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Abstract

In this paper, we assume the existence of a distribution of urban
amenities having its maximum at the city center. These amenities are
viewed as a surrogate for all kinds of outside opportunities that con-
sumers encounter within urban areas. Using the Hotelling model, we
study the impact of these amenities on independent location and pric-
ing decisions of duopolists. Consumers patronize the firm where the
amount of amenities is larger, ceteris paribus. If this demand exter-
nality is strong at the midpoint then minimum differentiation occurs
without moderation of price competition, in contrast to mainstream
results in the literature. For intermediate values of the ratio of trans-
portation cost to spatial concentration of amenities, firms tacitly play
an asymmetric equilibrium with one firm near (or at) the midpoint and
its rival at a more suburban location. This causes intra-urban inequal-
ities since some consumers are induced to patronize the decentralized
marketplace where they encounter fewer urban life opportunities.
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1 Introduction

This paper deals with the location and pricing decisions made by oligopolis-
tic firms within urban areas. Our starting point is the fact that people often
make multipurpose trips, i.e. they make their decision to visit a particular
place for several reasons such as the purchase of various private commodities,
the consumption of a local public good (e.g. museum, park) and the social
interactions with friends who happen to be there.! Besides, it could simply
be more agreeable to consume some specific goods or services, such as restau-
rants, in some areas characterized by nice sceneries or historical amenities
which are aesthetically pleasing. It is easy to think of many neighborhoods
in central Paris (e.g., the Quartier Latin) or entertainment districts in cen-
tral London. The purpose of this paper is to combine all these facts into the
spatial competition setting and to investigate their impact on oligopolistic
firms’ locations and prices.

Notice by the way that it has proven especially difficult to solve the mul-
tipurpose shopping problem, as shown by Quinzii and Thisse (1990). This is
one of the reasons why we use in this paper a simplified shopping model in
which the spatial distribution of other shopping and contact opportunities
is given to consumers and to oligopolists. To make myself clear, I will as-
sume the existence of urban amenities that individuals can jointly consume
along with the good or service produced by one retailer in a duopoly. These
amenities are to be viewed as a surrogate for the various outside opportuni-
ties, economic, cultural and social, that consumers encounter within urban
areas. As a result, when they choose a marketplace to visit, consumers also
account for the amount of amenities available in the vicinity of either stores.
This implies that the demand to an oligopolistic firm at any location now
depends on the amenity advantage of that location. Since urban amenities
are more concentrated around the city center—at least in most European
cities’—, this will give an incentive to each duopolist to move toward the
urban center.

Formally, we will add this centripetal force to the Hotelling model-—more
precisely, to the version proposed by d’Aspremont et al (1979). This model
has been intensively used in the product differentiation literature but has
been less successful in its genuine spatial interpretation. We argue that the

IFor a survey of this literature, see Thill and Thomas (1987).
2See Brueckner, Thisse and Zenou (1998).



main reason for this failure is precisely that urban economists have used
this model without succeeding to capture demand externalities as described
above.? In this respect, we hope to show that the Hotelling model is a natural
framework to analyze spatial strategic interactions of oligopolists, especially
when they operate in an urban structure yielding demand externalities.

Our model is related to two different strands of literature. Firstly, Stahl
(1982, 1987, 1995) has shown that consumers’ preference for variety and the
existence of economies of scope in jointly purchasing many commodities on
the same site, can induce producers to agglomerate.* This approach of spatial
demand externalities is indeed very fruitful; Hotelling-type spatial competi-
tion is assumed away but this is inconsequential for the results in Stahl (1982,
1987, 1995) that hold for products that are not too close substitutes.

We will relax this assumption by referring to the second strand of lit-
erature: d’Aspremont et al (1979) and its extensions. D’Aspremont et al
have formalized location and pricing decisions of duopolists as a noncooper-
ative dynamic game. They have shown that duopolists tend to differentiate
their locations in order to soften price competition in the last stage of the
game. Other authors have tried to restore the so-called Hotelling’s Prin-
ciple of Minimum Differentiation. Some have assumed that goods contain
inherent attributes (see de Palma et al, 1985) or unobservable attributes
(see Rhee et al, 1992) so that price competition can be sufficiently relaxed.
However, this approach moves away from the assumption that the good is
homogenous as suggested by Hotelling himself. Jehiel (1992), and Fried-
man and Thisse (1993), have assumed that firms collude on price through
punishment. This mechanism restores the minimum differentiation outcome
but again, it moves away from the hypothesis that firms make their deci-
sions independently. Zhang (1995) has restored the principle of minimum
differentiation within a noncooperative location-then-price game by adding
an intermediate stage of price matching policy. All competition for market
shares is transferred to the leapfrog location game which ends up with a
minimum differentiation of locations.

In contrast to these mainstream results, Mai and Peng (1999) have re-
stored the principle of minimum differentiation without relaxing price com-
petition. These authors introduce an element of cooperation between firms

3 Another reason for it is also that conditions for the existence of an equilibrium in
prices are seldom met for inside location games (see Gabszewicz and Thisse, 1992).

*Stahl establishes that the demands for two different commodities are complementary
if they are sold on the same site, even if these commodities are Marshallian substitutes.



in the form of information exchange through communication (about R&D)
into the location game. When spatial communication externalities are very
large then price competition is relegated to a secondary effect to such an
extent that agglomeration is a market equilibrium.

Yet, no attempt has been made to incorporate spatial demand externali-
ties into the Hotelling model. We will mainly show that for a high concentra-
tion of urban amenities near the city center and a given low transportation
cost, minimum differentiation occurs without any moderation of price com-
petition. Indeed, should a duopolist choose a non-central location, he (or
she) would face no demand, given that his (or her) rival is situated in the
central area of the city. This strong spatial demand externality leads each
firm to choose independently the central location in the first stage in order
to secure half of the market. In this sense, by adding a more realistic urban
structure to the assumptions suggested by Hotelling himself (homogenous
product, noncooperative location-then-price game), our paper reconciles the
Bertrand outcome and the principle of minimum differentiation in the context
of spatial demand externalities. In contrast, in cities where transportation
cost is relatively high and urban life less dense, then the classical dispersion
effect dominates—that is duopolists differentiate their respective locations in
order to relax price competition.

As opposed to Mai and Peng (1999), the profit of each firm does not
increase with spatial proximity because there is no externality-like benefit
from gathering on the same site. Moreover, the demand externality—i.e.,
the amenity effect in our model, modifies not only the location game but
also the price game since it affects positively (negatively) the markup of the
most centralized (decentralized) firm.

The remainder of the paper is organized as follows : section 2 presents
the assumptions of the model. Section 3 solves the model for a distribution
of amenities having its maximum at one end of the city. In section 4, we
solve the model whenever the amenity distribution is triangular, symmetric
about the midpoint. Section 5 analyzes the socially optimal locations from
the welfare point of view. Some concluding remarks are given in section 6.

2 The model

Our model closely follows the assumptions of d’Aspremont et al (1979) here-
after called the reference model. Consumers are uniformly distributed along



a linear city with length 1 and bear a quadratic transportation cost. The
population of consumers is normalized to one without loss of generality. As
emphasized in the preceding section, we assume the existence of an exoge-
nous distribution of outside opportunities: let f(z) denote the level of urban
amenities at location 0 < x < 1. Two oligopolistic firms denoted ¢ = A, B
produce a homogenous good or service at respective prices p; with an identi-
cal unit cost that is normalized to 0 (standard). The game is played in two
stages. In the first stage both firms simultaneously choose their location,
respectively @ and 1 — b € [0, 1] with 1 — b — a > 0 without loss of generality
(see figure 1). The last stage is the standard Bertrand price competition.
Consumers value positively the amount of urban amenities available in the
vicinity of either stores. The indirect utility of a consumer located at x is
given by

Ua(r) =T —pa —t(z — a)’ + f(a) (1)
if she shops to A and consumes amenities f(a),
Up(zr) =T —pp —t(1 —b—x)* + f(1 ) (2)

if she shops to B and consumes amenities f(1 — b). The reservation price @
is large enough to ensure that every consumer is served in any equilibrium
(standard). The consumer who is indifferent between firm A and firm B
resides at T such that

pe—pa  1-bta f(-b)— fla)
2t(1 —b—a) 2 2t(1—b—a)

T =

(3)

after equalling (1) to (2). We can then write the demand for the product
sold by firm i (i = A, B) as follows:

x if0<z<l,a%1-0
. _J 0 ifr<0,a#1-0
DA(pA,pB,CL,b)— 1 1f§521,a751—b (4)
: ifa=1-b
Dp(pa,pp;a,b) =1— Da(pa,pp;a,b) (5)
Next, respective profits are as follows:
IL;(pa,pp;a,b) = p;Di(pa, pp;a,b)  i=ADB (6)



Suppose for the moment that each firm expects that it will face a positive
demand at dispersed locations. Then, for fixed locations, let P;(p;) denote
the best response of firm ¢ to a price p; set by its rival. First-order conditions
for profit maximization lead to the following system of equations which must
prevail in any equilibrium of the location-then-price game:

pe  fla)— f(1=b)+t(l—=b+a)(1—0b—a)

Palps) = =+ : -
Pp(pa) = %Jrf(1—b)—f(a)+t(21+b—a)(1_b_a) 5

In stark opposition to the reference model, for some values of ¢ relatively
to f(1 —b) — f(a), these price functions are not valid since they imply a
zero-demand for the most decentralized firm, even if the latter firm prices at
marginal cost.’

In the rest of the paper, we will assume that the amenity distribution
is successively linear, upward sloping on [0, 1] (section 3), and triangular
symmetric about the midpoint (section 4). Accordingly, in each set-up, the
model is solved in several stages, each of them corresponding to a certain
range of the slope of the amenity distribution relative to the transportation
cost parameter. I retain these two distributions because they easily capture
the idea of amenity concentration about one point.® All the mathematical
developments are relegated to the appendix of Baudewyns (2000), section 10.

3 Asymmetric triangular distribution of ameni-
ties

Let us first consider a triangular amenity distribution having its maximum
at the east end of the city (see figure 1):

f(x):(l—%)+ax Ve e[0,1,0 <a <2 9)
SFor example, imagine f(1 —b) — f(a) so large that Z < 0 even if firm A is close to
B and prices at marginal cost. Notice by the way in this example that, for a = 1 — b,
we have Dy = %, i.e., demand functions that are not continuous at a = 1 — b. Yet, the
location-then-price game remains well-behaved, as we make clear in the next sections.
6For non-linear distributions of amenities, the location game becomes more intricate
(or even not tractable) but we think that the main conclusions would remain unchanged.
Yet, notice that the price game is solved in the appendix for any amenity distribution that
is continuous and symmetric.
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Figure 1: Asymmetric triangular distribution of urban amenities

so that f(x) > 0 for any = € [0,1] and the total cumulative distribution of
amenities is normalized to 1.7 One can think of a port city where the amount
of outside opportunities is maximum at the east end, near the port. Using
(9) and substituting for f(a) and f(1 —b) into (3), one obtains the following
expression:

DB — DA l-b+a «

- a 1
T -b-a 2 ot (10)

The higher the slope of the amenity distribution («/), the higher the demand
to firm B, because it benefits from a better local environment in terms of
urban amenities. For expositional purposes, let us introduce some definitions:
by analogy with Combes and Linnemer (2000), B will be called the dominant
firm because it benefits from more demand externalities. We will also say
that an equilibrium is fully dispersed if each firm locates at one different
end of the line. The following proposition characterizes all the pure-strategy
subgame perfect equilibria (SPE) of the location-then-price game:

Proposition 1 If the distribution of amenities is linear, strictly increasing
inx on [0, 1] then, for any é, there exists a unique SPE in which the dominant
firm locates at the east end of the city: b* = 0. Moreover,

"This normalization is stronger than necessary but it allows us to compare results in
this section to the results of the symmetric triangular set-up (next section).



(i) if £ < i then firm A also locates itself at the east end of the line: a* =1

(full agglomeration). Equilibrium prices and demands are as follows:

phy=py =0, D4 =D} = 1.

(i) z'fi < L <1 then the equilibrium is partially dispersed: 0 < a* =

o —% <1l. Ast — i, although firm A gets closer to firm B, it attracts

less and less consumers: D% — 0.

(i) if £ > 1 then firm A locates at the west end of the city: a* = 0 (full
dispersion,).

Proof. In Baudewyns (2000), appendix, sections 8 and 9.

The dominant firm prefers to locate at the right end of the line in order to
benefit from the best local environment while firm A’s location depends cru-
cially on the value of the relative transportation cost (t/«). Quite intuitively,
as compared with the reference model, assuming the existence of some strong
amenity advantage at the right end simply reinforces the desire of firm B to
locate at that location. That is, the sum of the demand externality effect
and the standard price competition (strategic) effect dominates the standard
market area effect —which dictates firms to locate around the midpoint.®
The dominant firm has a higher markup over marginal cost except in the
full agglomeration situation according to which both firms price at marginal
cost. The intuitive explanation of result (i) is that consumers highly value
amenities in eastern areas to such an extent that all the residents situated in
the hinterland of A prefer to visit firm B. That is true even if A locates itself
in a neighborhood close to B (still on the left of B) and reduces its price to

8We mean by ”standard” those effects in the reference model. For example, the amenity
effect—through the ratio a/t—reinforces or weakens the market area effect in the set-up
above. After solving for price competition, this effect is given by:

8Ds _ 3-5a—b + a/ft
da — 6(1—b—qa) 6(1—b—a)

The first fraction is the (standard) market area effect in the reference model. For a < 1,
firm A is incited to move toward the geometric center (z = %) in order to increase its
market share. For a > % (still @ < 1 —b), these two effects are conflicting: on one
hand, firm A wants to move westwards to be closer to the center of the distribution of
households; on the other hand, the lower is ¢/«, the higher is the proportion of households

being attracted by eastern areas where the level of amenities is higher.



unit cost.” Since any firm can guarantee itself half of the market by locating
at the east end of the city, this location is the only one surviving iterated
weak dominance (IWD). We will extensively comment on the possibility of
full agglomeration in subsection 4.1 below. As é rises, firm A balances the
advantages of spatial isolation and those of being closer to the east end by
choosing an intermediate location [result (ii)]. Finally, whenever the dis-
tribution of urban amenities is relatively flat (low «/t), price competition
becomes the strongest force, as in the no-amenity model [result (iii)].

4 Symmetric triangular distribution of ameni-
ties

As emphasized in the first section, for European cities, it is more natural to
hypothesize that the amount of urban amenities is maximum at the center
of the geographic space. Therefore, suppose that the distribution of urban
amenities is triangular, symmetric about the midpoint:

f(m):(l—f—g)—i-oz x—l

1 5 (11)
where 0 < o < 4, so that f(x) > 0 at any location and the total cumulative
distribution of amenities is normalized to 1. Let us then distinguish two
possible situations. First, assume that each firm locates on either side of the
city (a and b < %) . Then, the marginal consumer resides at the following
location:

PB — DA l-b+a  afb—a) (12)
2t(1—b—a) 2 2t(1—b—a)

after substituting (11) into (3) and using f(1 — b) = f(b) from symmetry.
Second, imagine that one firm—e.g., firm B—is situated between its rival
and the city center: a < 1—b < % Then, plugging the amounts of amenities
at respective locations into (3), we obtain exactly the same expression as
in (10).1% Tt follows immediately that the expressions of profit functions

T =

9The idea is also that B cannot commit itself to set a sufficiently high price that would
allow A to attract some consumer(s).

Indeed, the amount of amenities at each locationis (1-4)+aa and (1—%)+a(1-b)
respectively. As compared with the preceding section, for a < 1 —b < %, the change in
the intercept of the amenity distribution—from (1 — «/2) to (1 — a/4)—has no impact on
the determination of the marginal consumer’s location.

9



are exactly identical to those calculated in section 3. As compared with
proposition 1, the only change is the threshold value of é under which = 0
(see the next subsection). Therefore,

Result 1. For firm B, the midpoint dominates any location in the first half
of the line.

More intuitively, the nature of spatial competition on the left side of the
city is the same as the one depicted in figure 1. Consequently, it remains to
solve the model for any a and b € [0,1]. Observe in (12) that, for a fixed
transportation cost, the higher the slope of the amenity distribution, the
higher the proportion of consumers patronizing the most centralized firm.
Because the analysis is more intricate compared to proposition 1, we will
split the presentation of the results into three subsections: in the following
subsection, we consider very low values of ¢/«a; subsection 4.2 revisits the
principle of maximum differentiation and, finally, subsection 4.3 completes
the solution of the model by considering all the remaining intermediate values

of t/a for which both asymmetric and symmetric equilibria emerge.

4.1 Highly-centralized urban amenities: restoring the
principle of minimum differentiation

Let us consider a city characterized by a high concentration of urban ameni-
ties in central areas and a low transportation cost parameter, i.e. a city with
alow t/a. For £ < 1, lemma 3 in the appendix of Baudewyns (2000) shows
that if firm A is decentralized while its competitor is at the city center, then
the former gets no demand for its product in any equilibrium of the last stage.
The explanation is similar to the one given in section 3: the relative trans-
portation cost is so weak that all the residents in the hinterland of A visit
firm B, which is at the main urban site. That is true even if firm A locates
itself in a urban neighborhood close to the center (still @ < 1) and reduces
its price to unit cost. For é < %, we also show in the appendix (Baudewyns,
2000) that any firm that is closer to the center is incited to relocate exactly
at % in order to benefit from the best local environment. Hence,

Proposition 2 For a symmetric triangular distribution of amenities and
a very low relative transportation cost, the unique SPE (surviving IWD)

10



exhibits a minimum differentiation of locations with both firms pricing at
marginal cost:

1
< = a*zb*zi and py=py=0

o=
Wl -

Proof. In Baudewyns (2000), appendix, subsections 10.1 and 10.2.

In other words, there exists a unique equilibrium in which minimum dif-
ferentiation occurs with the Bertrand result. In real-world cities, products
are slightly differentiated and a firm like A expects a small positive markup
by choosing the central location. For highly-centralized amenities, the key of
the principle of minimum differentiation is not a moderation of price competi-
tion. It is the desire of consumers to have access to the best local environment
in the main city center to such an extent that no consumer would patronize
a non-centrally located duopolist (given that its rival has chosen the city
center).

For example, in most FEuropean cities McDonald’s is sharing the fast
food restaurants market with another competitor (e.g. Quick in Belgium
and France) situated in general next door.!! Products are almost homo-
geneous, price competition is tough and, generally, both firms choose the
same location. In middle-sized Belgian cities, the locational choices of the
duopoly involves two competing units in the same central neighborhood (e.g.,
Bruges, Charleroi, Namur). This is also the case in central areas of Paris:
for example at les Halles or at Jardins de Luzembourg/Panthéon, McDon-
ald’s is the next-door neighbor of Quick. In Brussels, both firms are exactly
at the end of Chaussée d’Ixelles which can be viewed as an example of the
so-called Hotelling main-street. Again, we argue that the reason for this pat-
tern of locations is not a moderation of price competition through product
differentiation—which is very low in that industry. It is instead the attractive
force exercised by the concentration in central locations, of many other eco-
nomic, social and cultural outside alternatives—what we have called urban
amenities.!?

1 This was the pattern of location in Belgium during the expansion stage of the ham-
burger restaurants sector between 1977 and 1983 (see Vlassenbroeck (1995) for a detailed
empirical analysis). In 1983, from the 34 units—Quick or McDonald’s—existing in this
country, 23 were at the main central commercial site.

12For example, in the neighborhood of the park Jardins de Luxzembourg, there is a cluster
of movie theaters and other historical amenities such as museums and old buildings.
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4.2 Relatively-flat distribution of amenities: revisiting
the principle of maximum differentiation

Consider now a city in which the transportation cost is high relatively to the
concentration of urban amenities (low «a/t). In such a case, central locations
are much less attractive and we can expect a high differentiation of locations.
In particular, recall that as o — 0 our set-up tends to the reference model
of d’Aspremont et al (1979). Consequently, there should exist a threshold
value of ¢/a above which both firms differentiate maximally their locations.
This is formally established in the following result.

Proposition 3 If the symmetric triangular distribution of urban amenities
1s flat relatively to the transportation cost, then the unique SPE exhibits a
high (or even a mazximum) differentiation of locations:

(i)
()

Proof. In Baudewyns (2000), appendix, subsections 10.3, 10.4 and 10.5,
and lemma 6.

>2 = a'=b=0

Wl O |

<i<2 = 0<a=b<5=0125

In result (i), when the impact of amenities is very weak then price com-
petition is the strongest force, as in the no-amenity case. Under product
homogeneity, both firms locate as far from each other as possible in order to
soften price competition. Doing so, our duopolists equally share the market
and benefit from the monopoly power resulting from spatial isolation. This
effect dominates the sum of the standard market area effect—which tells
firms to locate near the center of the distribution of consumers—and the
spatial demand externalities effect arising from the existence of urban ameni-
ties. In result (i), the equilibrium levels of price and profit are exactly the
same as in the reference model (see Baudewyns (2000), appendix, subsection
10.3). In equilibrium (ii), the differentiation is not maximum since each firm
tacitly chooses an inside (symmetric) suburban location, not too far from
the endpoints—i.e., in the first and seventh eighths of the line respectively.'?
Price competition is still fierce but firms choose to benefit from some urban
amenities near respective borders.

B3nterestingly enough, looking at symmetric equilibria, Neven (1986) obtains the same
pattern of locations by considering concave distributions of consumers (not too much
different from the uniform density) in the no-amenity reference model.

12



4.3 Intermediate values of t/a : asymmetric versus
symmetric differentiation

In what follows, we show that for intermediate values of the relative trans-
portation cost (3 < ¢t/a < 3), firms more or less differentiate their locations,
possibly in an asymmetric way. We call interior or inside location any loca-
tion outside the borders and outside the city center as well (e.g. 0 < a < %)
Solving the last case requires that we consider 3 types of candidates for an
equilibrium:

(1) inside symmetric solutions of the system of first-order conditions (0 <
a=b<1)
2

(2) asymmetric pattern of locations with one firm at the midpoint whereas
its rival locates at a more suburban site (possibly at one end)

(3) asymmetric candidates with one firm that is bound by one end of the
line (a =0 or b=0).

Any asymmetric equilibrium necessarily coexists with its ”symmetric”
that one simply obtains by interchanging a and b, and exchanging A with
B. For expositional purpose, we only present asymmetric equilibria in which
B is the dominant firm and we proceed with the series of two propositions
below.

Proposition 4 For 1.015 < ﬁ < %, both symmetric and asymmetric SPE
coexist : in the latter type of equilibrium, one firm locates at one end of the
linear city (a* = 0) while its rival, either locates at the center (b* = 1), or
departs from the center as the relative transportation cost rises (- % > 1.1984).

Proof. in Baudewyns (2000), appendix, lemma 5 and lemma 7 (subsection
10.5) and subsection 10.7.

Each retailer would like to be the centralized (dominant) firm in an asym-
metric situation in order to benefit from the best local environment.!* Be-
sides, using a ”trembling hand” argument one can reasonably select asym-
metric equilibria. Indeed, observe in figure 2, that for any small mistakes

4 Formally, let IS the common value of the profit in any symmetric equilibria and ¥ S
(repectively II¥) firm A’s profit (respectively firm B’s profit) in asymmetric equilibria.
One can show that: H]XS <II° < Hgs.

13
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Figure 2: Best-reply functions in the location game (1.015 < t/a < 1.198375)

or small deviation from the fixed point, the mirror game of best responses
diverges to one of the axis (¢ = 0 or b = 0). In this sense, asymmetric
equilibria are the only ”locally-stable” outcomes of the location game.
Turning now to the last case, and recalling proposition 2, one expects,
quite intuitively, a weak differentiation of locations for & close to %: this is

formally shown in the following result.

Proposition 5 (Unique asymmetric outcome). For% < é < 1.015, the
unique outcome of the location-then-price game is an asymmetric differen-
tiation of locations: one firm is at the center whereas its rival is more and
more decentralized as the relative cost of transportation rises. For & > %, the
latter locates at one end of the line: (a*,b*) = (0, 3).

Proof. In Baudewyns (2000), appendix, lemma 8 and lemma 9 (subsection
10.6).

Again, each firm would like to be the one situated at the midpoint where
the spatial distribution of amenities is maximum. As compared with the
minimum differentiation outcome, the latter proposition shows that one firm
is now pushed toward a more suburban location while its rival stays at the
central site in order to benefit from the best local environment. The intuitive
explanation for the non-existence of a symmetric equilibrium is the following:
for any given symmetric location a = b < 1, each firm is incited to relocate
exactly at the midpoint because the positive amenity effect dominates the loss

14



resulting from a fiercer price competition. Accordingly, only an asymmetric
situation emerges as a stable outcome.

The intuition is also given in figure 7: whenever A moves towards the
midpoint in the second quarter of the line (a > 0.2426) its profit first de-
creases with a because of an intensified price competition ; for locations very
close to the city center however, the amenity effect becomes the strongest
force and firm A’s payoff continuously increases as it moves closer and closer
to the midpoint. In other words, firm A’s profit function is not quasiconcave
and best-reply functions exhibit some discontinuities as illustrated in figure
2.

é € Symmetric SPE locations | Asymmetric SPE locations
1 : -
B : O0<§-3<i3)
5, 1.015] - (0,7)
[1.015,1.1984] | 0.167 < & — 7 < 0.2426 (0,3)
[1.1984,%[ 0.125 < & — i < 0.167 | (0, 0.25 < ®5(0) < 0.4584)
}%,2] O<%—i<0.125 -
2, +00] 0 -

Table 1: all equilibrium locations (symmetric triangular amenity
distribution)

All the pure-strategy equilibria in locations are presented in table 1. Hav-
ing selected asymmetric equilibria, observe that we go from a symmetric to
an asymmetric pattern of locations as % decreases near %. Although there is
”a jump” in the spatial behavior of each firm (from 0.125 to 0 and from 0.125
to 0.25 respectively), the results are continuous in terms of spatial differen-
tiation.!'® This is illustrated in figure 3 where we have reversed the roles of
A and B. Intuitively, as the relative transportation cost decreases, demand
externalities become the stronger force for firm A while firm B chooses to
keep its distance in order to soften price competition. Note also that for
L ~ 1.1984, the dominant firm jumps from 0.542 (= 1 — 0.458) to the mid-
point (firm A staying at one end of the city). Again, this illustrates the
attractive force of urban amenities at the city center.

"For any £ > % we have a* = b* < 0.125, whereas for £ <

ol

:a* = 0,b* > 0.25.
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Figure 3: Asymmetric vs. symmetric equilibria

From table 1, one can also summarize all the results of the symmetric
set-up as follows. As t/a decreases, we go from a symmetric to an asym-
metric high differentiation of locations with the dominant firm locating in
the third quarter of the city whereas its rival is pushed to the opposite bor-
der of the city. Below a certain level of the relative transportation cost, the
dominant firm locates at the midpoint while its rival stays on its border. As
t/a further decreases, the latter finds a compromise between the benefits of
spatial isolation and the positive effects of amenities by departing from the
outermost area to locate inside one half of the line. Finally, whenever ¢/« is
very low, it meets the dominant firm at the main urban center where it does
not earn supranormal profits but is able to attract a substantial share of the
market.

The existence of asymmetric equilibria is one of the most striking results
of this paper since, even though the set-up is perfectly symmetric, the ex-
istence of centralized amenities generates asymmetric firms’ locations and

consequently causes intra-urban inequalities. For example, for é = %, one
calculates (a*,b*) = (3, 3) and D} ~ 0.11, D ~ 0.89. In other words, not

everyone has access to the same amount of urban amenities. In particular,
consumers on the right side of the city—plus those situated between 0.11 and
0.5—when shopping at the centralized site, can consume in one single trip a
large amount of densely located urban amenities (e.g. public services). This
is obviously not the case for the 11% of the population residing in the western
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fringe area. Notice also the fact that some consumers in the close hinterland
of A prefer to shop to firm B at the city center: 7 = 0.11 < a* = %.

This also brings us to the question of the impact of a change in the rel-
ative transportation cost (L) on social welfare through possible relocation
decisions of firms. Two different kinds of public policies can result in a
decrease of é: either, the city planner decides to concentrate more ameni-
ties in central areas, or he (or she) aims to lower per unit transportation
costs. It follows that urban policies aiming to decrease the transportation
cost—although welfare improving (see the next section)—could in fact, as
in economic geography, induce more spatial inequalities through pernicious
relocation of firms.'® Consider indeed the first half-segment and a consumer
close to the city center. For é = 1.34, firms are symmetrically located about
the center: a = b~ 0.124. Consider also the consumer residing at = = 0.125.
Clearly, both consumers patronize firm A. Now, imagine that the city plan-
ner decides to expand the total capacity of the urban transportation system,
so that the relative transportation cost is reduced to é = 1. Then, in equi-
librium, firm B relocates at the city center whereas firm A is pushed towards
the left border. The centrally-located consumer now obviously patronizes
firm B while our consumer situated at x = 0.125 visits the outermost com-
mercial site. Clearly, the former benefits from more urban life opportunities
incurring a smaller travel cost while the situation becomes conversely worse
for the latter.

5 Welfare analysis

In the reference model, the central planner chooses a = + and 1 — b = 2 as

socially optimal locations. These locations minimize the éonsumers’ ave;lage
transportation cost since for inelastic aggregate demands, pricing decisions
do not affect the total welfare.!'” Let us restrict ourselves to the symmetric
amenity distribution case and let T denote the social transportation cost
incurred by the population of consumers as a whole.'® Let, also, W denote

the total welfare defined as the sum of firms’ profits and consumers surplus.

16Tn a shipping model a la Hotelling, Combes and Linnemer (2000) also obtain asym-
metric results when analyzing the effects of a new transportation infrastucture (i.e. two
symmetrically-located airports) on firms’ locations.

17See Tirole, 1988, p. 282.

BT = [Pht(x —a)2da + [} t(1—b— )2 d.
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After some manipulations, and by symmetry of the amenity distribution, we
obtain:

Wea+t [ fla)de+ [ Fb)de — T (13)
0 Dy

The total welfare is thus simply the sum of the reservation price and the total
value of amenities consumed at respective commercial sites net of the social
transportation cost.

What is the impact of the existence of some (symmetric) distribution of
amenities on the pattern of locations chosen by a city planner ? Intuitively,
the lower ¢/« is, the more centralized locations should be as compared with
the aforementioned results of the no-amenity model. One can thus expect
both firms in the second and third quarter of the linear city. This is for-

mally established in the following result, looking at symmetric equilibria
(standard)!?:

Proposition 6 Ast/a decreases, the symmetric locations chosen by a city
planner are more and more centralized, in the second and third quarter of the
line respectively:

)

vl ||

fort <2«
fort > 2«

Q)

S ]
I

1
2
<a= +1<3

W=
[

Proof. In Baudewyns (2000), appendix, subsection 10.8.

For example, for ¢ = 2, the socially-optimal outcome should be both
firms at the center whereas, in a laissez-faire world, firms maximally dif-
ferentiate their locations (recall proposition 3). For, 1.015 < é < 2, one
observes in table 1 that locations differentiation is 0.25 < 1 —a* — b* < 0.5
whereas again, from the welfare point of view, it should be both firms at the

midpoint. To sum up,

Corollary 1 For ¢ > £, any market outcome, symmetric or asymmetric,

exhibits an excessive differentiation of locations.

90ne can imagine that firms are forced to price at marginal cost. Alternatively, one
can also suppose that the social planner is concerned with equity: the population residing
in the first half-segment and the population in the second half should get both the same
net consumer surplus.
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On the other hand, recalling proposition 2, we get the quite intuitive
following result:

Corollary 2 If urban amenities are relatively highly-centralized (i.e., § > t)
then the non-cooperative decisions of firms to locate together at the
midpoint is socially optimal.

6 Conclusion

In this paper, we have shown that the firms’ tendency to differentiate their
locations depends strongly on the urban structure in which they will operate.
In fact, urban economists should not enunciate any principle of maximum (or
minimum) differentiation. In real-world cities, all will depend on the existing
spatial agglomeration of various economic, cultural and social opportunities.

In particular, for a highly-concentrated amenity distribution and a given
low transportation cost, the key of the principle of minimum differentiation
is the non-existence of some positive demand outside the main urban center
that results from the desire of residents to consume all sorts of urban ameni-
ties at that location. When both firms are not allowed to adopt any mech-
anism that relaxes price competition, minimum differentiation of locations
occurs with both firms pricing at marginal cost, in contrast to mainstream
results in the literature. In this sense, our paper reconciles Hotelling and
Bertrand in the context of spatial demand externalities within a noncooper-
ative location-then-price game. This paper has formally shown that although
price competition is indeed a centrifugal force, firms selling identical prod-
ucts may agglomerate even though they both price at (or close to) marginal
cost in the last stage.

The second striking result of our shopping model is that asymmetric equi-
libria emerge for intermediate values of é even though the set-up is perfectly
symmetric: one firm locates near (or at) the center of the amenity distri-
bution whereas its rival chooses a more suburban location, possibly at one
end of the city. The latter balances the oligopolistic advantages of spatial
isolation and those of being closer to the main central area. This result raises
the question of intra-urban inequalities. Indeed, a minority of residents are
induced to shop at the decentralized firm and, as a result, encounter in one
single trip less urban life opportunities than do the rest of the city popula-
tion. The former would prefer a more centralized pattern of firms’ locations
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and a lower transportation cost. It also follows that urban policies aiming
to decrease the transportation cost variable t—or city planning decisions to
centralize urban amenities—may be welfare improving but at the expense of
more spatial inequalities through pernicious relocation of firms.

The existence of asymmetric equilibria is even more problematic if the city
is divided into two distinct juridictions, the left half-segment and the right
half-segment. If the two local governments independently decide the optimal
spatial distribution of public amenities, they will probably not concentrate
them near the midpoint. Indeed, if a local planner locates its amenities near
the center, inducing at least one firm at the central site (i.e., at the fringe of
its juridiction) then some potential benefits will be received by the residents
of the other juridiction who patronize the central firm. Hence, without an
appropriate coordination scheme, the centralization of amenities will not be
decided by the two local governments. This would clearly lead to inefficient
locational choices but inequalities would be reduced as compared to laissez-
faire. This should be the subject of future research.

Another reason for decentralizing public amenities is congestion problems
at the site level (think of overcrowded parks, museums). One simple way to
incorporate congestion in the analysis is to substract from the social welfare, a
social cost positively related to the number of consumers visiting respective
marketplaces (e.g. the cost of maintenance of parks, streets, and so on).
A low transportation cost inducing the entire population of consumers to
patronize firms at the same central site could not be necessarily optimal
from the welfare point of view because of a high congestion cost.
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