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W e goply bootstrgp methaodology 1 unit oot tests Tor dependant pareb
with N acsssecical unis ad T time series dosenatias. || ae speda.. -
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dir erernt aatss acss sectical units ad gpoprodmate itby a ..nite ader
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the dependacy amag the innovatias generating the individual parek, we
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tireN paeb. The Imitdstibutias of the st are darived by passing
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simulatias, and ampared o thatofthe tbarstatistics by Im, P esasan ad
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1. Inboductian

R ecatly nastatianary panek have drann mudh atteriian in both theareticall and empir
ial reseaxdn, a5 a number of parel data sets awering reltinely g time periacs hae
beaome aaBbE. V aias statistics Tor testing the unit roots and acantegratian for parel
madek have bean propesed and frequantly usad Tor testing gronvth aonvergenee theories,
purdesing poner paitty hypothesis and Torestimating long run reltiaships anaygmany
maaceananic ad inematiaal .. nendal series induding exdance rates and spot and
Uture interest rates. Sudh parel data basad tests gppeared attractinve 1o mary enpirical
researders, sinee they o er altlermatives 10 the tests basad anly an individual ime series
dosenatias thatare knoan tohae bwdisaiminatory poner: A numberofunitroots and
adntegratian tests have been develpead Torparel madek by many authars. Seel evn ad
Lin(992,1993), Quah (1994), Im, Pesaranand Shin (199 7) andll addalaadW u (199 6 Tor
same of the parel unitroot tests, and P edran (199 6199 7) and il cCoskey and Kao (199 8)
1or the parel antegatiaon tests ad EbE in the aument erature. B anerjee (1999) gves
agoad suney an the reeentdevelpments in the econametric analysis ofpanel datawhose
time series companantis nastatiaery?

Sincettevnwarkbyl einadl in (199 2), anumberofunitroottests orparel datahae
bean prapcsed. L evinand L in (199 2,199 3) aasider unitroot tests Torhomageneas parel,
whidh are simply the wsual tstatistics aastrucied fran the pooled estimator with same
gopropriate mad. catias. Sudh unit root tests Tor hanageneaus parek an therefore be
represanted ass asmpkesum "Henoweri =150 adt=1;:2:5T. T hey shovunder
atss sectical independency thatthe seqential Imltcflheslambtdtslaﬁslics Trtssting
the unitrootis the standard nomal distribution? Forheteroganeas parels, the unitroot
testcan no lngerbe represented as asmp e sum sinee the pooked estimatoris inaasistarit
1o sudh heterageeas parek as shonn in P esaran and Smirth (1995). Casegueantly the
seaod steceN -asymptolics in the ebove sepatial ssymptotics does nobwarkhere. Im, Pe
saran and Shin (199 7) lbds atthe heterogeneaus paneb and pragpases unitroottests whidn
are based an the aerage ofthe indgpendentindividual unit root tests, tstatistics and L |l
statistics aconputed fram eaedh individual parel T hey shov that their tests alko aanverge
10 the standard naomal distributian upan teking sequential imits. T haudh they allov or
the heteragae ty, their imittheary is still based an the atss sectianal indgpendegy, Wwhidh
& be quite a resstricive assumptian Tormaost ofthe parel datawe encounter-

The tests suggssted by Lein ad L in (1993) ad Im, Pesawxan ad Shin (1997) are
not\ald in the presaxe of atss aoneltias anag the atss sectical units. T he Imit

ZStaticnary panek have amudh Iongerhistory and have been intersely investigated by manty researders.
T he reeders are referred 1o the bodks by H sieo (1986, Il atses and Sevestre (19 § and B alteg (1995) Tor
the Ferature an the econametric analysis ofpanel data

3T he secpential imitis taken by .istpassingT in.nity with N .. xed and subsecently EtN  terd
W in.nit, Regesian Imit theary Oor nostatiaary parel data is develped rigxasly by P hilips and
I aon (999). T hey show that the Emit of the doubke indexed processes may depend an ttrewvway N and
T tend in.nity. T hey famally develps the asympitotics of sequential imit, diagonal path Imit(N and
T tend ©in.nity atacxokd rale of e tpe T = T(N )) ad jantimis N ad T t&d O in.nity
simulizneasly withaut any restrictias impased an the divergenee rate). T heir Emit thoery;, honever;
assumes asss sectianal independence.



Imitdistributias of their tests are no Iongervalld and unknoan when the independency
assumptianismMolated. Inded | addalbandW u (199 § shovthraucghsmulatias thatthar
=t hae substantial size distortias When used Taracss sectiaally degpederitparek. 4 s
awvay to desalwith sudh inferential dic aulty in pareb with acss aneltias, they suggsst
o bootstrap the panel unittroottests, sudh as those prgpasad by L edanad L in (199 3), Im,
Pesaran ad Shin (199 7) and Fisher (19 33), Tor atss sectirally dependaritparek. T hey
shovthraugh simulatias thattthe bootstrep \ersian ofsudh tests perform mudh better; but
do notprovice the \alidity ofF using baotstrgp methadology.

In this paper; we goply bootstrgp methodology 1 unit rioot 6556 Tor acss seciaally
depedantparek. | ae sped.. cally we Eteadh parel be driven by aganeral inearprocsss
whidh may be dizr erat aatcss atcss sectianal units, and gpprodmate itby a ..nite ader
autaregressi\e integrated procsss of ader inaessingwith 7. A s we allowv the depedancy
anag the imowatias geerating the individual parel, we aostruct aur unit root sts
fron the estimation ofthe system oftteetireN  parek. T he Imitdistributias ofthe st
are derived by passingT oin.nit, wthN . >ed. W e then goply the bootstrgp methad t©
the gpprodmated autoregressias to dotain the artical vales Torthe parel unitroot ests
basad an the aigral sampE, ad establish the asymptoticalidity ofsudh baotstrgp parel
utroottests uder general codiias.

T he restoftte pgperis aganized s Ollons. Sectian 2 intraducss the parel unit root
st Tor acss sedtiaally dependant panek based an the adgral ssmpe and derves the
imittheay o the sampk &sts. Section 3 gpplies the sieve baotstrep methadolgy
the ssamp E parel unitroottests asidered in Sectian 2 and esteblishes ssymptotic\alidity
of the sieve bootstrgp unitroot tests. A o disassad in Section 3 are the pradticall issues
arising fran the impbEmentatian of the sieve baotlstrgp methodology. 1N Sectian 4, we
aduct simultias 1 inesticgate ..nite sampe perfamance of the bootstrgp unit raok
test. Secdion 5 andldes, and mathematical prook are proided in anh ppendix

2. U NitR ook T ests Tr D gpercentP areb

W e axsidera parel madel generated ss the ollonng .. Istarder autoregressive regressiat
Ay =@®;Yip—1+ Uy, T=15120N ;) =1;5:005T @

A s wsual the index i danatss individual acss sectiaal units, sudh as individuaks, hase

holds, industries ar cauntries, and the index t daotes time periacs. W e are interested in

testingthe unitrootrullihypothesis ®; =0 forally;; gvenas in (1), egarnstthealiermatine

®; < 0 Tarsamey;, i =1;::2N . T hus, the rullimplies thatally;; s hae unitroots, ad is
lejectifay(reofyzt’ issialia‘ayvxiﬁ@ < 0. Tr’erejecﬁmcflt’emlit’eleheob&rrx

obncta:ecterta@mpioﬁca‘awsas lbgas t‘ne_,/aeskxf‘esu@ybarom
and therelore we set tham atzero Torepasitical brevty.

Itis assumed that the emar tarm ;) in the madel (1) is gven by a general neer
proasss sped...ed es

U =% € Jit €)

3



wherel is the usual lielg oeratorad

X0
Yy @)= 1/4@ka
k=0

ori =118 . | oe thatwe EtY; vary aacss i, therdby alboning heterageraty in
individual sexial aneltion structures. W e albo allov Tor the atss sectianal depadency

u:’s. To de.rne the acss sectiaal dgpendecy mare eplidtly we de.re the time series
inmowation C:)_; by

=) €)
and denote by jgjghe Eucidesn nom: foravediorX= ) PF = Pp%, and foramatyix
A=@Xx Pi= ;& W easumethe ibning
A ssumptian A 1 L et (};R)be amartingake dic erence seopence with sane .. lriatian
) suchtatEC;" = 1)=8as, adEjij< 1 orsaner _ 4.
A ssumptianA 2 Let%; @60 Torallgj -1, ad PZ‘;OH_Wkk 1 forsanes _ I,
oralli=1;:::;N .

Theaditiasind ssumptiasi 1 andi 2 are rautinely impcsed an the Enearprocesses
gven by (2). Itis well knonn thatan inariance prindple hols Tora partial sum procsss
of(})de.nd in (3) underh ssumptiani 1. T hakis,

0 1
| e B
P i1, B =0 I A=BI D) @

t=1 B N

aT! 1, wneare[X]daokes the maxamum integerwhidh doss notexassd <
W emaywite U;)as

Ui =% )i+ G—1 1G2) ®)
where
xo . xo
&= ik Fp= Ya; j
k=0 j=kt1

U nder aur aandiian in A ssumptian 4 2, V\el*a,epzozojzlmj< 1 [seeP hilips ad Sob
Q92)Jad teretae @:)is well de.ned bath in as. ad L " sase [see B rodanell ad
Dais (1991, P rpasitian 31.1) 1

U nderthe urtroothypothesis ® | =dkE=R , =0, we may novwite

Vit =% M+ @ 1§ Gz ©
where w; = Pzzl';k. Casaquatly (i) behaves ssymptotically s the aastanty,; ()

multipke of () | ofe that @ )is stodestically ofsmaller ader ofmagiitude than (v )
and therefore wi ll not aribute © aur Imittheory.



Underf ssumptias 4 1 and A 2, we may wiite the linear procsss gven in (2) as an
in.Nite ader autasgessive (C R) procss

®: € e ="

®,@=1 iXO ®; 12

k=1
and gpprodmate (U )by a.nite aderk R procsss

W =®; 101 + GKB ®; , U, + " ©)
with
wP; (K] )(O
it — it T ®i kWit—k
k=p;+1
Undert ssumptiasi 1 adh 2, wehaetxreadhi=1;:::0N
0 1,
i (K] = XO —7TS
EiY i"id -Eld @ P =o@ ™)
k=p;+1

I ofe thatwe have uderh ssumptiasi 1 adh 2
Ej.,lltj -C 1/4z2,k Ej ;tj <1
k=0
forsane astaitc die O tell adnkenicz! ygnud inequality [see eg, Staut (U 74
T heaam 3.3.§] T heenrarin goprodmating (Ui: Dby a..niteadert R proasss thus becones
smallas p; oets e
Usingthel R gopraamatian of U;: )gven in (7), wewite e madel (1) es

Xi ‘
a4y =041+ ®; kUit p+ ¥
k=1
whidh sinee 4y;; = u; underthe rull hypothesis, Gan be seen a8 an autaregressian of 4y,
augnated by y; 1, Mz
Xz‘

4y, =041 + ®;kAYitr+ Y ®
k=1

0 urunitrootests wi ll be based an the abowe gpprodmated autoregressian.
Forthe aderp; in the regessian 8), we assume

A ssumptianA 3 p! 1 adp =of'/?)asT! 1, Tralli=1;:::N.



Theh R aderp shauld in partiaular; be inaessingwith 7.4 W e may dase p; s Wsing
the usual ader sebction arteria sudh a8 Sdwarz infomatian afterian B IC) ok kake
infomatian aiterian ¢ 1C).° T he arder selectian Gan be besed either an the regressian (8)
with no restrictian an ®;s, ar an the goprodmated A R regressian in (7) wWhere ®,; s are
rsstricted tobe zera T his wi ll notar ectaur subssguent imit theory.

2.1 U NitR oot T ests TorH eteyxagereas P aeb

T he augmeanted autoregressian (8) can be wiitden in the folloning matrix fom by t&kdng
te indvidual units with all thairT dosenatias, ae after the other; \z.

o4y11 oy&1 010®11 OX{,1 " 10_{’11 0,11
o : A=k .. Kb :a+® . b ;%+%> %
4yy 0 Ye,n ® N 0 X BN BN
armare anpactly
4y:Yg®+Xp_p+';) ®)
where we use the olloning notatian
0 1 0 1 0 1
yZ‘,o >€1, ®ia
W,z‘=%> DR xP=B =B o K
Yi,r—1 )é)T ®i7pi

V\"h)éjt —(4th 1;-:"4yzt pz) ﬁalll_l -----

Wearsﬁu:tit’eieslsfrit’emll‘ypdtmsoﬁt‘euitrodsinytz 1435205YNe )
ogrerated by (1) and (2) bassd anttesystem ¢ L S and 0L S estimatian of the augmented
AR Q). ThetssibEl L S estimatorof® in Q) is gven by

®cr =B ZiAGr

where A, adB ., ae de.ned belon: Forthe tsstofte rull® = 0, we aosider tte
olloningF - tpe testbased an the ssibE( L S estimator® ;-

For =0, Car@cr ) '®cr =AL,B 1Aqr 10)
where

= -

Agr = Y@l_l")p lY @l_l")(p p@l_l")(p ;@1_!");7
Bor = Y/ @& —-p)u.vg@l—up X @& — kX, ;@1—l)u

40 ur regressian (8) here may be Viened as the extarsian of the unit root regression axrsidered in Said
andD idey (1984) totte parelmadek. H onever; aurassumptiananthel R aderp; is substatially wesker
then thatused by Said and D idey (1984), due 1 the resultin Changand P ark (1999 ).

°\ s forthe ddae anang the sebction aiteria B 1IC mightbe preferred if(u;;) is belleved tobe garerated
by a ..nite autoregressian, sine ityiebks a asisEent estimatar orp;. See eg, A n, Chen aad H amman
(1982). Ifnot. A IC may be abetterdxace sinee it kaeds toan ssymptotically e¢ dentddce forthe qptimal
ader ofsame prgjected in. nite adar autoregessive pracsss as shoan by Shibata (1980). See Cha (1992)
formare dsassias an the madel sebctian issue Tord RIE A maodek.
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ad 8 is aasistant estimator of the coariance matrix 8. T he Imitdistributian o the
EstF . is essily drived flan the asymptotic behavias of A, ad B ., axd is gven in
T heoram 2.1 belon
0 nteotterhand #ell S esimatorof® in Q) is gven by
®or =B J1Aor
and use the OO L S-basad F - e testortesting® = |

FOT :®2)T GH@OT )_1®OT :A,OTM F_‘(%TAOT (11)
where

Aor = Y/ 5 EYXp & X )X,
Bor = Y/Yr i Y/Xp @& X)X Y,
£(§— !“)(6 i YZIX;DQ( pX p)_lx;:;@_ !“)(6 iY£,(§_ l“)( pQ(;,;X p)_lx ;,;YZ
FYX @ XD X E— B € X XY
TheOl S estimator®,+ is Ess e¢ datthatthel L S esimatar® . inauraaext T he
0L S-based tstF ; IN (11) is s expected O be Ess ponerful then e L S-based st
F or IN (10). H onever; e dasene in aursimulatias thatf . often perfoms better then

F or In..nite sampks, espedally whenN is bxrce
T o astruct a asistait estimator Tor the cmariane matrix 8 we may estimate the

regressian

M FOT

Ui = @7 Uis—1 + OB BF) Uiyp, + ™/ 12)

by singkeequatian 0L S Tori =1;:::N , with the unrtrootrestrician ®,;, =0 impased. T he

. ted residuak )aemslmtﬁr(zt) sined); aearsisetne;; orl - K- p,
amlit‘eaﬂaegm\e aetdaits Q; ) Trk> p; bernne nedigbk in te Imitas bbg
aswktp! 1. ThsisshonninPak (@999, L enma3l). 0 faurss ae may dotan
axsistent.. tied residuak by estimating the unrestrided regessian (8). T his again will not
arectaur imittheay. AFan ;) fam the time series residual vectars

S = a3
ort=1;:::;T. W etten estimate 8 by
X /
s=1 ¥4
I olice that
X PP/ 1 X IIIi ww ik
8=— tt T QQ):? ++* 9@)=E{"1+ q90)
t=1 t=1

where the secod equality ollons fion L enmal 1 (©) ink ppendix W euse B — B)as an
estimator for the variance of the regressian enarin ).
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L et¥%;; and %% denote respectively the @ ;j)ebmeants of the coariance matrix 8 and
isinerse §!. T he imittheaies Oorthe &stsF . adF ,,, aegwvenin

Theorem 2.1 Underh ssumptiash 1,4 2 andhi 3 we hae
@Fer ! 4 QQGQE;QAG

(b)FOT ' d Q%OQ_MIFOQAO

aT! 1,were

1
Bldl

0 1
0 1/41Q)
y —E :

0 1
g 1/41@) /1] Bl(:Bj

0 Z, Z, 1
Wy Y B% DI 1N1/4lq)4N® BB x
% Z 1
N11/4qu41® ByB1 ::: WY OF . B2
ad 0 z1 z, 1
3/4111/41Q)(Z B 7 210 Y @ Yen @) . B1B
QMF() a : :
zZ, zZ,
R emarks

@ T he Imitdistributias of e F ., ad F ,;, are nostandard and deped heavilly an
the nuisance paraneters thattde. ne the acss seatianal dgpendency and the heterageeas
serial dpedence. T herelorg itis impassibEe © base inBrencee an te si5F o, adF 4.
In the nextsectian, We prapase baotstigp \varsian of these ests 1 deall with the nuisancee
parameter dgpendency prabkEm and to oeraome the inerential dic aulty.

O Thef -spe sk o, adF ,, asiderad here are o tE Ed tests whidh igject the rnull
®;, =0 foralli wen®; 60 forsanei. H encs they rgect the rull of the unit rooks Nnot
aly agarst e staticanty ®, < ( butako egarnst tre eplsive Gesss With ®; > (| or
sanei. T his will have anegative e ectan the poners of e tsts.

T he framenak within whidh we may er ectively deal with the prcdblem inR enark (b)
above hes been recently develped by ndirens (1999 ).6 T odeal with the prcblEm, we may

& ere e aosider esting o; = 0 agrirsta; < 0, and the parameter setis gven by o; < 0 freach
acsssectianaluniti = 1,...,N . T hevale ofa; underthe null hypothesis is therefore an the baundary of
the paraneter set




replce zarss Tarttemambears of® . ad®,» whidh have pasitiveabes. T his anbeessily
carried autby muliplingelbmentby ebnenttte estimatas ® . = @or,15::1:@06r v ) ad
®or = Ror,1:::1:80r 5 ) rEepectively OtheN -dmeasicalindicatortnciasl W, - 09
adl®,, - 0g. D eoteby =the ebnentby ebementmultipicatian, and use this omadif/
testimatas ® ., ad®,, as Dllns

1

®ar11®er1 -09
: & )

@9 O

Oor AWer -0g = :
®or vl ®ory -09 1
®or11M®or1 =00

@9 O

Oor Aoy -0g = :
®or vl ®orn =00

W e nowdke. ne newstdatistics, wnidh we call K- statistics. Aam themadi..ed6 L S estimator
aboe wede.rethet L S-based K-statistics K, & Tolbns

Ker = @Qor A Rer - 09) GH@GT))_I Cor A ey -00)
Qor Ao -19IB o Qor A P®er -00) 15)
ad the 0l S-besad K-stalistics K, &6

Kor = @or A ®or - 103 Ca@or)) ' @or Ao -00)
= Qor A ®or - 0G0 15r or Ao -00) ae
T he K-sttistics arstrucied as aboe are essatially ae sidd tests, sinee they e eclinvely
eliminate the prdoabi ity of rgjecting the null acairst te eplsive altemative. T herefore
they are expecied O improe the poner properties of the anespading o taBEdF -tpe
tests Tor testing of the unit root rull agarst the ae vay staticary alliemative.

T he Imitdistributias oftte K-statistics can be essl ly dotained in amamersmilerto
thatused to derive the Imitthearies Trthef - tpe sk, ad ae gvanin
Coroliexy 2.1 Underh ssumptiash 1, A 2 adh 3 wehae
@Kor ! 4 Qag ARE04; - 1905, Q a4, AR Q4 -00)

(b) I‘<OT ! d QAongéQAo _Og)Q_MIFOQAOg-'QEéQAO _Og)
asT! 1, were

0 Z, Z, 1
Yy OF . B2 T 1/41Q)4NQ)0 BB »
QBO:% H E E E
Zl Zl
1/4qu41¢)0 ByB1 it Yy CF . B2

adtetmsQ 4,;Q5.;Q 4, adQ y,, aede.nedinT hercem 2.1.

A s an be seen ciearly fran the eboe Cadliary the imitdistributias of the K-tests are
abo nostandard and depad heavily an the nuisance parameters. In the nextsectian, we
wi ll albo aasider baotstrigpping the K- pe tests.

9



22 U NitR oot T ests TorH anaggreas P aekb

Forte tsstofthe untroot we are tissting®; =0 foralli. T hareloe we are essartially
Ibddngatahaonogeneas panel s faras testing ofthe rull hypothesis is aoncemed. 117 R
axt¢dats ®;s in awraigmnal madel (1) are honagerea s, ie, ®; = k=0, =0, then
the corespadingaugnatted A R in marx fam is gven by

A4y =y®+ X, p+ "} an
whidhis thesame as theaugmatiedt R in matrx fom forthe aignal heterageneas maookel

A T £N )matnxY, ad the parameter® is novasakrirsteed ofan (| £1 ) \vedor:

Itis natural T aasider the tstatistics Tortesting the nulll hypothesis ofthe unit roots
in the homageneaus madel (17), since the parameter® tobe tested is novasalr: H erewe
do notalbwv Tor the heteragpaty of tte A R aeCdat s inl einad L in (199 2,199 3).
0 bviasly the unitroottestbasad an the hanmageeass parel (17) is valld since the madel
is aarectly sped..ed underthe null hypaothesis of the untroots. T he hanageneas parel
honever; may notprovide gpprapriate madelings underthe altermatinve hypothesis, and this
may have an ad\verse e ectan the poner of the ests. H onever; we may use the ae sided
t e tests, ifbasad an the hanageeaus parel, whnidh have adeara dearadhantege oer
e tnotaldF -tpe st astruced fraon the heterageeos parek.

TheOL S ad( L S based tstatistics are castructed fran et L S ad0L S estimatars
of the sablrparamneter® in the hanageeass augnatted A R (17) and are gven by

r =ar _%/2 ad b, =al t:)}r/Q (18)

ar = V@& ' —1) iVE ' — X, ¢, G X)X, & - )
B:r ACEES DYRBACEES D ST STl 5 09 RS b 37
ar = Yi'p 1YXp & X)X
= VG- k) i VX, & X)) X, B~ ke

+ B/ZX:DQ(;I)X p)_lx;zlx@_ X pQ(;:)X p)_lx ;:)yé

In the Blbning thearam we presant e imitthearies Irte ., ad T, €st.
Theorem 22 Undert ssumptiasi 1,4 2 adh 3 wehae
@tr ! a a0,

O r ! a QaoQ ol
aT! 1, wae

I or

X X 4 XX 4
QGG == Y0 BZCB]; Q b — FA BZB]
i=1j=1
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x £ XX Z,
Qap = Yai BidBi; Qo= YaijYa; % BB,
i=1 0 i=1j=1 0

T he Imitproassss Q 5/, gopearing in the Imitdistributias of t;,, ad t,, are the
sums of the individual elements in the aonrespading Emitprocesses Q 4., Q 5., Q 4, ad
Q mpo de.rned inT hearam 2.1, whidh aorstitute the statistics K. and K, developed Tor
the hetexagenas pareb.’” T he imitdistributias of the tstatistics t., ad t,, ae ako
nan standard and sue er fram nuisance parameter degpendangy, &s in the Gesss with thef -
test ad K-statistics. H ence itis notpassibe 10 use these statistics orinerance as they
stand. In the nextsectian, we aasider bacstrgpping the parnel unit root tests praposaed in
this sectian 1o resobe the nuisance prameter depaedacy prdolen and 1o provide aald
besis Torinkerence in nastatiaary panek with acss sectianal dependanoy.

3. B aotstrgp U NitR oot T ests Tor D egpaderitP arekb

In this sectian, we aosider the sieve bootstigps Tor the \arias parel unit oot E6s8s, F (7,
For Kor, Kor, Ty and t,, aansidered in the preias section. |n partiauler; we esteblish
the assymptotic \alidity of the bootstrigpped tests by shoning baotstrgp aasistency of the
test. | e wse the anvanticnal notation st sigify the baotstrgp sampless, and useP * ad
E todaole respectively the prdosbi Ity and expedtation aonditianal upan the realizaiaon
oftre aignalsamplke. W hile develping the ssymptotic thearies Tarthe bootstrgpped tests,
we abodisauss \arias issues and prdblams arising in practical impkEmentation ofthe sieve
baotstrap methadology in this section.

Toarstruct the baotstrigpped tests, we ... ist generate the baotstrgp samplkes Tor ()
U)Dad ;) Forte greratian of () we nesd 1© make sure that the dgpendenae

veotors () cde.ned in (13) fiom the regressian (12). T hattis, dotain € ) fion theempirical
distribution of A ]
X T
U 1
t A T t
t=1 t=1

T he bootstrep sampkes () aastructed as sudh will in particulr; saisfy E°; = (0 ad
Ek':;':; :§-8

T evinandl in (1992,199 3) arsiders ¢-statistics o hamageneas panek under atss-sectianal indepen
dency. Casaquently, they can gpply N -asympitotics afterthe imitas T tends oin. nity is Bken, and derive
the Imitdistributiaon thatis the standard namal T heirtheary; honever; doss notextand to aur statistics,
sinee we allow Tor dgpendency aatss acss sectical units.

50 Faourse e may resampke ¢}, s individually from e &is fori = 1,...,N adt =1,...,T. In
this g preserving the aignal aneltion structure anag the acss secticnal units nescs mae care. W e
basically need topre whiten £} s before resamp ing and then re colorthe resamp s to recoverthe conelation

stucure. || are sped..cally we ... 1stpre whiten £ s by pre muliphing /2 ©&F = (8% ,... &Y, for
t=1,...,T. I ext grerate ¢;,’s by resanpling fian the prevhitered &7} s, and ten re color them by
pre multiphing>!/? ¢} = (¢3,,...,cx;) 1O restare the aignal dependence structure.
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I ext we gererate (U}, reaursively from () as
U, :®;Zi1 U, + GiB ®;Z§ni Uyp * "0 @9)

where @} ;211587 dare the ae¢ dentestimates fron the.. tied regression (12). Initializa
tian of (U, )is unimpoartantioraursubseopant thearetical developmeant: thaugh itmay pley
an impartantrok in ..nite sampks” T he acet dentestimates Psiiniel Jusedin ()
may be dotained fram estimating (12) by theY ukeWW alermethad insteed oftte0 L S. T he
w0 methaks are ssynmptotically equinvalbent H onever; in small ssmpks te YulkeW alker
method may be preferred © the 0L S, sinae italnays viels an inertibe autoegressian

thereby ensuning the staticnaxity of the proaess (U, ) See B rodanelland D avs (199 1, Sec

tas 8.l ad§.2). H oneer; the prdocbi ity ofheving the naoninvertibi ity prdolEm in the
0l S estimatian beaomes nedigbk as the sampk size inaresses.

Frally dotan ;) by taking partial sums of ;) z.

X
Yie =VYio+ Uy

k=1
with samne infal infialvale vy} . | olice that the baotstrep sampkes ¢),) are grerated
with the unitrootimpased. T he samp s ganerated acooding 1o the unrsstricied regressian
@) will not necsssarily hae the unit root proparty and this will make the subsequant
baotstrep procsdure inaasistentas shonn inB asanaetal (199 1). T he dace ofthe initial
\aley;, does notae ectthe esymptolics es kg as itis stodestically baunded. T herefag
we simply setitegal 1 zero Tor the subseguentanalysis in this section.

W e may dotain the B everidoel ebon represatatias for the bootstrepped sexies U),)
ad ;Ft)singbrbitmeﬁr(wt)aﬂ Vi D)ogvenin G) ad (6 inthe pravias section. L et
®)=1 i . 6. Thenitisindeed essy Ot

1 Xi Pi‘.’i L B
K= T v 4 _J=R "%) @k _—
U:t ®2Q) it - ®2Q) (u;t—k 1 U:,t—k—s-l)
= %0+ @& 19D
P, ) )
where:; ( )=1=8;()ad & =%;() %:1{)?2:1% B, 4.1, and therefog
X
Vi = U =%ON+ @& i&)
k=1
P .
wherew;, = [ "}
Forthe develppmentofthe imitthearies Torthe baotstrgpped teststatistics, we assume

"W emay usethe...rsty;-\values of(u;;) as theinitialvales of(u}; ). T he bootstrgp samples (u),) generated
a8 sudh may notbe statianary procssses. A ematively we may gererate a brger rumber; say T + M, of
(uj;) and discad ..ist M-vales of (u,). T his willensure that (v},) beaome mare statiaary. In this e
the inftializatian beaomes unimportant, and we may therefre simply doose zarcs Tor the initial valles.
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A ssumptian B1 L et (}) be a ssquence of iid randan \axriablks sudh et E; = 0,
Ei',=8adEjij< 1 torsaoner _4.

P
A ssumptionB2 let,@Q6(0 Trallpj -1, ad 2, K ¥.irJ< 1 Torsanes _ I,
oralli=1;:::N .

AssumptianB3a Letp,! 1 adp =of")wth - < 1=2aT! 1, foralli =
A ssumptian B3b L etp = crf Torsane astaitcadl=rs< - < [=2 faalli =

T he iid assumptian in A ssumptian B 1, insteed of the martincpke dic erence aaditian in
A ssumptian 4 1, is made 1© make the usual bootstrgp procedure mesningll A ssumptian
B2 is identical oA ssumptian A 2. In the plcee off ssumptian A 3 Tor the expansian rate
off R aderp’s we impae atheri ssumptian B3aarB 3b. Both A ssumptias B 3aad
B 3b are strager then A ssumptian4 3. W e willimpase the acodiian inA ssumptian B 3a
1O proe the aasistency of the baotstrep 6565 in the wesk Tom, 1.e, the convargenee of
aditical bootstrep distributias in prdosbiity, T o esteblish the strag aasisay ar
the as. anvergenee ofaonditicnal bootstrep distributias, we nesd astrageraandiian in
A ssumptian B 3b. | atice thatwe oy require( < - < 1=2, Torthe( aussian madel with
r=1 artte.nteader! RI A makelwths=1 . T he aditian is therefore not\very
stringenit
Cawvertias
@ A ssumptiasB 1, B2 and B 3atogetterwillbe relered toas A ssumptian (W ), with W °
standingTorweekk and thesetofi ssumptiasB 1, B2 axdB 3bwillbe alled ssh ssumptian
6), wth S” Trsttag
) W ewill use the symbal g, ( ) O sigify the baotstigp convergenee in prdocbiity. Far
a seqpence of bootstrgpped random \ariebks 7 ;, Torirstanag 7 ; = g ()as. adinP
imply respectinely that

P*f§ ;3> tg! 0 as. orinP

oray+ > (. Simibrdy we will use the symbol 0 ; () 1o denote the bootstrep \ersian of
the baundedness in prdosbiity. || eedkss tosay thede. nitias of g, ( )and 0 ; ( Onaturally
extand 1 g G, ) ad 0 ; G, ) Torsane naxaastantnumerical sscpene G, )

W e nesd Olbning Bnmas Tor the derivatian of the Imit distributias or the siee
baotstrep panel unrt root tests.

Lemma3.l Underk ssumptias (V ), webhae
X X
@ = Vi L =ROs Wt GO
T t=1 T t=1
1 X 1 X
®) ) Vit—1Yji-1 :%iQ)ﬁjQ)ﬁ W, W, + g )
t=1

t=1
In the Dlloning EMma we tse an qoeratornam farmatricss. ifC = G, )is amatrix
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tenwe BtiC k=max, £ >XFp

Lemma32 | etx) Z—(4yw 152534y, Thenwe hae
A it
L X
@ E: = XI'X"  =0,0) o 0 Das: uderi ssumptias (¢ ) ad (),

T t=1

lepedi\,eyfralliz_L':::'N.
® E*% XY \==0 @ p}/*)as: uder ssumption (i ), Brallizj =133

—t=1
X — 1/241/2

© EZ >§;1* =0 @ /?p/*)as: udert ssumptias (V ), oralli;j =1;:
t=1

3.1 B ootstrgp U NitR oot T ests TorH eteracgrea s P arek

To astruct the bootstrigpped t6st5 We aasider the olloning bootstrep \versian of the
agnaed autoregessian @) whidh wes used o arstruct the ssampke st statistics

d

a4y, =0®;y;, 1+ ®irdYiipt+ i (20)

k=1

ad wiite this in matrix form

4y =Y/ @+ X p+ " 1)
where the \ariebkes are de.ned in the same maeras in the regressian ) with
0o ., 1 0 pul 0. 1
Yio i1 i1
V=0 : A; x"=B : A ad 1=b : A
* il "
Yir—1 X5 i,T

ori=1;:::N .
W e test for the unit root hypathesis ® =10 in (21), wsing the bootstriep versias of
F -type tests that are de.ned amalogosly &6 the sampke F -tpe st aasidared in the
praviass ssectian. T he bootstrep F - tests are aastructed fron the bootstrgp 6 LS adOL S
estimatars of® in the baotlstrgp augnaied A R regressian (21). 1| aeeplidtly we de.rne
the bastrgp 6 L S-besed F -testas
Fo, =ANBIIAL, 2)

GT= GT

analbgasly ss e sampket L S-besadF -testf o gven in (10), where

AZ'T — Yg*,@l_l")* iY @l_l")(; X*,@l l“)(p X;,@l—l)*
= ,—1
Bir = Y/E ' LY/ iV /@ kX, X/ kX, XVE'-h)/
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T hebootstrgp O L S-basedF -testis abode.. ned analogasly es thesampEeO L S-basadF -test
For de.nedin (11), z.
For=Aul oilar 23

FOT

whare

AZT — Y*l * _Y*IX Q( *IX *)—lx */w %k
I ror = Y/G—BX/ i e’pr(;,X p)_lx;:,@— LY/
Y@= X E XYY
YK Y X @ = X E XYY,
T he bootstrep F -sttistics F ;. ad F 5, gven in (22) ad (23) involhe the coariance
matlrix estimator 8 de..ned belowv (13). T he estimate 8 is the pcpulatian parameter Tor

the bootstrgp sampkes ((F) aarespading 1o 8 Tor the adgnal sampks (1) W e may of
aourse Lese the bootstrep estimate §°, say 1or the aostructiaon of te statistics F |/, and
F 5 Tareadh bootstrep iteratian. T he twoversias ofthe baotstrep tests are ssymptotically
eguinabitat Esstor tre . istader ssymptolics, and we uese 8§ in the aastruction of the
baotsrep tests or anenienae !’

W e nowvpresat e imittheay Torthe boostiep F -type testsF |/, adF 5, in
Theorem 31 WelhaeasT! 1,
@Fir ! @ 04,0504, INP aras.
O®F ! o Q0 ;;FOQAO inP aras.
respectinvely uderh ssumptian (V ) or S), wereQ 4., Q B, Q 4, a@adQ ., aede.ned
inT heoram 2.1.

T he resuls in Part (@ ad (b) aboe shon that the bootstrep F -statistics F /. adF 5,
hae the sane Imitdistributias a5 the anespading sampke F -statistics F ., and F o
gven in T hearam 2.1. T his establishes the asymptotic \alidity of the bacstrep sts F
adF ..

T he baotstrep K- statistics are aastrucied fram the baotstrgp samplkes in the analogous
mamer in whidh the ssmp e K-statistics are de.ned in (15) and (16.
KZ‘T = @‘*GTng‘T 'Og)B* IG‘GT:'::l-'Gé>>k -09)
K?)T = @ZTg-'@ZT 'Og)M ;‘0’11“ o:rgm* 'Og) (24)
ad thar imittheaies ae gvenin
Coollxy 31 WehaeasT! 1,
@K ! ¢ Qag AR 04, - 190 5.Q a4, AR Q4. -00) NP oras.

10T he bootstrgp tests basad anthe bootstiep estimate ©* may be betterforhigher aderssymptotics, sinee
they mare csely mimicthe samp e statistics then the bootstrep tests based an the pcpulation parameter s..
T he statistics axsidered in the pgper arg, honever; nan pivotal and therefore the higher ader ssymptotics
are inckaithere.
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K ! ¢ Qao B R Qa0 -000 L Qap AR5 Q4, -00) NP aras.
respectinvely undert ssumptian (W ) ar (), wereQ 4., Q B,, Q 4y, Q My @Q B, &®
de.redin T heorem 2.1 and Caollary 2.1.

Cadllry 3.1 shons that the bootstrep K-statistics K, and K, have the same miting
distributias a5 the anrespadingsampk K-statistics K, and K, gvenin Caoliary 2 1,
therdby proving the asymptotic validty of the baotstrep K- statistics.

3.2 B aotstrep U nitR oot T ests TorH anogreas P areb

T hebootstrgp tstatistics are aboaastructed in an anallogaus mamerss e arstrucied the
sampk tstatistics ., adt,,, inSecdian2.2. T hus we arsiderthe hamageneass parel
of the bootstrep sampkes, with®; = &kE=0, =@ impasad and ampute the tstatistics
fion the conespadingaugemeatied A R, whidh is waitien in matrix form as

4y =y @+ X ,+ " 25)

T he variabless gppearing in the aboe regessian are de.nad in the same way as In the
agnaied A R in malix fom for the bootstrigp heterageeas madel (1), exapt that

Y, ad the parameter® is novascalrirsteed ofan (| £1)vector:
The baotstrgpped ¢ LS and 0L S basad tstatistics avre bessd an e (6 LS ad OL S
estimatorof® in the hanageneass augnented A R (25), and are gven by

t, =48, ad €, =d,l o 6

g, = VE - iV/E -, /E - XX E - )T
o} YVE ' -y iG-S - XY X @ -
dr = VT RYIX XY
I or = Y'@— Y, i 2% X X @ — by
YK IX Y I @ = X X XY
T he Iimitdistributias of t;,, ad t,, aegwvenin
Theoem 32 WehhaeasT! 1,
@t ! o QuQ;)

O, ! - QaOQthé2 iNP aras.
respectinvely undert ssumptian (W ) ar(S), wereQ .., Q 4., Q o, @dQ 1, e de.nedin
T hearam 2 2.

T he results in T hearam 3.2 showv thatt the baotstrep tstatistics €, ad €, hae the Imit
distributias that are equivalent © thoe of the sanpke tstatistics t,, ad t,; gven in
T hearam 2 2, therdby establishing the asympitotically \alidity of the bootstrep tstatistics.

inP aras.
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4. Simulletias

W emﬂx:tasetofsimubﬁd’sioinesﬁgﬁleit’e nrtesamp E perfomanae ofthe baotstrgp
paeluntroottess F ., F 5, K K, €, ad €, pragposed in the pgper. Far the
simulatian, we aasiderthe ¢ ) gven by the madel (1) with () ganerated ss e@thert R (1)
orll A (1) proosses, Mz,

G) ur=%uga+ Ty
B) ="+ Wit

T he imowatias * 150"y tatgrerate u;, = Uy ;:ii;Uuy ) are draan fran an
N -dmersianal mulll\male namal distributian with meen zeroand covariance matrix g
ThehR adil 4 coetdatts %s ad ;s wad in the gereration of the erras ;) are
drann randamly fian the unifam distribution. || ae spea..cally, ¥; >>U niform[0.2,0 4Jad
W >>U niom[ 0 450 42

T he paranetervales Tor tte (| £\ ) coariane matnx 8 = @;;) are abo randanly
drann, butwith partiaubr atiention. To ersure that 8 is a synmetric pasitive ce.nite
matrix and o axad the near singuarty prdblem, we ganerate 8 via Tdlloning steps:
Q6 eeratean @ £\ YmatyixU fran U nifam[0,1]
() Castructfion U an arthagoal matrixH =U ¢ 'U Y /2.
(©L eneraleasetofN eiganalxs L15oiin- Let 1 =r>0 ad ,y=1 ad drav

(6) Castiuct the @ariane matrix 8 as a spectral represaitation 8 = HaH' .
T he cariance matrix aastruded this way wi ll surely be symmetyic and nasinguiarwith
dgnalies Edngvales fron rto l. W e sst e maxdimum dganvale atl sine the
sk does notmatier. T he ratio of the minimum dgenvalle 1o the maximum is therefare
determined by the same parameter r. T he coariance matrix becomes singularas rtends 1o
zerq and beaomes spherical s r gppraades 1. Farthesimultias, wesetratr=(1 13
Farthe testofthe unitroothypothesis, weset®; =0 foralli=l1 ;:::;N , ad inestigaie
te .. nite sampke sizes in reltian o the anespading nominal testsizes. Toexamire the
rgjection praoabi fties of the st uder the allematinve of staticnarity We gaerake ;s
randonly fron U nifam([ §0 80 ] T he madel is thus heteragenos under the allermatinve.
T he ..nite sampE perfomance of the bootstrep tsts are ampared with that of the tbar
statistics by Im, P esaran and Shin (199 7), whidh is based an the average of te individ
ual tstatisics amputed fran the sampk i D F regessias (§) with mean ad ariance

1T hesimultionmadelfortre cese B ) is gererated fram anll A (1) process (u:: ), Whidn Gan be represarited
s anin.niteaderi R proess. U singthe bBgaderp; selbcted by h 1C, we gpprodmate (ui:) by ank R (p;)
proasss as in (12). T he gppraxdmated autoregressian is then estimated by the Y ubB W alker methad.

12) addalandW u (199 § and Im, P esaran and Shin (199 7) abo generate parametars ortharsimulation
madek radan by fram uniform distributiars.

130 urbootstrep tests do notseem 1O depend an the the valle ofr, but the t-bar statistics does. T hauch
we donotrepartthe deta b, we dosene fran asetofsimublatias thatthe ¢- bartends tohave higer rgjectian
praosbi kties when r is close 100, and thatitseams to hae substatial size distartias e.enwhen ¥ is nearly
sphericalwith r = 0.99.
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mad..catias. | ae eplidtly the tbarstatistics is de.ned a6

Y H T =5
N L ver®)
where t; i the tstatistics Tor tssting ®; =0 for e I-th sampk A D F regressian 8), ad
& =N"1" N t. Thewales ofthe expectation and \arianee, E@) and vart) oreadh
indvidual t deped an T ad the g ader p;, and aamputed va simulatias fran inde
pedertnonal sampks. Tabk 2 inIm, Pesaran ad Shin (199 7) tsbulbtes the \alles of

T he pareb with the atss sscticaldmasiasN =5;20 ad the time series dmansias
T=5;100 areacsidered Tortte 1% , 5% and 10% size tests. Sinae We are using randan
parametervales we simulaie 20 times and repart the rangss of the ..nite samplke perfor
manas of the bookstrep tests. Eadh simulatian run is carvied autwith 1,000 simulatian
ieratias, eedh ohwhidh usss baotstrep attical vallies amputed fran 500 baotstrgp repeti-
tias. T hesmulation resuls Torthe t barstatistics and aurbootstrep &stsF ), F 5, K,
K € andt, aerepatedinTebksh 1-B2. Tebksh 1 andh 2 reparts, respectinvely the
.nite sampke sizes and poners of e tests Tr Cased withA R errars, ad TabksB 1 ad
B2 rpars thoe IrCase B withil A envars. Fareadh statistics, we repart the minimum,
meen median and maximum of the rgjectian prdocbi kties under the rulll and uder the
aliermatinve hypothesis.

f sanbessenfiam Tabksh 1 adB 1, thetbartestsue ers fiom sariaus size distortias.
T he direction ofthe size distortias is, honever; notinaewvay. Farte 1% st the tbar
statistics swe ers from upward size distrtics exaptirttell A aewthN = 5, whare the
tbaris sigitly donnvward bissed. T he degree ofthe upward distortias seems o be higer
ortel R aceadinaesss ss N g age Farte 5% and 10% tests, the tbhar st
is mastly donnnard bissed exaptior e 5% tsstwith N = 20, where the testis upvwad
bissed4 T he donrvard distortion is mare serias Tortrell 4 asewithsmalkerN = 5.0 n
the atherhand te ..nite samplke sizes of the bootstrep tests are aurte dose 1o the naninal
testsizes Trbaotht R adll A Gses and TarallN = 5,20 and T = 50,100.

T he baotstrep tests are mare poneriul then the € barstatistics Tormaost Gases with the
snaller\ = 5, ascanbessenfrfon Tabksh 2 adB 2. Indeed Torthe5% and10% tests allof
aurbootstrep st have hider rgjectian praoabi fties then the tbarftorbath A R and il A
s, Farlh tests any thet L S based baotstrep estsF . and K, perfom betterthen
the tbar: A s the number of the atss sectianal units inaesses N = 20, the perfomance
ofthe tbarstatistics improes. W ith the smaller rumber ofFdosenatias oertimeT = 50,
itactally perfoms betfer then the bootstrep tests exapttheO L S besed tstatistics €,
but the dic erence becomes negigbke a8 T inaresses.

A mang the boostrep tsts, theb L S besed tests, F f, and K., are mare ponerful then
teOl S besed 585 F 5, ad K, Torthe smalkerN = 5, butor te lgerN = 20, the
achentace fron et L S eCdaxy vanishes. T his is perhgps due o the errarinvoled in

14T he donrward size distortias of the ¢- bar statistics have been welll noted in several simulatian works.

I addalbadWV u (99 §, freanpk repatthatthe t-barstatistics sue ers fran substatial donrvard size
distortias in the presenae of atss aneltias anag the acss sectical units.
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estimating lge dmasiaal mwariane matrix Farttpe tsts the0 L S basad tstatistics
- 1s indead noticeebly mare ponerful then is6 L S couterpartty,, when the lrgerN = 20
is used. T hey are abo mare poneriul then the F - tpe tests ad K-stalistics in this Gee
T he achartece of the ae tall sts basad an the haomageneas panek gppears o be auite
impartaitin ..nite ssmpks.

T he K-statistics Wss prapased as altlermatives 1o the o sided F - e tests toaame wp
with mare poneriul tsts Torthe uTt rooks agairst the ae way aliermative of the statian
anty. T he simultion resullls inTabks A 2 ad B2, honever; show that the improament
te K-statistics make oer theF -tpe tests are notnoticcebe. 0 ne passibke ressan is that
te ..nite ssmpk distributias of te ® ., ad ®,,, upan which the mad.. catias T the
K-stafistics are mack are skew o the Eftso mudh thatthe modi. catian doss nothave ac
twalaect T hus, ae may anectfor the biasss in the distributias of® ., and®,,, befae
gophMng tte madi.. catias in (14). T his aan be dae by canrying auta nested bootstiep.
W e donotpurste this in this pgperdue tothe aaomputatian time buttwi ll repartin atuture
wark

A Hbootstrigp st are mare poneriul forthe ceewith the smallerN = 5 and tre bvger
T= 100 than the ess with the lrgerN = 20 and the smalller T= 50. T his is becase aur
baotstrep st are T - ssymptolic tests, whidiwillwak bettertora bage 7. T he Ebartest
is, honever; noticsebly mare poneriull Torthe cess WithN = 20 ad T = 50 hentorthe s
withN = 5 adT = 100. T his indicates that-the t bartestwarks mudh better forparel with
bExgernumber ofN |, Whidh is expected since the testiis based an the average ofindividual
Bst.

4. Caxdsian

T haxe has been mudh reent empinaGl and thearetical econametric wark an macek with
nostaticaery panel data. |n particuler; mudh attenian hes bean paid 1o the develpment
and impkEmerttatian of the parel unit root t&ests Whidh have been used frequently 1 st
Tor\aras aoergane theories, sudh es gonth covergene theories and purdiesing poner
parity hypothesis. 1 \ariety of tests have bean prgposaed, induding the tests prgpcsed by
Levnadl in (199 3) ad Im, P esaran and Shin (199 7) thatgppear © be mastaommanly
wsad. A Bthe exdsting tests, honever; assume the indgpadence aatss atss seciaal units,
whidhis gquite riesstridive. Cross sectianal degpendancy seams indeed auite gpparentformast
ofinteresting parel data.

In the paper; we investicate \arias uniit root tests Tor parel madek whidh epliatly
allowv Tor the atss aneltian aatss acss sectiaal uiits as Well s heterageas seyial
dpadene. T he imit theaies Tor the parel unit root tssts are darived by passing the
rumber of ime series dosenatiaos T 1 in.nity with the number of atss secticgal units
N .>xad. A s egpected the Imitdistributias of the test are nastandardd and deped
heaily an the nuisance parametars, rendaring the stendard inerantial procsdure invalid.
T o oeraame the inErential di¢ aulty of the parel unit rioot st in the presence ofatss:
secticnal dgpaendencoy e prapae 1 use the boolstrgp methad. | imit thearies 1o the
baotstrep st are develped ad in particuler their ssymptotic validi ty is esteblished by
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proing the aasistency of the bostregp 6. T he simulatias showv that the bootstrgp
parel unit root E&sts perfom well in ..nite sampkes relEtve 1 the tbar statistics by Im,
P esaran ad Shin (199 7).
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5. A ppadix I athaematical P rook

T he lloning Bnmas projde ssympitotic results Tor the samp ke mamerts gppearingin the
sampk tesststalisticsF ., F or, Kor, Kor, & adt,, de.nedin (10), (11), (15), 19 ad
(18).

LemmaA 1 Undert ssumptiash 1, A 2 andh 3 welhae

Jt

1 )Q] 5 1 X‘ (L} ==
@ - Vit ]=1/4Z»Q)? W 1"j+ ) foralli;j =1;::0N

t=1 t=1
1 . 1 X o
(b) ﬁ yi,t—lyji—l - AZQ)%Q)ﬁ W,t—l\/\f,t—l + Q)Q) orall M | =1 soiiN
t=1 t=1
1_X PP/ :]'_X‘ vewi +
© T tt T T i1t Q)
t=1 t=1

P roofofl. emmal 1

Part(® T he stated resuls Ol immediately ifwe gpply the results inl enmait 1 (@
ofChangand P ark (1999) toeadh G;J)par; Tori;j =110 .
Part(b) T hestated resultOllons directly fram P hilips and Sobb (199 2).

Pat(© Let
1 X 1 X
QT —_ l;)lg), i* '2';
T t=1 T t=1

T hen Toreadh (;j) ebmentof) , the Blloning hols

Qrij = lx "’Z'Qi il_x Vit Gt
9 Z ‘7
T = L
LX e VX
=5 GEatdit o RCGatid
t=1 t=1

= 9@’ 9@

immediate.

LemmaA 2 Undert ssymptiash 1, A 2 andh 3 wehae
o A !_10
X, . )

@ i 0 =0,¢) Torallp adi=1;:::N

—|

t=1

iy ==0,0p’?) Tralli =1;:::N

g
Lyl ] oo

[y

X 0==0,00 " @ PP Trallizi =15

G
SN

[y

21



P roofofl emmalh 2 T he stated resulitin P art () Hlons directly fram the gpplicatian

essily dotained using the resuls inl enmaik 2 (b)) ad (© ofCharngand Park (1999) Tor
eadh (;)parfri;j =1;:::N , withsanednmas mad.. cation with respectio the aders
p;’s oftted R gpprodamatias involhed.

P roofof T heoram 2.1

Part (@ W ebegn by witing aiteplidtly the ampaatsanpke manets gopearing
iNAs; adB 4, de.ned belbowv(11).

0

10 10 1
Vo1 0 WlE Gkt %YV R Vi1 0
YV/E' -y, = b KB KB L &
) ! Viw HIR @EENE 0y,
X X
%1 y%,t—l &xt %'V Yit—1Ynit—1
t=1 t=1
= @7
N1 X NN X 2
% Yni—1Yi—1 G % Ynt—1
t=1 t=1
ad
Oy pu 0 10wy auwvetOy, p 1
X&' —hY, = B Re o+ i RB .. A
o ! X RN ylly gk %Y R 1! Yeon
11 X 1 1N X 1
% Xiyii1 R % X Yni-1
t=1 t=1
= : 28)
1 X N NN X N
tyl,t—l m % tyN,t—l

%N
t=1 t=1

where %9 denoles (;j)elmaitof the inierse cmwariane matrix estimate §!. Similarly
we hae

0
11>€ 1w P1 INX 1PN
% t T R+ % ¢ Nt
t=1 t=1
1 . —
& —b)), = : : :

NIX NP1 NNX N*PN
% R b+ % M)

t=1 t=1
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0 X
Wi
j=1  t=1
= . @)
X

X ,
YN N v P
t gt

0 1
%11 X Pl + m + %IN X PN
Yit—1 1t Vit—1 Nt
t=1 t=1
Y/E'—1), =
N1 X P NN X P
% Yvi-1"qp + GRE+ K Ynt—1" Nt
0 < t:lX‘ 1 t=1
# vt
j=1 t=1
X X

N1J Pj
WY Yy ji
j=1 t=1

W e noweanire the stodestic aders of the aampaents induded inAr axdB ;1. L et
. @ denote eigenvaliss ofamatrix W e hae

>min(§1 _!")(;I)Xp 'X;@I - !")(p

\ otice that | min@E ™! — D=, min@ Dad  nin@ D=1=, mnax@ Thenvehae

AX,(§_1 LY 1y AX ’x ',
P - mad® T =0,0 )
sSn® , max®)! , .max@)< 1, ad
A ! 1
° 1 X 1 1/ -
A 1 ? )qt t 0
XIX -1 t=1
per = =0,0> @D
T A 1, P
1>€ N\ PN/
0 T XXX
t=1

detol enmal 2 @. I asoeritBlbns ran L emmal 2 (b) ad (28) that

X @& — X, =0,

V\l”ereﬂzlrlr?(pi, adfronl enmal 2 (© ad (29) that
<i<N

)

X, &' — 1), =0,0""8"*> qCF’p ) )
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where p = min p;, as de.ned earfier: || otice et g-=p = o /?)asT ! 1 under

A M[_Jﬁmlé.iglv
Itllons fron (), (R) ad () that

¥E -, XIEL kX, X E&'-LY

VG-, XIE -, S XLE ! — Y
= @ )+ 0,0'*®

whidh implies
/ — 1 v
Por 218 =104 0 0O=0er + 9O @9
die ol enmai 1 (@), were
0 1
X

1 1 X .
% 1/41Qk W1t
j=1 t=1

Qagr = : +9d)

X ) 1 X
%NJ%NQ)T— Wy t—1"jt
j=1 t=1
I aeoer; e hae fran () ad () tat
= -

FEI X, XIE kX, X.E'-LY,

VE -, XIE X, S XAE ! — R
= 0,0
whidh taetherwithl enmal 1 (b) ad (27), gves

P VG S (=000t 9O €
where
0 1
%My, ¢ f% i W, &kt %V OYen € )[17 i W1 W -1
QBor = : _

1 X 1 X
U OO WeaWer | % W,
t=1 t=1

U sing the asymptolic results in (34) ad (5, wewrite
Hy Thpmg Tqm, 1
_ Aor " Bar T T AGr

— -1
For T T2 T =Q i4GTQ BGTQ Acr ¥ Q’Q)
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T hen the Imitdistribution ofF ., llbns immediately fron the inariance prindpke gven
in (4.
Part(b) Wehaefanl enmal 2 (b) ad (0 that

0 X 1
Xy 0
t=1
X1Y, = =0, €S
X
0 >€11¥YNt,t—1
0 x 1 =
X
t=1
X/ = a ; = 0,0+ 9P (€2
X
XN
t=1
T hese togetherwith (31) gve

TIX @ X X =YX Q< X p71° py =90 ) 0,0

whidh in tum gwes
Aor Y]
S =24 9O=0uer * QO @)

die ol enmai 1 (@), were

0
1/41Qk Wit 11
QAOT

1/4NQ)_ \Mvt 1 Nt

W e hae fran () that

X;@—l)(p - >max(i)Q(;,;Xp):Opq) @)
W eabohae franl enmat 2 (b) that
0 1
X X
W1 Xy GkE hy X Ynion
t=1 t=1
X, @— k)= : : : =0,(#*  (0)

X X
%Nl )éz;IXYLt_l ek %NN )ézfl:t]yN,t—l

t=1 t=1
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where %;; denoles @;j) ebneantofthe coariance matrix estimate 8. T henwe hae

VX E X)X L E— Y, =0,0®

ad - —
TX X ) X @ X & X)X YT =0,0 9
whidh ten gwe
I Y !"
TFS)T = (§ 3 + 9 ()=Q Mpor * 90O S
due ©lL enmali 1 (b), where
0 1
1 X 1 X
%111/41Qj§ \/\at_1 &k %11\;1/41@)/41\;@)_'3 W -1 Wy t—1
t=1 t=1
Q Mror =

1 X 1 X
ity QO Wha- Wy O %NN%NUﬁ W
t=1

t=1
W e nowhae fran the resuls in (3) ad (41) that

Mo TR por T HA T 1
J— J— / —
T T2 T =Q AOTQ MFOTQ a0r * 3O

For =
fron whidh the stated result ollons immediately.

P roofof Coroliexy 2.1
Part(@ Itlions fron (34) ad (D) tat

Mg o 1-1HA, T
®er = —5 = =05, Qa6 + 0O
whidh implies
- Y Al
1= Ha ®
— A ®d®,, -0g = L o
T T T
H o T
= T ofid -0g
= T
(@] O

= QAGT:'q Ql_?éTQAGT -0 +Q>Q)

D e o the aboe resultad (), e may wiTte the K, statistics gven in (15) as
l-'ll ﬂluB ﬂ 1”1 ,ﬂ
Ker = = Acr J:311®GT -0g GQT Acr plf@c:r -0g
3 I 3 D
o
= Quer ™ QBGTQAGT -0 QBGT Quagr A QBGTQAGT -0 +90)
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I owvthe stated resulit Ollons immediately fran (4).
Part(b) Huonm (3) and(3§, we hae

X & X XY =0,
whidh tooetterwithL enmal 1 (b)) gves

Bor _Y/Y
57 =7 * 900 + 9O

0 1
1 X 1 X
1/41Qj§ V\Z,t—1 kL 1/41Q)4NQ)[*2 Wt 1 Wi 1
t=1 =1

QBOT =

1 X 1 X
iy QO WoeaWer & (Yo W
t=1 t=1

Itolions fron (3) ad the eboe resultthat

MBor T MAG T
T®or = T2 T :QEOTQAOT+ 9O
ad 13 - 3 N O’
T Aor Aor =00 = Qap, & Qpl Qapr -0 + 9@

FAon this ad the resulitin (41), we may epress the statistics K, gvenin (16 as

l-'ll 3 ,ﬂl ”M ror ﬂ—l l-'ll 3 ,ﬂ
Kor = T Aor Ao -10g T2 T Aor Ao -10g

3 n O, ) 3 n o

= QAOT i< | QEOTQ Aor -0 Q_MFOT QAOT = QEOTQ Aor -0 + QJQ)

whidh is required Tor the stated resulic

ProoFof Theaoem 22 The Imittheaies frthe( L S and 0L S basaed tstatistics t.
adt,; de.nedin (18) aan be darivad in the simi Brmameras we did ortheF - tpe sts
F or andF o, iIntheproofofT heaem 2.1. W e justhave totake intb acoountthatthe bogosd
belhaisbks aneina @ T £1)wvedory, irnsteed ofte @ T £N ) matnxY,.

Pat(@ Sine
X X

15 1e@j
* )qt jt
j=1 t=1

0
X;@l—l)/e—é : = 0,0



dE'E)l. enmai 2 (b), itolbns from (D) ad (3) tat

VE X, X/E —kX, X &' —k),=qfm )+ 0,(*®

ad _ = - —
_ —1 _
VE kX, X, kX, X, &'y =0,(P
I ext we wiite autthe olloning sample manats gppearingin a,, ad ky,, de..ned below
8):
1 x X X
V& — by = ®9 YY1

i=1j=1  t=1
1 . X% P
V@& —k), = Vi1

i=1j=1  t=1

T hen fram the abowe resulls andL emmal 1 (@ ad (b), itblbns that

a 1 — L) X X il X ;i
o= Mm,@: K= Vi1t 9O = Qugr + 9O
i=1j=1 t=1
b . X X il X
T—QT = M+ )= s YieYie1 T @) = Qoo + O
i=1j=1 t=1
where
xx 1 X
Qagy = %”V%Q)T— W15t

i=1j=1 t=1
XX 1 X
Qoer = W“/%QMJ'Q)T—Q W1 W1
i=1j=1 t=1
W emay novwite t,, de.ned in (18) as Ollons
My T2
ar by _ _
?T T—2T _Q aGTQ bG‘l’1{2+ QTQ)
ad te Imittheay Tor t.; is directly dotained fran gpphing the inariance prindpke in
@ ©Q o, adQ -
Part(b) 4 can we. rstaalyze the ampaaits &, adll o, de.ned bebow (18), that
arstitute the 0L S besed tstatistics t,, gvenin (18). Since
0 w 1
>€ith—1
t=1
XY = : = 0,0p"*)
X
XN Yni-1
=1

tr =

t
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0
1j ><§’tygt 1
— by = Opq—lgl'ﬂ)
%

N <%t”1
byl enmal 2 (b), V\eha.eﬁon_(aa) that
VX GE XX = QB 0,02
~ VK@ X X L= X = 0,0D
VX LE K XK@ — BX & XX YT = 0,0
W enowvdeduce fran L enmai 1 (@ ad (b) that

a) w )(f 1 X‘
T ZQ-‘_Q)Q): T Yit— 1zt+q7Q) QG«OT+Q7Q)
=1 t=1
. l XX 1 X
(2)T YE_ by, 9= hij—s  Yir-1Yit—1+ GAI=Q a0 + QD
T i=1j=1 T t=1
where
X 1 X
Qaor = V%Q)T— W10t
=1 t=1
X X
QMor = %ZJ/“ZQ)/“JQ)_ Wt 1Wit1
i=1j=1
T henwe have
_Sor lJM tOTﬂ_1/2 _ —1/2 +
-Q)T _? T2 _Qa()TQ Mot QJQ)

fion whidh the stated resulit ollons immediately.

P rook for tthe B cotstrgp A symptotics

P roofofl emma3.l T hestated results in parts (8)-(0 Dlbwvfran L enmal ofChang
adPark (199).

P roofofl emma3.2 Se=P roofofl enma? in Changand P ark (1999 ).

P roof of T heoram 3.1
Pat(@ Han

I
X2@!— hX;
T

=0,0 42)



adte resulls inL enma?2 (a)—((j we hae

_Y*l@l—l)(; X*,@l l")(; _IX;,@I—l)*_

_ _Y*,@l—l)( *—g X*,@l_!")(p lg&;’§1_l)*:

= 0;0"’®
T his togetherwith L enmal(b) implies that
A*
T =Y'@' =8I+ 3dOD=Qa,. + GO €S)
inP aras. uderk ssunpilm(w ) aor (S), where
0 1
é %“%&} W?ft 15t
%NJ% Q} W1t
t=1
Slmlbrywehaeﬁon (42) L emma?2 (@ aml(b)it‘at B
_Y*,@I—l)(* X*,@I—l)( X;l@l_;y@*:
S VrE - e - i RrE -y
= 0,0
ad this abgwthl enmal (@ gws
B *
w2 =Y¢ ‘&' -+ dO=0s, + GO “
inP aras. udert ssumptian W ) ar (S), where
0 1
1 X
Wy Wi o %V O Oy Wy Wy
t=1 t=1
Q. =

1 X
My Q)ﬁlﬂ)— W W, G %NN%NQfﬁ Wy

t=1 t=1
iNP aras. uderi ssumptian (V ) ar (S), analogosly a6 befare.
W e novwiite the bootstrgpped statisticF . es

Fer= =% 2% =% =0, 05 Qa, + O

)



de 10 (43) and (44). Itis shoaninPark (1999) that

A as Q) “)
ad
1 X . Zy 1 X Zy
? V\{,t—l jt ' d* B Zd ] as: aﬂ ﬁ V\{,t—l\,\;t—l ' d* B ZB ] ast (46
t=1 0 t=1 0

uderh ssumption (V ). I oy the Imiting distribution ofthe F . Tollons immediately.
Part(b) ItHlns fronPart (b) ad (© oft enma?2 that

XpNG =008 X" =0, 8 @7
which togetherwith (A2) gves

—YZ*IX ;Q(;IX ;)—lx ;l-*—_ —YZ*IX ;—o Q(;IX p)—lo _X;"*_:O;Q' 1/2@

]

T henwe haae fran L enmal(@) that

A* Y>|</'l<

%=ZT+CM)=QA3T+C§® (%)
whare 0 1
1 X
WO W
t=1
Qax, =

1 X L3
%NQ)-F V\;\r,t—l Nt

t=1

I ext we deduce fran (4&2) adl emma2(b) thet
X,/ @— X, =0, "'X X;’G— kY, =0, @)
and this tapetherwith (47) gves

VXSG KK G EY =00

ad - -
VX GE YK @ WX XYY T=0,a
T henwe hae
dor VG 5=, + GO &)



due ©lL enmal(b), where

0 1
X, 1 X
%11%1@j§ =1 &k %IN%IQ%NQ)-FT V\I,t—l\/\;\r,t—l
t=1 t=1
Crtpor = : :
1 X 1 X,
A (OO W Wy o %NN%NQfﬁ Wy -1
t=1 t=1
Fnally we hane fran the results in (4 ) ad (50)
M, K Toap,, T
. _ A [ AL, _1
For= % %OT % —Q;%TQ M;OTQA6T+ g0
and the stated resultnovollons immediately fran (45) ad (46.
P roofof Corollexy 3.1 T he proofis analogaus 1 the praofofCaoliary 2.1.
Part(@ Itllons fron (43) ad (44) that
”B * TI—1 ”A* ﬂ 1
*  — GT GT —N —
T®GT_ T2 T _QBgTQAZ;T"-q;Q)
gving
1= g Hax L
T AGHER, -0g = —EAfe, -ig
3 N ) o
= QAZ:T:C! QEE;TQAE;T -0 +CZQ)
Aon the aboe resultand (44), we may wite the K. statistics gven in (24) es
”13 ,ﬂll‘lB* ﬂ—1H13 all
K;T = ? AZ‘Tng‘T 'Og % ? AZ‘Tng‘T 'Og
3 N ) O ) 3 N ) =)
= Qup, ™ Qpe Quap, -0 Bz, Qag, ™ Qp: Qaz, -0 +g0)

I owvthe stated resulit Ollons immediately fron (45) ad (46.
Part(b) ItHlns fron (42) ad (47) that

VX QXX YT YK T @ X X Y =050
whidh togetterwithL enma 3.1 (b) gves

) T*‘Q)Q):QBBT*'Q)Q)




0 1
X 1 X

#1( jﬁ -1 &L Y Yon )rg W W
=1

=1

QBy, =
1 X 1 X

%Nﬂ)ﬁlﬂ)T—g W W, O %Nﬂjﬁ W

t=1 t=1
Itolions fran (48) ad the aboe resultthat
”B * TI—1 ”A* ﬂ 1
orT orT J— —
T2 T _QBE)TQAZ)T"'CZQ)

ad 13 - = N X S
T Aor AR, -0 = Qup, A Qp Qup -0 + GO

Aan this and the resulltin (50), we may exoress the st de.ned in (24) as

10, =

H13 ,ﬂll‘lM * ﬂ—l H13 all
K?)T = ? AZTgf@*OT 'Og %OT ? AZTgf@*OT 'Og
3 n O ) 3 n o
= Quap, ™ Qp Quay, -0 Mipp Qa5 P Qg Qus -0 + G0

which tagetherwith (45) and (46 gives the stated result

P roofF of T heorem 32 T he Imitdistributias of the bootstrep 6 LS and 0L S based
tstatistics, t,, ad t),, de.ned in (26 are derived analogoLsly es we did Tor the sampe
tstatistics t;; ad t,; in the proofof T heaam 2 2.

Part(@ Itlons fron Parts (b) ad (©) oft enma?2 that
XY@ =y, =008y X&' -1y =00
which albngwith (42) gves

- = ~1
VIE X, XJE Xy XJE - =0,0"D

VG X XJE kX XIE -y =0.CH
T henwe hae due O the resuls inP ars (&) ad (b) ofl enmal that

&, _ YVE' -3
T

ad

+ 30 =Qq, + 30O

:
r(sS-1 __
Zr = M6 WL g0 =04, + 4O
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XX X .
Qagy = QO W
i=1j=1 t=1

XX 1 X
Qpe = %J%iﬁ)ﬁjﬂ)ﬁ Wi 1 Wig1
t=1

GT
i=1j=1 =

W emay novwie t;,,. &5

My Toap2
_% tg — —-1/2
=T T T Qi v 9O

ad tre Imittheay Tort;, is directly dotained fran (45) and (49.
Part(b) Sine

;v =0, QX X'@G— kY, =0,
byl enmal 2 (b), we hae fran (4) that

_ GG = 0,0 e
_ VX E YN G = 0,0
TIXE X @ KXY XY T = 0,0
W enonvdeduce fran L enmal that

% — _V?T + 4O =04, + 30O
I t* k! — l Pk
TCQ)T — Y (§T2 )/Z+CZQ)ZQM:OT+ g0
where
X 1 X o
Qar, = %iQ)T_ W1t
i=1 t=1
XX 1 X
Qmy, = %z‘j%iﬁ)ﬁjQ)T_z Wi Wi
i=1j=1 t=1
Thenwe hae o ST T_1)2 12
ng:?T T;CQ)T = Q‘ZZ)T Mt*OT+ CZQ)

fiom which the stated resultHllons immediately fiom (45) and (46.
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TabkA 1. ANne Sanpk Sizes TorA R Errors

1% s 5% s 10% s
N T Bt min meen med max min mean med max min mean med max
5 50 tbar 0011 0016 0.015 0.023 0022 0.030 0030 003 0032 0.040 0.040 0.048
Fitr 0001 0.008 0.008 0014 003 0.047 0048 o008 0084 0.098 0.098 0114
F5r 0007 0012 0012 0016 0038 0.053 0052 o0&t 0080 0.107 0.111 04121
K& 0001 0009 0009 0014 0034 0.047 0.047 0.059 0084 0.098 0097 0114
K&y 0007 0.011 0.012 0016 0038 0.052 0052 006 0079 0107 0.111 04122
ter 0005 0.009 0009 0015 003 004 004 006 0085 0.103 0.102 0120
tor 0006 0010 0.010 0015 0044 0.052 0.050 0.08 0075 0105 0.103 0121
5 100 ¢bar 0009 0013 0.014 0016 0018 0.025 0.026 0.028 0023 0.034 003# 0041
Ftpr 0005 0011 0010 0017 003 0.051 004 006 0.088 0.103 0.102 0125
F5r 0006 0011 0011 0018 0041 0.052 0051 o0& 0.085 0.103 0.105 0.119
K&y 0005 0011 0011 0018 003 0.051 004 006 0088 0103 0.102 0126
K5y 0006 0011 0012 0018 0040 0.052 0051 006 0086 0103 0.104 0122
ter 0004 0.009 0008 0021 003 0.04 0050 o0&t 0082 0106 0.107 0126
tyr 0004 0008 0.007 0011 0042 0.050 0048 o008 0087 0102 0.101 0125
20 50 t-bar 003 0.050 004 0072 0043 0.0 0068 0081 0054 0.072 0.074 0.089
Fitr 0004 0.006 0.005 0.009 0025 0.036 0037 0.043 0068 0.083 0085 0096
F5r 0005 0011 0010 0017 0041 0.055 0.055 006 0090 0112 0.116 0125
K¢ 0003 0005 0.005 0.009 0025 0.037 0037 0042 0068 0.083 0085 0096
K&y 0005 0.010 0.011 0016 0036 0.054 0054 0065 0092 0111 0.114 0123
ter 0003 0.006 0006 0010 0024 0.040 0.040 0.050 0073 0.090 0.092 0.103
tor 0005 0008 0007 0013 0032 0.044 0045 0.058 0079 0.094 0.098 0.105
20 100 t-bar 0029 0.03 003 004 0040 0.052 0052 0065 0045 0.06 008 0073
Ftr 0004 0009 0009 0016 003 0.04 0046 0054 0077 0.095 0.095 0110
F5r 0007 0011 0010 0015 0036 0.051 0.052 o0&t 0097 0109 0.109 0124
K&y 0004 0.000 0.000 0016 0036 0.045 0045 0053 0074 0.094 0095 0111
K5y 0006 0011 0010 0015 003 0.051 0052 o0& 0094 0107 0.107 0123
ter 0005 0.008 0008 0015 0036 0.046 0047 o0.0@& 0084 0.095 0.094 0.108
tor 0005 0.008 0.008 0017 003 0.046 0045 0063 0073 0.095 0095 0126




TabkA 2: Ante SanpEPoners TorA R Ermaors

1% s 5% s 10% s
N T Bt min meen med max min mean med max min mean med max
5 50 tbar 006 0165 0.155 0271 0113 0243 0231 0373 014 0290 0279 043
Ftpr 0038 0120 0121 0199 0178 0347 0.343 042 0302 0509 0506 0.6B
F5r 0037 0.081 0.075 0.128 0140 0258 0.247 0.3H4 024 0407 0339 053
K&y 003 0120 0.119 0200 0178 0347 0.346 042 0302 0510 0500 0.68
K5y 003 0082 0076 0128 0141 026 0247 036 0252 0409 0401 053
ttr 0033 0.104 0.00 0257 0138 0.307 0.304 0551 0227 0456 0453 0.721
tor 0027 0097 0.088 0199 0129 0.3 0293 0476 0250 046 044 063
5 100 ¢tbar 0208 0598 0.1 0902 0302 0681 0730 0948 03@ 073 0785 096
Fitr 0228 086 064 0912 0515 08& 0911 0988 062 0930 03& 0998
F5r 0117 0412 0406 0.60 0342 0700 0.720 0906 047 0820 0854 096
K&y 0228 0&W7 0685 03910 0519 086 0913 0987 065 0930 03& 0998
Ky 0118 0414 0407 0.682 0342 0.702 0.720 0909 0500 0822 0855 05&
ter 007 0411 038 0893 0240 0.& 0.683 0984 0356 0.752 0813 0996
tor 006 0403 0376 0.746 026 060 0712 0941 0430 0807 083 0577
20 50 t-bar 0765 086 08& 05@& 0805 0895 0891 0976 0828 0910 03905 0982
Ftr 028 0388 0347 0527 0555 0.66 0.&4 03811 0706 0.793 0.790 0508
F5r 0286 0381 0.6 0551 058 066 0.63 03833 073 0811 0811 0914
K&y 0270 036 0348 053 056 069 0.a&6 0811 0706 0.794 0792 0507
K5y 0201 038 038 05& 0571 084 0.8 0383 0743 0818 0819 0919
ter 0133 0286 0301 0472 0354 0557 0577 074 045 069 0719 0855
tyr 038 0513 0506 0.688 065 0801 0820 0919 0806 0898 0319 096
20 100 t-bar 0998 1.000 1.000 1.000 0999 1.000 1.000 1.000 0999 1.000 1.000 1.000
Fitr 0978 0994 0997 1.000 0996 0999 1.000 1.000 0999 1.000 1.000 1.000
F5r 035 0985 0986 1.000 0993 0999 0999 1.000 0998 1.000 1.000 1.000
K&y 0878 0994 0997 1.000 0996 0999 1.000 1.000 0999 1.000 1.000 1.000
Ky 0@ 0986 0988 1.000 0992 0999 0999 1.000 0998 1.000 1.000 1.000
ter 053 0842 0880 0988 076 0938 03& 0999 084 036 0984 1.000
tor 0828 0943 09& 0999 0946 0987 0994 1.000 0976 0994 0998 1.000




TabkB1l: ANnte SanpkSizes Torll A Enors

1% s 5% s 10% s
N T Bt min meen med max min mean med max min mean med max
5 50 tbar 0002 0006 0.006 0.008 0005 0.012 0.013 0.017 0010 0.018 0.018 0026
Ftpy 0003 0007 0007 0013 0032 0.043 0042 0054 0080 0.094 0.094 0.109
F5r 0002 0.006 0.006 0012 0030 0.040 0040 0051 0076 0.094 0.095 0.107
K& 0003 0007 0007 0014 003 0.044 0042 0055 0080 0.095 0096 0113
K5y 0003 0006 0006 0011 0031 0.041 003 0052 0077 0.094 0.094 0.108
ttr 0005 0009 0.009 0014 0040 0.053 0.053 0063 0089 0.109 0.107 0.127
tor 0004 0008 0008 0013 0036 0.050 0051 0.065 0092 0106 0.108 0.120
5 100 ¢tbar 0003 0007 0.006 0.011 0009 0.015 0.014 0021 0013 0.020 0.019 0032
Ftr 0003 0.008 0.008 0017 0043 0.052 0051 0063 0081 0105 0.105 0124
F5r 0004 0009 0.008 0018 0036 0.044 0.047 0053 0078 0.098 0.094 0117
K&y 0003 0008 0009 0017 0044 0.052 0052 o0&t 0080 0.105 0.106 0121
K&y 0005 0.008 0.008 0018 0037 0.04 0046 0.054 0078 0.098 0.095 0.117
ter 0002 0.009 0009 0013 003 0.048 0.050 0.059 0086 0.103 0.102 0115
tor 0006 0009 0.009 0015 003 0.048 0045 o0& 0074 0.102 0.102 0.118
20 50 t-bar 0013 0.023 0.024 0031 0023 0.0 0032 0.040 0031 0.038 0.037 0.047
Ftr 0003 0008 0.007 0014 0024 0.041 004 0056 0070 0.090 0.089 0.109
F5- 0003 0008 0009 0013 0033 0.046 0.047 0.055 0091 0103 0.103 0113
K& 0004 0008 0.007 0014 0026 0.042 0.042 0.058 006 0.090 0.089 0110
K5y 0003 0009 0.009 0015 0032 0.047 0.047 0054 0092 0103 0.102 0115
ter 0003 0.008 0008 0013 0037 0.050 0051 006 0094 0114 0.115 0133
tyr 0005 0008 0009 0013 0044 0.055 0.056 0074 0101 0.116 0.114 013
20 100 t-bar 0018 0.026 0.026 0038 0031 0.03% 003 0048 0036 0.042 0042 0052
Fitr 0005 0.010 0.008 0013 0040 0.051 0.050 o0&t 0094 0104 0.103 0113
F5- 0005 0008 0009 0013 003 0.048 004 0056 0095 0.104 0.105 0.118
K¢y 0006 0010 0010 0014 0041 0.051 0050 0063 0096 0104 0.105 0112
K&y 0005 0.008 0.008 0013 003 004 004 0057 0095 0.105 0.106 0119
ter 0005 0.010 0010 0.018 004 0.057 0.056 0.070 0099 0415 0.117 043X
tor 0004 0011 0010 0.018 0042 0.057 0057 006 0092 0117 0.118 04138




TebkeB2: AnteSanpkePoners Torll A Emors

1% s 5% s 10% s
N T Bt min meen med max min mean med max min mean med max
5 50 tbar 0030 0075 006 0152 00& 0134 0.117 0258 0084 0172 0.153 0318
Ftpy 0036 0112 0.100 0210 015 0.334 0.4 0509 0309 046 0502 063
F5r 002 o00& 0052 0129 0126 0233 0230 0374 0254 036 035 056
K¢y 0036 0113 0.100 0210 0158 0.336 0.33 0513 0310 048 0504 063
K5y 002 006 0052 0129 0128 0240 023 0375 0255 0.39 0400 05
ttr 0042 0091 0070 0216 0157 0.287 0.255 0559 0268 043 0400 0.701
tor 0040 0089 0073 0190 0189 0.303 028 049 0328 0468 0435 061
5 100 tbar 0120 0406 033 0763 0212 0516 046 03853 0268 0579 0533 0896
Fitr 0186 0551 053 0836 045 0800 0820 096 064 0894 0309 0993
F5r 0081 0333 0281 0.69 0280 0.8 0.1 0507 0451 0768 0.774 09356
K&y 0186 0552 0534 0837 049 0802 0821 03470 063 0895 0909 0993
Ky 0084 03% 0283 0.60 0283 0.0 0.2 0508 0454 0.771 0776 0957
ter 0088 0.300 0222 0794 023 0546 043 0958 034 0683 0.7 0983
tor 0119 01 0224 0723 03 0687 053 093 053 0742 061 0378
20 50 t-bar 0578 0.710 0.685 08& oes 07& 0744 0893 0683 0.787 0772 0306
Ftr 0258 038 0316 047 0540 0.8 085 0776 0704 0.780 0.754 0892
F5r 0230 0312 0283 0478 0525 0.7 057 0751 0689 0775 0754 0871
K&y 026 034 022 0504 0541 0&5 0.1 0781 0711 0.785 0.758 0896
K5y 0234 033 0294 041 0545 060 081 0770 0709 0.786 0.7& 0884
ter 0148 0284 0276 0511 0.383 0555 0555 0792 0542 062 068 0901
tyr 0378 0516 0518 0.65 0712 0809 0825 0902 0840 0905 0311 o0&
20 100 t-bar 0980 0998 0999 1.000 0989 0999 1.000 1.000 0991 0999 1.000 1.000
Fitr 0947 0988 0994 1.000 0992 0999 1.000 1.000 0998 1.000 1.000 1.000
F5r 083 0947 09@& 0991 o9&t 0992 0995 1.000 0983 0997 0999 1.000
K&y 034 0988 0994 1.000 0992 0999 1.000 1.000 0998 1.000 1.000 1.000
K&y 0840 0950 o0%&@ 03992 0@ 0992 0996 1.000 0984 0998 0999 1.000
ttr 0556 0.786 076 0983 074 0913 0915 0998 083 0950 03954 1.000
tor 0779 0903 0915 0985 0913 0974 0983 1.000 096 0989 0994 1.000




