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Abstract

We characterize the revenue maximizing mechanism in a two-period model. A risk neutral seller owns
one unit of a durable good and faces a risk neutral buyer whose valuation is private information. The
seller has all the bargaining power; she designs an institution to sell the object at t=0 but she cannot
commit not to change the institution at t=1 if trade does not occur at t=0. The seller’s objective is to
pick the revenue maximizing mechanism. We show that if the probability density function of the buyer’s
valuation satisfies certain conditions, the optimal mechanism is to post a price in each period. Previous
work has examined price dynamics when the seller behaves sequentially rationally. We provide a reason
for the seller’s choice to post a price even though she can use infinitely many other possible institutions:
posted price selling is the optimal strategy in the sense that it maximizes the seller’s revenues. Keywords:

mechanism design, optimal auclions, sequential rationalily. JEL Classificalion Codes: C72, D4, D82.

1 Introduction

The main goal of a seller is to maximize profits. Theorists (see Myerson (1981) and Riley and Samuelson

(1981)) have provided an answer to the following question. When the seller has incomplete information

*I am indebted to Professor Reny and Professor Aoyagi for their gunidance and support. P. Reny made numerous constructive

suggestions on the model used in this paper. All errors are of course mine.



about the buyers’ willingness to pay, what is form of the institution that maximizes a seller’s revenues
out of all possible arrangements? The answer is provided under the assumption that the seller can tie
her hands and is able to commit to the institution she chose, even though ex post there may exist more
profitable arrangements. In other words, the revenue maximizing institution is characterized under the
restriction that the seller will behave in a non-credible way. If one relaxes this assumption, in other words,
if the seller behaves sequentially rationally, what is the form of the revenue maximizing mechanism? This
is the question we aim to answer.

Why 7 It seems a more natural scenario. In many instances the assumption that the seller can tie
her hands, even though ex-post it may turn out that she has more attractive possibilities, is far fetched.
In practice people are often tempted not to commit as the following examples demonstrate. Christies in
Chicago auctions the same bottles of wine that failed to sell in earlier auctions. The government reauctions
properties that fail to sell: lumber tracts, oil tracts and real estate are put up in a new auction if no bidder
bids above the reserve price!. McAfee and Vincent (1997), note that “either implicitly or by explicit policy,
auctioneers are acknowledging the impossibility of resisting a temptation to try to resell an object who
failed to meet a reserve price at an earlier auction.”

To illustrate the situation let us look at the following scenario. Consider a risk neutral seller who owns
one unit of a durable good that is of no value to her. She decides to auction the item using a revenue
maximizing institution. She faces just one risk neutral buyer whose valuation is unknown but is distributed
according to a continuous distribution f(.) on a closed interval, which is common knowledge. The seller
who is aware of the work of Myerson (1981) knows that in this situation the optimal, in terms of revenue,
institution is to post a price. Suppose that the there are T=2 periods, t=0,1. The buyer announces his
valuation to the seller and if it is above the seller’s posted price, he obtains the object and pays the price.
Suppose that at date 0 the seller posts the price that maximizes ex-ante revenues but the buyer announces
a valuation below the price. No trade takes place. It is well known that in order for the seller to maximize

her ex-ante expected revenues she should commit to tie her hands and not try to sell the item again using

!These examples are also mentioned in McAfee and Vincent (1997).



a different institution in a subsequent period. After the buyer declines the initial sale contract, it is not
sequentially rational for the seller to tie her hands. At date 1 the seller knows that there exist gains from
trade but they were not realized because the price she posted was above the buyer’s valuation. If the seller
behaves sequentially rationally, then if no trade takes place at t=0, the seller will try to sell the item at
t=1 using a different institution that maximizes revenues from that point on, which clearly changes the
buyer’s strategic considerations at t=0. What does the revenue maximizing mechanism look like in this
case? Does the seller offer a set of lotteries at period t=0 or does she simply post a price? Does the seller
use a first period mechanism that allows her to infer with precision the type of the buyer in the case the
buyer rejects this mechanism, hoping that she can use her sharper estimate to extract the buyer’s surplus
in the second period? Or is it too costly in terms of expected revenues to do so?

In this paper we characterize the revenue maximizing mechanism when the seller behaves sequentially
rationally. We show that the seller will maximize her expected revenues by posting a price in each period.
The revenue maximizing mechanism is derived out of a very general class of mechanisms. This work extends
the works of Myerson (1981), Riley and Samuelson (1981) and Hart and Tirole (1988). We show that for
any possible history of the game, at the beginning of the period t=1 the seller will maximize expected
revenues by posting a price. This result is derived restricting attention to direct revelation mechanisms
since the seller’s problem at the beginning of t=1 is isomorphic to the problem with full commitment.
Subsequently, we derive the revenue maximizing set of contracts for t=0, denoted by M. This is a more
difficult task since one cannot appeal to the revelation principle. My is derived under some conditions
imposed on the probability density function of the buyer’s valuation. We do not impose any restrictions
on the potential form of My. Under the assumptions made, My is equivalent to a posted price. Previous
work has assumed that the seller’s strategy is to post a price and the problem of the seller is to find what
price to post. We provide a reason for the seller’s choice to post a price even though she can use infinitely
many other possible institutions: posted price selling is the optimal strategy in the sense that it maximizes

the seller’s revenues.



1.1 Related Literature

This question has not been addressed previously in the economics literature but is related to the optimal
auctions literature, to the durable goods monopolist literature and to the incentives literature that studies
repeated relationships.

The Optimal Auction Literature ( Myerson (1981), Riley and Samuelson (1981)), characterizes the
revenue maximizing mechanism for a risk neutral seller facing a fixed number of risk neutral buyers. The
optimal auction form is derived assuming that the seller can tie her hands in the case that the item failed
to sell in the auction. When the seller is not able to commit to this static optimal institution, and she offers
a new setup, in case the static one failed to realize any gains from trade, she scarifies ex-ante expected
revenues.

The Durable Goods Monopolist literature (Bulow (1982), Stockey (1981), Gul-Sonnenschein-Wilson
(1986)) examines the situation where a monopolist who owns a unit of a durable good faces a continuum
of consumers. The seller is not able to commit to post the same price at each period. In other words
the seller is assumed to behave sequentially rationally. These papers examine whether the equilibrium
sequence of price offers satisfies Coase’s Conjecture, which states that when offers take place quickly the
seller opens the market with a price close to 0 (the lowest possible buyer’s valuation), and all potential
gains from trade are realized instantaneously. These papers verify the Coase’s Conjecture under certain
assumptions, among others stationarity of the buyer’s strategy in the no-gap case.? The catalytic effect of
introducing sequential rationality into the monopolist’s problem must be considered with caution. Ausubel
and Deneckere (1989a) show that in the no-gap case, without the stationarity assumption about the buyer’s
strategy, a durable good monopolist’s profits can be arbitrarily close to the static monopoly profits.

The durable goods monopoly literature characterizes the revenue maximizing sequence of prices when
the seller behaves sequentially rationally. In this paper we characterize the revenue maximizing mechanism
when the seller behaves sequentially rationally in a finite horizon framework.

The literature of incentives has analyzed repeated principal - agent relationships under three assump-

2In the “no-gap” case the lowest possible valuation of the buyer, v, is less or equal to the seller’s cost.



tions regarding commitment. In the first approach, “full commitment”, the principal commits to the
optimal static incentive scheme at each period, which can be enforced by a third party if either of the
parties refuses to do so. See for instance Baron and Bensako (1984a). The principal also commits never
to renegotiate this incentive scheme even though a renegotiation may lead to a pareto improving incentive
scheme at some point in time.

In the “non-commitment” approach the principal offers at the beginning of each period a contract that
will be implemented in the current period. The principal is restricted to offering only short term contracts.
The analysis of dynamic incentives run by short term contracts is complex (see Freixas, Guisnerie, Tirole
(1985), Laffont and Tirole (1988), Laffont and Tirole (1993) ch 9, among others).

The last approach, “commitment with renegotiation” assumes that a principal involved in a repeated
relationship can offer a long term incentive scheme that can be renegotiated at each date. All transfer
payments take place in the last period. The principal (the uninformed party) can offer at each date a new
incentive scheme for the remainder of the relationship. Renegotiation proof contracts are ex-post pareto
efficient.

The literature of non-commitment and commitment and renegotiation studies repeated relationships.
In our model, trade will take place once, if at all. This is similar to the durable good sale model. As noted
earlier, the durable good monopoly literature has looked so far at sale contracts that consist of a price
at each period. We will allow for any possible arrangement. We should note that the optimal incentive
scheme under non-commitment and under commitment and renegotiation is not known for the case that
the agent’s possible types are a continuum.

The papers most closely related to this work are the papers by Hart and Tirole (1988) and McAfee and
Vincent (1997).

Hart and Tirole (1988) analyze the sale and the rental model of a durable good in the case that the
buyer has two possible types under non-commitment, and under commitment and renegotiation. In their
analysis, the seller’s strategy under non-commitment, is a price for each period and the result for the sale
model is the one of the durable good monopoly. The equilibrium of the rental model under non-commitment

converges to a non-discrimination equilibrium where the seller charges the lowest valuation each period



as the horizon tends to infinity. In their analysis of the rental and the sale model with commitment
and renegotiation, they allow for any possible contract form. The optimal contract form exhibits coasian
dynamics and is the same for the sale and the rental model. The optimal long term renegotiation-proof
contract is not known for the case that the buyer’s possible types are a continuum.

McAfee and Vincent in Sequentially Optimal Auctions (1997) examine sequentially optimal auctions
under the assumption that the seller’s strategy consists of posting a reserve price, and the buyers follow a
stationary strategy. In their model the seller faces a fixed number of buyers and the optimal institution
is derived out of a restricted class: the auction format is fixed and the seller posts at each date a reserve
price. They show that when the time period between offers is short, the reserve price in the first period
is close to the lowest possible valuation and the seller’s revenues converge to the revenues with no reserve
price.

In short, most of the literature® has fixed the form of the mechanism (a price in the durable goods
literature and a reserve price in the sequentially optimal auctions literature) and searches for the optimal
price (reserve price) path when the seller is unable to commit intertemporally to an institution. In this
paper we study the sale model of a durable good under non-commitment and we derive the optimal

mechanism.

2 The Environment

A seller owns one unit of an item that is durable for 2 periods, t=0,1. The seller’s valuation for the item is
normalized to zero. She faces just one buyer whose valuation is unknown. Let f:[0,1] — Ry continuous,
denote the probability density function of the buyer’s valuation. We assume that f(.) is common knowledge.

Both the seller and the buyer are risk neutral. The seller can chose any institution to sell her object

but cannot commit not to change it in case it fails to sell the object. Her goal is to maximize revenues. Let

3With the exception of Hart and Tirole’s (1988) two-type model, where they characterize the optimal renegotiation proof
contract out of a general class. Note though, that when they derive the optimal sale contract under no commitment, the

seller’s strategy is just to post a price at each period.
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Figure 1: The space of contracts.

6 denote the common discount factor.

Definition 1 A mechanism consists of 2 sets of points in R? one for each period, denoted by My and M.
M;, i = 1,2 is the set of contracts available at period i. A point (p,x) € M;, i = 1,2, denotes a contract.
The first element of each pair denotes the probability of obtaining the object and the second element of each

pair denotes the expected payment.

A pair (p, z) is the reduced outcome of some potentially very complicated institution. We refer to it as

contract for simplicity. If a buyer with valuation v accepts contract (p,x) his expected payoff is given by
pU — .

See Figure 1 for a typical indifference curve in the space of contracts.

In our setting the buyer and the seller will trade only once, if at all. The timing is as follows. Nature
moves first and draws the valuation of the buyer.

At the beginning of period zero the seller offers a set of contracts My that are realized at period t=0.
The buyer can choose a contract out of My, choose the contract (0,0) at t=0, which is the ’exit’ option,
or wait until period t=1. The contract (0,0) is taken to be the legal status quo. If the buyer chooses a

contract out of My, or the status quo contract, the game ends at t=0.
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If the buyer, after seeing My, decides to wait we move on to period t=1. The seller offers a set of
contracts M; that are realized in period 1. At t=1 the buyer can choose a contract out of Ay or contract
(0,0). A contract (p,z) in M; corresponds to (6p, éx) at t=0. We assume that the buyer prefers to accept

the status quo contract (0,0) at t=0 than at t=1.

2.1 Equilibrium

The seller’s strategy, og, is a mechanism ( Mo, M;(Mop,0p,) ). The set of contracts offered at t=1, My, is
a function of the seller’s information at date t=1, i.e. the buyer’s action at t=0 given that My was offered.
The buyer’s strategy, op is a sequence of choices(o g, (v, Mo), o, (v, Mo, 0B, Mi)) . The buyer at t=0 can
accept a contract out of My, accept the status quo contract, (0,0), or wait (choose (}). The buyer’s action
at t=0 depends on My, i.e. the set of contracts offered at t=0, and on his valuation. The buyer at t=1 can
choose a contract out of M or the status quo contract. Again the buyer’s action depends on the history
of the game at t=1 given by (Mo, o,, M1) and on his valuation. In a Perfect Bayesian Equilibrium of the
game the following conditions must hold.

1.For all v € [0, 1] o, maximizes the buyer’s payoff at t=1.

2.M7 maximizes expected revenues given the seller’s updated beliefs and the buyer’s strategy at t=1.
Posterior beliefs f; depend on the history (M, op,). Let fi denote the posterior PDF of the buyer’s
valuation.

3.For all v € |0, 1] o5, maximizes the buyer’s payoff given t=1 strategies.

4. My maximizes the seller’s expected revenues given subsequent strategies.

5. f1 is Bayes’ consistent with f, the buyer’s strategy, and the buyer’s observed actions at t=0.

For reasons of tractability we will look at equilibria of the following reduced game. At the beginning of
period zero the seller announces her strategy (Mo, M;).* My contains the contract (0,0) which is the legal
status quo. The legal status quo contract is equivalent to the buyer rejecting all the contracts in Mg\ (0, 0)

and in M;. The buyer can do so in period t=0. This contract should be interpreted as an outside option,

4For brevity we omit the arguments from the players’ strategies.



as noted earlier. The seller’s strategy, og, is a mechanism (Mp, M) and the buyer’s strategy, op is a
choice of a point of 2 that belongs in My U M. If the buyer chooses a contract out of My, it is realized at
period t=0 and the game ends. Contracts in M; are realized at t=1. A contract (p,z) in M; corresponds
to (6p, 6z) at t=0.

The difference of the reduced game is that the seller announces his strategy at the beginning of t=0
and the fact that the outside option is a contract in M.

We are looking for a Perfect Bayesian Equilibrium of the reduced game.

1. For all v € [0, 1], 0 p maximizes the buyer’s payoff. In other words, a buyer with valuation v chooses

* * _ . 1
(p*, %) € arg (p,v)rélﬁffml(p” z) (1)

2. M; must be optimal at the beginning of t=1 given the seller’s posterior beliefs about the buyer’s
valuation given by fi(.), and the buyer’s strategy at t=1.

3. Mp must maximize expected revenues for the seller given subsequent strategies.

4. fy is Bayes’ consistent with f, the buyer’s strategy and the buyer’s observed actions at t=0.

Note that in a Perfect Bayesian Equilibrium of the original game when the seller announces My the
buyer can figure out what the seller will do in the history (Mp, wait). In other words, the buyer after seeing
My can figure out the optimal AM;. Given that when the buyer sees My he can induce what the seller will
do, if he decides to wait, it follows that in the case the buyer prefers to exit and not choose a contract out
of My or out of M7, he will do so at t=0. The reduced game allows the buyer to exit at t=0 after seeing
My, if he wishes to do so. From the above observations it follows that an equilibrium of the reduced game

is an equilibrium of the original game. The opposite is not necessarily true.

2.2 Methodology

Before we move on to characterize the optimal mechanism we would like to make a couple of remarks
regarding the methodology we will use to derive the equilibrium. Recall that t=1 is the final period of

the game. This operates as a device for commitment which implies that the seller’s problem at t=1 is

10



isomorphic to the static problem. For this reason the mechanism designer can appeal to the revelation
principle and choose M7 among the class of direct revelation mechanisms. For a definition of a direct
revelation auction game see Myerson (1981).

At t=0 the situation is different. In the absence of commitment, the seller cannot appeal to the
revelation principle when she designs the sale contracts in My. Suppose that My is a direct revelation
mechanism, the buyer has claimed to have valuation v, and according to My no trade takes place. If the
seller behaves sequentially rationally, she will try to sell the object at t=1 using a different mechanism.
And in the case that the buyer has revealed his valuation at t=0, the seller will use this information to
extract all his surplus. In this situation the buyer has an incentive to manipulate the seller’s beliefs at
t=0. Omne would expect that the buyer will not reveal his valuation truthfully at the beginning of the
relationship. This is the reason why, when the seller behaves sequentially rationally, restricting attention
to direct revelation mechanisms is with loss of generality. The seller, since she does not have commitment
power, cannot play the role of the “machine” that exogenously specifies the direct revelation game that
implements an equilibrium of some general game. This is the reason why My is determined among arbitrary
sets of contracts.

oEEXAMPLE 1: When choosing Mg the seller cannot appeal to the revelation principle:

Consider a seller who owns an item of zero value to her facing one buyer whose valuation is drawn
from the uniform distribution on [0,1]. The seller decides to employ the mechanism described in Myerson
in (1981). If the buyer claims to have valuation above 0.5 he obtains the object and pays 0.5. Otherwise,
no transaction is made. In the case that the seller can commit not to resell the item, this mechanism
is incentive compatible, individually rational and maximizes expected revenues for the seller. Suppose
that the seller cannot commit, and that the buyer claimed that his valuation is 0.48. Under the original
arrangement no transaction is made. In the absence of commitment, the seller will make another offer at
the second stage of, say 0.4799. In such an environment the seller will use the information revealed by
the buyer in the first stage to extract all his surplus; it is no longer incentive compatible for the buyer to
reveal his valuation truthfully. In any situation where the seller cannot commit herself to an institution

(and choosing the right one in each information set is part of her strategy) one is no longer able to appeal
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to the revelation principle. This is because the seller is a player in the game and her role is not restricted

to just pick the right institution once.

3 The seller’s problem at t=1

3.1 Characterization of continuation equilibria

In this section we characterize the revenue maximizing set of contracts at t=1, My, for any history of the
game. A given My characterizes the history hy = (Mo, wait). In a Perfect Bayesian Equilibrium M; must
be an equilibrium of the continuation game that starts after a history hq. At t=1 the seller, given her
posterior beliefs about the buyer’s valuation, which are determined by the history of the game hq, seeks
M7 that maximizes her expected revenues from that point on. Recall that f; stands for the posterior
probability distribution of the buyer’s valuation. In the case that f; is generic, in other words the buyer’s
valuation is fully revealed after some history hy = (My, wait), the seller’s problem at t=1 is trivial. The
seller names a price equal to the buyer’s valuation and extracts all his surplus. In what follows we assume
that f1 is non-generic, which will in fact be the case in equilibrium.

Let

v v € |0, 1] such that the buyer with valuation v accepts @)
0 =

a contract out of My

v € [0, 1] such that the buyer with valuation v
i = . (3)
accepts a contract out of My
We choose M; among the class of direct revelation mechanisms. It is shown, that for any history h; =
(Mo, wait), the revenue maximizing mechanism at t=1 is a posted price. We also show a way to find the

optimal price. The buyer’s valuation is drawn from a posterior distribution fi(.) that is not necessarily

continuous or strictly positive on [0, 1]. We will assume that f; is measurable. The seller’s expected revenues

12



are given by® 6

[ 90 pAi) ~ - B o - U0,

()

The optimal mechanism should extract all the surplus from the lowest valuation buyer, U(0) = 0. So the

seller’s revenues can be rewritten as

[ p0) o) - 1= Bl de,

Let
¢(v) =vfi(v) —[1 = Fi(v)].

The seller wants to maximize

max /01 p(v)o(v)dv

peES

where

p:[0,1] — [0, 1] such that p is measurable,
= continuous everywhere form above, increasing
and p(0) =0 and p(1) =1
and ¢(.) is measurable.

We first establish that the seller’s maximization problem is well defined”.

Proposition 1 8(i)The mazximization problem defined in (8) has a mazimum.

(11) The maximizer of (8) is of the form

p(t) = lift>v

= 0ift<w.

®See Myerson (1981) for more details.

SNote that in the standard case where fi (v) > 0 for every v € [0, 1] the seller’s revenues are usually written as

/0 p(v) [U i _ff(zl;)(v)]} fi(v)dv

but since this quantity is not always well defined when fi(t) = 0 for some ¢ € [0, 1] we will use the form given by (5).

“Proofs of the results not provided in the main text, are in the Appendix.
8The proof of Proposotion (1) has been outlined by Phil Reny.
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Proof. See Appendix.

The following proposition is closely related to Proposition (1). It not only shows that the maximizer
is one of the extreme points of &, it also describes a way to find the maximizer. It states that, for any
possible history of the game, the seller at t=1 will maximize expected revenues from that point on by
posting a price. Since t=1 is the last period of the game, the seller’s problem is the same as in the case
of commitment. Myerson (1981) characterizes the optimal auction under commitment. We extend his

analysis a step further by not requiring f; to be continuous nor strictly positive.

Proposition 2 (i) The maximizer of the problem defined in (8) is of the following form

pv*@) = 1ift > o*
= 0ift<v’ (11)
where
v* = inf {v € [0, 1] such that / o(t)dt > 0, for all U € |v, 1]} . (12)

(ii) Let x = v*. The following mechanism

p(v) = 1lifv>zx
= 0ifv<z (13)
and
z(v) = xifv>c
= 0ifv<az (14)

is the optimal feasible mechanism for t=1.

Proof. See Appendix.
The optimal mechanism specifies that if the buyer claims to have valuation above x obtains the object
with probability one and pays z. In other words the seller will maximize her expected revenues at t=1 by

posting a price equal to x.
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3.2 Implications

So far we have proved that no matter how the seller’s objective function at t=1 looks like, the optimal
mechanism for the seller in period 1 is to post a price. Proposition (2) shows a way to find this optimal
price. Recall that V7 is the set of v's such that a buyer with valuation v, prefers M7 to My. The fact that

M is a posted price implies the following result.

Proposition 3 Suppose that the set of possible buyer’s valuations is convex. In an equilibrium the set V4

18 convez.

Proof. See Appendix.

Proposition (3) says that if the buyer’s possible type is a convex set, say an interval, V; will be an
interval as well (it may be possible that V; contains only one element; if this is the case if the buyer after
seeing My decides to wait, the sellers knows the buyer’s valuation at the beginning of t=1).

Suppose that the buyer seeing My decides to wait. We know from Proposition (3) that V) is convex.
Assume that f1 is non-generic, that is assume that V| contains more than one element. If the buyer after
seeing My prefers to wait, the seller believes at t=1 that she is facing a buyer with valuation in [v, v]. M;
must be chosen optimally given posterior beliefs f1 and beliefs must be fulfilled along the equilibrium path.

We designate with x the price posted at t=1 which is given by

x = inf {v € [0, 1] such that /1j (tfi(t) —[1 = Fi(t)])dt > 0, for all v € |v, 1]} . (15)
where
R L) _ Fz) - Flo) __ [
A6 = [ 55— ™ = R @ M = R - e (1)

Let v;, = inf V4 and vy = sup V4.0

In an equilibrium beliefs must be fulfilled so it must hold that

v=wvy and v = vy

9Note that vy > v, since we assumed that V; contains more than one element.
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We assumed that f(.) is continuous which implies that fi(.) defined in (16) is continuous as well. Now we

argue that x defined in (15) will be a root of the equation
zfi(x) — [1 — Fi(x)] = 0.
This follows from the following arguments. If x is such that this expression is negative, i.e.
$f1<$) — [1 — F1<$)] <0
then, by continuity there exists ¢ > 0 small enough such that
xrte
/ e fi(x) — [1 — Fi(z)]) dt < 0
X
but this contradicts the definition of x given in (15). In the case that = is such that
$f1<$) — [1 — F1<$)] >0
then by continuity, there exists ¢ > 0 small enough such that
T
/ e fi(z) — [1— Fy(x)]] dt > 0
x—e’

which contradicts the definition of z.
Hence, given that the seller is facing a buyer with valuation in [vy,vy| the price posted at t=1 will be

one of the solutions of the following equation
zfi(x) —[1 — Fi(x)] =0 (17)

or

or (F@H{(—x)ﬂvm) - [5(:5))—_ zf<(x)> ="

which is equivalent to

xf(z) + F(z) — F(vg) = 0. (18)

Proposition 4 The price posted at t=1, x, is a non-decreasing function of vy, and hence it is differentiable

almost everywhere.
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Proof. Recall that x is a root of yf(y) + F(y) — F'(vg) = 0 (the solution of this equation, x, depends
on vy). Let 2/ be a root of yf(y) + I'(y) — I'(vg + €) = 0, where ¢ > 0. Note that ' is a root of the
function yf(y) + I'(y) shifted down by I'(vg + ) and x is a root of the same function shifted down by
F(vp), where of course F(vy +¢) > F(vy). From this observation and from the definition of = and it
holds that z < /. R

We conclude that the price posted at t=1 will be an increasing function of vy, which put simply means
that the price that the seller charges in the second period is higher, the higher the upper bound of the

support of the posterior PDF of the buyer’s valuation is.

4 The behavior of the Buyer- Relevant Contracts

At t=0 the seller announces her strategy. The buyer is faced with My and M; and wants to pick the

contract that maximizes his welfare. Recall that the buyer solves

* *
6 —
(W) €28 B,

Definition 2 A contract C' in ®% is irrelevant with respect to M C %2 if there does not exist v € [0, 1]

such that, given all the other available contracts in M, a buyer with valuation v finds weakly optimal to

choose C.

Definition 3 M is a relevant set of contracts if for all C' € M, C is not irrelevant with respect to M. A

contract that is not irrelevant is called relevant.

The seller is interested only in offering relevant sets of contracts, since irrelevant contracts will not

affect the buyer’s behavior no matter what his valuation is.

Remark 1 It is without loss of generality that the seller restricts attention to relevant sets of contracts.
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5 Equilibrium when A, contains a finite number of contracts.

5.1 The structure of My when it contains K relevant contracts.

We examine the situation where the seller offers My that is of the following form
Mo =U" * {(pi, i)} (19)

where K is finite and fixed but potentially very large. These contracts are taken to be distinct. The seller
is interested in offering points that can be potentially chosen by the buyer. In this section we examine the
structure of a set that contains a fixed and finite number of relevant contracts.

The elements of My are taken to be distinct since offering the same point twice will not change the
allocation. Consider the set My defined in (19). We order this finite set of points according to the first

coordinate, that is, the point which has the lowest p is called point 0 and

Now consider two (distinct) points in My, (p;, z;) and (p;, z;) that have the same first coordinate, that is
p; = p;. Since these points are distinct one of the two must have a higher second coordinate say without
loss z; > x;. For all v in [0,1]

PV — Xy > PV — T
therefore no buyer will choose (p;,x;) when (p;,z;) is available, which implies that (p;z;) is irrelevant.

Hence when the seller offers My that contains K relevant points it must be the case that

0=pg <p1 <ps < ..... < PK-1-

We assumed that (0,0), which is the status quo contract, is an element of My so we take pop = 0. Note
also in order that (pgxg) be relevant it must be the case that xp = 0, since if it were positive no buyer
would find individually rational to pick a contract that assigns zero probability of obtaining the object and

positive expected payment.
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Now consider two adjacent contracts, say (p1,x1) and (ps,z2). These points define a line with some

slope v1 which is a real number and is given by

To — X1
="
P2 —p1

Note that v; denotes the valuation of the buyer who is indifferent between these two contracts. A buyer
with valuation v > vy prefers (ps2,z2) to (p1,21) and a buyer with valuation v < vy prefers (p1,z1) to

<p27 $2) .
If v1 > 1 no buyer with valuation in [0,1] picks point (p2,z2). If v1 < 0 no buyer with valuation v in
[0,1] picks contract (p1,x1). Hence in order that (p1,z1) and (p2,z2) be relevant, v1 must be in [0,1]. This

fact implies that since p; < p9 and

P1v1 — 1 = pav1 — X2

that

(p2 — p1)v1 = z9 — 21 > 0.

In other words, when (p1,x1) and (pa,x2) are relevant, then it holds that x; < x9. So if My contains K

relevant points it holds that

Let vy = 23=72 be the valuation of the buyer who is indifferent between (p2, x2) and (ps, z3). Now we move

p3—p

on to show that if v; > ve, then contract (py, z2) will be irrelevant. Recall that vy = 2; :;11 . If v1 > vy then

the line segment that connects contract (pi1, 1) and contract (ps,xs) has slope v'. So given that (ps,z3)

is available a buyer with valuation v less than v’ = ﬁ prefers (p1,z1) to (ps,z3) and a buyer with
valuation greater than v'prefers (ps, z3) to (p1,21). Note that v' € (vg,v1). Contract (pe, z2) is irrelevant.

By assuming that the seller offers only relevant contracts we get that

A typical set of contracts that contains a finite number of elements is depicted in Figure 3.
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Figure 3: A relevant set of contracts with a finite number of elements.

5.2 Relevant mechanisms (M, M;) when M, contains K contracts.

We proceed to examine the relationship of M; with the K contracts in Mp when the set MU M is relevant.
We require M, the price posted at t=1, to be optimal given beliefs after the history (M, wait). It has
been shown that no matter what posterior beliefs are at the beginning of t=1, M; will be a posted price.

M; is a posted price at t=1 so at t=0 it corresponds to a point (8, 6x). Now suppose that the seller
offers My that consists of K contracts, (po, o), ....., (Px—1,Tx—1). If MoU M, is relevant, then M; relates

to My in the following way
0=po <p1 < ..... <pi<b<p <. < PK-1 (20)

o< <. . <y 1 <dr<y <. <z 1. (21)

Note that it is very well possible that My contains a contract (ppm,,Tm) such that p,, = & but then either
(pm, xm) or My will be irrelevant. In an equilibrium where the set MyU M; is relevant, My will not contain
contracts like (ppm, Tm).

Label M; by a name that indicates its ordering relative to contracts in My, say (p;, z;) and relabel the

contracts to the right of (p;,z;) accordingly. Now let (p;_1, ;1) be its neighboring point to the left and
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(pry1,®141) be its neighboring point to the right. After renaming we get that

0=pg <p1 < ..... <pr—1 <pr <prg41 < ..ne < PK (22)

o< <<y << <L ST (23)

where (p;, z;) = (6, 6x) = M;.

Let v;_1 be the valuation of the buyer who is indifferent between (p;_1,%; 1) and M; = {(p;, z;)} and
let v; be the valuation of the buyer who is indifferent between M; and (py i1, z;11). When M; = {(p;, z;)}
a buyer with valuation in [v;_1,v;] prefers M; to accepting a contract out of Mj.

By the assumption that Mp U M is a relevant set of contracts we have that

xry
- S m S ()] S U3 S S Vi1 S (%) S ..... S VK-1 (24)
P
— T2y — 33Ty _ br—m gy _ Zpp—bn _ Tx-®E g
where v = oo pr V2 T e Vi1 5 0Vl prs e VK1 = =

5.3 Characterization of Equilibrium M,

In this section we characterize the optimal My. In equilibrium My must maximize the seller’s expected
revenues. We restricted the seller’s strategy by assuming that in equilibrium Mgy U M must be a relevant
set of contracts. This is without loss of generality because contracts that are irrelevant are never chosen
in equilibrium nor affect the buyer’s behavior.

Given that My U M is a relevant set, expected revenues are given by!'®
U1 Vo
R= [ mans et [ prraf@it .+
P1 vt

U1 Vi+1 1
/ bz f(t)dt + / Pz f(E)dt + ... + / prk f(t)dt.
v (% VK -1

-1
The goal of the seller is, taking p;s as given, to chose corresponding expected payments x}s that maximize

her revenues taking into account the fact that xfs affect vjs and M; is chosen optimally given updated

9Recall that (po, o) is the status quo contract (0,0).
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beliefs. We require that My U M; be relevant which implies the constraints

We also require that M7 be a continuation equilibrium. In the event that the buyer, after seeing My prefers
to wait, the seller believes at t=1 that she is facing a buyer with valuation in [v; 1, v;|. M; must be chosen
optimally given posterior beliefs f; and beliefs must be fulfilled along the equilibrium path.

Assumption D: Fix arbitrary = and y in [0, 1], such that y > x. We assume that
F(y) — F(z) > f(z) — f(y)."

Lemma 1 Assume that the valuation of the buyer is distributed according to f that satisfies Assumption
D. Suppose that My is chosen among sets that contain finitely many contracts. Then in equilibrium x}s in

My are chosen such that

o =V = e =uv ==z (25)
p1
and
T — O (26)
V] = V41 = V49 = «evvennn VK 1= ——=
+ + DK — S
Contracts (p1,x1), ..., (P1-1,%1-1) and (Pr41,T141)s s PE-1,TK 1) are chosen with probability zero; they

are essentially irrelevant. Contract (pr,xx) is the only contract in My, other than status quo contract

(0,0), which is chosen with strictly positive probability in equilibrium.

Proof. See Appendix.

The above lemma states that in equilibrium zs are chosen such that contracts (p1,21), ..., (Pr—1,%1-1)
lie on the line segment through (0,0) and (8, 6z)'? which has slope z. Any of theses contracts may be
chosen only in the event that the buyer has valuation x, which occurs with probability zero.

Similarly, in equilibrium (p; 11, %141), ..., (PE—1, Ti—1) lie on the line segment that goes through (6, 6z) and

(pr, k) and has slope vg_1. These contracts are chosen with probability zero. Contract (px,xx) is the

"From the mean value theorem for integrals, this inequality can be rewritten as f(c)(y—=z) > f(x)— f(y) for some ¢ € (z,y).
2Recall that contract (8,52) has been renamed as (p;, ;).
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only contract in My, other than status quo contract (0,0), which is chosen with strictly positive probability
in equilibrium.

We proceed to show that in equilibrium pr = 1.

Lemma 2 In equilibrium when My is chosen among sets that contain finitely many contracts, the seller

sets pg = 1.

Proof. See Appendix.
Summarizing, in equilibrium, if the buyer has valuation less than z'3, he will choose the status quo
contract at t=0, if his valuation is between = and vg_1, where x < vg_1, he will choose to wait and pay

x at t=1, whereas if his valuation is greater than vg_1 he chooses to pay xx at t=0.

Theorem 1 When the seller chooses My among sets that contain finitely many contracts, the seller maz-

1mizes expected revenues by posting a price in each period.

Proof. The result follows from Lemma 1 and Lemma 2.
Our result implies that Mp equivalent to a posted price is weakly better than My containing just the

exit option. The reason is that zx can be chosen such that all trade takes place at t=1.

6 The revenue maximizing mechanism (Mj, M) in the general case.

In this section we will examine the revenue maximizing mechanism in the case that Mpy, the set of contracts
available at t=0, takes any possible form in the space (p,z). We will, without loss of generality, restrict

attention to sets that contain relevant contracts.

Lemma 3 Consider an arbitrary set of contracts M. Then the boundary of the convexr hull of M is equiv-

alent to the set of contracts in M that are relevant.

13Recall that we renamed (6, 8x) as (pr, ;).
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v
Proof. Let M be an arbitrary set of contracts. Let v be the vector and x be the vector
—1 x

A buyer with valuation v € [0, 1] faced with M will choose the contract that maximizes his expected payoff;

call it (py,zy). The buyer’s maximized payoff is given by
Upr(v) = sup {VTX 1X € M} .
Then the convex hull of the set M is given by
Cy = {x e R?:vix <Upy(v) for v € %2}.

Consider the set of contracts in M that are optimal choices of a buyer with valuation v. This set is a subset
of the boundary of the convex hull of M. Let M, cpant denote the boundary of the convex hull of M which

is given by
_ { 2 _ T .
Mretevant = {X € ° such that Uy (v) =supqv x:x € M ¢ forv e [0,1] ;.

Note that if M is not convex than the set M,qjepant Will contain some points that are not elements of M.
Strictly speaking only contracts in M N M,gepant are available to the buyer. The contracts in M, epant
that are not elements of M are on straight lines with slope v € [0,1]. Consider such a line and let v be
its slope . The contracts on this line will be chosen in the event that the buyer has valuation v. Since this
is a probability zero event, the sets M, cpant and M N M, evant generate the same expected revenues.
We therefore, consider these sets as equivalent. In other words, the boundary of the convex hull of M is

equivalent to the set of contracts in M that are relevant with respect to A/. B

Lemma 4 Any set My that consists of K relevant contracts can be equivalently described by a piecewise
linear continuous function MK(p) which is constructed by connecting two adjacent contracts of Mg by

straight lines.

Proof. Straightforward.
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Figure 4: Two equivalent sets of contracts.

Recall that a relevant set of contracts does not contain two contracts with the same first coordinate.
Hence, M cievant can be represented by a function of p, denoted by m(p). This function is convex since
it represents contracts that are on the boundary of the convex hull of M. It follows from the definition
of m(p) that its slope will be between zero and one, since v € [0,1]. The function m : [0,1] — [0,1]!4
is continuous on [0, 1] (see Rockafellar (1970) Theorem 10.1 p. 82). In what follows we will use m(p) to

represent the set of contracts M N M,erepane- Figure (5) provides an illustration of the above analysis.

Lemma 5 An arbitrary set of relevant contracts can be uniformly approximated by a piecewise linear

function which is equivalent to a set that contains a finite number of contracts.

Proof. Let M be an arbitrary set of relevant contracts. Since M is relevant we can represent it by a
continuous and convex function on [0, 1]; call this function m(p). Since m(p) is continuous on a compact
subset of the real line it is uniformly continuous. Divide [0, 1] into cells adding intermediate points 0 <
P <py<p3<.<p<.<p,=1,s0that p; —p; 1 < A(%) Let p; =6. Connect the points (p;, m(p;))
and define the resulting piecewise continuous function m 1 (p). By Lemma (4) this function is equivalent
to a set that contains contracts {(0,0),(p1,x1), ..., (6,0%),...(pn,xn)} . These contracts are relevant since

they belong to M which is by assumption relevant.

1A contract with expected payment strictly greater than 1 is not individually rational for a buyer with valuation in [0, 1].
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Figure 5: The left figure depicts a mechanism (M, M;). The right figure depicts the relevant contracts of

the mechanism (Moy, M7) represented by the function m(p).

We claim that m1 (p) approximates m(p) uniformly on [0, 1] within % We want to show that

(27)

‘m%(p) - m(p)‘ < %

Consider an arbitrary p. Then it must belong in an interval; call it I; = [p;_1,p;|. The function m1 on

this interval is given by the line segment that connects (p;, m(p;)) and (p;—1,m(p;j—1)). Using the linearity

of m1 on I; we get that

(m% (pj) — mi (pjfl))
by —Pj-1

(p—pj—1) —m(p)

3
3=
=
|
2
=
I
3
3=
=
b
S
+

(ma(ps) —ma(p; 1))

3=

(pj —pj—1) —m(p)

I
3
3=

5
L

+

P —Pj—1
< [maps 1) +ma(pg) = ma ;1) — m(p)
= |m(pj 1) +mp;) — mps 1) — m(p)
= |mlp) — mlp)| < -

The first inequality follows the fact that p; > p, and the rest follows after replacing m1 by its definition.

It follows that we can approximate a set that contains a continuum of relevant contracts uniformly by
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piecewise linear and continuous functions m1 (p).
We proceed to show that even when the seller has the option to choose My out of a class of sets that
contain a continuum of contracts, in equilibrium My will be equivalent to a posted price. This is the main

result of the paper.

Theorem 2 When M is chosen among arbitrary sets and [ satisfies Assumption D, the revenue maxi-

mizing mechanism is equivalent to posting a price in each period.

Proof. The proof follows from the following steps.

Step 1 : In this step we show that the behavior of the buyer faced with two different sets of contracts
that are arbitrarily close essentially remains the same.

Consider a mechanism (Mo, M;) and let m(p) represent the relevant contracts of MU M;. Now define
a sequence of piecewise linear continuous functions m 1 (p) by connecting two nearby points of , m(p)
(p,m(p)) and (p+ %,m(p + %)) Then, by Lemma (5), we know that the sequence (m%) n € N uniformly
approximates m(p). Consider an equilibrium where the seller offers m(p). Suppose that the buyer’s valuation
is v € [0,1] and given the available choices the buyer chooses a contract out of m(p) call it (p,, m(py)).
Consider the situation where the seller offers m 1 (p) instead of m(p). We need to examine whether the
buyer’s behavior when faced with m 1 (p),will be ’close’ to his behavior when he is faced with m(p).

Suppose that the buyer, when faced with m 1 chooses the contract (p; Ly ma (p; 2 )) which is such that

such that p; (1) #+ Py(dy- The buyer’s behavior in this case implies that
Puy? =M (Pa) > Pyt ~ma () (28)
Given the continuity of the buyers payoff, taking limit as n — co of the above expression we get that!®
pyv —m(py) > puv — m(py) (29)

which contradicts the fact that the buyer chose (py,, m(p,)) when contract (p;,, m(p),)) was available.

5Since m1 (p) uniformly approximates m(p), there is a contract (Py(2y,m 1 (py(1)) within & distance from (p,,m(py)).
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From the above analysis it follows that for n large enough, the buyer with valuation v will find optimal
to choose the contract (pv(%l), ! (pv(%l)) which is close to (py, m(py)).

The behavior of the buyer remains essentially unchanged when the seller instead of offering m(p) offers
ma (p) that uniformly approximates m(p).

Step 2: Consider a set of period 0 contracts that consists of the status quo contract and n other
relevant contracts, call it Mo( 1 and let M7 denote the set of period 1 contracts. We require that the set
Mo( 1 U M; be relevant. In this step we argue that, holding M fixed, the seller’s revenues weakly increase
when M 1 is chosen to be equivalent to the set {(0,0), (pn,zy)}. This set contains a singleton contract
and the outside option. The proof of the argument follows closely the proof of Lemma 1, with the only
difference being that My = (8, 6z) is now being held fixed, so we omit it. Holding M6 fixed, the seller
will maximize revenues by setting M 1y = {(0,0), (pn,xn)} . It follows from Lemma (2) that p, = 1. In
equilibrium the set Mo( 1 is equivalent to a posted price.

In step 1 we saw that the buyer’s behavior when faced with m(p) and m 1 (p),that uniformly approx-
imates m(p), remains essentially unchanged. In step 2 we proved that in equilibrium the set My 1 )(p)
will be set equivalent to a posted price. From Lemma (4), we know that Mo( 1y U M, can be equivalently
described by a piecewise linear function; call this function m 1. Combining the above results we see that,
in the case that the seller chooses My out of a general class of sets, the optimal mechanism is equivalent

to posting a price in each period. B

7 Commitment and Non-Commitment: Revenue comparisons.

Now that we have characterized the revenue maximizing mechanism in a two-period environment with no

commitment, we turn to compare the seller’s revenues under commitment and under non-commitment.
Expected revenues under commitment in our model are characterized in Myerson (1981), who derives

the optimal static auction. Recall that under commitment, the seller will never change the rules of the

institution she initially chose, even if it turns out that ex-post it failed to sell the object. In our environment

Recall that My = {(6,5z)}.
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the seller faces the same buyer at the beginning of period 0 and at the beginning of period 1. Under
commitment the seller offers the same institution at the beginning period 0 and at the beginning of period
1. This implies that the final allocation will be determined at t=0.

From Myerson’s analysis it follows that, under commitment and when the seller faces one buyer, the

revenue maximizing institution is a posted price. The seller’s maximized expected revenues are given by

1
HC:/ 2f()dt.

In the case that the buyer behaves sequentially rationally, it was shown in this paper that the revenue
maximizing mechanism is to post a price in each period. The seller’s expected maximized revenues are
given by

U1 1
Myo(s) = / Sy f(£)dt + / zof (b)dt.
1 o

Observe that the seller can replicate the situation under non-commitment in the commitment case by
offering contracts (6,6x1) and (1,xz¢) instead of offering contract (1,z). By doing so, she can obtain the

same expected revenues as in the non-commitment case. From this observation it follows that in general
e > Hye(8).

Claim: There exists some & high enough such that when § > &, then the seller will post such a price
at t=0, such that all trade takes place in the final period of the game where the seller has commitment
power.

When the buyer and the seller are very patient, (in this model the buyer and the seller have the same
discount factor), the seller will find it beneficial to shift all trade at the last period of the game. In the last
period of the game she has commitment power. If & = 1 by shifting all trade at t=1 she obtains expected
revenues equal to IIg, which is the best she can hope for. When 6 = 1 the seller will post a price at t=1

such that v;1 = 1. Revenues when é = 1 are given by

Mye(1) = /; 2f(£)dt = T, (30)
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Claim: There exists £ > 0 such that when 6 < e, the seller will post such a price at t=1 such that, if
trade takes place, it takes place at t=0.

For é very small in equilibrium all buyer types that accept a sales contract will accept a sales contract
offered at t=0. This follows from the fact that when 6 is very small the value of the object at t=1 is almost
zero to the buyer no matter what his valuation is, so there is not much surplus for the seller to extract.
When the seller and the buyer are very impatient the situation is almost equivalent to the full commitment
case. A small discount factor implies that the future is relatively unimportant, so the gain from behaving
sequentially rationally is minimal. When 6 — 0 the seller posts at t=0 the revenue maximizing price as in
the environment with commitment. Her expected revenues are [Iyc(0) = L.

From the above analysis it follows that for extreme values of the discount factor the seller can achieve
the expected revenues under commitment even when she behaves sequentially rationally. For intermediate
values of the discount factor it holds that IIyeo < Ilg. To get some idea about the magnitude of the

difference in expected revenues, the reader is referred to the examples presented in the next section.

8 Examples

To illustrate the ideas developed in the previous sections we present two examples in some detail.

We first look at the case where the seller in period t=0 makes the following offer to the buyer: “you
will obtain the object with probability 1 if you pay x¢ ”. Formally this offer means that My contains
two contracts (K = 2): the exit option (0,0) and contract (1, zg). If the buyer decides to wait, the seller
makes the following offer to the buyer: “you will obtain the object with probability 1 if you pay x1”. More
formally, the seller offers at t=1 the contract (1,z). Basically, the seller posts the price g at period t=0
and x1 at t=1. We have shown, that under some circumstances, this in fact the optimal thing to do.

In the second example the seller at period zero makes the following offer: “you will obtain the object
with probability p; if you pay x1 and with probability 1 if you pay z9 7. Formally the seller offers the
contracts (0,0), (p1,z1) and (1,z2) at t=0. At t=1 she posts a price of z. We demonstrate that by offering

the extra contract (p1, 1) at t=0 the seller can do no better than by just offering (1, x2).
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These simple examples demonstrate the essence of our results: even by offering infinitely many contracts
at period t=0 the seller will do no better than by posting a price: choosing the appropriate price to post
is all the seller needs to do in order to maximize expected revenues. Calculating the optimal price is a

relatively straightforward task and it is best the seller can do!

8.1 1. Posting a Price at each Period.

Assume that the buyer’s valuation is uniformly distributed on the interval [0,1]. There are two periods
t=0,1. As already described, My = {(0,0), (1,z0)} and M; = {(1,z1)}. Let

zo — 611
1-6

v =

denote the valuation of the buyer who is indifferent between (1,z9) and (1,z1). We assume that all
contracts are relevant which implies that xg < xq, then
e a buyer with valuation [0, z1) chooses (0,0) at t=0
e a buyer with valuation [z1,v1]| chooses contract M;
ea buyer with valuation (v, 1] chooses contract (1,xp).
Suppose that the buyer after seeing My decides to wait. The seller believes that she faces a buyer with
valuation in [v, v]. In an equilibrium M; must be optimal given beliefs and beliefs must be consistent with

players’ actions. Posterior beliefs are given by F(¢) = % The price posted at t=1, x1, must satisfy

r1 =

SRS

In order that this is an equilibrium it must hold that
v=x1 and v = v.

Substituting this expression of x1 into v we get that

xo

T T 055
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Given the above relationship between x1, v1 and zg the seller will pick zg that maximizes revenues, given

equilibrium beliefs, i.e. we are looking for

xo € arg max {/Ul xof (t)dt + 6/;1 xlf(t)dt}.

The maximizer is given by
(1 —0.56)2
2—1.56 °

rog —

Discount Factor § Price at t=0, x9 Price at t=1,x; vi=1 Inc

0.0001 0.49999 0.25001 0.50002  0.24999
0.3 0.46612 0.27419 0.54839  0.23306
0.4 0.45714 0.28571 0.57143  0.22857
0.45 0.45330 0.29245 0.58491  0.22665
0.5 0.45 0.3 0.6 0.225
0.7 0.44474 0.34211 0.68422  0.22237
0.9 0.46538 0.42308 0.84615  0.23269

0.9999 0.49995 0.4999 0.9998  0.24998

1 0.5 0.5 1 0.25

For this example the seller’s expected revenue when she is able to commit is I = 0.25.

8.2 1II. “Type II Equilibria” :Offering More options at t=0.

Suppose that the seller offers at t=0 the choice between three sale contracts My = {(0,0), (p1,z1) and (1,z2)}
and at period t=1 she posts a price z, i.e. My = {(6,6x)}. Again, we assume that the buyer’s valuation is

uniformly distributed on the interval [0,1].

8.2.1 Case I:p; <é<1
Fix p; and 6. Since we require that in equilibrium all contracts in My and in M7 be relevant, it holds that

o <é<1
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1 < 61 < @9

Ty

P
Given (p1,x1), (1,29) and (8, 6x) a buyer with valuation
bx — 11
6—p1

v =

is indifferent between (p1,x1) and paying price x at period 1. A buyer with valuation v < 0y prefers (p1, z1)
to (6,6x) and a buyer with valuation v > v, prefers (6, 6x) to (p1,z1). Now, a buyer who has valuation

. T — ox

2T

is indifferent between paying s t=0 and paying = at t=1. A buyer with valuation v > g prefers (1, z9)
to (6,6x) and a buyer with valuation v < ¥y prefers (6, 6x) to (1, z2).

Suppose that the buyer after seeing My decides to wait. The seller believes that she is facing a buyer
with valuation in [v, v]. My must be optimal given beliefs and in order that this is an equilibrium it must
hold that

v =171 and v = 9.

F(x)—F(01)

At t=1 the conditional CDF for the buyer’s valuation is given by Tl F 1) -

At t=1 given posterior

distribution, F(.),which is determined by #; and ¥y, the seller will pick the price that maximizes her
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expected revenues from t=1 onwards. The price posted at t=1, x, is a root of the following equation
flz)z + F(z) — F(vy) = 0.

The optimal mechanism for t=1 in a type II equilibrium will be of the form x(v2). We can substitute this

expression in the 7 and ¥ and solve for 1 and x9 respectively. In the uniform case

This expresses the revenue maximizing M7 given posterior beliefs. Substituting this equation into 7 and

v9 and after rearranging we get that

xr1 = 0.560y — (6 —p1)01

rog = (1 —0.58)v9.
Given our assumption that all contracts in My and in M7 are relevant, the seller’s objective function is
given by

max /61 xip1 f(t)dt + [62 Sxf(t)dt + [1 xo f(t)dt.

z1
{z1,22} o

Substituting z(0s), x1(6, U1, 02) and x2(6,01,02) into revenues we get an expression that depends only on
8, po, (which are fixed parameters) and 01, ¥9 which are the choice variables. In the uniform case the seller

seeks
. (171 - W) [0.5655 — (6 —p1)o1] p1
(01,79) € arg  max )
vi€[0,1]:4=1,2 +6(tg — 01)% + (1 — 2) [(1 — 0.56) 5]
We solved the problem imposing the restriction that all contracts offered are relevant in equilibrium. Recall

that 6 and py are fixed parameters in the problem.

Results for case 1: p1 <6 < 1
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21 . .
o U1 Uy Iye

0.2 0.1 0.0265 0.2647 0.4765 0.2647 0.2647 0.5294 0.2382
0.3 0.1 0.0274 02742 0.4661 0.2742 0.2742 0.5484 0.2331
0.4 0.1 0.0286 0.2857 0.4571 0.2857 0.2857 0.5714 0.2286
0.5 0.1 0.03 0.3 0.45 0.3 0.3 0.6 0.225
0.7 0.1 0.0342 0.3421 0.4447 0.3421 0.3421 0.6842 0.2224
0.9 0.1 0.0423 04231 0.46564 0.4231 0.4231 0.8462 0.2327
0.9999 0.1 0.05 0.4999 0.4999 0.4999 0.4999 0.9998 0.25

o P11 X1 x X9

0.9999 0.5 0.2499 0.4999 0.4999 0.4999 0.4999 0.9998 0.25
0.7 0.5 0.1711 0.3421 0.4447 0.3421 0.3421 0.6842 0.2224

1

= 77 which
p1

The solution was obtained numerically. Note that for any discount factor we get that x =
implies that no buyer picks (p1,z1). A buyer with valuation in [0,7; = % = z) chooses (0,0). A buyer
with valuation in [z = 01, V9| chooses My = {(6,6x)}, and a buyer with valuation in |9, 1] chooses (1, x2).
Hence contract (p1,x1) is superfluous. Recall that p; is a fixed parameter and notice that the results do
not depend on py; as an illustration we provide the result for § = 0.9999 and for 6 = 0.7 in the case that

p1 = 0.1 and p; = 0.5. We see that the results obtained in this example are identical to the case that the

seller posts a price at t=0. They generate the same revenues (up to some rounding) and v; = ¥s.

8.2.2 Case 2:6 <p1 < 1.

Fix 6 and p;. Since we require that the set My U M7 be relevant, it must hold that

§<p <1 (31)
bx < x1 < x99 (32)

and
x < vy < vy (33)
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Figure 7: Type II Equilibrium. Case 1: p1 < 6 < 1.

Let v1 and vy be defined by
B x1 — O6x _ T2 —T1
= and vy = .
p1—96 1—p

(34)

A buyer with valuation v; is indifferent between (py,z1) and (1, z2). A buyer with valuation v > v; prefers
(p1,71) to (6,6x) and a buyer with valuation v < v; prefers (6,6z) to (p1,z1). Similarly a buyer with
valuation vq is indifferent between (p1,z;) and (1,z2). A buyer with valuation v < v prefers (p1,z1) to
(1, z9) and a buyer with valuation v > vy prefers (1, x2) to (p1,z1).

In summary a buyer with valuation in [0, z) chooses (0,0) at t=0, with valuation |x,v;) chooses M; =
{(6,6x)}, a buyer with valuation in [vy,v9) chooses (p1,z1) at t=0 and finally a buyer with valuation in
[v2, 1] chooses (1, z9) at t=0.

Following the same procedure as in case 1, we find that, in the uniform case, at t=1 the seller posts
r=—. (35)
Substituting this expression into v1 and v9 and after rearranging we get that

To = (1 — p1)172 + (pl — 056)171 (36)

xry = <p1—0.56)171. (37)
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Given the assumption that all contracts in My and in M7 are relevant the seller’s revenues are given by
U1 Ug 1
R— 5/ 2f(t)dt +/ s (1) dt + / 2o f (1)dt. (38)
T U1 U2
In the uniform case this reduces to
un\?, _ _ , _
R=9¢ 5 + (UQ — Ul)p1<p1 — 056)111 + (1 — UQ) [(1 —pl)UQ + (pl — 056)111] . (39)
We derived the solution assuming that the contracts in My and in M must be relevant.

Results for case 2: 6§ < p; <1

1
r1

0.3 0.5 0.1919 0.2742 0.4661 0.3839 0.5484 0.5484 0.2331
04 05 0.1714 0.2857 0.4571 0.3429 0.5714 0.5714 0.2286
0.45 0.5 0.1608 0.2925 0.4533 0.3217 0.5849 0.5849 0.2267

0 P1 x1 X X9 Vi Vo Hye

The solution was obtained numerically. Note that for any discount factor we get that v1 = vy that is,
(p1,x1) will be chosen only if the buyer has valuation v, which is a probability zero event. A buyer with
valuation v € [z,09) chooses My = {(6,6x)} and a buyer with valuation in [0, 1] chooses (1,z3). The
solution is identical to the one we derived for the case that the seller just posts a price at t=0! Contract
(p1,x1) is superfluous and expected revenues are the same as in the case that the seller posts a price at

t=0 (along with the status quo contract).

9 Conclusion

In this paper we characterize the revenue maximizing mechanism when the seller behaves sequentially
rationally. We show that the revenue maximizing mechanism in an environment with no commitment is
to post a price in each period. In particular, for any possible history of the game, at the beginning of the

period t=1 the seller will maximize expected revenues by posting a price. In deriving his result, we restrict
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attention to direct revelation mechanisms. We are able to do so, since the seller’s problem at the beginning
of t=1 is isomorphic to her problem with full commitment. Subsequently, we derive the revenue maximizing
set of contracts for t=0; this is a more difficult task since one cannot appeal to the revelation principle.
We do not impose any restrictions on the potential form of the mechanism. Under some conditions on the
probability density function of the buyer’s valuation, the revenue maximizing mechanism at period t=0 is
to post a price.

This work extends the works of Myerson (1981), Riley and Samuelson (1981) and Hart and Tirole
(1988). The most closely related paper is the one by Hart and Tirole (1988). In a T-period framework
where the buyer’s valuation is either high or low, Hart and Tirole examine, among others, the situation
where the seller and the buyer sign one-period contracts, known as the non-commitment case. They assume,
that under non-commitment the seller’s strategy is to post a price. In this paper we derive the revenue
maximizing mechanism under non-commitment for the case that the buyer’s valuation is drawn from a
continuum. The methodology developed in this paper may be useful in deriving the optimal incentive
scheme in other asymmetric information environments where the principle is unable to commit and the
agent’s type is drawn from a continuum. This has been done so far only for the case that the agent has
two possible types.

Previous work has assumed that the seller’s strategy is to post a price and the problem of the seller is
to find what price to post. We provide a reason for the seller’s choice to post a price, even though she can
use infinitely many other possible institutions: posted price selling is the optimal strategy in the sense that
it maximizes the seller’s revenues. In the future we plan to work on eliminating the somewhat restrictive
assumptions we made on the probability density function of the buyer’s valuation. We also plan to study
the problem in a T-period framework and in the case that the seller faces more than one buyer. Another
important question related to this research is how the seller’s inability to commit affects efficiency. This
question is relevant when the seller faces more then one buyer.

If in reality individuals in charge of designing institutions are unable to commit, then the appropriate
framework to study a mechanism design problem is the one where the principal behaves sequentially

rationally.
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10 Appendix

10.1 Mathematical Preliminaries

Definition 4 Given a point x of [0,1] and an open set U of space [0,1] let
S(z,U)={p | p €[0,1]°" and p(x) € U}

The sets S(x,U) are a subbasis for a topology on [0, 1/91 which is called the topology of pointwise conver-
gence. The typical basis element about a function p consists of all functions g that are close to p at finitely

many points.

Theorem 3 A sequence p, of functions converges to a function p in the topology of pointwise convergence
if and only if for each x € X (= |0,1] in our problem), the sequence pn(x) of points of Y (= [0, 1] in our
problem) converges to the point p(x).

Proof. See Munkres “Topology: A first Course” page 281.

Definition 5 A topological space X is said to be sequentially compact if every infinite sequence from X
has a convergent subsequence. A subspace Y of X is sequentially compact if every sequence from Y has a

convergent subsequence that converges to an element of Y.

Theorem 4 Let X be a metrizable topological space . Then the following are equivalent. (1) X is compact
(2) X is limit point compact (3) X is sequentially compact

Proof. See Munkres “Topology: A first Course” p. 181.

Theorem 5 (Helly) Let {pn} be a sequence of functions in ¥. Then there exists a function p € & and a

subsequence of {pn} that converges weakly to p.

This is a slightly adapted version of Helly’s Theorem discussed in Stockey &Lucas: ’Recursive Methods

in Economic Dynamics’ pages 371-373.
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Remark 2 From Theorem (3) and Helly’s Theorem it follows that the sequence p, converges to p in the

topology of pointwise convergence.

Theorem 6 (Lebesque’s Dominated Convergence Theorem) Let g be a measurable function over a mea-

surable set F, and suppose that {p,} is a sequence of measurable functions on E such that

[pn ()] < g(x)

and for almost all x € I we have pp(x) — p(x). Then

/pzhm/pn
F F

Proof. See Royden (1962) p.76.

Remark 3 The above theorem shows that [ p is lower and upper semicontinuous and hence continuous.

10.2 Proofs of the results.

Proof of Proposition (1)

(i) We start by proving the existence result.

Step 1: (Compactness) The set & is compact in the topology of pointwise convergence. This follows
from Helly’s Theorem together with Theorems (3) and (4).

Step2: (Continuity) We want to show that the objective function is continuous on [0,1] in the topology

of pointwise convergence. Take E=[0,1] which is a measurable set, and g is given by

g(t) =1Vt € [0,1].

Note that g is measurable since it is a constant function. Our space < consists of measurable functions

p(.). Continuity of the objective function follows from Lebesque’s Dominated Convergence Theorem.
We are done since a continuous function on a compact set assumes its minimum and its maximum B
So far we have established that the maximization problem given by (8) has a maximum. We will

now proceed to show that the maximizer is of the form where v € [0, 1]. Note that the functions defined
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above are in & since they are measurable, continuous everywhere form above, increasing and p(0) = 0 and
p(1) = 1.

(ii).The objective function is linear in the choice variable so the maximizer will be an extreme point of
the set of maximizers.

The set of extreme points of < is
K = UUE[O,I]]%(-)

where p, is defined in (10) .
Every increasing, non-negative function I’ with /(1) = 1 can be written as a convex combination of

functions as defined in (10)
1
F(s) = /0 po(s)dF ().
Let p* be a maximizer of the problem defined in (8). Let M* denote the maximum value of the objective

function. Then using the above representation and Fubini’s theorem we have

/01 p*(s)p(s)ds = /01 {/01 pv(s)dp*(v)}tb(s)ds _
- /01 { /01 pv<s)¢<s)ds} dp*(v) = M™.

This is a convex combination of functions of the form given in (10). Hence one of these functions is a
maximizer. l
Proof of Proposition(2)

(i) First note that v* is well-defined because the set
o
{v € 10,1] such that / o(t)dt > 0, for all v € [v, 1]}
v

is non-empty since it contains 1.

Fix arbitrary vy € [0,1] such that v; < v*. Suppose that p(vy) > 0, this implies that Yo' > vy

p(v') > p(v1)
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by the requirement that p(.) be increasing. By the definition of v* and since v; < v*, there must exist

some v where v; € [0, 1] such that

/U " stydt < 0.

Lemma. We can take, without loss of generality, v1 < v*. In other words if there exists v 1 > v* such
that
U1
/ $(t)dt < 0
v1
then there exists 77 such that

U1
/ o(t)dt and v < v*.
v

Proof. Suppose v > v* is such that

/U " o(tydt < 0

/U1 o(t)dt = /U* o(t)dt + /jl o(t)dt, since v1 > v*.

1

But
U1
/ S(t)dt > 0
U*
this implies that
U*
/ S()dt < 0,
v1
So there must exist ©; < v* such that

/U " st < 0.

for every vy € [0,v*]. Call this o7 = v;. R
Back to the proof of Proposition (2). We proceed to demonstrate why it can not be optimal to set
p(t) > 0 for t < v*.

Suppose that v* > 0.Fix v < v*.For any v < v* there exists v’ < v*such that

/ Y (1)L < 0. (40)
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Case 1: Suppose that there exists v” € [v,v’) such that

/ " syt > 0. (41)

Let
U//
v = sup {v” € [v,v") such that / o(t)dt >0 } :
v

/@ Y st

/UU (1) + / $(t)dt < 0.

Suppose that p(t) > 0 for some ¢ € v, v]. By the requirement that p(.) be non-decreasing it must hold that

It follows that

>

/U ’ qﬁ(t)dt‘ (42)

since

p(s) > p(v) > p(t) for all ¢ € [v,].
Suppose
p(s) = p(v) for all s € [v,7']

then

0] v’ v v’

/ p(D)b(1)dE + / p(@)6(1)dt < / 06(t)dt + / 00 (£) dt.

v v v v

The last inequality follows from (40), (41) and (42). Hence p(t) > 0 for ¢ € [v,v'] cannot be optimal.
Case 2: Suppose that there does NOT exist v/ € [v,v) such that

/ S(t)dt > 0

then setting p(t) > 0 for some ¢ € [v,v'] clearly cannot be optimal.
Now we’d like to show that setting p(¢f) < 1 for ¢ € [v*,1] cannot be optimal. We will argue by
contradiction. Suppose that for some £ > v* it holds that p(¢) < 1 . This implies that for every s < ¢,

p(s) < p(t) by the requirement that p(.) is increasing in ¢; but

/t ¢(s)ds >0
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by the definition of v*. Such a p(.) cannot be a maximizer since

[ o+ [ o< [ owac [ o

Contradiction.

(i) This is straightforward. W

Proof of Proposition (3)

If V7 is empty or it contains one element we are done. Suppose that the cardinality V7 is at least 2.
Let v1 and vy be elements of V4. This implies that a buyer with valuation v; and a buyer with valuation

vy prefer My = (6, 6v*) to their most preferred point of My. Let (po1,zo1) be such that

- —x).
(po1,o1) arg(p’ra%?& O(pvl x)

Then it must hold that

6111 — 611* 2 Po1v1 — Xo1- (43)

Similarly, let (po2, zo2) be such that

- —x).
(po2, x02) arg(p’ra%?& O(pv2 x)

Then it must hold that

bvg — &v* > peovg — To9. (44)

Consider a buyer with type awvy + (1 — o)ve; a buyer with this type exists since we assumed that the support

of the buyer’s valuation is convex. Let

(p,z) € arg max p(avy + (1 — a)ve) — .
(p,SC)EMO

We want to show that

S(avy + (1 — a)vg) — 6v*™ > plavy + (1 — a)ve) — .
We will argue by contradiction. Suppose
8oy + (1 — a)vg) — 6v* < plavy + (1 — a)vy) —
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which can be rewritten as
al(pv1 —x) — (bvy — 6v")] + (1 — @) [(pre — &) — (bvg — Sv™)] > 0.

This inequality implies that at least one of the two summands of the LHS is strictly greater than zero,
which in turn implies that

pv1 — I > 6vp — vt

or

pug — T > Ovg — SU*

or both hold. The last statement contradicts the fact that if the buyers has valuation v;, ¢ = 1, 2, he prefers
(6,6v*) to every point of My. W

Proof of Lemma 1.

In an equilibrium, where My is chosen among the sets of contracts that are relevant and contain K
contracts (including the status quo contract), the seller’s equilibrium strategy is a vector (x1, 9, ....,xg_1)
that maximizes expected revenues taking (pi, ...... ,Dk—1) as given.

We will look at the partial derivatives of expected revenues, R, with respect to each z; in Mp.'"

Differentiating R with respect to z1 we get

= (ren - ) (100 (575) 1D Y
‘I‘f(Ul) T2p2

p2—p1'

Adding and substracting f(v1)z; this can be rewritten as

S—ﬁ = <F<v1) —F (ﬂ» pi+ f(v1) <w> - (f(ﬂ) - f(v1)> 7.

yal P2 —P1 b1

1"Essentially the seller determines p too, since by picking appropriate ¢, she can make a point (p, ) essentially irrelevant
(this simply means that in equilibrium, given all the other available contracts, contract (p,x) will be chosen with probability

zero).
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If f(v1) > f(%L) revenues are increasing in x1. Otherwise, revenues will be increasing in z; if
P ’

(70 =7 (2) )1 = (5 = son)) o 2 0

or since p; > x

(P = (2) ) o= (4 = 1)) pr 20

(P -7 (2)) = (£ - 1en)). (15)

This inequality holds under Assumption D. Under our assumptions revenues are non-decreasing in x1. The

which reduces to

constraint % < w1 is binding so the seller will set ;1 as large as possible. The seller sets x; such that

Z1 — p4. Notice that %i— = vy implies that v; = %5 and when & = ¢y = %ﬁ holds, expected revenues are

P1 P1
given by
x
Ro= (F) = FC2) ) oo+ (F(es) = Fle) s
(B (1) — F(us)) mapa + (F(vs) — F(v)) wsps
+ (F(ve) — F(vs)) peze..... + (1 — F(vg_1)) prxk
Now given that at the optimum it holds that % =v = %, let us examine the effect of x9 on revenues.
Differentiating R with respect to z2 we get that
oR T ) <p3963 - 962292) T
— = F(vy) — F(— + flvg) | ———=) — f(— )xo.
e = (Flea) = FC2)) o+ o) (B2Z2202) (2,

Using parallel arguments to the ones used above it can be shown that, under our assumptions, revenues
are increasing in x9 which implies that the seller will set x9 as large as possible: % = v9 which implies

that %11 = =

st

= vy = %33. Continuing in the same way we see that revenues are increasing in x;,

i=1,..0—2.

46



Now we examine whether revenues are increasing in x; 1. This is the payment associated with the

contract adjacent to M. When % =v = % =vy=. = 2;:; = v;_9 expected revenues are given by
T
R = <F(1111) - F(#)) xi—1pi—1 + (F(v) — Fvi—1)) 6z
-1
—I—(F(UZ+1) _F<UZ))xl+1pl+1+ .......... —I—(l —F(UKfl))prK
OR T O — 21 1P T
=\ F(v1)— F(— _ - — -
Oz < (v1-1) <pz71 )> Pt flom) 6 —pi1 f<p171 )1

which can be shown to be non-negative under the assumptions made so far. Hence at the optimum the

seller will set z; | as large as possible that is

Ti-1
— = U1 (46)
Pi-1
which implies ;;j =v_1 = Z.
Now we look at the effect of a change in x;,; on revenues, when % =v = % =vy =. = ;;:; =
V_g = ;;j = v;_1. Note that x; 1 affects v;, which affects in turn x. Hence
9z v
ou  1-— OB, Boriy
0T 141 pry1— 9
which reduces to
c%l - 1
- dx
41 pry1 — 0+ 65
Recall from Proposition (4) that x is non-decreasing and differentiable almost everywhere, hence g—;’; >0

This says that as the upper bound of the support of the posterior distribution of the buyer’s valuation

increases the price posted at t=1 will not decrease. When % = =

3

v;_1 holds, then expected revenues are given by

R = (F(u)— F(z)) bz + (F(vi41) — F(u)) ez +

+ (F(UZ+2) — F(vl+1))pl+2xl+2 + ... + (1 — F(UKfl))prK.
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Differentiating with respect to x;,1 we get that

OR ox 1
= 0 ——— (F(v) = Flz) — flz)z) +
Oxyq Ovy Pry1-sys8z
vl

)pz+2$z+2 — Pi+1%141

+ (F(vip) — F(0) pig1 + flua
Pi+2 — P41

0T — pri1Tip
)| ————a |-
(pz+1 -6+ 5%

Notice that by (18), for vy = v, the first term of the above expression is always equal to zero. From
the assumption that the seller offers relevant contracts it holds that v; 1 > v; and piyexiye > pry1xrpr. If
ox > pry17xpy1 it follows immediately that expected revenues are non-decreasing in x;,1. In the case that

bx < pryp1z41 we need to do a little bit more work.

We start by adding and substracting f(viy1) <%> which gives that
11645,

OR

47
0111 (47)
> (F(vig1) — F(u)) pra
(o) Prv2Tiye (P41 — 6) + 6z (pry2 — piy1) — pé:lel (Prv2 — 6) (48)
(P2 — prv1) <p1+1 -6+ 68_111)
Pri1%i41 — 6T
= (f(v) = f(vig)) (—m> (49)
Pri1— 6+ 65%
(Pri2Ti12 — Pri1%ii1) 58_5
+f(vig1) aém (50)
(P12 — P1v1) <p1+1 -6+ 63—w)
> 0.

The first term of the above expression is non-negative given that v;,7 > wv;. The second term is also

non-negative for the following reasons

v

Vi1 v; reduces to

Zipo (Pi41 — 0) +0x (Diy2 —piv1) = T (Pry2 — 6)

48



multiplying both sides of the above inequality by p;19 > 0 we get that
pir2 [Tir2 (P — 8) + 62 (pry2 — piv1)] 2 prya [z141 (Pri2 — 6)]
but since piy1 < piyo < 1 we get that
prra®ive (Prv1 — 6) + 6z (prye — piv1) 2 pry1zia (Pry2 — 0).

The third term of (47) is non-negative since, by the assumption that the seller offers relevant contracts, we

have that p;ezir9 > prp1xi41. Hence for expected revenues to be non-decreasing in x;1 it will suffice if

(Fviga) = F(u)) prea + () = f(oi)) (;:1?;14'_55%;) ="

holds. This follows from Assumption D. Given the hypotheses made, the seller will pick x;1 as large as

possible, which implies that at the optimum it will hold
Vp = Vit1-

Now replace v; by v;41. Taking derivative with respect to x;;9, which is just a renaming of our previous

step, we get that v;;1 must be set equal to vy, 9. Continue analogously. So in the end we get that

The revenue maximizing vector (zq, ...... x k) is such that all contracts in My, but contract'® (px,xK) are
essentially irrelevant. In equilibrium when My is taken among the class of sets that contain K relevant
contracts, then it, (Mpy), is chosen to be equivalent to a singleton contract (px,zx ). B

Proof of Lemma 2.

Proof. We have shown so far that in an equilibrium, when My is chosen among the class of sets that

contain K relevant contracts, x;, i=1, ..... K-1 will be chosen such that the following holds
1
— = U] = ...... =V 1=
p1

¥ Contract (po, 7o) is treated as an outside option.
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and
V= V1 = Vg9 = ceeenen =Vg_1.
In equilibrium, only one contract in My is chosen with positive probability, contract (px,zx). All the
other contracts in My are essentially irrelevant, since they are chosen with zero probability. In such an
equilibrium revenues are given by
R= [F <LK — 636) — F(x)} bx + [1 - F <LK — 636)} PKIK-
P — 0 pr — 0
We proceed to show that in equilibrium My is equivalent to a posted price, in other words px is set equal
to 1.
Taking partial derivative of revenues with respect to px we get that

s = (s ) (Gamap) e =00

-6
=l

The above inequality holds since xx is relevant, which implies that F (5’;1;—:‘?) <1, and éx < xg. Since
expected revenues are non-decreasing in pg, the seller will chose px to be as large as possible. Hence

pKzl._
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