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A bstyackt

W e aosider the bootstrgp unit root &sts basad an autoregressive in
tegated mooek, with orwithaut deterministic ime trads. A gereral
methadolgy is develped o gppradmate ssymptoticdistributias forthe
maookek driven by integrated ime sevies, and usad 1o dotain ssymptotic
epasias TortheD idey Fullerunt oot tests. T he seaod adertems
in thedrepasias are dfstodesticadars0 , @ /4*)and0 , @ '/2) ad
invole Tunatiaak of B ronnian motias and nomal randon  \axiates.
T he asymptotic epasias Tor the bootstrep t=sts are abo darived ad
aompared with those of the D idey Fuller tests. W e show in partiauier
that the usual Naparametric baotstigp O ers ssymptotic re. nemeants for
te D ideyFulker tsts ie, itaneds thar ssod aderenas. || ae
pradsely itis shonn that the aitical vaelies dotained by the baotstriep
resanpling are aonect L o the sscod ader tarms, ad the enars in
rgjectian prabebi fties are of ader o 1/2) if the tests are bessd Lpan
the bootstrgp attcal vables. T hrough simulatian, we investicgate howv
a edtive is the bootstrgp aorectian in small ssampkes.
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1. Inoductian

Itis novwell percaived that the baotstrap, iTapplied gpprapriately; hebos to acampute
e artial valess of ssymptolic tests mae aauraiely in ..nite samplkes and that
e tests basad an the bootstrep artical valles gaerally hae actual . .nite sasmpke
rgjection praosbi kties doser o tharasymptotic naminal sizes. Seg eg, H all (199 4)
adH aonrtz (1999). T he bootstrap unit root 6585, 1.e, the unit rioot st reing
anthebootstrep artialvales, ssam pariaubrdy attrectinve in this respect Formast
of the aammanly used unit Kot Est5, the ..nite sampke size distortias are knoan
10 be e ad often 1o e 1 make te tsts ay reliebke. 1thes indsad been
dosernved by varias authars indudingH arris (199 2), Fenetti aad R amo (199 § ad
I ankervis and Savin (199 § that the baotstrep tests hae actual sizes thatare mudn
doer o the naominal sizes ampared 1o the aignal tst5, in the unit rootmaodek.

T he main purpase of this pgper-is 1o provcde the bootstrgp theary Tor the unit
roottests. T he bootstigp theary Torthe unitrootmackek hes previacsly been studied
by amaxg otters, Basanaetal (1991a 1991b), D atta (1996, Park (1999) ad
ChagadPark (1999). H onever, they have all been restricied 1O the ca=EIstacy
(ad incosistagy) of the boolstrigp estimatars ad statistics fran the unit raot
modek. | ae of than axsidars the asymptotic re.nament of the bootstrep. In
this paper; we develp essymptotic epasias that are goplicebe Tarawide css of
unit root tests and thar baotstrep versias, and proJde a framenork within whidh
we inestigaie the bootstrigp esympitotic re.rament oharias unit root tests. 0 ur
assymptoticepasias orthe unitrootmadek extand and generalize those develped
recatdy by P arkk (2000), whidh yiebs the ssymptotic epasias Tor the estimators
and statistics dexived fram the random walkk madek.

In the pgper; we aasider mare sped..GAlly the D idey:Fuller unit root tsts Tor
the autoregressive unit rootmacek passibly with the aastarit ad the ineertime
tems. I'tean be dearly ssen honever; that aur methodology may alko be used 1o
analyze many otherunitroot tests ss well Farthe D idey Fulerunitroot tssts the
epasias hae cs the kEeding tam the Tunctiaak of8B ronnian motion representing
thar ssymptotic distributias. T his is as egpedted. T he secod ader t&rms in the
epasias ae honeer, aquite dic erant flan the standardd Edcgpnarthy tpe expan
sias Tor the staticary macek. T hey are represaied by Tonctiaak of B ronnian
motias and namal randam \eviates Which are of stodhestic aders 0 , @ /4) and
0, @ /2> T he seaod ader exparsian 1ms invole \ariaus unknoan maockl para
metEs. T his is so o the tests in mocek with deterministic trands, as wellas Trthe
1ests in purely stodestic maoek.

W e shaw that the Emiting distributias of bootstigp statistics hae epasias
thatare analogos 1o the adgrnal statistics. T he bootstrep statistics have the same
keding expansian tams. T his is well epected, sine the statistics thatwe aasider
aressympiotically pivoial ||l aeimportantly, thairssood aderterms areabogven
eadtly ss the aignal statistics exaptthat the unknonn parameters incduded in the
epasias of the agral statistics are now repleaad by thair sampe analbgues,
whidh stragly aanverce 1o the aanvespading papulation parameters. Casacuently
wsing the attical valLies dotained by the bootstrep is exqpedied 1o reduee the ader



of disagpancy betneen the actual (.nite sampke) and naninal (esymptolic) sizes
of tre tests. T he bootstrigp thLs proAdess an asymptotic re.nranait or the tests.
T hough aur ssymptotic eansias for the unit rootmodek are auite dic erent fram
the Edopnarth §pe epasias Torstatiaary modek, the reeson that the bootstrep
aers are.nanaitofssymptolics is predsely the same.

T hraugh simulatian, we inestigate how er ective is the bootstrigp conrectian in
snallsamples. W eaosiderbotht aussianand nant aussianmodek, and paranetric
ad naopaanetric baotstigps. T he ..ndings are gererally aasistait with the the
ay develpead in the pgper: Forthe ¢ aussian madel the bootstrep proJdes it
improanats, ifatall unkss the resampling is dare parametrically using namal
distribution. For the non6 aussian modek ganerated by unifam ar dii-souase dis
butias, the usual Nnaparametric baotstrgp proides sane dovas improements.
T he tests basad an the baotstrigp aitical valles have rgjectian prdosbi kties thatare
substantially doser © trair nominal \valbes. T he parametric ( aussian bootstrgp
makes things warse Tor the nant aussian mookek, as expectad fram aur theary.

T he rest of the paper is atanized as Olbas. Sectian 2 introoucss the madel
tests ad bootstrigp methad. T he teststatistics are introduced togetherwith the aur
toregessive unit riootmadel and the manentaadition, and howvto dotain bootstrep
sampkes fram sudh amadel is eplinad hare. T he ssymptoticepasias are derived
inSectian 3. T he sedion starts with the prdoabi listic embeddings that are essarttial
1o the develppmeant of aur subseguat theary and presant the second arder-asymp-
totic easias Torthe aigral and baotstiep tsts. Sane oftteirimplicatias are
abodisassad. Sedtian 4 extands the theary 1o the madek with deterministic trancs.
T he asymptotic epasias Tor the tests in macek with aastat and near time
tred are presarited and ampared with the eardier results. T he simulation resuls are
reported in Secian 5, and Sedtian 6aoncludes the pgper: || athamatical prook are
g\en in Sectian 7.

2. Thell odel Tests adB cotstrep | etthad

21 Thel ocdeladTestStatistic
W e acrsiderthe st ofthe unit roothypothesis

Ho 2@ =1 @
inthel R (p) unitrootmadel

X
Vi =0y1+ @4y + "% (#3)
i=1
Wede.rne
X

e@D=1i 7
i=1
s0 that under-the nulll hypothesis of the unit root (1) we may wie ® ¢ Ay, ="}
wsing g peratar L . A ssume



21 A ssumption Let(Dbeanidsgoaewth E; =0 adEjjj < 1 or
saner> 6. A b weasume tet® @)6&0 torall gy - 1.

U ndert ssumptian2.1 and the unrtroothypothesis (1), the timeseries @ y; )becomes
astatiaaeryh R (p) procss.

T he unitroothypothesis is astana by tested using the tstatisican® in reges
san 2). Deoieby®, tell S estimatorfor® in regressian (2). 1fwe Et

adde.rne A 1A 1
X
pYi—1 =Yi-1 10 Vio1%_ 1
t=1 t=1
we may eplidtly wirte the tstatistic Torthe rull hypothesis (1) as
_ - 8l

N
t=1
where %2 is the usual variance estimator for the regressian enrars. T ke testis . 1st
prgposed ad investigated by D idey and Fuller (1979, 1981), ad itis canmanly
rekerred o as the D idey Fuller test (ifgpplied o the regressias with no bogped dif
erance tam) athe augnanted D idey:Fulller (¢ D F) test(ifbessd an the regressias
with augmented lbegged div erence terms).
W e may albo use the statistic

s O="01 52 ©

-1

>§—1>{_1 -1 (€))

1O st the untroothypothesis where
X
=1
with the bsstsquares esimatars®,; of®; Tori =1 ;:::;p. T hestatistics, ( )reducs
tothe nomalized aet daitn@,, il )inthesimplkemaodelwith no bgped dic erencss.
T he ssymptoticdistributias of the statistics t, ( )ad s, ( ) arewellknonn [seg
eg, Stok (1994 ] ad gwven by

Zl
o O
t.O! ¢ )= p£1 i ©
W ®©ck
z)
W o ©
S QO! ¢ sQO="2—— @

W ®ck
0



where W is standard B ronnian maotian. T he statistics t, () ad s, () hae in
partiauler; ssymptotic distributias whidh do notdepend an any nuisance parameter;
and hence they are ssymptotically pivotal T he distributians oft( )and s ) axre of
both mean and median zerxg but are rather heavi ly skened.

22 TheBootstrep l etthad

ImplEmentation of the bootstrgp methad in aur unit rootmaodel is pretty stragie
fonad axewe . tregessian (2) and dotain the aoet dants estimates @ ,,; Yand the
. tied residuakbk C;) W evdllr‘otuseit‘eeﬁmale@ of® In aryoﬁeanplr’gproce

The ..rstsiEep |stogetboolstrc'p sampks or the inowatias ;) after mean
axrection. A s wsual we danote by € 7 ) thairbootstigp sampks  i.e, ()aresamplks
fran A !

"
Mio N
i=1 t=1
idh can be viened as iid sampes fran the empirical distribution gven by ¢}
»,N=mM |l ofe that the mean adjustmattis neasssary, since atherwise the meen
of baotstrgp samples is nawzero,

0 N the boaotstrgp samples () are dotained we may recastruct bootstrgp

sampls @) Tor @) reaursively fiam ()
X
= et
=1
adtaal an (;::u- 1) Finally resamples ) or ¢:) can be dotained just

by integrating @) i, y

Yi =Yoot
=1
gvaeny;. T he bookstrep varsias of the statistics t, ( ) ad s, () whidh we daote
byt ( Dad s’ () regpectively can be dotained from ;' )similberly as in (4) ad (5).

3. A symptotic BEparsias of T estStatistics
3.1 P rdo=bilistic Embeddings

0 ur subseguant thearetical develpment relies heavily an the prdosbi istic enbed
ding of the partial sum procsss astructed fion the ilmovatian sequence () Ino
a B ronnian matian in an expandad prdosbi ity space. T his will be gven below
T hraughaut the paper; wedenote by E? =%2;E% =13 ad E? = -1.
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Lemma 31 L eth ssumptian 2.1 hodd. T hen there exdst a standard B ronnian
motion ¢ ®)>o adatmedace (;)>o suhtatT, ~ | adfaralln _ 1,

;| X
W @Em= by Tk ®)

k=1

Ej J - KEjJ Tralr _ |, where K, is an asolute aastant depending anly
upan ro

T he reeder is reerred O H all and H eyde (1980) for te eplidt castrucian
of the time dange ([ )>0- A s shoan inParkand P hillips (1999), we have under
A ssumptian 2.1 that — —

il 0
1<in a *oa.s.
Torawyr> 1=2. T haelore itfwede.rne
>Q -
W,®= W ii=mMf@il)n-t-i=rg ©)

i=1

ot2 [0 ;1 ] tenwe hae due ©thel 0 bberaoitinuty ofthe B ronnian samp ke path

SP IOl O - Tjn it =0/ as.

Toray2> (. Inpataib; W ,,! ., W uvnomlya[0;1 ] WeEET,; =T;=n
i =1;:::;n Tornotatiaal breaty

Inwhatolons wewillassume et C))ad ¢ ;[ ; )arede.nedin tthe aomman
prdoeblity space C ;F;P ) T his causss no Ioss in gererality since we are aoncermed
anly with distributicnal results of the st statistics de.ned in (4) ad (6), yet it
will greatly simplify and diarify aur subssopentepasitian. T he aavetian willl be
made thraughoutthe pgper: Fram novan, wewaud thus interpret the distributianal
equality in (8) as the usual equality.

For the developpmentt of aur ssymptotic expansian, itis necsssary o ce.ne ad
dtigal ssopenas de.ned fran the B ronnian motianW - ad the time dnance @)
inroducd inl enma31. W e Bt

H=0;1il
ori=1;:::;n. Il osoer; wede.re
ZTni
=N . W oOiV .- ©
n,i—1

albo ned 1 aasider-the seopence ¢; ) gven by
% = QX6



CEaxly ¢,)is amartingake dic erance saopence. U nderthe rull hypothesis of unit
root ithes aditical mweriance matiix whose epedtatian is gven by j, where
i = BExX=%2. Finally we BtEE = ;*=%*, which is ..nite underh ssumptian 2.1.
I oetatt; ~ 0, whenand anlywhen (;)arenamal T heparaneter, can thaeoe
be regardad as the nanomality parameter: Subsequently we sety =0 ifand oy
if(})aenmal T hepaanetess j ad ¢ * de.ned herg in addition ©%2 ;1% ad
-4 introduced eardier; will gppear frequently in the develppment of aur assymptotic
epasiaEs.
I ovwede.rne

v =it o

ad Et
X

B,M®O= pﬁ . V;
T heninarianczprindpkholds adB ,, | ; B Toraprgperlyde.ned vectorB ronnian
motianB . W e presantthis fomally ss a Bnma

Lemma32 et sumptian2.1 bhod. ThenB,, ! ;B , whereB isavectarB ronn
ian motian with co.ariance matnx 8 gven by

0 1
9,2 13=39,2 13=3,2 0

§:% At G 3%t 513294 0 E
-4=6y4 0

i

Follbning aurearfiercaonventian, we subseopently sssume thatboth B , andB are
ce.ned in the prdosbi ity pace C ;F;P ) adtatB ,, ! ;. B . Itiswellknonn that
any weskly anvergant random sequence Gan be riepresaritied. up 1o the distributianal
eounalene by a randan seopence whnidn aonvergss as. [seg eg, Pdllrd (1982) ]
Il aeover; we make a partition ofthe ImitB ronnianmotianB a8

B =GW;V;UiZ'D)
aaomably with v, = (€57, ). A ssume that ¢;)ae nanamal ad ¢, 6 0,

ad EtQ\L;W\ ) be a bivariate standaxd B ronnian motian indgperndantof . T hen
we may wite

V=W + W
where I ad ! are the aastaits gven by
13 ”&4 16 T2



A BQ wemay represaitl a8
U=mn + B +
where tecastants 1, 1 and # are gven by

13
1=
393
”(.J4 16 '”—1/2”_4 i 3%t oA 16 l
4 16 ”(.J4 16 '”—1”_4 § 3% (;4 16 '”2#1/2
T oeut ous byt Moys 1294 Maya Yoy

Fartbenamal (;) wehae, =0 adtacbeV ~ 0.1 asoer; e hae13 =|
and -4 =3%*, ard we may wite

U= q:pé)v_

where L is astandard B ronnian motian indepaderitofl . Forboth the( aussian
and Nt assian macek we may riepresat? () = §/2S weing a multivariate
namal random vector S with identity coarfance matrix. SinaeZ  is indgpendant
of ¢ ;V;U) soisS. Frally we Etll be an extanded standard B ronnian motian
R indgpadaitolB (ad therefae all the B ronnian motias and namal randam
\arales de.nedabowe), and EtN  be anotherextended B ronnianmotiacnanR de.ned
byN ®=W (+ O iV (D> Thenotatias de..ned here wi ll be used thraughout the
paperwithautany Urther iebrence

3.2 A symptotic BEparsias
W e are now reedy o dotain ssymptotlic eparsias Tor the distributias of the sta
tstic t, ()ads,)intaducd in (@) ad (5). W ede.ne
A LA, 1A !
Y121 %1%y *X-1" 10)

! At:1 ~t=1
X

X
|

1 X

1
Pn . _II -
n Yi L s

t=1

t=1

A
1 1
0 =7 —1yt2_1 i

t= t

Yi-1% 1 %1%y X-1yi-1 (A1)
=1 1

t=
A B e write the enonariancee estimate %2 as
A 1 A 1A !
2 IQ 1 X LA} X e
e/ s N %1 1% X_1't 12)
t=1 t=1 t=1

1 X

adwite

>

s 1A !
®,0)=00)i " X 1% %11 a3
1



H ere and ebanhere in the pgper; 1 daoies the pvectorofaes. T hestatistics ¢, ()
ad s, ( ) can now be witien respectinely as

Pn Pn
H erewe assume that%? and ® () are estimated uderthe unitrootresstrictian. T his
assumptian is macke purely Tathe epasitiaal purpae. A loFaursubsaoentresults
ako hod forthe uniestricted estimatars of%:2 and ® ()

T o derive the asymptotic eparsias T the statistics t, ( ) and s, () we need
1O asidervarias sampk product manaits in (10) — (13). T he asymptotics Tor
same of them are presanted in L emma 3.3 whidh an be directly dotained fran
the prdosbi listic embeddings develped in the previass section. P ripasitian 34 is a
drect asaquence ofl enma3.3. Tosimplify the subssguentepaitian, we wee X
odaoke X () aswell ss the procss itself TorB ronnian motian X . T his shauld
caLse no aoiisian

)

Lemma3.3 | eth ssumptian 2.1 hod. T henwe hane

R _ .
@ 5 PELEn P Ad o@D
t=1
L,
(b)w X1t =1 + 90
t=1
1 X i 1/
© 2 %1% =i+ 0,@ /)
t=1
Torblegen

P rgpasiian 34 | eth ssumptian 2.1 hold. T henwe hae
h i
@ Yo =% 1+ 2@ + 20D + @ /»

® . O=0Qin i 'l +q@ >
Torblegen

= W equglsint‘eaeynptjice@a’sidsfrtt’empbpdeﬂnGnmlsP Vie1"t,
yf_lbaml *X_1Y;—1- Toeedively aalyze these product manets we ce.ne
w= ' "ort_ladw "0 ad.starsiderte ssymptolic epasias or
the sampke praductmaments of () ad (i) W e Etu, = 4y, as beforg so that
®C ) ="} undarthe null hypothesis of the unrtroot U nder-the unit root hypotty
esis () is justa nearly .. lered proaess of (1) ad () beaomes an integrated
process generated by sudh aprocsss. 0 ursubsaguentssymptotic epasias invokhe
\arias Tunctiaak ofB ronnianmolias. T oeese the epaitian, we EBCiorB ronnian
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motias X ady ,
Zl Zl
KK D)= . X O ad I ;Y )= . X O ©

in the subsequentdevelpmentofaurtheary: T his shorthand notatian, togetherwith
X =X @)intraduad aboe will be used Tor the restof the paper-

Lemma35 L eth ssumptian2.1l hod. Thenwehag
X

(@ I’111/23/4 ';f =W + n_1/4M (/)'i‘ n_1/2N Q/)_{_ Q)(n_l/Q)
t=1
x
) —n;Q% w1 = K D+ n—1/2[W V i3 V)i Tk q,(n‘1/2)
1 >é:1 £ o
© iz W, =K D20V 530 V)it )+ o@D

t=1
X
@ ns/Q w =3 W )+ n YW @)

) P22y @I NN @DV F o@D

ol n
. ) P W Py P
T he asymptotic epasias T y; 1"}, yi o, ad  X_1y;; & now be
dotaned utsing the reltiaships betneen ¢, )ad () andbetneen @ )ad (i) To
wiite donn mare eplidtly thar reltiaships, we nead to de..ne sane newv nolation.
W ekt
X
%W=1=8() ad % = @;=0()
Jj=t
ori=1;::;;p ad Bt
$ =)

W eabode.rne A 1
X

=C) o+ YaiUn—; @15)

=1
I oe thetwe assume (o ;o : U1 DO be gven T hareforg we may and willl

regad © as a paraneter in aur sulboseouentanalysis.
W ith the notation introduced aboe, we may wite after sane alggbra

U =%"}+ $' &1 i) ae

and subseopently et
Ye =%+ Yt § B/ an

Itis now rather stragtionnard 1o deduce fran L enma 35 that
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P rcpasiﬁcn 3.6 | eth ssumptian 2.1 hod. T henwe hae
X

I’\g/21/3/
t=
1 X )
® n‘/423/2 >§ WY1 =T+ 30 W i iG=" )+ )

1
(@ r]g%g%g yt2—1 = I@V 2)
1

) F 2 G 2 2024 DK ) F o@D
x
() n‘/13/2 Vi1t =3 W)+n_1/4WM v

FRREERY @3N @) O QRGN T 0@ D
ol n

Y1 =M Dt ZW V53¢V O i DF o@D

1

@

>SII

T he ssymptotic epasias Tor te statistics t, ( ) ad s, ( ) an nowv be essily
dotaned fran (14), using the resuls inl anma 3.3 and P ripasitias 34 ad 3.6

Theorem 3.7 | eth ssumptian2.1 hald. T henwe hae

t,O=t+ n VP @+ NV @F @YD)
s, O=s+ N V16, @+ NG, @+ 9@ /D

or lxge N where

Wi @)

W 2)/?

=2) @Y+WNECHD

] 2)/2
[1+J@V W)](/+2U)2+1/4‘|T| .1
K 2)/2

_3Q W W2y iJ@VQV)““ZC’:%i!)l@V ]|
! 20 2)/?

Fi1@=

Fo@=

Wi @)
LD
(z2) ¢X+WNEI CFD
LD
(/+2U)=2+1/4‘|T|
] >
U L[ LA RS, (i V)Z)+26”/4|')|@/)]

G1@=

Ga@=
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in notatian de..ned eaxfier:

| aturally the ssympiotic eparsias forthe statistics t, ( ) ad s, () hae the

keding tams () ad s() represanting their ssymptotic distributias.  Far both

t, ()ads, () thessood tams in aurexparsias are ofstodnesticarder0 , (/%)

T heirer ects are, hanever; distributicnally ofader0 (7 /2) Il arepredsely, wehae
o

N
P+ n ' @) - x =P () ->g+0 @ D
N o

P s@+ n'G.@)-x =P C)->g+ 0 @ Y%

utiomlyinx T hisis because theprocessl induded inF ; and G is indgpendant
ofF@ ;v;U)ad i ¢
@) @I 0@ Y]

forany functiaal * ofil |, wherell | stands Tormixed namal distribution. T here
e we Bt

Fa@=nY4F @ 2,0 and G, @=n16. @+ n 26,

ad cll from novan F,, @) ad G, () the sscod ader tams in aur ssymptolic
epasias oft, ( )ads, ()

T he results In T heoram 3.7 sugoest that aursscod ader ssymptotic epasias
ofthe statistics t, ( )ad s, ( ) provce re.nrements of theiresymptotic distributias
up aderof/2) whidh we pressntmare formally ss

Coroliexy 38 U nderh ssumptian 2.1, we bhave

P, () - >g=P f( )+ F ) - >xg+ o /?)
P15, - >g=P )+ G, @) - >g+ o /*)

urtiomlyin x2R .

I'tis thus eqoected in general that the actual ..nite samp e rejectian prdosbi ties
oftre tests t, ( )and s, ( ) disagree with theirnaminal size anly by adero1/2) if
the secod aderaonected adticalvales are used 1e, a8, ad b, sudh thatP o )+
Fr@-ag=, adPfs()+ G,()-hg=, forsize, tst.

Forboth statistics the secod adertermsF , @) ad G, @) inolhearias Tunc
taak of B ronnian motias and nomal random \ariates. T he functiaak are de
pendant upan variaus madel parametars, notanly those indluded explidtly, butako
thoe are impliatly gven by the variancss and covarianass of @ ;V ;U ;2 Dwhichwe
introduce belowvl enma3.2. 0 faourss we may make mare trangoarant the depen
dence ofF , @) ad G, ) an these implidt parameters by representingV and U in
terms of inear cambinatias of standard B ronnian motias I and W which are
indgpadentofl , axd? by a near trarsfam of standard namal random vector

S, &8 sugssted there
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Samne of the distributiaal prperties and rokes of the sscod ader terms are
dovias. Farirstancs itis dearthat the ssaond 0, (7 /4) tarms in the eparsias
oft, ( ) ad s, ( ) aotribute nothing to the ..nite ssampk biss sinee they represait
mixed namal distributias with mean zera 1tcn abobe essily seen that the initial
vabLes hae e ects an thar .. nite sanpke distributias, whidh are distributicnally of
ader0 @ /2) W e may further analyze the second ader ims in the exparsias
oft,()ads,()in sane spedal csss. 113 = and the distributian of () is
uslkenaed thenV ad U beacome indpedaitofV . In this e wWe may indsed
shavthat tre tird 0, @ /2) tarms of the repasias are ofzero expectatias and
do not ar ect e bbcatias of their distributias. T he ..nite sampke biss is thus of
arckrofr /) frboth t, (Dand s, ()

Itis rather straditiovard 1o dotain the second ader ssymptolicepasias Tor
otherunirt root tests using aur resuls here. Farthe tests acosiderad inStodk (199 4
pp2772-2773), itis indssd notdi¢ aulttosee thatthe tests dessi..ed as - dbss, §-dbss
ad P 7 all hae the ssymptolic epansias that are dotainebk fran the results in
L emmas 3.3 ad 35 adP ripaitias 34ad 3.6 Il asoer; aurgppraed daevelped
here can abbobe usd to anallyze the madek with the bl 1 unity Tomulation ofthe
uttroothypothesis. T he asymptotics Torsudy modek are gquite similarto those Tor
the unitrootmacel, exaptthat they ilvolhe 0 msteinU hienbedk dic Lsian process
inpleofB ronnianmaotian. T harasympitoticepansias Gan be dotained eactly in
the same mamer using the prdosbi istic enbedding of 0 mstein U hienbedk procsss.
Finally, thessymptoticepasias Torthe tests ofstatiaarnty basad an the awamulated
stationary proasses, sudh as the ae prgpasad by Kwiatkonsld, P hillips, Sdmidtad
Shin (1992), are abo pcssible using aur methadology. H onever; 1O aasene gpacs
we donot repart thairdeta k.

3.3 B aotstrep A symptotic BEpasias

Todaely the ssymptolicepasias Trthe bootstrgpped statistics . ( )ads), ()
amparebke © thoe Tor g, ( ) ad s, () presated in the prevas sectian, we .. 1st
need a prdoabilistic enbedding of the standardized partial sum of the bootstrep
sampks (})intoaB ronnian motian de..ned an an extendad prdosbi ity pace. 0 nce
this enmbedding is dae in an gppropriately extanded prdosbi ity spacs the rest of
the procedure 1 dotain the ssymptoticepasias Tort, ( )ad s, () is essantially
identical o et tort,  )ad s, ()

L etW be astandard B ronnian motian indepedentof €} )2, and assume that
they are de.ned an the comman prdosbi ity space - ;5P ) 0 Faurse there edsts
aprdoebi ity space ridh enaugh toosuyppartll - tooetherwith € )°,, sinaewe assume
they are indegpendait W ethen kL[ )>( beatimedangede.nedin G ;F;P )sudh
that

* 1 X LA 3
W @i== e i @18)
n k=1

2\ bedir (199 3) shons that the biss of &, is ofader O(n™!) Torthe simpke ..Istadert aussian
autoregressian.
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where =, denoies the equivalencee of distribution aondiiaal an a realization of
()2, . I oe et Toreedh n and any passibke realization of (Y, wemay ..nd a
time dance (), Torwhidh (18) halds with the same B ronnian matianW . T he
B ronnian motian/  therefare is notdgpendattupan the realizatias of ()2, .

H ere and ebanhere in the pgperwe ollovv the usual canventian in the bootstrgp
Ferature and put supaersaipt oo the quantities and reltiaships dgpending upan
the realizatias of ()2, . In partiaular; P* ad E refr respectively 1o the prdo
abi ity and eqedation qoerators gven a realizatian of ()2, . T hey can be mare
fomally de..ned as the aaditianal prdoebi ity and expectation qperatorsP (4C; )2, )
and E(QIC )2, antheprdosbility C ;F;P ) introducd eéboe. Farthe functianak of
W, honeer, P* ad E' ageewthP and E respectinely, sinee they are indgpendant
of (}) by castructian.

Justas the aanvarticn macke inSectian 3.1, weiderttify ¢ ) anly up o theirdistri-
buticnal ecuivalanass so thatwe may assume () are abo de..ned in the prdoebi ity
spae - ;F;P ) W e de.re the baotstrep secpenas &) () ad ¢;) analogasly
s @¢E) (Dad @) adyv =25 r»') asinSectian3.1. 4 Bg we Et

;X
B.®O=p— Vi

i=1

T hen itGan be reedi y esteblished that

Lemma3l L eth ssumptian2.1 hod. ThenB ¥ ! ;B * as, whareB * isavector
B ronnian motion with covariane matrix §, gven by the ssmpke analog e estimator
of 8 de.nedinl enma32.

A s befare we may assume thatB * is de.ned in the praoebi ity space C ;F;P )

Furtrermare we may Et

B* =W ;V*;U*;l*)
ad further represantV “;U* and 7 ¢ in terms of indgpendant standard B ronnian
motiasW , W and W , a8iNnSectian 3.1. T he ae¢ datts in the ripresatatias ag
ofcourses nowgven by e ssmpke analg e estimatars 1, 1, adf,, sy, oft 1
adA.

W e now intraduce the bootstrgp  stodhsstic ader symbok.  Far aw seopence of
random sequencss € ) an the prdosbiity space G ;P ) we EEX, = gQO)if
P*fK ,.J> 2! 0 as Bray2> 0.l ikeniss wedanoteby Y, =0 ;) Tr,)m
G ;FP)ifas foray?2> (| there exdsts aastait K sudh thakP “ 1y, j> Kg -
2. Thesymbaok g () ad 0 ;) are the boostriep versias of the stodestic ader
symbok g,()ad0 , () Itis essy O dek tetg, ()=, )and0 ;()=0,D
Forthe randan sequencss whose distributias do not depend upan the realizatias
of (}) teanearseisabo e ie, g()=g()ad0,()=0,(> | asoer;
we may esslly see ttat gy (( ) ad 0 5 () satisfy the wsual product rules that goply t©
o O)ad0 , () I exdEss Osay thede. nitias ofg,( )ad 0 ; ( ) raturally exed
©g G ))ado0 ;G )Trsane rumercal ssquence G,
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Theorem 310 | eth ssumptian2.1 hod W ehave

tO=t+F, @)+ gE D
S O=sO+ G, @)+ g@

wharef , and G,, are de.ned earfierand 1, denotes the samp E mamentestimatorof
the parameter . | asower; itollons that

PR, ->g=P f,()->g+ o@D
P*15,()->g =P 5.0 ->g+ 9@ /"

urtiomlyin x2R .

T he assymptotics Tothe bootstrep statistics t) ( )ad s, ( ) are canpktely aal
ays o thoe for the conrespading statistics t, () ad s, () T he parametars
gopeared in the asympitoticepasias of the aigral statistics are replbcd by thdar
sampke analog e estimatars, &s in the bootstrgp Edcpnarth expasias Torthe sten
dard staticnary macek. 4 B the residual erms thatare ofaderg, (v /2 ) are nowv

majorized by g, @ /2
I ovwede.rne
P*f,()-ag=P "5, ()-bBg=,
Thevales & and g are thus the bootstrep articalvales Torthe | - bvel tests based
o trestatistics t, ( )ad s, () Itllons directly fran T hearem 310 that
PR,()-a9;P .0 -Hg=, + o'/

aan! 1.Thetestsuwsingthebaotstriep articalhales & and i thus have rigjectian
prcbebi kHies with enrars of arder o 1/2)

4. Tests INll odeb with D eterministic T rercbk
In this secian, we inestigate the unit root tests 1N the mocel

X
Y =D;+ @y + ®;Ay,_; + "} @)
i=1

where D, is the deterministic trerd vwhidh is Turtherspea.. ed es
D;= t (20)

with parameters ,, i =0;:::;9 In the pgper; we aasider anly the simp st (but

macstiiequently used) Gessg=10 ad g=1. H idherarder ceees pcse no fundamental
d¢ ailty butwaud notbe attempted here tosave space.
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W e nesd 1O aasider macel (19), insteed of (2), when itis belleved that the
dosernved time saxies () indludes deterministic ttad sped..ed as D; ad Gn be
gopropriately mocelld as

Ve =Ds+ Yy} (4]
where the stodestic ampaant ;) is assumed o ollowv (2). 4 s an allermatine 1
testing Tor the unit oot in regressian (19 ), we may detrad () directly fian the
regessian gven by (21) with (20) o dotain te .. tied residuak @) ad bese the
uTtrootests an regessian (2) wsing @) 1tums autthat they are ssymptotically
eagunabtnotanlyinte . istader; butakointthe secod adear: A Naursubssouent
resuls are therefore gpplicebke Torboth procsdures 3

T o dotain the asympitotic epasias Torthe D idey Fuller tsts in the presence
of inear time trads, we need the olloning lBnma and the subsaquent propasiion.
W e denote by { the identity Tunctian {$)— X in what ollons.

Lemmad.l | eth ssumptian2.1 hod. Thenwe have

L s e @
3 /94 ot ’
r]1/23/4 t=1 n

» P2V i3V N @i T 9@ VD
() —n;Q% Ft]w_l = KW )+ n—1/2[W V il Vi3IV V)i 12 Q,(n_l/Q)
t=1

Torblegen

@

P rapasiian 42 | eth ssumptian 2.1 hold T henwe hae
1 Xt
rig/21/43/4 F]yt—l - m )
t=1

PV M V) IQ V) O i =D g @ V)
Torlaeen

W e now presat the ssymptotic expasias of tre D ideyFuller &sts for the
macek with astait, =0, and Torttre modeb with ineerime treaed, gq=1. T hey
are quite simi e, and we presantthem togetherin asinge framenork Farboth cases
g=0 adqg=1, wedaoke by t,( )ad s, ( ) the D ideyFuller statistics bassd an
regessian (19), arequinalntly the aes de.ned as in (4 and () fram regressian
(2) run with the damearned ar dettraded () W e daoke by ™ the demeaned ar
detrended B ronnian mation, Treech oftte aess =0 and g=1. Il aeower; we Bt
() ad s) respectinely be the fTunciaak of B ronnian motias de.ned similerly
ast()adsOOwthVW relcd by . Itis well koan thatt, ( )ad s, ) hae
the Imiting distributias gven by t( ) and s ) respectively.

3W e donotarsiderin the peperthet | S detrending prapasaed by EBot; R otherberg and Stodk
(199 2) besad an the Ibcal o unity Tomulatian of the unitroothypothesis. Sudh detrendingingareral
yiels ssymptotics distinctfiom those ©orthe usual 0 L S detrending aorsidered here.
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Theoem 4.3 | eth ssumptian2.1 hod ad EtF,, ad G,, bede.nedsimibrly a5
F,adG, wthW inplbeedil . W ehae

t, Q=1+ NV + n 2+ g @ Y?)
S, O=s+ N 4G+ N V%G, + g @ /)

or lxge N where

_ri @

_m2}/2

m €2 @FHWN @il + I WO+ 2+ 4e i ]
T LU e

O W2V § 3@ 2V )i 20 K I

' 200 2y

F1

_Wi @D

L ()

GQ:QZZ) GY+WNE)i @ +2U )2 §uli'l
K
iJ@T;W“)W“QV i V)21 DI
L ;

I aeower; ifne BtF, = m /4 + m/2F, ad G,, = /4G, + m1/2G,, tenit
ollons that

G

© a (@ O
P t.@)-x =P ®WD+F, -x +ao@ ")
@) (@]
PTs,()->3=P s(+G, -x +of?)
orlbaeen uTiomlyin X2R .

T he ssymptoticepasias fort, ( Daxd s, ( )inT hearam 4.2 are gute similar
otoefrt, ()ads,()InT heaoem 3.7. W e anly have thodic erenass. FHirst. all
the terms in the epasias Tort, ( )ad s, () represanting the dgpendancy an the
initial \valle © disgppear; ad are not presaitin the eqansias of t, () ad s, ()
T his is naturally epected  since the dameaning or detrading makes the statistics
t, () ad s, () inaiant with respect 1 the initial vales. Seacod the B ronnian
motianW s repleced by the demeaned ordettrading B ronnian motian v inalll the
epasian tams. T he dameaning or detrading thus ar ects notanly the .. 1Iskarder
asymptotics butako the Ioner aderssymptolics.
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5.1 ate CabSimukatias

TabE 1. R gection P idbebikties | amal ilmowatiaswithn=1(0

A symptolicTests B ootstrgp Tests
® tTest sTest tTest sTest

10 04 0.048 0.053 004 0.051

0.0 004 0051 0.050 0.052
04 0.04 0.051 0.054 0.054
09 04 0957 09& 0956 0959
0.0 0.727 0.73 0.737 0.7A
04 0.48  0.500 0509 0.507

TabEk2. R gection P rdbabilities | amal Inoatias with n=50

A symptoticTests B cotstrgp T ests
® tTest sTest tTest sTest

10 04 0.051 0.057 0.053 0.053
0.0 0.051 0056 0.056 0.057
04 0.050 0.052 0.058 0.059

09 04 0.559 0584 0568 0.5a&
0.0 0.6 0317 0.38 0.39

04 0.202 0206 0.225 0.223

6 Caxdlsan
7. N attematical P rook

P roofofl emma3.1 Se=H alladH eyde (1980, Theaam A .1, p26). o

ProofofL emma32 ThatB, ! ; B lbas fran an ineriance prinapke for
martincple div erence sequenass [seeH all and H eyde (1980, pR9)] T he coariance
matrix ofB  Gan be dotained fram P ark (2000, R enarks 2.4 ad 2.5) ad that ¢,)
are uncorelted with € 5157 ) o

P roof ofL emma 3.3 Part (e llons fram P ark (2000). P art(b) is immediate
fran the prdoebi stic enbedding introducd in Sectian 3.1. P art (©) is well knoan
[s= eqg, Bk (1974, p4A 1)] o]

P roofofl emma34 ( iven (12) ad (13), both P arts () ad (b) reedily Ollowv
fronl enma3.3. o
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P roofofl emma3.5 Se=l enma32 ofP ark (2000). o

P roofFof P rpasitian 3.6 Itdllons fron (17) that

X X X
Vior =rHC+ Y% w i$ X @2)
t=1 t=1 t=1
X X X X
Xo1Yie1 =% XoaWo1 i XX $+ U0 X @3
t=1 t=1 t=1 t=1
X X
V2 =% W+ 2% w2t + B % X S
t=1 t=1 t=1 t=1
X X
248" xoaw §2%°8 % (2]
t=1 t=1
X X X X
Vi1t =% wTi+ % TS %7 (25)

t=1 t=1 t=1 t=1

Casaguatly we hae fram (22) - (25)

1 X y y 1 X Wy + n/2y0+ 0 (n—l) @6
t—1 4 -1 4 P
n?»/2 t=1 n?»/2 t=1
1 X 1 X 1 X 1/
n XV =ho o XMW i X_1% 1$+0,@ ) @)
t=1 t=1 til 1
x 1 X 1 X )
1 B _
) Vi = %QQ W+ /2 2%%0r13/2 Wor + 0,0 (28)
t=1 t=1 X t=1 1
X X X X ]
Ly =ut T w2 weps ise— xt @)
n n n n

t=1 t=1 t=1 t=1
W emay nowvessily dedue P arts (), (© ad (d) fram L enma 35, using (26, (28)
ad (29).
D e to(27), P art(b) Tollons ifwe esteblish

X
% W1 =YWL+ 30 W R @)
t=1
oreguinaletly
X
% W1l = Y2+ 30 W OF 9.0 D)

t=1

X X X1 X X X!
Wil = WL+ T i i Unj
t=1 t=1 j=1t=1 t=1 j=0
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I asower; itcn be deducd that

X X
Wy =% wit o Yy W1 | W)

X
X

ad that
X X b
W1 TW—j )= il iU T}
t=1 t=1 t=1
Casaquaitly e hae
A 1
1 X y 2 e e Ln
n WUy =7 n W1 ¢ n t n
t=1 t=1 t=1
where
1 XX 1 X1 1 XX 1 X Xt
Rpn=—= % "W+ — e i— "t YU i— Y U
. n. N , N ,
j=1 t=1 j=1t=1 t=1 j=1 t=1 35=0
=0,@ """
T he resultin () nowollons directly fiom L anma3.3(@) andL enma35@). The
proofis therefore ampkete. ]

P roofof T heorem 3.7 W emay deduce franl enma3.3 and P rpastiaon 3.6that

P'I'L — 1 X w
1/43/42 - r1/43/42 yt—l t
ta=1 ~ ~
A 1A 1A !
Y 1 X y 1 y 1 X L
119?] 22 _ Yi—1%_1 =75 _ X121 W . X1t

=30 WO nVwWi @)

+ /2 wwv D XED | e AR (D [a! )
+ o@D
ad that
0. 1

— —1
1/42%2 - ng%g%g t—1 + Op(n )
t

=M D 2y 53 2 205 1 DI S Q@D
= D1+ n—1/2W Vo 2;V|3/+22)e:% i DM D, Q@ />
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Casaquantly it ollons that

1 1 WA G 2V OF22C DK )T _1/2
n1_1/423/42m 2)1 in'/? D) + g /)
B 1 Lo WV RO 2V R 20 DK ) -
1/2 — 1 =12 (] + o 1/2
I asower; we have from P ripasitian 34 that
= ~

Yl =% 1L g A@ + 202 + @D
i )
0, =y L+ O'Mi 'l + o@D

I awvthe stated resullts Tollow essi ly after some tedias algdbra ]

P roofofl emma4.l FoarPat(@, we smply note that

1 X
S

1 X 1 X
i Wt — i
/29 t=1 /23 t=1

t

_tl —
=
1
T hestated resultthen Ollons directly fran L enma35 aadtrefecttatl § U )=

J:W D whidh aan essi ly be deduced using integratian by parts Tomula
Letn =i=nfori =1;:::;N. ToOproeP at(a), we ..1stnoke that

L e 1t
/29 t=1 nW—l /29 =1

Wi+ 0,0

adwite
1 X gjl 1 %
/29, n 1 n,nl(r’l)l
t=1 i=1
where
X 1 X
An=_ @uict i) @oi-) ad Br=— TV Cui-1)

i=1 i=1

each ohwhidh will be anallyzed belo/
Itis stragtiomard 1o deduce that

_ a1 X ‘ CN— e 1/2 1 /9
Ay = Vi@ @ D= TV @ ) @)

i=1

Furtrermare we may wieB , as
B = B D+ m2W vV §3Q0 Vi Cr+ @) €%)
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where rd
)Q Tni
C,= [t OFT.i—W (ri—1 DB
i=1 Thn,i—1
T odeduce (), note that
X
Brn= Tni-itW Qpni=1)0ni i Tni-1)
i=1
1 2XL
in? ToiW s XC@) i Vo @-1l
i=1
ad
X
Tri—tW @ric1 X i & Thyi—1)
i=1

Zr, x Zr,

= iV D+ 1 B (95 & i W OiTni W (-1 DB

i=1 Tn,i-1
I aeoer; dxsaene that

Ty

2 e ©X=I Vv + 90

1
ad that

X
Tni—W @ri—1 X @D i Vo @1 20= I 3V I+ (D

i=1

die o Kurz and P rotier (199 2).
I ovwewite
Chn=Thni WoOiV -+ W hi-1) CiT,i1 X

i=1 Tn,i-1 i=1 Th,i-1
+ CiTniaa W OiVW (ni-1DH
i=1 Thn,i-1
ad shovthat 3
— 12 4 —1/2
Cn 6%3 q7(n D €<))
I ote that

Z

X i
N2 T, WOiV (i)

i=1 Tni—1

13 1 X 13
== Taia+ QO=g

33/43 ni:1 ) 1 Q7Q) 63/43 Q7Q)
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whidh beacomes the leding tarm in C,,. T he rest tarms are negligbke as we showv
belbn

W ehae
W @ni-1) CiTpi— = > N GTED TR ALTED ;
i=1 Tn,ifl =1

L X W . 2 =0 n—l
2P qn,z—l) i p( )

i=1

C@iTa W @il G P
B} |

AZT ‘ LAz, Vi
-E CiTni ok W ®iwWdni-1 ik
- Tn,i1 o Tni-1
I I
A Zr, A Zr. P12

- E  @iToidE E W ®©iwCDla

Tn’ifl Tn,ifl
=0, Qe

sne
ZTni

E CiT, 1 Ya=0@?*)

Thn,i-1
Tn

E MOV D=0 @

Th,i-1

and therefore

X ZTni
CiToi W Ol T D=0, %?)

i=1 In,i—1

W ettus hae esteblished (33). T he stated resultinP art(8) nonviollons immediately
fran (3), () ad (3. T he proofis therefore aamp Ete. ]

P yroof of P ropasitian 42 T he stated resultis immediate fron L enma 4.1 ad
an. o

P roofof T heorem 4.3 Fartimesaries ) we btz =z ipyzlzt:nfjﬁheczee
q=0, ad Et
A , !
1 X
Z=zi, Zi cicx ¢ic) &ic)

t

Il
—
-
Il
—
-
Il
—



24

wthg =+ 1 )2 rttecaeg=1.De.reP, adQ@, by

A 1A 1A !
1 X L X X X L
P = A Yio1%t i = Y12, X_1%_4 1%
=1 A= A - ~t=1 :
1 X ) 1 X o
Cn == Yii1i= Yio1%%_ 4 X 1% >X_1Yi-1
(8% (8%
t=1 t=1 =1 t=1
smibxlyasP,, adQ, in(10) ad (11). A ba we Et
A 1 A 1 A !
2 _1 X g - 1 X 5 >Q >Q .
%, = PR X 1% 1%
t=1 t=1 t=1 =1
adde.re A 1 A !
X o
8, O=00)i" 1% 1%

t=1 t=1
which conespad ©¥%2 and ®,,)in (12) and (13). T henwe may wite

o P
——§— ad s,O=-—"—
e o >0,

arrespadingly as t, ( ) ad s, ( )in (149).
Forboth e ess =0 and g=1, tcan be esslly deducd that

1 X 1 X .
n X—lxa—ﬁ X_1% 1+ 0,0 )
t=1 t=1
] X wod +0,@ /2
1%] -1 t_pﬁ X1 ¢ »@ D
t=1 t=1
JRANIIS B 24 0,6
n t_n t D
t=1 t=1
I ote in partiailarthat
L Giey=tro@D
1 SCy =1
r\gt:1 3
ad
L diow =" Lo, @)
SR VGX = _ nat e
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t
i3 —» —Yi1 Yi-1
= A = A 1
1 X
X_1Yi-1 = X_1Yi1 il =5 ¥ 1/419?]
t=1 t:lA t=1 1 At:
L% ty ;L Vi VB—XL L., + 90D
—= Y1 i =75 1 ] ="}
/2 N 28/2 i n

i LAl
n t
!

1
1
i3l =
- t=1

X 1 X ot R 1
2 Cicyi1 =2 wtliomz Yt +0,0 )
t=1 t=1

t=1
T he stated results novollovessi . o
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