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Abstract

We develop a general equilibrium model of trade with endogenous human capital acquisition
in job specific skills and imperfectly observable skills. A country with a relatively skilled labor
force will specialize in production of goods that are intensive in skilled labor. Incentives to
invest in human capital depend on aggregate investments within the country and the relative
factor prices. Demand for skilled workers at home decreases when the world has more human
capital and we show that incentives to invest are strictly decreasing in aggregate investments in
the other country. Hence, even if there are no fundamental differences between countries there
may be equilibria under international trade with specialization. In particular, this may happen
even if there is a unique equilibrium under autharchy and protectionism may in this case be a

welfare enhancing policy for the poor country.

1 Introduction

There is room for debate about the magnitudes, but few would argue against the claim that there

are enormous differences in living standards across countries. Quite naturally these differences have
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inspired vast amounts of both theoretical and empirical research and there are many competing
explanations for the large cross country differences.

Despite of the abundance of theories we will in this paper propose yet another model that can
explain cross country differences in standards of living. Our model has in common with many other
approaches that externalities are central!. Furthermore, as in most macro-oriented research on the
topic, differences in standard of living are generated by differences in human capital accumulation.
However, contrary to most previous work we provide explicit microfoundations for the externalities.
The external effects are derived from what we view as a rather natural informational problem and
will as a consequence of barriers to labor mobility be local to the country or region that labor can
move freely within.

Our model is a rather stylized model of human capital accumulation and trade between two ex
ante identical economies. There are two jobs, two final goods, two countries and a continuum of
consumers/workers in each country. We refer to the jobs as the skilled job and the wunskilled job
respectively. We also make the assumption that a worker must have made a costly human capital
investment in order to be productive in the skilled job, while all workers are equally productive in
the unskilled job. Hence, human capital is specific to the skilled job

Firms produce two final consumption goods, one which is more intensive in skilled labor than
the other, and we assume that firms act competitively and all have access to the same constant
returns technology.

What distinguishes our model from most of the previous literature is that we assume that human
capital investments are imperfectly observable. Competitive firms pay a worker the expected value
of her marginal product. This expectation depends observable characteristics and, though standard
Bayesian updating, also on the aggregate level of human capital investments in the economy. But
rational workers make a standard cost benefit calculation when deciding how much to invest, so
the distribution of wages in turn affects the incentives for human capital investments and therefore
investments. The assumption that human capital investments are imperfectly observable therefore

leads to externalities in human capital investments.

!Well known examples from the growth literature where externalities are important are Lucas [6] and Romer [12].
In trade theory it is also common to analyze models where cross country differences are generated from external

effects and Eithier [?] is an early contribution to that literature.



These externalities may create multiple equilibria also if we would assume that there is a single
consumption good and consequently no role for international trade. At low levels of human capital
investments incentives to invest are increasing in aggregate human capital since skilled workers are
so scarce. However, at sufficiently high levels of investment, skilled labor is not so scarce and the
prior (aggregate investments) starts to be more important than the noisy signals in determining the
wage resulting in a less high powered incentive scheme. Hence, the relationship between aggregate
investments and returns to human capital investments is non-monotonic. Depending on details of
the distribution of investment costs and the signaling technology there may or may not be multiple
equilibria.

Cross country differences in income levels may therefore be generated also in a simplified version
of the model with a single good due to coordination on different equilibria. We view this feature
more as an unavoidable nuisance due to the informational problem than an interesting theory of
income differentials. It is well understood that models with multiple equilibria can explain cross
country differences as a result of coordination on different equilibria and there are many other
models that are capable of generating multiple equilibria.

What we view as interesting is something that can only happen in the version with two goods.
Then there is an interesting interplay between the local informational externality and standard
general equilibrium price effects that makes incentives to invest in human capital dependent on
aggregate investment behavior also in the other country. In particular, the higher are aggregate
investments in the other country, the less valuable workers with skill are in the home country and
we show that this will tend to reduce the compensation for workers in the skilled sector and increase
wages for unskilled workers. This results in a less high powered incentive scheme at home, so the
returns to human capital investments in any country is decreasing in human capital investments
abroad.

What is described above is a standard scarcity reasoning that would be true even if there is
no informational asymmetry. However, the informational asymmetry means that incentives are
affected differently in the country where the change occurs and in the country where no change
occurs. While it is true that an increase in the number of investors abroad makes investors less
a scarce resource which tends to decrease the compensation for workers that are assigned to the

skilled job there is also a direct effect on incentives which comes from the fact that when more



agents abroad invest the posterior probability that a worker has human capital increases given any
observable characteristics. This effect tends to improve incentives.

We show that the interplay between the informational externality and the price effects described
above implies that when countries trade, then there is a possibility that identical countries specialize
and therefore maintain a different level of wealth and human capital, even if parameters are such
that there is a unique autharchic equilibrium. This type of trade equilibrium is not based on a
country-wide coordination failure: what stops citizens of the poor country to invest more in human
capital is the fact that the technologically intensive good can be imported from the other country.
While this type of specialization typically is to the disadvantage for the country that specializes
in the good with low skill-content it actually helps in alleviating the informational problem and
production possibilities are increased when moving in the direction of increased specialization in
human capital investments when holding the total quantity of investors constant. These points are
illustrated in Section 4 by analyzing a simple example that allows for closed form solutions and
later sections show that the effects on prices and factor prices that drive the example hold also
under much more general circumstances.

A useful way of thinking about our model is in terms of the Hecksher-Ohlin-Samuelsson (HOS)
model. Given human capital investments, the model works essentially as the HOS model. However,
the production possibility set is not exogenously given, but determined by individual human capital
investments. Hence, trade policy changes the production possibility set of each country and it is
possible that this has the effect that a country specializing in the good with low content of skilled
labor may be better off in autharchy?.

Another interesting feature of our model is that it has implications for cross country comparisons
of wage distributions. In particular, higher levels of human capital corresponds to higher incentives
for human capital accumulation, which empirically corresponds to higher variability in wages that
can not be accounted for by observable characteristics.

We view our model as too stylized for quantitative implementations, but we think that the
model may be successfully embedded in a richer dynamic framework and that our more explicit

microfoundations may be a useful way to “see” the externalities. For example, it is crucial for

2As is well-known, trade models with increasing returns can produce the same result for more or less the same

reasons.



the quantitative analysis in Lucas [6],[7] that external benefits of human capital across national
borders are assumed to be zero. Lucas himself views this as a troubling aspect and argues that
some spillovers should be local while others should be world wide, but that it seems difficult to
get evidence on the relative importance of local versus global spillovers. In our model on the other
hand, the externality is derived from fundamental assumptions and there are no cross country
externalities, although the price effects create complementarities in investment behavior that look
“as if” there is a negative externality.

The paper is structured as follows...

2 The Model

Our model borrows from our earlier work on economics of discrimination in Moro and Norman
[9], which in turn is inspired by Arrow [1], Coate and Loury [2], Phelps [11] and others. The
main departure from the models of discrimination is that we now need more than one good, so
relative prices between consumption goods must be determined in equilibrium. This part of the
model is completely standard and given endowments of human capital in each country, much of the

equilibrium characterization parallels that in the Hecksher-Ohlin model very closely.

2.1 Human Capital Investments

In each country there is a continuum of workers with heterogenous costs of investment in their
human capital. Agents are distributed on [k, k] according to a distribution function G' which is
assumed to be continuous and strictly increasing in the more general version of the model. Prior
to entering the market each agent k£ has to choose whether to invest in human capital or not. An

agent who invests incurs (his personal) investment cost k, while agents who don’t invest incur no

cost. We assume that k£ < 0 and k& > 0

2.2 Information Technology

After the investments, nature assigns each worker a signal § € ©. The example in Section 4 uses
a discrete set of signals, but in the general model it is more convenient to assume that © = [0, 1]

, distributed according to density f, if the worker invested in Stage 1 and f, otherwise. It is



assumed that f, and f, are continuously differentiable, bounded away from zero and satisfy the
strict monotone likelihood ratio property fq () /fu (0) < f4(6) / fu (¢) for all 6,6’ such that 6 < ¢'.
This implies that qualified workers are more likely to get higher values of # than unqualified workers.

We let I, and F, denote the associated cumulative distributions.

2.3 Production Technology

There are two consumption goods, x1 and x2, both produced solely from labor. However, labor
input is needed in two separate jobs in order to produce output. We refer to these jobs as the
complex task and the simple task. Call workers who invested in the human capital qualified workers
and workers who did not unqualified. We assume that unqualified workers who are employed in
the complex task do not contribute at all to output, so we let the effective input of complex labor
in industry 4, ¢;, be the quantity qualified workers who are employed in the complex task. In the
simple task on the other hand the investment decision is immaterial for productivity, so the effective
input of simple labor in industry i, s;, is simply the number of workers (qualified and unqualified)
employed in this task. It is crucial that human capital investments affect productivity differently
in the different jobs. However, the extreme assumptions that non-investors are completely useless
in the skilled job and that the investment does not improve productivity at all in the unskilled job
are only for expositional simplicity.

Given inputs ¢; and s; the output in industry i is y* (ci, s;) where yt Ri — R, is a standard
continuously differentiable neoclassical production function, satisfying constant returns to scale.
As in most trade models, it is convenient to rule out “factor intensity reversals” and for this reason

we assume that,

dyt(e,s) 8y (c,s)
dc dc
Al ayla(m) > Byza(c,s) for all ¢,s > 0.

The condition says that, given any (common) factor ratio, the increase needed in complex labor
to keep output constant after a decrease in the input of simple labor is smaller in sector one.
Following the language in traditional trade theory we refer to sector 1 as more intensive in complex
labor than sector 2. Again, the example in Section 4 will be slightly different: there we assume
that y*(c1, s1) = c1 and y? (ca, s2) = s2, which can be viewed as a limiting case of a technology that

satisfies assumption Al.



2.4 Preferences

The agents in the model care about consumption and whether they undertake the investment or
not. Preferences over consumption bundles (given investment behavior) are the same for all agents
in the economy, so the only heterogeneity is in terms of investment costs. We also assume additive
separability between the consumption part of preferences and costs of investment. The utility of an
agent k consuming xy, z2 is taken to be u (x1,x2) — k if the agent invests and u (z1, x2) otherwise,

where v is homothetic, strictly quasi-concave and differentiable.

3 Equilibrium

All agents are rational decision makers that take prices as given and equilibrium is defined in
direct analogy with competitive equilibrium in a symmetric information environment. However,
the informational problem makes it necessary to use somewhat nonstandard notions of wages and

labor demands and for clarity we provide a rather detailed definition of equilibrium.

3.1 The Problem of Consumer/Workers

When wages are realized the only thing left to do for a consumer/worker is to allocate her earnings
between the two goods. We assume that the utility function over consumption goods is strictly

quasi-concave, so the problem

max u (1, 2) (1)
Z1,T2

st piry +pre < w

has a unique optimal solution. We use common abuse of notation and let x;(w, p), z2(w,p) denote
the demand functions, which are identical for all agents in the economy. For notational convenience

we also define

U(va) = u(xl(va)vl?(va)): (2)

= maxu(r1,22)
1,2

st.w < p1x1 + pare



3.2 The Problem for the Firms

Firms observe the signal 6 for each worker, but don’t know whether the worker invested or not. The
choice for a firm is to decide “how many” workers of each 6 to employ in each task, so formally the
firm chooses a pair (I$,[f) , where lf : ©® — R, is restricted to be integrable for ¢ = ¢, s3. The input
of labor in the simple task is simply the mass of workers employed in the task, that is [ If (6) d6.
In order to specify the input of labor in the complex task we assume that the law of large numbers
applies, so that if a fraction 7 of the workers are equipped with human capital and the firm employs
workers in the complex task according to I£, then [1¢(0) P (6,7)d0 is the quantity of agents who

are equipped with human capital, where

T fq (0)
fq(0)+ (1 —m7) fu(0)

is the posterior probability that a worker with signal 6 has invested given prior m. Since P (6, )

P0,7) = (3)

is strictly increasing in 0 it is clear that we have to allow wages to depend on the signal as well
in order to be able to satisfy market clearing. Thus, we let the firm take wages w : © — R4 and
output price p; as given and write the profit maximization problem as
([0 PO.R 0. [1:0)88) = [w00) Y @00 ()
{lzc()’lf"s()} t=c,s

for the representative firm in sector i = 1, 2.

3.3 Equilibrium Human Capital Investments

All agents have rational expectations and can thus predict the wage scheme w and the prices.
However, there is uncertainty about the realization of the noisy signal when agents invest. The
expected utility for an agent with investment cost ¢ is [, v(w (9),p)dF, (6) — k if agent k invests
and [, v(w (0),p)dF, (#) otherwise. Rational investment behavior is thus to invest if and only if
Jpv(w (0),p)dF, (0) > [yv(w(0),p)dF, () and the corresponding fraction of investors is given by

sz(/wwwxmwzwwi/Mwwxmwzwo 5)

0 0

3More generally we could let the firm choose a measure over © and out formulation clearly rules out for example

any measure with a mass-point. The more general formulation does however not add anything to the analysis.



3.4 Conditions for Equilibrium

The fraction of investors m summarizes all relevant information about investment behavior in the
population: if a fraction 7 invests and all agents behave optimally, then it must be that all workers
with costs less than or equal to G™1 (7) invest and all workers with higher costs do not invest. To
avoid excessive notation we therefore leave out the trivial individual investment rules in our defini-
tion of equilibrium. For brevity we also use fr (0) as shorthand notation for «f, (0) + (1 — ) fu ()

and later on in the paper we will use F (6) instead of 7w F, (6) + (1 —m) F, ().

Definition 1 Output prices p* = (p},p3), wages w* : © — R together the fraction of investors
7™ demand functions x1(w,p),x2(w,p), outputs (z3,x%) and factor input distributions represented

by {I15*,15%},_, 5 constitutes a competitive equilibrium under autharky if:

1. 15, 15* solves (4) taking p* and 7 as given and x} = y* ([ 15* (0) P (0,7*)d6, [ 15* () df) is

17"

the associated output for sectori=1,2.

2. (z1(w,p), x2(w,p)) solves (1)

8. xf = [yxi (w*(0),p*) fx (0)dO fori=1,2

4o 2im1,2 (7 (0), 137 (0)) = fx (0) for all 0 € [0,1]

5.7 =G ([yv(w* (0),p*)dFy (0) — [, v(w* (0),p*)dF, (0)), where v(w,p) is defined in (2).

The first condition says that factor demands and outputs must be optimal for the firm given
output and factor prices and individual investment behavior, the second that each individual agent
must choose her utility maximizing consumption bundle given the income received in equilibrium
and prices, the third condition states that the goods market clears given these profit and utility
maximizing supply and demand decisions and the fourth condition says that the factor market
must clear. Finally, the last condition says that human capital investments must be individually
optimal given the equilibrium wage scheme and relative prices.

We defer the introduction of the notation for the model with trade until later, but equilibrium
is defined in the same way except that all variables except for goods prices then must be indexed

by country and that the good market clearing conditions must be adjusted in the obvious way.



4 A Special Case

In order to develop some intuition we will first consider a special case of the model, where the
production technology, the information technology and preferences are chosen in such a way that
there are closed form solutions. We let the production functions be given by y'(c) = ¢ and
y? (s) = s. Hence, we assume that only skilled labor is used in the production of the skilled good
and that only unskilled labor is used in the production of the unskilled good and choose units so
that input and output quantities are the same in each sector. Furthermore, we assume that there
are only two signals and label these as © = {b,g} and assume that the conditional probability
distributions are given by
b g
invest 1—n n - (6)
don’t invest N 1—n

In order for the labels to make sense we let n > 1/2, meaning that an investor is more likely to get
the signal g (the good signal) than an agent who did not invest, while the opposite holds for signal b
(the bad signal). We also assume that preferences are of Cobb-Douglas form, u (z1,22) = \/Z123".

Finally we will work with a discrete cost distribution, which will be described in detail below.

4.1 Autarchy Equilibrium

We normalize prices by using good 2 as a numeraire, which with our functional form assumption

means that the individual demands from the consumer optimization problem (1) are given by

E

z1(p1, L,w) = (7)

=

:E2(p17 1,’(11) =

plE

The maximized utility in (2) is thus given by

w
2/P1

In the investment stage workers can rationally predict p; as well as the wage for each signal. Workers

v(w,p) = (8)

who invest get signal g with probability 1 and b with probability 1 — n, while workers who don’t

4Observe that because of the investment stage, the “cardinal” properties of v matters. We have chosen the form

v/Z1x2 since homogeneity of degree one of the utility function implies risk neutrality in money income.
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invest get signal g with probability 1 — n and b with probability n. Computing the expectation of
v(w, p) conditional on investment and subtracting from this the expectation of v(w, p) conditional
on not investing we get what we refer to as the gross benefits of investment, which may be written

(27 = 1)(wg — wp)

2D

Here, wy is the wage earned by a worker with the good signal and wy is the wage of a worker with

. (9)

a bad signal. In a full equilibrium a worker invest if and only if the gross benefits of investment
given by (9) is larger than the worker specific cost of investment.

Wages and prices must also be consistent with profit maximization by firms, utility maximization
by consumers and market clearing conditions. Indeed, it turns out that given any investment
behavior there exists a unique continuation equilibrium®. Depending on the fraction of investors
this unique equilibrium can take on different forms and for a better understanding of the mechanics
of the model we will describe the three possible types of continuation equilibria and give exact
conditions on exogenous parameters and the endogenous fraction of investors for each of these three

types of equilibria to exist. For brevity we have excluded most derivations, which are available from

the authors on request.

4.1.1 Possibility 1: Equilibria with workers divided across sectors in accordance to

their signals

We first check whether it can be an equilibrium to employ all workers with the good signal in sector
1 and all workers with the bad signal in sector 2. Given that a fraction 7 invest and that a fraction
1 of these workers get the high signal there will then be 77 investors in sector 1. Of the investors,
a fraction 1 — 7 get the bad signal and of the 1 — 7w non-investors a fraction 7 get the bad signal,

so the associated outputs are

T = c=170 (10)

xg = s=7n(l—-n)+1—m)n.

®We refer to something as a continuation equilibrium when if for some given investment behavior, all other
equilibrium conditions except possible the condition that investments are optimal given the implied gross benefits of

investment hold.
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Now, with optimizing consumers the aggregate demand satisfies x1/x2 = 1/p;. Hence, in order for

markets to clear it must be that the price is of good one expressed in units of good 2 is

- m(1—n) 7:7(1 —m)n (1)

Finally wp = 1 in order to guarantee zero profits in sector 2 and

pimn = wy(mn + (1 —7) (1 —n)) (12)

in order to guarantee zero profits in sector 1. Moreover, wy > 1 in order for the firms in sector 2
not to be able to make a profit by deviating and hiring workers with good signals. Also, w, has to
be low enough so that firms in sector 1 does not want to hire workers with bad signal. Combining
these two considerations with the prices and wages given by (11) and (12) we find that this is indeed

an equilibrium given that 1—;” < 1, which is always true, and if

v = TA =)+ (L —m)n
S+ (=) (1 -m)

> 1. (13)

Rearranging (13) it is easy to see that the inequality holds whenever m < 1/2.

At first glance, it may seem surprising that equilibria where workers are assigned to task exactly
in accordance to the signals is not a knife-edge case. However, the expected productivity for the
marginal worker in the high job “jumps down” when the first worker with the low signal is employed
in the skilled job and this discontinuity makes this a robust possibility. The way this discontinuity
can be seen in the example is that there is some flexibility on how to set w, without violating other

equilibrium conditions than zero profits within the sector.

4.1.2 Possibility 2: Equilibria where workers with good signals are in the unskilled

sector

For this to be an equilibrium it must be that firms in sector 2 are indifferent between which type of
worker to hire, so wy = wp = 1. Zero profits in sector 1 then immediately nails down the candidate

equilibrium price as
i (- (-7
nm ‘

P1 (14)

5To understand (12), observe that p;mn is the revenue of the sector and that w, is the wage given to each worker.
The quantity of workers employed is 79 + (1 — 7)(1 — 1), where of course the term (1 — 7)(1 — 1) consists of the

workers that don’t contribute to output (but can not be distinguished from the others).
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The only thing left to verify is that we can find good quantities consistent with market clearing given

this price such that some workers with good signals are working in sector 2. Imposing optimization

by consumers we find that this is possible whenever
(L—mr+n(l—m)
nm+(1—n)(1—m)

what would be wy if all good in skilled sector

< 1

Hence, this type of equilibrium exists precisely when the first type of equilibrium fails to exists.

4.1.3 Possibility 3: Equilibria where workers with bad signals are in the skilled sector

The final possibility is that some workers with bad signals are in the skilled sector. However, due to
the symmetry of the demand functions this can never be an equilibrium for this particular example.
There is no particular intuition for this other than that the price of good 1 must be high enough so
that firms in the sector make zero profits from hiring agents with bad signals to the skilled sector.
When actually checking what high enough is it turns out that given this price the relative demand
for good 1 is too small to rationalize that workers with the bad signal are in the skilled sector?, so
there can be no such equilibrium.

Equilibria of other forms than the three possibilities described are easy to rule out. This means

that there is a unique “continuation equilibrium” for each .

4.1.4 Equilibrium investments

By straightforward substitution from the equilibrium characterization above we get that the unique

continuation equilibrium benefits of investment are

e e e G RO S

By thinking of 7 as an independent variable (15) gives the relation between actual investments

and incentives to invest, which we can plot as in Figure 1 below.Any 7 such that 7 = G (B (7))

constitutes an equilibrium under autarchy and it is instructive to go back to the general definition

"However, with a slightly more general form of the utility function, u (x1,z2) = x‘f‘x%f"‘, this type of equilibrium

exists if and only if

o 1__77>1
l—a n
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of equilibrium 9 and note what we have done. In essence, (15) is condition 5 in the definition
of equilibrium with all the other conditions reduced to an expression which is purely in terms of
parameters of the model and the fraction of investors.

We now specialize the example further and assume that n = 2/3, which means that (15)

B(r) = max{é 22_7; (1112:> ,0} . (16)

To make the fixed point problem as simple as possible we consider a discrete distribution of in-

simplifies to

vestment costs. In order for the example to be rich enough to generate the possibilities we want it
turns out that at least 4 distinct cost levels are needed. We let k1 < ky < k3 < k4 where k1 < 0

and k2 > 0 and assume that the cumulative cost distribution G (k) is

(

for k1 <k < ks

for ko <k < k3
(17)
for ks <k < k4

—_
= N = 8|>—t

for kg <k

Since B (mw) = 0 for 7 > 1/2 it is immediate that 7 < 1/2 in any equilibrium, so abstracting
from indifferences this leaves 1/100 and 1/4 as the only remaining potential equilibria. Observe
also that if ks < B(1/100), then # = 1/100 can not be an equilibrium since all agents with
costs equal to ko would want to invest as a best response to the relevant equilibrium wages. Le.,
G(B(1/100)) > 1/4 > 1/100, so this would not be an equilibrium. To guarantee that 1/4 is an

equilibrium is equivalent to checking that ky < B(1/4) < ks.

14



Computing numerical values for the gross benefits of investment is just a matter of plugging the
relevant values for 7 into (16) and these are B(1/100) = 0.016212198 and B (1/4) = 0.035634832.
Thus, sufficient conditions for 7 = i being the wunique equilibrium under autharky is that ko <
0.016212198 and k3 > 0.035634832. Observe that mixed equilibria can be ruled out in this case as
well since it is easy to show that B (w) > B(1/100) > ky for all 7 € [1/100.1/4], which makes it

impossible for workers with cost ks to be indifferent.

4.2 Trade Equilibria

We now assume that there are two equal sized countries, h (home) and f (foreign) that can costlessly
trade goods with each other, while labor is assumed completely immobile. The most straightforward
way to characterize equilibria would be to approach it as in the autharky model: derive the (unique)
continuation equilibrium for each (7", 7/) and then solve the relevant fixed point problem. This is
clearly possible, but the number of potential forms of equilibria expands considerably with trade
and there are seven different cases that can not be ruled out by simple arguments, so we proceed
slightly differently.

We conjecture that 7 = 1 /100 and af =1 /2 is now an equilibrium, i.e., both countries are
investing at rates different from the unique autharky equilibrium. To check that this is indeed an
equilibrium we derive the gross benefits of investment in each country as a function of investments
within the country conditional on the other country following the assumed equilibrium behavior.
This generates conditions on the cost function G that are necessary and sufficient for the assumed

behavior to be consistent with equilibrium. Again, most derivations are omitted.

4.2.1 An Equilibrium with Inequality

We conjecture that the equilibrium will be of the form where country h produces only the unskilled
good and it turns out that in this case country f must (given large enough 7/) use all workers
with the good signal in the skilled sector as well as some workers with the bad signal. If the
equilibrium takes on this form prices can be determined immediately. First of all we have that

w{} = w’; = wg = 1 for zero profits in sector 2. Moreover, firms in f must make zero profits on

15



workers with the bad signal that work in the skilled sector, implying that

(1 — ot ot
p="0 Wz)ui(ln) b o) (1%)

Morover, for zero profits on workers with good signal in sector 1 we have that

w, = ikl _2e2-r) (19)
I qaln+ (1 -7 (1 —-n) 1+xf -

Hence, prices and wages are immediately nailed down. What is left to determine is the fraction
of workers with bad signals that are employed in the skilled sector in order for the prices and
quantities to be consistent with market clearing and optimization by consumers. Let this fraction

of workers with bad signal that are in sector 1 be given by x. The outputs are than

r1 = wn+rrf(1-n) (20)
zy = 1+(1—r€)<7rf(1—77)+<1—7rf>7)>.

We need to check that here are no incentives for country h to enter sector 1. This is checked by
computing the expected revenue from a worker with the good signal in country h (who is paid a
wage wZ = 1) and making sure that the profit is weakly negative. For 7" = ﬁ this turns out
to be satisfied for each 7/ > 0.038834951. Moreover, it must be that there exists some x € [0, 1]
such that the price determined in (18) is also consistent with market clearing and individual utility
maximization. This condition however turns out to be implied by the other conditions.

The conclusion is that this is consistent with a continuation equilibrium in the model given that
ah = Wlo and 0.038834951 < wf < 1 and we can derive the gross benefits of investment simply by
substituting wages and prices into (9). This gives

Bf(wf;wh 1 >—1 ud

_ 3(1—n)
—100) 6\ 2—nh)

1+7f

(21)

in this range. Now note that for 7/ = 7 = ﬁ, the benefits will be the same as in the autharky
model. For all other values in the table below the benefits for country f are approximations of

numbers computed from the expression above®. For h it turns out that given that 7/ = 1 /2, the

8The table hides that fixing 7" = 1/100, there are ranges of values for 7f where the equilibrium is of a different
form from either the equilibrium described above or the form of the autharky equilibrium. IL.e., for 7! < 0.00336
(rougly) and for 0.02922 < nf < 0.03884 the continuation equilibrium takes on different forms. However, in the first
case gross benefits of investment are zero and in the second case it is strictly increasing in the interval and always

below the benefits for the type of equilibrium described in this section.
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benefits of investment will be zero for all 7 € [0, 1)°

#INVESTORS 1/100 1/20 1/10 1/5 1/4 1/3  1/2  2/3  3/4 1
B (m) AUTHARKY 0.016 0.032 0.039 0039 0.036 0.026 0 0 0 0
Bf (xf;1/100) TRADE 0.016 0.072 0.094 0.111 0.113 0.112 0.097 0.071 0.055 0
B" (n";1/2) TRADE 0 0 0 0 0 0 0 0.027 0.039 0

Observe that if we go back the cost distribution with four mass-points that we considered in the
autharky case we see that if k3 < 0.096225045, then investments consistent with 7/ = 1/2 is a best
response to (7rh, 7rf) = (1/100,1/2) . Indeed, given the previous assumption that ko < 0.016212198
the fraction 7/ = 1/2 is the only possible fraction consistent with best responses by workers in f

when investments are at the lowest level in country h. Thus, if

0.035634832 < k3 < 0.096225045

ks < 0.016212198,

then the example is complete since the assumed behavior in f is consistent with equilibrium and

it is trivial to check that incentives in h are zero (since w}! = w;‘ =1

), so the best response to a
fraction % in f is for only the agents with negative costs of investment to invest. Hence (1/100,1/2)
is an equilibrium.

Intuition for the rather dramatic differences in incentives that are due to the behavior in the
other country can be gained from considering how the type of continuation equilibrium changes
with 7/ and 7" Working out the details one can show that there are 5 different ranges where
equilibria are qualitatively different as illustrated in the picture below.Region corresponds to the
region where the equilibrium is qualitatively similar to autharky equilibria for 7 < 1/2. In this
region good signals are in sector 1 and bad signals are in sector 1. In regions b and d the country
with the lower investment rate sends some of their workers with good signals to sector 2, which
implies that workers with good signals must have the same wage as workers with bad signals. The
country with the higher rate of investment on the other hand uses all workers with good signals
in the skilled sector, so here there are some wage differences and correspondingly some incentives

for investment. Finally, in regions a and e the country with the lower investment rate is fully

specialized in sector 2 and the country with the higher investment rate sends some workers with

9For 7 < 0.2 all workers in h will be in sector 2 and for for 7 > 0.2 workers with the good signal at h will be

mixed between sectors. In each case w}; =wh=1.
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Figure 2:

bad signals to the skilled sector. Again, this means no incentives in the country with the lower rate

of investments and positive incentives in the country with the higher rate.

4.2.2 Interpretation of the Example-Economics of Specialization

The crucial point of the example is that trade allows countries to specialize and that this may be
consistent with equilibrium even though there are no intrinsic differences between the countries.
For any fixed investment behavior in country f, the higher are investments in the other country
the lower will the price of the skilled good be relative to the price of the unskilled good, which in
a competitive environment implies wage in that sector will decrease in the fraction of investors in
the other country. Symmetrically, the lower are the investment in h, the higher is the price and
the higher is the wage in the skilled sector in country f.

While this logic is just standard textbook price theory it is important to observe that the
informational asymmetry is crucial in order to generate specialization in equilibrium. If there was
no informational asymmetries in the model, the standard scarcity reasoning above would still hold,
but the wage for an investor in country f would always be equal to the wage of an investor in

country h since otherwise the industry in one country would be more profitable than in the other
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country. With the informational asymmetry, wages are equalized in the sense that workers in each
sector are paid the same per expected unit of output. However, the expected output of two otherwise
identical workers from different countries will differ unless investment behavior is the same in the
two countries since rational firms will use the domestic equilibrium investment behavior as their
priors when evaluating their workers.

In a sense, the specialization may be viewed as an imperfect “solution” to the informational
problem in the model'®. Under much more general circumstances than in the example it can
be shown that the production possibilities set expands if the differences in investment behavior is
increased, but the total quantity of investors is held constant. In our example, it is trivial to use (10)
to see that the equilibrium outputs in the unique autharky equilibrium are (x, z2) = (2/12,7/12).
In the asymmetric trade equilibrium!! it is a little bit more tricky since we need to determine the
fraction of bad signal workers in f that are working in the skilled sector to derive world outputs.
For nf = 1/2 this fraction can be computed to be 1/2 and plugging this value into (20) we get
world outputs (z1,x2) = (5/12,18/12) . Clearly world outputs under trade are more than twice the
autharky outputs, so specialization means increased output of both goods with a constant number
of total investors.

A simple intuition for the increase in world production is that specialization reduces the number
of “mistakes” in how workers are matched to jobs: in autharky, a fair number of workers are working
in sector 1 although they are completely useless in that sector. This inefficiency is reduced in the
equilibrium with specialization.

We will not dwell on welfare implications of the model, but it should be noted that increased
output in the world does not necessarily translate into higher welfare even in a utilitarian sense.
For the right welfare calculations we would have to take also the investment costs into consideration
and here it is kind of obvious that increased specialization implies increased average investment
costs. Some low cost agents in the poor country will not invest and some high cost agents in the

rich country will invest. Thus, the net effect is inconclusive. However, it is a possibility that the

symmetric equilibrium is worse in a utilitarian sense and in this case it may be that somehow

For a detailed elaboration on this point in the context of discrimination, see Norman [10].
1The reader may object that there are now more investors on the aggregate, but no outputs or prices would change

if 7" = 0, which would mean that the aggregate investments are constant.
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forcing the world economy to the symmetric equilibrium is Pareto dominated by a situation where

countries specialize and the rich country compensates the poor country with transfers.

5 The General Model

In many ways the equilibrium characterization for the general case follows the example. For any
fixed investment behavior we show that there is a unique continuation equilibrium that can be
characterized in terms of a tangency between the production possibilities set (for that fixed invest-
ment behavior) and a fictitious representative consumer. Corresponding to this tangency we get
a threshold in terms of the noisy signal that determines who will be assigned to the skilled job
as well as relative prices of the consumption goods. This information is enough to determine the
gross benefits of investment and in a full equilibrium an agent invests if and only if the benefits
exceeds the cost. Hence, from any benefit of investment we can derive the fraction of investment
which is consistent with equilibrium and vice versa. Hence, in the second step, full equilibria are

characterized in terms of a fixed point equation in the fraction of investors.

5.1 Notation and Preliminary Results

For sectors i = 1,2 we let ¢; and s; denote generic inputs of labor in the complex and simple task
respectively. In order for {c;, s;};_; 5 to be feasible when the fraction of investors is 7 there must

be some “labor demand” [ : © — Ri such that

o = / 1€ (0) P (6, 7) df and s; — / I3 (6) db, (23)
0 [

for i = 1,2 and
D (0) +15(0) < fx (0) (24)

)

Given any 7, we let Z (m) denote the set of feasible factor inputs, that is
Z (r) = {c1, 81,2, 52| A : © — R such that (23) and (24) hold} . (25)

From this set of feasible factor inputs we can define the production possibilities set for any given

investment behavior in the obvious way as
X (m) = {(:Ul,xg) € Ri ’xl =y (ci, 8;) for some (cy,s1,c¢2,52) € Z (1) } : (26)
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Convexity properties of X (7) and Z (7) will be important for the analysis and for future reference

we list the relevant results that are used in later sections.
Lemma 1 The set of feasible factor inputs in the economy is given by
Z (7) = {(c1, 51,2, 82) € R |g(cr + ca, 51 + s957) 2 0}, (27)

where

™

g(C,S;Tr)E7T—C—5+(1—7T)Fu<Fq—1(W_C>>, (28)
Lemma 2 g (c,s;m) is strictly quasi-concave in (¢, s) for any given m > 0
Lemma 3 Z () is convex for every m € [0,1].
Lemma 4 Suppose that y* is concave fori = 1,2. Then, X () is a convex set for every w € [0,1] .

Lemma 5 If in addition to the hypotheses in Lemma /4 the factor intensity assumption Al is
satisfied, then for each ', 2" € X (7) where 2’2" >> 0 and each \ € (0,1) there is a neighborhood
B of \Xx/ + (1 = X) 2" such that x € X (w) for all x € B (that is, the frontier of X (m) can be

described by a strictly concave downward sloping function as in Figure 3).

All proofs are in the appendix. For Lemma 1 the crucial step is to verify that the efficiency
frontier of Z (m) will be achieved by “threshold rules” meaning that all workers with signals below
a certain threshold will work in the simple task and all above in the complex task. Given such
a threshold 6* and full employment the aggregate input of complex labor is ¢ = w(1 — F, (6%))
and the aggregate input of simple labor is s = 7Fy(6*) + (1 — 7) F,, (6*) and by eliminating the
threshold we get the condition g (¢, s;m) = 0, while points where g (¢, s;m) < 0 can’t be achieved
by any threshold and points where g (¢, s;7) > 0 can be achieved by (for example) free disposal of
resources. Since the two kinds of labor can be divided arbitrarily between the sectors (27) describes
the feasible set. The intuition for Lemma 2 is that as one moves along a given level curve to g
and shifts workers from the simple task to the complex task, the average quality of workers in the
complex task decreases. Hence, the quantity of ¢ that can be obtained by giving up a unit of s
is strictly decreasing in c. Lemma 3 follows almost trivially from Lemma 2. Lemma 4 is more or

less immediate since taking a convex combination of the factor inputs corresponding to any two
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points in X () results in at least a convex combination of the different output levels by concavity
of the production function. Some grinding is needed to demonstrate strict convexity in Lemma 5,
but the reasoning is rather straightforward. It is already established that X () is convex, so the
only remaining possibility is that there is a linear segment of the production possibilities set. This
implies that the marginal rate of transformation between the different labor inputs is constant on
this segment. Since resources are transferred away from the sector intensive in skilled labor this in
turn implies that the aggregate input of complex (simple) labor must increase (decrease). But the
set of feasible aggregate inputs is strictly convex, so all factor inputs can be increased relative a

convex combination of the initial inputs.

5.2 Equilibrium Characterization

While there is a distortion in the model which means that the production possibilities set describes
feasible output taking the informational problem into account we expect that the competitive
assumptions will mean that all gains from trade will be exhausted given that production must be
a point in X (7). All agents have identical homothetic utility functions over consumption bundles,
so the economy is like a representative agent economy when investment costs are sunk. While the
distribution across agents is indeterminate we can characterize which combinations of aggregate

consumption of each good that are consistent with (restricted) Pareto optimality by solving

X2

2

Figure 3: Efficient Production and Consumption Given Investment Behavior
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max u (z1, T2) (29)
T1,T2

subj to. (x1,z2) € X (m)

X () is convex and compact and wu is strictly quasi-concave, so there is a unique solution to
(29), fully characterized as a tangency between the production possibilities set and the highest
achievable level curve to u, as depicted in Figure 3. Our first proposition confirms the intuition
that equilibrium allocations will be fully characterized by the restricted Pareto problem (29). We
define 0 (¢, m) as the threshold signal needed in order to generate a labor input ¢ in the complex

task when a fraction 7 invests, that is

N
0(c,m) = F, < - ) (30)
Proposition 1 Aggregate outputs (x7,x%) and prices (p3, p5) are consistent with equilibrium condi-
tions 1-4 of the model if and only if (xF, x3) solves (29) and (p%, p5) is a normal to a hyperplane that

separates X (m) and the set of bundles such that u(x1,x2) > u(x],xs). Moreover, the equilibrium

wages must satisfy

Ay (et sy * *
i pf% for 0 <0(c; + 5, m)
w* (0) = alyi(c’f s7) ’ (31)
piP (0, m) === or 6> 0(c] +c3,m)
where (c3,c5,s7,s5) are effective factor inputs consistent with outputs (x7,x5) and the threshold
signal 0(ci + ¢, m) must satisfy

Oy'(ci,s7) _ Oy'(cf,s7)

(i)

P (0(ci + ¢ m),m) Lot S

(32)

A rigorous proof is in the appendix, but since we use Proposition 1 extensively in the rest of
the paper we provide a rather detailed heuristic argument. First of all we observe that since the

utility function is homothetic aggregate consumption must be the solution to

max u (21, T2) (33)
1,m2

st piz1 +psre < /w* (0) fr (0)d6.

Moreover, the budget constraint must bind with equality and the equilibrium outputs must be
affordable, so the right hand side of the budget constraint must equal pjz] + p5x5.
Next, note that we can think of P (0, 7), the posterior probability that the worker invested, as

the “efficiency units” of labor provided by a worker with signal @ if employed in the skilled task.
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Clearly, there would be arbitrage possibilities unless w (0) = w.P (0, 7) for all # employed in the
skilled task and w (6) = w; for all @ employed in the unskilled task. Moreover, w () = w.P (0, 7) >
wg for all 6 employed in the skilled task, since otherwise the workers in the unskilled task could be
replaced by cheaper workers. Similarly, ws > w.P (6, ) for 6 in the simple task since otherwise the
workers in the skilled task could be replaced by cheaper workers. Now, P (6, 7) is monotonically
increasing in 6, so we conclude that also in a competitive equilibrium there must be a threshold
0* such that workers above the threshold are assigned to the skilled task and those below to the
unskilled task and ws = w.P (6%, 7) since otherwise it would be profitable to replace some workers
in one task with workers currently in the other. Given these arbitrage conditions on wages, the
problem for the representative firm in each sector reduces to max, s, iyt (i, 8;) — WeC; — WsS;, SO

equilibrium requires that

Ay’ (cf, 57) Ay’ (¢}, 57)
; s = w, ; s = ws, 4
D ac, we and p. 05, w (34)

and combining with ws; = w.P (0*,7) this gives condition (32) which also has the interpretation
of saying that the relative price of the factors must equal the rate at which one factor can be
transformed into the other. From marginal it also follows that if conditions on w are imposed that
guarantees that (33) has an interior solution, then

8u(x{,x§) 8y(c{,s{) 8y(c’1‘,s’1‘)

(9121 — p_i — Bcl — (981 — d.’lfl (:IJQ) . (35)
ou(efa)  py Ou(css3)  Oy(e3s3) dao
Ozo Oca 0s2

Thus, in equilibrium the relative prices must separate X (7) and the set of better bundles for the
fictitious representative consumer.

Proposition 1 immediately implies that equilibria are unique in all relevant respects.

Corollary 1 Given any m > 0 there is a unique aggregate bundle (z7,x3) that is consistent with

equilibrium and equiltbrium prices and wages are unique up to a multiplicative constant.

Uniqueness of the aggregate bundle follows directly from Proposition 1 since (29) has a unique
solution by the strict convexity of preferences and the production possibilities set. This pins down
a unique relative price between the goods. Normalizing by setting p5 = 1 and noting that (A9)
has a unique solution for every x5 since the constraint set is convex and the objective is strictly
quasi-concave, this in turn implies that the equilibrium wages given by (31) are unique as well up

to the choice of numeraire. Thus, equilibria are fully characterized in terms of the solution to (29).

24



5.3 Equilibrium Investments

We choose good 2 as our unit of account and let p(7) be the equilibrium price of good one.
Furthermore, we let z1 (7) , 2 () be the equilibrium outputs, ¢; (7) , s; (7) the (unique) equilibrium
factor inputs, 6 (7) = Fl <w>the associated (unique) threshold signal and r; (7) =
¢i () /s; () the corresponding factor ratio given a fraction of investors 7. We may then write the
unique equilibrium wage scheme w (0; ) as
%%M for 6 < 0 (m)
w(0;7) = 322(r2(7r),1) _ : (36)
P(c9,7r)ya—c2 or >0 ()
If the final equilibrium condition (5) is satisfied for w (6;7) and p (7) generated above then all
equilibrium conditions are satisfied, while if this is not the case, then the economy can not be
in equilibrium for that particular fraction of investors. The equilibria of the model is thus fully

characterized as fixed points to

r=G ( ot @sm) o) dFy )~ [0 @:m)pia) dEs (9)) , (37)

0 0

where v (w, p) is defined in (2). For ease of notation we define the equilibrium benefits of investment,

B(r) = / o (w (65 7) , p()) dF, (6) — / v (w (0 7) , p()) dFy (6) (38)

0 0

Intuitively it is rather clear that since higher signals are better rewarded and since investing in-
creases the probability of a higher signal we have that B(m) > 0. However, there are two exceptions.
For m = 0 and for m = 1 the posterior is constant in the signal, so the wage is constant as well, so

B(0) = B(1) = 0. We summarize the important properties of the function B as a proposition:

Proposition 2 The function B defined in (50) satisfies the following properties: 1) B is continuous
inm, 2) B(0)=0, 3) B(1) =0, and 4) B(w) > 0 for all m € (0,1).

Hence, the intermediate value theorem can be used to establish that equilibria always exists

and if G(0) > 0 any equilibrium much be non-trivial.

6 Trade

We now assume that two countries, a,b trade in goods on a free market, but that workers are

unable to cross national borders. We let A, and A\, = 1 — )\, denote the fractions of workers in each
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country. We write w; : © — R, for the wages in country j and m; for the fraction of investors
and abuse previous notation by letting m = (m,, ) be the vector of fractions of investors rather
than a scalar. Outputs are denoted z;; where the first index refers to the good (i = 1,2) and the
second to the country and x = (214, Z24, T1p, T2p) denotes the vector of outputs. When factor input
distributions are needed explicitly we add a country index and write lfj for the labor demand in

sector %, country j and task t.

6.1 Trade Equilibrium

An equilibrium is defined exactly as in Definition 1 except that all variables except for goods prices
now are indexed by country. The only equilibrium condition that needs any other modification than
an addition of a country index is the goods market clearing condition. Since goods are allowed to
be freely traded on the world market this condition now becomes

S =3 /9 2 (w5 (6) . 5%) Aj s (0) (39)

j:a,b j:a,b

for each good 1.

The production possibilities set in a country with A/ workers and fraction of investors 7/ is
simply VX (77) , where X is defined as in (A8). The world production possibilities are thus given
by

Xu (1) = AaX (a) + M X () , (40)

which inherits all relevant properties from the production possibilities set of the autharky model.

In particular, since a linear combination of convex sets is convex we have that;
Lemma 6 X, (7) is strictly convex

Also the characterization of equilibrium follows the model without trade closely and the analogue

to Proposition 1 is;

Proposition 3 World outputs z, and prices p* and are consistent with equilibrium if and only if
xy, solves (29) and p* is a normal to a hyperplane that separates X, () and the set of bundles such

that w (z1,x2) > u (™, x§*) . Moreover, the equilibrium wages must satisfy

8y"(c’-‘-,s’f-)
* 7 * *
F g for <40 (Clj + czj,wj>

Oyt(c*. s*.
piP (0, m) M or6 >0 (c’{j + c%,m)

Ci

w} (6) = , (41)
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for each good i that is produced in country j, where (c’{j, i 8155 s’Q‘j) are effective factor inputs con-
sistent with outputs 7 and where 7y, = Ay + Aoy Finally, the threshold signals 6 <cfj + ¢35, 7rj>

must satisfy

P06t + ) ) <aii.’ %) .Y (a J ()

Most arguments from the proof of Proposition 1 generalize trivially and the only place where any
additional work is needed is to show that z}, must be on the frontier of X,, (7), which is done using
a “revealed profit maximization” argument: If 2 is not on the frontier aggregate world revenue
can be increased without increasing aggregate world costs for labor, given assumed equilibrium
prices and factor prices. But then it must be that profits increases in at least one sector and one
country, which contradicts the assumption that z is part of an equilibrium.

Except for the trivial indeterminacy that arises in the model since there are many different

labor demands that give the same effective factor inputs the equilibrium is unique.

Proposition 4 Given any m the world output x}, , the country specific outputs ;U;‘ and factor
nputs (c’{j,cij,s’{j, 53]-) are all uniquely determined. Output prices and wages are also unique up

to a multiplicative constant.

6.2 Traditional Trade Results

When the fraction of investors is fixed in each country the model is almost identical to the standard
HOS model. The only substantial difference is that while factors are fixed in that model we have
a strictly convex set of available effective factor inputs. However, let
Ay < Cijs 1]> oy’ < Cij> j])
=p! s and wg; = p; S S (43)
Applying (41) we see that the profit maximization problem for a firm in country j and sector 4
reduces to maxc, s, p;“yi (¢ij, Sij) — wy;c; — wy;si, which is as in any standard trade model, so any

conclusion that does not rely on the endowment of factors will carry over to our framework. In

particular;

Proposition 5 (factor price equalization) If both countries produce both goods, then (effective)
factor prices are equalized, i.e., (w},, wh,) = (wh,wk). If country a does not produce good 1 , then

ca’

Jﬂ* ﬁli, while if country a does not produce good 2 the inequality is reversed.

sa
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There are several ways to show the result and the reader may consult any rigorous textbook
in international trade for a formal proof. The most intuitive argument is probably that unit costs
must be equalized for both goods if both goods are produced in both countries since otherwise zero
profits will fail somewhere. By choice of units we may take this to be equal to unity for both goods,
which graphically means that, for each good i, the same level curve to * must be tangent to the
unit cost line for both countries. From the graph (insert one) it is easy to see that this violates the

factor-intensity assumption Al.

Proposition 6 (factor abundance hypothesis) If 7, < m, then country a is a net importer of

the skill intensive good and country b is a net exporter of the skill intensive good.

While very intuitive in light of standard trade models, Proposition 6 is not a direct translation of
the Hechsher-Ohlin Theorem in the same way as the factor price equalization result. In the proof
we have to deal with the fact that effective factors of production are endogenously determined,

which is an additional concern compared to the standard framework.

6.3 How Effective Factor Prices Respond when Investments Change

Our main goal is to analyze the effects of changes in the fraction of investors in one country on
the benefits to invest for the other country. To acheive this goal we need to analyze the changes in
incentives that are due to several effects. Intuitively we expect an increase in the fraction of investors
in the other country to increase the production of skilled goods in the other country and decrease
the production of skilled goods at home, as well as make the skilled good relatively cheaper. Hence,
it seems that the need for skilled labor is reduced in the country where the fraction of investors is
unchanged, which should reduce the relative price for skilled labor and therefore reduce incentives.

As before, good 2 is the unit of account and p () is the equilibrium price of good one. We let
x1; (m) , 225 () be the equilibrium outputs, ¢;; (7), s;; (7) the (unique) equilibrium factor inputs,
0;(m) = F* <w>the associated (unique) threshold signal and r;; (1) = ¢;5 (%) /sij ()

the corresponding factor ratios. We may then write the unique equilibrium wage scheme in country

j as
Ayt (ry;(m), 0y> (o (),
w; (0;7) = p(m) A = g for § <6 (r) (44)
] 9 - .
p(m) P(6,m) 2D _ p (g, m) Lu®A) or > 9, ()
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For any 7 and j = a,b we let ¢; (m) = c1 () + ¢z (7) and s; (1) = s1; () + s95 (7) and let

' (rij (m),1) By (ro; (m),1)

wje (1) = p(m) e, = Do (45)
Yy (m 2 (ro; (m
netr) = pn2CHELD 20y,

be the effective equilibrium factor prices (expressed in units of good 2). We begin with making a
simple “revealed profit maximization” argument that gives us some discipline on how the correlation

of factor prices and effective factor uses relates to the correlation between prices and outputs.

Lemma 7 For any m # 7' we have that

(p (7T) —p (W/)) (.I'lj (7T) — .I'lj (W/)) Z (ch (7T) — U)jc (W/)) (Cj (7T) — C]‘ (71'/)) (46)
+ (wjs (m) — wjs (7)) (35 (7) — 55 (7))

Moreover, if rij (1) # rij (7') for some industry i, the inequality is strict.

Remark 1 In trade theory it is common to normalize prices in such a way so that the nominal
value of output is constant and we could do such a renormalization of our prices in which case the
left hand side of the inequality would be zero. In this case this would look exactly like the standard
trade theory correlation between factor prices and factor endowments, although the effective factors
in the expression above are endogenous. However, the form above will be sufficient for our purposes,
so we’ll stick to the more straightforward convention to use one good as a numeraire. Also note that
the inequalities come only from profit maximization by the firms and therefore hold in the autharky

model as well

The proof of Lemma 7 is a standard revealed profit maximization argument and can be found in
the appendix. The main usefulness of the result is that combined with optimal consumer behavior
and the characterization of equilibrium wages it guarantees the expected comparative statics results

for how the effective factor prices depend on how many agents invest in the economy.

Proposition 7 Suppose that m, 7" are such that x;; (7) , x5 (7') > 0 for all i,j (which implies that
effective factor prices are equalized across countries) and suppose that mq < 7, and m, < m,. Then

we (1) > we (7') and ws (1) < ws (7).
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The idea of the proof is as follows. If factor prices don’t change in accordance with the propo-
sition, then the factor ratio in each industry must decrease even though the fraction of workers
who invest increases (in each country) if moving from 7 to 7’. In each sector and country, this
means that the expected marginal productivity in the skilled task increases and the productivity
in the unskilled task decreases since both the posterior probability that a worker is productive and
the marginal effect of a reallocation of resources between the skilled and unskilled tasks are more
favorable in the equilibrium with investments 7. Now, in equilibrium the expected marginal pro-
ductivity must be equalized across tasks for the threshold agent in each country and it follows that
the threshold must be higher with investment behavior 7 than in the equilibrium with investments
7', From this it is intuitive and easy to show that the aggregate input of skilled labor must increase
and the aggregate input of unskilled labor must decrease when moving from 7 to «/. This in itself
is not a contradiction since the aggregate factor ratio and the factor ratios in the two sectors may
actually change in the opposite directions if resources are reallocated across sectors. However, it is
clear that in order for the aggregate factor ratio to go up and the factor ratio in each industry to go
down it must be that the output in the skill-intensive industry must increase and the output in the
other industry must decrease, which in turn implies that the relative price of the skilled good must
go down when moving from 7 to #’. At this point, each term in the expression of Lemma 7 has
been signed under the assumption that the proposition is false and the right hand side is negative,

while the left hand side is positive, which is the desired contradiction.

6.4 Cross Country Effects on Incentives

In analogue with the autharky model, the benefits of investment in country j are

B (r) = /9 o (w; (0:7) , p()) dF, (6) - /9 o (wy (6:7) , p(m)) dF, (). (47)
While no particular assumptions on risk preferences are needed to guarantee existence of equilibria
it turns out that assuming risk neutrality in money income simplifies the analysis considerably
when analyzing cross country effects on incentives. Risk neutrality in the investment stage means
that [ v(w,p)h(w)dw = v([ wh(w)dw,p) for every p and every money lottery h(w) money. It

follows from standard analysis of risk preferences that v(w,p) = a(p)w + B(p) for some a(p), B(p).
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We'’ve already assumed that the utility function u is homothetic, which implies that

Ty (w/ap)
Ti(w,p) = 48
w.p) =2 (W', p) + pz1 (W', p) (48)
for every w,w’ and goods ¢ = 1,2. Thus, if u is homogenous of degree one, then
u (z1(w', p), zo (W',
o(w.p) = u(ws(w,p),ao(w, p)) = LR 220 P) (19)

2 (w',p) + pr1 (W', p)
so this specification leads to reduced form preferences over money that exhibits risk-neutrality. The
reason why this is a convenient formulation is that we may write B (7) as

1

Bi(r) = v (1,p(n)) (sz () (Fq (g(w)) —F, <§(7T))) + wje (W)/g

( )P(9, ) (fq (0) = fu (0))d9) :

(50)
To be completed. Need to figure out in exactly what way the negative cross effects from the example
generalizes in the general model. May be that we can only say definite things about differences in
the effects since a change in 77 has an effect on factor prices (expressed in good 2 units) as well
as on the price of good 1 (in good 2 units). Seemingly these effects will go in opposite directions
(higher investments in other country=-relative factor prices change in such a way as incentives are
decreased in the other country, but price on good 1 goes down, so there is a positive “wealth effect”

which affects the incentives in the “wrong” way.

7 Example with Capital That Can Move Freely Across Borders

To be written. Main points. By setting the capital share of income appropriately in each sector
essentially anything can be explained. To figure out: if data can be used to tie our hands in a
natural way.

8 Concluding Remarks

To be written. Main points:

1. Information problem makes it easier to make sense of human capital differences as a driving

force between cross country externalities since it is possible that a country is poor in human
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capital and at the same time the benefits to accumulate are lower. Not possible in perfect in-
formation environments unless “persistence assumptions” of the type “it takes human capital

to build human capital” are invoked (or exogenous differences are assumed).

2. Model generates implications on how GDP and wage distributions relate that we intend to

see how they compare with data.

3. Model can explain “skill-biased technological change” in developed countries as a consequence

of cheap imports when trade barriers are reduced.

A  Appendix: Proofs

Proof of Lemma 1. Given any measurable labor demand [ : © — R% satisfying (23) and (24)
define t (0) = %, which intuitively may be interpreted as the fraction of workers with signal
0 that is employed in the complex task. Obviously, 0 < ¢(0) < 1 for feasibility and it is also clear
that efficiency requires that >, Y7, 18 () = fx () for almost all 6 for each I : © — R% that generates
factor inputs z on the efficiency frontier of Z (m)we begin by showing that all remaining workers
must be in the other task for efficiency. Thus, for each z on the efficiency frontier of Z(7) there

exists some ¢t : [0,1] — [0, 1] such that

4o — /t(@)fﬂ(G)P(H,w)dﬁz/t(@)wfq(Q)dQ (A1)
si4s = /(1—t(0))f,r(9)d0.

Next we note that For each z on the efficiency frontier of Z (7) there exists some 0* € [0, 1] such

that

citey = w(l—F,(6%) (A2)

s1+sy = wE(07) + (1 — 1) Fu(67)

To see this we note that if this is not the case, then there is a point 2’ on the efficiency frontier of Z ()
and some 0’ € © such that fgl it (0) fy (0) dO > 0 and fel,(l —t(0))fr(0)df > 0. By choice of 6" we
may without loss assume that foel t(0) fr(0)df = fgl,(l—t (0)) fr(0)df > 0. Consider some alternative
labor demand that generates some ¢, where t (§) = 0 for < @ +cand t(f) = 1for > ¢ +¢

and let 2" = (¢, s7, ¢y, s4) denote some feasible inputs that satisfies ¢/ +ci = [ wt (6) f, (9) df and
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st + sl = [(1—1(0))fr(0)dd (while we are not explicit about it in the notation, these should be

seen as a function of ¢). Clearly,

o’ 1
Sty = [ =t [ 0-10) f0)0 - (A3)

o’ 4 o'

= [a-tenra+ [ 1o 500 [ 1edw-
0 0 0

0'+¢

= [ AT~ [ g O)d0 =+ (P 0+ €) — Fr (6)

0<[0,1] 0’

The input of labor in the complex task in the original plan is

1

)
dtd = /U t(@)p(@,w)fﬂ(H)dQJr/ (0)7f, (6)df < (A4)

t
o/

o' 1
< p(e/,w)/ t(9)f,r(9)d9+/9,t(9)7rfq(9)d0:
01 1
= (07 [ a=to) @0+ [ e@)ns,0)a0 -
0'+e

1
< /7rfq(9)d9:/06[01]7rf(9)fq(9)d9+/ wf, (6)do =

0’ 0’
= d+d+7n(F (0 +¢)— F,(9))
dHcy+m (Fy (0 +¢) — F, (0)) > ¢+, for all e > 0 and Fy is continuous and so Fy, (¢ + ) — F, (0)
as € — 0, so there must exists some € > 0 such that ] + ¢§ > ¢} + ¢, given that ¢ <  and since
s+ sy > ) + s for all € > 0 it follows that the input in both tasks increase if ¢ is sufficiently small.
Hence, any point on the efficiency frontier must satisfy (A2) for some 6* € [0, 1]. Eliminating 6*
we get that z if is on the boundary, then

sitsa = Ty (F, ! ($>)+(1—w)Fu(Fql (w)): (A5)

= 1—c—c+(1-mn) Fu(Fq*1 (%))7

i.e., g (c1 + 2, 81 + s2;m) = 0 where g is defined in (28). It is easy to verify that g (¢c; + c2, 81 + so;7) >
0 for interior points and that g (¢; + c2,s1 + s2;7) < 0 for infeasible points, which completes the

proof. B

Proof of Lemma 2. We define H (c) = F,, (F; ! (£=¢)) and apply the inverse function theorem to

—l(r—c
conclude that H' (x) = —%. The ratio J;:((Zg is the inverse of the likelihood ratio, which is
o(Fq " (5

s

C

strictly decreasing, Fq_1 is strictly increasing is strictly decreasing, so we conclude that H' (¢)

™
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is strictly decreasing, that is H is strictly concave in ¢. Now take a pair of inputs (¢/,s'), (¢, s")

and let (c*, s*) denote a convex combination given any A € (0,1). If ¢ # ¢’ we have that,

g <c’\,s)‘;7r> - 7r—c’\—s)‘+H(c)‘> - (A6)
= m A= H (M) S AH () = AH () + (1= N H () = (1= N H () =
= Mg (¢ im) + (1= N g (¢ ",m) + H (*) = AH (¢) = (L= N H () >
> g (i) + (1= N g (5", m) > min {g (¢, s'sm) g (5", m)}

since H is strictly concave. Assume without loss that s’ < s”. Then

g(c.sim) —g(s"m) = " — &' >0, (A7)

which implies that

g(shm) = (s m) +A(g(¢sim) g (< ",m)) >
> g(", ¢, 7) =min{g (d,s;7),9(",s",7)}.
Hence, g is strictly quasi-concave as claimed'?. il

Proof of Lemma 3. Let Z*(m) = {c¢,s € Ri|g(c,s;m) > 0} be the set of feasible aggregate
factor inputs. It follows immediately from the (strict) quasi-concavity of g that Z* (7) is convex.
Convexity of Z(r) is then rather clear and can be established in a number of different ways. Easiest
is to note that if there exists z,2’ € Z (7) and A € [0, 1] such that Az + (1 — X\) 2’ ¢ Z (7), then we
may let (¢, s) and (¢, s’) represent the aggregate factor inputs corresponding to z and 2’. Clearly,
Az + (1=XN) 2 ¢ Z(m) means that g (Ac+ (1 — X)), As+ (1 —X)s';m) < 0, which violates the
convexity of Z* (). W

Proof of Lemma 4.Let 2,2’ € X (7) be two plans with associated factor inputs z,2’ € Z (7).

Since Z (7) is convex, any convex combination z* = Az 4 (1 — A\)z € Z (7) and,
i oA A ) i N /
v () = M (e s) + (1= Ny (chysf) = A+ (1= N,

fori=1,2. Hence z* = Az + (1 - A2’ € X (7). 1

The production possibilities set for our model economy is given by

X (m) = {(:Ul,:rg) € R%r ‘ZL‘l =y (ci, si) for some (c1,s1,c9,82) € Z () } ) (A8)

For ¢’ = ¢ we have that g (c*,s*;7) = Ag(c/,s';7m) +(1 = X)g(c”,s",m) , so g is not strictly concave.
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The frontier of X (7) can be characterized in the usual way in terms of solutions to

z1(xy) = max y'(cy,s1) (A9)

C1,€2,5152

st y? (ca,82) > a2

glcr+eco,s1+sm) > 0

and by a straightforward application of the envelope theorem if follows that the effect of a small in-
crease in 22 on the maximal choice of 1 equals the negative of the multiplier on the first constraint.

By inspection of the first order conditions to (A9) we find that

dzy (z2) 8y1(01({32)’31(12)) 8y2(01(22)731(5f2))

R S _ c1 _ 51

dl’Q =-A («TQ) - 8y1(02(32),32(1-2)) - 8y2(02(22)’32(1,2)) 5 (AlO)
Cco 59

where the zo argument indicates that variables are chosen optimally given the value of xs. The
most important observation from (A10) is the technical rate of substitution between factors must
be equalized across industries. Moreover, the ratio of complex to simple labor will be higher in
sector the sector more intensive in complex labor than in the other sector. This is the crucial fact
underlying the second part of our next preliminary result.
Proof of Lemma 5Since X (7) is weakly convex a failure of strict convexity implies that there is
a linear segment on the frontier, i.e., there is some x5, < a4 and corresponding x; (z}) > x1 (24)
such that

x1 (Azh 4+ (1 — A)ay) = Az (ah) + (1 — A) 21 (25) (A11)

for every A € [0,1]. In terms of derivatives, this means that

dy" (e1(a3).51(25)) dy? (e1(a3).51(e5))

dzy (z2) Der Doy
% - - . - A12
03 W al)nr) | P ela) (A12)
Oca 0s2
Ay (c1(m2),51(x2)) Ay> (c1(w2),81(x2))
_ Ocy _ 0s1
Ayl (ca(wa),s2(w2)) = By?(ca(w2),52(w2))
Oca 0s2

for all xo € [z, z4] . Hence

ayl(m(cgzxsl(mz)) oy' (a1 (ma’z)m(m’z))

C1 _ C1

Oy (eile) o)) 0y (ea(ey)oa(73)) (A13)
(981 882

0y>(ca(x2),2(x2)) 0y? (ca(w5)s2(5))
802 — 862

9y (ca(x2),52(22)) A2 (ca () 52 ()
682 882
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ci(zs) _ ci(eh) and 02(1»‘2) c2(ap)

and similarly for sector 2, which implies that o) = ni(e ) 52(e2) = 55 (at) for all xp € [z4, 245] .
Zo 82T

For any A € [0,1] let 23 = Aah + (1 — X) 24. Also, let r; = cifoh) for sector ¢ = 1,2 and note that

— si(en)

since sector 1 is more intensive in ¢ than is sector 2 (A13) implies that r1 > ro. Using (A11), the
fact that the factor ratios are convex and properties of constant returns technologies we than have

that'3,
S; (:L‘%‘) Y (riy1) = Y (ci <:U§‘> , Si (z%‘)) = <z§‘> = \z; (:L"2) +(1=XNuz (:U’2’) =

= W' (e () i (a2)) + (1= Ny (e (23) ;5 (253)) =

= [Asi(25) + (1= N si (25)] ' (3, 1)
Hence, s; (23) = As; (2h)+(1 — \) s; (24) and since ¢; (x2) = 738 (x2) for z2 € [2h, 5] it also follows
that ¢; (3) = A¢; (zh)+(1 — ) ¢; (24) . Now let ¢ (22) = ¢1 (z2)+c2 (w2) and s (x2) = s1 (x2)+52 (v2)
and observe that

<c (w%‘) .8 <x§‘)) = (Ac(ah) + (L= c(25) ,As (ah) + (1 —N) s (a5)) . (A14)

Moreover, using the constant factor ratio and constant returns to scale we find that

(o) —er(oh) = iy (o () — o (w1) (A1)
2 (0h) —ca () = oty (o = ah)
() =01 (1) = oo (o (o) — i (25)
2 () =2 () = s (h = b).
so if ¢ (x4) > ¢ (a), then
0 < iy (01 (88) = o1 (39) + s (a5 = ) (A16)

[} /(mé’—xé) >0 and r; >r2/
0 < (m (21 () — 21 () + m (2 - x;)) _
1 (s1(25) — 51 (ah) + s2 (25) — s2 (25))

which means that s (25) > s (24) , a contradiction since this means that ¢y (x}) , c2 (24) , 51 (2h) , 52 ()

can not solve (A9) given x5 = z,. Hence we conclude that ¢ (24) < ¢ (2%) and (symmetric argument)

3The notation below is somewhat awkward for sector 2. The convention is that x2 (z2) = 2.
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that s (a4) > s(x%). But then, by Lemma 2 it follows that

9(c(73) s (#2) m) > min {g (c (eh) .5 (a) i) g (c (a8) 5 () sm)} 20,

so (1 (23) ,s1 (¥3) , c2 (23) , 52 (¢3)) is not on the frontier of Z () , which means that (z1 (23) ,23)

is not on the frontier of X (), which contradicts the definition of (z1 (23),z3). W

Proof of Proposition 1. (only if) Suppose p*, w*, z1(w, p), x2(w, p), (z7, x3) and {I5*, lf*}lzl’2

satisfy conditions 1-4 in the definition of equilibrium given 7 = 7* and let ¢f = [I§* (9) P (0, m) df
and s} = [15*(0)d0 for i =1,2.

Claim 1 IT} = piy' (¢}, s7) — [w* (0) Y, esli(0)do =0 fori=1,2.

Proof. If IT¥ < 0, then [¥ (0) = 0 is better than {I$*,15*} since it yields zero profits and if I} > 0,

()

then 1Y (0) = 20%* (0) is better than {I*,15*} since the associated profits are 2ITF. B

Claim 2 Let ©°¢ = {0|If* (0) + 15 (#) > 0} and ©° = {0|I5* (0) +15* (#) > 0}. Then there must
exist we, ws such that w* (0) = w.P (0, 7) for almost all # € ©° and w* (#) = ws for almost

all 0 € ©°.

Proof. For contradiction assume (without loss) that there is a constant « and sets A, B where
A= {0lw* (0) > kP (0,7)} and B = {f|w* () < xP (#,7)} and suppose that [,_, If* (6)df > 0 for
some sector 7. Consider an alternative labor demand by the firm where [’ = [$* and [’ (§) = 0 for
all 0 € A, 1§ (0) =15 (0) + 3 for € B and the demand for skilled labor is unchanged for all other
0. We set 3 so that 8 [, ., P (0,7)d0 = [p. 4 P (0, 7)1 () d, which means that effective factor
inputs are the same as in the assumed equilibrium. The change in profits is thus the same as the
change in wages, that is

moT o= - et g)ae+ /9 O (0)do = (A17)
S (S

> - ﬁP(Q,w)d0+n/ P (0, 7)1 (0)do = 0,
0eB 0cA

which contradicts the assumption that the original labor demand maximized profits given prices.
Hence there must be some w, such that w* (#) = w.P (0, 7) for almost all § € ©¢ . The second half

follows by a symmetric argument. Hl
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Claim 3 w* (0) = max (ws, w.P (0, 7)) for almost all § € [0, 1] and, ignoring deviations on sets of

measure zero, ©° = [0,0"] and ©° = [0*, 1], where 0" satisfies {* = P (6", 7).

Proof. If there would be a set A with positive measure such that w* () < w.P(8,m) for all €
A C [0,1] or set B C [0, 1] with positive measure such that w* (§) < w, for all § € B, then identical
arguments as in the previous claim may be used to show that the presumed equilibrium demands
can not be optimal given wages. Hence w* () > max (ws, w.P (0, 7)) for almost all § € [0,1].
Moreover, if w* (6) > max (ws, w.P (0, 7)) for § on some set C, then Y7,y 537, fyee Ui (0)dO =0
in order for firms to maximize profits, which contradicts condition 4 in the definition of equilibrium
(factor market clearing), so w* (§) = max (ws, w.P (,7)) for almost all € [0,1]. Since ' (0,s) =
y' (c,0) = 0 and since P (6,7) is strictly decreasing there must therefore be ¢’,6” such that w, >
wP (0, m) and ws < w.P (0”,7). Hence there is some 6* € (0,1) such that ws, = w.P (6*,7)
and w* () = max (ws, w.P (0, 7)) for almost all & € [0,1]. It follows by computations as in the
previous claim that ©° N [6*,1] and ©° N [0, 0*] has measure zero. For example, if there is some
set D C [0*,1] with positive measure such that I$*(0) > 0 for all § € D, then [,_, 15" (0)df > 0
and [y, w* (0)15*(0) dO > ws [y, 15 (0) df. Obviously, profits would be higher by letting I$ (9) =
15*(0) + 8 for 6 < 6* and I§ (0) =0 for 6 > 6*.

Claim 4 If 27,23 is part of an equilibrium with p* >> 0, then z], 25 must be on the frontier of

X (7).

Proof. If x%, x4 is not on the frontier of X (7) there is some 2’ € Z(r) such that y* (¢}, s}) > z}
and y? (ch, sh) > x3. Total revenue in the economy increases and factor market clearing (condition
4 in Definition 1) implies that total costs are unchanged and equal to [w* (0) fr () df. Hence, at
least one sector must make higher profits, which contradicts that the original labor demands were
part of an equilibrium. H

To complete the only if part we note that individual utility maximization implies that p*x > p*z*
for all x such that u (z1,z2) > u(x7,25). By Claim 4, z* is on the frontier of X (7), so p* must
separate X (7) and {z € R |u (21, x2) > u (2}, 23)} and the marginal conditions in (35) must hold.
Using the structure on wages imposed by Claim 3 the profit maximization problem reduces to

*, 1
maxe, s; Py’ (Ci, 8i) — WeC; — WgSi, SO

Ay' (ci, 1) Ay* (c3, 53)
c — *k ) — * ) Al
w, P1 801 2 802 and ( 8)
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Loy, st) L0y (5, 85)

s 1 881 2 882

Finally, combining Claim 3 and factor market clearing we find that ¢} + ¢5 = w(1 — F, (6%)) , or
0* = F(;1 (27:1;6£>, which by again using Claim 3 implies that the wage scheme is of the form in
(31).

(if) Let (29,x3) be a solution to (29). Since {x € R? |u(x1,22) > u(2f,23)} and X () are
disjoint by the assumption that (z{,z9) solves (29) and convex by assumption (preferences) and
Lemma ?7? (production possibilities) respectively, it follows that there is some hyperplane separating

the sets. Let p* be a normal to such an hyperplane and let 2° = (c{, s9, ¢3, s3) be some factor inputs

such that ¢ = y* (2, s9) for i = 1,2 and let

*8y1 (Cfvs(l)) fOr 9 < F—l (W—C?—CS)
wioy=4 Sl AT (A19)
piP (0,m) 2 g (=)

We note that since{x € R3 |px = p*z} is tangent to X (7) at (x9,29) it follows from (A10) that

8y(c‘1’,s‘1’) 8y(c‘1’,s‘1’)

]ﬁ _ Oca _ 032 A20
p; By(cg,sg) By(cg,sg) ( )
861 aCl

Finally, let [° : © — R% be any labor demand such that ¢ = [, P (6, 7) I¢ (6) df and s¢ = [, 15 (0) d6

and
0 for 0 < F; ! <E}:_—CZ>
15(0)+15(0) = " (A21)
-1 ([ m—c{—c
fr (6) for 6> F; (—1—2ﬂ )
(0) for 0 < F1 (=4
H(O)+150) = =@ ! ( i )

0 forgz ()

™
Existence of labor demands satisfying (A21) follows from the construction of the set of feasible
factor inputs, Z(m) and equilibrium condition 4 is satisfied by construction of (A21). Now, let
x (w, p) solve (1), so that the second equilibrium condition is satisfied, then aggregate demands can
be found by integrating x (w*(6), p*)using the distribution fr (¢). Since preferences are homothetic
this implies that for the third condition (market clearing on goods) to be satisfied x7, 3 must solve
(33) given p = p* and w = w*, which is the case since
1

-
/ w* (0) 2 (0)d0 = /U w* (0) (5 (0) + 15, (0)) 6 + / W (0) (I (0) + 15 (0))dO = (A22)

*
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1=1,2

17 z p1x1+p2x27

[ S [ 5 0¥ e
:Zi‘

after use of constant returns to scale. Thus, since p* is tangent to X (7), the aggregate bundle
(7, 3) must also solve maxg, 4, u(x1,x2) subj to. p*x < p*z* and by the calculation above this
will be the case. Left to verify is that [°: © — Ri is consistent with the first equilibrium condition,
profit maximization for the firms. To see this, consider any alternative labor demand for firm 4,

which generates profits I, = p}y* (c},s;) — [,w* (0) (I (0) + 1’ (0)) df. From (A19) and (A20) it

follOWS tha,t w*(e) = max {p:‘ 4 ECNSZ )’ >{P (9 7'(') 3y C 8 } 7 0

0s; 801
/9 w O Ow > [ ;2o ) g =y 2L (A23)
[w e > [P p gm0 =2ty
] 0 Ci Ci

and we have that

< ot (o (o) - 2el - WD) < (A24)
S; C;

] o

< < ciy87) W (805” 57) (i —cf) + 9y' (cf, 57) (i — cf))

3Ci
8y ( 7,7 f) / ay ( 7,7 ’L) /
i ( o T o a) =0

A routine calculation verifies that profits are zero if firms hire in accordance to [°, so this means

that all equilibrium conditions 1-4 are satisfied. l

Proof of Proposition 2. (Continuity) Since the arguments are standard we will only give a

sketch of the proof. By Proposition 1 we know that

x(m) = (x1 (1), 22 (7)) = arg xren)?();) u(x1,z2), (A25)

Observe that the constraint may be viewed as a correspondence X : [0,1] = R? and it is trivial to
verify that the constraint correspondence is compact-valued and continuous (i.e. uhc and lhc). 1
then follows directly from the theorem of the maximum that the set of maximizers is upper-hemi
continuous. Since there is a unique maximizer for each 7, this implies continuity of x (7).. Next

one inspects (A9) and observe that the associated factor inputs z (7) solves
z(m) = (c1(m),s1(m),ca(m),s2(m)) = arg max y' (c1,51) (A26)
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s.ty®(c2,82) > a2 (m)

g(c1+ca,81+s2;m) > 0.

Let the constraint correspondence for this problem be denoted as I": [0,1] = Ri and note that

m)={z€ Z(m) 12 (c2, 89) > T2 (m)}, (A27)

which obviously is closed and bounded and continuity of I is also immediate. Hence, the theorem of
the maximum applies again and since 3’ is strictly quasi concave and the constraint set is convex,
z () is uniquely defined. Thus, also the factor inputs are continuous functions of 7w and direct
inspection of the expression for equilibrium wages reveals that w (6, 7) is continuous in 7 for each
0 € [0,1]. Indeed, it is not hard to verify that for each 7 € (0,1) and ¢ > 0 there exists € > 0 such
that ||w (6, 7) —w (0,7")]| < 6 for all § € [0, 1] and since compositions of continuous functions are
continuous and p () is continuous (otherwise x (7) can’t be continuous) continuity of B follows.
(B (1) = B(0) = 0) Trivial from inspection of (36).

(B(m) > 0 for m € (0,1)) Since the likelihood ratio is strictly increasing there must be some
0 < 0" < 1 such that f(0) > f, () for all @ > ¢'. Suppose first that ' > 0 (). Also note that
w(f,m) =w (5(77) ,7r> for all § < 6 () so that

B(r) = ( (O(x 5(7?)))U<w(5(7r),7r),p(7r))+ (A28)

gq

v

n
( Fy(0(r)) 9(7?)))11 w(@(w),w),p(w))Jr

+ (Fy (0) = Fy0(x) = (Fu (0) = Ful0(m)) ) v (w0 (¢, 7) ,p () +
+ ( p

(Fa@

.

since v is strictly increasing in w and w is strictly increasing in 6 on [~9(7r),9’ ] and F,(0(n)) >
Fq(g(w)). If ' < 6 () we may let ” be some arbitrary except that 6 () < #” < 1 and use similar

reasoning to show

B(r) > (Fq(§(7r))—pu(é’(7r)))v(w <§(7T),7T>,p(7r)> (A29)



+ <Fq (0") — Fy(B(m) — <Fu (¢") - Fu(g(w)» v (w (5 (7) ,7r> P (w)> +
+ (1= Fy (0') = (1= Fu (6))) v (w (6",7) . p (7))
= (B (0") = R (0") v (w (8(m),7) p (7))
+ (B (6") = Fy (¢)) v (w (0",7) sp (7)) > 0,
which completes the proof. W

Proof of Proposition 30pening up a country for trade has no effect on the profit maximization
problem for an individual firm or the conditions for factor market clearing. Hence, all arguments
in the proof of Proposition 1 that were used in the characterization of equilibrium wages apply
also with trade, so wages must be consistent with (41). To see that z, must be on the frontier
of X, (), suppose that this is not the case. Then there exists alternative factor inputs so that

* /

2l < Ay (s Sha) + Moy' (i, siy)for both goods and with strict inequality for one good. Hence

PioTy + 9305, < AaPiy' (Clas $1a) + Aopiy" (chy, 1) (A30)
+/\¢1p;y2 (0,2(1? SIZQ) + )‘bpfy2 (c,2b7 3,2b)
Moreover, for the alternative inputs to be feasible it must be that > . >", lf; @) < fr(0) =
>0 > 15 (0) for each country and every 6. Let

Wy = / w* (6) (I (0) + 15* (6)) d6 and (A31)
0

Wl = /9 W' (8) (17 (6) + 1 (6)) db

be the wage costs in the assumed equilibrium and for the alternative factor inputs respectively.
Clearly
Wi, + Wy, < W7 + W3, (A32)
for both j and combining (A30) and (A32) we have that
Z Aj (Pixfj + p3rs; — Wi + W2*j) < Z Aj (Pfyl (Clljv 3/13') + phy? (0,2]‘7 3/23') - Wi+ Wz’;) ;
j=ab Jj=ab
(A33)
which means that there must be at least one sector in at least one country where profits are not
maximized. Thus z}, must be on the frontier of X,, (7) and since utility maximization implies that
all bundles better than =}, must be strictly more expensive given world prices this completes the

proof of the “only if” part. The “if” part follows step by step the autharky case. B
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Proof of Proposition 4 (sketch). Uniqueness of z} is immediate from Proposition 3. For
contradiction suppose that (x},z}) and («}*, x;*) are distinct country specific equilibrium outputs
that generate x7 . By strict convexity of X (m,) and X (73) it is then possible to find =], >> x that
is in X,, (), which contradicts that x; is on the frontier of X, (7). Hence, (x}, z;) are unique and

uniqueness of (c’{j, c§j, sfj, s§j) can then be established exactly as in the model without trade. B

Proof of Proposition 6. For contradiction, suppose that 7w, < m, and that country a does
not import the skill intensive good. Suppose first that the equilibrium is such that both goods

are produced by both countries. Since the two goods are consumed at the same ratio in each

*

* * * *
country we than have x7, /x5, > a7, /x5, and (w},,

wh,) = (wk, w). Inspection of the resuced form
profit maximization problem then shows that the factor ratio is the same in both industries. For
brevity let 07 = G(CL- + ¢35, mj) and observe that (32), together with equal factor prices imply that
P (03, m,) = P(6;,m), which (since m, < m, and P strictly increasing in both arguments) implies
that 07 > 67, so,

CTa + oo = Ta(l — Fg (65) < mp(1 — Fy(6) = cfp + cp- (A34)
Moreover, Fy (0) < F, (9) for all § < 1 since if for some 6’ < 1 we have that F, (¢') = F, (¢'), then

the monotone likelihood ratio assumption can not hold, so

Sla+ S5a = TakFq(0y)+ (1 —ma) Fy(6;) > mpFy (6;) + (1 — mp) Fy (6;) > (A35)

> mply(0) + (1 —mp) Fy (0) = sTp + 85

From constant returns it follows that

*k * * *
Sla _ Cla _ Yo < P20 _ 2a _ 524 (A36)
* £ 3 * —_ * % *
S S T Ty Cop Sop
which implies that
E3 >k _ X 'I.Ta k x;a * E3 A37
ClatCa = Cipp tCp— <CiptCyp= (A37)
L1p Loy
Ty x5
0 > c’{b( };1—1>+c;b( ia—1> (A38)
T1p Loy
* * _ * J‘Ta * J‘;a * * A39
S1a T 82 = S16% T Sm—x > St S = (A39)
L1p Loy
¥ s
0 < s;b< 1@—1>+s;b<3a—1>< (A40)
L1p Loy
xk c [ a¥
* la * ~1b la
< 31b< i 1) — Sop T ( . 1) (A41)
L1p Cop \T1p
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All factor inputs are positive, so to satisfy (A40) one coefficient must be strictly positive and

sombining with (A36) we have that (% - 1) > 0, hence
1

* * * *
C C C C
* * “1p * “1b * 1b 2b
0< S1p — SQbCT = SQbCT < 81p = ST < ST, (A42)
2b 2b 1b 2b

which is a contradiction since the factor intensity assumption is violated.

There are a few possibilities left to rule out for cases when factor price equalization doesn’t
hold. First it may be that country a only produces good 1 and country 2 only produces good
2. Here (A34) and (A35) gives an immediate violation of the factor intensity assumption. Next,
country a may only produce good 1 while the production is diversified in the other country. The

first 3 equalities in (A36) still applies, so

] ]
* _ * a * * >k a E3
Cla = Clbe <Cib T = Cip <$* - 1) < Cp
16 16
* *
X X
* _ *x “la * * * la *
S51a = Sib % >31b+32b:>31b( " —1>>32b
L1p L1p

All inputs in country b are strictly positive, so <§“ — 1) > 0, which leads to a violation of the
1b
factor intensity assumption. The final possibility is when country a is diversified and country 2 only

produces good 2 and the argument follows the same line of reasoning as the previous argument. ll

Proof of Lemma 4. For brevity we drop the country index j and let p; = p(7),p} = p(«),
pp=py=1,c=c¢;(m),d =c¢;j(n'), i =c (m) for i = 1,2, ¢, = ¢;; (7") and so on. Since (¢;, s;) is
a solution to the profit maximization problem given prices (p;, we, ws) and since (¢}, ;) is a solution

to the profit maximization problem given prices (p}, w.,w,) it follows that

7 7 / / / /
piy’ (¢i, i) — weei —wss; > iy (¢, 87) — weci — wss)

piy' (6, s5) — wich —wisi > piy’ (ci, s1) — wiei — wisi
for i = 1,2 and using strict quasi-concavity of g is is easy to show that if % #* %, then
iy’ (ciy 8i) — wee; — wes; > Pyt (cé, s;) — W, — wgs, and
piy' (chysi) — wed —wisi > piy’ (i, i) — wie; — wis;
Now let x; and «} denote the equilibrium outputs z;; (r) (equal to ¥’ (c;, s;) ), add and rearrange

to get

> (i = i) (s =) = (we = wp) (e =€) + (ws —w)) (s = &)

i
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and the proof is then complete by observing that ps = pl, = 1 by choice of unit of account. B

Proof of Proposition 6. If z;; (7),x;; (') > 0 for all 4, j Proposition 5 implies that for both
1 we have that

0y (raa (m), 1) _ 0P (ra (7). 1)

95 = ws(m) = 95 (A43)
8y2 (7"2a (7T) ) 1) - w (7_‘_) _ 8y2 (T2b (77) ) 1)
dc ¢ dc '

Moreover, the equilibrium wage schemes are also such that the technical rate of substitution of

factors are equalized across sectors, i.e.,

Ay (r15(m),1) Ay (raj(m),1)

Oc _ dc
8y1(r(19j(7r),1) o 8y2(7'(29j(ﬂ'),1)' (A44)

The same equalities hold also for 7. This implies that:
1. If we (1) < we (7'), then roj (m) > roj (1) for j = a,b = we (7) > ws (7') (from (A43))

2. Similarily, if ws (1) > we ('), then then roj () > ro; (n') for j = a,b = we (1) < we (')

(from (A43))
3. If roj (m) > 1o5 (n’) then ry; (m) > r1; (7') (from (A44))

Hence, a failure of the result could only happen if w. (7) < w, (7') and ws (1) > ws () and
1ij (m) > ri; (7') for all 4, j if this would be the case. But from the characterization of the equilibrium

wage scheme we have that

P (0; (), m) Oy' (rij (m) . 1) _ 9y (rij (m) 1) (Ad5)

for all 7,7 and similarily for 7', so

Ay’ (ri;(m),1) Ayt (ri;(n'),1)

P (0J (W) ,7T) = 81/%”%?”)4) 2 8yi(r3?ﬂ—/)71) =P (9] (ﬂ—/) ’ﬂ—/) . (A46)
Oc dc

Since P is strictly increasing in both arguments this means that 6, (1) > 6, (7') and 6 (1) >

0, (7') and this means that we can sign the changes in total efficient inputs of the two factors as

cj(m) = m(1—Fy(0; (7)) < mj(1 = Fy(0;(n)) = ¢; (') , (A47)

5j (1) = 7Fe, (0 (m)) > mi P (0 (') = 55 (')
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with strict inequalities for j = a and the second inequality follows since Fj () = 7nFy(0) +
(1 —m) F, (0) is decreasing in 7 by the monotone likelihood ratio property and increasing in 6
since it is a cumulative distribution function (same calculation as in the proof of Proposition 6).

Adding the inequalities in (A47) we get that

ca (1) 4 ¢ (1) < ca (7') + ¢ (7')

cw () (A48)

S ()

Cw ()

Sw(m) = sa(m)+8p(m) > sq (7') + 55 ()

Hence, in spite of all factor ratios being higher in the equilibrium with the lower 7 it must be that
the aggregate use of skilled labor is lower in the equilibrium with lower 7 and that the aggregate use
of unskilled labor is higher. We now let ¢;,, (7) = ¢iq (7) + ¢35 (7) denote the sector specific use of
complex labor in the world and let s;, (7) be defined in the same way and note that ¢, (7) /s; ()

= 7w () = 1iq (1) = 74 (7) and similarly for 7’. We have that

o (n) = Clw (") cow (7') N 11 cw (1)
v ( ) T1w (7T/) * 2w (7T/) v ( ) (le (7T,) 2w (77,)> * 2w (77/)7 (A49)
and, since 7y, (1) > iy (77) for i = 1,2,

50 (1) = St (%) + 590 () = (T 2w (M) (A50)

Clw (7T) Cow (7T) _ Clw 7T)
o (1) o () 71w (1) Fow (1)

CIw(W)< 1 )_i_cw(w).

1w (7T/) Tow (71'/)

Hence by combining (A49) and (A50) we get that

0 < sy (m) = sw (7"/) < (Clw (m) — c1w (77/)) (lel(ﬂ/) - Tzwl(ﬂ/)> + - (7;2)1”_(76:) (W,)- (A51)

Since ¢, (1) < ¢ (7') and, by the factor intensity assumption, ri,, (7') > roy (7') it follows that a
necessary condition for (A51) to hold is that ¢, (7) < 14 (7). Similar algebra also reveals that

:) = co () < CH—— >+ (™) (p52)

row (') 7w (7)) 71w (1)

(
(
S (7T) _ Clw Eﬂ—i + Cow (ﬂ—; S Cow (’ﬂ') ( 1 N 1 > + Cw (ﬂ-)

T2w (7‘—/) Tw (W,) Tlw (T‘—/)?

s () =

implying that

row (7)1 () T1w ()

0 < 8y (T) = s (7) < (2w (1) — cow (7)) ( L 1 ) + o (m) = cu (W/), (A53)
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SO €y (T) > C24 (7') is also necessary under the hypothesis of the claim. In the same spirit we have

that
cw (™) = (ru () = 7w () 510 () 72 (=) s () (A51)
cwlm) = (i () = 7w () st () 72 (7 s (),

so that

0> (M) () = (s () = o () (512 (%) = 510 () 72 (=) (50 () = 500 (=) . (A55)

which implies that $1, (7) < 1, (7). Finally, we proceed in the same way to show that
cw(®) = (raw () = oo () 52w () 1 (=) s () (A56)
cwlm) 2 (2w (%) = 71 () s () 71 (7 s (),

which can be combined as

0> e (1) = () 2 (raw () = 110 () (520 (7) = s (7)) 471 (=) (50 (7) = 5 (1)) (A5)

implying that sg, (7) > s24 (7). Hence, since both inputs in industry 1 (2) are higher (lower) in

the equilibrium with investments according to 7’ than with 7 it follows that
Tiw (M) = yl (Cc1w () , 810 (7)) < yl (clw (7r') , S1w (7?')) = T1w (7?') (A58)
Tow (1) = y*(cow (7), 820 (7)) > o2 (cow ('), $20 (7)) = 22w (7).

To finish up the proof of the result we note that x1, (7) < 14 (7') and gy, (7) > 22y, (7) implies

that i;zg:g < i;zg::g, which in turn implies that p (7) > p(7’) from optimal consumer behavior.

Moreover, with factor price equalization Lemma 7 implies that

0> (p(m) —p (7)) (210 (7) — 210 (7)) = (we(m) —we (7)) (cw (7) — cw (7)) (A59)

A\
g g g

>0 <0 <0

+ (ws (1) = ws (7)) (8w (7) = 5w (7)) -

~~

>0

We showed above that under our assumption that the proposition fails we must have that w, (7) <
we (') and wg (1) > ws (7') implying that the right hand side is weakly positive, which is a

contradiction. Il
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