectlevelshocks[¾P], thedegreeofreversibilityinthe
purchaseandresalevalueofcapital[buy=sell], andthereturnstoscaleparameter
[a]. Theremainingparametersweredeterminedasfollows: therealdiscountrate
r wasassumedtobe8% ;thedriftrateofdemand¹ wasthe2.1% averagefrom
our…rmdata, andthestandarddeviationofthe…rmlevelshock¾F wasthe13.5%
averagefromourdata. T hedepreciationrate± wasa…rm speci…cparameterset
tomeetthelongruncapitalaccumulationconstraint I

K = ± + d log(S)whereS
is …rm sales. T hislongrunrelationshiponthecointegrationofcapitalandsales
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holdsempiricallyandisimpliedbyourmodel. T he‡exibilityinthedepreciations
ratesacross…rmsre‡ectsthediversityofassetmixeswiththisparameterranging
from 1.6% to19 % 17 .

O urestimatedvalues andboostrappedstandarderrors from minimisingthe
residualsumofsquaresovernetinvestmentarepresentedinTable6.

Table6: EstimationR esults- N etInvestment: R 2 = 0:2 76
dbuy=sell c¾P ba

Parameterestimate(standarderror) 2 (0.32) 0.6(0.13) 0.8 (0.12)
Parametergridbuy=sell= f1:1;1:3;1:5;2 ;2 :5;3g;
¾P = f0:2 ;0:3;0:4 ;0:5;0:6;0:7;0:8g; a = f0:4 ;0:5;0:6;0:7;0:8;0:9;0:95_g

T he dbuy=sell parameterestimatesuggestthatthedegreeofirreversibilityis
signi…cantwitha50% resalelossincurred. T hisaccordswiththelowlevelofcapi-
taldisinvestmentobservedinourdata, wherethemeandisinvestment/investment
ratiois 0.181. W ithoutanimportantreversibilityconstraintthisratiowouldbe
closertoonegiventhehigh empiricalstandarddeviation (0.135) andlowdrift
(0.026)of…rmleveldemand. T hisratioofobservedtotaldisinvestment/investment
alsoapproximatelymatchesthepredictedratioof0.26fromourestimator.

W ith c¾P = 0:6, themarginalrevenueproductofcapitalatthe individual
projectlevelshouldvarybyasmuchas60% inabouttwothirdsofcases, ona
year-to-yearbasis. T hisseemsimplausiblyhighandwehavetwocommentsinre-
lationtothis. Firstly, wehaveignoredtheissueofcross-sectionalheterogeneityin
theprojectlevelparameters, whichasCaballeroandEngel(19 9 1) demonstrate,
alsogenerates thetypeofsmoothingproperties weattributetothese idiosyn-
craticprojectlevelshocks. H ence, itislikelythattheomissionofcrosssectional
heterogeneitybiases this projectlevelshockparameterupwards18 . Secondly, to
maintain tractabilityofapproachweignorethepossibilityof…rm levelconvex
adjustmentcosts. T hiswillalsobias c¾P upwards inattemptingtogeneratethe
additional…rm levelinvestmentsmoothness.

T heestimatedvalueofba, thedegreeofhomogeneityoncapital, is 0.8. T his
is notsigni…cantly di¤erentfrom unitywhich is the valuefora underperfect
competitionandconstantreturnstoscale(CR S). H owever, sincethe…rm’scap-
italstockmayhaveno…nitesizeundertheseconditionsourestimatorrulesthis
outbyassumption. T heA belandEberly(19 9 4) modelofnon-linearQ , onthe
contrary, requiresperfectcompetitionandCR S forempiricalapplication, andso

1 7 T hereisnonecessityfordepreciationratestobepositiveifthecapitalstockincludesalarge
shareofproperty.

18 W ecouldincludecrosssectionalheterogeneityinthisestimatorbutatconsiderablecompu-
tationalexpenseaswewouldneedtoestimatetheprocessforeach(plants,type) combination.
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is foundedonamutuallyexclusivemaintainedhypothesis. T his is animportant
issuealthoughtheeconomicevidenceforperfectcompetition is notstrong[ref:
H all(19 8 7 ?)]

TheR -Squaredforthisestimationwas0.27 6whichappearstobeasatisfactory
…tforastructuralestimatorbutpoorforageneralreducedformestimator. A sa
roughguidewepresenttheR -SquaredforsomeO L S andwithingroupsestimators
onthesamedatasetbelow. Itisclearthatourestimatoroutperformsthesimple
O L S estimators inrows (1) (2) and(3) intermsofgoodness of…t. T hewithin-
groupsestimators inrows(5), (6) and(7 ), whichallowfor210 extraparameters
{ ® 2 :::® 2 11} intheformof…rmspeci…cintercepts, haveasuperiorgoodnessof…tto
ourstructuralestimator19 . Columns(7 )and(8)presentresultsfromtheO L S and
withingroupsEulerequation, analternativestructuralestimator20. T heexplana-
torypoweroftheO L S Eulerequation, whichhas4freeparameters{ ® 1;¯1;¯ 2 ;¯3} ,
ismuchlowerthanourestimator, whilstthewithingroupsEulerequation, which
has214freeparameters { ® 1:::® 2 11;¯1;¯ 2 ;¯3} isapproximatelyequal.

O L S Estimators- R educedForm R -Squared
(1) I

K i;t= ® 1 + ¯1¢ logyi;t 0.156
(2) I

K i;t= ® 1 + ¯1¢ logyi;t+ ¯ 2 ¢ logYi;t¡1 + ¯3¢ logYi;t¡2 0.201
(3) I

K i;t= ® 1 + ¯1¢ logYi;t+ ¯ 2 ¢ logYi;t¡1 + ¯3¢ logYi;t¡2 + ¯4 I
K i;t¡1 + ¯5 I

K i;t¡2 0.259
W ithinG roupsEstimators-R educedForm

(4) I
K i;t= ®i+ ¯1¢ logYi;t+ ¯ 2 ¢ logYi;t¡1 + ¯3¢ logYi;t¡2 0.333

(5) I
K i;t= ®i+ ¯1¢ logYi;t+ ¯ 2 ¢ logYi;t¡1 + ¯3¢ logYi;t¡2 + ¯4 I

K i;t¡1 + ¯5 IK i;t¡2 0.353
(6) I

K i;t= ®i+ ¯1¢ logYi;t+ ¯ 2 ¢ logYi;t¡1 + ¯3¢ logYi;t¡2 + ¯4 (¢ logYi;t)2 0.418
¯5(¢ logYi;t)1=2 + ¯6 I

K i;t¡1 + ¯7 I
K i;t¡2 + ¯8( IK i;t¡1)

2 + ¯9( IK i;t¡1)
1=2

O L S andW ithinG roups - EulerSpeci…cation
(7 ) I

K i;t= ® 1 + ¯ 2 ¢ logYi;t¡1 + ¯ 4 I
K i;t¡1 + ¯5

³
I
K i;t¡1

2́
0.138

(8) I
K i;t= ®i+ ¯ 2 ¢ logYi;t¡1 + ¯4 I

K i;t¡1 + ¯5
³
I
K i;t¡1

2́
0.237

T hesecomparisons areverypreliminary. T heyareestimatedwithO L S and
withingroups ratherthanconsistentG M M , exclusiveof…nancialvariables, and
basedontheEulerequationalone, butneverthelessencouraging. A sastructural
estimatorthe sample …tofourestimatoris satisfactory. Furthermore, amore

19 T his con…rms acommonresultin empiricalinvestmentthatthere is atrade-o¤ between
structuralestimatorssuitableforgeneralpolicysimmulationandreducedformestimatorswith
superiorforecastingand…t(forexampleseeO lineretal., 19 9 5).

20seeforexampleBondandM eghir(19 9 4)

16



generalmetricof…twhichincludedtheabilitytoexplainotherfacetsofinvestment
data, suchas thelumpynatureofplantlevelinvestment, thesmoothnatureof
…rmlevelinvestmentandthefrequencyofsimultaneous…rmlevelinvestmentand
disinvestmentobservations, wouldfavourourapproach.

Extensions: T heseresultsarepreliminaryandcurrentextensions involve

1. Extendingtheestimators touseadditionaldisinvestmentand labourde-
manddata

2. U singourvarianceofstockmarketreturnstoproxyfor…rmleveluncertainty
totesttheunderlyingmodellingassumptions(seeB loometal., 19 9 9 ).

3. Extendingourdatasetandgridsearch

4. M akingtheG aussestimationcodesavailableon-linewithsomeaccompany-
ingexplanatory”manual”

8.Conclusions

T he standard approach toestimating investment, followed by models such as
Tobin’s Q , A belandB lanchard, andtheEulerequation, is basedonquadratic
adjustmentcosts. W hilstthisapproachissatisfactoryforexplainingsmooth…rm
levelinvestmentitis inconsistentwithtwoimportantstylizedfacts: thatplant
levelinvestmentislumpyandfrequentlyzeroandthat…rmsaretypicallyobserved
investinganddis-investingsimultaneously. Infact, itshouldnotbesurprisingthat
plantlevelinvestmentdoes notconform tothesmoothpredictionsofquadratic
adjustmentcosts. Q uadraticadjustmentcostmodels arenotrobusttothe in-
clusionofeventinyirreversibilities and…xedcosts, displaying(S,s) stylelumpy
investmentforirreversibilitiesand…xedcosts as littleas 5% ofthepriceofnew
capital. Infactthesurprisingresultisthat…rm leveldatais sosmooth.

W e investigatewhetherthis smoothness of…rm investmentis due totime
aggregationalone, butbycalculatingthestatisticaldistributionforyearlyzero-
investmentobservations, weareabletostatisticallyrejectthishypothesis. M ore
importantly, we…ndthatthepredictedfrequencyofzeroinvestmentepisodes is
alsotoohighforplantlevelinvestmenttobegeneratedbyasingle(S,s) process.
T his resultand thedisappearanceofzeros when movingfrom smallplants to
large plants and from plants to …rms leads us toconclude that: aggregation
across investmentprojectswithin each…rm isresponsibleforgeneratingsmooth
investmentandsimultaneousinvestmentanddisinvestment.
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G iventhese…ndingsweproposeastructuralmodelofinvestmentbasedonthe
aggregationof(S,s)investmentprojectswithin…rms. U nderamaintainedhypoth-
esisontheseparabilityofmarginalrevenueproductofcapitalacrossprojects, we
undertakestochasticaggregation, develop anestimationprocedurefor…rm level
paneldata, andestimateastructuralinvestmentequationonourpanelof…rm
data. O urpreliminaryresultsarepromising: theempiricalperformanceand…tof
thisonourpanelisgoodforastructuralmodel, andappearstoprovideanavenue
forgeneralpolicysimulation. T heestimatedparametervaluessuggestthat: irre-
versibilities areimportantwithcapitalresaleincurringa50% loss;thatproject
levelidiosyncrasiesarelarge;andthatthehomogeneityofreturnstocapitalis0.8
suggestingimperfectcompetitionand/ordecreasingreturnstoscale.

T hisapproachalsoyieldspredictionsonthecomovementoflabourandcapital
inasinglemodelandestimationprocedure. T hisconfersasigni…cantadvantage
overthestandardmodelsofinvestmentbasedonTobin’sQ orA belandB lanchard
(19 86) whichlackthestructuralfoundations toundertakeestimationusingthe
jointinformationinthelabourandcapitalprocesses. T hisshouldhelptoaddress
thequestionovertherelativeadjustmentoflabourandcapitalandtheappropriate
modellingstrategybetweenalternativeassumptionsofcostlycapitaladjustment
orcostly labouradjustment. M oregenerallythis estimation procedure is also
appropriatefortheotheraggregated(S,s) processeswhichhavebeenconsidered
intheliterature, suchashouseholddemandforconsumerdurables.
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9 . A ppendixA

10. A ppendixB : T hesolutiontothetimeaggregationprob-
lem.

L etf(x;t;T)betheprobabilityofaprojectin(position,time) space(x;t)hitting
eitherinvestmentbarrierbytimeT. Tosimplifytheuseoftheboundarycondi-
tionsfurtheronwesolveforg(x;t;T), whichistheprobabilityofnotinvesting,
sothatg(x;t;T) = 1¡f(x;t;T). T hentakingbinomialapproximationswecan
derivetheKolmogorovbackwardequationforg(x;t;T)

¾ 2

2
gxx(x;t;T)+ ¹gx(x;t;T)+ gt(x;t;T) = 0 (10.1)

withboundaryconditions

g(0 ;t;T) = 0 8 0 ·t·T (10.2)
g(x;t;T) = 0 8 0 ·t·T (10.3)
g(x;T;T) = 1 8 0 < x < x (10.4)

lim
T!1

g(x;t;T) = 0 8 0 < x < x; 8 t (10.5)

T he…rsttwoboundaryconditions in 10.2 and10.3 statethatinvestmenttakes
placealmostsurelyatthelower(x = 0 )andupper(x = x)boundaries. T hethird
boundarycondition10.4statesthatattheendofthetimeperiodtheprobability
ofhittingtheinvestmentbarrierforaninteriorpointiszero. T hefourthboundary
condition10.5 statesthatasthetimeframeextendstoin…nitytheprobabilityof
aninvestmentimpulseforanystartingpositionapproachesonein…nitetime.

Proceedingtosolve10.1 byseparationofvariablesg(x;t;T) = u(t)v(x), where
wetemporarily suppress the dependenceon (theparameter) T untillater, we
derive twosets ofordinary di¤erentialequations and an unknown connecting
termk

ut(t)¡ku(t) = 0 (10.6)

vxx(x)+
2 ¹
¾ 2
vx(x)+

2k
¾ 2
v(x) = 0 (10.7 )

T he…rstordinarydi¤erentialequation10.6hasanexponentialsolution

u(t) = Aexp(kt) (10.8)

T he second ordinary di¤erentialequation 10.7 and boundary conditions 10.2
and10.3de…neaSturm-L iouvilleproblem with integratingfactore

2 ¹
¾ 2

x (seee.g.
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ChurchillandBrown, 19 9 3)withcharacteristicequation

¯ 2 +
2 ¹
¾ 2
¯ +

2k
¾ 2
= 0 (10.9 )

Ifk· 2 ¹ 2
¾ 2 thentherootsofarerealandthesolutionstakethegeneralform

v(x) = A1e¯1x + A2 e¯2 x k<
¹
2 ¾ 2

, distinctroots (̄ 16= ¯ 2 ) (10.10)

v(x) = A1e
¹
¾ 2

x + xA2 e
¹
¾ 2

x k=
2 ¹ 2

¾ 2
, therepeatedrootcase (10.11)

T hese solutions cannotmeettheboundaryconditions soweconsiderk > 2 ¹ 2
¾ 2 ,

whichdeliverscomplexroots;

¯ = ¡¹
¾ 2
§i

Ã
2k
¾ 2
¡¹ 2

¾ 4

! 1
2

(10.12)

= ¡¹
¾ 2
§i̧ (K ) (10.13)

wherethesolutionshavetheform

v(x) = e¡
¹
¾ 2

s(A1 c os(̧ (k)x)+ A2 sin(̧ (k)x)) (10.14)

Imposing10.2 weobtainA1 = 0 , andimposing10.3weobtain

kn =
¹
2 ¾ 2

+
n 2 ¼ 2 ¾ 2

2 x2
n = 1;2 ;3::: (10.15)

fromwhichwecanderiveageneralsolutionto10.1 intermsofitsFourierseries;

g(x;t) =
1X

n= 1
An exp(knt)exp(¡

¹
¾ 2
x)sin(

n¼
x
x) (10.16)

g(x;t;T) =
1X

n= 1
B n exp(kn(t¡T))exp(¡¹

¾ 2
x)sin(

n¼
x
x) (10.17 )

where10.17 comes from rede…ningthecoe¢cients B n = An exp(knT). T heter-
minalcondition

g(x;T;T) = 1 (10.18)

determinestheconstantsfAng1n= 0 . Settingt= T in10.17 using10.18 , multiply-
ingbothsidesbye

¹
¾ 2

xsin(n¼x x), integratingbetween 0 andx, andexploitingthe
orthogonalityoftheFouriertermsweobtain
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B n =
Rx
0 e

¹
¾ 2

xsin(n¼x x)d xRx
0 sin(

n¼
x x)

2 d x
; n = 1;2 ;:::: (10.19 )

=
2 n¼¾ 4 (1 + exp( ¹¾ 2 x)(¡1)n+ 1)

x(¹ 2 x2 + n 2 ¼ 2 ¾ 4 )

U singtheergodicdistribution e(x)whichcanbesolvedfrom thestationary
Kolmogorovequation

e(x) = exp(
2 ¹
¾ 2
x)

Ã 2 ¹
¾ 2

exp(2 ¹¾ 2 x)¡1

!
(10.20)

wecan integrateacross theinitialstates toderivetheprobabilitythatan indi-
vidualx withanergodicinitialdistributionwillhiteitherbarrierbetweentand
T.

P(t¡T) =
Zx

0
e(x)f(x;t;T)d x (10.21)

=
Zx

0
e(x)(1¡g(x;t;T))d x (10.22)

= 1¡
1X

n= 1
B n

Zx

0
e

¹
¾ 2

xsin(
n¼
x
x)d x (10.23)

= 1¡
Ã 2 ¹

¾ 2

exp(2 ¹¾ 2 x)¡1

! 1X

n= 1

n¼¾ 4 (1 + exp( ¹¾ 2 x)(¡1)n+ 1)
(4 ¹ 2 x2 + n 2 ¼ 2 ¾ 4 )

B n exp(kn(t¡T))(10.24)
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TableA 2: PredictedZ ero-InvestmentFrequencies (% )
¾ 2 Buy=Sell ¹ Y r a frequency(100£p)
0.2 1.1 0.02 0.08 0.8 44.0%
0.2 1.5 0.02 0.08 0.8 60.2%
0.2 2 0.02 0.08 0.8 69 .4%
0.2 4 0.02 0.08 0.8 7 3.1%
0.5 1.1 0.02 0.08 0.8 25.4% .
0.5 1.5 0.02 0.08 0.8 46.7 %
0.5 2 0.02 0.08 0.8 62.4%
0.5 4 0.02 0.08 0.8 7 2.5%
1 1.1 0.02 0.08 0.8 11.4%
1 1.5 0.02 0.08 0.8 30.3%
1 2 0.02 0.08 0.8 48.4%
1 4 0.02 0.08 0.8 61.0%
1.5 1.1 0.02 0.08 0.8 5.6%
1.5 1.5 0.02 0.08 0.8 20.0%
1.5 2 0.02 0.08 0.8 37 .3%
1.5 4 0.02 0.08 0.8 51.0%
0.5 2 0.1 0.08 0.8 57 .4%
0.5 2 -0.1 0.08 0.8 57 .4%
0.5 2 0.02 0.2 0.8 56.8%
0.5 2 0.02 0.02 0.8 66.7 %
0.5 2 0.02 0.08 0.9 5 62.9 %
0.5 2 0.02 0.08 0.5 61.5%
0.5 2 0.02 0.08 0.25 60.4%
T hestandarddeviationsforN obs. isp(1-p)/N
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11. A ppendixC: TheEvolutionoftheProjectL evelD istri-
bution

Sincecontinuous information is notavailableas toaggregatedevelopments, we
assumetherealizationsof…rm leveluncertaintytobeevenlyspreadwithineach
observationperiod. T his isonlyanapproximationofcourse. Irreversibleinvest-
mentispathdependent, andsothevariabilityofthecapitalstockupperboundat
higherfrequencies is inprinciplerelevantfortheobservedpathofinstalledcapi-
tal. H owever, webelieveanyempiricalimportanceoftheseissuesisovershadowed
bythesubstantialsimpli…cationoftheanalyticalandestimationproblems: itre-
ducesanintractablestochasticpartialdi¤erentialequation(SD E) toasequence
ofdeterministiclinearpartialdi¤erentialequations(PD Es)whosesolutionispre-
sentedbelow. A ttheendofthis sectionweexplaintheL evytestfordiscerning
theestimatederrorinapproximatingaSD EwithaPD Einthismanner

L etf(s;t) denotethe probability density ofa process s(t) with stochastic
di¤erential

d s(t) = ¹d t+ ¾ d z (11.1)

whered z isastandardW ienerprocess, ¹ < 0 , andletfsg bere‡ectedat0. T he
functioncanbederivedbysolvingtheKolmogorovforwardequation

@tf(s;t) =
1
2
¾ 2 @ssf(s;t)¡¹@sf(s;t) (11.2)

withtheboundaryconditions

1
2
¾ 2 @sf(0 ;t) = ¹f(s;t) 8t (11.3)

1
2
¾ 2 @sf(S;t) = ¹f(S;t) 8t (11.4)

theintegrationconstraintonthedistribution
Z
f(s;t) = 1 8t (11.5)

andtheinitialcondition
f(s;0 ) = j(s) (11.6)

Thiscanbesolvedviaaseparationofvariablestoobtainacoupleofordinary
di¤erentialequations.D enotingf(s;t) = g(s)h(t), wecanwrite

ht(t)
h(t)

=
1
2
¾ 2
gss(s)
g(s)

¡¹
gs(s)
g(s)

= ¸ (11.7 )
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forsomeconstant¸:Inthetdirection,

ht(t)¡¸h(t) = 0 (11.8)

hasthegeneralsolutionh(t) = Ae¸t. Inthesdirection,

gss(s)¡
2 ¹
¾ 2
gs(s)¡

2 ¸
¾ 2
g(s) = 0 (11.9 )

gs(0 ) =
2 ¹
¾ 2
g(0 ) 8t (11.10)

gs(S) =
2 ¹
¾ 2
g(S) 8t (11.11)

Equations11.9 to11.11 de…neaSturm-L iouvilleproblemwithintegratingfactor
e¡

2 ¹
¾ 2

s (seee.g. ChurchillandBrown, 19 9 3)withcharacteristicequation

x2 ¡ 2 ¹
¾ 2
x¡ 2 ¸

¾ 2
= 0 (11.12)

If¸ ¸ ¹
2 ¾ 2 thentherootsofarerealandthesolutionstakethegeneralform

g(S;¸) = A1ex1s + A2 ex2 s ¸ > ¡ ¹
2 ¾ 2

, distinctroots(x16= x2 ) (11.13)

g(S;¸) = A1e
¹
¾2

s + sA2 e
¹
¾ 2

s ¸ = ¡ ¹
2 ¾ 2

, therepeatedrootcase(11.14)

Puttingthedistinctrootssolutions intotheboundaryconditions

x1A1 + x2A2 =
2 ¹
¾ 2
(A1 + A2 ) 8t (11.15)

x1A1ex1S+ x2A2 ex2S =
2 ¹
¾ 2
(A1ex1S+ A2 ex2S) 8t 8t (11.16)

andrearrangingyields

(x2¡
2 ¹
¾ 2
)A2 (e(x1¡x2 )S¡1) = 0 ; (x1¡

2 ¹
¾ 2
)A1(e(x2¡x1)S¡1) = 0 ; 8t(11.17 )

Fortherepeatedroots puttingthesolutions intotheboundaryconditions and
rearrangingyields

2 ¹
¾ 2
SA2 = 0 ; A1 = ¡

¾ 2

¹
A2 ; 8t (11.18)

H ence, solutionsofthisformwithrealrootscanonlysatisfytheboundarycondi-
tions if¸ = 0 ;A2 = 0 , where

g(S;¸ = 0 ) = A1e
2 ¹
¾ 2

s (11.19 )
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W ethenconsiderthesolutions obtainedforcomplexroots ofthecharacteristic
equation, ¸ < ¡ ¹

2 ¾ 2 ;

x =
¹
¾ 2
§i

Ã
¡¹

2

¾ 4
¡ 2 ¸
¾ 2

! 1
2

(11.20)

=
¹
¾ 2
§¯ (̧ ) (11.21)

wherethesolutionshavetheform

g(S;¸) = e
¹
¾ 2

s(A1 c os(̄ (̧ )s)+ A2 sin(̄ (̧ )s)) (11.22)

Imposing11.9 to11.11weobtain

¯ (̧ )A2 =
¹
¾ 2
A1 8t (11.23)

¡̄ (̧ )A1sin(̄ (̧ )S)+ ¯ (̧ )A2 c os(̄ (̧ )S) =
¹
¾ 2
(A1 c os(̄ (̧ )S)+ A2 sin(̄ (̧ )S)) 8t

(11.24)
whichafterre-arrangingyields,

sin(̄ (̧ )s) = 0 (11.25)

sothattheeigenvaluesforg(S;¸)are

¸n =
¾ 2

2

Ãµn¼
S

¶2
¡¹ 2

¾ 4

!
(11.26)

Combiningresultswe…ndthatthegeneralsolutionto11.2 to11.4canbewritten

f(s;t) = f0 (s)+
1X

n= 1
e¸ntfn(s) (11.27 )

f0 (s) = A0 e
2 ¹
¾ 2

s; fn(s) = e
¹
¾ 2

sAn

µ
c os(

n¼
S
s)+

S
n¼

¹
¾ 2
sin(

n¼
S
s)

¶
(11.28)

T heinitialcondition X

n
fn(s;t) = j(s) (11.29 )

determinestheconstantsfAng1n= 0 . M ultiplyingbothsidesof11.29 bye¡
2 ¹
¾ 2

sfn(s;t),
integratingbetween0 andS, andexploitingtheorthogonalityoftheeigenfunctions
sothat

RS
0 fi(s;t)fj(s;t) = 0 8 i6= j, weobtain
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A0 = ¡2 ¹
¾ 2

1

1¡e
2 ¹
¾2

S
(11.30)

An =

RS
0 j(s)

³
c os(n¼Ss)+

S
n¼

¹
¾ 2 sin(

n¼
Ss)

´
d s

RS
0

³
c os(n¼Ss)+

S
n¼

¹
¾ 2 sin(

n¼
Ss)

2́
d s

; n = 1;2 ;:::: (11.31)

T heintegralcanbecomputednumericallyforgeneralj(:)andthenumeratorhas
theclosedform

ZS

0

µ
c os(

n¼
S
s)+

S
n¼

¹
¾ 2
sin(

n¼
S
s)

¶2
=
S
2

µ
(
n¼
S
s)2 + 1

¶
(11.32)

11.1. A napproachfortestingtheimportanceoftheapproximationof
theSD EbyaP D E

T heproblem ofapproximatingcontinuous timestochasticdi¤erentialequations
(SD E)usingdiscretetimedataiscommoninthephysicalsciencesandanumber
ofmethodshavebeendevelopedtodealwiththis. T heL evyapproachstartsfrom
theproofthatconditionalonthe(¹;¾)brownianmotionprocessbeingobservedat
(x0 ;t)and(x1;t+ T) in(event,time)spaceitsinterveningprobabilitydistribution
is normal. Forexample, attimet+ T

2 theunknown position ofthebrownian
process has aprobabilitydistribution N (x1¡x02 ;¾ 2 T2 ). T heevolutionoftheSD E
overtheinterval(t;t+ T)canthenbeapproximatedbyintegratingwithrespectto
thisnormaldistributionovereverypairofhalfperiodpartialdi¤erentialequations
(PD Es)across (t;t+ T

2 )and(t+
T
2 ;t+ T)whichjoinatt+ T

2 . Bysplittingthis
halfperiodintofourquarterperiods, eight1

8 periods, sixteen 1
16 periodsetc. any

degreeofaccuracycanbeachievedtotheexactprobabilisticsolutiontotheSD E
conditionalontheavailablediscreteinformation. T hisprovidesacomputationally
intensivetestofthe importanceofassumingthe smooth evolution ofthe …rm
levelshockbetweenperiodsofobservationwhichweperform at 1

16 splits forthe
parameterestimates - [insertresultshere].

12. A ppendixD : D ata

T heU K dataistakenfrom theaccountsof…rmslistedontheU K stockmarket
with…nancialholdingcompaniesexcluded. T hisdataiscontainedintheD atas-
treamon-lineservice.

Investment(I). T hebasicvariableusedistotalnew…xedassets lessrevenue
raisedfrom …xedassetsales: D S435-D S423
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CapitalStock(K): W as computed byadjustingthehistoriccostvalues for
in‡ationandapplyingaperpetualinventoryprocedurewithadepreciationrate
of8% perannumforallyearsfollowingthe…rstyearforwhichhistoriccostdata
wereavailable. Ideallywewouldusethedepreciationrates from the…rm level
longrun investmentidentity, I

K = ± + ¢ log(s), buttheaveragerateof8% has
beenusedtofacilitatecomparabilitywithotherestimatorsandtoavoidadditional
estimationloops.

PI
tKt= (1¡±)PI

t¡1Kt¡1(
PI
t

PI
t¡1
)+ PI

tIt (12.1)

where:

8
>>><
>>>:

Kt :CapitalStock
PI
t :PriceofInvestmentG oods

It :R ealInvestmentG oods
± :D epreciationR ate

9
>>>=
>>>;

T hestartingvaluewas basedonthenetbookvalueoftangible…xedcapital
assetsinthe…rstobservationwithinoursampleperiod, adjustedforpreviousyears
in‡ation. Subsequentvalueswereobtainedusingaccountsdataoninvestmentand
disposals, nationalpriceindicesforinvestmentgoodsprices.

O utput(Y ): Sales, D S104, de‡atedbytheaggregateG D P de‡ator
CashFlow(C): Forthepurposesoftheregressions, cash‡owiscomputedas

fundsavailableforinvestment, i.e. asnetincomeplusdepreciation.

12.1. SubstitutionofSales D ataasaProxyforBusinessConditions

Tousesalesdata, log(S) = log(AK aZ ), asaproxyforbusinessconditions, log(Z ),
weneed toarguethattheseprocesses arecloselyrelated. T his proofinvolves
us …rstthatthe change in logged sales is a someweighted combination w of
(w ¤¢ log(Z ) + (1¡w )¤ 1

1¡a¢ log(Z )). W ethenshowthatforanysetofinitial
conditionsthisweightingfunctionw tendsto0, sothattherelationship between
loggedsalesandbusinessconditionstendsto¢ log(S) = 1

1¡a¢ log(Z ), theproxy
relationshipadoptedforestimation.

Taking…rstdi¤erencesofloggedsalesweobtain

¢ log(S) = ¢ log(Z )+ a¢ log(K ) (12.2)

From section(2) itisclearthatateitherinvestmenttrigger

¢ log(K ) =
1

1¡a
¢ log(Z ) (12.3)
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sothatbycombining(12.2)and(12.3)weobtainthatateithertrigger¢ log(S) =
1
1¡a¢ log(Z ). In between eitherinvestmenttrigger¢ log(K ) = 0 sothatfrom
(12.2)¢ log(S) = ¢ log(Z ). H ence, overanyperiodoftime¢ log(S) = Á(t)¢ log(Z )+
(1¡Á(t)) 1

1¡a¢ log(Z ), whereÁ(t)2 [0 ;1]isaweightingfunctionwhichrepresents
thetimeproportionofprojectshittingtheinvestmenttriggers. Forexample, fora
singleprojectÁ(t)wouldequal0 iftheprojectwasattheinvestmenttriggerand
1 otherwise. Tocompletetheassertionthat¢ log(S) ¼ 1

1¡a¢ log(Z )weprove
thatlimT!1 Á(t) = 0 .

T heresults from A belandEberly(19 9 6) canbegeneralisedtodemonstrate
thatforamodelofthetypepresentedinsection(2) thegapbetweenthelogged
loweranduppertriggers isconstant, andsoI(0). T hedrivingprocessforinvest-
ment, thechangeinbusinessconditions ¢ log(Z ), is I(1). Bycointegrationitis
clearthatthelongrungrowthrateisuna¤ectedbyirreversibility.

Formally, de…neK r(Z ) tothebethelevelofcapitalstockthatwouldprevail
undercompletereversibilityconditionalonbusinessconditions. T his canbede-
rivedfromthe…rstorderconditionsontheequalitybetweenthemarginalproduct
ofcapitalandtheusercostofcapital

aAK a¡1Z = (r + a±¡¹ Z ) (12.4)

sothat
logK r(Z ) =

logaA¡logZ ¡log(r + a±¡¹ Z )
1¡a

(12.5)

D e…neK I (Z )andKD(Z )tobethecapitalstockswhichwouldinduceinvestment
anddisinvestmentattheupperandlowerinvestmenttriggersunderirreversibility.
By revealed preferencetheorythecompletereversibilitylevelofcapitalK r(Z )
mustliestrictlybetweenK I (Z ) andKD(Z )21. W ecanusethede…nitionsofthe
lowerandupperinvestmenttriggers insection(2) toobtain

logKD = logK I +
(ÁU ¡ÁL)
1¡a

(12.6)

whichis positivesinceÁL < 0 andÁU > 0 . T his providesboundsfortheactual
capitalstockunderpartialreversibility

logaA¡logZ ¡log(r + a±¡¹ p)¡(ÁU ¡ÁL)
1¡a

< logK (12.7 )

<
logaA¡logZ ¡log(r + a±¡¹ p)+ (ÁU ¡ÁL)

1¡a
21Ifa(dis)invesmentisoptimalunderpartialreversibilityitmustbeoptimalorvalueadding

undercompletereversibilitysincenoadjustmentcostsareincurred.
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whereSincethecapitalstockisboundedwithinaconstantwindowbetweentwo
Brownianprocesses, logKD andlogK I , whichhaveacommondrift, varianceand
W ienerterm, logK mustalsohavethesamedrift. T hus,

lim
T!1

[(
1
T
log(KT+ t)¡log(Kt))¡

¹ z
1¡a

]! a:s:0 (12.8)

onthe…lteredprobabilityspace( ;Ft;P) onwhichbrownianprocesslog(Z t) is
adapted, andso

lim
T! 1

[
1
T
(log(KT+ t)¡log(Kt))]! a:s: lim

T!1
[
1
T

1
1¡a

(log(Z T+ t)¡log(Z t))] (12.9 )

Itisinterestingtonotethatthisalsoprovesthatthelongrungrowthrateofcapi-
talisindependentofanyoftheparametersofirreversibilityorthevarianceofthe
businessconditions. T hatis, uncertaintyhasnolongrunimpactoftheaccumu-
lationofcapital. T hishasalsobeendemonstratedbyH artmanandH endrickson
(19 9 9 ) usinganalternativemethodofproof.
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Figure13.1: InvestmentProbabilities: O ne, Two& FiveYears, buy=sell= 2

Figure13.2: InvestmentProbabilities: O ne, Two& FiveYears, buy=sell= 1:1
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Figure13.3: ProjectL evelD istribution: Year1: B A SS

Figure13.4: ProjectL evelD istribution: Years1 & 2: B A SS
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Figure13.5: ProjectL evelD istribution: Years1,2 & 3: B A SS

Figure13.6: ProjectL evelD istribution: Years1,2, 3, & 4: B A SS
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Figure13.7 : Changes InSales, InvestmentandPredictedInvestment: B A SS

Figure13.8: ChangesInSales, InvestmentandPredictedInvestment: A P V
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Figure13.9 : Changes InSales, InvestmentandPredictedInvestment: CrodaIn-
ternational

Figure 13.10: Changes In Sales, Investmentand Predicted Investment: Senior
EngineeringG roup
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