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A bstract

W e considerthe bootstrap unitroottests based on autoregressive in-
tegratedmodels, withorwithoutdeterministictimetrends. A general
methodologyisdevelopedtoapproximateasymptoticdistributionsforthe
modelsdrivenbyintegratedtimeseries, andusedtoobtainasymptotic
expansionsfortheD ickey-Fullerunitroottests. T hesecond-orderterms
intheirexpansionsareofstochasticordersO p(n¡1=4)andO p(n¡1=2), and
involve functionals ofBrownian motions and normalrandom variates.
T heasymptoticexpansions forthebootstrap tests arealsoderivedand
comparedwiththoseoftheD ickey-Fullertests. W e showin particular
thattheusualnonparametricbootstrapo¤ersasymptoticre…nementsfor
theD ickey-Fullertests, i.e., itcorrects theirsecond-ordererrors. M ore
precisely, itis shownthatthecriticalvalues obtainedbythebootstrap
resamplingarecorrectup tothesecond-orderterms, and theerrors in
rejectionprobabilities areofordero(n¡1=2)ifthetests arebasedupon
the bootstrap criticalvalues. T hrough simulation, we investigate how
e¤ectiveisthebootstrapcorrectioninsmallsamples.
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1. Introduction
Itisnowwellperceivedthatthebootstrap, ifappliedappropriately, helpstocompute
the criticalvalues ofasymptotictests more acurately in …nite samples, and that
thetests basedonthebootstrap criticalvalues generallyhaveactual…nitesample
rejectionprobabilitiesclosertotheirasymptoticnominalsizes. See, e.g., H all(19 9 4)
andH orowitz (19 9 9 ). T hebootstrapunitroottests, i.e., theunitroottestsrelying
onthebootstrapcriticalvalues, seemparticularlyattractiveinthisrespect. Formost
ofthecommonlyusedunitroottests, the…nitesamplesizedistortions areknown
tobelargeandoftentoolargetomakethetests anyreliable. Ithas indeedbeen
observedbyvariousauthors includingH arris (19 9 2), Ferretti andR omo(19 9 6) and
N ankervisandSavin(19 96) thatthebootstraptestshaveactualsizesthataremuch
closertothenominalsizes, comparedtotheoriginaltests, intheunitrootmodels.

T hemainpurposeofthis paperis toprovidethebootstrap theoryfortheunit
roottests. T hebootstraptheoryfortheunitrootmodelshaspreviouslybeenstudied
by, amongothers, B asawaetal. (19 9 1a, 19 9 1b), D atta (19 96), Park (19 9 9 ) and
ChangandPark(19 9 9 ). H owever, theyhaveallbeenrestrictedtotheconsistency
(and inconsistency) ofthe bootstrap estimators and statistics from the unitroot
models. N oneofthem considers the asymptoticre…nementofthe bootstrap. In
thispaper, wedevelopasymptoticexpansionsthatareapplicableforawideclassof
unitroottestsandtheirbootstrap versions, andprovideaframeworkwithinwhich
weinvestigatethebootstrap asymptoticre…nementofvarious unitroottests. O ur
asymptoticexpansionsfortheunitrootmodelsextendandgeneralizethosedeveloped
recentlybyPark(2000), whichyieldstheasymptoticexpansions fortheestimators
andstatisticsderivedfrom therandomwalkmodels.

Inthepaper, weconsidermorespeci…callytheD ickey-Fullerunitroottests for
theautoregressiveunitrootmodels possiblywiththeconstantandthelineartime
terms. Itcanbeclearlyseen, however, thatourmethodologymayalsobeusedto
analyzemanyotherunitroottestsaswell. FortheD ickey-Fullerunitroottests, the
expansionshaveastheleadingtermthefunctionalsofBrownianmotionrepresenting
theirasymptoticdistributions. T his is as expected. T hesecond-orderterms inthe
expansions are, however, quitedi¤erentfrom thestandardEdgeworth-typeexpan-
sions forthestationarymodels. T heyarerepresented byfunctionals ofBrownian
motionsandnormalrandom variates, whichareofstochasticorders O p(n¡1=4)and
O p(n¡1=2). T hesecond-orderexpansionterms involvevariousunknownmodelpara-
meters. T hisissoforthetestsinmodelswithdeterministictrends, aswellasforthe
tests inpurelystochasticmodels.

W e showthatthelimitingdistributions ofbootstrap statistics haveexpansions
thatareanalogoustotheoriginalstatistics. T hebootstrap statisticshavethesame
leadingexpansionterms. T his iswellexpected, sincethestatisticsthatweconsider
areasymptoticallypivotal. M oreimportantly, theirsecond-ordertermsarealsogiven
exactlyastheoriginalstatisticsexceptthattheunknownparametersincludedinthe
expansions ofthe originalstatistics are nowreplaced by theirsample analogues,
whichstronglyconvergetothecorrespondingpopulationparameters. Consequently,
usingthecriticalvalues obtainedbythebootstrap is expectedtoreducetheorder
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ofdiscrepancybetween theactual(…nite sample) and nominal(asymptotic) sizes
ofthetests. T hebootstrap thus provides anasymptoticre…nementforthetests.
T houghourasymptoticexpansionsfortheunitrootmodelsarequitedi¤erentfrom
theEdgeworth-typeexpansionsforstationarymodels, thereasonthatthebootstrap
o¤ersare…nementofasymptotics ispreciselythesame.

T hroughsimulation, we investigatehowe¤ective is thebootstrap correction in
smallsamples. W econsiderbothG aussianandnon-G aussianmodels, andparametric
andnonparametricbootstraps. T he…ndings aregenerallyconsistentwiththethe-
orydevelopedinthepaper. Forthe G aussianmodels, thebootstrap provideslittle
improvements, ifatall, unless theresamplingis doneparametricallyusingnormal
distribution. Forthenon-G aussianmodels generatedbyuniform orchi-squaredis-
tributions, theusualnonparametricbootstrapprovidessomeobvious improvements.
T hetestsbasedonthebootstrap criticalvalueshaverejectionprobabilitiesthatare
substantially closertotheirnominalvalues. T he parametric G aussian bootstrap
makesthingsworseforthenon-G aussianmodels, asexpectedfromourtheory.

Therestofthepaperis organized as follows. Section 2 introduces themodel,
testsandbootstrapmethod. T heteststatisticsareintroducedtogetherwiththeau-
toregressiveunitrootmodelandthemomentcondition, andhowtoobtainbootstrap
samplesfromsuchamodelisexplainedhere. T heasymptoticexpansionsarederived
inSection3. T hesectionstartswiththeprobabilisticembeddingsthatareessential
forthedevelopmentofoursubsequenttheory, andpresentthesecond-orderasymp-
toticexpansionsfortheoriginalandbootstrap tests. Someoftheirimplicationsare
alsodiscussed. Section4extendsthetheorytothemodelswithdeterministictrends.
T he asymptoticexpansions forthe tests in models with constantand lineartime
trendarepresentedandcomparedwiththeearlierresults. T hesimulationresultsare
reportedinSection5, andSection6concludesthepaper. M athematicalproofsare
giveninSection 7 .

2. TheM odel, TestsandBootstrap M ethod
2.1 TheM odelandTestStatistics
W econsiderthetestoftheunitroothypothesis

H 0 :® =1 (1)

intheA R (p) unitrootmodel

yt=®yt¡1 +
pX

i= 1

®i4yt¡i+ "t (2)

W ede…ne

®(z)=1 ¡
pX

i= 1

®izi

sothatunderthenullhypothesis oftheunitroot(1) wemaywrite ®(L )4yt= "t
usinglagoperatorL . A ssume
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2.1 A ssumption L et("t)bean iid sequencewithE"t= 0 andEj"tjr < 1 for
somer> 6. A lso, weassumethat®(z)6=0 foralljzj·1 .

U nderA ssumption2.1 andtheunitroothypothesis(1), thetimeseries(4yt)becomes
astationaryA R (p) process.

T heunitroothypothesisiscustomarilytestedusingthet-statisticon® inregres-
sion(2). D enoteby ®̂n theO L S estimatorfor® inregression(2). Ifwelet

xt¡1 =(4yt¡1;:::;4yt¡p)0

andde…ne

pyt¡1 =yt¡1¡
Ã

nX

t= 1

yt¡1x0t¡1

! Ã
nX

t= 1

xt¡1x0t¡1

! ¡1
xt¡1 (3)

wemayexplicitlywritethetstatisticforthenullhypothesis(1) as

tn(1)=
®̂n ¡1

¾n

Ã
nX

t= 1
py2t¡1

! ¡1=2 (4)

where¾ 2n is theusualvarianceestimatorfortheregressionerrors. T hetestis …rst
proposedand investigatedby D ickeyandFuller(19 7 9 , 19 81), and itis commonly
referredtoastheD ickey-Fullertest(ifappliedtotheregressionswithnolaggeddif-
ferenceterm)ortheaugmentedD ickey-Fuller(A D F)test(ifbasedontheregressions
withaugmentedlaggeddi¤erenceterms).

W emayalsousethestatistic

sn(1 )=
n(̂®n ¡1 )
®n(1 )

(5)

totesttheunitroothypothesis, where

®n(1 )=1 ¡
pX

i= 1

®ni

withtheleastsquaresestimators®niof®ifori=1 ;:::;p. T hestatisticsn(1 )reduces
tothenormalizedcoe¢cientn(̂®n¡1 )inthesimplemodelwithnolaggeddi¤erences.

T heasymptoticdistributionsofthestatisticstn(1 )andsn(1 )arewellknown[see,
e.g., Stock(19 9 4)], andgivenby

tn(1)! d t(1 )=

Z1

0
W (t)dW (t)

µZ1

0
W (t)2dt

¶1=2 (6)

sn(1)! d s(1 )=

Z1

0
W (t)dW (t)

Z1

0
W (t)2dt

(7 )
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where W is standard Brownian motion. T he statistics tn(1 )and sn(1 )have, in
particular, asymptoticdistributionswhichdonotdependonanynuisanceparameter,
andhence, theyareasymptoticallypivotal. T hedistributionsoft(1 )ands(1 )areof
bothmeanandmedianzero, butareratherheavilyskewed.

2.2 TheBootstrap M ethod
Implementationofthebootstrapmethod inourunitrootmodelis prettystraight-
forward, oncewe…tregression(2)andobtainthecoe¢cientsestimates(®ni)andthe
…ttedresiduals (̂"t). W ewillnotusetheestimate®̂n of® inanyofresamplingproce-
dures, whereweimposetheunitrootrestriction. Inwhatfollows, welet(y0 ;:::;y¡p)
areknownandmakeallourargumentsconditionalonthem. A lso, wede…neut=4yt
fort=¡p+ 1 ;:::;n. O fcourse, wemayequivalentlyassume(y0 ;(u0 ;:::;u¡p+ 1)),
insteadof(y0 ;:::;y¡p), areknown.

The …rststep is togetbootstrap samples forthe innovations ("t)aftermean
correction. A susual, wedenoteby("¤t)theirbootstrapsamples, i.e., ("¤t)aresamples
from Ã

"̂t¡
1
n

nX

i= 1

"̂i

! n

t= 1

whichcanbeviewedas iid samples from theempiricaldistributiongivenby (̂"t¡P n
i= 1 "̂i=n). N otethatthemeanadjustmentisnecessary, sinceotherwisethemean

ofbootstrap samples isnonzero.
O nce the bootstrap samples ("¤t)are obtained, wemay reconstructbootstrap

samples(u¤t)for(ut)recursivelyfrom ("¤t)

u¤t=
pX

i= 1

®niu¤t¡i+ "¤t

conditionalon(u0 ;:::;u¡p+ 1). Finally, resamples(y¤t)for(yt)canbeobtainedjust
byintegrating(u¤t), i.e.,

y¤t=y0 +
tX

i= 1

u¤i

giveny0 . T hebootstrap versionsofthestatistics tn(1 )andsn(1 ), whichwedenote
byt¤n(1 )ands¤n(1)respectively, canbeobtainedfrom (y¤t)similarlyasin(4)and(5).

3. A symptoticExpansionsofTestStatistics
3.1 ProbabilisticEmbeddings
O ursubsequenttheoreticaldevelopmentrelies heavilyontheprobabilisticembed-
dingofthepartialsum process constructedfrom theinnovation sequence("i)into
a Brownian motion in an expanded probability space. T his willbe given below.
T hroughoutthepaper, wedenotebyE"2i=¾ 2 ;E"3i=¹3andE"4i=·4 .



6

L emma 3.1 L et A ssumption 2.1 hold. T hen there exista standard Brownian
motion(W (t))ţ 0 andatimechange(Ti)i̧ 0 suchthatT0 ´0 andforalln¸1 ,

W (Ti=n)=d
1

¾
p
n

iX

k= 1

"k (8)

i= 1 ;:::;n, andifwelet¢ i= Ti¡Ti¡1, then ¢ i’sareiidwithE¢ i= 1 andand
Ej¢ ijr ·KrEj"tj2 r forallr¸ 1 , whereKr is anabsoluteconstantdependingonly
uponr.

T he readeris referred to H alland H eyde (19 80) forthe explicitconstruction
ofthetimechange(Ti)i̧ 0 . A s shown in Parkand Phillips (19 9 9 ), wehaveunder
A ssumption2.1 that

sup
1·i·n

¯̄
¯̄Ti¡i
nr

¯̄
¯̄! a:s:0

foranyr> 1 =2. T herefore, ifwede…ne

W n(t)=
nX

i= 1

W (Ti¡1=n)1 f(i¡1 )=n·t·i=ng (9 )

fort2 [0 ;1 ], thenwehaveduetotheH öldercontinuityoftheBrowniansamplepath

sup
t2[0 ;1]

jW n(t)¡W (t)j·
¯̄
T [nt]=n¡t

¯̄1=2¡²=o(n¡1=4 + ²)a.s.

forany ² > 0 . In particular, W n ! a:s: W uniformlyon [0 ;1 ]. W eletTni= Ti=n,
i=1 ;:::;n, fornotationalbrevity.

Inwhatfollows, wewillassumethat("i)and(W ;(Ti))arede…nedinthecommon
probablityspace(­;F;P). T hiscausesnoloss ingeneralitysinceweareconcerned
onlywithdistributionalresults oftheteststatistics de…ned in (4) and (5), yetit
willgreatlysimplifyandclarifyoursubsequentexposition. T heconventionwillbe
madethroughoutthepaper. Fromnowon, wewouldthusinterpretthedistributional
equalityin(8) astheusualequality.

Forthedevelopmentofourasymptoticexpansion, itis necessarytode…nead-
ditionalsequences de…nedfrom theBrownianmotion W andthetimechange(Ti)
introducedinL emma3.1. W elet

±i=¢ i¡1

fori=1 ;:::;n. M oreover, wede…ne

´i=n
ZTni

Tn;i¡1
[W (t)¡W (Tn;i¡1)]dW (t)

fori=1 ;:::;n. N otethat(±i)and (́ i)areiidsequencesofrandom variables. W e
alsoneedtoconsiderthesequence(»i)givenby

»i=(1 =¾2)xi¡1"i
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Clearly, (»i)is amartingaledi¤erencesequence. U nderthenullhypothesis ofunit
root, ithas conditionalcovariancematrixwhoseexpectation is givenby¡, where
¡=Exix0i=¾

2 . Finally, weletE±2i= ¿4 =¾4 , which is …niteunderA ssumption2.1.
N otethat±i´0 , whenandonlywhen("i)arenormal. T heparameter¿ cantherefore
beregardedasthenonnormalityparameter. Subsequently, weset¿ =0 ifandonly
if("i)arenormal. T heparameters¡and¿4 de…nedhere, inadditionto¾2 ;¹3 and
·4 introducedearlier, willappearfrequently inthedevelopmentofourasymptotic
expansions.

N owwede…ne
vi=("i;±i;́ i;»

0
i)
0

andlet

B n(t)=
1p
n

[nt]X

i= 1

vi

T heninvarianceprincipleholds, andB n ! d B foraproperlyde…nedvectorBrownian
motionB . W epresentthisformallyasalemma.

L emma3.2 L etA ssumption2.1 hold. T henB n ! d B , whereB isavectorBrown-
ianmotionwithcovariancematrix§givenby

§=

0
BBBB@

¾2 ¹3=3¾ 2 ¹3=3¾ 2 0

¿4 =¾4 (·4¡3¾4 ¡3¿4)=1 2¾4 0

·4 =6¾4 0
¡

1
CCCCA

whereparametersarede…nedearlier.

Followingourearlierconvention, wesubsequentlyassumethatbothB n andB are
de…nedintheprobabilityspace(­;F;P), andthatB n ! a:s:B . Itiswellknownthat
anyweaklyconvergentrandom sequencecanberepresented, uptothedistributional
equivalence, byarandom sequencewhichconverges a.s. [see, e.g., Pollard (19 82)].
M oreover, wemakeapartitionofthelimitB rownianmotionB as

B =(¾W ;V;U ;Z 0)0

conformablywith vi= ("i;±i;́ i;»
0
i)0. A ssumethat("i)arenonnormaland ¿ 6= 0 ,

andlet(_W ; ÄW )beabivariatestandardBrownianmotionindependentofW . T hen
wemaywrite

V =!W + _! _W

where!and _!aretheconstantsgivenby

!=
¹3

3¾3
and _!=

µ
¿4

¾4
¡ ¹6

9¾6

¶1=2
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A lso, wemayrepresentU as

U =!W + _! _W + Ä! ÄW

wheretheconstants!, _!and Ä!aregivenby

!=
¹3

3¾3

_!=
µ
¿4

¾4
¡ ¹6

9¾6

¶¡1=2µ·4 ¡3¾4

1 2¾4
¡ ¿4

4¾4
¡ ¹6

9¾6

¶

Ä!=

"
·4

6¾4
¡ ¹6

9¾6
¡

µ
¿4

¾4
¡ ¹6

9¾6

¶¡1µ·4 ¡3¾4

1 2¾4
¡ ¿4

4¾4
¡ ¹6

9¾6

¶2 # 1=2

Forthenormal("i), wehave¿ =0 andthereforeV ´0 . M oreover, wehave¹3=0
and·4 =3¾4 , andwemaywrite

U =(1 =
p
2)_W

where _W isastandardBrownianmotionindependentofW . ForboththeG aussian
and non-G aussian models, we may represent Z (1 )= ¡1=2 S usingamultivariate
normalrandom vectorS with identitycovariancematrix. Since Z is independent
of(W ;V;U ), sois S . Finally, weletM beanextendedstandardBrownianmotion
onR independentofB (andthereforealltheB rownianmotionsandnormalrandom
variatesde…nedabove), andletN beanotherextendedBrownianmotiononR de…ned
byN (t)=W (1 + t)¡W (1). T henotationsde…nedherewillbeusedthroughoutthe
paperwithoutanyfurtherreference.

3.2 A symptoticExpansions
W earenowreadytoobtainasymptoticexpansions forthedistributionsofthesta-
tisticstn(1 )andsn(1)introducedin(4) and(5). W ede…ne

P n =
1
n

nX

t= 1

yt¡1"t¡
1
n

Ã
nX

t= 1

yt¡1x0t¡1

! Ã
nX

t= 1

xt¡1x0t¡1

! ¡1Ã nX

t= 1

xt¡1"t

!
(10)

Q n =
1
n2

nX

t= 1

y2t¡1¡
1
n2

Ã
nX

t= 1

yt¡1x0t¡1

! Ã
nX

t= 1

xt¡1x0t¡1

! ¡1Ã nX

t= 1

xt¡1yt¡1

!
(11)

A lso, wewritetheerrorvarianceestimate¾ 2n as

¾ 2n =
1
n

nX

t= 1

"2t¡
1
n

Ã
nX

t= 1

"tx0t¡1

! Ã
nX

t= 1

xt¡1x0t¡1

! ¡1Ã nX

t= 1

xt¡1"t

!
(12)

andwrite

®n(1)=®(1)¡¶0
Ã

nX

t= 1

xt¡1x0t¡1

! ¡1Ã nX

t= 1

xt¡1"t

!
(13)
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H ereandelsewhereinthepaper, ¶denotesthep-vectorofones. T hestatisticstn(1 )
andsn(1 )cannowbewrittenrespectivelyas

tn(1)=
P n

¾n
p
Q n

and sn(1)=
P n

®n(1 )Q n
(14)

H ereweassumethat¾ 2 and®(1)areestimatedundertheunitrootrestriction. T his
assumptionismadepurelyfortheexpositionalpurpose. A llofoursubsequentresults
alsoholdfortheunrestrictedestimatorsof¾ 2 and®(1).

Toderivetheasymptoticexpansions forthestatistics tn(1 )andsn(1 ), weneed
toconsidervarious sample productmoments in (10) – (13). T heasymptotics for
some ofthem are presented in L emma3.3, which can be directly obtained from
theprobabilisticembeddingsdevelopedintheprevioussection. Proposition3.4 isa
directconsequenceofL emma3.3. Tosimplifythesubsequentexposition, weuseX
todenote X (1 ), aswellas theprocess itself, forB rownianmotion X . T his should
causenoconfusion.

L emma3.3 L etA ssumption2.1 hold. T henwehave

(a)
1
n¾ 2

nX

t= 1

"2t=1 + n¡1=2 (V + 2U )+ op(n¡1=2)

(b)
1

n1=2 ¾2

nX

t= 1

xt¡1"t= Z + op(1)

(c)
1
n¾2

nX

t= 1

xt¡1x0t¡1 =¡+ O p(n¡1=2)

forlargen.

Proposition3.4 L etA ssumption2.1 hold. T henwehave

(a) ¾2n =¾ 2
h
1 + n¡1=2 (V + 2U )

i
+ op(n¡1=2)

(b) ®n(1)=®(1)¡n¡1=2 ¶0¡¡1Z + op(n¡1=2)

forlargen.

W enowobtaintheasymptoticexpansionsforthesampleproductmoments
P
yt¡1"t,P

y2t¡1 and
P
xt¡1yt¡1. Toe¤ectivelyanalyzetheseproductmoments, wede…ne

wt=
Pt

i= 1"ifort¸1 andw0 ´ 0 and…rstconsidertheasymptoticexpansionsfor
thesampleproductmoments of(wt)and("t). W eletut=4ytasbefore, sothat
®(L )ut="tunderthenullhypothesisoftheunitroot. U ndertheunitroothypoth-
esis, (ut)is justalinearly …ltered process of("t), and (yt)becomes an integrated
processgeneratedbysuchaprocess. O ursubsequentasymptoticexpansions involve
variousfunctionalsofBrownianmotions. Toeasetheexposition, weletforBrownian
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motions X andY ,

I(X )=
Z1

0
X (t)dt and J(X ;Y )=

Z1

0
X (t)dY (t)

inthesubsequentdevelopmentofourtheory. T hisshorthandnotation, togetherwith
X =X (1)introducedabove, willbeusedfortherestofthepaper.

L emma3.5 L etA ssumption2.1 hold. T henwehave,

(a)
1

n1=2 ¾

nX

t= 1

"t=W + n¡1=4 M (V )+ n¡1=2 N (V )+ op(n¡1=2)

(b)
1

n3=2 ¾

nX

t= 1

wt¡1 =I(W )+ n¡1=2 [W V ¡J(W ;V )¡!]+ op(n¡1=2)

(c)
1

n2 ¾ 2

nX

t= 1

w2t¡1 =I(W 2)+ n¡1=2
£
W 2 V ¡J(W 2 ;V )¡2!I(W )

¤
+ op(n¡1=2)

(d)
1
n¾2

nX

t= 1

wt¡1"t=J(W ;W )+ n¡1=4 W M (V )

+ n¡1=2
£
(1 =2)M (V )2 + W N (V )¡(1 =2)(V+ 2U )

¤
+ op(n¡1=2)

forlargen.

T he asymptoticexpansions for
P
yt¡1"t,

P
y2t¡1 and

P
xt¡1yt¡1 can nowbe

obtainedusingtherelationshipsbetween(yt)and(wt), andbetween(ut)and("t). To
writedownmoreexplicitlytheirrelationships, weneedtode…nesomenewnotation.
W elet

¼ =1 =®(1 ) and ¼i=
pX

j= i

®j=®(1 )

fori=1 ;:::;p, andlet
$ =(¼1;:::;¼p)0

W ealsode…ne

º =(1 =¾)

Ã
y0 +

pX

i= 1

¼iu1¡i

!
(15)

N otethatweassume(y0 ;(u0 ;:::;u¡p+ 1))tobegiven. T herefore, wemayandwill
regardº asaparameterinoursubsequentanalysis.

W iththenotationintroducedabove, wemaywriteaftersomealgebra

ut=¼"t+ $0(xt¡1¡xt) (16)

andsubsequentlyget
yt=¾º + ¼wt¡$0xt (17 )

Itisnowratherstraightforwardtodeducefrom L emma3.5 that
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Proposition3.6 L etA ssumption2.1 hold. T henwehave

(a)
1

n3=2 ¼¾

nX

t= 1

yt¡1 =I(W )+ n¡1=2 [W V ¡J(W ;V )+ (º=¼¡!)]+ op(n¡1=2)

(b)
1

n¼2 ¾2

nX

t= 1

xt¡1yt¡1 =¶[1 + J(W ;W )]¡¡($=¼2)+ op(1)

(c)
1

n2 ¼ 2 ¾ 2

nX

t= 1

y2t¡1 =I(W 2)

+ n¡1=2
£
W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )

¤
+ op(n¡1=2)

(d)
1

n¼¾ 2

nX

t= 1

yt¡1"t=J(W ;W )+ n¡1=4 W M (V )

+ n¡1=2 [(1 =2)M (V )2 + W N (V )+ (º=¼)W ¡(1 =2)(V+ 2U )¡($=¼)0Z ]+ op(n¡1=2)

forlargen.

T heasymptoticexpansions forthestatistics tn(1)and sn(1 )cannowbeeasily
obtainedfrom (14), usingtheresults inL emma3.3andPropositions3.4and3.6.

Theorem3.7 L etA ssumption2.1 hold. T henwehave

tn(1 )=t(1 )+ n¡1=4 F 1(µ)+ n¡1=2 F 2 (µ)+ op(n¡1=2)

sn(1 )=s(1 )+ n¡1=4 G 1(µ)+ n¡1=2 G 2 (µ)+ op(n¡1=2)

forlargen, where

F 1(µ)=
W M (V )
I(W 2)1=2

F 2(µ)=
(1 =2)M (V )2 + W N (V )+ (º=¼)

I(W 2)1=2

¡ [1 + J(W ;W )][(V + 2U )=2 + ¼¶0¡¡1Z ]
I(W 2)1=2

¡J(W ;W )[W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )]
2I(W 2)3=2

and

G 1(µ)=
W M (V )
I(W 2)

G 2 (µ)=
(1 =2)M (V )2 + W N (V )+ (º=¼)

I(W 2)

¡(V + 2U )=2 + ¼¶0¡¡1Z
I(W 2)

¡J(W ;W )[W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )]
I(W 2)2
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innotationde…nedearlier.

N aturally, theasymptoticexpansions forthestatistics tn(1 )andsn(1 )havethe
leadingterms t(1 )and s(1 )representingtheirasymptoticdistributions. Forboth
tn(1)andsn(1 ), thesecondtermsinourexpansionsareofstochasticorderO p(n¡1=4).
T heire¤ectsare, however, distributionallyoforderO (n¡1=2). M oreprecisely, wehave

P
n
t(1)+ n¡1=4 F 1(µ)·x

o
=P ft(1 )·xg+ O (n¡1=2)

P
n
s(1 )+ n¡1=4 G 1(µ)·x

o
=P fs(1 )·xg+ O (n¡1=2)

uniformlyinx. T hisisbecausetheprocess M includedinF 1 andG1 is independent
of(W ;V;U )and

'(W )M (V )»M N
¡
0 ;'(W )2 jV j

¢

foranyfunctional' ofW , whereM N standsformixednormaldistribution. T here-
fore, welet

F n(µ)=n¡1=4 F 1(µ)+ n¡1=2 F 2 (µ) and Gn(µ)=n¡1=4G 1(µ)+ n¡1=2 G 2(µ)

andcallfrom nowon F n(µ)and G n(µ)the second-orderterms in ourasymptotic
expansionsoftn(1 )andsn(1).

T heresultsinT heorem3.7 suggestthatoursecond-orderasymptoticexpansions
ofthestatisticstn(1)andsn(1 )providere…nementsoftheirasymptoticdistributions
up toordero(n¡1=2), whichwepresentmoreformallyas

Corollary3.8 U nderA ssumption2.1, wehave

P ftn(1 )·xg=P ft(1)+ F n(µ)·xg+ o(n¡1=2)
P fsn(1 )·xg=P fs(1)+ Gn(µ)·xg+ o(n¡1=2)

uniformlyinx2R .

Itisthusexpectedingeneralthattheactual…nitesamplerejectionprobabilities
oftheteststn(1 )andsn(1 )disagreewiththeirnominalsizeonlybyordero(n¡1=2), if
thesecond-ordercorrectedcriticalvaluesareused, i.e., a̧ andb̧ suchthatP ft(1)+
F n(µ)·a̧ g=¸ andP fs(1)+ Gn(µ)·b̧g=¸ forsize¸ tests.

Forbothstatistics, thesecond-orderterms F n(µ)andG n(µ)involvevariousfunc-
tionals ofBrownianmotions andnormalrandom variates. T hefunctionals arede-
pendentuponvariousmodelparameters, notonlythoseincludedexplicitly, butalso
thoseareimplicitlygivenbythevariancesandcovariancesof(W ;V;U ;Z )whichwe
introducebelowL emma3.2. O fcourse, wemaymakemoretransparentthedepen-
denceofF n(µ)andG n(µ)ontheseimplicitparametersbyrepresentingV and U in
terms oflinearcombinations ofstandard B rownianmotions _W and ÄW which are
independentofW , and Z byalineartransform ofstandardnormalrandom vector
S , assuggestedthere.
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Some ofthe distributionalproperties and roles ofthe second-orderterms are
obvious. Forinstance, itisclearthatthesecondO p(n¡1=4)termsintheexpansions
oftn(1 )andsn(1 )contributenothingtothe…nitesamplebias, sincetheyrepresent
mixednormaldistributionswithmeanzero. Itcanalsobeeasilyseenthattheinitial
valueshavee¤ectsontheir…nitesampledistributions, whicharedistributionallyof
orderO (n¡1=2). W emayfurtheranalyzethesecond-orderterms intheexpansions
oftn(1 )and sn(1)in somespecialcases. If¹3 = 0 andthedistributionof("i)is
unskewed, then V and U become independentofW . In this case, wemay indeed
showthatthethirdO p(n¡1=2)termsoftheirexpansionsareofzeroexpectationsand
donota¤ectthelocations oftheirdistributions. T he…nitesamplebias is thus of
ordero(n¡1=2)forbothtn(1)andsn(1 ).2

Itisratherstraightforwardtoobtainthesecond-orderasymptoticexpansionsfor
otherunitroottestsusingourresultshere. ForthetestsconsideredinStock(19 9 4,
pp27 7 2–27 7 3), itisindeednotdi¢culttoseethatthetestsclassi…edas½̂-class, ¿̂-class
and P T allhavetheasymptoticexpansions thatareobtainablefrom theresults in
L emmas3.3and3.5 andPropositions3.4and3.6. M oreover, ourapproachdeveloped
herecanalsobeusedtoanalyzethemodelswiththelocal-to-unityformulationofthe
unitroothypothesis. T heasymptoticsforsuchmodelsarequitesimilartothosefor
theunitrootmodels, exceptthattheyinvolveO rnstein-U hlenbeckdi¤usionprocess
inplaceofBrownianmotion. T heirasymptoticexpansionscanbeobtainedexactlyin
thesamemannerusingtheprobabilisticembeddingofO rnstein-U hlenbeckprocess.
Finally, theasymptoticexpansionsforthetestsofstationaritybasedonthecumulated
stationaryprocesses, suchastheoneproposedbyKwiatkowski, Phillips, Schmidtand
Shin (19 9 2), arealsopossibleusingourmethodology. H owever, toconservespace,
wedonotreporttheirdetails.

3.3Bootstrap A symptoticExpansions
Todeveloptheasymptoticexpansionsforthebootstrappedstatisticst¤n(1 )ands¤n(1 )
comparabletothosefortn(1 )and sn(1 )presented intheprevious section, we…rst
need a probabilistic embeddingofthe standardized partialsum ofthe bootstrap
samples("¤i)intoaBrownianmotionde…nedonanextendedprobabilityspace. O nce
this embeddingis doneinanappropriatelyextendedprobabilityspace, therestof
theproceduretoobtaintheasymptoticexpansionsfort¤n(1 )ands¤n(1)isessentially
identicaltothatfortn(1 )andsn(1).

L etW beastandardBrownianmotionindependentof("i)1i= 1, andassumethat
theyarede…nedonthecommonprobabilityspace(­;F;P). O fcourse, thereexists
aprobabilityspacerichenoughtosupportW togetherwith("i)1i= 1, sinceweassume
theyareindependent. W ethenlet(T ¤i)i̧ 0 beatimechangede…nedin(­;F;P)such
that

W (T ¤i=n)=d ¤
1

¾n
p
n

iX

k= 1

"¤k (18)

2 A badir(19 9 3) showsthatthebiasof®̂n is oforderO (n¡1) forthesimple…rst-orderG aussian
autoregression.
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where=d ¤ denotes the equivalence ofdistribution conditionalon arealization of
("i)1i= 1. N otethat, foreachnandanypossiblerealizationof("i)ni= 1, wemay…nda
timechange(T ¤i)ni= 1 forwhich(18) holdswiththesameBrownianmotion W . T he
BrownianmotionW thereforeisnotdependentupontherealizationsof("i)1i= 1.

H ereandelsewhereinthepaperwefollowtheusualconventioninthebootstrap
literatureandputsuperscript¤tothequantitiesandrelationshipsdependingupon
therealizations of("i)1i= 1. Inparticular, P ¤ andE¤ referrespectivelytotheprob-
abilityandexpectationoperators givenarealizationof("i)1i= 1. T heycanbemore
formallyde…nedastheconditionalprobabilityandexpectationoperatorsP(¢j("i)1i= 1)
andE(¢j("i)1i= 1 ontheprobability(­;F;P)introducedabove. Forthefunctionalsof
W , however, P ¤andE¤agreewithP andErespectively, sincetheyareindependent
of("i)byconstruction.

JustastheconventionmadeinSection3.1, weidentify("¤i)onlyuptotheirdistri-
butionalequivalencessothatwemayassume("¤i)arealsode…nedintheprobability
space(­;F;P). W ede…nethebootstrap sequences(±¤i), (́ ¤

i)and(»¤i)analogously
as(±i), (́ i)and(»i), andv¤i=("¤i;±

¤
i;́ ¤

i;»
¤0)0asinSection3.1. A lso, welet

B ¤n(t)=
1p
n

[nt]X

i= 1

v¤i

T henitcanbereadilyestablishedthat

L emma3.9 L etA ssumption2.1 hold. T henB ¤n ! d ¤ B ¤a.s., whereB ¤ isavector
Brownianmotionwithcovariancematrix§n givenbythesampleanalogueestimator
of§de…nedinL emma3.2.

A sbefore, wemayassumethatB ¤ isde…nedintheprobabilityspace(­;F;P).
Furthermore, wemaylet

B ¤=(¾nW ;V ¤;U ¤;Z ¤0)0

and furtherrepresentV ¤;U ¤ and Z ¤ in terms ofindependentstandard Brownian
motionsW , _W and ÄW , asinSection3.1. T hecoe¢cients intherepresentationsare,
ofcourse, nowgivenbythesampleanalogueestimators!n , _!n and Ä!n , say, of!, _!
and Ä!.

W e nowintroduce the bootstrap stochasticordersymbols. Fora sequenceof
random sequences (X n)on the probability space (­;F;P), we letX n = o¤p(1 )if
P ¤fjX nj> ²g ! 0 a.s. forany²> 0 . L ikewise, wedenotebyYn =O ¤p(1 )for(Yn)on
(­;F;P)ifa.s. forany² > 0 thereexistsaconstantK suchthatP ¤fjYnj> Kg ·
². T hesymbolso¤p(1)and O ¤p(1 )arethebootstrap versions ofthestochasticorder
symbolsop(1)andO p(1 ). Itiseasytocheckthato¤p(1 )=op(1 )andO ¤p(1 )= O p(1 ).
Fortherandom sequenceswhosedistributionsdonotdependupontherealizations
of("i), theconverseis alsotrue, i.e., op(1 )= o¤p(1 )and O p(1 )= O ¤p(1 ). M oreover,
wemayeasilyseethato¤p(1)andO ¤p(1 )satisfytheusualproductrulesthatapplyto
op(1)andO p(1 ). N eedlesstosay, thede…nitionsofo¤p(1 )andO ¤p(1 )naturallyextend
too¤p(cn)andO ¤p(cn)forsomenumericalsequence(cn).
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Theorem3.10 L etA ssumption2.1 hold. W ehave

t¤n(1 )= t(1 )+ F n(µn)+ o¤p(n
¡1=2)

s¤n(1 )= s(1 )+ G n(µn)+ o¤p(n
¡1=2)

whereF n andGn arede…nedearlierandµn denotesthesamplemomentestimatorof
theparameterµ. M oreover, itfollowsthat

P ¤ft¤n(1 )·xg = P ftn(1 )·xg+ op(n¡1=2)

P ¤fs¤n(1 )·xg = P fsn(1 )·xg+ op(n¡1=2)

uniformlyinx2R .

T heasymptoticsforthebootstrapstatisticst¤n(1 )ands¤n(1 )arecompletelyanal-
ogous tothose forthe corresponding statistics tn(1)and sn(1 ). T he parameters
appearedintheasymptoticexpansionsoftheoriginalstatisticsarereplacedbytheir
sampleanalogueestimators, as inthebootstrapEdgeworthexpansionsforthestan-
dardstationarymodels. A lso, theresidualtermsthatareoforderop(n¡1=2)arenow
majorizedbyo¤p(n¡1=2).

N owwede…ne
P ¤ft¤n(1 )·a¤¸g=P ¤fs¤n(1 )·b¤¸g=¸

T hevaluesa¤¸ andb¤¸ arethusthebootstrapcriticalvaluesforthe¸-leveltestsbased
onthestatisticstn(1 )andsn(1 ). Itfollowsdirectlyfrom T heorem 3.10 that

P ftn(1 )·a¤¸g; P fsn(1 )·b¤¸g=¸ + o(n¡1=2)

asn! 1 . T hetestsusingthebootstrapcriticalvaluesa¤¸ andb¤¸ thushaverejection
probabilitieswitherrorsofordero(n¡1=2).

4. Tests inM odelswithD eterministicTrends
Inthissection, weinvestigatetheunitroottests inthemodel

yt=Dt+ ®yt¡1 +
pX

i= 1

®i4yt¡i+ "t (19 )

whereDtisthedeterministictrendwhichisfurtherspeci…edas

Dt=
qX

i= 0

¯it
i (20)

withparameters ¯i, i = 0 ;:::;q. Inthepaper, weconsideronlythesimplest(but
mostfrequentlyused)casesq=0 andq=1 . H igherordercasesposenofundamental
di¢culty, butwouldnotbeattemptedheretosavespace.
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W e need toconsidermodel(19 ), instead of(2), when itis believed thatthe
observed time series (yt)includes deterministictrend speci…ed as Dtand can be
appropriatelymodelledas

yt=Dt+ y±t (21)

wherethestochasticcomponent(y±t)is assumedtofollow(2). A s analternativeto
testingfortheunitrootinregression (19 ), wemaydetrend (yt)directlyfrom the
regressiongivenby(21) with(20) toobtainthe…ttedresiduals (̂y±t), andbasethe
unitroottestsonregression(2)using(̂y±t). Itturnsoutthattheyareasymptotically
equivalentnotonlyinthe…rstorder, butalsointhesecondorder. A lloursubsequent
resultsarethereforeapplicableforbothprocedures.3

Toobtaintheasymptoticexpansions fortheD ickey-Fullertests inthepresence
oflineartimetrends, weneedthefollowinglemmaandthesubsequentproposition.
W edenoteby{ theidentityfunction {(x)=xinwhatfollows.

L emma4.1 L etA ssumption2.1 hold. T henwehave

(a)
1

n1=2 ¾

nX

t= 1

t
n
"t=J({;W )+ n¡1=4 M (V )

¡n¡1=2 [W V ¡J(W ;V )¡N (V )¡!]+ op(n¡1=2)

(b)
1

n3=2 ¾

nX

t= 1

t
n
wt¡1 =I({W )+ n¡1=2 [W V ¡I(W V )¡J({W ;V )¡!=2]+ op(n¡1=2)

forlargen.

Proposition4.2 L etA ssumption2.1 hold. T henwehave

1
n3=2 ¼¾

nX

t= 1

t
n
yt¡1 =I({W )

+ n¡1=2 [W V ¡I(W V )¡J({W ;V )+ (º=¼¡!=2)]+ op(n¡1=2)

forlargen

W e nowpresentthe asymptoticexpansions ofthe D ickey-Fullertests forthe
modelswithconstant, q=0 , andforthemodelswithlineartimetrend, q=1 . T hey
arequitesimilar, andwepresentthemtogetherinasingleframework. Forbothcases
q=0 andq=1 , wedenoteby~tn(1 )and ~sn(1 )theD ickey-Fullerstatisticsbasedon
regression (19 ), orequivalently, theones de…nedas in (4) and (5) from regression
(2) runwith thedemeanedordetrended(yt). W edenoteby ~W thedemeanedor
detrendedBrownianmotion, foreachofthecasesq=0 andq=1 . M oreover, welet
~t(1 )and ~s(1)respectivelybethefunctionals ofBrownianmotionsde…nedsimilarly
ast(1)ands(1 )withW replacedby ~W . Itiswellknownthat~tn(1 )and ~sn(1 )have
thelimitingdistributionsgivenby~t(1 )and ~s(1 )respectively.

3W edonotconsiderinthepapertheG L S detrendingproposedbyElliot, R othenbergandStock
(19 9 2)basedonthelocal-to-unityformulationoftheunitroothypothesis. Suchdetrendingingeneral
yieldsasymptoticsdistinctfrom thosefortheusualO L S detrendingconsideredhere.



17

Theorem4.3 L etA ssumption2.1 hold, andlet ~F n and ~G n bede…nedsimilarlyas
F n andG n with ~W inplaceofW . W ehave

~tn(1 )=~t(1 )+ n¡1=4 ~F 1 + n¡1=2 ~F 2 + op(n¡1=2)

~sn(1 )=~s(1 )+ n¡1=4 ~G1 + n¡1=2 ~G 2 + op(n¡1=2)

forlargen, where

~F 1 =
~W M (V )
I(~W 2)1=2

~F 2 =
(1 =2)M (V )2 + ~W N (V )¡[1 + J(~W ; ~W )][(V + 2U )=2 + ¼¶0¡¡1Z ]

I(~W 2)1=2

¡J(~W ; ~W )[ ~W 2 V ¡J(~W 2 ;V )¡2!I(~W )]
2I(~W 2)3=2

and

~G1 =
~W M (V )
I(~W 2)

~G 2 =
(1 =2)M (V )2 + ~W N (V )¡(V + 2U )=2¡¼¶0¡¡1Z

I(~W 2)

¡J(~W ; ~W )[ ~W 2 V ¡J(~W 2 ;V )¡2!I(~W )]
I(~W 2)2

M oreover, ifwelet ~F n =n¡1=4 ~F 1 + n¡1=2 ~F 2 and ~G n =n¡1=4 ~G 1 + n¡1=2 ~G 2 , thenit
followsthat

P
©
~tn(1 )·x

ª
=P

n
~t(1 )+ ~F n ·x

o
+ o(n¡1=2)

P f~sn(1)·xg=P
n
~s(1)+ ~Gn ·x

o
+ o(n¡1=2)

forlargen, uniformlyinx2R .

T heasymptoticexpansionsfor~tn(1)and ~sn(1 )inT heorem 4.2 arequitesimilar
tothosefortn(1 )andsn(1 )inT heorem3.7 . W eonlyhavetwodi¤erences. First, all
thetermsintheexpansionsfortn(1 )andsn(1 )representingthedependencyonthe
initialvalueº disappear, andarenotpresentintheexpansionsof~tn(1 )and ~sn(1 ).
T his is naturallyexpected, sincethedemeaningordetrendingmakes thestatistics
~tn(1)and ~sn(1 )invariantwithrespecttotheinitialvalues. Second, theBrownian
motionW isreplacedbythedemeanedordetrendingBrownianmotion ~W inallthe
expansionterms. T hedemeaningordetrendingthusa¤ectsnotonlythe…rst-order
asymptotics, butalsothelowerorderasymptotics.
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5. M onteCarloSimulations
Table1. R ejectionProbabilities: N ormalInnovationswithn=1 0 0

A symptoticTests B ootstrap Tests
® ¯ tTest s Test tTest s Test

1.0 0.4 0.048 0.053 0.049 0.051
0.0 0.048 0.051 0.050 0.052
–0.4 0.049 0.051 0.054 0.054

0.9 0.4 0.9 57 0.9 63 0.9 56 0.9 59
0.0 0.7 27 0.7 38 0.7 37 0.7 34
–0.4 0.49 8 0.500 0.509 0.507

Table2. R ejectionProbabilities: N ormalInnovationswithn=50

A symptoticTests Bootstrap Tests
® ¯ tTest s Test tTest s Test

1.0 0.4 0.051 0.057 0.053 0.053
0.0 0.051 0.056 0.056 0.057

–0.4 0.050 0.052 0.058 0.059
0.9 0.4 0.559 0.584 0.568 0.562

0.0 0.306 0.317 0.328 0.329
–0.4 0.202 0.206 0.225 0.223

6. Conclusion

7 . M athematicalProofs
ProofofL emma3.1 SeeH allandH eyde(19 80, T heorem A .1, p269 ). ¤

ProofofL emma3.2 T hatB n ! d B follows from an invariance principle for
martingaledi¤erence sequences [see H alland H eyde (19 80, p9 9 )]. T hecovariance
matrixofB canbeobtainedfrom Park(2000, R emarks 2.4and2.5) andthat(»i)
areuncorrelatedwith("i;±i;́ i). ¤

ProofofL emma3.3 Part(a) follows from Park(2000). Part(b) is immediate
from theprobabilisticembeddingintroduced in Section3.1. Part(c) iswellknown
[see, e.g., B erk(19 7 4, p49 1)]. ¤

ProofofL emma3.4 G iven(12) and(13), bothParts (a) and(b) readilyfollow
from L emma3.3. ¤
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ProofofL emma3.5 SeeL emma3.2 ofPark(2000). ¤

ProofofProposition3.6 Itfollowsfrom (17 ) that
nX

t= 1

yt¡1 = n¾º + ¼
nX

t= 1

wt¡1¡$0
nX

t= 1

xt¡1 (22)

nX

t= 1

xt¡1yt¡1 = ¼
nX

t= 1

xt¡1wt¡1¡
nX

t= 1

xt¡1x0t¡1$ + ¾º
nX

t= 1

xt¡1 (23)

nX

t= 1

y2t¡1 = ¼2
nX

t= 1

w2t¡1 + 2¼¾º
nX

t= 1

wt¡1 + n¾ 2 º2 + $0
nX

t= 1

xt¡1x0t¡1$

¡2¼$0
nX

t= 1

xt¡1wt¡1¡2¾º$0
nX

t= 1

xt¡1 (24)

nX

t= 1

yt¡1"t= ¼
nX

t= 1

wt¡1"t+ ¾º
nX

t= 1

"t¡$0
nX

t= 1

xt¡1"t (25)

Consequently, wehavefrom (22) – (25)

1
n3=2

nX

t= 1

yt¡1 = ¼
1

n3=2

nX

t= 1

wt¡1 + n¡1=2 ¾º + O p(n¡1) (26)

1
n

nX

t= 1

xt¡1yt¡1 = ¼
1
n

nX

t= 1

xt¡1wt¡1¡
1
n

nX

t= 1

xt¡1x0t¡1$ + O p(n¡1=2) (27 )

1
n2

nX

t= 1

y2t¡1 = ¼ 2
1
n2

nX

t= 1

w2t¡1 + n¡1=2
Ã
2¼¾º

1
n3=2

nX

t= 1

wt¡1

!
+ O p(n¡1) (28)

1
n

nX

t= 1

yt¡1"t= ¼
1
n

nX

t= 1

wt¡1"t+ n¡1=2
Ã
¾º

1p
n

nX

t= 1

"t¡$0
1p
n

nX

t= 1

xt¡1"t

!
(29 )

W emaynoweasilydeduceParts (a), (c) and(d) from L emma3.5, using(26), (28)
and(29 ).

D ueto(27 ), Part(b) followsifweestablish

1
n

nX

t= 1

xt¡1wt¡1 =¼¾ 2 ¶[1 + J(W ;W )]+ op(1)

orequivalently,
1
n

nX

t= 1

wt¡1ut¡i=¼¾2 [1 + J(W ;W )]+ op(1) (30)

foralli=1 ;:::;p. T his iswhatwesetouttodo. W ecanshowaftersomealgebra
that

nX

t= 1

wt¡1ut¡i=
nX

t= 1

wtut+
i¡1X

j= 1

nX

t= 1

"tut¡j¡
nX

t= 1

"t
i¡1X

j= 0

un¡j
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M oreover, itcanbededucedthat

nX

t= 1

wtut=¼
nX

t= 1

wt"t+
pX

j= 1

¼j
nX

t= 1

wt(ut¡j¡1¡ut¡j)

andthat
nX

t= 1

wt(ut¡j¡1¡ut¡j)=
nX

t= 1

"t+ 1ut¡j¡un¡j
n+ 1X

t= 1

"t

Consequently, wehave

1
n

nX

t= 1

wt¡1ut¡i=¼

Ã
1
n

nX

t= 1

wt¡1"t+
1
n

nX

t= 1

"2t

!
+ R n

where

R n =
1
n

pX

j= 1

¼j
nX

t= 1

"t+ 1ut¡j+
1
n

i¡1X

j= 1

nX

t= 1

"tut¡j¡
1
n

n+ 1X

t= 1

"t
pX

j= 1

¼jun¡j¡
1
n

nX

t= 1

"t
i¡1X

j= 0

un¡j

=O p(n¡1=2)

T heresultin(30) nowfollowsdirectlyfrom L emma3.3(a) andL emma3.5(a). T he
proofisthereforecomplete. ¤

ProofofTheorem3.7 W emaydeducefrom L emma3.3andProposition3.6that

P n
¼¾ 2

=
1

n¼¾ 2

nX

t= 1

yt¡1"t

¡ ¼p
n

Ã
1

n¼2 ¾2

nX

t= 1

yt¡1x0t¡1

!Ã
1
n¾ 2

nX

t= 1

xt¡1x0t¡1

!¡1Ã
1p
n¾2

nX

t= 1

xt¡1"t

!

=J(W ;W )+ n¡1=4 W M (V )

+ n¡1=2
·
M (V )2

2
+ W M (V )+ (º=¼)W ¡V + 2U

2
¡¼(1 + J(W ;W )¶0¡¡1Z

¸

+ op(n¡1=2)

andthat

Q n

¼2 ¾ 2
=

1
n2 ¼ 2 ¾2

nX

t= 1

y2t¡1 + O p(n¡1)

=I(W 2)+ n¡1=2
£
W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )

¤
+ op(n¡1=2)

=I(W 2)
·
1 + n¡1=2

W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )
I(W 2)

¸
+ op(n¡1=2)
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Consequently, itfollowsthat

Q ¡1n =
1

¼ 2 ¾ 2I(W 2)

·
1 ¡n¡1=2

W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )
I(W 2)

¸
+ op(n¡1=2)

Q ¡1=2n =
1

¼¾
p
I(W 2)

·
1 ¡n¡1=2

W 2 V ¡J(W 2 ;V )+ 2(º=¼¡!)I(W )
2I(W 2)

¸
+ op(n¡1=2)

M oreover, wehavefrom Proposition3.4that

¾¡1n = ¾¡1
³
1 ¡n¡1=2 (V + 2U )=2

´
+ op(n¡1=2)

®n(1 )¡1 = ®(1 )¡1
³
1 + n¡1=2 ®(1)¡1¶0¡¡1Z

´
+ op(n¡1=2)

N owthestatedresultsfolloweasilyaftersometediousalgebra. ¤

ProofofL emma4.1 ForPart(a), wesimplynotethat

1
n1=2 ¾

nX

t= 1

t
n
"t=¡

1
n3=2 ¾

nX

t= 1

wt¡1 +
1

n1=2 ¾

nX

t= 1

"t

T hestatedresultthenfollowsdirectlyfromL emma3.5 andthefactthatW ¡I(W )=
J({;W ), whichcaneasilybededucedusingintegrationbypartsformula.

L etni= i=nfori=1 ;:::;n. ToprovePart(a), we…rstnotethat

1
n3=2 ¾

nX

t= 1

t
n
wt¡1 =

1
n3=2 ¾

nX

t= 1

t¡1
n

wt¡1 + O p(n¡1)

andwrite

1
n3=2 ¾

nX

t= 1

t¡1
n

wt¡1 =
1
n

nX

i= 1

ni¡1W (Tn;i¡1)=¡An + B n

where

An =
1
n

nX

i= 1

(Tn;i¡1¡ni¡1)W (Tn;i¡1) and B n =
1
n

nX

i= 1

Tn;i¡1W (Tn;i¡1)

eachofwhichwillbeanalyzedbelow.
Itisstraightforwardtodeducethat

An =n¡1=2
1
n2

nX

i= 1

Vn(ni¡1)W (Tn;i¡1)=n¡1=2I(W V )+ op(n¡1=2) (31)

Furthermore, wemaywriteB n as

B n =I({W )+ n¡1=2 [W V ¡J({W ;V )]¡Cn + op(n¡1=2) (32)
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where

Cn =
nX

i= 1

ZTni

Tn;i¡1
[tW (t)¡Tn;i¡1W (Tn;i¡1)]dt

Todeduce(32), notethat

B n =
nX

i= 1

Tn;i¡1W (Tn;i¡1)(Tni¡Tn;i¡1)

¡n¡1=2
nX

i= 1

Tn;i¡1W (Tn;i¡1)[(Vn(ni)¡Vn(ni¡1)]

and
nX

i= 1

Tn;i¡1W (Tn;i¡1)(Tni¡Tn;i¡1)

=I({W )+
ZTnn

1
tW (t)dt¡

nX

i= 1

ZTni

Tn;i¡1
[tW (t)¡Tn;i¡1W (Tn;i¡1)]dt

M oreover, observethat

n1=2
ZTnn

1
tW (t)dt=W V + op(1)

andthat
nX

i= 1

Tn;i¡1W (Tn;i¡1)[(Vn(ni)¡Vn(ni¡1)]=J({W ;V )+ op(1 )

duetoKurzandProtter(19 9 2).
N owwewrite

Cn =
nX

i= 1

Tn;i¡1
ZTni

Tn;i¡1
[W (t)¡W (Tn;i¡1)]dt+

nX

i= 1

W (Tn;i¡1)
ZTni

Tn;i¡1
(t¡Tn;i¡1)dt

+
nX

i= 1

ZTni

Tn;i¡1
(t¡Tn;i¡1)[W (t)¡W (Tn;i¡1)]dt

andshowthat
C n =n¡1=2

¹3

6¾3
+ op(n¡1=2) (33)

N otethat

n1=2
nX

i= 1

Tn;i¡1
ZTni

Tn;i¡1
[W (t)¡W (Tn;i¡1)]dt

=
¹3

3¾3
1
n

nX

i= 1

Tn;i¡1 + op(1 )=
¹3

6¾3
+ op(1)
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whichbecomes theleadingterm in Cn . T herestterms arenegligibleasweshow
below.

W ehave
nX

i= 1

W (Tn;i¡1)
ZTni

Tn;i¡1
(t¡Tn;i¡1)dt=

1
2

nX

i= 1

W (Tn;i¡1)(Tni¡Tn;i¡1)2

=
1
2n2

nX

i= 1

W (Tn;i¡1)¢ 2i=O p(n¡1)

M oreover, wehave

E

¯̄
¯̄
¯

ZTni

Tn;i¡1
(t¡Tn;i¡1)[W (t)¡W (Tn;i¡1)]dt

¯̄
¯̄
¯

·E
ÃZTni

Tn;i¡1
(t¡Tn;i¡1)2dt

! 1=2ÃZTni

Tn;i¡1
[W (t)¡w(Tn;i¡1)]2dt

! 1=2

·
Ã
E

ZTni

Tn;i¡1
(t¡Tn;i¡1)2dt

! 1=2Ã
E

ZTni

Tn;i¡1
[W (t)¡w(Tn;i¡1)]2dt

! 1=2

=O p(n¡5=2)

since

E
ZTni

Tn;i¡1
(t¡Tn;i¡1)2dt=O (n¡3)

E
ZTni

Tn;i¡1
[W (t)¡W (Tn;i¡1)]2dt=O (n¡2)

andtherefore,

nX

i= 1

ZTni

Tn;i¡1
(t¡Tn;i¡1)[W (t)¡W (Tn;i¡1)]dt=O p(n¡3=2)

W ethushaveestablished(33). T hestatedresultinPart(a)nowfollowsimmediately
from (31), (32) and(33). T heproofisthereforecomplete. ¤

ProofofProposition4.2 T hestatedresultis immediatefrom L emma4.1 and
(17 ). ¤

ProofofTheorem4.3 Fortimeseries(zt), welet~zt=zt¡
P n

t= 1 zt=nforthecase
q=0 , andlet

~zt=zt¡
1
n

nX

t= 1

zt¡
Ã nX

t= 1

(t¡cn)zt

, nX

t= 1

(t¡cn)2
!
(t¡cn)
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withcn =(n+ 1 )=2 forthecaseq=1 . D e…ne ~P n and ~Q n by

~P n =
1
n

nX

t= 1

~yt¡1~"t¡
1
n

Ã
nX

t= 1

~yt¡1~x0t¡1

! Ã
nX

t= 1

~xt¡1~x0t¡1

! ¡1Ã nX

t= 1

~xt¡1~"t

!

~Q n =
1
n2

nX

t= 1

~y2t¡1¡
1
n2

Ã
nX

t= 1

~yt¡1~x0t¡1

! Ã
nX

t= 1

~xt¡1~x0t¡1

! ¡1Ã nX

t= 1

~xt¡1~yt¡1

!

similarlyas P n andQ n in(10) and(11). A lso, welet

~¾ 2n =
1
n

nX

t= 1

~"2t¡
1
n

Ã
nX

t= 1

~"t~x0t¡1

! Ã
nX

t= 1

~xt¡1~x0t¡1

! ¡1Ã nX

t= 1

~xt¡1~"t

!

andde…ne

~®n(1)=®(1)¡¶0
Ã

nX

t= 1

~xt¡1~x0t¡1

! ¡1Ã nX

t= 1

~xt¡1~"t

!

whichcorrespondto¾ 2n and®n(1 )in(12) and(13). T henwemaywrite

~tn(1 )=
~P n

~¾n
q
~Q n

and ~sn(1 )=
~P n

~®n(1 )~Q n

correspondinglyastn(1 )andsn(1 )in(14).
Forboththecasesq=0 andq=1 , itcanbeeasilydeducedthat

1
n

nX

t= 1

~xt¡1~x0t¡1 =
1
n

nX

t= 1

xt¡1x0t¡1 + O p(n¡1)

1p
n

nX

t= 1

~xt¡1~"t=
1p
n

nX

t= 1

xt¡1"t+ O p(n¡1=2)

1
n

nX

t= 1

~"2t=
1
n

nX

t= 1

"2t+ O p(n¡1)

N oteinparticularthat

1
n3

nX

t= 1

(t¡cn)2 =
1
3
+ O (n¡1)

and
1

n3=2

nX

t= 1

(t¡cn)zt=
1

n1=2

nX

t= 1

t
n
zt+ O p(n¡1) (34)

forbothzt=xt¡1 and"t.
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M oreover, wehaveforthecaseq=0

1
n

nX

t= 1

~yt¡1~"t=
1
n

nX

t= 1

yt¡1"t¡
Ã

1
n3=2

nX

t= 1

yt¡1

! Ã
1p
n

nX

t= 1

"t

!

1
n2

nX

t= 1

~y2t¡1 =
1
n2

nX

t= 1

y2t¡1¡
Ã

1
n3=2

nX

t= 1

yt¡1

! 2

1
n

nX

t= 1

~xt¡1~yt¡1 =
1
n

nX

t= 1

xt¡1yt¡1¡¶

Ã
1

n3=2

nX

t= 1

yt¡1

! Ã
¼
1p
n

nX

t= 1

"t

!
+ op(1)

andforthecaseq=1

1
n

nX

t= 1

~yt¡1~"t=
1
n

nX

t= 1

yt¡1"t¡
Ã

1
n3=2

nX

t= 1

yt¡1

! Ã
1p
n

nX

t= 1

"t

!

¡3

Ã
1

n3=2

nX

t= 1

t
n
yt¡1¡

1
2n3=2

nX

t= 1

yt¡1

! Ã
1p
n

nX

t= 1

t
n
"t

!
+ O p(n¡1)

1
n2

nX

t= 1

~y2t¡1 =
1
n2

nX

t= 1

y2t¡1¡
Ã

1
n3=2

nX

t= 1

yt¡1

! 2
+ O p(n¡1)

¡3

Ã
1

n3=2

nX

t= 1

t
n
yt¡1¡

1
2n3=2

nX

t= 1

yt¡1

! 2

1
n

nX

t= 1

~xt¡1~yt¡1 =
1
n

nX

t= 1

xt¡1yt¡1¡¶

Ã
1

n3=2

nX

t= 1

yt¡1

! Ã
¼
1p
n

nX

t= 1

"t

!

¡3¶

Ã
1

n3=2

nX

t= 1

t
n
yt¡1¡

1
2n3=2

nX

t= 1

yt¡1

! Ã
¼
1p
n

nX

t= 1

t
n
"t

!
+ op(1 )

whichfollowsfrom (34) and

1
n5=2

nX

t= 1

(t¡cn)yt¡1 =
1

n3=2

nX

t= 1

t
n
yt¡1¡

1
2n3=2

nX

t= 1

yt¡1 + O p(n¡1)

T hestatedresultsnowfolloweasily. ¤
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