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A bstract

W e applybootstrap methodologytounitroottests fordependentpanels
with N cross-sectionalunits and T timeseries observations. M orespeci…-
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1. Introduction
R ecently, nonstationarypanels havedrawnmuchattentioninboththeoreticalandempir-
icalresearch, as anumberofpaneldata sets coveringrelatively longtime periods have
becomeavailable. Various statistics fortestingtheunitroots andcointegrationforpanel
models havebeenproposed, andfrequentlyusedfortestinggrowthconvergencetheories,
purchasingpowerparityhypothesisandforestimatinglong-runrelationshipsamongmany
macroeconomicand international…nancialseries includingexchangerates and spotand
future interestrates. Suchpaneldatabasedtests appearedattractivetomanyempirical
researchers, sincetheyo¤eralternatives tothetests basedonlyon individualtimeseries
observationsthatareknowntohavelowdiscriminatorypower. A numberofunitrootsand
cointegrationtestshavebeendevelopedforpanelmodelsbymanyauthors. SeeL evinand
L in(19 9 2,19 9 3), Q uah(19 9 4), Im, PesaranandShin(19 9 7 )andM addalaandW u(19 9 6)for
someofthepanelunitroottests, andPedroni (19 9 6,19 9 7 ) andM cCoskeyandKao(19 9 8)
forthepanelcointegrationtests available inthecurrentliterature. B anerjee(19 9 9 ) gives
agoodsurveyontherecentdevelopments intheeconometricanalysisofpaneldatawhose
timeseriescomponentisnonstationary.2

SincetheworkbyL evinandL in(19 9 2), anumberofunitroottestsforpaneldatahave
beenproposed. L evinandL in(19 9 2,19 9 3)considerunitroottestsforhomogeneouspanels,
whicharesimplytheusualt-statistics constructedfrom thepooledestimatorwith some
appropriatemodi…cations. Suchunitroottests forhomogeneous panels canthereforebe
representedas asimplesum takenoveri = 1 ;:::;N and t= 1 ;:::;T . T heyshowunder
cross-sectionalindependencythatthesequentiallimitofthestandardt-statisticsfortesting
theunitrootisthestandardnormaldistribution.3 Forheterogeneouspanels, theunitroot
testcannolongerberepresentedasasimplesumsincethepooledestimatorisinconsistent
forsuchheterogeneous panels as shown in Pesaranand Smith (19 9 5). Consequentlythe
secondstageN -asymptoticsintheabovesequentialasymptoticsdoesnotworkhere. Im, Pe-
saranandShin(19 9 7 ) looksattheheterogeneouspanelsandproposesunitroottestswhich
arebasedontheaverageoftheindependentindividualunitroottests, t-statisticsand L M
statistics, computedfrom eachindividualpanel. T heyshowthattheirtests alsoconverge
tothestandardnormaldistributionupontakingsequentiallimits. Thoughtheyallowfor
theheterogeneity, theirlimittheoryisstillbasedonthecross-sectionalindependecy, which
canbequitearestrictiveassumptionformostofthepaneldataweencounter.

The tests suggested by L evin and L in (19 9 3) and Im, Pesaran and Shin (19 9 7 ) are
notvalid inthepresenceofcross-correlations amongthecross-sectionalunits. T helimit

2Stationarypanelshaveamuchlongerhistoryandhavebeenintenselyinvestigatedbymanyresearchers.
T hereaders arereferredtothebooks byH siao(19 86), M atyas andSevestre(19 9 6) andBaltagi (19 9 5) for
theliteratureontheeconometricanalysisofpaneldata.

3T hesequentiallimitis takenby…rstpassingT toin…nitywith N …xedandsubsequentlyletN tend
toin…nity. R egression limittheory fornonstationary paneldata is developed rigorously by Phillips and
M oon (19 9 9 ). T hey showthatthelimitofthedouble indexed processes maydependontheway N and
T tendtoin…nity. T heyformallydevelops theasymptoticsofsequentiallimit, diagonalpathlimit(N and
T tendtoin…nityatacontroledrateofthetype T = T (N )) and jointlimits (N and T tendtoin…nity
simultaneously withoutany restrictions imposed on the divergence rate). T heirlimitthoery, however,
assumescross-sectionalindependence.
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limitdistributions oftheirtests arenolongervalidandunknownwhentheindependency
assumptionisviolated. Indeed, M addalaandW u(19 9 6)showthroughsimulationsthattheir
testshavesubstantialsizedistortionswhenusedforcross-sectionallydependentpanels. A s
awaytodealwithsuchinferentialdi¢cultyinpanelswithcross-correlations, theysuggest
tobootstrapthepanelunitroottests, suchasthoseproposedbyL evinandL in(19 9 3), Im,
Pesaranand Shin (19 9 7 ) andFisher(19 33), forcross-sectinallydependentpanels. T hey
showthroughsimulationsthatthebootstrapversionofsuchtestsperformmuchbetter, but
donotprovidethevalidityofusingbootstrapmethodology.

Inthis paper, weapplybootstrap methodologytounitroottests forcross-sectionally
dependentpanels. M orespeci…cally, weleteachpanelbedrivenbyagenerallinearprocess
whichmaybedi¤erentacross cross-sectionalunits, and approximate itbya…niteorder
autoregressiveintegratedprocessoforderincreasingwith T . A sweallowthedependency
amongthe innovations generatingthe individualpanels, weconstructourunitroottests
fromtheestimationofthesystemoftheentireN panels. T helimitdistributionsofthetests
arederivedbypassingT toin…nity, withN …xed. W ethenapplythebootstrapmethodto
theapproximatedautoregressionstoobtainthecriticalvaluesforthepanelunitroottests
basedontheoriginalsample, andestablishtheasymptoticvalidityofsuchbootstrappanel
unitroottestsundergeneralconditions.

Therestofthepaperis organizedasfollows. Section2 introduces thepanelunitroot
tests forcross-sectionallydependentpanels basedontheoriginalsampleandderives the
limittheoryforthe sampletests. Section 3 applies the sieve bootstrap methodologyto
thesamplepanelunitroottestsconsideredinSection2 andestablishesasymptoticvalidity
ofthesievebootstrap unitroottests. A lsodiscussedinSection3arethepracticalissues
arisingfrom the implementation ofthe sieve bootstrap methodology. In Section 4, we
conductsimulations to investigate …nite sample performance ofthe bootstrap unitroot
tests. Section5 concludes, andmathematicalproofsareprovidedinanA ppendix.

2. U nitR ootTestsforD ependentPanels
W econsiderapanelmodelgeneratedasthefollowing…rstorderautoregressiveregression:

4yit=®iyi;t¡1 + uit; i=1 ;:::;N ;j=1 ;:::;T : (1)

A s usual, the index i denotes individualcross-sectionalunits, suchas individuals, house-
holds, industries orcountries, andthe indextdenotes timeperiods. W eareinterestedin
testingtheunitrootnullhypothesis, ®i=0 forallyitgivenasin(1), againstthealternative,
®i< 0 forsomeyit, i=1 ;:::;N . T hus, thenullimpliesthatallyit’shaveunitroots, andis
rejectifanyoneofyit’sisstationarywith®i< 0 . T herejectionofthenullthereforedoesnot
implythattheentirepanelis stationary. Theinitialvalues (y10 ;:::;yN 0)of(y1t;:::;yN t)
donota¤ectoursubsequentasymptoticanalysisaslongastheyarestochasticallybounded,
andthereforewesetthem atzeroforexpositionalbrevity.

Itis assumed thattheerrorterm (uit)in themodel(1) is given byagenerallinear
process speci…edas

uit=¼i(L )"it (2)
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where L istheusuallagoperatorand

¼i(z)=
1X

k= 0

¼i;kzk

fori = 1 ;:::;N . N ote thatwe let¼i vary across i, therebyallowingheterogeneity in
individualserialcorrelation structures. W ealsoallowforthecross-sectionaldependency
throughthecross-correlationofthe innovations "it; i = 1 ;:::;N thatgeneratetheerror
uit’s. Tode…ne the cross-sectionaldependecymore explicitly, we de…ne the time series
innovation("t)Tt= 1 by

"t=("1t;:::;"N t)0 (3)

anddenotebyj¢jtheEuclideannorm: foravectorx=(xi), jxj2 =
P

ix2i, andforamatrix
A =(aij); jAj=

P
i;ja2ij. W eassumethefollowing:

A ssumption A 1 L et("t;Ft)beamartingaledi¤erencesequence, with some…ltration
(Ft), suchthatE("t"0tjFt¡1)=§a.s., andEj"tjr < 1 forsomer¸4.
A ssumptionA 2 L et¼i(z)6= 0 foralljzj· 1 , and

P 1
k= 0 jkjsj¼i;kj< 1 forsomes¸ 1 ,

foralli=1 ;:::;N .

TheconditionsinA ssumptionsA 1 andA 2 areroutinelyimposedonthelinearprocesses
givenby(2). Itiswellknownthataninvarianceprincipleholdsforapartialsum process
of("t)de…nedin(3) underA ssumptionA 1. T hatis,

1p
T

[T¢]X

t= 1
"t ! d B =

0
B@
B 1
...
B N

1
CA =B M (0 ;§) (4)

as T ! 1 , where [x]denotesthemaximum integerwhichdoesnotexceedx.
W emaywrite(uit)as

uit=¼i(1 )"it+ (¹ui;t¡1¡¹uit) (5)

where

¹uit=
1X

k= 0

¹¼i;k"i;t¡k; ¹¼i;k=
1X

j= k+ 1

¼i;j

U nderourcondition in A ssumption A 2, wehave
P 1

k= 0 j¹¼i;kj< 1 [see Phillips and Solo
(19 9 2)]and therefore(¹uit)is wellde…ned both in a.s. and L r sense [see Brockwelland
D avis (19 9 1, Proposition3.1.1)].

U ndertheunitroothypothesis ®1=¢¢¢=® N =0 , wemaynowwrite

yit=¼i(1 )wit+ (¹ui0 ¡¹uit) (6)

wherewit=
Pt

k= 1"ik. Consequently, (yit)behaves asymptoticallyas theconstant¼i(1)
multipleof(wit). N otethat(¹uit)is stochasticallyofsmallerorderofmagnitudethan(wit),
andthereforewillnotcontributetoourlimittheory.
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U nderA ssumptions A 1 and A 2, wemaywrite the linearprocess given in (2) as an
in…niteorderautoregressive(A R ) process

®i(L )uit="it

with

®i(z)=1 ¡
1X

k= 1
®i;kzk

andapproximate(uit)bya…niteorderA R process

uit=®i;1ui;t¡1 + ¢¢¢+ ®i;piui;t¡pi+ "piit (7 )

with

"piit="it+
1X

k= pi+ 1
®i;kui;t¡k

U nderA ssumptions A 1 andA 2, wehaveforeach i=1 ;:::;N

Ej"piit¡"itjr ·Ejuitjr
0
@

1X

k= pi+ 1
j®i;kj

1
A
r

=o(p¡rsi )

N otethatwehaveunderA ssumptions A 1 andA 2

Ejuitjr ·c

Ã 1X

k= 0

¼2i;k

! r=2

Ej"itjr < 1

forsomeconstantc, duetotheM arcinkiewicz-Z ygmundinequality[see, e.g., Stout(19 7 4,
T heorem3.3.6)]. T heerrorinapproximating(uit)bya…niteorderA R processthusbecomes
smallaspigetslarge.

U singtheA R approximationof(uit)givenin(7 ), wewritethemodel(1) as

4yit=®iyi;t¡1 +
piX

k= 1

®i;kui;t¡k+ "piit

which, since4yit=uitunderthenullhypothesis, canbeseenasanautoregressionof4yit
augmentedbyyi;t¡1, viz.

4yit=®iyi;t¡1 +
piX

k= 1

®i;k4yi;t¡k+ "piit (8)

O urunitroottestswillbebasedontheaboveapproximatedautoregression.
Fortheorderpiintheregression(8), weassume

A ssumptionA 3 pi! 1 andpi=o(T 1=2)as T ! 1 , foralli=1 ;:::;N .
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T he A R orderpi should, in particular, be increasingwith T .4 W emaychoosepi’s using
theusualorderselectioncriteriasuchas Schwartz informationcriterion (B IC) orA kaike
informationcriterion(A IC).5 T heorderselectioncanbebasedeitherontheregression(8)
with norestrictionon ®i’s, oron theapproximated A R regression in (7 ) where ®i’s are
restrictedtobezero. Thiswillnota¤ectoursubsequentlimittheory.

2.1 U nitR ootTestsforH eterogeneousPanels
T heaugmentedautoregression(8) canbewritten inthefollowingmatrixform bytaking
theindividualunits, withalltheirT observations, oneaftertheother, viz.

0
B@
4y1
...

4yN

1
CA =

0
B@
ỳ ;1 0

...
0 y ;̀N

1
CA

0
B@
®1
...
®N

1
CA +

0
B@
X p1
1 0

...
0 X pN

N

1
CA

0
B@
¯p11
...

¯pNN

1
CA +

0
B@
"p11
...

"pNN

1
CA

ormorecompactly
4y=Y ®̀ + X p¯p + "p (9 )

whereweusethefollowingnotation

ỳ ;i=

0
B@

yi;0
...

yi;T¡1

1
CA ; X pi

i =

0
B@
xpi0i1
...
xpi0iT

1
CA and ¯pii =

0
B@
®i;1
...

®i;pi

1
CA

withxpi0it =(4yi;t¡1;:::;4yi;t¡pi), foralli=1 ;:::;N .
W econstructthetests forthenullhypothesis oftheunitroots in yt=(y1t;:::;yN t)0

generatedby(1) and(2) basedonthesystem G L S andO L S estimationoftheaugmented
A R (9 ). ThefeasibleG L S estimatorof® in(9 ) isgivenby

®̂G T =B ¡1G TA G T

where A G T and B G T arede…nedbelow. Forthetestofthenull® = 0 , weconsiderthe
followingF -typetestbasedonthefeasibleG L S estimator®̂G T :

F G T = ®̂0G T(var(̂®G T))
¡1®̂G T =A0G TB

¡1
G TA G T (10)

where

A G T = Y 0(̀~§¡1IT)"p ¡Y 0(̀~§¡1IT)X p

³
X 0
p(~§

¡1IT)X p
¡́1
X 0
p(~§

¡1IT)"p

B G T = Y 0(̀~§¡1IT)Y`¡Y 0(̀~§¡1IT)X p

³
X 0
p(~§

¡1IT)X p
¡́1
X 0
p(~§

¡1IT)Y`

4O urregression (8) heremaybeviewedas theextensionoftheunitrootregressionconsidered inSaid
andD ickey(19 84)tothepanelmodels. H owever, ourassumptionontheA R orderpiissubstantiallyweaker
thanthatusedbySaidandD ickey(19 84), duetotheresultinChangandPark(19 9 9 ).

5 A sforthechoiceamongtheselectioncriteria, B ICmightbepreferredif(uit) isbelievedtobegenerated
bya…niteautoregression, since ityields aconsistentestimatorforpi. See, e.g., A n, Chen and H annan
(19 82). Ifnot, A ICmaybeabetterchoice, sinceitleadstoanasymptoticallye¢cientchoicefortheoptimal
orderofsomeprojected in…niteorderautoregressiveprocess as shownbyShibata(19 80). SeeChoi (19 9 2)
formorediscussionsonthemodelselectionissueforA R M A models.
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and ~§ is aconsistentestimatorofthecovariancematrix§. T helimitdistributionforthe
testF G T is easilydrivedfrom theasymptoticbehaviors ofA G T and B G T , and is given in
T heorem 2.1 below.

O ntheotherhand, theO L S estimatorof® in(9 ) isgivenby

®̂O T =B ¡1O TA O T

andusethefollowingO L S-based F -typetestfortesting® =0

F O T = ®̂0O T(var(̂®O T))
¡1®̂O T =A0O T M

¡1
FO TA O T (11)

where

A O T = Y 0`"p ¡Y 0X̀ p(X 0
pX p)¡1X 0

p"p
B O T = Y 0Ỳ`¡Y 0X̀ p(X 0

pX p)¡1X 0
pY`

M FO T = Y 0(̀~§IT)Y`¡Y 0X̀ p(X 0
pX p)¡1X 0

p(~§IT)Y`¡Y 0(̀~§IT)X p(X 0
pX p)¡1X 0

pY`
+ Y 0X̀ p(X 0

pX p)¡1X 0
p(~§IT)X p(X 0

pX p)¡1X 0
pY`

TheO L S estimator®̂O T islesse¢cientthattheG L S estimator®̂G T inourcontext. T he
O L S-basedtestF O T in(11) is thus expectedtobeless powerfulthanthe G L S-basedtest
F G T in(10). H owever, weobserveinoursimulationsthatF O T oftenperforms betterthan
F G T in…nitesamples, especiallywhenN is large.

Toconstructaconsistentestimatorforthecovariancematrix§, wemayestimatethe
regression

uit= ~®pii;1ui;t¡1 + ¢¢¢+ ~®pii;piui;t¡pi+ ~"piit (12)

bysingle-equationO L S fori=1 ;:::;N , withtheunitrootrestriction®i=0 imposed. T he
…ttedresiduals(~"piit)areconsistentfor("it), since ~®

pi
i;kareconsistentfor®i;kfor1 ·k·pi,

andtheautoregressivecoe¢cients (®i;k)fork> pibecomenegligibleinthelimitas long
asweletpi ! 1 . T his is shown inPark(19 9 9 , L emma3.1). O fcourse, onemayobtain
consistent…ttedresidualsbyestimatingtheunrestrictedregession(8). T hisagainwillnot
a¤ectourlimittheory. From (~"piit), form thetimeseriesresidualvectors

~"pt=(~"p11t;:::;~"
pN
N t)

0 (13)

fort=1 ;:::;T . W ethenestimate§by

~§=
1
T

TX

t= 1
~"pt~"

p0
t

N oticethat

~§=
1
T

TX

t= 1
"pt"

p0
t + op(1)=

1
T

TX

t= 1
"t"0t+ op(1 )=E"t"0t+ op(1 )

wherethesecondequalityfollowsfrom L emmaA 1 (c) inA ppendix. W euse(~§IT)asan
estimatorforthevarianceoftheregressionerrorin(9 ).
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L et¾ijand¾ijdenote, respectively, the(i;j)-elementsofthecovariancematrix§and
its inverse§¡1. T helimittheoriesforthetests F G T and F O T aregivenin

Theorem 2.1 U nderA ssumptions A 1, A 2 andA 3, wehave
(a) F G T ! d Q 0AG Q

¡1
B G Q AG

(b) F O T ! d Q 0AO Q
¡1
M FO

Q AO

as T ! 1 , where

Q AG =

0
BBBBBBB@

¼1(1)
NX

j= 1
¾1j

Z1

0
B 1dB j

...

¼N (1 )
NX

j= 1
¾N j

Z1

0
B N dB j

1
CCCCCCCA
; Q AO =

0
BBBBB@

¼1(1)
Z1

0
B 1dB 1

...

¼N (1 )
Z1

0
B N dB N

1
CCCCCA

Q B G =

0
BBBBB@

¾11¼1(1 )2
Z1

0
B 21 ::: ¾1N ¼1(1 )¼N (1)

Z1

0
B 1B N

...
...

...

¾N 1¼N (1)¼1(1 )
Z1

0
B N B 1 ::: ¾N N ¼N (1)2

Z1

0
B 2N

1
CCCCCA

and

Q M FO =

0
BBBBBB@

¾11¼1(1 )2
Z1

0
B 21 ::: ¾1N ¼1(1)¼N (1)

Z1

0
B 1B N

...
...

...

¾N 1¼N (1 )¼1(1)
Z1

0
B N B 1 ::: ¾N N ¼N (1)2

Z1

0
B 2N

1
CCCCCCA

R emarks
(a) T he limitdistributions ofthe F G T and F O T arenonstandardanddependheavilyon
thenuisanceparametersthatde…nethecross-sectionaldependencyandtheheterogeneous
serialdependence. T herefore, itis impossibletobaseinferenceonthetests F G T and F O T.
Inthenextsection, weproposebootstrap versionofthesetests todealwiththenuisance
parameterdependencyproblem andtoovercometheinferentialdi¢culty.
(b)T heF -typetests F G T andF O T consideredherearetwo-tailedtestswhichrejectthenull
®i= 0 foralli when®i6= 0 forsome i. H ence, theyrejectthenulloftheunitroots not
onlyagainstthestationarity ®i < 0 butalsoagainsttheexplosivecases with ®i> 0 for
somei. T hiswillhaveanegativee¤ectonthepowersofthetests.

Theframeworkwithinwhichwemaye¤ectivelydealwiththeproblem inR emark(b)
abovehasbeenrecentlydevelopedbyA ndrews(19 9 9 ).6Todealwiththeproblem, wemay

6H ereweconsidertesting®i = 0 against®i < 0 , and theparametersetis given by ®i · 0 foreach
cross-sectionaluniti= 1;:::;N . T hevalueof®iunderthenullhypothesis isthereforeontheboundaryof
theparameterset.
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replacezerosforthemembersof®̂G T and®̂ O T whichhavepositivevalues. T hiscanbeeasily
carriedoutbymultiplyingelementbyelementtheestimators ®̂G T =(̂®G T;1;:::;®̂G T;N )0and
®̂O T =(̂®O T;1;:::;®̂O T;N )0respectivelytotheN -dimensionalindicatorfunctions 1 f̂®G T ·0 g
and1 f̂®O T ·0 g. D enoteby:¤theelementbyelementmultiplication, andusethistomodify
theestimators ®̂G T and ®̂O T asfollows

®̂G T :¤1 f̂®G T ·0 g =

0
B@
®̂G T;11 f̂®G T;1 ·0 g

...
®̂G T;N 1 f̂®G T;N ·0 g

1
CA (14)

®̂ O T :¤1 f̂®O T ·0 g =

0
B@
®̂O T;11 f̂®O T;1 ·0 g

...
®̂O T;N 1 f̂®O T;N ·0 g

1
CA

W enowde…nenewstatistics, whichwecallK-statistics. Fromthemodi…edG L S estimator
above, wede…netheG L S-basedK-statisticsKG T asfollows

KG T = (̂®G T :¤1 f̂®G T ·0 g)0(var(̂®G T))¡1 (̂®G T :¤1 f̂®G T ·0 g)
= (A G T :¤1 f̂®G T ·0 g)0B ¡1G T (A G T :¤1 f̂®G T ·0 g) (15)

andtheO L S-basedK-statisticsKO T as

KO T = (̂®O T :¤1 f̂®O T ·0 g)0(var(̂®O T))¡1 (̂®O T :¤1 f̂®O T ·0 g)
= (A O T :¤1 f̂®O T ·0 g)0M ¡1

FO T (A O T :¤1 f̂®O T ·0 g) (16)

T heK-statisticsconstructedasaboveareessentiallyone-sidedtests, sincetheye¤ectively
elliminatetheprobabilityofrejectingthenullagainsttheexplosivealternative. T herefore
theyareexpectedtoimprovethepowerpropertiesofthecorrespondingtwo-tailed F -type
tests fortestingoftheunitrootnullagainsttheone-waystationaryalternative.

ThelimitdistributionsoftheK-statisticscanbeeasilyobtainedinamannersimilarto
thatusedtoderivethelimittheoriesfortheF -typetests, andaregivenin

Corollary2.1 U nderA ssumptions A 1, A 2 andA 3, wehave
(a)KG T ! d (Q AG :¤1fQ ¡1B G Q AG ·0 g)0Q ¡1B G (Q AG :¤1fQ ¡1B G Q AG ·0 g)
(b)KO T ! d (Q AO :¤1fQ ¡1B O Q AO ·0 g)0Q ¡1M FO

(Q AO :¤1fQ ¡1B O Q AO ·0 g)
as T ! 1 , where

Q B O =

0
BBBBB@

¼1(1)2
Z1

0
B 21 ::: ¼1(1 )¼N (1 )

Z1

0
B 1B N

...
...

...

¼N (1)¼1(1 )
Z1

0
B N B 1 ::: ¼N (1 )2

Z1

0
B 2N

1
CCCCCA

andtheterms Q AG ; Q B G ; Q AO andQ M FO arede…nedinTheroem 2.1.

A s canbeseenclearlyfrom theaboveCorollary, thelimitdistributionsoftheK-testsare
alsononstandardanddependheavilyonthenuisanceparameters. Inthenextsection, we
willalsoconsiderbootstrappingtheK-typetests.
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2.2 U nitR ootTestsforH omogeneousPanels
Forthetestoftheunitroot, wearetesting®i= 0 foralli. T herefore, weareessentially
lookingatahomogeneouspanel, asfarastestingofthenullhypothesis isconcerned. IfA R
coe¢cients ®i’s inouroriginalmodel(1) arehomogeneous, i.e., ®1 =¢¢¢= ®N = ® , then
thecorrespondingaugmentedA R inmatrixform isgivenby

4y= ỳ ® + X p¯p + "p (17 )

whichisthesameastheaugmentedA R inmatrixformfortheoriginalheterogeneousmodel
(9 ), exceptthatherewehavean(N T £1 )-vectory`=(y0;̀1;:::;y

0
;̀N )

0 intheplaceofthe
(N T £N )-matrixY`andtheparameter® isnowascalarinsteadofan(N £1 )-vector.

Itisnaturaltoconsiderthet-statisticsfortestingthenullhypothesisoftheunitroots
inthehomogeneousmodel(17 ), sincetheparameter® tobetestedisnowascalar. H erewe
donotallowfortheheterogeneityoftheA R coe¢cient, as in L evinand L in (19 9 2,19 9 3).
O bviously, theunitroottestbasedonthehomogeneouspanel(17 ) isvalid, sincethemodel
is correctlyspeci…edunderthenullhypothesisoftheunitroots. T hehomogeneouspanel,
however, maynotprovideappropriatemodellingsunderthealternativehypothesis, andthis
mayhaveanadversee¤ectonthepowerofthetests. H owever, wemayusetheone-sided
t-typetests, ifbasedonthehomogeneouspanels, whichhaveaclearaclearadvantageover
thetwo-tailed F -typetestsconstructedfrom theheterogeneouspanels.

TheO L S andG L S basedt-statisticsareconstructedfromtheG L S andO L S estimators
ofthescalarparameter® inthehomogeneousaugmentedA R (17 ) andaregivenby

tG T =aG Tb
¡1=2
G T and tO T =aO T M

¡1=2
tO T (18)

where

aG T = y0(̀~§¡1IT)"p ¡y0(̀~§¡1IT)X p(X 0
p(~§

¡1IT)X p)¡1X 0
p(~§

¡1IT)"p
bG T = y0(̀~§¡1IT)ỳ ¡y0(̀~§¡1IT)X p(X 0

p(~§
¡1IT)X p)¡1X 0

p(~§
¡1IT)y`

aO T = y0"̀p ¡y0X̀ p(X 0
pX p)¡1X 0

p"p
M tO T = y0(̀~§IT)ỳ ¡2y0X̀ p(X 0

pX p)¡1X 0
p(~§IT)y`

+ y0X̀ p(X 0
pX p)¡1X 0

p(~§IT)X p(X 0
pX p)¡1X 0

py`

InthefollowingtheoremwepresentthelimittheoriesforthetG T andTO T tests.

Theorem 2.2 U nderA ssumptions A 1, A 2 andA 3, wehave

(a) tG T ! d Q aG Q
¡1=2
bG

(b) tO T ! d Q aO Q
¡1=2
M tO

as T ! 1 , where

Q aG =
NX

i= 1

NX

j= 1
¾ij

Z1

0
B idB j; Q bG =

NX

i= 1

NX

j= 1
¾ij

Z1

0
B iB j

10



and

Q aO =
NX

i= 1
¼i

Z1

0
B idB i; Q M tO =

NX

i= 1

NX

j= 1
¾ij¼i¼j

Z1

0
B iB j

Thelimitprocesses Q M tO appearinginthelimitdistributions oftG T and tO T arethe
sumsoftheindividualelements inthecorrespondinglimitprocesses Q AG , Q B G , Q AO and
Q M FO de…nedinT heorem 2.1, whichconstitutethestatisticsKG T andKO T developedfor
theheterogenous panels.7 T helimitdistributions ofthe t-statistics tG T and tO T arealso
non-standardandsu¤erfrom nuisanceparameterdependency, as inthecaseswiththe F -
tests andK-statistics. H enceitis notpossibletousethesestatistics forinferenceasthey
stand. Inthenextsection, weconsiderboostrappingthepanelunitroottestsproposedin
this sectiontoresolvethenuisanceprameterdependencyproblem andtoprovideavalid
basisforinferenceinnonstationarypanelswithcross-sectionaldependency.

3. Bootstrap U nitR ootTestsforD ependentPanels
Inthis section, weconsiderthesievebootstraps forthevariouspanelunitroottests, F G T ,
F O T , KG T , KO T , tG T andtO T consideredintheprevioussection. Inparticular, weestablish
theasymptoticvalidityofthebootstrappedtests byshowingbootstrap consistencyofthe
tests. W eusetheconventionalnotation¤tosignifythebootstrapsamples, anduseP ¤and
E¤todenote, respectively, theprobabilityandexpectationconditionalupontherealization
oftheoriginalsample. W hiledevelopingtheasymptotictheoriesforthebootstrappedtests,
wealsodiscussvarious issuesandproblemsarisinginpracticalimplementationofthesieve
bootstrapmethodologyinthis section.

Toconstructthebootstrappedtests, we…rstgeneratethebootstrap samples for("¤it),
(u¤it)and (y¤it). Forthe generation of("¤it), we need tomake sure thatthe dependence
structureamongcross-sectionalunits, i = 1 ;:::;N , is preserved. Todoso, wegenerate
the N -dimensionalvector("¤t)= ("¤1t;:::;"¤N t)0byresamplingfrom thecentered residual
vectors(~"pt)de…nedin(13)fromtheregression(12). T hatis, obtain("¤t)fromtheempirical
distributionof Ã

~"pt¡
1
T

TX

t= 1
~"pt

! T

t= 1

T hebootstrap samples ("¤t)constructedas suchwill, inparticular, satisfyE¤"¤t= 0 and
E¤"¤t"¤t= ~§.8

7 L evinand L in(19 9 2,19 9 3) considerst-statistics forhomogeneous panels undercross-sectionalindepen-
dency. Consequently, theycanapplyN -asymptoticsafterthelimitasT tendstoin…nityistaken, andderive
thelimitdistributionthatisthestandardnormal. T heirtheory, however, doesnotextendtoourstatistics,
sinceweallowfordependencyacrosscross-sectionalunits.

8 O fcourse, wemayresample "¤it’s individually from the ~"piit’s fori= 1;:::;N and t= 1;:::;T . In
this case, preservingtheoriginalcorrelationstructureamongthecross-sectionalunitsneedsmorecare. W e
basicallyneedtopre-whiten~"piit’sbeforeresampling, andthenre-colortheresamplestorecoverthecorrelation
structure. M orespeci…cally, we…rstpre-whiten ~"piit’s bypre-multiplying ~§¡1=2 to ~"pt = (~"

p1
1t;:::;~"

pN
N t)

0, for
t= 1;:::;T . N ext, generate "¤it’s byresamplingfrom thepre-whitened ~"piit’s, and thenre-colorthem by
pre-multiplying ~§ 1=2 to"¤t= ("¤1t;:::;"¤N t)0torestoretheoriginaldependencestructure.
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N ext, wegenerate(u¤it)recursivelyfrom ("¤it)as

u¤it= ~®pii;1u
¤
i;t¡1 + ¢¢¢+ ~®pii;piu

¤
i;t¡pi+ "¤it (19 )

where(~®pii;1;:::;~®
pi
i;pi)arethecoe¢cientestimatesfromthe…ttedregression(12). Initializa-

tionof(u¤it)isunimportantforoursubsequenttheoreticaldevelopment, thoughitmayplay
animportantrolein…nitesamples.9 T hecoe¢cientestimates(~® pii;1;:::;~®

pi
i;pi)usedin(19 )

maybeobtainedfromestimating(12)bytheYule-W alkermethodinsteadoftheO L S.T he
twomethods areasymptoticallyequivalent. H owever, in smallsamples the Yule-W alker
methodmaybepreferredtotheO L S, since italways yields an invertibleautoregression,
therebyensuringthestationarityoftheprocess(u¤it). SeeBrockwellandD avis (19 9 1, Sec-
tions 8.1 and8.2). H owever, theprobabilityofhavingthenoninvertibilityproblem inthe
O L S estimationbecomesnegligibleasthesamplesizeincreases.

Finally, obtain(y¤it)bytakingpartialsumsof(u¤it), viz.

y¤it=y¤i0 +
tX

k= 1

u¤ik

with some initialinitialvalue y¤i0 . N oticethatthebootstrap samples (y¤it)aregenerated
withtheunitrootimposed. T hesamplesgeneratedaccordingtotheunrestrictedregression
(1) willnotnecessarily have the unitrootproperty, and this willmake the subsequent
bootstrapprocedureinconsistentasshowninBasawaetal(19 9 1). Thechoiceoftheinitial
valuey¤i0 doesnota¤ecttheasymptoticsaslongasitisstochasticallybounded. Therefore,
wesimplysetitequaltozeroforthesubsequentanalysis inthis section.

W emayobtaintheB everidge-N elsonrepresentations forthebootstrappedseries (u¤it)
and(y¤it)similartothosefor(uit)and(yit)givenin(5)and(6) intheprevioussection. L et
~®i(1 )=1 ¡P pi

k= 1 ~®
pi
i;k. T henitis indeedeasytoget

u¤it =
1

~®i(1 )
"¤it+

piX

k= 1

P pi
j= k ~®

pi
i;j

~®i(1 )
(u¤i;t¡k¡u¤i;t¡k+ 1)

= ~¼i(1 )"¤it+ (¹u¤i;t¡1¡¹u¤it)

where ~¼i(1 )=1 =~®i(1 )and¹u¤t=~¼i(1 )
P pi

k= 1(
P pi

j= k~®
pi
i;j)u

¤
i;t¡k+ 1, andtherefore,

y¤it=
tX

k= 1

u¤ik=~¼i(1 )w¤it+ (¹u¤i0 ¡¹u¤it)

wherew¤it=
Pt

k= 1"¤ik.

Forthedevelopmentofthelimittheoriesforthebootstrappedteststatistics, weassume
9 W emayusethe…rstpi-valuesof(uit)astheinitialvaluesof(u¤it). T hebootstrapsamples(u¤it)generated

as suchmaynotbestationaryprocesses. A lternatively, wemaygeneratealargernumber, sayT + M , of
(u¤it) anddiscard…rstM -values of(u¤it). T hiswillensurethat(u¤it) becomemorestationary. Inthis case
theinitializationbecomesunimportant, andwemaythereforesimplychoosezerosfortheinitialvalues.
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A ssumption B 1 L et("t)be a sequence ofiid random variables such thatE"t= 0 ,
E"t"0t=§andEj"tjr < 1 forsomer¸4.

A ssumptionB 2 L et¼i(z)6= 0 foralljzj· 1 , and
P 1

k= 0 jkjsj¼i;kj< 1 forsomes¸ 1 ,
foralli=1 ;:::;N .

A ssumption B 3a L etpi ! 1 and pi= o(T ·)with · < 1 =2 as T ! 1 , foralli =
1 ;:::;N .

A ssumptionB 3b L etpi= cn· forsomeconstantcand 1 =rs < · < 1 =2, foralli =
1 ;:::;N .

T he iid assumption in A ssumption B 1, insteadofthemartingaledi¤erencecondition in
A ssumption A 1, is madetomaketheusualbootstrap proceduremeaningful. A ssumption
B 2 is identicaltoA ssumption A 2. IntheplaceofA ssumption A 3 fortheexpansionrate
ofA R orderpi’s, we imposeeitherA ssumptionB3aorB 3b. Both A ssumptions B 3aand
B3b arestrongerthan A ssumption A 3. W ewillimposetheconditionin A ssumptionB 3a
toprovetheconsistencyofthebootstrap tests intheweakform, i.e., theconvergenceof
conditionalbootstrap distributions in probability. Toestablishthestrongconsistencyor
thea.s. convergenceofconditionalbootstrapdistributions, weneedastrongerconditionin
A ssumptionB3b. N oticethatweonlyrequire 0 < · < 1 =2, fortheG aussianmodelwith
r=1 orthe…niteorderA R M A modelwiths=1 . T heconditionis thereforenotvery
stringent.

Conventions
(a) A ssumptionsB 1, B 2 andB3atogetherwillbereferedtoas A ssumption(W ), with‘W ’
standingforweak, andthesetofA ssumptionsB 1, B 2 andB 3bwillbecalledasA ssumption
(S), with‘S’forstrong.
(b) W ewillusethesymbolo¤p(1 )tosignifythebootstrap convergence inprobability. For
asequenceofbootstrappedrandom variables Z ¤n , forinstance, Z ¤n = o¤p(1 )a.s. and in P
implyrespectivelythat

P ¤fjZ ¤nj> ±g ! 0 a.s. orinP

forany± > 0 . Similarly, wewillusethesymbolO ¤p(1)todenotethebootstrap versionof
theboundednessinprobability. N eedlesstosay, thede…nitionsofo¤p(1 )andO ¤p(1)naturally
extendtoo¤p(cn)andO ¤p(cn)forsomenonconstantnumericalsequence(cn).

W e need followinglemmas forthe derivation ofthe limitdistributions forthe sieve
bootstrappanelunitroottests.

L emma3.1 U nderA ssumptions (W ), wehave

(a)
1
T

TX

t= 1
y¤i;t¡1"

¤
jt=~¼i(1 )

1
T

TX

t= 1
w¤i;t¡1"

¤
jt+ o¤p(1 )

(b)
1
T 2

TX

t= 1
y¤i;t¡1y

¤
j;t¡1 =~¼i(1 )~¼j(1)

1
T 2

TX

t= 1
w¤i;t¡1w

¤
j;t¡1 + o¤p(1 )

Inthefollowinglemma, weuseanoperatornorm formatrices: ifC =(cij)isamatrix,
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thenweletkCk=maxxjCxj=jxj.
L emma3.2 L etx¤piit =(4y¤i;t¡1;:::;4y¤i;t¡pi)0. Thenwehave

(a) E¤
°°°°°°

Ã
1
T

TX

t= 1
x¤piitx

¤pi0
it

! ¡1°°°°°°
= O p(1 ) or O (1 )a:s:underA ssumptions (W ) and (S),

respectively, foralli=1 ;:::;N .

(b) E¤
¯̄
¯̄
¯
TX

t= 1
x¤piit y

¤
j;t¡1

¯̄
¯̄
¯=O (T p1=2i )a:s:underA ssumption(W ), foralli;j=1 ;:::;N .

(c) E¤
¯̄
¯̄
¯
TX

t= 1
x¤piit "

¤
jt

¯̄
¯̄
¯=O (T 1=2 p1=2i )a:s:underA ssumptions (W ), foralli;j=1 ;:::;N .

3.1 Bootstrap U nitR ootTestsforH eterogeneousPanels
Toconstructthe bootstrapped tests, we considerthe followingbootstrap version ofthe
augmentedautoregression(8)whichwasusedtoconstructthesampleteststatistics

4y¤it=®iy¤i;t¡1 +
piX

k= 1

®i;k4y¤i;t¡k+ "¤it (20)

andwritethis inmatrixform

4y¤=Y ¤`® + X ¤
p ¯p + "¤ (21)

wherethevariablesarede…nedinthesamemanneras intheregression(9 )with

y¤;̀i=

0
B@

y¤i;0
...

y¤i;T¡1

1
CA ; X ¤pi

i =

0
B@
x¤pi0i1
...

x¤pi0iT

1
CA and "¤i=

0
B@
"¤i;1
...

"¤i;T

1
CA

fori=1 ;:::;N .
W e testforthe unitroothypothesis ® = 0 in (21), usingthe bootstrap versions of

F -type tests thatare de…ned analogously as the sample F -type tests considered in the
previoussection. T hebootstrap F -testsareconstructedfrom thebootstrap G L S andO L S
estimatorsof® inthebootstrapaugmentedA R regression(21). M oreexplicitly, wede…ne
theboostrap G L S-based F -testas

F ¤G T =A¤0G TB
¤¡1
G T A¤G T (22)

analogouslyasthesampleG L S-based F -testF G T givenin(10), where

A¤G T = Y ¤0` (~§
¡1IT)"¤¡Y ¤0` (~§

¡1IT)X ¤
p

³
X ¤0
p (~§

¡1IT)X ¤
p
¡́1
X ¤0
p (~§

¡1IT)"¤

B ¤G T = Y ¤0` (~§
¡1IT)Y ¤`¡Y ¤0` (~§

¡1IT)X ¤
p

³
X ¤0
p (~§

¡1IT)X ¤
p
¡́1
X ¤0
p (~§

¡1IT)Y ¤`
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T hebootstrapO L S-basedF -testisalsode…nedanalogouslyasthesampleO L S-basedF -test
F O T de…nedin(11), viz.

F ¤O T =A¤0O T M
¤¡1
FO TA

¤
O T (23)

where

A¤O T = Y ¤0` "
¤¡Y ¤0` X

¤
p(X

¤0
p X

¤
p)
¡1X ¤0

p "
¤
p

M ¤
FO T = Y ¤0` (~§IT)Y ¤`¡Y ¤0` X

¤
p(X

¤0
p X

¤
p)
¡1X ¤0

p (~§IT)Y ¤`
¡Y ¤0` (~§IT)X ¤

p(X
¤0
p X

¤
p)
¡1X ¤0

p Y
¤
`

+ Y ¤0` X
¤
p(X

¤0
p X

¤
p)
¡1X ¤0

p (~§IT)X ¤
p(X

¤0
p X

¤
p)
¡1X ¤0

p Y
¤
`

T he bootstrap F -statistics F ¤G T and F ¤O T given in (22) and (23) involve the covariance
matrixestimator ~§de…nedbelow(13). Theestimate ~§ is thepopulation parameterfor
thebootstrap samples ("¤t), correspondingto§fortheoriginalsamples ("t). W emayof
courseusethebootstrap estimate ~§¤, say, fortheconstructionofthestatistics F ¤G T and
F ¤O T foreachbootstrapiteration. T hetwoversionsofthebootstraptestsareasymptotically
equivalentatleastforthe…rstorderasymptotics, andweuse ~§ intheconstructionofthe
bootsrap testsforconvenience.10

W enowpresentthelimittheoryforthebootstrap F -typetests F ¤G T and F ¤O T in

Theorem3.1 W ehaveas T ! 1 ,
(a) F ¤G T ! d ¤ Q 0AG Q

¡1
B G Q AG inP ora.s.

(b) F ¤O T ! d ¤ Q 0AO Q
¡1
M FO

Q AO inP ora.s.
respectivelyunderA ssumption(W ) or(S), whereQ AG , Q B G , Q AO andQ M FO arede…ned
inT heorem 2.1.

T heresults in Part(a) and(b) aboveshowthatthebootstrap F -statistics F ¤G T and F ¤O T
havethe samelimitdistributions as thecorrespondingsample F -statistics F G T and F O T

given in T heorem 2.1. This establishes theasymptoticvalidityoftheboostrap tests F ¤G T
and F ¤O T.

ThebootstrapK-statisticsareconstructedfromthebootstrapsamplesintheanalogous
mannerinwhichthesampleK-statisticsarede…nedin(15) and(16).

K¤
G T = (A¤G T :¤1 f̂®¤G T ·0 g)0B ¤¡1G T (A¤G T :¤1 f̂®¤G T ·0 g)

K¤
O T = (A¤O T :¤1 f̂®¤O T ·0 g)0M ¤¡1

FO T (A
¤
O T :¤1 f̂®¤O T ·0 g) (24)

andtheirlimittheoriesaregivenin

Corollary3.1 W ehaveas T ! 1 ,
(a)K¤

G T ! d ¤ (Q AG :¤1fQ ¡1B G Q AG ·0 g)0Q ¡1B G (Q AG :¤1fQ ¡1B G Q AG ·0 g) inP ora.s.

10T hebootstraptestsbasedonthebootstrapestimate~§¤maybebetterforhigherorderasymptotics, since
theymorecloselymimicthesamplestatisticsthanthebootstraptestsbasedonthepopulationparameter~§ .
T hestatisticsconsideredinthepaperare, however, non-pivotalandthereforethehigherorderasymptotics
areirrelevanthere.
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(b)K¤
O T ! d ¤ (Q AO :¤1fQ ¡1B O Q AO ·0 g)0Q ¡1M FO

(Q AO :¤1fQ ¡1B O Q AO ·0 g) inP ora.s.
respectivelyunderA ssumption (W ) or(S), where Q AG , Q B G , Q AO , Q M FO and Q B O are
de…nedinTheorem 2.1 andCorollary2.1.

Corollary3.1 shows thatthebootstrapK-statisticsK¤
G T andK¤

O T havethesamelimiting
distributionsasthecorrespondingsampleK-statisticsKG T andKG T giveninCorollary2.1,
therebyprovingtheasymptoticvalidityofthebootstrapK-statistics.

3.2 Bootstrap U nitR ootTestsforH omogeneousPanels
T hebootstrapt-statisticsarealsoconstructedinananalogousmannerasweconstructedthe
samplet-statistics, tG T andtO T , inSection2.2. Thus, weconsiderthehomogeneouspanel
ofthebootstrap samples, with®1 =¢¢¢= ®N = ® imposed, andcomputethet-statistics
from thecorrespondingaugementedA R , whichiswritteninmatrixform as

4y¤=y¤®̀ + X ¤
p ¯p + "¤ (25)

T he variables appearing in the above regression are de…ned in the samewayas in the
augmented A R inmatrix form forthebootstrap heterogeneous model(21), exceptthat
herewehavean(N T £1 )-vectory¤`=(y¤0;̀1;:::;y

¤0
;̀N )

0intheplaceofthe(N T £N )-matrix
Y ¤` andtheparameter® isnowascalarinsteadofan(N £1 )-vector.

The bootstrapped G L S and O L S based t-statistics are based on the G L S and O L S
estimatorof® inthehomogeneousaugmentedA R (25), andaregivenby

t¤G T =a¤G Tb
¤¡1=2
G T and t¤O T =a¤O T M

¤¡1=2
tO T (26)

where

a¤G T = y¤0`(~§
¡1IT)"¤¡y¤0`(~§

¡1IT)X ¤
p(X

¤0
p (~§

¡1IT)X ¤
p)
¡1X ¤0

p (~§
¡1IT)"¤

b¤G T = y¤0`(~§
¡1IT)y¤`¡y¤0`(~§

¡1IT)X ¤
p(X

¤0
p (~§

¡1IT)X ¤
p)
¡1X ¤0

p (~§
¡1IT)y¤`

a¤O T = y¤0`"
¤¡y¤X̀ ¤

p(X
¤0
p X

¤
p)
¡1X ¤0

p "
¤

M ¤
tO T = y¤0`(~§IT)y¤`¡2y¤0`X ¤

p(X
¤0
p X

¤
p)
¡1X ¤0

p (~§IT)y¤`
+ y¤0`X

¤
p(X

¤0
p X

¤
p)
¡1X ¤0

p (~§IT)X ¤
p(X

¤0
p X

¤
p)
¡1X ¤0

p y
¤
`

T helimitdistributionsoft¤G T andt¤O T aregivenin

Theorem3.2 W ehaveas T ! 1 ,

(a) t¤G T ! d ¤ Q aG Q
¡1=2
bG inP ora.s.

(b) t¤O T ! d ¤ Q aO Q
¡1=2
M tO

inP ora.s.
respectivelyunderA ssumption(W ) or(S), whereQ aG , Q bG , Q aO andQ M tO arede…nedin
T heorem 2.2.

T heresults inT heorem 3.2 showthatthebootstrap t-statisticst¤G T andt¤O T havethelimit
distributions thatareequivalenttothoseofthe sample t-statistics tG T and tO T given in
T heorem 2.2, therebyestablishingtheasymptoticallyvalidityofthebootstrap t-statistics.
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4. Simulations
W econductasetofsimulationstoinvestigatethe…nitesampleperformanceofthebootstrap
panelunitroottests, F ¤G T , F ¤O T , K¤

G T , K¤
O T , t¤G T andt¤O T , proposed inthepaper. Forthe

simulation, weconsiderthe(yt)givenbythemodel(1)with(ut)generatedaseitherA R (1)
orM A (1) processes, viz.,

(A ) uit=½iui;t¡1 + "it
(B ) uit="it+ µi"i;t¡1

T he innovations "t=("1t;:::;"N t)0thatgenerateut=(u1t;:::;uN t)0aredrawnfrom an
N -dimensionalmultivariatenormaldistributionwithmeanzeroandcovariancematrix§.11
T he A R and M A coe¢cients, ½i’s and µi’s, used inthegenerationoftheerrors (uit)are
drawnrandomlyfromtheuniformdistribution. M orespeci…cally, ½i»U niform[0.2,0.4]and
µi»U niform[¡0 :4;0 :4].12

Theparametervalues forthe(N £N )covariancematrix§=(¾ij)arealsorandomly
drawn, butwith particularattention. Toensurethat§ is a symmetricpositivede…nite
matrixandtoavoidthenearsingularityproblem, wegenerate§viafollowingsteps:
(1) G eneratean(N £N )matrixU from U niform[0,1].
(2) Constructfrom U anorthogonalmatrixH=U (U 0U )¡1=2 .
(3) G enerate a setofN eigenvalues, ¸1;:::;̧ N . L et¸1=r> 0 and ¸N = 1 and draw
¸2 ;:::;̧ N ¡1 from U niform[r,1].
(4) Form adiagonalmatrix¤with (̧ 1;:::;̧ N )onthediagonal.
(5) Constructthecovariancematrix§asaspectralrepresentation§=H¤H0.
T hecovariancematrixconstructedthiswaywillsurelybesymmetricandnonsingularwith
eigenvalues takingvalues from rto1. W e setthe maximum eigenvalue at1 since the
scaledoesnotmatter. T heratiooftheminimum eigenvaluetothemaximum istherefore
determinedbythesameparameterr. T hecovariancematrixbecomessingularasrtendsto
zero, andbecomessphericalasrapproachesto1. Forthesimulations, wesetratr=0 :1 .13

Forthetestoftheunitroothypothesis, weset®i=0 foralli=1 ;:::;N , andinvestigate
the…nitesamplesizes inrelationtothecorrespondingnominaltestsizes. Toexaminethe
rejection probabilities ofthetests underthealternativeofstationarity, wegenerate ®i’s
randomlyfrom U niform[¡0 :8;0]. T hemodelis thus heterogenous underthealternative.
T he…nitesampleperformanceofthebootstrap testsarecomparedwiththatofthet-bar
statistics by Im, Pesaranand Shin (19 9 7 ), which is basedontheaverageofthe individ-
ualt-statistics computed from the sample A D F regressions (8) with meanand variance

11T hesimulationmodelforthecase(B )isgeneratedfromanM A (1)process(uit), whichcanberepresented
asanin…niteorderA R process. U singthelagorderpiselectedbyA IC, weapproximate(uit)byanA R (pi)
processas in(12). T heapproximatedautoregressionis thenestimatedbytheYule-W alkermethod.

12 M addalaandW u(19 9 6)andIm, PesaranandShin(19 9 7 ) alsogenerateparametersfortheirsimulation
modelsradomlyfrom uniform distributions.

13O urbootstrap testsdonotseem todependonthethevalueofr, butthet-barstatisticsdoes. T hough
wedonotreportthedetails, weobservefromasetofsimulationsthatthet-bartendstohavehigherrejection
probabilitieswhenr iscloseto0, andthatitseemstohavesubstantialsizedistortionsevenwhen§ isnearly
sphericalwith r = 0:99.
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modi…cations. M oreexplicitly, thet-barstatistics isde…nedas

t-bar=
p
N (¹tN ¡N ¡1

P N
i= 1E(ti))q

N ¡1
P N

i= 1var(ti)

where ti is the t-statistics fortesting®i=0 forthe i-th sample A D F regression (8), and
¹tN =N ¡1

P N
i= 1 ti. T hevalues oftheexpectationandvariance, E(ti)andvar(ti), foreach

individualtidependon T andthelagorderpi, andcomputedviasimulations from inde-
pendentnomalsamples. Table2 in Im, Pesaranand Shin (19 9 7 ) tabulates thevalues of
E(ti)andvar(ti)forT =5;1 0 ;1 5;20 ;25;30 ;40 ;50 ;60 ;70 ;1 0 0 andforpi=1 ;:::;8.

Thepanelswiththecross-sectionaldimensionsN =5;20 andthetimeseriesdimensions
T =50 ;1 0 0 areconsideredforthe1% , 5% and10% sizetests. Sinceweareusingrandom
parametervalues, wesimulate20 times andreporttheranges ofthe…nitesampleperfor-
mances ofthebootstrap tests. Each simulationrun is carriedoutwith 1,000 simulation
iterations, eachofwhichusesbootstrapcriticalvaluescomputedfrom500 bootstraprepeti-
tions. T hesimulationresultsforthet-barstatisticsandourbootstraptests F ¤G T , F ¤O T , K¤

G T ,
K¤

O T , t¤G T andt¤O T arereportedinTablesA 1-B 2. TablesA 1 andA 2 reports, respectively, the
…nitesamplesizes andpowersofthetests forCaseA with A R errors, andTables B 1 and
B 2 reportsthoseforCaseB withM A errors. Foreachstatistics, wereporttheminimum,
mean, medianandmaximum oftherejectionprobabilities underthenullandunderthe
alternativehypothesis.

A scanbeseenfromTablesA 1 andB 1, thet-bartestsu¤ersfromserioussizedistortions.
T hedirectionofthesizedistortions is, however, notinoneway. Forthe1% tests, thet-bar
statisticssu¤ersfromupwardsizedistortionsexceptfortheM A casewithN = 5, wherethe
t-barisslightlydownwardbiased. T hedegreeoftheupwarddistortionsseemstobehigher
forthe A R caseand increases as N gets large. Forthe5% and10% tests, thet-bartest
is mostlydownwardbiasedexceptforthe5% testwith N = 20, wherethetestis upward
biased.14 T hedownwarddistortionismoreseriousfortheM A casewithsmallerN = 5. O n
theotherhand, the…nitesamplesizesofthebootstraptestsarequiteclosetothenominal
testsizesforbothA R andM A casesandforallN = 5,20 andT = 50,100.

Thebootstraptestsaremorepowerfulthanthet-barstatisticsformostcaseswiththe
smallerN = 5, ascanbeseenfromTablesA 2 andB 2. Indeed, forthe5% and10% testsallof
ourbootstraptestshavehigherrejectionprobabilitiesthanthet-barforbothA R andM A
cases. For1% tests, onlytheG L S basedbootstraptests F ¤G T andK¤

G T performbetterthan
thet-bar. A s thenumberofthecross-sectionalunits increasestoN = 20, theperformance
ofthet-barstatistics improves. W iththesmallernumberofobservationsovertimeT = 50,
itactuallyperformsbetterthanthebootstrap testsexcepttheO L S basedt-statistics t¤O T ,
butthedi¤erencebecomesnegligibleas T increases.

A mongthebootstraptests, theG L S basedtests, F ¤G T andK¤
G T , aremorepowerfulthan

theO L S basedtests, F ¤O T andK¤
O T , forthesmallerN = 5, butforthelargerN = 20, the

advantagefrom the G L S e¢ciencyvanishes. This is perhaps duetotheerrorinvolved in
14T hedownwardsizedistortions ofthet-barstatistics havebeenwellnoted inseveralsimulationworks.

M addalaandW u(19 9 6), forexample, reportthatthet-barstatisticssu¤ersfrom substantialdownwardsize
distortions inthepresenceofcross-correlationsamongthecross-sectionalunits.
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estimatinglargedimensionalcovariancematrix. Fort-typetests, theO L S basedt-statistics
t¤O T is indeednoticeablymorepowerfulthanits G L S couterpartt¤G T whenthelargerN = 20
is used. Theyarealsomorepowerfulthanthe F -typetests andK-statistics inthis case.
T headvantageoftheone-tailtests basedonthehomogeneous panelsappears tobequite
importantin…nitesamples.

TheK-statisticswasproposedasalternativestothetwo-sided F -typeteststocomeup
withmorepowerfultests fortheunitrootsagainsttheone-wayalternativeofthestation-
arity. T he simulationresults in Tables A 2 andB 2, however, showthattheimprovement
theK-statisticsmakeovertheF -typetestsarenotnoticeable. O nepossiblereasonisthat
the…nitesampledistributions ofthe ®̂G T and ®̂O T , uponwhichthemodi…cations forthe
K-statisticsaremade, areskewtotheleftsomuchthatthemodi…cationdoesnothaveac-
tuale¤ect. Thus, onemaycorrectforthebiases inthedistributionsof®̂ G T and ®̂O T before
applyingthemodi…cations in(14). T his canbedonebycarryingoutanestedbootstrap.
W edonotpursuethisinthispaperduetothecomputationtime, butwillreportinafuture
work.

A llbootstraptestsaremorepowerfulforthecasewiththesmallerN = 5 andthelarger
T = 100 thanthecaseswiththelargerN = 20 andthesmallerT = 50. T his is becauseour
bootstraptestsareT -asymptotictests, whichwillworkbetterforalargeT . T het-bartest
is, however, noticeablymorepowerfulforthecaseswithN = 20 andT = 50 thanforthecases
withN = 5 andT = 100. Thisindicatesthatthet-bartestworksmuchbetterforpanelswith
largernumberofN , whichis expectedsincethetestis basedontheaverageofindividual
tests.

4. Conclusion
T herehas beenmuchrecentempiricalandtheoreticaleconometricworkonmodels with
nonstationarypaneldata. Inparticular, muchattentionhasbeenpaidtothedevelopment
and implementationofthepanelunitroottestswhichhavebeenusedfrequentlytotest
forvarious covergencetheories, suchas growthcovergencetheories andpurchasingpower
parityhypothesis. A varietyoftests havebeenproposed, includingthetests proposedby
L evinandL in(19 9 3) andIm, PesaranandShin(19 9 7 ) thatappeartobemostcommonly
used. A lltheexistingtests, however, assumetheindependenceacrosscross-sectionalunits,
whichisquiterestrictive. Cross-sectionaldependencyseemsindeedquiteapparentformost
ofinterestingpaneldata.

Inthepaper, we investigatevarious unitroottests forpanelmodelswhichexplicitly
allowforthecross-correlation across cross-sectionalunits as wellas heterogeneous serial
dependence. T he limittheories forthepanelunitroottests arederived bypassingthe
numberoftimeseries observations T toin…nitywiththenumberofcross-sectionalunits
N …xed. A s expected the limitdistributions ofthe tests are nonstandard and depend
heavilyonthenuisanceparameters, renderingthestandard inferentialprocedure invalid.
Toovercometheinferentialdi¢cultyofthepanelunitroottests inthepresenceofcross-
sectionaldependency, we propose touse the bootstrap method. L imittheories forthe
bootstrap testsaredeveloped, andinparticulartheirasymptoticvalidityisestablishedby
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provingtheconsistencyoftheboostrap tests. T he simulations showthatthebootstrap
panelunitroottests perform wellin …nite samples relativetothe t-barstatistics byIm,
PesaranandShin(19 9 7 ).
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5. A ppendix: M athematicalProofs
T hefollowinglemmasprovideasymptoticresultsforthesamplemomentsappearinginthe
sampleteststatistics F G T , F O T , KG T , KO T , tG T andtO T de…nedin(10), (11), (15), (16)and
(18).

L emmaA 1 U nderA ssumptions A 1, A 2 andA 3, wehave

(a)
1
T

NX

t= 1
yi;t¡1"

pj
jt=¼i(1 )

1
T

TX

t= 1
wi;t¡1"jt+ op(1 ), foralli;j=1 ;:::;N

(b)
1
T 2

TX

t= 1
yi;t¡1yj;t¡1 =¼i(1 )¼j(1)

1
T 2

TX

t= 1
wi;t¡1wj;t¡1 + op(1 ), foralli;j=1 ;:::;N

(c)
1
T

TX

t= 1
"pt"

p0
t =

1
T

TX

t= 1
"t"0t+ op(1)

ProofofL emmaA 1

Part(a) T hestatedresults followimmediatelyifweapplytheresults inL emmaA 1 (a)
ofChangandPark(19 9 9 ) toeach(i;j)pair, fori;j=1 ;:::;N .

Part(b) T hestatedresultfollowsdirectlyfrom PhillipsandSolo(19 9 2).

Part(c) L et

Q T =
1
T

TX

t= 1
"pt"

p0
t¡

1
T

TX

t= 1
"t"0t

T henforeach(i;j)-elementofQ , thefollowingholds

Q T;ij =
1
T

TX

t= 1
"piit"

pj
jt¡

1
T

TX

t= 1
"it"jt

=
1
T

TX

t= 1
("piit¡"it)"

pj
jt+

1
T

TX

t= 1
"it("

pj
jt¡"j;t)

= op(p¡si )+ op(p¡sj )

foralli;j = 1 ;:::;N , duetoL emmaA 1 (c) inChang(19 9 9 ). N owthestated resultis
immediate.

L emmaA 2 U nderA ssumptions A 1, A 2 andA 3, wehave

(a)

°°°°°°

Ã
1
T

TX

t= 1
xpiitx

pi0
it

! ¡1°°°°°°
=O p(1 ), forallpiandi=1 ;:::;N

(b)
¯̄
¯̄
¯
TX

t= 1
xpiityj;t¡1

¯̄
¯̄
¯=O p(T p

1=2
i ), foralli;j=1 ;:::;N

(c)
¯̄
¯̄
¯
TX

t= 1
xpiit"

pj
jt

¯̄
¯̄
¯=O p(T 1=2 p

1=2
i )+ op(T p

1=2
i p¡sj ), foralli;j=1 ;:::;N .
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ProofofL emmaA 2 T hestatedresultinPart(a) followsdirectlyfrom theapplication
oftheresultin L emmaA 2 (a) foreach i = 1 ;:::;N , andthose in Parts (b) and(c) are
easilyobtainedusingtheresults in L emmaA 2 (b) and(c) ofChangandPark(19 9 9 ) for
each(i;j)pairfori;j=1 ;:::;N , withsomeobviousmodi…cationwithrespecttotheorders
pi’softheA R approximations involved.

ProofofTheorem 2.1

Part(a) W ebeginbywritingoutexplicitlythecomponentsamplemoments appearing
inA G T andB G T de…nedbelow(11).

Y 0(̀~§¡1IT)Y` =

0
B@
y0;̀1 0

...
0 y0;̀N

1
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0
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(27 )

and

X 0
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1
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(28)

where ~¾ijdenotes (i;j)-elementoftheinversecovariancematrixestimate ~§¡1. Similarly,
wehave

X 0
p(~§

¡1IT)"p =

0
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=
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=
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W enowexaminethestochasticorders ofthecomponents included inA G T and B G T. L et
¸(¢)denoteeigenvaluesofamatrix. W ehave

¸min(~§¡1IT)X 0
pX p ·X 0

p(~§
¡1IT)X p

N oticethat¸min(~§¡1IT)=¸min(~§¡1)and¸min(~§¡1)=1 =¸max(~§). Thenwehave
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! ¡1
=O p(1) (30)

since¸max(~§)! p ¸max(§)< 1 , and
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duetoL emmaA 2 (a). M oreoveritfollowsfrom L emmaA 2 (b) and(28)that

X 0
p(~§

¡1IT)Y`=O p(T ¹p1=2) (32)

where¹p= max
1·i·N

pi, andfrom L emmaA 2 (c) and(29 ) that

X 0
p(~§

¡1IT)"p =O p(T 1=2 ¹p1=2)+ op(T ¹p1=2 p¡s) (33)
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where p = min
1·i·N

pi, as de…ned earlier. N otice that¹p = p = o(T 1=2)as T ! 1 under
A ssumption3.

Itfollowsfrom (30), (32) and(33) that
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whichimplies
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duetoL emmaA 1 (a), where
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M oreover, wehavefrom (30) and(32) that
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which, togetherwithL emmaA 1 (b)and(27 ), gives
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where
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U singtheasymptoticresults in(34) and(35, wewrite
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T henthelimitdistributionofF G T follows immediatelyfrom theinvarianceprinciplegiven
in(4).

Part(b) W ehavefrom L emmaA 2 (b) and(c) that
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T hesetogetherwith(31)give
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W ehavefrom (30) that
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W ealsohavefrom L emmaA 2 (b)that
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where ~¾ijdenotes(i;j)-elementofthecovariancematrixestimate ~§. T henwehave
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W enowhavefrom theresults in(38)and(41) that
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fromwhichthestatedresultfollows immediately.

ProofofCorollary2.1

Part(a) Itfollowsfrom (34) and(35) that
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D uetotheaboveresultand(35), wemaywritetheKG T statisticsgivenin(15) as
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N owthestatedresultfollows immediatelyfrom (4).

Part(b) From (31) and(36), wehave
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Itfollowsfrom (38) andtheaboveresultthat
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From thisandtheresultin(41), wemayexpressthestatisticsKO T givenin(16)as
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n
Q ¡1B O T Q AO T ·0

ó
+ op(1 )

whichisrequiredforthestatedresult.

ProofofTheorem 2.2 T helimittheories forthe G L S andO L S basedt-statistics tG T
andtO T de…nedin(18)canbederivedinthesimilarmanneraswedidfortheF -typetests
F G T andF O T intheproofofTheorem2.1. W ejusthavetotakeintoaccountthatthelagged
levelvariablescomeina(N T £1 )-vectorỳ insteadofthe(N T £N )-matrixY .̀

Part(a) Since
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= O p(T ¹p1=2)
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duetoL emmaA 2 (b), itfollowsfrom (30) and(33) that
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and ¯̄
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³
X 0
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¡1IT)X p
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X 0
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¡1IT)ỳ
¯̄
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N ext, wewriteoutthefollowingsamplemomentsappearinginaG T andbG T , de…nedbelow
(18):

y0(̀~§¡1IT)ỳ =
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TX
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y0(̀~§¡1IT)"p =
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j= 1
~¾ij

TX

t= 1
yi;t¡1"

pj
jt

T henfrom theaboveresultsandL emmaA 1 (a)and(b), itfollowsthat

aG T
T

=
y0(̀~§¡1IT)"p

T
+ op(1)=

NX

i= 1
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j= 1
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1
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jt+ op(1)= Q aG T + op(1 )

bG T
T 2

=
y0(̀~§¡1IT)y`

T 2
+ op(1 )=
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1
T 2
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where
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i= 1
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1
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NX

i= 1

NX

j= 1
~¾ij¼i(1 )¼j(1)

1
T 2

TX

t= 1
wi;t¡1wj;t¡1

W emaynowwritetG T de…nedin(18) as follows

tG T =
aG T
T

µ
bG T
T 2

¶¡1=2
=Q aG T Q

¡1=2
bG T + op(1 )

andthelimittheoryfortG T is directlyobtainedfrom applyingtheinvarianceprinciplein
(4) toQ aG T andQ bG T .

Part(b) A gain, we…rstanalyzethecomponentsaO T and M tO T , de…nedbelow(18), that
constitutetheO L S basedt-statisticstO T givenin(18). Since
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X 0
p(~§IT)ỳ =
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1
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= O p(T ¹p1=2)

byL emmaA 2 (b), wehavefrom (39 ) that
¯̄
Ȳ 0X̀ p(X 0
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p"p

¯̄
¯ = op(T¹pp¡s)+ O p(T 1=2 ¹p)
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Ȳ 0X̀ p(X 0

pX p)¡1X 0
p(~§IT)Y`

¯̄
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Ȳ 0X̀ p(X 0

pX p)¡1X 0
p(~§IT)X p(X 0

pX p)¡1X 0
pY`

¯̄
¯ = O p(T ¹p)

W enowdeducefrom L emmaA 1 (a) and(b) that

aO T
T

=
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T

+ op(1)=
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1
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M tO T

T 2
=
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T 2

+ op(1 )=
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1
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where
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TX
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T henwehave

tO T =
aO T
T

µ
M tO T

T 2

¶¡1=2
=Q aO T Q

¡1=2
M tO T

+ op(1 )

fromwhichthestatedresultfollows immediately.

ProofsfortheBootstrap A symptotics

ProofofL emma3.1 T hestatedresults inparts (a)–(c) followfrom L emma1 ofChang
andPark(19 9 ).

ProofofL emma3.2 SeeProofofL emma2 inChangandPark(19 9 9 ).

ProofofTheorem3.1

Part(a) From
Ã
X ¤0
p (~§¡1IT)X ¤

p

T

! ¡1
· ¸max(~§)

Ã
X ¤0
p X ¤

p

T

! ¡1
=O ¤p(1) (42)
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andtheresults inL emma2 (a)–(c), wehave
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¯̄Y ¤0` (~§¡1IT)X ¤
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T histogetherwithL emma1(b) implies that
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=Y ¤0` (~§
¡1IT)"¤+ o¤p(1 )=Q A¤G T + o¤p(1 ) (43)

inP ora.s. underA ssumption(W )or(S), where

Q A¤G T =

0
BBBBBBBB@

NX

j= 1
~¾1j~¼1(1)

1
T

TX

t= 1
w¤1;t¡1"

¤
jt

...
NX

j= 1
~¾N j~¼N (1 )

1
T

TX

t= 1
w¤N ;t¡1"

¤
jt

1
CCCCCCCCA

Similarly, wehavefrom (42), L emma2 (a) and(b) that
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andthisalongwithL emma1 (a)gives
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inP ora.s. underA ssumption(W )or(S), analogouslyasbefore.
W enowwritethebootstrappedstatisticF ¤G T as

F ¤G T =
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T
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T 2
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dueto(43) and(44). Itis showninPark(19 9 9 ) that

~¼i(1 )! a:s:¼i(1 ) (45)

and
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T 2

TX

t= 1
w¤i;t¡1w

¤
j;t¡1 ! d ¤
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0
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underA ssumption(W ). N ow, thelimitingdistributionofthe F ¤G T follows immediately.

Part(b) Itfollowsfrom Parts(b) and(c)ofL emma2 that
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T henwehavefrom L emma1(a) that
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N ext, wededucefrom (42) andL emma2(b) that
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duetoL emma1(b), where
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Finally, wehavefrom theresults in(49 ) and(50)
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andthestatedresultnowfollows immediatelyfrom (45) and(46).

ProofofCorollary3.1 T heproofisanalogoustotheproofofCorollary2.1.

Part(a) Itfollowsfrom (43) and(44) that
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From theaboveresultand(44), wemaywritetheK¤
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N owthestatedresultfollows immediatelyfrom (45) and(46).

Part(b) Itfollowsfrom (42) and(47 ) that
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whichtogetherwithL emma3.1 (b)gives
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where
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Itfollowsfrom (48) andtheaboveresultthat
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From thisandtheresultin(50), wemayexpressthetestK¤
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whichtogetherwith(45) and(46)givesthestatedresult.

ProofofTheorem 3.2 T he limitdistributions ofthebootstrap G L S and O L S based
t-statistics, t¤G T andt¤O T , de…nedin(26) arederivedanalogouslyaswedidforthesample
t-statisticstG T andtO T intheproofofTheorem 2.2.
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fromwhichthestatedresultfollows immediatelyfrom (45) and(46).
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TableA 1: FiniteSampleSizesforA R Errors

1% tests 5% tests 10% tests

N T tests min mean med max min mean med max min mean med max

5 50 t-bar 0.011 0.016 0.015 0.023 0.022 0.030 0.030 0.039 0.032 0.040 0.040 0.048
F¤G T 0.001 0.009 0.009 0.014 0.035 0.047 0.048 0.061 0.084 0.09 8 0.09 8 0.114
F¤O T 0.007 0.012 0.012 0.016 0.038 0.053 0.052 0.064 0.080 0.107 0.111 0.121
K¤G T 0.001 0.009 0.009 0.014 0.034 0.047 0.047 0.059 0.084 0.09 8 0.09 7 0.114
K¤O T 0.007 0.011 0.012 0.016 0.038 0.052 0.052 0.065 0.07 9 0.107 0.111 0.122
t¤G T 0.005 0.009 0.009 0.015 0.035 0.049 0.049 0.067 0.085 0.103 0.102 0.120
t¤O T 0.006 0.010 0.010 0.015 0.044 0.052 0.050 0.061 0.07 5 0.105 0.103 0.121

5 100 t-bar 0.009 0.013 0.014 0.016 0.018 0.025 0.026 0.028 0.023 0.034 0.034 0.041
F¤G T 0.005 0.011 0.010 0.017 0.039 0.051 0.049 0.068 0.088 0.103 0.102 0.125
F¤O T 0.006 0.011 0.011 0.018 0.041 0.052 0.051 0.062 0.085 0.103 0.105 0.119
K¤G T 0.005 0.011 0.011 0.018 0.039 0.051 0.049 0.068 0.088 0.103 0.102 0.126
K¤O T 0.006 0.011 0.012 0.018 0.040 0.052 0.051 0.063 0.086 0.103 0.104 0.122
t¤G T 0.004 0.009 0.008 0.021 0.038 0.049 0.050 0.064 0.082 0.106 0.107 0.126
t¤O T 0.004 0.008 0.007 0.011 0.042 0.050 0.048 0.061 0.08 7 0.102 0.101 0.125

20 50 t-bar 0.032 0.050 0.049 0.07 2 0.043 0.063 0.063 0.081 0.054 0.07 2 0.07 4 0.08 9
F¤G T 0.004 0.006 0.005 0.009 0.025 0.036 0.037 0.043 0.068 0.083 0.085 0.09 6
F¤O T 0.005 0.011 0.010 0.017 0.041 0.055 0.055 0.068 0.09 0 0.112 0.116 0.125
K¤G T 0.003 0.005 0.005 0.009 0.025 0.037 0.037 0.042 0.068 0.083 0.085 0.09 6
K¤O T 0.005 0.010 0.011 0.016 0.036 0.054 0.054 0.066 0.09 2 0.111 0.114 0.123
t¤G T 0.003 0.006 0.006 0.010 0.024 0.040 0.040 0.050 0.07 3 0.09 0 0.09 2 0.103
t¤O T 0.005 0.008 0.007 0.013 0.032 0.044 0.045 0.058 0.07 9 0.09 4 0.09 8 0.105

20 100 t-bar 0.029 0.039 0.039 0.049 0.040 0.052 0.052 0.066 0.045 0.060 0.061 0.07 3
F¤G T 0.004 0.009 0.009 0.016 0.039 0.045 0.046 0.054 0.07 7 0.09 5 0.09 5 0.110
F¤O T 0.007 0.011 0.010 0.015 0.036 0.051 0.052 0.064 0.09 7 0.109 0.109 0.124
K¤G T 0.004 0.009 0.009 0.016 0.036 0.045 0.045 0.053 0.07 4 0.09 4 0.09 5 0.111
K¤O T 0.006 0.011 0.010 0.015 0.039 0.051 0.052 0.062 0.09 4 0.107 0.107 0.123
t¤G T 0.005 0.008 0.008 0.015 0.036 0.046 0.047 0.061 0.084 0.09 5 0.09 4 0.108
t¤O T 0.005 0.009 0.009 0.017 0.035 0.046 0.045 0.063 0.07 3 0.09 5 0.09 5 0.126
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TableA 2: FiniteSamplePowersforA R Errors

1% tests 5% tests 10% tests

N T tests min mean med max min mean med max min mean med max

5 50 t-bar 0.069 0.166 0.155 0.27 1 0.113 0.243 0.231 0.37 3 0.148 0.29 0 0.27 9 0.439
F¤G T 0.038 0.120 0.121 0.19 9 0.17 8 0.347 0.343 0.49 2 0.302 0.509 0.506 0.660
F¤O T 0.037 0.081 0.07 5 0.128 0.140 0.258 0.247 0.354 0.249 0.407 0.39 9 0.532
K¤G T 0.039 0.120 0.119 0.200 0.17 8 0.347 0.346 0.49 2 0.302 0.510 0.509 0.658
K¤O T 0.038 0.082 0.07 6 0.128 0.141 0.260 0.247 0.356 0.252 0.409 0.401 0.532
t¤G T 0.033 0.104 0.100 0.257 0.138 0.307 0.304 0.551 0.227 0.456 0.453 0.7 21
t¤O T 0.027 0.09 7 0.088 0.19 9 0.129 0.309 0.29 3 0.47 6 0.250 0.467 0.449 0.643

5 100 t-bar 0.208 0.59 8 0.631 0.9 02 0.302 0.69 1 0.7 30 0.9 48 0.361 0.7 38 0.7 85 0.9 65
F¤G T 0.228 0.646 0.67 4 0.9 12 0.515 0.864 0.9 11 0.9 8 8 0.69 2 0.9 30 0.9 64 0.9 9 8
F¤O T 0.117 0.412 0.406 0.67 0 0.342 0.7 00 0.7 20 0.9 06 0.49 7 0.820 0.854 0.9 65
K¤G T 0.228 0.647 0.67 5 0.9 10 0.519 0.865 0.9 13 0.9 8 7 0.69 5 0.9 30 0.9 64 0.9 9 8
K¤O T 0.118 0.414 0.407 0.67 2 0.342 0.7 02 0.7 20 0.9 09 0.500 0.822 0.855 0.9 67
t¤G T 0.07 9 0.411 0.39 8 0.8 9 3 0.240 0.649 0.69 3 0.9 84 0.356 0.7 52 0.813 0.9 9 6
t¤O T 0.069 0.403 0.37 6 0.7 46 0.265 0.69 0 0.7 12 0.9 41 0.430 0.807 0.831 0.9 7 7

20 50 t-bar 0.7 66 0.867 0.863 0.9 61 0.805 0.8 9 5 0.8 9 1 0.9 7 6 0.828 0.9 10 0.9 05 0.9 82
F¤G T 0.268 0.363 0.347 0.527 0.555 0.656 0.644 0.811 0.7 06 0.7 9 3 0.7 9 0 0.9 08
F¤O T 0.286 0.381 0.356 0.551 0.561 0.67 6 0.658 0.833 0.7 38 0.811 0.811 0.9 14
K¤G T 0.27 0 0.365 0.348 0.532 0.560 0.659 0.646 0.811 0.7 06 0.7 9 4 0.7 9 2 0.9 07
K¤O T 0.29 1 0.388 0.364 0.562 0.57 1 0.684 0.664 0.839 0.7 43 0.818 0.819 0.9 19
t¤G T 0.133 0.286 0.301 0.47 2 0.354 0.557 0.57 7 0.7 49 0.49 5 0.69 9 0.7 19 0.855
t¤O T 0.363 0.513 0.506 0.69 8 0.665 0.801 0.820 0.9 19 0.806 0.89 8 0.9 19 0.9 69

20 100 t-bar 0.9 9 8 1.000 1.000 1.000 0.9 9 9 1.000 1.000 1.000 0.9 9 9 1.000 1.000 1.000
F¤G T 0.9 7 8 0.9 9 4 0.9 9 7 1.000 0.9 9 6 0.9 9 9 1.000 1.000 0.9 9 9 1.000 1.000 1.000
F¤O T 0.9 59 0.9 85 0.9 86 1.000 0.9 9 3 0.9 9 9 0.9 9 9 1.000 0.9 9 8 1.000 1.000 1.000
K¤G T 0.9 7 8 0.9 9 4 0.9 9 7 1.000 0.9 9 6 0.9 9 9 1.000 1.000 0.9 9 9 1.000 1.000 1.000
K¤O T 0.9 61 0.9 86 0.9 88 1.000 0.9 9 2 0.9 9 9 0.9 9 9 1.000 0.9 9 8 1.000 1.000 1.000
t¤G T 0.539 0.842 0.880 0.9 8 8 0.7 69 0.9 38 0.9 64 0.9 9 9 0.849 0.9 63 0.9 84 1.000
t¤O T 0.828 0.9 43 0.9 64 0.9 9 9 0.9 46 0.9 8 7 0.9 9 4 1.000 0.9 7 6 0.9 9 4 0.9 9 8 1.000
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TableB 1: FiniteSampleSizesforM A Errors

1% tests 5% tests 10% tests

N T tests min mean med max min mean med max min mean med max

5 50 t-bar 0.002 0.006 0.006 0.008 0.005 0.012 0.013 0.017 0.010 0.018 0.018 0.026
F¤G T 0.003 0.007 0.007 0.013 0.032 0.043 0.042 0.054 0.080 0.09 4 0.09 4 0.109
F¤O T 0.002 0.006 0.006 0.012 0.030 0.040 0.040 0.051 0.07 6 0.09 4 0.09 5 0.107
K¤G T 0.003 0.007 0.007 0.014 0.035 0.044 0.042 0.055 0.080 0.09 5 0.09 6 0.113
K¤O T 0.003 0.006 0.006 0.011 0.031 0.041 0.039 0.052 0.07 7 0.09 4 0.09 4 0.108
t¤G T 0.005 0.009 0.009 0.014 0.040 0.053 0.053 0.063 0.089 0.109 0.107 0.127
t¤O T 0.004 0.008 0.008 0.013 0.036 0.050 0.051 0.066 0.09 2 0.106 0.108 0.120

5 100 t-bar 0.003 0.007 0.006 0.011 0.009 0.015 0.014 0.021 0.013 0.020 0.019 0.032
F¤G T 0.003 0.009 0.009 0.017 0.043 0.052 0.051 0.063 0.081 0.105 0.105 0.124
F¤O T 0.004 0.009 0.008 0.018 0.036 0.044 0.047 0.053 0.07 8 0.09 8 0.09 4 0.117
K¤G T 0.003 0.009 0.009 0.017 0.044 0.052 0.052 0.064 0.080 0.105 0.106 0.121
K¤O T 0.005 0.009 0.008 0.018 0.037 0.045 0.046 0.054 0.07 8 0.09 8 0.09 5 0.117
t¤G T 0.002 0.009 0.009 0.013 0.035 0.048 0.050 0.059 0.086 0.103 0.102 0.115
t¤O T 0.006 0.009 0.009 0.015 0.038 0.048 0.045 0.064 0.07 4 0.102 0.102 0.118

20 50 t-bar 0.013 0.023 0.024 0.031 0.023 0.032 0.032 0.040 0.031 0.038 0.037 0.047
F¤G T 0.003 0.008 0.007 0.014 0.024 0.041 0.041 0.056 0.07 0 0.09 0 0.089 0.109
F¤O T 0.003 0.008 0.009 0.013 0.033 0.046 0.047 0.055 0.09 1 0.103 0.103 0.113
K¤G T 0.004 0.008 0.007 0.014 0.026 0.042 0.042 0.058 0.067 0.09 0 0.089 0.110
K¤O T 0.003 0.009 0.009 0.015 0.032 0.047 0.047 0.054 0.09 2 0.103 0.102 0.115
t¤G T 0.003 0.008 0.008 0.013 0.037 0.050 0.051 0.060 0.09 4 0.114 0.115 0.133
t¤O T 0.005 0.009 0.009 0.013 0.044 0.055 0.056 0.07 4 0.101 0.116 0.114 0.139

20 100 t-bar 0.018 0.026 0.026 0.038 0.031 0.035 0.035 0.048 0.036 0.042 0.042 0.052
F¤G T 0.005 0.010 0.009 0.013 0.040 0.051 0.050 0.064 0.09 4 0.104 0.103 0.113
F¤O T 0.005 0.009 0.009 0.013 0.039 0.048 0.049 0.056 0.09 5 0.104 0.105 0.118
K¤G T 0.006 0.010 0.010 0.014 0.041 0.051 0.050 0.063 0.09 6 0.104 0.105 0.112
K¤O T 0.005 0.008 0.009 0.013 0.039 0.049 0.049 0.057 0.09 5 0.105 0.106 0.119
t¤G T 0.005 0.010 0.010 0.018 0.049 0.057 0.056 0.07 0 0.09 9 0.115 0.117 0.132
t¤O T 0.004 0.011 0.010 0.018 0.042 0.057 0.057 0.068 0.09 2 0.117 0.118 0.138
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TableB 2: FiniteSamplePowersforM A Errors

1% tests 5% tests 10% tests

N T tests min mean med max min mean med max min mean med max

5 50 t-bar 0.030 0.07 5 0.063 0.152 0.062 0.134 0.117 0.258 0.084 0.17 2 0.153 0.318
F¤G T 0.036 0.112 0.100 0.210 0.159 0.334 0.324 0.509 0.309 0.49 6 0.502 0.67 3
F¤O T 0.029 0.062 0.052 0.129 0.126 0.238 0.230 0.37 4 0.254 0.39 6 0.39 5 0.565
K¤G T 0.036 0.113 0.100 0.210 0.158 0.336 0.323 0.513 0.310 0.49 8 0.504 0.67 3
K¤O T 0.029 0.063 0.052 0.129 0.128 0.240 0.232 0.37 5 0.255 0.39 9 0.400 0.567
t¤G T 0.042 0.09 1 0.07 0 0.216 0.157 0.28 7 0.255 0.559 0.268 0.432 0.400 0.7 01
t¤O T 0.040 0.089 0.07 3 0.19 0 0.189 0.303 0.268 0.49 9 0.328 0.468 0.435 0.67 1

5 100 t-bar 0.120 0.406 0.338 0.7 63 0.212 0.516 0.456 0.853 0.268 0.57 9 0.533 0.89 6
F¤G T 0.186 0.551 0.532 0.836 0.49 5 0.800 0.820 0.9 69 0.67 4 0.8 9 4 0.9 09 0.9 9 3
F¤O T 0.081 0.333 0.281 0.649 0.280 0.628 0.601 0.9 07 0.451 0.7 69 0.7 7 4 0.9 56
K¤G T 0.186 0.552 0.534 0.837 0.49 9 0.802 0.821 0.9 7 0 0.67 3 0.8 9 5 0.9 09 0.9 9 3
K¤O T 0.084 0.335 0.283 0.650 0.283 0.630 0.602 0.9 08 0.454 0.7 7 1 0.7 7 6 0.9 57
t¤G T 0.088 0.300 0.222 0.7 9 4 0.235 0.546 0.49 3 0.9 58 0.334 0.667 0.637 0.9 83
t¤O T 0.119 0.321 0.224 0.7 23 0.359 0.607 0.532 0.9 39 0.538 0.7 42 0.681 0.9 7 8

20 50 t-bar 0.57 8 0.7 10 0.685 0.862 0.648 0.7 61 0.7 44 0.89 3 0.683 0.7 8 7 0.7 7 2 0.9 06
F¤G T 0.258 0.348 0.316 0.49 7 0.540 0.639 0.615 0.7 7 6 0.7 04 0.7 80 0.7 54 0.8 9 2
F¤O T 0.230 0.312 0.283 0.47 8 0.525 0.617 0.59 7 0.7 51 0.69 9 0.7 7 5 0.7 54 0.8 7 1
K¤G T 0.267 0.354 0.322 0.504 0.541 0.645 0.621 0.7 8 1 0.7 11 0.7 85 0.7 58 0.8 9 6
K¤O T 0.234 0.323 0.29 4 0.49 1 0.545 0.630 0.611 0.7 7 0 0.7 09 0.7 86 0.7 64 0.884
t¤G T 0.148 0.284 0.27 6 0.511 0.383 0.555 0.555 0.7 9 2 0.542 0.69 2 0.69 8 0.9 01
t¤O T 0.37 8 0.516 0.518 0.665 0.7 12 0.809 0.825 0.9 02 0.840 0.9 05 0.9 11 0.9 63

20 100 t-bar 0.9 80 0.9 9 8 0.9 9 9 1.000 0.9 8 9 0.9 9 9 1.000 1.000 0.9 9 1 0.9 9 9 1.000 1.000
F¤G T 0.9 47 0.9 88 0.9 9 4 1.000 0.9 9 2 0.9 9 9 1.000 1.000 0.9 9 8 1.000 1.000 1.000
F¤O T 0.835 0.9 47 0.9 62 0.9 9 1 0.9 64 0.9 9 2 0.9 9 5 1.000 0.9 83 0.9 9 7 0.9 9 9 1.000
K¤G T 0.9 49 0.9 88 0.9 9 4 1.000 0.9 9 2 0.9 9 9 1.000 1.000 0.9 9 8 1.000 1.000 1.000
K¤O T 0.840 0.9 50 0.9 62 0.9 9 2 0.9 66 0.9 9 2 0.9 9 6 1.000 0.9 84 0.9 9 8 0.9 9 9 1.000
t¤G T 0.556 0.7 86 0.7 65 0.9 83 0.7 49 0.9 13 0.9 15 0.9 9 8 0.835 0.9 50 0.9 54 1.000
t¤O T 0.7 7 9 0.9 03 0.9 15 0.9 85 0.9 13 0.9 7 4 0.9 83 1.000 0.9 65 0.9 8 9 0.9 9 4 1.000
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