
Vsdwldo Frpshwlwlrq zlwklq Xuedq Duhdv=
Krwhoolqj dqg Ehuwudqg Uhfrqflohg

Glglhu Edxghz|qv�|

Mxo|/ 5333

Devwudfw

Lq wklv sdshu/ zh dvvxph wkh h{lvwhqfh ri d glvwulexwlrq ri xuedq
dphqlwlhv kdylqj lwv pd{lpxp dw wkh flw| fhqwhu1 Wkhvh dphqlwlhv duh
ylhzhg dv d vxuurjdwh iru doo nlqgv ri rxwvlgh rssruwxqlwlhv wkdw frq0
vxphuv hqfrxqwhu zlwklq xuedq duhdv1 Xvlqj wkh Krwhoolqj prgho/ zh
vwxg| wkh lpsdfw ri wkhvh dphqlwlhv rq lqghshqghqw orfdwlrq dqg sulf0
lqj ghflvlrqv ri gxrsrolvwv1 Frqvxphuv sdwurql}h wkh �up zkhuh wkh
dprxqw ri dphqlwlhv lv odujhu/ fhwhulv sdulexv1 Li wklv ghpdqg h{whu0
qdolw| lv vwurqj dw wkh plgsrlqw wkhq plqlpxp gl�huhqwldwlrq rffxuv
zlwkrxw prghudwlrq ri sulfh frpshwlwlrq/ lq frqwudvw wr pdlqvwuhdp
uhvxowv lq wkh olwhudwxuh1 Iru lqwhuphgldwh ydoxhv ri wkh udwlr ri wudqv0
sruwdwlrq frvw wr vsdwldo frqfhqwudwlrq ri dphqlwlhv/ �upv wdflwo| sod|
dq dv|pphwulf htxloleulxp zlwk rqh �up qhdu +ru dw, wkh plgsrlqw dqg
lwv ulydo dw d pruh vxexuedq orfdwlrq1 Wklv fdxvhv lqwud0xuedq lqhtxdo0
lwlhv vlqfh vrph frqvxphuv duh lqgxfhg wr sdwurql}h wkh ghfhqwudol}hg
pdunhwsodfh zkhuh wkh| hqfrxqwhu ihzhu xuedq olih rssruwxqlwlhv1

MHO Fodvvl�fdwlrq= G76/ O44/ U651
Nh|zrugv= xuedq dphqlwlhv/ orfdwlrq0wkhq0sulfh htxloleulxp/ plq0

lpxp gl�huhqwldwlrq/ dv|pphwulf htxloleuld1

�Xqlyhuvlgdgh Qryd gh Olverd/ Idfxogdgh gh Hfrqrpld/ Wudyhvvd Hvwíyær Slqwr +Fdp0
srolgh,/ S043<<0365/ OLVERD/ Sruwxjdo1 H0pdlo= gedxghz|Cih1xqo1sw

|L wkdqn sduwlflsdqwv dw HHD<</ Vdqwldjr gh Frpsrvwhod dqg vhplqdu sduwlflsdqwv dw
Xqlyhuvlgdgh Qryd/ Idfxogdgh gh Hfrqrpld/ Olverd1 L wkdqn Pdwkldv Ghzdwulsrqw/ Ylfwru
Jlqvexujk/ Nkdolg Vhnndw/ Dqrxn Ulylëuh dqg Z1P1 Nhoo| iru wkhlu hqfrxudjhphqwv dqg
wkhlu frpphqwv1
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4 Lqwurgxfwlrq

Wklv sdshu ghdov zlwk wkh orfdwlrq dqg sulflqj ghflvlrqv pdgh e| roljrsrolv0
wlf �upv zlwklq xuedq duhdv1 Rxu vwduwlqj srlqw lv wkh idfw wkdw shrsoh riwhq
pdnh pxowlsxusrvh wulsv/ l1h1 wkh| pdnh wkhlu ghflvlrq wr ylvlw d sduwlfxodu
sodfh iru vhyhudo uhdvrqv vxfk dv wkh sxufkdvh ri ydulrxv sulydwh frpprglwlhv/
wkh frqvxpswlrq ri d orfdo sxeolf jrrg +h1j1 pxvhxp/ sdun, dqg wkh vrfldo
lqwhudfwlrqv zlwk iulhqgv zkr kdsshq wr eh wkhuh14 Ehvlghv/ lw frxog vlpso|
eh pruh djuhhdeoh wr frqvxph vrph vshfl�f jrrgv ru vhuylfhv/ vxfk dv uhvwdx0
udqwv/ lq vrph duhdv fkdudfwhul}hg e| qlfh vfhqhulhv ru klvwrulfdo dphqlwlhv
zklfk duh dhvwkhwlfdoo| sohdvlqj1 Lw lv hdv| wr wklqn ri pdq| qhljkerukrrgv
lq fhqwudo Sdulv +h1j1/ wkh Txduwlhu Odwlq, ru hqwhuwdlqphqw glvwulfwv lq fhq0
wudo Orqgrq1 Wkh sxusrvh ri wklv sdshu lv wr frpelqh doo wkhvh idfwv lqwr wkh
vsdwldo frpshwlwlrq vhwwlqj dqg wr lqyhvwljdwh wkhlu lpsdfw rq roljrsrolvwlf
�upv* orfdwlrqv dqg sulfhv1

Qrwlfh e| wkh zd| wkdw lw kdv suryhq hvshfldoo| gl!fxow wr vroyh wkh pxo0
wlsxusrvh vkrsslqj sureohp/ dv vkrzq e| Txlq}ll dqg Wklvvh +4<<3,1 Wklv lv
rqh ri wkh uhdvrqv zk| zh xvh lq wklv sdshu d vlpsol�hg vkrsslqj prgho lq
zklfk wkh vsdwldo glvwulexwlrq ri rwkhu vkrsslqj dqg frqwdfw rssruwxqlwlhv
lv jlyhq wr frqvxphuv dqg wr roljrsrolvwv1 Wr pdnh p|vhoi fohdu/ L zloo dv0
vxph wkh h{lvwhqfh ri xuedq dphqlwlhv wkdw lqglylgxdov fdq mrlqwo| frqvxph
dorqj zlwk wkh jrrg ru vhuylfh surgxfhg e| rqh uhwdlohu lq d gxrsro|1 Wkhvh
dphqlwlhv duh wr eh ylhzhg dv d vxuurjdwh iru wkh ydulrxv rxwvlgh rssruwxql0
wlhv/ hfrqrplf/ fxowxudo dqg vrfldo/ wkdw frqvxphuv hqfrxqwhu zlwklq xuedq
duhdv1 Dv d uhvxow/ zkhq wkh| fkrrvh d pdunhwsodfh wr ylvlw/ frqvxphuv dovr
dffrxqw iru wkh dprxqw ri dphqlwlhv dydlodeoh lq wkh ylflqlw| ri hlwkhu vwruhv1
Wklv lpsolhv wkdw wkh ghpdqg wr dq roljrsrolvwlf �up dw dq| orfdwlrq qrz
ghshqgv rq wkh dphqlw| dgydqwdjh ri wkdw orfdwlrq1 Vlqfh xuedq dphqlwlhv
duh pruh frqfhqwudwhg durxqg wkh flw| fhqwhu�dw ohdvw lq prvw Hxurshdq
flwlhv5�/ wklv zloo jlyh dq lqfhqwlyh wr hdfk gxrsrolvw wr pryh wrzdug wkh
xuedq fhqwhu1

Irupdoo|/ zh zloo dgg wklv fhqwulshwdo irufh wr wkh Krwhoolqj prgho�pruh
suhflvho|/ wr wkh yhuvlrq sursrvhg e| g*Dvsuhprqw hw do +4<:<,1 Wklv prgho
kdv ehhq lqwhqvlyho| xvhg lq wkh surgxfw gl�huhqwldwlrq olwhudwxuh exw kdv
ehhq ohvv vxffhvvixo lq lwv jhqxlqh vsdwldo lqwhusuhwdwlrq1 Zh dujxh wkdw wkh

4Iru d vxuyh| ri wklv olwhudwxuh/ vhh Wkloo dqg Wkrpdv +4<;:,1
5Vhh Euxhfnqhu/ Wklvvh dqg ]hqrx +4<<;,1
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pdlq uhdvrq iru wklv idloxuh lv suhflvho| wkdw xuedq hfrqrplvwv kdyh xvhg
wklv prgho zlwkrxw vxffhhglqj wr fdswxuh ghpdqg h{whuqdolwlhv dv ghvfulehg
deryh16 Lq wklv uhvshfw/ zh krsh wr vkrz wkdw wkh Krwhoolqj prgho lv d qdwxudo
iudphzrun wr dqdo|}h vsdwldo vwudwhjlf lqwhudfwlrqv ri roljrsrolvwv/ hvshfldoo|
zkhq wkh| rshudwh lq dq xuedq vwuxfwxuh |lhoglqj ghpdqg h{whuqdolwlhv1

Rxu prgho lv uhodwhg wr wzr gl�huhqw vwudqgv ri olwhudwxuh1 Iluvwo|/ Vwdko
+4<;5/ 4<;:/ 4<<8, kdv vkrzq wkdw frqvxphuv* suhihuhqfh iru ydulhw| dqg wkh
h{lvwhqfh ri hfrqrplhv ri vfrsh lq mrlqwo| sxufkdvlqj pdq| frpprglwlhv rq
wkh vdph vlwh/ fdq lqgxfh surgxfhuv wr djjorphudwh17 Wklv dssurdfk ri vsdwldo
ghpdqg h{whuqdolwlhv lv lqghhg yhu| iuxlwixo> Krwhoolqj0w|sh vsdwldo frpshwl0
wlrq lv dvvxphg dzd| exw wklv lv lqfrqvhtxhqwldo iru wkh uhvxowv lq Vwdko +4<;5/
4<;:/ 4<<8, wkdw krog iru surgxfwv wkdw duh qrw wrr forvh vxevwlwxwhv1

Zh zloo uhod{ wklv dvvxpswlrq e| uhihuulqj wr wkh vhfrqg vwudqg ri olw0
hudwxuh= g*Dvsuhprqw hw do +4<:<, dqg lwv h{whqvlrqv1 G*Dvsuhprqw hw do
kdyh irupdol}hg orfdwlrq dqg sulflqj ghflvlrqv ri gxrsrolvwv dv d qrqfrrshu0
dwlyh g|qdplf jdph1 Wkh| kdyh vkrzq wkdw gxrsrolvwv whqg wr gl�huhqwldwh
wkhlu orfdwlrqv lq rughu wr vriwhq sulfh frpshwlwlrq lq wkh odvw vwdjh ri wkh
jdph1 Rwkhu dxwkruv kdyh wulhg wr uhvwruh wkh vr0fdoohg Krwhoolqj*v Sulq0
flsoh ri Plqlpxp Gl�huhqwldwlrq1 Vrph kdyh dvvxphg wkdw jrrgv frqwdlq
lqkhuhqw dwwulexwhv +vhh gh Sdopd hw do/ 4<;8, ru xqrevhuydeoh dwwulexwhv
+vhh Ukhh hw do/ 4<<5, vr wkdw sulfh frpshwlwlrq fdq eh vx!flhqwo| uhod{hg1
Krzhyhu/ wklv dssurdfk pryhv dzd| iurp wkh dvvxpswlrq wkdw wkh jrrg lv
krprjhqrxv dv vxjjhvwhg e| Krwhoolqj klpvhoi1 Mhklho +4<<5,/ dqg Iulhg0
pdq dqg Wklvvh +4<<6,/ kdyh dvvxphg wkdw �upv frooxgh rq sulfh wkurxjk
sxqlvkphqw1 Wklv phfkdqlvp uhvwruhv wkh plqlpxp gl�huhqwldwlrq rxwfrph
exw djdlq/ lw pryhv dzd| iurp wkh k|srwkhvlv wkdw �upv pdnh wkhlu ghfl0
vlrqv lqghshqghqwo|1 ]kdqj +4<<8, kdv uhvwruhg wkh sulqflsoh ri plqlpxp
gl�huhqwldwlrq zlwklq d qrqfrrshudwlyh orfdwlrq0wkhq0sulfh jdph e| dgglqj
dq lqwhuphgldwh vwdjh ri sulfh pdwfklqj srolf|1 Doo frpshwlwlrq iru pdunhw
vkduhv lv wudqvihuuhg wr wkh ohdsiurj orfdwlrq jdph zklfk hqgv xs zlwk d
plqlpxp gl�huhqwldwlrq ri orfdwlrqv1

Lq frqwudvw wr wkhvh pdlqvwuhdp uhvxowv/ Pdl dqg Shqj +4<<<, kdyh uh0
vwruhg wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq zlwkrxw uhod{lqj sulfh frp0
shwlwlrq1 Wkhvh dxwkruv lqwurgxfh dq hohphqw ri frrshudwlrq ehwzhhq �upv

6Dqrwkhu uhdvrq iru lw lv dovr wkdw frqglwlrqv iru wkh h{lvwhqfh ri dq htxloleulxp lq
sulfhv duh vhogrp phw iru lqvlgh orfdwlrq jdphv +vhh Jdev}hzlf} dqg Wklvvh/ 4<<5,1

7Vwdko hvwdeolvkhv wkdw wkh ghpdqgv iru wzr gl�huhqw frpprglwlhv duh frpsohphqwdu|
li wkh| duh vrog rq wkh vdph vlwh/ hyhq li wkhvh frpprglwlhv duh Pduvkdooldq vxevwlwxwhv1
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lq wkh irup ri lqirupdwlrq h{fkdqjh wkurxjk frppxqlfdwlrq +derxw U)G,
lqwr wkh orfdwlrq jdph1 Zkhq vsdwldo frppxqlfdwlrq h{whuqdolwlhv duh yhu|
odujh wkhq sulfh frpshwlwlrq lv uhohjdwhg wr d vhfrqgdu| h�hfw wr vxfk dq
h{whqw wkdw djjorphudwlrq lv d pdunhw htxloleulxp1

\hw/ qr dwwhpsw kdv ehhq pdgh wr lqfrusrudwh vsdwldo ghpdqg h{whuqdol0
wlhv lqwr wkh Krwhoolqj prgho1 Zh zloo pdlqo| vkrz wkdw iru d kljk frqfhqwud0
wlrq ri xuedq dphqlwlhv qhdu wkh flw| fhqwhu dqg d jlyhq orz wudqvsruwdwlrq
frvw/ plqlpxp gl�huhqwldwlrq rffxuv zlwkrxw dq| prghudwlrq ri sulfh frp0
shwlwlrq1 Lqghhg/ vkrxog d gxrsrolvw fkrrvh d qrq0fhqwudo orfdwlrq/ kh +ru
vkh, zrxog idfh qr ghpdqg/ jlyhq wkdw klv +ru khu, ulydo lv vlwxdwhg lq wkh
fhqwudo duhd ri wkh flw|1 Wklv vwurqj vsdwldo ghpdqg h{whuqdolw| ohdgv hdfk
�up wr fkrrvh lqghshqghqwo| wkh fhqwudo orfdwlrq lq wkh �uvw vwdjh lq rughu
wr vhfxuh kdoi ri wkh pdunhw1 Lq wklv vhqvh/ e| dgglqj d pruh uhdolvwlf xuedq
vwuxfwxuh wr wkh dvvxpswlrqv vxjjhvwhg e| Krwhoolqj klpvhoi +krprjhqrxv
surgxfw/ qrqfrrshudwlyh orfdwlrq0wkhq0sulfh jdph,/ rxu sdshu uhfrqflohv wkh
Ehuwudqg rxwfrph dqg wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq lq wkh frqwh{w
ri vsdwldo ghpdqg h{whuqdolwlhv1 Lq frqwudvw/ lq flwlhv zkhuh wudqvsruwdwlrq
frvw lv uhodwlyho| kljk dqg xuedq olih ohvv ghqvh/ wkhq wkh fodvvlfdo glvshuvlrq
h�hfw grplqdwhv�wkdw lv gxrsrolvwv gl�huhqwldwh wkhlu uhvshfwlyh orfdwlrqv lq
rughu wr uhod{ sulfh frpshwlwlrq1

Dv rssrvhg wr Pdl dqg Shqj +4<<<,/ wkh sur�w ri hdfk �up grhv qrw
lqfuhdvh zlwk vsdwldo sur{lplw| ehfdxvh wkhuh lv qr h{whuqdolw|0olnh ehqh�w
iurp jdwkhulqj rq wkh vdph vlwh1 Pruhryhu/ wkh ghpdqg h{whuqdolw|�l1h1/
wkh dphqlw| h�hfw lq rxu prgho/ prgl�hv qrw rqo| wkh orfdwlrq jdph exw
dovr wkh sulfh jdph vlqfh lw d�hfwv srvlwlyho| +qhjdwlyho|, wkh pdunxs ri wkh
prvw fhqwudol}hg +ghfhqwudol}hg, �up1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv = vhfwlrq 5 suhvhqwv
wkh dvvxpswlrqv ri wkh prgho1 Vhfwlrq 6 vroyhv wkh prgho iru d glvwulexwlrq
ri dphqlwlhv kdylqj lwv pd{lpxp dw rqh hqg ri wkh flw|1 Lq vhfwlrq 7/ zh
vroyh wkh prgho zkhqhyhu wkh dphqlw| glvwulexwlrq lv wuldqjxodu/ v|pphwulf
derxw wkh plgsrlqw1 Vhfwlrq 8 dqdo|}hv wkh vrfldoo| rswlpdo orfdwlrqv iurp
wkh zhoiduh srlqw ri ylhz1 Vrph frqfoxglqj uhpdunv duh jlyhq lq vhfwlrq 91

5 Wkh prgho

Rxu prgho forvho| iroorzv wkh dvvxpswlrqv ri g*Dvsuhprqw hw do +4<:<, khuh0
diwhu fdoohg wkh uhihuhqfh prgho1 Frqvxphuv duh xqlirupo| glvwulexwhg dorqj
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d olqhdu flw| zlwk ohqjwk 4 dqg ehdu d txdgudwlf wudqvsruwdwlrq frvw1 Wkh
srsxodwlrq ri frqvxphuv lv qrupdol}hg wr rqh zlwkrxw orvv ri jhqhudolw|1 Dv
hpskdvl}hg lq wkh suhfhglqj vhfwlrq/ zh dvvxph wkh h{lvwhqfh ri dq h{rjh0
qrxv glvwulexwlrq ri rxwvlgh rssruwxqlwlhv= ohw sE%� ghqrwh wkh ohyho ri xuedq
dphqlwlhv dw orfdwlrq f � % � �1 Wzr roljrsrolvwlf �upv ghqrwhg � ' �c�
surgxfh d krprjhqrxv jrrg ru vhuylfh dw uhvshfwlyh sulfhv R� zlwk dq lghqwl0
fdo xqlw frvw wkdw lv qrupdol}hg wr f +vwdqgdug,1 Wkh jdph lv sod|hg lq wzr
vwdjhv1 Lq wkh �uvw vwdjh erwk �upv vlpxowdqhrxvo| fkrrvh wkhlu orfdwlrq/
uhvshfwlyho| @ dqg �� K 5 dfc �o zlwk �� K� @ � f zlwkrxw orvv ri jhqhudolw|
+vhh �jxuh 4,1 Wkh odvw vwdjh lv wkh vwdqgdug Ehuwudqg sulfh frpshwlwlrq1
Frqvxphuv ydoxh srvlwlyho| wkh dprxqw ri xuedq dphqlwlhv dydlodeoh lq wkh
ylflqlw| ri hlwkhu vwruhv1 Wkh lqgluhfw xwlolw| ri d frqvxphu orfdwhg dw % lv
jlyhq e|

L�E%� ' �� R� � |E%� @�2 n sE@� +4,

li vkh vkrsv wr D dqg frqvxphv dphqlwlhv sE@�/

L�E%� ' �� R� � |E�� K� %�2 n sE�� K� +5,

li vkh vkrsv wr E dqg frqvxphv dphqlwlhv sE�� K�1 Wkh uhvhuydwlrq sulfh �
lv odujh hqrxjk wr hqvxuh wkdw hyhu| frqvxphu lv vhuyhg lq dq| htxloleulxp
+vwdqgdug,1 Wkh frqvxphu zkr lv lqgl�huhqw ehwzhhq �up D dqg �up E
uhvlghv dw e% vxfk wkdw

e% '
R� � R�

2|E�� K� @�
n

�� Kn @

2
�

sE�� K�� sE@�

2|E�� K� @�
+6,

diwhu htxdoolqj +4, wr +5,1 Zh fdq wkhq zulwh wkh ghpdqg iru wkh surgxfw
vrog e| �up � +� ' �c�, dv iroorzv=

(�ER�c R�( @c K� '

;AA?
AA=

e% li f 	 e% 	 �c @ 9' �� K
f li e% � fc @ 9' �� K
� li e% � �c @ 9' �� K
�

2
li @ ' �� K

+7,

(�ER�c R�( @c K� ' ��(�ER�c R�( @c K� +8,

Qh{w/ uhvshfwlyh sur�wv duh dv iroorzv=

��ER�c R�( @c K� ' R�(�ER�c R�( @c K� � ' �c� +9,
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Vxssrvh iru wkh prphqw wkdw hdfk �up h{shfwv wkdw lw zloo idfh d srvlwlyh
ghpdqg dw glvshuvhg orfdwlrqv1 Wkhq/ iru �{hg orfdwlrqv/ ohw ��ER�� ghqrwh
wkh ehvw uhvsrqvh ri �up � wr d sulfh R� vhw e| lwv ulydo1 Iluvw0rughu frqglwlrqv
iru sur�w pd{lpl}dwlrq ohdg wr wkh iroorzlqj v|vwhp ri htxdwlrqv zklfk pxvw
suhydlo lq dq| htxloleulxp ri wkh orfdwlrq0wkhq0sulfh jdph=

��ER�� '
R�
2

n
sE@�� sE�� K� n |E�� Kn @�E�� K� @�

2
+:,

��ER�� '
R�
2

n
sE�� K�� sE@� n |E� n K� @�E�� K� @�

2
+;,

Lq vwdun rssrvlwlrq wr wkh uhihuhqfh prgho/ iru vrph ydoxhv ri | uhodwlyho|
wr sE� � K� � sE@�/ wkhvh sulfh ixqfwlrqv duh qrw ydolg vlqfh wkh| lpso| d
}hur0ghpdqg iru wkh prvw ghfhqwudol}hg �up/ hyhq li wkh odwwhu �up sulfhv dw
pdujlqdo frvw18

Lq wkh uhvw ri wkh sdshu/ zh zloo dvvxph wkdw wkh dphqlw| glvwulexwlrq
lv vxffhvvlyho| olqhdu/ xszdug vorslqj rq dfc �o +vhfwlrq 6,/ dqg wuldqjxodu
v|pphwulf derxw wkh plgsrlqw +vhfwlrq 7,1 Dffruglqjo|/ lq hdfk vhw0xs/ wkh
prgho lv vroyhg lq vhyhudo vwdjhv/ hdfk ri wkhp fruuhvsrqglqj wr d fhuwdlq
udqjh ri wkh vorsh ri wkh dphqlw| glvwulexwlrq uhodwlyh wr wkh wudqvsruwdwlrq
frvw sdudphwhu1 L uhwdlq wkhvh wzr glvwulexwlrqv ehfdxvh wkh| hdvlo| fdswxuh
wkh lghd ri dphqlw| frqfhqwudwlrq derxw rqh srlqw19 Doo wkh pdwkhpdwlfdo
ghyhorsphqwv duh uhohjdwhg wr wkh dsshqgl{ ri Edxghz|qv +5333,/ vhfwlrq 431

6 Dv|pphwulf wuldqjxodu glvwulexwlrq ri dphql0

wlhv

Ohw xv �uvw frqvlghu d wuldqjxodu dphqlw| glvwulexwlrq kdylqj lwv pd{lpxp
dw wkh hdvw hqg ri wkh flw| +vhh �jxuh 4,=

sE%� ' E��
k

2
� n k% ;% 5 dfc �o c f 	 k 	 2 +<,

8Iru h{dpsoh/ lpdjlqh i+4 � e, � i+d, vr odujh wkdw e{ ? 3 hyhq li �up D lv forvh wr
E dqg sulfhv dw pdujlqdo frvw1 Qrwlfh e| wkh zd| lq wklv h{dpsoh wkdw/ iru d @ 4 � e/
zh kdyh GD @ 4

5
/ l1h1/ ghpdqg ixqfwlrqv wkdw duh qrw frqwlqxrxv dw d @ 4 � e1 \hw/ wkh

orfdwlrq0wkhq0sulfh jdph uhpdlqv zhoo0ehkdyhg/ dv zh pdnh fohdu lq wkh qh{w vhfwlrqv1
9Iru qrq0olqhdu glvwulexwlrqv ri dphqlwlhv/ wkh orfdwlrq jdph ehfrphv pruh lqwulfdwh

+ru hyhq qrw wudfwdeoh, exw zh wklqn wkdw wkh pdlq frqfoxvlrqv zrxog uhpdlq xqfkdqjhg1
\hw/ qrwlfh wkdw wkh sulfh jdph lv vroyhg lq wkh dsshqgl{ iru dq| dphqlw| glvwulexwlrq wkdw
lv frqwlqxrxv dqg v|pphwulf1
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f(x)

ba0

1-α/2

1+α/2

x1

Iljxuh 4= Dv|pphwulf wuldqjxodu glvwulexwlrq ri xuedq dphqlwlhv

vr wkdw sE%� : f iru dq| % 5 dfc �o dqg wkh wrwdo fxpxodwlyh glvwulexwlrq ri
dphqlwlhv lv qrupdol}hg wr 41: Rqh fdq wklqn ri d sruw flw| zkhuh wkh dprxqw
ri rxwvlgh rssruwxqlwlhv lv pd{lpxp dw wkh hdvw hqg/ qhdu wkh sruw1 Xvlqj
+<, dqg vxevwlwxwlqj iru sE@� dqg sE�� K� lqwr +6,/ rqh rewdlqv wkh iroorzlqj
h{suhvvlrq=

e% '
R� � R�

2|E�� K� @�
n

�� Kn @

2
�

k

2|
+43,

Wkh kljkhu wkh vorsh ri wkh dphqlw| glvwulexwlrq +k,/ wkh kljkhu wkh ghpdqg
wr �up E/ ehfdxvh lw ehqh�wv iurp d ehwwhu orfdo hqylurqphqw lq whupv ri
xuedq dphqlwlhv1 Iru h{srvlwlrqdo sxusrvhv/ ohw xv lqwurgxfh vrph gh�qlwlrqv=
e| dqdorj| zlwk Frpehv dqg Olqqhphu +5333,/ E zloo eh fdoohg wkh grplqdqw
�up ehfdxvh lw ehqh�wv iurp pruh ghpdqg h{whuqdolwlhv1 Zh zloo dovr vd|
wkdw dq htxloleulxp lv ixoo| glvshuvhg li hdfk �up orfdwhv dw rqh gl�huhqw
hqg ri wkh olqh1 Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv doo wkh sxuh0vwudwhj|
vxejdph shuihfw htxloleuld +VSH, ri wkh orfdwlrq0wkhq0sulfh jdph=

Sursrvlwlrq 4 Li wkh glvwulexwlrq ri dphqlwlhv lv olqhdu/ vwulfwo| lqfuhdvlqj
lq % rq dfc �o wkhq/ iru dq| |

k
/ wkhuh h{lvwv d xqltxh VSH lq zklfk wkh grplqdqw

�up orfdwhv dw wkh hdvw hqg ri wkh flw|= KW ' f1 Pruhryhu/

:Wklv qrupdol}dwlrq lv vwurqjhu wkdq qhfhvvdu| exw lw doorzv xv wr frpsduh uhvxowv lq
wklv vhfwlrq wr wkh uhvxowv ri wkh v|pphwulf wuldqjxodu vhw0xs +qh{w vhfwlrq,1

:



+l, li |

k
� �

e
wkhq �up D dovr orfdwhv lwvhoi dw wkh hdvw hqg ri wkh olqh= @W ' �

+ixoo djjorphudwlrq,1 Htxloleulxp sulfhv dqg ghpdqgv duh dv iroorzv=
RW
�
' RW

�
' f/ (W

�
' (W

�
' �

2
1

+ll, li �

e
	 |

k
	 � wkhq wkh htxloleulxp lv sduwldoo| glvshuvhg= f 	 @W '

k

�|
� �

�
	 �1 Dv |

k
$ �

e
/ dowkrxjk �up D jhwv forvhu wr �up E/ lw dwwudfwv

ohvv dqg ohvv frqvxphuv= (W

�
$ f1

+lll, li |

k
� � wkhq �up D orfdwhv dw wkh zhvw hqg ri wkh flw|= @W ' f +ixoo

glvshuvlrq,1

Surri1 Lq Edxghz|qv +5333,/ dsshqgl{/ vhfwlrqv ; dqg <1

Wkh grplqdqw �up suhihuv wr orfdwh dw wkh uljkw hqg ri wkh olqh lq rughu wr
ehqh�w iurp wkh ehvw orfdo hqylurqphqw zkloh �up D*v orfdwlrq ghshqgv fux0
fldoo| rq wkh ydoxh ri wkh uhodwlyh wudqvsruwdwlrq frvw +|*k,1 Txlwh lqwxlwlyho|/
dv frpsduhg zlwk wkh uhihuhqfh prgho/ dvvxplqj wkh h{lvwhqfh ri vrph vwurqj
dphqlw| dgydqwdjh dw wkh uljkw hqg vlpso| uhlqirufhv wkh ghvluh ri �up E wr
orfdwh dw wkdw orfdwlrq1 Wkdw lv/ wkh vxp ri wkh ghpdqg h{whuqdolw| h�hfw
dqg wkh vwdqgdug sulfh frpshwlwlrq +vwudwhjlf, h�hfw grplqdwhv wkh vwdqgdug
pdunhw duhd h�hfw �zklfk glfwdwhv �upv wr orfdwh durxqg wkh plgsrlqw1;

Wkh grplqdqw �up kdv d kljkhu pdunxs ryhu pdujlqdo frvw h{fhsw lq wkh
ixoo djjorphudwlrq vlwxdwlrq dffruglqj wr zklfk erwk �upv sulfh dw pdujlqdo
frvw1 Wkh lqwxlwlyh h{sodqdwlrq ri uhvxow +l, lv wkdw frqvxphuv kljko| ydoxh
dphqlwlhv lq hdvwhuq duhdv wr vxfk dq h{whqw wkdw doo wkh uhvlghqwv vlwxdwhg lq
wkh klqwhuodqg ri D suhihu wr ylvlw �up E1 Wkdw lv wuxh hyhq li D orfdwhv lwvhoi
lq d qhljkerukrrg forvh wr E +vwloo rq wkh ohiw ri E, dqg uhgxfhv lwv sulfh wr

;Zh phdq e| �vwdqgdug� wkrvh h�hfwv lq wkh uhihuhqfh prgho1 Iru h{dpsoh/ wkh dphqlw|
h�hfw�wkurxjk wkh udwlr �@w�uhlqirufhv ru zhdnhqv wkh pdunhw duhd h�hfw lq wkh vhw0xs
deryh1 Diwhu vroylqj iru sulfh frpshwlwlrq/ wklv h�hfw lv jlyhq e|=

�GD
�d @

6�8d�e
9+4�e�d, .

�@w
9+4�e�d,

Wkh �uvw iudfwlrq lv wkh +vwdqgdug, pdunhw duhd h�hfw lq wkh uhihuhqfh prgho1 Iru d ? 4
5 /

�up D lv lqflwhg wr pryh wrzdug wkh jhrphwulf fhqwhu +{ @ 4
5, lq rughu wr lqfuhdvh lwv

pdunhw vkduh1 Iru d A 4
5 +vwloo d ? 4 � e,/ wkhvh wzr h�hfwv duh frq lfwlqj= rq rqh

kdqg/ �up D zdqwv wr pryh zhvwzdugv wr eh forvhu wr wkh fhqwhu ri wkh glvwulexwlrq ri
krxvhkrogv> rq wkh rwkhu kdqg/ wkh orzhu lv w@�/ wkh kljkhu lv wkh sursruwlrq ri krxvhkrogv
ehlqj dwwudfwhg e| hdvwhuq duhdv zkhuh wkh ohyho ri dphqlwlhv lv kljkhu1

;



xqlw frvw1< Vlqfh dq| �up fdq jxdudqwhh lwvhoi kdoi ri wkh pdunhw e| orfdwlqj
dw wkh hdvw hqg ri wkh flw|/ wklv orfdwlrq lv wkh rqo| rqh vxuylylqj lwhudwhg
zhdn grplqdqfh +LZG,1 Zh zloo h{whqvlyho| frpphqw rq wkh srvvlelolw| ri
ixoo djjorphudwlrq lq vxevhfwlrq 714 ehorz1 Dv |

k
ulvhv/ �up D edodqfhv wkh

dgydqwdjhv ri vsdwldo lvrodwlrq dqg wkrvh ri ehlqj forvhu wr wkh hdvw hqg e|
fkrrvlqj dq lqwhuphgldwh orfdwlrq ^uhvxow +ll,`1 Ilqdoo|/ zkhqhyhu wkh glv0
wulexwlrq ri xuedq dphqlwlhv lv uhodwlyho|  dw +orz k*|,/ sulfh frpshwlwlrq
ehfrphv wkh vwurqjhvw irufh/ dv lq wkh qr0dphqlw| prgho ^uhvxow +lll,`1

7 V|pphwulf wuldqjxodu glvwulexwlrq ri dphql0

wlhv

Dv hpskdvl}hg lq wkh �uvw vhfwlrq/ iru Hxurshdq flwlhv/ lw lv pruh qdwxudo wr
k|srwkhvl}h wkdw wkh dprxqw ri xuedq dphqlwlhv lv pd{lpxp dw wkh fhqwhu
ri wkh jhrjudsklf vsdfh1 Wkhuhiruh/ vxssrvh wkdw wkh glvwulexwlrq ri xuedq
dphqlwlhv lv wuldqjxodu/ v|pphwulf derxw wkh plgsrlqw=

sE%� ' E� n
k

e
� n k

����%�
�

2

���� +44,

zkhuh f 	 k 	 e/ vr wkdw sE%� : f dw dq| orfdwlrq dqg wkh wrwdo fxpxodwlyh
glvwulexwlrq ri dphqlwlhv lv qrupdol}hg wr 41 Ohw xv wkhq glvwlqjxlvk wzr
srvvleoh vlwxdwlrqv1 Iluvw/ dvvxph wkdw hdfk �up orfdwhv rq hlwkhu vlgh ri wkh
flw| +@ dqg K � �

2
, 1 Wkhq/ wkh pdujlqdo frqvxphu uhvlghv dw wkh iroorzlqj

orfdwlrq=

e% '
R� � R�

2|E�� K� @�
n

�� Kn @

2
�

kEK� @�

2|E�� K� @�
+45,

diwhu vxevwlwxwlqj +44, lqwr +6, dqg xvlqj sE� � K� ' sEK� iurp v|pphwu|1
Vhfrqg/ lpdjlqh wkdw rqh �up�h1j1/ �up E�lv vlwxdwhg ehwzhhq lwv ulydo
dqg wkh flw| fhqwhu= @ 	 �� K � �

2
1 Wkhq/ soxjjlqj wkh dprxqwv ri dphqlwlhv

dw uhvshfwlyh orfdwlrqv lqwr +6,/ zh rewdlq h{dfwo| wkh vdph h{suhvvlrq dv
lq +43,143 Lw iroorzv lpphgldwho| wkdw wkh h{suhvvlrqv ri sur�w ixqfwlrqv

<Wkh lghd lv dovr wkdw E fdqqrw frpplw lwvhoi wr vhw d vx!flhqwo| kljk sulfh wkdw zrxog
doorz D wr dwwudfw vrph frqvxphu+v,1

43Lqghhg/ wkh dprxqw ri dphqlwlhv dw hdfk orfdwlrq lv +4��

7
,.�d dqg +4��

7
,.�+4�e,

uhvshfwlyho|1 Dv frpsduhg zlwk wkh suhfhglqj vhfwlrq/ iru d ? 4 � e � 4

5
/ wkh fkdqjh lq

wkh lqwhufhsw ri wkh dphqlw| glvwulexwlrq�iurp +4��@5, wr +4��@7,�kdv qr lpsdfw rq
wkh ghwhuplqdwlrq ri wkh pdujlqdo frqvxphu*v orfdwlrq1

<



duh h{dfwo| lghqwlfdo wr wkrvh fdofxodwhg lq vhfwlrq 61 Dv frpsduhg zlwk
sursrvlwlrq 4/ wkh rqo| fkdqjh lv wkh wkuhvkrog ydoxh ri |

k
xqghu zklfk e% ' f

+vhh wkh qh{w vxevhfwlrq,1 Wkhuhiruh/

Uhvxow 41 Iru �up E/ wkh plgsrlqw grplqdwhv dq| orfdwlrq lq wkh �uvw kdoi
ri wkh olqh1

Pruh lqwxlwlyho|/ wkh qdwxuh ri vsdwldo frpshwlwlrq rq wkh ohiw vlgh ri wkh
flw| lv wkh vdph dv wkh rqh ghslfwhg lq �jxuh 41 Frqvhtxhqwo|/ lw uhpdlqv wr
vroyh wkh prgho iru dq| @ dqg K 5

�
fc �

2

�
1 Revhuyh lq +45, wkdw/ iru d �{hg

wudqvsruwdwlrq frvw/ wkh kljkhu wkh vorsh ri wkh dphqlw| glvwulexwlrq/ wkh
kljkhu wkh sursruwlrq ri frqvxphuv sdwurql}lqj wkh prvw fhqwudol}hg �up1
Ehfdxvh wkh dqdo|vlv lv pruh lqwulfdwh frpsduhg wr sursrvlwlrq 4/ zh zloo
vsolw wkh suhvhqwdwlrq ri wkh uhvxowv lqwr wkuhh vxevhfwlrqv= lq wkh iroorzlqj
vxevhfwlrq/ zh frqvlghu yhu| orz ydoxhv ri |*k> vxevhfwlrq 715 uhylvlwv wkh
sulqflsoh ri pd{lpxp gl�huhqwldwlrq dqg/ �qdoo|/ vxevhfwlrq 716 frpsohwhv
wkh vroxwlrq ri wkh prgho e| frqvlghulqj doo wkh uhpdlqlqj lqwhuphgldwh ydoxhv
ri |*k iru zklfk erwk dv|pphwulf dqg v|pphwulf htxloleuld hphujh1

714 Kljko|0fhqwudol}hg xuedq dphqlwlhv= uhvwrulqj wkh

sulqflsoh ri plqlpxp gl�huhqwldwlrq

Ohw xv frqvlghu d flw| fkdudfwhul}hg e| d kljk frqfhqwudwlrq ri xuedq dphql0
wlhv lq fhqwudo duhdv dqg d orz wudqvsruwdwlrq frvw sdudphwhu/ l1h1 d flw| zlwk
d orz |*k1 Iru |

k
� �

�
/ ohppd 6 lq wkh dsshqgl{ ri Edxghz|qv +5333, vkrzv

wkdw li �up D lv ghfhqwudol}hg zkloh lwv frpshwlwru lv dw wkh flw| fhqwhu/ wkhq
wkh iruphu jhwv qr ghpdqg iru lwv surgxfw lq dq| htxloleulxp ri wkh odvw vwdjh1
Wkh h{sodqdwlrq lv vlplodu wr wkh rqh jlyhq lq vhfwlrq 6= wkh uhodwlyh wudqv0
sruwdwlrq frvw lv vr zhdn wkdw doo wkh uhvlghqwv lq wkh klqwhuodqg ri D ylvlw
�up E/ zklfk lv dw wkh pdlq xuedq vlwh1 Wkdw lv wuxh hyhq li �up D orfdwhv
lwvhoi lq d xuedq qhljkerukrrg forvh wr wkh fhqwhu +vwloo @ 	 �

2
, dqg uhgxfhv

lwv sulfh wr xqlw frvw1 Iru |

k
� �

�
/ zh dovr vkrz lq wkh dsshqgl{ +Edxghz|qv/

5333, wkdw dq| �up wkdw lv forvhu wr wkh fhqwhu lv lqflwhg wr uhorfdwh h{dfwo|
dw �

2
lq rughu wr ehqh�w iurp wkh ehvw orfdo hqylurqphqw1 Khqfh/

Sursrvlwlrq 5 Iru d v|pphwulf wuldqjxodu glvwulexwlrq ri dphqlwlhv dqg
d yhu| orz uhodwlyh wudqvsruwdwlrq frvw/ wkh xqltxh VSH +vxuylylqj LZG,

43



h{klelwv d plqlpxp gl�huhqwldwlrq ri orfdwlrqv zlwk erwk �upv sulflqj dw
pdujlqdo frvw=

|

k
�

�

�
, @W ' KW '

�

2
dqg RW

�
' RW

�
' f

Surri1 Lq Edxghz|qv +5333,/ dsshqgl{/ vxevhfwlrqv 4314 dqg 43151

Lq rwkhu zrugv/ wkhuh h{lvwv d xqltxh htxloleulxp lq zklfk plqlpxp gli0
ihuhqwldwlrq rffxuv zlwk wkh Ehuwudqg uhvxow1 Lq uhdo0zruog flwlhv/ surgxfwv
duh voljkwo| gl�huhqwldwhg dqg d �up olnh D h{shfwv d vpdoo srvlwlyh pdunxs
e| fkrrvlqj wkh fhqwudo orfdwlrq1 Iru kljko|0fhqwudol}hg dphqlwlhv/ wkh nh| ri
wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq lv qrw d prghudwlrq ri sulfh frpshwl0
wlrq1 Lw lv wkh ghvluh ri frqvxphuv wr kdyh dffhvv wr wkh ehvw orfdo hqylurqphqw
lq wkh pdlq flw| fhqwhu wr vxfk dq h{whqw wkdw qr frqvxphu zrxog sdwurql}h
d qrq0fhqwudoo| orfdwhg gxrsrolvw +jlyhq wkdw lwv ulydo kdv fkrvhq wkh flw|
fhqwhu,1

Iru h{dpsoh/ lq prvw Hxurshdq flwlhv PfGrqdog*v lv vkdulqj wkh idvw
irrg uhvwdxudqwv pdunhw zlwk dqrwkhu frpshwlwru +h1j1 Txlfn lq Ehojlxp
dqg Iudqfh, vlwxdwhg lq jhqhudo qh{w grru144 Surgxfwv duh doprvw krpr0
jhqhrxv/ sulfh frpshwlwlrq lv wrxjk dqg/ jhqhudoo|/ erwk �upv fkrrvh wkh
vdph orfdwlrq1 Lq plggoh0vl}hg Ehojldq flwlhv/ wkh orfdwlrqdo fkrlfhv ri wkh
gxrsro| lqyroyhv wzr frpshwlqj xqlwv lq wkh vdph fhqwudo qhljkerukrrg +h1j1/
Euxjhv/ Fkduohurl/ Qdpxu,1 Wklv lv dovr wkh fdvh lq fhqwudo duhdv ri Sdulv=
iru h{dpsoh dw ohv Kdoohv ru dw Mduglqv gh Ox{hperxuj2Sdqwkìrq/ PfGrq0
dog*v lv wkh qh{w0grru qhljkeru ri Txlfn1 Lq Euxvvhov/ erwk �upv duh h{dfwo|
dw wkh hqg ri Fkdxvvìh g*L{hoohv zklfk fdq eh ylhzhg dv dq h{dpsoh ri wkh
vr0fdoohg Krwhoolqj pdlq0vwuhhw1 Djdlq/ zh dujxh wkdw wkh uhdvrq iru wklv sdw0
whuq ri orfdwlrqv lv qrw d prghudwlrq ri sulfh frpshwlwlrq wkurxjk surgxfw
gl�huhqwldwlrq�zklfk lv yhu| orz lq wkdw lqgxvwu|1 Lw lv lqvwhdg wkh dwwudfwlyh
irufh h{huflvhg e| wkh frqfhqwudwlrq lq fhqwudo orfdwlrqv/ ri pdq| rwkhu hfr0
qrplf/ vrfldo dqg fxowxudo rxwvlgh dowhuqdwlyhv�zkdw zh kdyh fdoohg xuedq
dphqlwlhv145

44Wklv zdv wkh sdwwhuq ri orfdwlrq lq Ehojlxp gxulqj wkh h{sdqvlrq vwdjh ri wkh kdp0
exujhu uhvwdxudqwv vhfwru ehwzhhq 4<:: dqg 4<;6 +vhh Yodvvhqeurhfn +4<<8, iru d ghwdlohg
hpslulfdo dqdo|vlv,1 Lq 4<;6/ iurp wkh 67 xqlwv�Txlfn ru PfGrqdog*v�h{lvwlqj lq wklv
frxqwu|/ 56 zhuh dw wkh pdlq fhqwudo frpphufldo vlwh1

45Iru h{dpsoh/ lq wkh qhljkerukrrg ri wkh sdun Mduglqv gh Ox{hperxuj/ wkhuh lv d foxvwhu
ri prylh wkhdwhuv dqg rwkhu klvwrulfdo dphqlwlhv vxfk dv pxvhxpv dqg rog exloglqjv1

44



715 Uhodwlyho|0 dw glvwulexwlrq ri dphqlwlhv= uhylvlwlqj

wkh sulqflsoh ri pd{lpxp gl�huhqwldwlrq

Frqvlghu qrz d flw| lq zklfk wkh wudqvsruwdwlrq frvw lv kljk uhodwlyho| wr wkh
frqfhqwudwlrq ri xuedq dphqlwlhv +orz k*|,1 Lq vxfk d fdvh/ fhqwudo orfdwlrqv
duh pxfk ohvv dwwudfwlyh dqg zh fdq h{shfw d kljk gl�huhqwldwlrq ri orfdwlrqv1
Lq sduwlfxodu/ uhfdoo wkdw dv k $ f rxu vhw0xs whqgv wr wkh uhihuhqfh prgho
ri g*Dvsuhprqw hw do +4<:<,1 Frqvhtxhqwo|/ wkhuh vkrxog h{lvw d wkuhvkrog
ydoxh ri |*k deryh zklfk erwk �upv gl�huhqwldwh pd{lpdoo| wkhlu orfdwlrqv1
Wklv lv irupdoo| hvwdeolvkhg lq wkh iroorzlqj uhvxow1

Sursrvlwlrq 6 Li wkh v|pphwulf wuldqjxodu glvwulexwlrq ri xuedq dphqlwlhv
lv  dw uhodwlyho| wr wkh wudqvsruwdwlrq frvw/ wkhq wkh xqltxh VSH h{klelwv d
kljk +ru hyhq d pd{lpxp, gl�huhqwldwlrq ri orfdwlrqv=

+l, |

k
� 2 , @W ' KW ' f

+ll, e

�
	 |

k
	 2 , f 	 @W ' KW 	 �

H
' f��2D

Surri1 Lq Edxghz|qv +5333,/ dsshqgl{/ vxevhfwlrqv 4316/ 4317 dqg 4318/
dqg ohppd 91

Lq uhvxow +l,/ zkhq wkh lpsdfw ri dphqlwlhv lv yhu| zhdn wkhq sulfh frp0
shwlwlrq lv wkh vwurqjhvw irufh/ dv lq wkh qr0dphqlw| fdvh1 Xqghu surgxfw
krprjhqhlw|/ erwk �upv orfdwh dv idu iurp hdfk rwkhu dv srvvleoh lq rughu wr
vriwhq sulfh frpshwlwlrq1 Grlqj vr/ rxu gxrsrolvwv htxdoo| vkduh wkh pdunhw
dqg ehqh�w iurp wkh prqrsro| srzhu uhvxowlqj iurp vsdwldo lvrodwlrq1 Wklv
h�hfw grplqdwhv wkh vxp ri wkh vwdqgdug pdunhw duhd h�hfw�zklfk whoov
�upv wr orfdwh qhdu wkh fhqwhu ri wkh glvwulexwlrq ri frqvxphuv�dqg wkh
vsdwldo ghpdqg h{whuqdolwlhv h�hfw dulvlqj iurp wkh h{lvwhqfh ri xuedq dphql0
wlhv1 Lq uhvxow +l,/ wkh htxloleulxp ohyhov ri sulfh dqg sur�w duh h{dfwo| wkh
vdph dv lq wkh uhihuhqfh prgho +vhh Edxghz|qv +5333,/ dsshqgl{/ vxevhfwlrq
4316,1 Lq htxloleulxp +ll,/ wkh gl�huhqwldwlrq lv qrw pd{lpxp vlqfh hdfk �up
wdflwo| fkrrvhv dq lqvlgh +v|pphwulf, vxexuedq orfdwlrq/ qrw wrr idu iurp
wkh hqgsrlqwv�l1h1/ lq wkh �uvw dqg vhyhqwk hljkwkv ri wkh olqh uhvshfwlyho|146

Sulfh frpshwlwlrq lv vwloo �hufh exw �upv fkrrvh wr ehqh�w iurp vrph xuedq
dphqlwlhv qhdu uhvshfwlyh erughuv1

46Lqwhuhvwlqjo| hqrxjk/ orrnlqj dw v|pphwulf htxloleuld/ Qhyhq +4<;9, rewdlqv wkh vdph
sdwwhuq ri orfdwlrqv e| frqvlghulqj frqfdyh glvwulexwlrqv ri frqvxphuv +qrw wrr pxfk
gl�huhqw iurp wkh xqlirup ghqvlw|, lq wkh qr0dphqlw| uhihuhqfh prgho1
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716 Lqwhuphgldwh ydoxhv ri |*k = dv|pphwulf �eor�r
v|pphwulf gl�huhqwldwlrq

Lq zkdw iroorzv/ zh vkrz wkdw iru lqwhuphgldwh ydoxhv ri wkh uhodwlyh wudqv0
sruwdwlrq frvw +�

�
	 |*k � e

�
,/ �upv pruh ru ohvv gl�huhqwldwh wkhlu orfdwlrqv/

srvvleo| lq dq dv|pphwulf zd|1 Zh fdoo lqwhulru ru lqvlgh orfdwlrq dq| orfd0
wlrq rxwvlgh wkh erughuv dqg rxwvlgh wkh flw| fhqwhu dv zhoo +h1j1 f 	 @ 	 �

2
,1

Vroylqj wkh odvw fdvh uhtxluhv wkdw zh frqvlghu 6 w|shv ri fdqglgdwhv iru dq
htxloleulxp=

+4, lqvlgh v|pphwulf vroxwlrqv ri wkh v|vwhp ri �uvw0rughu frqglwlrqv Ef 	
@ ' K 	 �

2
�

+5, dv|pphwulf sdwwhuq ri orfdwlrqv zlwk rqh �up dw wkh plgsrlqw zkhuhdv
lwv ulydo orfdwhv dw d pruh vxexuedq vlwh +srvvleo| dw rqh hqg,

+6, dv|pphwulf fdqglgdwhv zlwk rqh �up wkdw lv erxqg e| rqh hqg ri wkh
olqh +@ ' f ru K ' f,1

Dq| dv|pphwulf htxloleulxp qhfhvvdulo| frh{lvwv zlwk lwv �v|pphwulf�
wkdw rqh vlpso| rewdlqv e| lqwhufkdqjlqj @ dqg K/ dqg h{fkdqjlqj D zlwk
E1 Iru h{srvlwlrqdo sxusrvh/ zh rqo| suhvhqw dv|pphwulf htxloleuld lq zklfk
E lv wkh grplqdqw �up dqg zh surfhhg zlwk wkh vhulhv ri wzr sursrvlwlrqv
ehorz1

Sursrvlwlrq 7 Iru ��f�D 	 |

k
	 e

�
/ erwk v|pphwulf dqg dv|pphwulf VSH

frh{lvw = lq wkh odwwhu w|sh ri htxloleulxp/ rqh �up orfdwhv dw rqh hqg ri wkh
olqhdu flw| +@W ' f, zkloh lwv ulydo/ hlwkhu orfdwhv dw wkh fhqwhu +KW ' �

2
,/ ru

ghsduwv iurp wkh fhqwhu dv wkh uhodwlyh wudqvsruwdwlrq frvw ulvhv + |
k
: ���bHe,1

Surri1 lq Edxghz|qv +5333,/ dsshqgl{/ ohppd 8 dqg ohppd : +vxevhfwlrq
4318, dqg vxevhfwlrq 431:1

Hdfk uhwdlohu zrxog olnh wr eh wkh fhqwudol}hg +grplqdqw, �up lq dq dv|p0
phwulf vlwxdwlrq lq rughu wr ehqh�w iurp wkh ehvw orfdo hqylurqphqw147 Eh0
vlghv/ xvlqj d �wuhpeolqj kdqg� dujxphqw rqh fdq uhdvrqdeo| vhohfw dv|p0
phwulf htxloleuld1 Lqghhg/ revhuyh lq �jxuh 5/ wkdw iru dq| vpdoo plvwdnhv

47Irupdoo|/ ohw �V wkh frpprq ydoxh ri wkh sur�w lq dq| v|pphwulf htxloleuld dqg �QV
D

+uhshfwlyho| �QV
E

, �up D*v sur�w +uhvshfwlyho| �up E*v sur�w, lq dv|pphwulf htxloleuld1
Rqh fdq vkrz wkdw= �QV

D
? �

V
? �

QV
E

1
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Iljxuh 5= Ehvw0uhso| ixqfwlrqv lq wkh orfdwlrq jdph E��f�D 	 |*k 	 ���bH�.D�

ru vpdoo ghyldwlrq iurp wkh �{hg srlqw/ wkh pluuru jdph ri ehvw uhvsrqvhv
glyhujhv wr rqh ri wkh d{lv +@ ' f ru K ' f,1 Lq wklv vhqvh/ dv|pphwulf
htxloleuld duh wkh rqo| �orfdoo|0vwdeoh� rxwfrphv ri wkh orfdwlrq jdph1

Wxuqlqj qrz wr wkh odvw fdvh/ dqg uhfdoolqj sursrvlwlrq 5/ rqh h{shfwv/
txlwh lqwxlwlyho|/ d zhdn gl�huhqwldwlrq ri orfdwlrqv iru |

k
forvh wr �

�
= wklv lv

irupdoo| vkrzq lq wkh iroorzlqj uhvxow1

Sursrvlwlrq 8 +Xqltxh dv|pphwulf rxwfrph,1 Iru �

�
	 |

k
� ��f�D/ wkh

xqltxh rxwfrph ri wkh orfdwlrq0wkhq0sulfh jdph lv dq dv|pphwulf gl�huhq0
wldwlrq ri orfdwlrqv= rqh �up lv dw wkh fhqwhu zkhuhdv lwv ulydo lv pruh dqg
pruh ghfhqwudol}hg dv wkh uhodwlyh frvw ri wudqvsruwdwlrq ulvhv1 Iru |

k
� 2

�
/ wkh

odwwhu orfdwhv dw rqh hqg ri wkh olqh= E@Wc KW� ' Efc �
2
�1

Surri1 Lq Edxghz|qv +5333,/ dsshqgl{/ ohppd ; dqg ohppd < +vxevhfwlrq
4319,1

Djdlq/ hdfk �up zrxog olnh wr eh wkh rqh vlwxdwhg dw wkh plgsrlqw zkhuh
wkh vsdwldo glvwulexwlrq ri dphqlwlhv lv pd{lpxp1 Dv frpsduhg zlwk wkh
plqlpxp gl�huhqwldwlrq rxwfrph/ wkh odwwhu sursrvlwlrq vkrzv wkdw rqh �up
lv qrz sxvkhg wrzdug d pruh vxexuedq orfdwlrq zkloh lwv ulydo vwd|v dw wkh
fhqwudo vlwh lq rughu wr ehqh�w iurp wkh ehvw orfdo hqylurqphqw1 Wkh lqwxlwlyh
h{sodqdwlrq iru wkh qrq0h{lvwhqfh ri d v|pphwulf htxloleulxp lv wkh iroorzlqj=
iru dq| jlyhq v|pphwulf orfdwlrq @ ' K 	 �

2
/ hdfk �up lv lqflwhg wr uhorfdwh

h{dfwo| dw wkh plgsrlqw ehfdxvh wkh srvlwlyh dphqlw| h�hfw grplqdwhv wkh orvv

47



uhvxowlqj iurp d �hufhu sulfh frpshwlwlrq1 Dffruglqjo|/ rqo| dq dv|pphwulf
vlwxdwlrq hphujhv dv d vwdeoh rxwfrph1

Wkh lqwxlwlrq lv dovr jlyhq lq �jxuh := zkhqhyhu D pryhv wrzdugv wkh
plgsrlqw lq wkh vhfrqg txduwhu ri wkh olqh +@ : f�2e2S, lwv sur�w �uvw gh0
fuhdvhv zlwk @ ehfdxvh ri dq lqwhqvl�hg sulfh frpshwlwlrq > iru orfdwlrqv yhu|
forvh wr wkh flw| fhqwhu krzhyhu/ wkh dphqlw| h�hfw ehfrphv wkh vwurqjhvw
irufh dqg �up D*v sd|r� frqwlqxrxvo| lqfuhdvhv dv lw pryhv forvhu dqg forvhu
wr wkh plgsrlqw1 Lq rwkhu zrugv/ �up D*v sur�w ixqfwlrq lv qrw txdvlfrqfdyh
dqg ehvw0uhso| ixqfwlrqv h{klelw vrph glvfrqwlqxlwlhv dv looxvwudwhg lq �jxuh
51

|

k
5 V|pphwulf VSH orfdwlrqv Dv|pphwulf VSH orfdwlrqv�

fc �
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�
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�

�
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�
0 Ef 	 k
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	 �

2
c �
2
��

2

�
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�

d��f�Dc ���bHeo f��S. 	 k
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� �
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�
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f 	 k
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� �

e
	 f��2D 0

d2cn4d f 0

Wdeoh 4= doo htxloleulxp orfdwlrqv +v|pphwulf wuldqjxodu dphqlw|
glvwulexwlrq,

Doo wkh sxuh0vwudwhj| htxloleuld lq orfdwlrqv duh suhvhqwhg lq wdeoh 41 Kdy0
lqj vhohfwhg dv|pphwulf htxloleuld/ revhuyh wkdw zh jr iurp d v|pphwulf wr
dq dv|pphwulf sdwwhuq ri orfdwlrqv dv |

k
ghfuhdvhv qhdu e

�
1 Dowkrxjk wkhuh lv

�d mxps� lq wkh vsdwldo ehkdylru ri hdfk �up +iurp 31458 wr 3 dqg iurp 31458
wr 3158 uhvshfwlyho|,/ wkh uhvxowv duh frqwlqxrxv lq whupv ri vsdwldo gl�huhq0
wldwlrq148 Wklv lv looxvwudwhg lq �jxuh 6 zkhuh zh kdyh uhyhuvhg wkh urohv ri
D dqg E1 Lqwxlwlyho|/ dv wkh uhodwlyh wudqvsruwdwlrq frvw ghfuhdvhv/ ghpdqg
h{whuqdolwlhv ehfrph wkh vwurqjhu irufh iru �up D zkloh �up E fkrrvhv wr
nhhs lwv glvwdqfh lq rughu wr vriwhq sulfh frpshwlwlrq1 Qrwh dovr wkdw iru
|

k
� ���bHe/ wkh grplqdqw �up mxpsv iurp f�De2 +' �� f�eDH, wr wkh plg0

srlqw +�up D vwd|lqj dw rqh hqg ri wkh flw|,1 Djdlq/ wklv looxvwudwhv wkh
dwwudfwlyh irufh ri xuedq dphqlwlhv dw wkh flw| fhqwhu1

48Iru dq| w

�
) 7

6
zh kdyh d� @ e� 1 3=458/ zkhuhdv iru w

�
1 7

6
= d� @ 3> e� ) 3=581
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f(x)

BA
0

1- α/4

x11/21/4

t/α ↓

Iljxuh 6= Dv|pphwulf yv1 v|pphwulf htxloleuld

Iurp wdeoh 4/ rqh fdq dovr vxppdul}h doo wkh uhvxowv ri wkh v|pphwulf
vhw0xs dv iroorzv1 Dv |*k ghfuhdvhv/ zh jr iurp d v|pphwulf wr dq dv|p0
phwulf kljk gl�huhqwldwlrq ri orfdwlrqv zlwk wkh grplqdqw �up orfdwlqj lq
wkh wklug txduwhu ri wkh flw| zkhuhdv lwv ulydo lv sxvkhg wr wkh rssrvlwh eru0
ghu ri wkh flw|1 Ehorz d fhuwdlq ohyho ri wkh uhodwlyh wudqvsruwdwlrq frvw/ wkh
grplqdqw �up orfdwhv dw wkh plgsrlqw zkloh lwv ulydo vwd|v rq lwv erughu1 Dv
|*k ixuwkhu ghfuhdvhv/ wkh odwwhu �qgv d frpsurplvh ehwzhhq wkh ehqh�wv ri
vsdwldo lvrodwlrq dqg wkh srvlwlyh h�hfwv ri dphqlwlhv e| ghsduwlqj iurp wkh
rxwhuprvw duhd wr orfdwh lqvlgh rqh kdoi ri wkh olqh1 Ilqdoo|/ zkhqhyhu |*k lv
yhu| orz/ lw phhwv wkh grplqdqw �up dw wkh pdlq xuedq fhqwhu zkhuh lw grhv
qrw hduq vxsudqrupdo sur�wv exw lv deoh wr dwwudfw d vxevwdqwldo vkduh ri wkh
pdunhw1

Wkh h{lvwhqfh ri dv|pphwulf htxloleuld lv rqh ri wkh prvw vwulnlqj uhvxowv
ri wklv sdshu vlqfh/ hyhq wkrxjk wkh vhw0xs lv shuihfwo| v|pphwulf/ wkh h{0
lvwhqfh ri fhqwudol}hg dphqlwlhv jhqhudwhv dv|pphwulf �upv* orfdwlrqv dqg
frqvhtxhqwo| fdxvhv lqwud0xuedq lqhtxdolwlhv1 Iru h{dpsoh/ iru |

k
' �

2
c rqh

fdofxodwhv E@Wc KW� ' E�
S
c �
2
� dqg (W

�
* f���c (W

�
* f�Hb1 Lq rwkhu zrugv/ qrw

hyhu|rqh kdv dffhvv wr wkh vdph dprxqw ri xuedq dphqlwlhv1 Lq sduwlfxodu/
frqvxphuv rq wkh uljkw vlgh ri wkh flw|�soxv wkrvh vlwxdwhg ehwzhhq f��� dqg
f�D�zkhq vkrsslqj dw wkh fhqwudol}hg vlwh/ fdq frqvxph lq rqh vlqjoh wuls d
odujh dprxqw ri ghqvho| orfdwhg xuedq dphqlwlhv +h1j1 sxeolf vhuylfhv,1 Wklv
lv reylrxvo| qrw wkh fdvh iru wkh ��I ri wkh srsxodwlrq uhvlglqj lq wkh zhvwhuq
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iulqjh duhd1 Qrwlfh dovr wkh idfw wkdw vrph frqvxphuv lq wkh forvh klqwhuodqg
ri D suhihu wr vkrs wr �up E dw wkh flw| fhqwhu= e% ' f��� 	 @W ' �

S
1

Wklv dovr eulqjv xv wr wkh txhvwlrq ri wkh lpsdfw ri d fkdqjh lq wkh uho0
dwlyh wudqvsruwdwlrq frvw + |

k
, rq vrfldo zhoiduh wkurxjk srvvleoh uhorfdwlrq

ghflvlrqv ri �upv1 Wzr gl�huhqw nlqgv ri sxeolf srolflhv fdq uhvxow lq d
ghfuhdvh ri |

k
= hlwkhu/ wkh flw| sodqqhu ghflghv wr frqfhqwudwh pruh dphql0

wlhv lq fhqwudo duhdv/ ru kh +ru vkh, dlpv wr orzhu shu xqlw wudqvsruwdwlrq
frvwv1 Lw iroorzv wkdw xuedq srolflhv dlplqj wr ghfuhdvh wkh wudqvsruwdwlrq
frvw�dowkrxjk zhoiduh lpsurylqj +vhh wkh qh{w vhfwlrq,�frxog lq idfw/ dv
lq hfrqrplf jhrjudsk|/ lqgxfh pruh vsdwldo lqhtxdolwlhv wkurxjk shuqlflrxv
uhorfdwlrq ri �upv149 Frqvlghu lqghhg wkh �uvw kdoi0vhjphqw dqg d frqvxphu
forvh wr wkh flw| fhqwhu1 Iru |

k
' ���e/ �upv duh v|pphwulfdoo| orfdwhg derxw

wkh fhqwhu= @ ' K � f��2e1 Frqvlghu dovr wkh frqvxphu uhvlglqj dw % ' f��2D1
Fohduo|/ erwk frqvxphuv sdwurql}h �up D1 Qrz/ lpdjlqh wkdw wkh flw| sodq0
qhu ghflghv wr h{sdqg wkh wrwdo fdsdflw| ri wkh xuedq wudqvsruwdwlrq v|vwhp/
vr wkdw wkh uhodwlyh wudqvsruwdwlrq frvw lv uhgxfhg wr |

k
' �1 Wkhq/ lq htxl0

oleulxp/ �up E uhorfdwhv dw wkh flw| fhqwhu zkhuhdv �up D lv sxvkhg wrzdugv
wkh ohiw erughu1 Wkh fhqwudoo|0orfdwhg frqvxphu qrz reylrxvo| sdwurql}hv
�up E zkloh rxu frqvxphu vlwxdwhg dw % ' f��2D ylvlwv wkh rxwhuprvw frp0
phufldo vlwh1 Fohduo|/ wkh iruphu ehqh�wv iurp pruh xuedq olih rssruwxqlwlhv
lqfxuulqj d vpdoohu wudyho frvw zkloh wkh vlwxdwlrq ehfrphv frqyhuvho| zruvh
iru wkh odwwhu1

8 Zhoiduh dqdo|vlv

Lq wkh uhihuhqfh prgho/ wkh fhqwudo sodqqhu fkrrvhv @ ' �

e
dqg �� K ' �

e
dv

vrfldoo| rswlpdo orfdwlrqv1 Wkhvh orfdwlrqv plqlpl}h wkh frqvxphuv* dyhudjh
wudqvsruwdwlrq frvw vlqfh iru lqhodvwlf djjuhjdwh ghpdqgv/ sulflqj ghflvlrqv
gr qrw d�hfw wkh wrwdo zhoiduh14: Ohw xv uhvwulfw rxuvhoyhv wr wkh v|pphwulf
dphqlw| glvwulexwlrq fdvh dqg ohw A ghqrwh wkh vrfldo wudqvsruwdwlrq frvw
lqfxuuhg e| wkh srsxodwlrq ri frqvxphuv dv d zkroh14; Ohw/ dovr/ ` ghqrwh
wkh wrwdo zhoiduh gh�qhg dv wkh vxp ri �upv* sur�wv dqg frqvxphuv vxusoxv1

49Lq d vklsslqj prgho ã od Krwhoolqj/ Frpehv dqg Olqqhphu +5333, dovr rewdlq dv|p0
phwulf uhvxowv zkhq dqdo|}lqj wkh h�hfwv ri d qhz wudqvsruwdwlrq lqiudvwxfwxuh +l1h1 wzr
v|pphwulfdoo|0orfdwhg dlusruwv, rq �upv* orfdwlrqv1
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Diwhu vrph pdqlsxodwlrqv/ dqg e| v|pphwu| ri wkh dphqlw| glvwulexwlrq/ zh
rewdlq=

` ' �n

]
(�

f

sE@� _%n

]
�

(�

sEK� _% � A +46,

Wkh wrwdo zhoiduh lv wkxv vlpso| wkh vxp ri wkh uhvhuydwlrq sulfh dqg wkh wrwdo
ydoxh ri dphqlwlhv frqvxphg dw uhvshfwlyh frpphufldo vlwhv qhw ri wkh vrfldo
wudqvsruwdwlrq frvw1

Zkdw lv wkh lpsdfw ri wkh h{lvwhqfh ri vrph +v|pphwulf, glvwulexwlrq ri
dphqlwlhv rq wkh sdwwhuq ri orfdwlrqv fkrvhq e| d flw| sodqqhu B Lqwxlwlyho|/
wkh orzhu |*k lv/ wkh pruh fhqwudol}hg orfdwlrqv vkrxog eh dv frpsduhg zlwk
wkh diruhphqwlrqhg uhvxowv ri wkh qr0dphqlw| prgho1 Rqh fdq wkxv h{shfw
erwk �upv lq wkh vhfrqg dqg wklug txduwhu ri wkh olqhdu flw|1 Wklv lv iru0
pdoo| hvwdeolvkhg lq wkh iroorzlqj uhvxow/ orrnlqj dw v|pphwulf htxloleuld
+vwdqgdug,4<=

Sursrvlwlrq 9 Dv |*k ghfuhdvhv/ wkh v|pphwulf orfdwlrqv fkrvhq e| d flw|
sodqqhu duh pruh dqg pruh fhqwudol}hg/ lq wkh vhfrqg dqg wklug txduwhu ri wkh
olqh uhvshfwlyho|=

e@ ' eK ' �

2

�

e
	 e@ ' eK ' k

2|
n �

e
	 �

2

iru | � 2k
iru | : 2k

Surri1 Lq Edxghz|qv +5333,/ dsshqgl{/ vxevhfwlrq 431;1

Iru h{dpsoh/ iru | ' 2k/ wkh vrfldoo|0rswlpdo rxwfrph vkrxog eh erwk
�upv dw wkh fhqwhu zkhuhdv/ lq d odlvvh}0idluh zruog/ �upv pd{lpdoo| gli0
ihuhqwldwh wkhlu orfdwlrqv +uhfdoo sursrvlwlrq 6,1 Iru/ ��f�D 	 |

k
� 2/ rqh

revhuyhv lq wdeoh 4 wkdw orfdwlrqv gl�huhqwldwlrq lv f�2D 	 � � @W � KW 	 f�D
zkhuhdv djdlq/ iurp wkh zhoiduh srlqw ri ylhz/ lw vkrxog eh erwk �upv dw wkh
plgsrlqw1 Wr vxp xs/

Fruroodu| 4 Iru | : k

�
/ dq| pdunhw rxwfrph/ v|pphwulf ru dv|pphwulf/

h{klelwv dq h{fhvvlyh gl�huhqwldwlrq ri orfdwlrqv1

4<Rqh fdq lpdjlqh wkdw �upv duh irufhg wr sulfh dw pdujlqdo frvw1 Dowhuqdwlyho|/ rqh

fdq dovr vxssrvh wkdw wkh vrfldo sodqqhu lv frqfhuqhg zlwk htxlw|= wkh srsxodwlrq uhvlglqj

lq wkh �uvw kdoi0vhjphqw dqg wkh srsxodwlrq lq wkh vhfrqg kdoi vkrxog jhw erwk wkh vdph

qhw frqvxphu vxusoxv1

4;



Rq wkh rwkhu kdqg/ uhfdoolqj sursrvlwlrq 5/ zh jhw wkh txlwh lqwxlwlyh
iroorzlqj uhvxow=

Fruroodu| 5 Li xuedq dphqlwlhv duh uhodwlyho| kljko|0fhqwudol}hg +l1h1/ k

�
: |,

wkhq wkh qrq0frrshudwlyh ghflvlrqv ri �upv wr orfdwh wrjhwkhu dw wkh
plgsrlqw lv vrfldoo| rswlpdo1

9 Frqfoxvlrq

Lq wklv sdshu/ zh kdyh vkrzq wkdw wkh �upv* whqghqf| wr gl�huhqwldwh wkhlu
orfdwlrqv ghshqgv vwurqjo| rq wkh xuedq vwuxfwxuh lq zklfk wkh| zloo rshudwh1
Lq idfw/ xuedq hfrqrplvwv vkrxog qrw hqxqfldwh dq| sulqflsoh ri pd{lpxp +ru
plqlpxp, gl�huhqwldwlrq1 Lq uhdo0zruog flwlhv/ doo zloo ghshqg rq wkh h{lvwlqj
vsdwldo djjorphudwlrq ri ydulrxv hfrqrplf/ fxowxudo dqg vrfldo rssruwxqlwlhv1

Lq sduwlfxodu/ iru d kljko|0frqfhqwudwhg dphqlw| glvwulexwlrq dqg d jlyhq
orz wudqvsruwdwlrq frvw/ wkh nh| ri wkh sulqflsoh ri plqlpxp gl�huhqwldwlrq
lv wkh qrq0h{lvwhqfh ri vrph srvlwlyh ghpdqg rxwvlgh wkh pdlq xuedq fhqwhu
wkdw uhvxowv iurp wkh ghvluh ri uhvlghqwv wr frqvxph doo vruwv ri xuedq dphql0
wlhv dw wkdw orfdwlrq1 Zkhq erwk �upv duh qrw doorzhg wr dgrsw dq| phfk0
dqlvp wkdw uhod{hv sulfh frpshwlwlrq/ plqlpxp gl�huhqwldwlrq ri orfdwlrqv
rffxuv zlwk erwk �upv sulflqj dw pdujlqdo frvw/ lq frqwudvw wr pdlqvwuhdp
uhvxowv lq wkh olwhudwxuh1 Lq wklv vhqvh/ rxu sdshu uhfrqflohv Krwhoolqj dqg
Ehuwudqg lq wkh frqwh{w ri vsdwldo ghpdqg h{whuqdolwlhv zlwklq d qrqfrrshu0
dwlyh orfdwlrq0wkhq0sulfh jdph1 Wklv sdshu kdv irupdoo| vkrzq wkdw dowkrxjk
sulfh frpshwlwlrq lv lqghhg d fhqwulixjdo irufh/ �upv vhoolqj lghqwlfdo surg0
xfwv pd| djjorphudwh hyhq wkrxjk wkh| erwk sulfh dw +ru forvh wr, pdujlqdo
frvw lq wkh odvw vwdjh1

Wkh vhfrqg vwulnlqj uhvxow ri rxu vkrsslqj prgho lv wkdw dv|pphwulf htxl0
oleuld hphujh iru lqwhuphgldwh ydoxhv ri |

k
hyhq wkrxjk wkh vhw0xs lv shuihfwo|

v|pphwulf= rqh �up orfdwhv qhdu +ru dw, wkh fhqwhu ri wkh dphqlw| glvwul0
exwlrq zkhuhdv lwv ulydo fkrrvhv d pruh vxexuedq orfdwlrq/ srvvleo| dw rqh
hqg ri wkh flw|1 Wkh odwwhu edodqfhv wkh roljrsrolvwlf dgydqwdjhv ri vsdwldo
lvrodwlrq dqg wkrvh ri ehlqj forvhu wr wkh pdlq fhqwudo duhd1 Wklv uhvxow udlvhv
wkh txhvwlrq ri lqwud0xuedq lqhtxdolwlhv1 Lqghhg/ d plqrulw| ri uhvlghqwv duh
lqgxfhg wr vkrs dw wkh ghfhqwudol}hg �up dqg/ dv d uhvxow/ hqfrxqwhu lq rqh
vlqjoh wuls ohvv xuedq olih rssruwxqlwlhv wkdq gr wkh uhvw ri wkh flw| srsxod0
wlrq1 Wkh iruphu zrxog suhihu d pruh fhqwudol}hg sdwwhuq ri �upv* orfdwlrqv
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dqg d orzhu wudqvsruwdwlrq frvw1 Lw dovr iroorzv wkdw xuedq srolflhv dlplqj
wr ghfuhdvh wkh wudqvsruwdwlrq frvw yduldeoh |�ru flw| sodqqlqj ghflvlrqv wr
fhqwudol}h xuedq dphqlwlhv�pd| eh zhoiduh lpsurylqj exw dw wkh h{shqvh ri
pruh vsdwldo lqhtxdolwlhv wkurxjk shuqlflrxv uhorfdwlrq ri �upv1

Wkh h{lvwhqfh ri dv|pphwulf htxloleuld lv hyhq pruh sureohpdwlf li wkh flw|
lv glylghg lqwr wzr glvwlqfw mxulglfwlrqv/ wkh ohiw kdoi0vhjphqw dqg wkh uljkw
kdoi0vhjphqw1 Li wkh wzr orfdo jryhuqphqwv lqghshqghqwo| ghflgh wkh rswlpdo
vsdwldo glvwulexwlrq ri sxeolf dphqlwlhv/ wkh| zloo suredeo| qrw frqfhqwudwh
wkhp qhdu wkh plgsrlqw1 Lqghhg/ li d orfdo sodqqhu orfdwhv lwv dphqlwlhv qhdu
wkh fhqwhu/ lqgxflqj dw ohdvw rqh �up dw wkh fhqwudo vlwh +l1h1/ dw wkh iulqjh ri
lwv mxulglfwlrq, wkhq vrph srwhqwldo ehqh�wv zloo eh uhfhlyhg e| wkh uhvlghqwv
ri wkh rwkhu mxulglfwlrq zkr sdwurql}h wkh fhqwudo �up1 Khqfh/ zlwkrxw dq
dssursuldwh frruglqdwlrq vfkhph/ wkh fhqwudol}dwlrq ri dphqlwlhv zloo qrw eh
ghflghg e| wkh wzr orfdo jryhuqphqwv1 Wklv zrxog fohduo| ohdg wr lqh!flhqw
orfdwlrqdo fkrlfhv exw lqhtxdolwlhv zrxog eh uhgxfhg dv frpsduhg wr odlvvh}0
idluh1 Wklv vkrxog eh wkh vxemhfw ri ixwxuh uhvhdufk1

Dqrwkhu uhdvrq iru ghfhqwudol}lqj sxeolf dphqlwlhv lv frqjhvwlrq sureohpv
dw wkh vlwh ohyho +wklqn ri ryhufurzghg sdunv/ pxvhxpv,1 Rqh vlpsoh zd| wr
lqfrusrudwh frqjhvwlrq lq wkh dqdo|vlv lv wr vxevwudfw iurp wkh vrfldo zhoiduh/ d
vrfldo frvw srvlwlyho| uhodwhg wr wkh qxpehu ri frqvxphuv ylvlwlqj uhvshfwlyh
pdunhwsodfhv +h1j1 wkh frvw ri pdlqwhqdqfh ri sdunv/ vwuhhwv/ dqg vr rq,1
D orz wudqvsruwdwlrq frvw lqgxflqj wkh hqwluh srsxodwlrq ri frqvxphuv wr
sdwurql}h �upv dw wkh vdph fhqwudo vlwh frxog qrw eh qhfhvvdulo| rswlpdo
iurp wkh zhoiduh srlqw ri ylhz ehfdxvh ri d kljk frqjhvwlrq frvw1

: Uhihuhqfhv

g*Dvsuhprqw F1/ Jdev}hzlf} M1M1 dqg Wklvvh M10I1 +4<:<,/ �Rq Krwhoolqj*v
Vwdelolw| Lq Frpshwlwlrq�/ Hfrqrphwulfd/ 7:= 4478044831

Edxghz|qv G1 +5333,/ �Vsdwldo Frpshwlwlrq zlwklq Xuedq Duhdv= Krwhoolqj
dqg Ehuwudqg Uhfrqflohg�/ Zrunlqj Sdshu qJ6<3/ Dsulo1

Euxhfnqhu M1N1/ Wklvvh M1I1 dqg ]hqrx \1 +4<<;,/ �Zk| lv fhqwudo Sdulv
ulfk dqg grzqwrzq Ghwurlw srruB Dq dphqlw|0edvhg wkhru|�/ Hxurshdq Hfr0
qrplf Uhylhz/ 76 +4,= 4053;1

Frpehv S1 Sk1/ Olqqhphu O1 +5333,/ �Lqwhuprgdo frpshwlwlrq dqg uh0
jlrqdo lqhtxdolwlhv�/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv1

gh Sdopd D1/ Jlqvexujk Y1/ Sdsdjhrujlrx \1\1 dqg Wklvvh M10I1 +4<;8,/
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�Wkh Sulqflsoh ri Plqlpxp Gl�huhqwldwlrq Krogv Xqghu Vx!flhqw Khwhur0
jhqhlw|�/ Hfrqrphwulfd/ 86 +7,= :9:0:;41

Iulhgpdq M1 Z1 dqg Wklvvh M1 I1 +4<<6,/ �Sduwldo Frooxvlrq Irvwhuv Plq0
lpxp Surgxfw Gl�huhqwldwlrq�/ Udqg Mrxuqdo ri Hfrqrplfv/ 57= 96409781

Jdev}hzlf} M1M1 dqg Wklvvh M10I1 +4<<5,/ �Orfdwlrq� lq Dxpdq dqg Kduw
hgv1/ Kdqgerrn ri Jdph Wkhru| zlwk Hfrqrplf Dssolfdwlrqv/ Yroxph 4/ Dp0
vwhugdp/ Qruwk0Kroodqg1

Mhklho S1 +4<<5,/ �Surgxfw Gl�huhqwldwlrq dqg Sulfh Frooxvlrq�/ Lqwhuqd0
wlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 43= 99609741

Pdl F10F1/ Shqj V1 +4<<<,/ �Frrshudwlrq yv1 frpshwlwlrq lq d vsdwldo
prgho�/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv/ 5<= 79607:51

Qhyhq +4<;9,/ �Rq Krwhoolqj*v frpshwlwlrq zlwk qrq0xqlirup fxvwrphu
glvwulexwlrqv�/ Hfrqrplfv Ohwwhuv/ 54=45404591

Txlq}ll P1 dqg Wklvvh M10I1 +4<<3,/ �Rq wkh Rswlpdolw| ri Fhqwudo Sodfhv�/
Hfrqrphwulfd/ 8;= 44340444<1

Ukhh E1/ gh Sdopd D1/ Iruqhoo F1 dqg Wklvvh M10I1 +4<<5,/ �Uhvwrulqj
wkh Sulqflsoh ri Plqlpxp Gl�huhqwldwlrq lq Surgxfw Srvlwlrqlqj�/ Mrxuqdo
ri Hfrqrplfv dqg Pdqdjhphqw Vwudwhj|/ 4= 7:808381

Vwdko N1 +4<;5,/ �Orfdwlrq dqg Vsdwldo Wkhru| zlwk Qrqfrqyh{ Wudqv0
sruwdwlrq Frvw Vfkhgxohv�/ Ehoo Mrxuqdo ri Hfrqrplfv/ 46= 8:808;51

Vwdko N1 +4<;:,/ �Wkh Wkhru| ri Xuedq Exvlqhvv Orfdwlrq�/ lq H1 V1 Ploov
hg1= :8<0;531

Vwdko N1 +4<<8,/ �Wrzdugv d plfurhfrqrplf wkhru| ri wkh uhwdlolqj vhf0
wru�/ sdshu suhvhqwhg dw HFDUH/ Euxvvhov1

Wdexfkl/ W1/ Wklvvh/ M10I1 +4<<9,/ �Dv|pphwulf htxloleuld lq vsdwldo frp0
shwlwlrq�/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq/ 46=546055:1

Wkloo M1F1/ L1 Wkrpdv L1 +4<;:,/ �Wrzdug Frqfhswxdol}lqj Wuls Fkdlqlqj=
D Uhylhz�/ Jhrjudsklfdo Dqdo|vlv/ 4</ 404:1

Wluroh M1 +4<;;,/ Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq/ wkh PLW Suhvv/
Fdpeulgjh/ Pdvvdfkxvhwwv1

Yodvvhqeurhfn +4<<8,/ �Wkh jhrjudsk| ri d vshfldo fdvh ri wkh rxw0ri0
krph hdwlqj lqgxvwu| lq Ehojlxp= wkh vhfwru ri kdpexujhu uhvwdxudqwv�/
Uhyxh Ehojh gh Jìrjudsklh/ 8</ wrph 5= 64:06571

]kdqj ]1 M1 +4<<8,/ �Sulfh0Pdwfklqj Srolf| dqg wkh Sulqflsoh ri Plqlpxp
Gl�huhqwldwlrq�/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv/ 76 +6,= 5;:06331
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