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Devwudfw

Wklv sdshu h{dplqhv d frqwudfwlqj hqylurqphqw zkhuh wzr sulqflsdov vhtxhq0
wldoo| lqwhudfw zlwk d frpprq djhqw1 Wkh djhqw*v sulydwh lqirupdwlrq lqfoxghv
klv ruljlqdo �w|sh� dqg doo sd|r�0uhohydqw ghflvlrqv wkdw uhvxow iurp xsvwuhdp
frqwudfwlqj1

Zh hqgrjhql}h wkh lqirupdwlrq  rz ehwzhhq wkh wzr frqwudfwxdo uhodwlrq0
vklsv dqg vkrz krz wkh xsvwuhdp sulqflsdo pd| ehqh�w iurp r�hulqj d frqwudfw
wkdw vwudwhjlfdoo| glvforvhv lqirupdwlrq wr wkh grzqvwuhdp sulqflsdo1 Lqirupd0
wlrq wudqvplvvlrq lv prwlydwhg e| uhqw h{wudfwlrq= E| surylglqj wkh uhfhlyhu
zlwk lqirupdwlrq wkdw lv fruuhodwhg zlwk wkh djhqw*v w|sh dqg klv sdvw frqwudf0
wxdo h{shulhqfh/ wkh xsvwuhdp sulqflsdo vxffhhgv lq dssursuldwlqj sduw ri wkh
djhqw*v vxusoxv iurp grzqvwuhdp frqwudfwlqj1 Zh fkdudfwhul}h wkh htxloleulxp
frqwudfwv dqg sursrvh d vlpsoh lpsohphqwdwlrq lq zklfk wkh djhqw uhfhlyhv
sulydwh ru sxeolf doorfdwlrqv1

Ilqdoo|/ zh vkrz wkdw lqirupdwlrq wudqvplvvlrq ehwzhhq sulqflsdov/ dowkrxjk
vwudwhjlf/ pd| zhoo uhvxow lq dq lqfuhdvh lq zhoiduh vlqfh lw uhgxfhv wkh +h{shfwhg,
glvwruwlrqv dvvrfldwhg wr wkh dv|pphwu| ri lqirupdwlrq1

Nh|zrugv= dv|pphwu| ri lqirupdwlrq/ vhtxhqwldo frpprq djhqf|/ lqirupd0

wlrq glvforvxuh/ phfkdqlvp ghvljq/ pxowlsulqflsdov/ vhtxhqwldo frqwudfwlqj1



4 Lqwurgxfwlrq

Vhyhudo frqwudfwlqj hqylurqphqwv fdq eh ghvfulehg dv g|qdplf jdphv lq zklfk
gl�huhqw sulqflsdov vhtxhqwldoo| lqwhudfw zlwk dq lqiruphg djhqw +zh dgrsw wkh
frqyhqwlrq ri xvlqj ihpdoh surqrxqv iru wkh sulqflsdov dqg pdvfxolqh surqrxqv
iru wkh djhqw,1 D yhqwxuh fdslwdolvw +xsvwuhdp sulqflsdo, zkr r�huv d �qdqf0
lqj frqwudfw wr d vwduw0xs +djhqw, xvxdoo| dqwlflsdwhv wkdw wkh �up zloo dovr
frqwudfw zlwk vxssolhuv/ uhwdlohuv dqg shukdsv uhjxodwru| djhqflhv +grzqvwuhdp
sulqflsdov,1 Lq rujdql}dwlrqv/ d glylvlrq pdqdjhu zkr kluhv d zrunhu w|slfdoo|
h{shfwv wkdw wkh odwwhu zloo eh dvnhg wr fkdqjh glylvlrq diwhu d zkloh dqg sdvv
xqghu wkh frqwuro ri rwkhu pdqdjhuv1 Pruhryhu/ zrunhuv uduho| vwd| zlwklq
wkh vdph rujdql}dwlrq iru doo ri wkhlu olih> udwkhu/ wkh| hqwhu lqwr d vhtxhqfh
ri mre uhodwlrqvklsv zlwk gl�huhqw hpsor|huv1 Lq srolwlfv/ wkh uxolqj dgplqlv0
wudwlrq wkdw vljqv d surfxuhphqw frqwudfw zlwk d frqwudfwru/ ru wkdw r�huv d
wudgh srolf| wr d oree|/ nqrzv wkdw lwv frxqwhusduw zloo dovr lqwhudfw zlwk wkh
qh{w dssrlqwhg dgplqlvwudwlrq1 Vlploduo|/ lq h0frpphufh/ d yhqgru zkr vhwv xs
d phqx ri frqwudfw0r�huv/ xvxdoo| h{shfwv khu fxvwrphuv zloo qhhg wr surfxuh
frpsohphqwdu| surgxfwv dqg vhuylfhv dovr iurp rwkhu yhqgruv1

Xqghu vhtxhqwldo frqwudfwlqj/ d grzqvwuhdp sulqflsdo zkr r�huv d frqwudfw
wr dq djhqw xvxdoo| pdnhv wkh ehvw srvvleoh xvh ri dq| lqirupdwlrq wkdw gh0
ulyhv iurp wkh djhqw*v xsvwuhdp frqwudfwxdo h{shulhqfhv1 Iru/ wkh ydoxh wkh
djhqw dwwdfkhv wr d frqwudfw pd| zhoo ghshqg rq wkh ghflvlrqv wkdw kdyh ehhq
wdnhq wkurxjk rwkhu frqwudfwv= Iru h{dpsoh/ lq d oderu uhodwlrqvkls wkh delolw|
iru d zrunhu wr shuirup d fhuwdlq wdvn lv w|slfdoo| lq xhqfhg e| wkh w|sh ri
mrev h{huwhg lq wkh sdvw1 Vlploduo|/ lq d wudgh frqwudfw/ wkh zloolqjqhvv wr sd|
iru d fhuwdlq surgxfw ru vhuylfh xvxdoo| ghshqgv rq wkh frpsohphqwdulw| zlwk
surgxfwv dqg vhuylfhv dftxluhg iurp rwkhu vxssolhuv1 Lq vxfk fdvhv/ wkh pruh d
sulqflsdo nqrzv ri khu djhqw*v suhylrxv frqwudfwxdo dfwlylw|/ wkh ehwwhu vkh fdq
ghvljq khu frqwudfw1

Wkh revhuydwlrq ri wkh hohphqwv ri sdvw frqwudfwxdo uhodwlrqvklsv/ zkhqhyhu
srvvleoh/ lv dovr d xvhixo vljqdo ri wkh djhqw*v sulydwh lqirupdwlrq1 E| revhuylqj
d frqvxphu*v vkrsslqj dfwlylw| d yhqgru fdq lqihu wkh suhihuhqfhv ri d fxvwrphu1
Vlploduo|/ wkh fryhqdqwv ri d �qdqfldo frqwudfw ehwzhhq d yhqwxuh fdslwdolvw dqg
dq hqwuhsuhqhxu frqyh| lqirupdwlrq rq wkh sur�wdelolw| ri wkh eruurzhu*v surmhfw
dqg pd| d�hfw wkh uhvxow ri vxevhtxhqw �qdqflqj vwdjhv1

Wkh g|qdplf lqwhudfwlrq ehwzhhq gl�huhqw sulqflsdov vxjjhvwv wkh srvvlelolw|
ri vwudwhjlf ehkdylru= dq xsvwuhdp sulqflsdo zloo w|slfdoo| wu| wr wdnh dgydqwdjh
ri khu Vwdfnhoehuj srvlwlrq zlwk uhvshfw wr grzqvwuhdp sulqflsdov e| ghvljq0
lqj wkh frqwudfwxdo uhodwlrqvkls lq vxfk d zd| wkdw rswlpdoo| frqwurov iru wkh
lq xhqfh lw kdv rq grzqvwuhdp frqwudfwlqj1 Wkhuh duh wzr zd|v d frqwudfw
fdq d�hfw dqrwkhu rqh1 Iluvw gluhfwo|/ wkrxjk wkh ghflvlrqv wkdw duh vwlsxodwhg1
Vhfrqg/ wkurxjk wkh lqirupdwlrq wkdw wkh frqwudfw glvforvhv wr rxwvlghuv1 Wklv
lv wkh pdlq irfxv ri wklv sdshu1 Zh lqyhvwljdwh krz d sulqflsdo vkrxog ghvljq
d phfkdqlvp wkdw vlpxowdqhrxvo| vfuhhqv wkh sulydwh lqirupdwlrq ri khu djhqw
dqg vwudwhjlfdoo| wudqvplw lw wr dqrwkhu sulqflsdo1

Lqirupdwlrq wudqvplvvlrq wr dq rxwvlgh sduw| grhv rffxu lq vhyhudo elodwhudo
frqwudfwxdo uhodwlrqvklsv1 Frqvlghu/ iru h{dpsoh/ h0frpphufh1 Dq h0frqvxphu
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+djhqw, zkr ex|v d surgxfw rq olqh uhyhdov +dw ohdvw sduwldoo|, klv suhihuhqfhv wr
wkh h0vhoohu +sulqflsdo,1 Iru h{dpsoh/ wkh sdwk wkh djhqw iroorzv gxulqj wkh ylvlw
ri d zhevlwh lv d vljqdo ri klv lqwhuhvwv/ dv zhoo dv wkh �qdo fkrlfh ri d surgxfw/ ru
wkh uhtxhvw ri d fhuwdlq vhuylfh/ uhsuhvhqwv ydoxdeoh lqirupdwlrq ri wkh djhqw*v
suhihuhqfhv1 Zkhq vkrsslqj rq olqh frqvxphuv duh riwhq qrwl�hg wkdw rwkhu
vhoohuv pljkw kdyh dffhvv wr vrph ri wkh lqirupdwlrq frqvxphuv duh uhyhdolqj
wr wkh fxuuhqw frxqwhusduw +wklv fdq eh uhdg/ iru h{dpsoh/ lq wkh sulydf| srolf|
zhesdjhv ri wkh pdlq h0yhqgruv,41

Rwkhu h{dpsohv ri lqirupdwlrq wudqvplvvlrq ehwzhhq wzr frqwudfwxdo uhod0
wlrqvklsv fdq eh irxqg lq oderu dqg lqvxudqfh frqwudfwv1 Zkhq d zrunhu ohdyhv
d mre/ kh xvxdoo| uhfhlyhv d ohwwhu ri uhfrpphqgdwlrq wr jlyh wr d ixwxuh hp0
sor|hu> wklv ohwwhu vljqdov wkh lqirupdwlrq wkdw wkh sulqflsdo kdv ohduqhg iurp
wkh lqwhudfwlrq zlwk wkh djhqw/ olnh iru h{dpsoh klv wdohqw/ idluqhvv dqg delolw| wr
frsh zlwk froohdjxhv1 Vlploduo|/ lqvxuhhv zkr fkdqjh frpsdq| duh qrwl�hg wkdw
sduw ri wkh lqirupdwlrq froohfwhg e| wkh lqvxudqfh frpsdq| rq wkh lqvxuhh*v
fkdudfwhulvwlfv/ olnh klv surshqvlw| wrzdugv ulvn/ zloo eh wudqvplwwhg wr wkh qhz
frpsdq|1

Zkdw prwlydwhv d sulqflsdo wr ghvljq d frqwudfw wkdw glvforvhv wkh djhqw*v
lqirupdwlrqB Krz grhv lw rffxuB Dqg lv wklv qhfhvvdu| kdupixo iru wkh djhqwB

Wklv sdshu ghyhorsv d jhqhudo prgho ri vhtxhqwldo frqwudfwlqj zlwk pxowlsoh
sulqflsdov wkdw hqgrjhql}hv wkh lqirupdwlrqdo olqndjh ehwzhhq wzr frqwudfwv1
Zh vxjjhvw d srvvleoh udwlrqdoh iru lqirupdwlrq glvforvxuh dqg ghulyh vrph lp0
sruwdqw zhoiduh lpsolfdwlrqv1

Lq rxu wkhru| lqirupdwlrq wudqvplvvlrq ehwzhhq wkh wzr frqwudfwxdo uhod0
wlrqvklsv lv prwlydwhg e| uhqw h{wudfwlrq1 Wkurxjk dq rswlpdo glvforvxuh srolf|/
dq xsvwuhdp sulqflsdo fdq lq idfw lqfuhdvh wkh djhqw*v vxusoxv iurp grzqvwuhdp
frqwudfwlqj e| uhgxflqj wkh glvwruwlrqv wkdw duh dvvrfldwhg wr wkh dv|pphwu|
ri lqirupdwlrq1 Wkh xsvwuhdp sulqflsdo kdv dq lqwhuhvw lq idyrulqj wkh djhqw
vlqfh vkh fdq pdnh wkh odwwhu sd| iru wkh lqfuhdvh lq klv h{shfwhg xwlolw|1

Wr looxvwudwh wkh srlqw/ frqvlghu wkh iroorzlqj h{dpsoh1 Vxssrvh wkhuh duh
wzr gl�huhqwldwhg h0vhoohuv +sulqflsdov, wkdw vhtxhqwldoo| frqwudfw zlwk d frp0
prq ex|hu +wkh djhqw,1 Wkh wzr frqwudfwv frqvlvw ri d sulfh wkh ex|hu kdv wr sd|
iru wkh txdolw| +ru txdqwlw|, ri d fhuwdlq surgxfw/ ru vhuylfh1 Vxssrvh wkdw wkh
ex|hu lv hlwkhu xqvrsklvwlfdwhg/ ru vrsklvwlfdwhg/ lq zklfk fdvh kh kdv d kljkhu
pdujlqdo ydoxdwlrq iru txdolw|1 Dv lw lv zhoo nqrzq iurp wkh wkhru| ri sulfh
glvfulplqdwlrq/ li wkh suredelolw| ri idflqj d vrsklvwlfdwhg frqvxphu lv kljk/
wkhq wkh sur�w0pd{lpl}lqj sulfh lv vr pxfk glvwruwhg wkdw lw glvfrxudjhv wkh
sxufkdvh iurp wkh xqvrsklvwlfdwhg frqvxphu dqg ohdyhv qr vxusoxv wr wkh ex|hu1
Lq d vhtxhqwldo frqwudfwlqj hqylurqphqw wkh eholhiv ri d vhoohu fdq eh lq xhqfhg
e| wkh lqirupdwlrq surylghg e| dqrwkhu yhqgru zkr suhylrxvo| wudghg zlwk wkh
vdph djhqw1 Zkhq vxfk lqirupdwlrq lqgxfhv wkh fxuuhqw vhoohu wr shufhlyh wkh
suredelolw| ri dq xqvrsklvwlfdwhg ex|hu dv ehlqj vx!flhqwo| kljk/ wkhq wkh ehvw
vkh fdq gr lv wr pdnh d ohvv glvwruwhg r�hu wkdw lv dozd|v dffhswhg dqg wkdw

4H0frqvxphuv riwhq uhfhlyh �frrnlhv� gxulqj wkhlu h0vkrsslqj1 Wkhvh frrnlhv duh vlpsoh

ghylfhv wr uhfrug wkh djhqw*v lqirupdwlrq vr wkdw vxevhtxhqw lqwhudfwlrqv hlwkhu zlwk wkh vdph

yhqgru/ ru zlwk wuxvwzruwk| exvlqhvv sduwqhuv/ zloo eh prghoohg lq d pruh shuvrqdol}hg zd|1
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qhfhvvdulo| ohdyhv d uhqw wr wkh frqvxphu1
Wklv lghd lv frqvlvwhqw zlwk zkdw vxjjhvwhg lq vhyhudo sulydf|0srolf| zhe0

sdjhv= Frqvxphuv zkr dffhsw wr ohw yhqgruv vkduh lqirupdwlrq zlwk wuxvwzruwk|
wklug sduwlhv pd| hqmr| d ehwwhu ixwxuh vkrsslqj h{shulhqfh lq whupv ri shu0
vrqdol}hg sulfh0glvfrxqwv/ dqg lq jhqhudo pruh idyrudeoh ghdov1 Qrw vxusulvlqj/
wkrvh yhqgruv zkr r�hu wr frqvxphuv dq rswlpdo lqirupdwlrq glvforvxuh srolf|
idfh kljkhu h{shfwhg sur�wv= lqghhg/ wkh sulfh frqvxphuv sd| iru d surgxfw/ ru
d vhuylfh/ lqfrusrudwhv dovr wkh ydoxh frqvxphuv h{shfw iurp ixwxuh frqwudfwxdo
h{shulhqfhv1

Rxu dqdo|vlv vxjjhvwv wkdw lqirupdwlrq wudqvplvvlrq lv sur�wdeoh zkhq wkhuh
lv vrph frpsohphqwdulw| ehwzhhq wkh wzr sulqflsdov* ghflvlrqv1 Wklv suhglf0
wlrq lv dovr lq wkh vslulw ri vhyhudo h0yhqgruv* zhesdjhv lq zklfk lv qrwhg wkdw
frqvxphuv* sulydwh lqirupdwlrq vkrxog eh vkduhg rqo| zlwk �fduhixoo| vhohfwhg

exvlqhvv sduwqhuv wkdw r�hu frpsohphqwdu| vhuylfhv dqg surgxfwv� +vhh/ iru h{0
dpsoh/ zzz1guxjvwruh1frp/ zzz1|dkrr1frp/ zzz1qhwzrunvroxwlrqv1frp,1

Wkh  rz ri lqirupdwlrq rffxuv hyhq li wkh xsvwuhdp sulqflsdo lv qrw gluhfwo|
lqwhuhvwhg lq wkh ghflvlrqv wkdw duh vwlsxodwhg zlwk wkh grzqvwuhdp sulqflsdo/
qru fdq vkh pdnh wkh odwwhu sd| iru wkh lqirupdwlrq vkh uhfhlyhv1 Zh dfnqrzo0
hgjh wkdw erwk lqirupdwlrq wudgh dqg gluhfw sd|r�0uhohydqw h{whuqdolwlhv uhsuh0
vhqw jrrg h{sodqdwlrqv iru zklfk d sulqflsdo fdq eh lqwhuhvwhg lq glvforvlqj wkh
lqirupdwlrq vkh ohduqv iurp khu djhqw1 Qhyhuwkhohvv/ e| ohdylqj wkhvh h�hfwv
rxw ri wkh dqdo|vlv zh vxffhhg lq lvrodwlqj wkh uhqw0h{wudfwlrq ehkdylru wkdw
fkdudfwhul}h wkh ghvljq ri frqwudfwv xqghu dv|pphwulf lqirupdwlrq1

Rxu dqdo|vlv �qdoo| vxjjhvwv wkdw sulydf|0surwhfwlqj odzv wkdw suhyhqw lq0
irupdwlrq glvforvxuh rq frqvxphuv* suhihuhqfhv duh qrw qhfhvvdulo| zhoiduh lq0
fuhdvlqj1 Zh frpsduh wkh htxloleulxp frqwudfwv zkhq sulqflsdov fdqqrw uhohdvh
wkh djhqw*v sulydwh lqirupdwlrq zlwk wkh frqwudfwv wkdw hphujh zkhq vrph lq0
irupdwlrq lv vwudwhjlfdoo| glvforvhg1 Zkhq lqirupdwlrq wudqvplvvlrq lv doorzhg
d grzqvwuhdp sulqflsdo rewdlqv d �qhu lqirupdwlrq vwuxfwxuh dqg uhgxfhv wkh
glvwruwlrqv wkdw duh gxh wr wkh dv|pphwu| ri lqirupdwlrq1 Dw wkh vdph wlph/
vlqfh lqirupdwlrq wudqvplvvlrq hqdeohv dq xsvwuhdp sulqflsdo wr uhgxfh wkh lq0
irupdwlrqdo uhqw vkh ohdyhv wr wkh djhqw/ wkh wudgh0r� ehwzhhq h!flhqf| dqg
uhqw0h{wudfwlrq lq khu rswlpdo frqwudfw dovr fkdqjhv lq idyru ri h!flhqf|1 Lw
iroorzv wkdw lqirupdwlrq wudqvplvvlrq pd| zhoo uhvxow lq dq lqfuhdvh ri zhoiduh1

Uhodwhg olwhudwxuh1

� Frpprq Djhqf|1

Wkh olwhudwxuh rq frpprq djhqf| kdv uhfhlyhg pxfk dwwhqwlrq lq wkh odvw
ihz |hduv1 Ehuqkhlp dqg Zklqvwrq +4<;9, h{whqg wkh sulqflsdo0djhqw prgho
zlwk prudo kd}dug +vhh/ iru h{dpsoh/ Jurvvpdq dqg Kduw +4<;6,, wr wkh fdvh
ri pxowlsoh sulqflsdov1 Vlploduo|/ Pduwlpruw +4<<4/ 4<<9,/ Pduwlpruw dqg Vwroh
+4<<<d/e,/ Ph}}hwwl +4<<:, dqg Vwroh +4<<4, h{whqg wkh sulqflsdo0djhqw prgho
xqghu dgyhuvh vhohfwlrq wr d frqwudfwlqj hqylurqphqw zlwk pxowlsoh phfkdqlvp
ghvljqhuv1 Eljodlvhu dqg Ph}}hwwl +4<<6, surylgh dq h{whqvlyh dqdo|vlv ri frp0
prq djhqf| lq d iudphzrun zlwk erwk dgyhuvh vhohfwlrq dqg prudo kd}dug1 Gl{lw
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hw Do1 +4<<:, ghyhorsh d prgho ri frpprq djhqf| zlwkrxw lqirupdwlrq dv|p0
phwulhv exw wkh| doorz iru jhqhudo suhihuhqfhv dqg lq sduwlfxodu qrqwudqvihudeoh
xwlolwlhv1

D vwdqgdug dvvxpswlrq lq wkh frpprq djhqf| olwhudwxuh lv wkdw frpshwlwlrq
ehwzhhq sulqflsdov lv vlpxowdqhrxv/ lq wkdw hdfk sulqflsdo vlpxowdqhrxvo| r�huv
wr dq djhqw d frqwudfw dqg wkhq wkh djhqw pdnhv klv ghflvlrqv> d ghflvlrq fdq
eh d +qrqyhul�deoh, dfwlrq/ wkh fkrlfh ri wkh sulqflsdo wr ghdo zlwk/ ru dq rswlrq
vshfl�hg lq wkh frqwudfw1

Lq wkh uhdo zruog/ frpprq djhqf| uhodwlrqvklsv qhhg qrw wdnh sodfh vlpxo0
wdqhrxvo|> udwkhu sulqflsdov vhtxhqwldoo| frqwudfw zlwk wkh djhqw1 Iru h{dpsoh/
d pdqxidfwxuhu wkdw lv jrlqj wr vhoo lwv surgxfwv wr d uhwdlohu zloo w|slfdoo| �qg
wkdw wkh odwwhu douhdg| frqwudfwhg zlwk rwkhu pdqxidfwxuhuv lq wkh sdvw1

Wr rxu nqrzohgjh/ Edurq +4<;8,/ Pduwlpruw +4<<<, dqg Sudw dqg Uxvwlfklql
+4<<;, duh wkh rqo| sdshuv wkdw h{dplqh frpprq djhqf| prghov zlwk d vhtxhq0
wldo wlplqj1 Edurq +4<;8, pdnhv wkh vwurqj dvvxpswlrq wkdw doo wkh lqirupdwlrq
holflwhg e| rqh sulqflsdo lv pdgh sxeolf dovr wr wkh rwkhu/ vr wkdw wkh ohdghu fdq
iuhh0ulgh wkh lqfhqwlyhv sureohp ri wkh iroorzhu1 Pduwlpruw +4<<<, gudvwlfdoo|
vlpsol�hv wkh lqfhqwlyhv sureohp ri wkh frpprq djhqf| jdph e| dvvxplqj wkh
wzr sulqflsdov kdyh shuihfwo| fruuhodwhg ghflvlrqv1 Sudw dqg Uxvwlfklql +4<<;,
irfxv rq d prudo kd}dug prgho lq zklfk wkh wzr sulqflsdov vhtxhqwldoo| dqg
lqghshqghqwo| r�hu frqwudfwv wr lq xhqfh wkh dfwlrq ri d frpprq djhqw1 Wkh
vhtxhqwldolw| lq wkhvh prghov lv sduwldo vlqfh wkh| dvvxph sulqflsdov vhtxhqwldoo|
r�hu wkhlu frqwudfwv exw wkh djhqw kdv wr ghflgh rqo| diwhu uhfhlylqj doo sursrv0
dov1 Lq wklv sdshu/ zh doorz wkh djhqw �uvw wr frqwudfw zlwk rqh sulqflsdo dqg
wkhq zlwk dqrwkhu rqh= Lw lv lqghhg lq vxfk d vlwxdwlrq wkdw wkh lqirupdwlrq
 rz ehwzhhq wkh wzr frqwudfwxdo uhodwlrqvklsv lv dq lvvxh1 Zlwk wklv uhvshfw/
dowkrxjk zh ghdo zlwk frpprq djhqf|/ rxu sdshu lv dovr uhodwhg wr wkh g|qdplf
vlqjoh0sulqflsdo0djhqw olwhudwxuh +vhh/ iru h{dpsoh/ Edurq dqg Ehvdqnr +4<;7,
dqg Od�rqw dqg Wluroh +4<;:/ 4<;;,,1

� Lqirupdwlrq Glvforvxuh Srolflhv1

Wkh srvvlelolw| ri lqirupdwlrq vkdulqj ehwzhhq �upv kdv ehhq h{dplqhg lq
wkh olwhudwxuh ri roljrsrolvwlf frpshwlwlrq +vhh/ iru h{dpsoh Udlwk +4<<;, iru
d vxuyh|, dqg lq wkh �qdqfldo lqwhuphgldwlrq olwhudwxuh +Sdglood dqg Sdjdqr
+4<<;, dqg Sdjdqr dqg Mdsshool +4<<6,,1 Lq wkhvh prghov wkh lqiruphg sdu0
wlhv fdq ghflgh wr vwudwhjlfdoo| vkduh lqirupdwlrq zlwk ulydov ehiruh frpshwlqj1
Lq rxu prgho sulqflsdov duh xqlqiruphg dqg ohduq iurp wkh djhqw wkurxjk wkh
vfuhhqlqj frqwudfw wkh| ghvljq1 Lqirupdwlrq wudqvplvvlrq ehwzhhq gl�huhqw frq0
wudfwxdo uhodwlrqvklsv lv prwlydwhg e| d uhqw h{wudfwlrq ehkdylru/ udwkhu wkdq
e| wkh ghvluh ri frruglqdwlrq1 Xsvwuhdp sulqflsdov frpplw wr glvforvh lqirupd0
wlrq wkdw lv fruuhodwhg zlwk wkh djhqw*v w|sh dqg klv sdvw frqwudfwxdo h{shulhqfh
lq rughu wr dssursuldwh wkh djhqw*v vxusoxv iurp dq h{whuqdo frqwudfwxdo uhod0
wlrqvkls1 Lq wklv uhvshfw rxu dqdo|vlv lv vlplodu wr Ol}}hul +4<<<, zkr glvfxvvhv
wkh uroh ri lqwhuphgldulhv zkr vhdufk rxw wkh lqirupdwlrq ri sulydwho| lqiruphg
sduwlhv dqg wkhq ghflgh zkdw wr glvforvh wr xqlqiruphg sduwlhv1 Wkh pdlq
gl�huhqfh zlwk uhvshfw wr klv sdshu lv wkdw zh h{solflwo| prgho lqirupdwlrq df0
txlvlwlrq wkurxjk wkh ghvljq ri d vfuhhqlqj frqwudfw/ zkhuhdv kh frqvlghuv dq
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h{rjhqrxvo| vshfl�hg whfkqrorj| wkurxjk zklfk dq lqwhuphgldu| fdq whvw wkh
txdolw| ri d surgxfw ri d vhoohu1

Qrqh ri wkhvh sdshuv frqvlghuv wkh lvvxh zklfk lv rxu pdlq irfxv khuh= �Grhv
d sulqflsdo zdqw wr ghvljq d phfkdqlvp wkdw vlpxowdqhrxvo| vfuhhqv wkh sulydwh
lqirupdwlrq ri khu djhqw dqg vwudwhjlfdoo| frppxqlfdwhv lw wr dqrwkhu sulqfl0
sdo�B

Rxwolqh1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv d jhqhudo
prgho iru vhtxhqwldo frqwudfwlqj zlwk pxowlsoh sulqflsdov1 Vhfwlrq 6 fkdudfwhu0
l}hv wkh sxuh0vwudwhj| htxloleulxp lq fdvh sulqflsdov gr qrw vkduh dq| lqirupd0
wlrq> lw vroyhv iru jhqhudo sd|r�v dqg surylghv dq h{dpsoh wkdw zhoo ghvfulehv
d wudglqj jdph ehwzhhq wzr vhoohuv dqg d frpprq ex|hu1 Vhfwlrq 7 lv ghgl0
fdwhg wr wkh dqdo|vlv ri lqirupdwlrq wudqvplvvlrq ehwzhhq sulqflsdov1 Vhfwlrq 8
frqfoxghv1 Doo surriv duh lq wkh Dsshqgl{1

5 Wkh Prgho

D vlqjoh djhqw/ D> vhtxhqwldoo| lqwhudfwv zlwk wzr sulqflsdov5/ S� iru l @ 4> 5=

Sulqflsdo rqh zloo eh uhihuuhg wr dv wkh ohdghu dqg sulqflsdo wzr dv wkh iroorzhu1
Wkh vhw ri sod|huv lq rxu prgho lv wkxv uhsuhvhqwhg e| L @ iS�> S2>Dj1

Doorfdwlrqv1

Hdfk sulqflsdo fdq frqwudfw zlwk wkh djhqw ryhu dq doorfdwlrq |� 5 \�> zkhuh
\� vwdqgv iru wkh vhw ri ihdvleoh doorfdwlrqv iru sulqflsdo S�1 Iru vlpsolflw|/ zh
frqvlghu doorfdwlrqv |� @ i{�> w�j wkdw frqvlvw ri d ghflvlrq {� 5 [� � ?n dqg
d prqhwdu| wudqvihu w� 5 ? wkdw lv sdlg e| wkh djhqw wr sulqflsdo S�1 Wkh
ghflvlrq {� pljkw uhsuhvhqw wkh txdqwlw| +ru txdolw|, ri sulqflsdo l*v surgxfw/ ru
wkh +yhul�deoh, wdvn sulqflsdo l dvnv wkh djhqw wr shuirup1 Wkh wudqvihu pd| eh
srvlwlyh ru qhjdwlyh ghshqglqj rq wkh sduwlfxodu vhwwlqj xqghu frqvlghudwlrq1
Lq fdvh ri wzr vhoohuv wkdw frpshwh lq qrqolqhdu sulfhv/ w� duh srvlwlyh wudqvihuv
dqg uhsuhvhqw wkh sulfh wkdw hdfk sulqflsdo fkdujhv iru wkh txdqwlw| +ru txdolw|,
{� wkdw lv vrog wr wkh djhqw1 Li wkh wzr sulqflsdov vwdqg iru wzr glylvlrqv ri
dq rujdql}dwlrq wkdw vljq frqwudfwv zlwk dq h{whuqdo frqvxowdqw/ w� duh qhjdwlyh
wudqvihuv dqg uhsuhvhqw wkh sd|phqw wkh wzr glylvlrqv pdnh wr wkh frpprq
frqvxowdqw lq h{fkdqjh ri klv dgylfh1

Ohw | @ +|�> |2, 5 \� � \2 eh wkh yhfwru uhsuhvhqwdwlrq ri d sdlu ri ihdvleoh
doorfdwlrqv1 Iru vlpsolflw|/ zh dvvxph wkdw wkh vhw ri ihdvleoh doorfdwlrqv iru
sulqflsdo l grhv qrw ghshqg rq wkh doorfdwlrq fkrvhq e| wkh rwkhu sulqflsdo61

Sd|r�v ixqfwlrqv1

Wkh djhqw*v suhihuhqfhv duh uhsuhvhqwhg e| wkh sd|r� ixqfwlrq X�+|�> |2> �,=
Wkh wzr sulqflsdov kdyh uhvshfwlyho| sd|r� ixqfwlrqv X�+|�> |2> �, iru l @

4> 5=
Zh pdnh wkh iroorzlqj dvvxpswlrqv rq sod|huv* sd|r�v1

5Rxu dqdo|vlv frxog eh h{whqghg wr fryhu wkh srvvlelolw| wkdw vhyhudo sulqflsdov vhtxhqwldoo|
lqwhudfw zlwk vhyhudo djhqwv1 Iru vlpsolflw|/ zh suhihu wr irfxv rq d vlpsoh/ |hw jhqhudo/ prgho
lq zklfk wkhuh duh rqo| wzr sulqflsdov dqg d vlqjoh +frpprq, djhqw1

6Pruh jhqhudoo|/ wkh wzr sulqflsdov pljkw idfh d mrlqw ihdvlelolw| frqvwudlqw uhsuhvhqwhg/ iru
h{dpsoh/ e| d iurqwlhu }E+�c +2� ' f�
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D4= +txdvl0olqhdulw|,=

X�+|�> |2> �, @ y�+{�> {2> �, . w�> iru l @ 4> 5

X�+|�> |2> �, @ y�+{�> {2> �,� w� � w2>

zkhuh y�+{�> {2> �, dqg y�+{�> {2> �, duh wzlfh gl�huhqwldeoh dqg vwulfwo| frqfdyh
ixqfwlrqv lq { @ +{�> {2, 5 ?2

n=

D5= +wzr w|shv,= � @
q
�> �

r
dqg Su+�, @ s @ 4� Su+�,=

D6= +Vshqfh0Pluuohhv,= Y��E%c7w�
Y%�

� Y��E%cw�
Y%�

> iru dq| { 5 ?2
n dqg iru dq|

l @ 4> 5=
D7= y�+{> ��, � y�+{> �,> iru dq| { 5 ?2

n=

D8= +zhdn frpsohphqwdulw|, Y2��E%cw�
Y%�Y%2

� 3> iru dq| { 5 ?2
n dqg iru dq| �=

Dvvxpswlrqv D4/ D6 dqg D7 duh vwdqgdug lq dgyhuvh vhohfwlrq prghov1 Dv0
vxpswlrq D5 lv qrw dfwxdoo| qhhghg> lw mxvw vlpsol�hv wkh dqdo|vlv ri wkh lqiru0
pdwlrq  rz ehwzhhq wkh wzr sulqflsdov1

Dvvxpswlrq D8 olplwv dwwhqwlrq wr ghflvlrqv {� dqg {2 wkdw duh hlwkhu frp0
sohphqwv ru lqghshqghqw lq wkh djhqw*v sd|r�1 Rxu ghflvlrq wr uxoh rxw lq wklv
sdshu wkh vxevwlwxwhv fdvh lv prwlydwhg e| wzr uhdvrqv1 Iluvw/ dv vxjjhvwhg
lq Ph}}hwwl +4<<:,/ frpprq djhqf| lv pruh olnho| wr rffxu zkhq wkh djhqw
idfhv frpsohphqwdulwlhv ehwzhhq wkh wzr ghflvlrqv/ olnh lq fdvh ri d zrunhu zkr
shuirupv uhodwhg wdvnv rq ehkdoi ri pxowlsoh hpsor|huv/ d ex|hu zkr surfxuhv
frpsohphqwdu| surgxfwv ru vhuylfhv iurp pxowlsoh yhqgruv/ ru dq hqwuhsuhqhxu
zkr lv mrlqwo|0�qdqfhg e| wzr edqnv1 Vhfrqg/ wkh vxevwlwxwhv fdvh zrxog uh0
txluh d vhsdudwhg dqdo|vlv wkdw fdqqrw eh suhvhqwhg/ lq d vlpsoh zd|/ zlwklq
wkh vdph krprjhqrxv iudphzrun ghyhorshg iru wkh frpsohphqwv fdvh1

Qrwh wkdw zh doorz hdfk sulqflsdo*v sd|r� wr ghshqg gluhfwo| rq wkh rwkhu
sulqflsdo*v doorfdwlrq dqg rq wkh djhqw*v w|sh1 Iru h{dpsoh/ d yhqwxuh fdslwdo0
lvw dqg d prqlwru +lqyhvwphqw edqnhu, pljkw eh lqwhuhvwhg lq wkh delolw| ri dq
hqwuhsuhqhxu +khuh uhsuhvhqwhg e| �, dqg lq wkh lpsdfw ri hdfk rwkhu*v dfwlylw|1
Vlploduo|/ wzr gxrsrolvwv wkdw surfxuh wkh vdph lqsxw iurp d frpprq pdq0
xidfwxuhu w|slfdoo| h{huw gluhfw h{whuqdolwlhv lq wkdw wkhlu �qdo sur�wv gluhfwo|
ghshqg rq wkh surgxfwlrq fdsdflw| ri wkh ulydo �up zklfk lv ghwhuplqhg e| wkh
dprxqw ri lqsxw wkdw lv dftxluhg iurp wkh frpprq vxssolhu1

Zh prgho lqfrpsohwh lqirupdwlrq e| dvvxplqj wkdw wkh djhqw kdv d w|sh
� 5 �1 Rqo| wkh djhqw nqrzv wkh h{dfw uhdol}dwlrq ri wkh udqgrp yduldeoh h� +klv
sulydwh lqirupdwlrq,/ zkrvh suredelolw| glvwulexwlrq s+�, lv frpprq nqrzohgjh
dfurvv sod|huv1 Zh dvvxph wkdw � lv d �qlwh vhw dqg zh zloo riwhq olplw rxuvhoyhv
wr wkh fdvh lq zklfk lw frqwdlqv rqo| wzr hohphqwv/ vd| � dqg � uhvshfwlyho| zlwk
suredelolw| s dqg 4� s=

Frqwudfwv1

Wkh wzr sulqflsdov r�hu wr wkh djhqw wzr phfkdqlvpv +dovr uhihuuhg wr dv
frqwudfwv,1 D phfkdqlvp lv d pdsslqj iurp d phvvdjh vsdfh wr wkh vhw ri
ihdvleoh doorfdwlrqv1 Zh ghqrwh zlwk P� wkh phvvdjh vsdfh ri sulqflsdo l dqg
zlwk p� 5P� d vlqjoh hohphqw ri vxfk d vsdfh1 D phfkdqlvp iru sulqflsdo l lv
wkhuhiruh uhsuhvhqwhg e| �� =P� $ \� zkhuh |� @ ��+p�, lv wkh doorfdwlrq wkdw
S� dvvljqv wr wkh djhqw zkhq wkh odwwhu uhsruwv p�= Dowkrxjk zh irfxv khuh rq
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ghwhuplqlvwlf phfkdqlvpv/ wkh dqdo|vlv fdq eh h{whqghg wr vwrfkdvwlf frqwudfwv

lq zklfk ��+|�@p�, lv wkh suredelolw| ri doorfdwlrq |� frqwlqjhqw rq phvvdjh p�=
Ohw �� eh wkh vhw ri doo srvvleoh ihdvleoh phfkdqlvpv iru sulqflsdo l=

Lqirupdwlrq Glvforvxuh Srolf|1

Lqirupdwlrq wudqvplvvlrq ehwzhhq wkh wzr sulqflsdov lv irupdoo| uhsuhvhqwhg
e| d vljqdo v 5 V wkdw S� vhqgv wr S2 dw wkh ehjlqqlqj ri vwdjh 51 Wkh vljqdo
fdq eh hlwkhu vriw ru kdug= Lw lv vriw lq fdvh ri d phvvdjh wkdw lv vhqw iurp
S� wr S2= Lw lv kdug/ iru h{dpsoh/ lq fdvh lw frqwdlqv |� dqg wklv doorfdwlrq
lv yhul�deoh1 Wkh xvh ri wklv devwudfw lqirupdwlrq whfkqrorj| hqdeohv xv wr
vwxg| wkh rswlpdo frqwudfwv lq d jhqhudo iudphzrun1 Wkh lpsohphqwdwlrq ri
wkh rswlpdo phfkdqlvp zloo vkhg vrph oljkw rq wkh srvvleoh lqwhusuhwdwlrqv ri
v=

Wr dffrpprgdwh vljqdoolqj iurp S� wr S2 zh qhhg wr dgg wr sulqflsdo rqh*v
frqwudfw d glvforvxuh srolf| � wkdw pdsv iurp phvvdjhvP� wr wkh vhw ri sure0
delolw| phdvxuhv xsrq d +�qlwh, vhw ri vljqdov V= Irupdoo|/ � = P� $ 7+V,=
Iru hdfk phvvdjh p� vhohfwhg e| D> S� vhqgv d vljqdo v wr S2 zlwk suredelolw|
�+v@p�,= S2*v phfkdqlvp zloo wkhq eh frqwlqjhqw rq wkh vljqdo v/ l1h1 �2 @ �2+v,=

Wkh djhqw*v vwudwhj| �� @ +���> �
2
�, vshfl�hv wkh uhsruwv wr hdfk sulqflsdo

dv d ixqfwlrq ri wkh djhqw*v lqirupdwlrq vhw/ l1h1 p� @ ���+�> ��,> dqg p2 @
�2�+�> ��c|�> v> �2,1

Wlplqj= d vhtxhqwldo frqwudfwlqj jdph1

� Dw w @ 3> wkh djhqw glvfryhuv klv w|sh zklfk lv d uhdol}dwlrq ri wkh udqgrp
yduldeoh h� zlwk vxssruw � dqg glvwulexwlrq s+�,=

� Dw w @ 4> sulqflsdo S� r�huv wr D d phfkdqlvp �� 5 �� dqg d glvfor0
vxuh srolf| �= Li wkh djhqw uhmhfwv �� wkh jdph hqgv dqg doo sod|huv jhw
wkhlu uhvhuydwlrq sd|r�v wkdw duh qrupdol}hg wr }hur7= Li �� lv dffhswhg>
wkh djhqw vhfuhwo| uhsruwv d phvvdjh p� wr S�/ kh uhfhlyhv wkh doorfdwlrq
|�+p�, dqg wkh jdph hyroyhv wr vwdjh wzr1

� Dw w @ 5> S2 revhuyhv d vljqdo v dqg r�huv wr wkh djhqw khu rzq phfkdqlvp/
�2 5 �21 Wkh djhqw fdq dffhsw ru uhmhfw lw1 Li kh uhmhfwv lw> wkhq wkh jdph
hqgv dqg S�/ S2 dqg D duh ohiw zlwk wkh sd|r�v wkdw ghulyh iurp wkh �uvw
vwdjh lqwhudfwlrq1 Li wkh djhqw dffhswv �2> kh fkrrvhv d phvvdjh p2 5P2

wkdw kh vhfuhwo| uhsruwv wr S21

Wkh fkrlfh ri wklv wlplqj lv prwlydwhg e| wkuhh uhdvrqv1 Iluvw/ zh eholhyh
wkdw vhyhudo frqwudfwxdo uhodwlrqvklsv gr wdnh sodfh vhtxhqwldoo|1 Vhfrqg/ vh0

7Wklv dvvxpswlrq lv pxfk vwurqjhu wkdq qhhghg1 Iru h{dpsoh/ zh frxog dvvxph wkdw wkh
djhqw fdq uhmhfw Z� dqg gluhfwo| ghdo zlwk �2� Dowhuqdwlyho|/ zh frxog dvvxph wkdw � fdqqrw
uhmhfw Z�c |hw �� lv frqvwudlqhg wr jlyh klp wkh srvvlelolw| wr slfn xs d phvvdjh 6f

� zklfk lv
dvvrfldwhg zlwk wkh qxoo frqwudfw1 E| d qxoo frqwudfw zh phdq d frqwudfw iru zklfk wkhuh lv qr
wudgh ehwzhhq � dqg ��� \hw/ wkh qxoo frqwudfw pd| lqyroyh vrph lqirupdwlrq wudqvplvvlrq wr
�2� Iru h{dpsoh/ �� fdq dozd|v frpplw wr lqirup �2 derxw wkh djhqw*v ghflvlrq qrw wr wudgh
zlwk khu1 Iru vlpsolflw|/ zh dvvxph khuh wkdw wkh jdph hqgv li wkh djhqw uhixvhv wr ghdo zlwk
�� vr wkdw zh gr qrw qhhg wr h{dplqh wkh rxw ri htxloleulxp frqwlqxdwlrq jdph ehwzhhq �

dqg �2�
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txhqwldo frqwudfwlqj jdphv fdq eh fkdudfwhul}hg e| d vwudwhjlf lqirupdwlrq  rz
ehwzhhq wkh wzr sulqflsdov1 Lq sduwlfxodu/ wkh ohdghu/ dqwlflsdwlqj wkdw dqrwkhu
sulqflsdo zloo frqwudfw zlwk wkh yhu| vdph djhqw lq wkh frqwlqxdwlrq vxejdph/
pd| �qg lw sur�wdeoh wr ghvljq d frqwudfw wkdw glvforvhv sd|r�0uhohydqw lqiru0
pdwlrq lq rughu wr d�hfw wkh frqwudfw wkdw S2 zloo r�hu wr D1 Ilqdoo|/ dv zh vkrz
dw wkh hqg ri wklv vhfwlrq/ xqghu vhtxhqwldo frqwudfwlqj rswlpdo phfkdqlvp fdq
eh ghulyhg xvlqj dq lqwxlwlyh h{whqvlrq ri wkh Uhyhodwlrq Sulqflsoh1

Frpplwphqw1

Zh dvvxph wkdw lq hdfk elodwhudo uhodwlrq erwk sulqflsdov fdq fuhgleo| frp0
plw wr wkh frqwudfw ��=

Zh dovr dvvxph wkdw S� fdq frpplw qrw wr uhohdvh pruh lqirupdwlrq wkdq
doorzhg e| wkh frqwudfw vkh r�huv wr D1 Iru h{dpsoh/ dq h0vhoohu pd| zdqw wr
hvwdeolvk d uhsxwdwlrq qrw wr glvvhplqdwh lqirupdwlrq wkdw vkh lv qrw doorzhg wr
glvforvh1 Dw wkh hqg ri Vhfwlrq 7 zh zloo ixuwkhu glvfxvv vxfk dvvxpswlrq1

Revhuydelolw|1

Zh dvvxph wkdw S� lv qrw h{rjhqrxvo| frqvwudlqhg wr ohw S2 revhuyh |�1 Lq
vrph vlwxdwlrqv wklv dvvxpswlrq pljkw qrw eh dghtxdwh1 Iru h{dpsoh/ lq fdvh
ri jryhuqphqw surfxuhphqw frqwudfwv/ wkh surfxuhu pd| eh reoljhg wr glvforvh
wkh �qdo whupv ri wkh djuhhphqw zlwk wkh frqwudfwru/ olnh wkh qxpehu ri xqlwv
vxssolhg dqg wkh sulfh1 Lq wklv fdvh/ wkh �uvw sulqflsdo pljkw eh irufhg wr pdnh
wkh djhqw udqgrpl}h rq khu frqwudfw fkrlfh lq rughu qrw wr shuihfwo| lqirup wkh
vhfrqg sulqflsdo +wklv srvvlelolw| lv vwxglhg lq d frpprq0djhqf| iudphzrun e|
Fdo}rodul dqg Sdydq +5333d, dqg lq wkh g|qdplf vlqjoh0sulqflsdo olwhudwxuh/ iru
h{dpsoh/ e| Ehvwhu dqg Vwudxv} +5333, dqg Od�rqw dqg Wluroh +4<;;/ 4<<3,,1

Htxloleulxp1

Ohw � @ +��> �2> ��,= D +sxuh0vwudwhj|, sur�oh +�W> �W, lv d Shuihfw Ed|hvldq
Htxloleulxp iru wkh vhtxhqwldo frpprq djhqf| jdph �} zlwk frppxqlfdwlrq
vsdfhvP @P� �P2 li dqg rqo| li=

41 hdfk sulqflsdo vhohfwv d phfkdqlvp wkdw lv rswlpdo jlyhq wkh djhqw*v dqg
wkh rwkhu sulqflsdo*v vwudwhjlhv>

51 S� vhohfwv dq rswlpdo glvforvxuh srolf|>

61 iru hdfk vljqdo v> S2 xsgdwhv khu eholhiv xvlqj Ed|hv* uxoh>

71 wkh djhqw dqqrxqfhv sd|r�0pd{lpl}lqj phvvdjhv1

Gluhfw Uhyhodwlrq Phfkdqlvpv1

Wkh Uhyhodwlrq Sulqflsoh +khuhdiwhu US, kdv suryhg sduwlfxoduo| xvhixo lq
frqwudfw wkhru| vlqfh lw r�huv d vlpsoh zd| wr fkdudfwhul}h wkh vhw ri srvvleoh
ihdvleoh doorfdwlrqv wkdw fdq eh lpsohphqwhg zkhq djhqwv kdyh sulydwh lqirupd0
wlrq1 Xqiruwxqdwho|/ zkhq pxowlsoh sulqflsdov lqwhudfw zlwk d frpprq djhqw wkh
vwdqgdug yhuvlrq ri wkh US kdv ehhq suryhg wr eh xvxdoo| lqydolg +vhh Pduwlpruw
dqg Vwroh +4<<<,,1 Dv d uhvxow/ lq wkh odvw ihz |hduv pdq| dwwhpswv kdyh ehhq
grqh wr surylgh h{whqvlrqv ri wkh vwdqgdug US iru frqwudfwlqj hqylurqphqwv

;



zlwk pxowlsoh phfkdqlvp ghvljqhuv1 Hsvwhlq +4<<<, dqg Hsvwhlq dqg Shwhuv
+4<<<, kdyh vxjjhvwhg d US iru vlpxowdqhrxv frpprq djhqf|1 Fdo}rodul dqg
Sdydq +5333e, kdyh lqwurgxfhg d yhu| vlpsoh yhuvlrq ri wkh US iru vhtxhqwldo
frpprq djhqf| jdphv1 Lq wkdw sdshu wkh| vkrz wkdw dw hdfk vwdjh frqwudfwlqj
lv Pdunryldq lq wkh vhqvh wkdw wkhuh lv qr orvv ri jhqhudolw| lq dvvxplqj wkdw
hdfk sulqflsdo olplwv khuvhoi wr vlpsoh gluhfw uhyhodwlrq phfkdqlvpv lq zklfk wkh
phvvdjh vsdfh lv wkh vhw ri yrq Qhzpdqq dqg Prujhqvwhuq htxlydohqfh fodvvhv1
Zh uhfdoo khuh wkh pdlq gh�qlwlrqv dqg uhvxowv1 Iru dq| ixuwkhu glvfxvvlrq zh
uhihu wkh uhdghu wr wkdw sdshu1

Gh�qlwlrq 4 +H{whqghg w|sh,

Wkh djhqw*v h{whqghg w|sh �
.

�
lq d frqwudfwxdo uhodwlrqvkls zlwk sulqflsdo l lv

wkh sur�oh ri doo sd|r�0uhohydqw lqirupdwlrq dydlodeoh wr wkh djhqw dw w @ l iru
l @ 4> 5=

Ohw �
.

�
ghqrwh wkh h{whqghg w|sh vsdfh dw w @ l= Fohduo|/ iru w @ 4 zh kdyh

wkdw �
.

�
@ �1 Dw w2> wkh h{whqghg w|sh vsdfh lv �

.

2
@ �� \�> vlqfh wkh rqo|

sd|r�0uhohydqw lqirupdwlrq uhjdugv wkh djhqw*v ruljlqdo w|sh dqg wkh doorfdwlrq
|� vhohfwhg wkurxjk wkh phfkdqlvp ��=

D gluhfw uhyhodwlrq phfkdqlvp iru sulqflsdo l lv d phfkdqlvp lq zklfk wkh
phvvdjh vsdfh frlqflghv zlwk wkh +h{whqghg, w|sh vsdfh/P� @ �.

� dqg lq zklfk
wkh djhqw wuxwkixoo| uhsruwv klv +h{whqghg, w|sh wr sulqflsdo S�=

Sursrvlwlrq 4 +Wkh Uhyhodwlrq Sulqflsoh,
Lq d vhtxhqwldo frpprq djhqf| jdph wkhuh lv qr orvv ri jhqhudolw| lq dv0

vxplqj wkdw sulqflsdov xvh gluhfw uhyhodwlrq phfkdqlvpv1 Iru dq| htxloleulxp
zlwk duelwudu| phvvdjh vsdfhv/ P> wkhuh dozd|v h{lvwv dq htxloleulxp lq gluhfw
uhyhodwlrq phfkdqlvpv wkdw lqgxfhv wkh vdph �qdo suredelolw| glvwulexwlrq ryhu
\ / iru dq| � 5 �=

Wklv US +Fdo}rodul dqg Sdydq 5333e, lv jhqhudo hqrxjk wr lqfoxgh wkh srv0
vlelolw| ri lqirupdwlrq wudqvplvvlrq iurp rqh sulqflsdo wr dqrwkhu rqh= Dq|
lqirupdwlrq  rz wkdw fdq eh jhqhudwhg wkurxjk dq lqgluhfw phfkdqlvp/ fdq
dozd|v eh uhsolfdwhg zlwk d gluhfw uhyhodwlrq phfkdqlvp1

Sursrvlwlrq 5 Zlwkrxw orvv ri jhqhudolw|/ S� pdnhv khu phfkdqlvp sxeolf1
Iru dq| htxloleulxp vwudwhj| sur�oh lq zklfk wkh phfkdqlvp �� lv qrw dqqrxqfhg
wr S2> wkhuh dozd|v h{lvwv dqrwkhu htxloleulxp vwudwhj| sur�oh vxfk wkdw=

l, �� lv sxeolfo| dqqrxqfhg/

ll, lw lqgxfhv wkh vdph glvwulexwlrq ryhu \=

Lq wkh qh{w vhfwlrqv zh uhfxuvlyho| dsso| Sursrvlwlrqv 4 dqg 5 wr fkdudfwhul}h
wkh rswlpdo frqwudfwv r�huhg e| wkh wzr sulqflsdov1

<



6 Frqwudfwv zlwkrxw Lqirupdwlrq Wudqvplvvlrq

Lq wklv vhfwlrq zh dvvxph wkdw S� grhv qrw glvforvh wkh djhqw*v sulydwh lqirupd0
wlrq wr S21 Wklv vfhqdulr fdq uhsuhvhqw/ iru h{dpsoh/ d vlwxdwlrq lq zklfk S�

grhv qrw kdyh wkh srvvlelolw| wr vljqdo wkh djhqw*v w|sh wr S2> vkh odfnv ri dq|
frpplwphqw wr frqwudfw zlwk D rq wkh lqirupdwlrq wudqvplvvlrq wr S2> ru vkh lv
suhyhqwhg e| odz iurp glvforvlqj dq| lqirupdwlrq rq wkh djhqw*v fkdudfwhulvwlfv1
Vwudwhjlf lqirupdwlrq wudqvplvvlrq ehwzhhq wkh wzr sulqflsdov zloo eh dgguhvvhg
lq Vhfwlrq 71

Iurp wkh suhylrxv vhfwlrq zh nqrz wkdw wkh US dssolhv vr wkdw wkhuh lv qr
orvv ri jhqhudolw| lq orrnlqj dw htxloleuld lq zklfk wkh wzr sulqflsdov xvh gluhfw
uhyhodwlrq phfkdqlvpv1 Irupdoo|/ zh duh orrnlqj iru d sdlu ri frqwudfwv

�W @ i�W�> �
W
2j >

zlwk �W
�
= �

.

�
$ \� dqg �W

2
= �

.

2
$ \2 wkdw pds iurp wkh djhqw +h{whqghg,

w|sh vsdfh wr wkh ihdvleoh doorfdwlrq vhw iru hdfk sulqflsdo1 Zh uhfdoo wkdw
wkh h{whqghg w|sh vsdfh iru wkh ohdghu frlqflghv zlwk wkh djhqw*v sk|vlfdo w|sh
vsdfh/ �= Iru S2 wkh h{whqghg w|sh vsdfh lv hqulfkhg e| wkh lqwhudfwlrq ehwzhhq
D dqg S�> vr wkdw doo wkh sd|r�0uhohydqw lqirupdwlrq iru S2 lv fdswxuhg e|
�
.

2
� �� \�=
Lq fdvh ri sxuh0vwudwhj| htxloleuld8/ wkhuh lv shuihfw fruuhodwlrq ehwzhhq wkh

djhqw*v sk|vlfdo w|sh/ �> dqg wkh doorfdwlrq |�+�, wkh djhqw uhfhlyhv wkurxjk wkh
phfkdqlvp ��= Lw iroorzv wkdw S2 idfhv dq djhqw zlwk rqo| wzr h{whqghg w|shv

�
.

2 @ +�> {�> w�,> �
.

2 @ +�> {�> w�,/ uhvshfwlyho| zlwk suredelolw| s dqg 4� s=
Erwk phfkdqlvpv pxvw lqgxfh wkh djhqw wr wuxwkixoo| uhsruw klv +h{whqghg,

w|sh wr hdfk sulqflsdo/ l1h1 ��W
�
+�@�W

�
, @ � dqg �2W

�
+�
.

2
@�W

�
> �W

2
, @ �

.

2
iru doo � 5 �

dqg |� 5 \�1
Ilqdoo|/ rswlpdolw| frqglwlrqv pxvw eh vdwlv�hg vr wkdw hdfk sulqflsdo*v

phfkdqlvp lv d ehvw uhvsrqvh wr wkh rwkhu sulqflsdo*v phfkdqlvp1
Wkh htxloleulxp ri wkh jdph fdq eh irxqg e| edfnzdug lqgxfwlrq1
Ohw X� @ y�

�
�{�> �{2> ��

�
� �w� � �w2 dqg X� @ y� +{�> {2> �, � w� � w2 eh wkh

htxloleulxp sd|r� uhvshfwlyho| iru dq djhqw zlwk sk|vlfdo w|sh �� +dovr uhihuuhg
wr dv wkh �jrrg�/ �kljk� ru �h!flhqw� w|sh, dqg � +�edg�/ �orz�/ �lqh!flhqw�
w|sh,1

Dw w @ 5 wkh iroorzhu r�huv wr D d frqwudfw �2 @ i+{2> w2, > +�{2> �w2,j wkdw

8Wkurxjkrxw wklv sdshu zh olplw rxu dqdo|vlv wr sxuh0vwudwhj| vhtxhqwldo htxloleuld lq
zklfk qrqh ri wkh wzr sulqflsdov udqgrpl}hv rq wkh frqwudfw r�hu wr � dqg vxfk wkdw wkh
djhqw iroorzv d sxuh0vwudwhj| zlwk erwk sulqflsdov1 Lq vrph vlwxdwlrqv/ wkhuh pljkw dovr h{lvw
pl{hg0vwudwhj| htxloleuld lq zklfk/ iru h{dpsoh/ �� lqgxfhv wkh djhqw wr udqgrpl}h ryhu wkh
fkrlfh ri +� vr wkdw kh zloo uhfhlyh dq h{wud lqirupdwlrqdo uhqw zlwk �2� Wklv srvvlelolw| lv
h{dplqhg lq Fdo}rodul dqg Sdydq +5333d,1
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vroyhv wkh iroorzlqj surjudp=

S2 =

;
AAAAAAAA?
AAAAAAAA=

Pd{
Z2

s
�
y2+�{�> �{2> ��, . �w2

�
. +4� s, ^y2+{�> {2> �, . w2`

v1w1
X� � y�

�
�{�> 3> ��

�
� �w�> +LU2,

X� � y� +{�> 3> �,� w�> +LU2,
X� � y�

�
�{�> {2> ��

�
� �w� � w2> +LF2,

X� � y� +{�> �{2> �,� w� � �w2> +LF2,

Wkh lqglylgxdo udwlrqdolw| frqvwudlqwv +LU2, dqg +LU2, hqvxuh wkdw wkh djhqw
dffhswv wkh frqwudfw r�huhg e| S21 Qrwh wkdw wkh +w|sh0ghshqghqw, uhvhuydwlrq
xwlolw| lv wkh sd|r� wkdw wkh djhqw douhdg| rewdlqhg dw w @ 4 iurp wkh frqwudfw
zlwk S�= Wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv +LF2, dqg +LF2, jxdudqwhh
wkdw wkh djhqw kdv wkh fruuhfw lqfhqwlyhv wr dqqrxqfh klv h{whqghg w|sh wr S2=

Dw w @ 4> wkh ohdghu dqwlflsdwhv wkh uhdfwlrq �2+��, zklfk lv wkh vroxwlrq ri
S2 dqg frpplwv wr d frqwudfw �� @ i+{�> w�, > +�{�> �w�,j wkdw vroyhv

S� =

;AAAAAAAA?
AAAAAAAA=

Pd{
Z�

s
�
y�+�{�> �{2+��,> ��, . �w�

�
. +4� s, ^y�+{�> {2+��,> �, . w�`

v1w1
X� � 3> +LU�,
X� � 3> +LU�,
X� � y�

�
{�> {2+��> {�,> ��

�
� w� � w2+��> {�,> +LF�,

X� � y� +{�> {2+�> {�,> �,� w� � w2+�> {�,> +LF�,

zkhuh +{2+��> {�,> w2+��> {�,, dqg +{2+�> �{�,> w2+�> �{�,, uhsuhvhqw wkh doorfdwlrqv
wkdw uhvshfwlyho| wkh kljk dqg wkh orz w|sh uhfhlyh zlwk S2> zkhq wkh| plvuhsruw
wr S�1 Wkh wzr lqglylgxdo udwlrqdolw| frqvwudlqwv jxdudqwhh wkdw wkh djhqw
dffhswv ��> zkhuhdv wkh wzr LF frqvwudlqwv wkdw kh wuxwkixoo| uhsruwv klv sulydwh
lqirupdwlrq1

Wr vroyh wkh wzr surjudpv/ zh pdnh xvh ri wkh iroorzlqj ohppd rq prqrwrqlf0
lw| ri sulqflsdov* ghflvlrqv1

Ohppd 4 +Prqrwrqlflw|,
Xqghu Dvvxpswlrqv D40D8/ erwk sulqflsdov*v ghflvlrqv duh prqrwrqlf/ l1h1

�{� � {� dqg �{2 � {2=

Surri1 Vhh Dsshqgl{1
Dv lq wkh vlqjoh0sulqflsdo fdvh/ zkhq wkh wzr ghflvlrqv/ {� dqg {2> duh frp0

sohphqwv lq wkh djhqw*v sd|r� ixqfwlrq/ d kljk w|sh pxvw uhfhlyh pruh ri hdfk
ghflvlrq wkdq wkh orz w|sh lq rughu wr kdyh wkh fruuhfw lqfhqwlyhv wr wuxwkixoo|
uhsruw klv sulydwh lqirupdwlrq1

Lq Sursrvlwlrq 6 zh xvh Ohppd 4 wr fkdudfwhul}h S2*v rswlpdo frqwudfw1

Sursrvlwlrq 6 +Wkh iroorzhu*v rswlpdo frqwudfw,
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S2 r�huv wr D d frqwudfw �2 wkdw lv fkdudfwhul}hg e| wzr ghflvlrqv/ �{2> {2>
zlwk �{2 � {2 � 3> vxfk wkdw

�{2 @dujpd{
%2Df

y2+�{�> {2> ��, . y�
�
�{�> {2> ��

�
� y�

�
�{�> 3> ��

�
>

{2 @dujpd{
%2Df

+4� s, ^y2+{�> {2> �, . y� +{�> {2> �,� y� +{�> 3> �,`� sU2+{2,>

zkhuh

U2+{2, @ y�
�
�{�> {2> ��

�
� y�

�
�{�> 3> ��

�
� y� +{�> {2> �, . y� +{�> 3> �,

lv wkh lqirupdwlrqdo uhqw wkdw S2 pxvw ohdyh wr wkh h!flhqw djhqw1

Surri1 Vhh Dsshqgl{1

Sursrvlwlrq 6 vkrzv krz S2*v ghflvlrqv duh lq xhqfhg e| S�*v ghflvlrqv1 Dv
lq vwdqgdug sulqflsdo0djhqw prghov xqghu dgyhuvh vhohfwlrq/ S2 pxvw ohdyh d
uhqw wr wkh h!flhqw w|sh lq rughu wr lqgxfh klp wr wuxwkixoo| uhsruw klv sulydwh
lqirupdwlrq1 Wklv lqirupdwlrqdo uhqw fdq eh uhzulwwhq lq d pruh idploldu zd|
dv

U2+{2, @ ey� �{2> ���� ey� +{2> �, >

zkhuh
ey� �{2> ��� @ y�

�
�{�> {2> ��

�
� y�

�
�{�> 3> ��

�
dqg

ey� +{2> �, @ y� +{�> {2> �,� y� +{�> 3> �, >

duh uhvshfwlyho| wkh dgglwlrqdo xwlolw| wkh kljk dqg wkh orz w|sh djhqw rewdlq
iurp {2> frqglwlrqdo rq kdylqj sduwlflsdwhg +dqg wuxwkixoo| uhsruwhg, wr S�*v
phfkdqlvp1

Qrwh wkdw wkh lqwhudfwlrq ehwzhhq D dqg S� wudqvirupv wkh djhqw*v sd|r�
ylv ã ylv S2 iurp y�+3> {2> �, wr ey� +{2> �, > zkhuh ey� +{2> �, � y�+3> {2> �, vlqfh
wkh wzr ghflvlrqv duh frpsohphqwv lq wkh djhqw*v xwlolw| ixqfwlrq1

Wkh ghflvlrq iru wkh kljk w|sh lv wkh vdph wkdw zrxog hphujh xqghu ixoo
lqirupdwlrq1

Wkh ghflvlrq {2 lv grzqzdug glvwruwhg lq rughu wr olplw wkh lqirupdwlrqdo
uhqw S2 ohdyhv wr wkh kljk w|sh1 Lw lv zruwk phqwlrqlqj wkdw li �� lv fkdudf0
whul}hg e| d vwurqjo| vhsdudwlqj doorfdwlrq/ l1h1 li �{�  {�> wkhq S2 pd| eh
ehwwhu r� zkhq vkh �vkxwv grzq� wkh orz w|sh dqg vhwv {2 @ 3= Khqfh/ lq d
vhtxhqwldo frpprq djhqf| jdph �vkxwgrzq� fdq eh hqgrjhqrxvo| ghwhuplqhg
e| wkh ohdghu wkurxjk wkh fkrlfh ri khu frqwudfw1 Lq Vhfwlrq 7 zh vkrz wkdw wklv
fdq eh grqh dovr e| pdqlsxodwlqj S2*v srvwhulru eholhiv1

Zh duh qrz lq d srvlwlrq wr dqdo|}h S�*v rswlpdo frqwudfw1
Wkh iroorzlqj ohppd fkdudfwhul}hv wkh wzr lqfhqwlyhv frqvwudlqwv lq S�1

Ohppd 5 Zkhq wkh djhqw olhv wr S�> dw w @ 5 kh uhfhlyhv zlwk S2 wkh doorfdwlrq
ghvljqhg iru wkh orz +h{whqghg, w|sh/ l1h1 {2+��> {�, @ {2+�> �{�, @ {2=

45



Surri1 Vhh Dsshqgl{1

Sursrvlwlrq 7 +Wkh ohdghu*v rswlpdo frqwudfw,
Dw w @ 4> wkh ohdghu r�huv wr D d frqwudfw �W� wkdw lv fkdudfwhul}hg e| wzr

ghflvlrqv/ �{W�> {
W
� zlwk �{W� � {W� � 3> wkdw pd{lpl}h

X�+�{�> {�, @ s
�
y�+�{�> �{2+�

W
�,>

��, . y�
�
�{�> 3> ��

�
`� sU�+�{�> {�,

�
.

.+4� s, ^y�+{�> {2+�
W
�,> �, . y� +{�> 3> �,`

zkhuh U�+�{�> {�, lv wkh lqirupdwlrqdo uhqw wkdw S� pxvw ohdyh wr wkh h!flhqw
djhqw1 Wklv lv jlyhq e|

U�+�{�> {�, @ U+�{�> {�,�U2+�{�> {�,>

zkhuh
U+�{�> {�, @ y�

�
{�> {2+�

W
�,>

��
�
� y� +{�> {2+�

W
�,> �,

lv wkh wrwdo uhqw wkdw wkh h!flhqw djhqw rewdlqv iurp wkh wzr sulqflsdov dqg
U2+�{�> {�, lv wkh lqirupdwlrqdo uhqw S2 ohdyhv wr wkh kljk w|sh/ dv ghvfulehg lq
Sursrvlwlrq 61

Surri1 Vhh Dsshqgl{1

Wr ehwwhu xqghuvwdqg Sursrvlwlrq 7/ ohw �w ghqrwh wkh xwlolw| gl�huhqwldo
ixqfwlrq ehwzhhq wkh kljk dqg wkh orz w|sh/ vr wkdw

�wy� +{�> {2, @ y�
�
{�> {2>

��
�
� y� +{�> {2> �, A 3=

Wr lqgxfh wkh djhqw wr uhyhdo klv sulydwh lqirupdwlrq/ wkh ohdghu pxvw uhgxfh
wkh wudqvihu vkh fkdujhv wr d kljk w|sh e|

U+�{�> {�, @ �wy� +{�> {2, =

Li sulqflsdo wzr glg qrw h{lvw/ wkh lqirupdwlrqdo uhqw S� vkrxog ohdyh wr D

zrxog vlpso| eh�wy� +{�> 3, = Wkh suhvhqfh ri d vxevhtxhqw lqwhudfwlrq zlwk S2
reoljhv S� wr lqfuhdvh wklv lqirupdwlrqdo uhqw e| U+�{�> {�,��wy� +{�> 3, A 3=

Dw wkh vdph wlph/ wkh frqwudfwxdo uhodwlrqvkls ehwzhhq S� dqg D lqfuhdvhv
wkh lqirupdwlrqdo uhqw wkh djhqw fdq rewdlq iurp S2 vr wkdw S� fdq pdnh wkh
djhqw sd| iru wklv vhuylfh e| lqfuhdvlqj klv wudqvihu ri U2=

Lw iroorzv wkdw wkh �qhw lqirupdwlrqdo uhqw� wkdw S� pxvw ohdyh wr wkh kljk
w|sh lv

U�+{�> �{�, @ U+�{�> {�,�U2+�{�> {�,

@ �wy�+{�> {2,��wey�+{2,=
Fohduo|/ iru wkh orz w|sh wkhuh lv qr lqirupdwlrqdo uhqw zlwk hlwkhu sulqflsdo1

Qrwh wkdw dv|pphwulf lqirupdwlrq uhvxowv lq dq lqgluhfw wudqvihu U2+�{�> {�,
iurp wkh iroorzhu wr wkh ohdghu1 Rq khu sduw/ wkh ohdghu ohdyhv U+�{�> {�, wr wkh
h!flhqw djhqw1
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Vxppdul}lqj/ wkh wkuhh sod|huv* h{shfwhg sd|r�v xqghu dv|pphwulf lqiru0
pdwlrq duh
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Wr ghulyh h{solflw vroxwlrqv iru wkh htxloleulxp ghflvlrqv/ {W
� / zh lqwurgxfh d

wudgh h{dpsoh zkhuh zh frpsohwho| vshfli| sod|huv* sd|r� ixqfwlrqv dqg ixoo|
fkdudfwhul}h wkh htxloleulxp frqwudfwv1 Wklv vlpsoh olqhdu0txdgudwlf prgho fdq
hdvlo| fryhu vwdqgdug vfuhhqlqj vhwwlqjv/ olnh uhjxodwlrq ri d pxowlqdwlrqdo �up
lq dq lqwhuqdwlrqdo frqwh{w/ oderu frqwudfwv r�huhg e| wzr hpsor|huv/ ihghudo
dqg orfdo wd{dwlrq ri d �up1

H{dpsoh= wudgh frqwudfwv zlwkrxw lqirupdwlrq glvforvxuh rq frq0

vxphu*v suhihuhqfhv1

Frqvlghu wkh fdvh ri wzr gl�huhqwldwhg vhoohuv +sulqflsdov, wkdw vhtxhqwldoo|
vljq frqwudfwv zlwk d frpprq ex|hu +wkh djhqw, iru wkh surylvlrq ri wzr frp0
sohphqwdu| surgxfwv/ {� iru l @ 4> 51 Wkh wzr frqwudfwv frqvlvw ri d sulfh w�+{�,
wkdw wkh ex|hu kdv wr sd| iru {� xqlwv ri rxwsxw l

91
Dvvxph wkdw wkh wzr sulqflsdov kdyh wkh vdph txdgudwlf frvw ixqfwlrq/

F�+{�, @ �

2
{2� = Wkh frpprq ex|hu ghulyhv dq xwlolw| � +{� . {2, . {�{2 iurp

wkh dftxlvlwlrq ri {� xqlwv ri surgxfw rqh dqg {2 xqlwv ri surgxfw wzr1
Khqfh/ lq wklv vlpsoh prgho wkh wkuhh sod|huv kdyh uhvshfwlyho| sd|r�v ixqf0

wlrqv

X� @ y�+{�> {2> �, . w� @ �
�

2
{2� . w�>

X2 @ y2+{�> {2> �, . w2 @ �
�

2
{22 . w2>

X� @ y�+{�> {2> �,� w� � w2 @ � +{� . {2, . {�{2 � w� � w2=

Wkh ex|hu kdv sulydwh lqirupdwlrq derxw klv suhihuhqfhv= kh lv wkh rqo|
sod|hu zkr nqrzv wkh h{dfw ydoxh ri �= Wkh wzr vhoohuv vlpso| nqrz wkdw wkh

ex|hu*v suhihuhqfhv pd| eh fkdudfwhul}hg e| d pdujlqdo ydoxh � 5
q
�> �

r
> zlwk

suredelolw| Su+�, @ s @ 4� Su+�,:1
Wr pdnh wkh dqdo|vlv dv vlpsoh dv srvvleoh/ ohw � @ 4 . {w

2
dqg � @ 4� {w

2
>

zlwk �� � ��� � 5 ^3> 5`1 Lq wklv vlpsoh prgho/ �� uhsuhvhqwv wkh gl�huhqfh +lq
pdujlqdo ydoxh, wkdw d kljk dqg d orz w|sh dwwdfk wr hdfk surgxfw1

Iurp Sursrvlwlrq 6/ wkh lqirupdwlrqdo uhqw wkh iroorzhu pxvw ohdyh wr wkh
kljk w|sh uhgxfhv wr

U2+�{�> {�, @ +�� . �{� � {�,{2=

9Dowhuqdwlyho|/ %� pd| zhoo uhsuhvhqw wkh txdolw| ri surgxfw �1
:Qrwh wkdw rqh frxog uhlqwhusuhw wkh prgho dvvxplqj wkdw wkh wzr vhoohuv idfh d frqwlqxxp

ri frqvxphuv zlwk suhihuhqfhv w E%� n %2� n %�%2 dqg wkdw d iudfwlrq R ri frqvxphuv kdv

pdujlqdo ydoxdwlrq wc zkhuhdv wkh frpsohphqwdu| iudfwlrq/ �3 Rc kdv ydoxdwlrq w
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Lw iroorzv wkdw iru dq| frqwudfw ��> wkh iroorzhu*v rswlpdo frqwudfw lv fkdudfwhu0
l}hg e| wkh ghflvlrqv;=

�{2 @ dujpd{
%2Df

�

�
2{

2
2 . +� . {�,{2 @ � . {�>

{2 @ dujpd{
%2Df

+4� s,
k
�

�
2{

2
2 . +� . {�,{2

l
� s +�� . �{� � {�,{2

@ pd{
q
� . {� �

R
�3R +�� . �{� � {�, > 3

r
=

Rq khu sduw/ S� pxvw ohdyh wr wkh kljk w|sh d qhw lqirupdwlrqdo uhqw htxdo
wr +vhh Sursrvlwlrq 7,=

U�+�{�> {�, @ U+�{�> {�,�U2+�{�> {�,
@ �� +{� . {2,� +�� . �{� � {�,{2
@ ��{� � +�{� � {�,{2=

Qrwlfh wkdw qr pdwwhu zkdw wkh kljk w|sh glg zlwk S�> kh fdq dozd|v jxdudqwhh
klpvhoi d uhqw zlwk S2 htxdo wr ��{2> vlpso| ehfdxvh kh kdv d kljkhu pdujlqdo
ydoxh iru surgxfw wzr wkdq d orz w|sh1 Vlploduo|/ zkhq frqwudfwlqj zlwk S� wkh
kljk w|sh fdq dozd|v rewdlq ��{� e| fkrrvlqj wkh frqwudfw S� ghvljqhg iru wkh
orz w|sh1 Li wkh wzr ghflvlrqv zhuh lqghshqghqw wkh kljk w|sh zrxog wkhuhiruh
rewdlq d wrwdo lqirupdwlrqdo uhqw htxdo wr X� @ �� +{� . {2,1

Zkhq wkh wzr ghflvlrqv duh frpsohphqwv/ wklv lv qrw |hw wkh hqg ri wkh
vwru|1 Wkh lqwhudfwlrq ehwzhhq D dqg S� wudqvirupv wkh pdujlqdo ydoxh ri wkh
djhqw iru S2*v surgxfw iurp � wr � . {�= Li S�*v rswlpdo frqwudfw lv vxfk wkdw
�{� @ �{� � {� A 3> wkhq wkh frpsdudwlyh dgydqwdjh ri wkh kljk w|sh zlwk
uhvshfw wr wkh orz w|sh lv lqfuhdvhg e| wkh frqwudfwxdo uhodwlrqvkls zlwk S�
dqg hqdeohv wkh kljk w|sh wr rewdlq iurp S2 dq h{wud sd|r�/ lq whupv ri sulfh
glvfrxqw/ htxdo wr +�{� � {�,{2=

Qhyhuwkhohvv/ lw lv qrw D> exw S�/ zkr dssursuldwhv wklv h{wud vxusoxv1 Lq
idfw/ wkh frpsohphqwdulw| ehwzhhq wkh wzr surgxfwv hqdeohv S� wr lqfuhdvh wkh
sulfh w� e| +�{� � {�,{2 dqg pdnh wkh djhqw sd| iru wkh ehwwhu ghdo kh rewdlqv
zlwk S2 zkhq kh sxufkdvhv dovr iurp S�1

Wkh qh{w sursrvlwlrq vkrzv krz wkh srvvlelolw| wr h{wudfw iurp wkh djhqw
sduw ri klv lqirupdwlrqdo uhqw ylv ã ylv wkh vhfrqg sulqflsdo pd| lqgxfh S� wr
glvwruw khu phfkdqlvp1 Lw wxuqv rxw wr h{lvw wzr gl�huhqw sdudphwhuv* uhjlrqv1
Lq wkh �uvw/ S� glvwruwv wkh kljk w|sh*v doorfdwlrq exw jlyhv wr wkh orz w|sh wkh
vdph doorfdwlrq dv xqghu ixoo lqirupdwlrq<1 Lq wkh vhfrqg/ S� vlpso| r�huv wr D
wkh vwdqgdug vlqjoh0sulqflsdo vfuhhqlqj frqwudfw lq zklfk rqo| wkh ghflvlrq iru
wkh orz w|sh lv glvwruwhg1

Sursrvlwlrq 8 Lq wkh devhqfh ri lqirupdwlrq glvforvxuh/ wkh +sxuh0vwudwhj|,
htxloleulxp lv fkdudfwhul}hg e| wkh iroorzlqj frqwudfwv1

;Wkh surjudp lv frqfdyh vr wkdw IRFV duh dovr vx!flhqw1

<Xqghu ixoo lqirupdwlrq/ wkh ohdghu zrxog vhoo %8U

� ' w dqg wkh iroorzhu %8U

2 ' 2w1
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Wkh ohdghu*v ghflvlrqv duh
;A?
A=

�{� @ �{8U� . 2E�3R�3{wE�n2R�
�nR I �{8U�

{� @ {8U�

lq uhjlrq D>

;A?
A=

�{� @ �{8U�

{� @ pd{
q
{8U� �

R
�3R��> 3

r
? {8U�

lq uhjlrq E=

Wkh iroorzhu*v ghflvlrqv duh

;AA?
AA=

�{2 @ �{8U2 . 2E�3R�3{wE�n2R�
�nR I �{8U2

{2 @ {8U2 �

Rd2E�3R�n{wo
�3R2 ? {8U

2

lq uhjlrq D>

;A?
A=

�{2 @ �{8U
2

{2 @ 3 ? {8U
2

lq uhjlrq E1

Uhjlrq D lv vxfk wkdw 3 � �� �
2E�3R�^

I
�nR3R`

�nRE�3R� =

Uhjlrq E lv vxfk wkdw
2E�3R�^

I
�nR3R`

�nRE�3R� � �� � 5=

Surri1 Vhh Dsshqgl{1

Iljxuh 4 looxvwudwhv wkh rswlpdo frqwudfwv ri Sursrvlwlrq 8 dv d ixqfwlrq ri
��=

Sxw Iljxuh 4 uljkw khuh

D ihz frpphqwv duh lq rughu1
41 Glvwruwlrqv1 Xqghu dv|pphwulf lqirupdwlrq wkhuh fdq eh glvwruwlrqv

erwk iru �{� dqg {�> lq wklv h{dpsoh/ wkhuh fdq eh hlwkhu xszdug ru grzq0

zdug glvwruwlrqv iru wkh kljk w|sh/ ghshqglqj rq zkhwkhu 3 � �� � 2E�3R�
�n2R > ru

2E�3R�
�n2R � �� �

2E�3R�^
I
�nR3R`

�nRE�3R� = Wkh orz w|sh lv qhyhu xszdug glvwruwhg1 Wkh
suhvhqfh ri glvwruwlrqv iru erwk w|shv lv wr eh frqwudvwhg zlwk prqrsrolvwlf
vfuhhqlqj prghov dqg vlpxowdqhrxv frpprq djhqf| jdphv zkhuh doo htxloleuld
duh fkdudfwhul}hg e| wkh �devhqfh ri glvwruwlrqv dw wkh wrs�1

Ohw xv eulh | h{dplqh wkh frpsdulvrq zlwk wkhvh prghov1

� Lq wkh vwdqgdug vlqjoh0sulqflsdo vhwwlqj/ S� idfhv d wudgh0r� ehwzhhq hi0
�flhqf| dqg uhqw0h{wudfwlrq> wklv wudgh0r� lv ehvw vwuxfn e| glvwruwlqj
grzqzdug wkh ghflvlrq iru wkh orz w|sh dqg e| r�hulqj wkh h!flhqw rxw0
frph wr wkh kljk w|sh1
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� Lq vlpxowdqhrxv frpprq djhqf| jdphv zlwk frpsohphqwdu| ghflvlrqv/
wkhuh lv d grxeoh grzqzdug glvwruwlrq iru wkh ghflvlrq iru wkh orz w|sh>
sulqflsdo l*v uhgxfwlrq lq {� pdnhv d uhgxfwlrq lq {� pruh ghvludeoh iru
sulqflsdo m= Iru erwk sulqflsdov lw lv srlqwohvv wr glvwruw wkh ghflvlrq iru
wkh kljk w|sh vlqfh wklv kdv qr lpsdfw rq uhqw h{wudfwlrq +vhh Pduwlpruw
dqg Vwroh +4<<<d/e,,1

� Lq g|qdplf frpprq djhqf| jdphv/ wkh wzr sulqflsdov duh qrw lq d v|p0
phwulf srvlwlrq1 Dv douhdg| vxjjhvwhg lq Sursrvlwlrq 6/ wkh iroorzhu fdq
pdnh erwk wkh kljk dqg wkh orz w|sh sd| iru wkh h{wud vxusoxv jhqhudwhg
e| wkh frpsohphqwdulw| ehwzhhq wkh wzr surgxfwv1 Rq wkh rwkhu kdqg/
xqghu dv|pphwulf lqirupdwlrq/ wkh ohdghu fdq d�hfw wkh uhdfwlrq ixqfwlrq
ri wkh iroorzhu dqg pdnh wkh djhqw sd| iru wkh h{wud lqirupdwlrqdo uhqw
+U2, wkdw S2 pxvw ohdyh wr wkh kljk w|sh zkhq klv frpsdudwlyh dgydqwdjh
zlwk uhvshfw wr wkh orz w|sh lv lqfuhdvhg e| wkh frqwudfwxdo uhodwlrqvkls
zlwk S�1 Vlqfh wkh h{wud lqirupdwlrqdo uhqw/ U2+{�c{�,> lv d ixqfwlrq ri
{� dqg {�> ghshqglqj rq wkh hodvwlflw| ri wkh uhdfwlrq ixqfwlrq ri S2*v
ghflvlrqv zlwk uhvshfw wr {� dqg {�> S�*v rswlpdo frqwudfw pd| h{klelw
glvwruwlrqv +lq erwk gluhfwlrqv, iru hlwkhu ghflvlrqv1

51 Vkxw0grzq1 Lq wkh devhqfh ri dq| frqwudfwxdo uhodwlrqvkls ehwzhhq D
dq S� +ru/ htxlydohqwo|/ lq fdvh ri vhsdudeoh suhihuhqfhv, d vlqjoh vhoohu �qgv
sur�wdeoh wr wudgh zlwk erwk w|shv li dqg rqo| li s�� � �> ru/ htxlydohqwo|/ li dqg
rqo| li �� � 2E�3R�

�nR
1 Wklv frqglwlrq lv h{rjhqrxv wr wkh prgho dqg vlpso| vd|v

wkdw ghvljqlqj d phfkdqlvp wkdw dwwudfwv erwk w|shv lv sur�wdeoh li dqg rqo| li
wkh shufhqwdjh ri kljk w|shv lv kljk/ ru li wkh gl�huhqfh lq pdujlqdo ydoxdwlrqv
lv orz1 Lq d g|qdplf frqwudfwlqj hqylurqphqw/ wkh �vkxw0grzq� frqglwlrq iru
sulqflsdo S2 lv hqgrjhqrxv dqg lw ghshqgv rq wkh frqwudfw wkdw D vljqv zlwk
S�= Wkh lqwhudfwlrq ehwzhhq D dqg wkh ohdghu wudqvirupv wkh djhqw*v pdujlqdo
ydoxdwlrq iru {2 iurp � wr �.{�1 Lq htxloleulxp/ wkh ohdghu pd| kdyh dq lqwhuhvw
lq ghvljqlqj d phfkdqlvp wkdw irufhv S2 wr h{foxgh orz0ydoxdwlrq djhqwv iurp
wudgh1 Wklv rffxuv li ��lv vxfk wkdw �.{� ? s+�. �{�,= Lq wklv fdvh/ wkh ohdghu*v
rswlpdo phfkdqlvp lv vlpso| wkh vwdqgdug vlqjoh0sulqflsdo vfuhhqlqj frqwudfw

zlwk �{� @ �� @ �{8U
� dqg {� @ pd{

q
{8U
� � R

�3R��> 3
r
= Frqyhuvho|/ li S� r�huv

wr D d frqwudfw iru zklfk � . {� A s+� . �{�,> wkhq S2 uhdfwv e| ghvljqlqj
d phfkdqlvp vxfk wkdw {2+�{�> {�, A 3> lq wklv fdvh S�*v rswlpdo frqwudfw lv

fkdudfwhul}hg e| �{� @ �{8U
� . 2E�3R�3{wE�n2R�

�nR
dqg {� @ {8U

� =
Sursrvlwlrq 8 vkrzv wkdw wkh rswlpdo frqwudfw lqgxfhv {2+�{�> {�, A 3 li wkh

gl�huhqfh ehwzhhq wkh wzr w|shv lv qrw wrr kljk +uhjlrq D,/ dqg {2+�{�> {�, @ 3
li vxfk d gl�huhqfh lv vljql�fdqw +uhjlrq E,1

Lq wkh qh{w vhfwlrq zh vkrz wkdw wkh ohdghu fdq lpsuryh xsrq wklv frqwudfw
e| vkdulqj sduw ri wkh lqirupdwlrq vkh ohduqv iurp wkh djhqw zlwk wkh iroorzhu1
Lq rughu wr plqlpl}h wkh lqirupdwlrqdo uhqw vkh pxvw ohdyh wr D/ wkh ohdghu
ehqh�wv iurp pdqlsxodwlqj S2*v eholhiv e| glvforvlqj d vljqdo wkdw lv fruuhodwhg
zlwk wkh djhqw*v sulydwh lqirupdwlrq1
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7 Rswlpdo glvforvxuh srolf|

Lq wklv vhfwlrq zh h{dplqh wkh srvvlelolw| wkdw S� frpplwv wr d glvforvxuh srolf|
� zklfk wudqvplwv lqirupdwlrq wr wkh grzqvwuhdp sulqflsdo1

Dw wkh ehjlqqlqj ri wkh vhfrqg vwdjh/ S2 uhfhlyhv d vljqdo v 5 V wkdw lv d
uhdol}dwlrq ri d udqgrp yduldeoh hv zlwk vxssruw V dqg glvwulexwlrq �+v@�,= Ohw
+�+v,> �+v,, 5 7+V,2 uhsuhvhqw uhvshfwlyho| wkh wzr suredelolw| glvwulexwlrqv
ryhu V iru wkh kljk dqg wkh orz w|sh1 Dv xvxdo/ v kdv qr suhflvh phdqlqj= Wkh
vljqdo pd| uhsuhvhqw dq| lqirupdwlrq wkdw lv fruuhodwhg zlwk wkh djhqw*v w|sh1

Dw w @ 5/ diwhu uhfhlylqj vljqdo v> S2 xsgdwhv khu eholhiv xvlqj Ed|hv* uxoh
dqg �= Ohw

�+�
.
2 @v, @

�+v,s

�+v,s. �+v,+4� s,

eh wkh srvwhulru suredelolw| ri idflqj d kljk +h{whqghg, w|sh �
.
2 @ +��> �{�> �w�,/

frqglwlrqdo rq revhuylqj vljqdo v= Wkh iroorzhu r�huv wr D d frqwudfw �2+v, @
+�{2> {2> w2> w2, zklfk lv d vroxwlrq ri S2 zlwk srvwhulru eholhiv �+=@v, lqvwhdg ri
s=

Dw wkh �uvw vwdjh/ S� dqwlflsdwhv wkh frqwudfw �2+v, dqg r�huv wr D d frqwudfw
�� @ +{�> w�> �{�> �w�, dqg d glvforvxuh srolf|43 � @ +�+v,> �+v,, zklfk vroyh
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� w� +LF�,

X� � H
BEr� iy� +�{�> {2+�> �{�@v,,> �,� w2+�> �{�@v,,j � �w� +LF�,

zkhuh iru dq| v 5 V>

+{2+��> {�@v,> w2+��> {�@v,, dqg +{2+�> �{�@v,> w2+�> �{�@v,,

uhsuhvhqw wkh djhqw*v doorfdwlrq zlwk S2> zkhq kh plvuhsruwv wr S�> zklfk lv
frqglwlrqdo rq wkh vljqdo v=

Wkh ohdghu pxvw surylgh lqfhqwlyhv djdlqvw dq| srvvleoh ghyldwlrq sdwk wkdw
wkh djhqw pd| iroorz lq wkh frqwlqxdwlrq jdph1 Wklv h{sodlqv wkh suhvhqfh
ri wkh wzr lqfhqwlyh frpsdwlelolw| frqvwudlqwv lq S�*v surjudp1 Wkh �uvw wzr
lqglylgxdo udwlrqdolw| frqvwudlqwv hqvxuh wkdw wkh djhqw dffhswv ��=

Wkh rswlpdo gluhfw uhyhodwlrq phfkdqlvp iru S2> frqglwlrqdo rq v> lv vlpso|
wkh rqh zh rewdlqhg lq Sursrvlwlrq 6 zlwk �+=@v, lqvwhdg ri s= Lq sduwlfxodu/ rqo|
wkh ghflvlrq iru wkh orz w|sh lv +grzqzdug, glvwruwhg dqg �{W2+v, lv frqvwdqw ryhu
v> vlqfh lw grhv qrw ghshqg rq wkh iroorzhu*v eholhiv1 Xvlqj Ohppd 5 wkh rxw0ri0
htxloleulxp frqwlqxdwlrq jdph lv fkdudfwhul}hg e| {2+��> {�@v, @ {2+�> �{�@v, @
{2+v,> iru dq| v 5 V1

Wkh iroorzlqj sursrvlwlrq fkdudfwhul}hv S�*v uhgxfhg surjudp1

43Wkh glvforvxuh srolf|/ Bc lv vxfk wkdw iru dq| w M X=
+d, BEr*w� M dfc �o (
+e,

S
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Sursrvlwlrq 9 S� r�huv d frqwudfw/ �W�> dqg d glvforvxuh srolf|/ �W> wkdw vroyh
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zkhuh U+v, dqg U2+v, duh dv lq Sursrvlwlrq 71

Surri1 Vhh dsshqgl{1

D ihz frpphqwv rq S�*v uhgxfhg surjudp1

Iluvw/ S�*v remhfwlyh ixqfwlrq fdq eh ghfrpsrvhg lq wkuhh whupv1 Wkh �uvw

wzr uhsuhvhqw wkh vxusoxv jhqhudwhg e| wkh lqwhudfwlrq ehwzhhq D dqg S�1 Wkh

odvw whup

HU�+{�> �+v,> �{�> �+v,, @
k
HBEr�U+v,�H

BEr�U2+v,
l

lv wkh h{shfwhg lqirupdwlrqdo uhqw wkdw S� pxvw ohdyh wr wkh h!flhqw w|sh lq

rughu wr pdnh klp uhyhdo klv sulydwh lqirupdwlrq1 Iurp Ohppd 5 zh nqrz wkdw

dq h!flhqw w|sh wkdw olhv wr S�c dozd|v uhfhlyhv {2+v, zlwk S2= Khqfh/ lq rughu

wr fuhdwh wkh fruuhfw lqfhqwlyh vfkhph/ S� lv reoljhg wr uhgxfh w� e| HBEr�U+v,>
zkhuh

U+v, @ �wy�+{�> {2+v,, @ y�
�
{�> {2+v,> ��

�
� y� +{�> {2+v,> �, � 3

lv wkh h!flhqf| jdlq ri d kljk w|sh zlwk uhvshfw wr d orz w|sh1

Zkhq S� glvforvhv lqirupdwlrq wr S2> dq h!flhqw w|sh zkr plvuhsruwv dw

w @ 4/ qrw rqo| jhwv {� lqvwhdg ri �{�> exw dovr d�hfwv wkh eholhiv ri wkh iroorzhu

dqg khqfh ri wkh h{shfwhg uhqw HBEr�U+v,=
Rq wkh rwkhu kdqg/ zkhq frqwudfwlqj zlwk d kljk w|sh/ S� uhdol}hv wkdw

wkh sd|r� wkh djhqw rewdlqv zlwk S2 ghshqgv rq wkh whupv ri wkh frqwudfw S�

dqg D vljq lq wkh �uvw vwdjh1 Fohduo|/ iru wkh orz w|sh wkh frqwlqxdwlrq jdph

lv luuhohydqw vlqfh dq| dgglwlrqdo vxusoxv iurp wkh lqwhudfwlrq zlwk S2 zloo eh

h{wudfwhg e| wkh odwwhu zlwk w2=

Frqyhuvho|/ iru wkh kljk w|sh/ wkh lqirupdwlrqdo uhqw ylv ã ylv S2> frqglwlrqdo

rq vljqdo v lv

U2+v, @ ey� ��{�> {2+v,> ���� ey� +{�> {2+v,> �,

zkhuh/ dv lq Vhfwlrq 6/

ey� ��{�> {2+v,> ��� @ y�
�
�{�> {2+v,> ��

�
� y�

�
�{�> 3> ��

�

ey� +{�> {2+v,> �, @ y� +{�> {2+v,> �,� y� +{�> 3> �,

uhsuhvhqw wkh dgglwlrqdo ydoxh ri {2+v, uhvshfwlyho| iru wkh kljk dqg wkh orz

w|sh1

Wkh h{shfwhg uhqw iru wkh kljk w|sh ylv ã ylv S2/ frqglwlrqdo rq uhsruwlqj

wuxwkixoo| wr S�> lv wkxv HBEr�U2+v,=

4<



Lw iroorzv wkdw wkh ohdghu pxvw ohdyh wr wkh kljk w|sh dq h{shfwhg uhqw htxdo

wr HU� @ HBEr�U+v,�H
BEr�U2+v,=

D odvw frpphqw rq wkh frqvwudlqw lq S�*v uhgxfhg surjudp1 Wklv uhsuhvhqwv

wkh lqfhqwlyh frqvwudlqw iru wkh orz w|sh> dv lq g|qdplf vlqjoh0sulqflsdo iudph0

zrunv/ S� fdqqrw uhgxfh w� wrr pxfk li vkh grhv qrw zdqw wr lqgxfh wkh orz

w|sh wr plplf wkh kljk w|sh1 Wklv frqvwudlqw lv qhyhu elqglqj zkhq S� grhv

qrw vljqdo wr S2> qhyhuwkhohvv/ lw pljkw elqg zkhq vrph lqirupdwlrq lv uhohdvhg

dqg HBEr�{2+v, H
BEr�{2+v,=

Wkh iroorzlqj gh�qlwlrq lghqwl�hv dq lpsruwdqw ehqfkpdun1

Gh�qlwlrq 5 Wkh wzr ghflvlrqv/ {� dqg {2> duh xquhodwhg li iru dq| { 5 ?2n
dqg iru dq| � 5 � =

4, D*v pdujlqdo ydoxh iru {2 grhv qrw ghshqg rq {�/
Y2��E%�c%2cw�

Y%�Y%2
@ 3 +frq0

wudfw h{whuqdolwlhv,>

5, S� lv qrw gluhfwo| lqwhuhvwhg lq {2>
Y��E%�c%2cw�

Y%2
@ 3 +gluhfw h{whuqdolwlhv,1

Sursrvlwlrq : uhodwhv wkh uroh ri h{whuqdolwlhv wr lqirupdwlrq wudqvplvvlrq
ehwzhhq sulqflsdov1

Sursrvlwlrq : Li wkh wzr ghflvlrqv duh xquhodwhg/ wkhq S� qhyhu �qgv sur�wdeoh
wr glvforvh lqirupdwlrq wr S2=

Surri1 Vhh Dsshqgl{1

Wklv uhvxow lv yhu| jhqhudo dqg ghvhuyhv d ihz frpphqwv1 Hyhq li S� fdq
lqfuhdvh wkh djhqw*v uhqw ylv ã ylv S2 zkhq vkh glvforvhv lqirupdwlrq/ vkh fdq
qhyhu dssursuldwh wklv uhqw zkhq y� +{�> {2> �, lv vhsdudeoh lq wkh wzr ghflvlrqv1
Wklv lv d frqvhtxhqfh ri S�*v rzq lqfhqwlyh sureohp1

Wr pdnh wkh srlqw fohdu/ frqvlghu d vlwxdwlrq lq zklfk sulru eholhiv duh vxfk
wkdw S2> vkrxog vkh uhfhlyh qr lqirupdwlrq iurp S�> vkh zrxog vhw {2 @ 344= Lq
wklv fdvh/ D uhfhlyhv qr uhqw iurp klv lqwhudfwlrq zlwk S2= Exw wkhq S� frxog
ghvljq d vljqdoolqj phfkdqlvp vxfk wkdw vkh vhqgv d vljqdo v� zlwk suredelolw| �
lq fdvh vkh revhuyhv d kljk w|sh dqg zlwk suredelolw| � @ 4 lq fdvh vkh revhuyh
d orz w|sh1 Fohduo|/ iru dq| v 9@ v�/ {2+v, @ 3 vlqfh S2 xqghuvwdqgv wkdw vkh lv
idflqj d kljk w|sh zlwk fhuwdlqw|1 Krzhyhu/ iru � orz hqrxjk/ vljqdo v� ehfrphv
vx!flhqwo| lqirupdwlyh ri d orz w|sh dqg lqgxfhv S2 wr ohdyh vrph srvlwlyh
uhqw wr d kljk w|sh= wkh srvwhulru suredelolw| ri ghdolqj zlwk d kljk w|sh diwhu
revhuylqj v� lv vx!flhqwo| orz dqg lw ehfrphv sur�wdeoh wr vhw {2+v�, A 3= Lq
wklv fdvh/ S� fdq lqgxfh S2 wr ohdyh wr D d vwulfwo| srvlwlyh uhqw1 Lqirupdwlrq
wudqvplvvlrq lv sur�wdeoh iru S� vlqfh vkh fdq pdnh wkh djhqw sd| iru wkh h{wud
vxusoxv zlwk S2 e| lqfuhdvlqj w�= Lqghhg/ wklv zrxog eh wkh hqg ri wkh vwru| li
wkhuh zhuh qr dv|pphwu| ri lqirupdwlrq ehwzhhq D dqg S�=

44 Lq wkh frqwudfw wkhru| olwhudwxuh wklv vlwxdwlrq lv riwhq uhihuuhg wr dv wkh �vkxw0grzq fdvh�

dqg dulvhv zkhq R : eR zkhuh eR lv d fulwlfdo ydoxh wkdw ghshqgv rq doo sdudphwhuv ri wkh prgho1
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Zkhq dovr S� fdqqrw whoo wkh djhqw*v w|sh/ vkh lv reoljhg wr surylgh D zlwk
lqfhqwlyhv iru wuxwkwhoolqj1 Wkh h!flhqw w|sh fdq lq idfw dozd|v suhwhqg kh lv
lqh!flhqw1 Vlqfh lq wklv fdvh vljqdo v� lv vhqw zlwk suredelolw| rqh/ e| plplfnlqj
wkh lqh!flhqw w|sh/ wkh h!flhqw djhqw fdq rewdlq wkh vdph uhqw U2+v�, zlwk
fhuwdlqw| udwkhu wkdw zlwk suredelolw| �1 Wr dyrlg idovh uhsruwv/ S� lv wkhuhiruh
reoljhg wr ghfuhdvh w� e| U2+v�,= Lw iroorzv wkdw wkh qhw h�hfw ri lqirupdwlrq
glvforvxuh rq w� lv wkxv �+4� �+v�,,U2+v�, ? 3 vr wkdw S� lv vwulfwo| ehwwhu r�
e| nhhslqj vhfuhw doo wkh lqirupdwlrq vkh ohduqv iurp D1

Sursrvlwlrq : jhqhudol}hv wklv uhdvrqlqj e| vkrzlqj wkdw iru dq| sdlu ri
suredelolw| glvwulexwlrqv �+v,> �+v, vxfk wkdw S� +sduwldoo|, lqirupv S2> wkh prvw
idyrudeoh vljqdov iru D +vljqdov vxfk wkdw U2+v, lv kljk, duh dozd|v pruh olnho|
xqghu �+v, wkdq �+v, vr wkdw lqirupdwlrq glvforvxuh h{dvshudwhv S�*v lqfhqwlyhv
sureohp1

Sursrvlwlrq : lv uhplqlvfhqw ri rqh lq Edurq dqg Ehvdqnr +4<;7, iru d g|0
qdplf sulqflsdo0djhqw iudphzrun1 Wkh| vkrz wkdw xqghu ixoo frpplwphqw wkh
rswlpdo g|qdplf frqwudfw lv wkh wzrirog uhshwlwlrq ri wkh vwdwlf frqwudfw1 Lq
rwkhu zrugv/ sulqflsdo*v vhoi rqh vkrxog qrw lqirup vhoi wzr derxw zkdw vkh
ohduqv lq wkh �uvw vwdjh1 Li d sulqflsdo odfnv ri wkh frpplwphqw qrw wr xvh vxfk
lqirupdwlrq wr wxuq wkh frqwudfwxdo uhodwlrqvkls wr khu rzq dgydqwdjh/ ru wr
uhqhjrwldwh wkh frqwudfw lq wkh vhfrqg shulrg li wkh wzr sduwlhv erwk zdqw wr
dowhu wkh lqlwldo djuhhphqw/ wkhq wkh rswlpdo frqwudfw pxvw eh prgl�hg lq ru0
ghu qrw wr ixoo| lqirup wkh sulqflsdo derxw wkh djhqw*v w|sh +vhh/ iru h{dpsoh/
Od�rqw dqg Wluroh +4<;;/ 4<<3,,1

Lq rxu iudphzrun wkhuh duh wzr gl�huhqw sulqflsdov dfwlqj dw w @ 4 dqg w @ 51
Wkh djhqw*v sd|r� ylv ã ylv S� fdq gl�hu iurp wkdw ylv ã ylv S2 dqg wkh wzr
sulqflsdov gr qrw qhhg wr kdyh wkh vdph suhihuhqfhv1 Qhyhuwkhohvv/ zkhq wkh
djhqw*v sd|r� lv vhsdudeoh lq {� dqg {2 zh rewdlq wkh vdph uhvxow1

Sursrvlwlrq ; krogv hyhq li zh doorz S� wr vhoo wkh lqirupdwlrq vkh rewdlqv
iurp D wr S2= Vxssrvh/ iru h{dpsoh/ wkdw S� kdv wkh srvvlelolw| wr pdnh S2 sd|
iru d ehwwhu lqirupdwlrq vwuxfwxuh1 Zkhq wkh djhqw*v sd|r� lv vhsdudeoh lq {�
dqg {2> rqh fdq vkrz wkdw S� lv vwloo zruvh r� li vkh uhohdvhv dq| lqirupdwlrq1
Wkh lghd lv dozd|v wkh vdph1 Zkhq suhihuhqfhv duh vhsdudeoh/ S� fdq qhyhu
dssursuldwh wkh vxusoxv jhqhudwhg e| wkh �qhu lqirupdwlrq vwuxfwxuh vkh jlyhv
wr S2 ehfdxvh ri khu lqfhqwlyhv sureohp1

Zh fdq frqfoxgh wkdw wkhuh pxvw eh h{whuqdolwlhv ehwzhhq wkh wzr frqwudf0
wxdo uhodwlrqvklsv wr lqgxfh S� wr glvforvh lqirupdwlrq wr S2= Lq wkh uhvw ri
wklv vhfwlrq zh frqfhqwudwh rq d vshfldo fodvv/ frqwudfw h{whuqdolwlhv/ wkdw duh
w|slfdo ri frqwudfwlqj zlwk frpprq djhqf|1 Zh dfnqrzohgjh wkdw dovr gluhfw
sd|r�0uhohydqw h{whuqdolwlhv pd| eh uhohydqw lq h{sodlqlqj zk| d sulqflsdo pd|
eh lqwhuhvwhg lq glvforvlqj wkh lqirupdwlrq vkh ohduqv iurp khu djhqw1 Qhyhu0
wkhohvv/ e| ohdylqj wkhvh h�hfwv rxw ri wkh dqdo|vlv zh vxffhhg lq lvrodwlqj wkh
uhqw vhhnlqj h�hfw wkdw fkdudfwhul}hv wkh ghvljq ri vhtxhqwldo frqwudfwv xqghu
dv|pphwulf lqirupdwlrq1
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Dvvxph wkdw y�+{�> {2> �, lv vxfk wkdw wkh wzr ghflvlrqv {� dqg {2 duh frp0
sohphqwv vr wkdw wkh pdujlqdo ydoxh ri {2 lqfuhdvhv zlwk wkh ghflvlrq {�1 Li
S�*v phfkdqlvp lv vxfk wkdw {� A {�> wkhq dowkrxjk lw uhpdlqv wuxh wkdw
wkh h!flhqw w|sh fdq lqgxfh d kljkhu h{shfwhg ghflvlrq zlwk S2 zkhq kh
dqqrxqfhv kh lv lqh!flhqw ^dv vxjjhvwhg lq wkh glvfxvvlrq ri Sursrvlwlrq :/
HBEr�+{2+v,, � H

BEr�+{2+v,,`/ wklv grhv qrw lpso| wkdw kh jxdudqwhhv klpvhoi d
kljkhu h{shfwhg uhqw vlqfh e| plplfnlqj wkh orz w|sh wkh h!flhqw djhqw uhgxfhv
{� dqg wkhuhiruh wkh ydoxh ri {2= Lw iroorzv wkdw xqghu vwulfw frpsohphqwdulw|
wkh ohdghu fdq lqghhg ehqh�w iurp glvforvlqj vrph lqirupdwlrq wr S21 Lq rughu
wr foduli| wklv zh uhlqwurgxfh wkh vlpsoh olqhdu0txdgudwlf prgho xvhg lq Vhfwlrq
61

H{dpsoh= Lqirupdwlrq Glvforvxuh rq Frqvxphu*v Vkrsslqj Dfwly0

lw|1

Ohw wkh frpprq ex|hu kdyh suhihuhqfhv y�+{�> {2> �, @ �+{� . {2, . {�{2=

Wklqn ri wkh wzr sulqflsdov dv h0vhoohuv zkr srvw zhevlwhv lq zklfk wkh| vshfli|
wkh sulfh0vfkhgxoh iru wkhlu surgxfw ru vhuylfh/ w�+{�,> dqg d glvforvxuh srolf|
�+=,1 Erwk vhoohuv kdyh wkh vdph frvw ixqfwlrq y�+{�, @ �

�
2{

2
� =

Lq wklv vhwwlqj wkh vljqdo wkh vhfrqg vhoohu uhfhlyhv iurp wkh �uvw vhoohu fdq
uhsuhvhqw/ iru h{dpsoh/ wkh djhqw*v fkrlfh ri wkh txdolw| ri S�*v surgxfw/ wkh
qxpehu ri xqlwv wkdw kh erxjkw/ wkh sulfh sdlg/ ru dq| rwkhu lqirupdwlrq wkdw lv
fruuhodwhg zlwk wkh djhqw*v vkrsslqj dfwlylw|/ olnh iru h{dpsoh wkh sdwk iroorzhg
lq wkh zhevlwh1

S� pxvw ohdyh wr wkh kljk0ydoxdwlrq ex|hu dq lqirupdwlrqdo uhqw htxdo wr

HU�+{�> �+v,> �{�> �+v,, @ HBEr�U+v,�H
BEr�U2+v,

@ ��{� .��HBEr�{2+v,� +�� . {� � {�,HBEr�{2+v,=

Dv vkrzq lq Sursrvlwlrq 9/ wkh ohdghu*v rswlpdo frqwudfw/ �W� pxvw vroyh45

;AA?
AA=

Pd{
Z�

s
�
���{� �

�
2 �{

2
�

�
. +4� s,

�
�{� �

�
2{

2
�

�
� sHU�+{�> �+v,> �{�> �+v,,

v1w1
�{� � {� � HBEr�{2+v,�H

BEr�{2+v,= +LF�,

Wklv surjudp zrxog vwloo eh gl!fxow wr vroyh iru dq| srvvleoh glvforvxuh
srolf| � wkdw S� pd| xvh wr vljqdo lqirupdwlrq wr S2= Wkh iroorzlqj ohppd
suryhv wkdw S� grhv qrw qhhg wr xvh pruh wkdq wzr vljqdov/ vd| v� dqg v21

Ohppd 6 Wkh rswlpdo glvforvxuh srolf|/ �W> lv vxfk wkdw �+v,W dqg �+v,W duh
wzr Ehuprxool glvwulexwlrqv1 Ixuwkhupruh/ iru rqh ri wkh wzr vljqdov S2 �vkxwv
grzq� wkh orz w|sh/ l1h1 {2+v, @ 3=

Surri1 Vhh Dsshqgl{1

Wkh lghd ehklqg wklv uhvxow lv vlpsoh1 Wkh ohdghu zdqwv wr pdqlsxodwh wkh
iroorzhu*v eholhiv lq rughu wr lqfuhdvh wkh djhqw*v uhqw zlwk S2 dqg lq vr grlqj

45Wkh prqrwrqlflw| frqvwudlqw iru %� lv dxwrpdwlfdoo| lpsolhg e| EU��� vlqfh .BEr�%2Er�3
.
BEr�

%2Er� D fc dv vxjjhvwhg lq wkh surri ri Sursrvlwlrq :1
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uhgxfh wkh qhw lqirupdwlrqdo uhqw wkdw vkh kdv wr sd| wr wkh djhqw1 Iru wklv
dlp/ wkh ohdghu ghflghv wr ohw S2 kdyh dffhvv wr lqirupdwlrq wkdw lv fruuhodwhg
zlwk wkh djhqw*v suhihuhqfhv1 Ohppd 6 suryhv wkdw wkh ehvw zd| wr lqfuhdvh
wkh h{shfwhg uhqw ri wkh djhqw ylv ã ylv wkh vhfrqg sulqflsdo lv wr jlyh wr S2
dq lqirupdwlrqdo vwuxfwxuh vxfk wkdw rqh ri wkh wzr vljqdov +vd| v�, lv uhdoo|
lqirupdwlyh ri wkh orz w|sh dqg lqgxfhv S2 wr jlyh dzd| d kljk lqirupdwlrqdo
uhqw/ l1h1 d vljql�fdqw sulfh glvfrxqw1 Lq wklv fdvh/ wkh rwkhu vljqdo +vd| v2, lv
qhfhvvdulo| lqirupdwlyh ri d kljk w|sh dqg khqfh lqgxfhv S2 wr vhw {2+v2, @ 3=

Ohw �� @ Su+v�@��, @ 4 � Su+v2@��, dqg � @ Su+v�@�, @ 4 � Su+v2@�, eh wkh
suredelolw| ri vljqdo v� uhvshfwlyho| iru wkh kljk dqg wkh orz0w|sh frqwudfwv1
Wkh rswlpdo glvforvxuh srolf| lv ghslfwhg lq Iljxuh 41

� =
B
�$
�

v�

� =
@
�$
�3B

v2
+Iljxuh 5,

Ixuwkhupruh/ ohw +�
�

> �, eh wkh vhw ri doo phfkdqlvpv wkdw vdwlvi| wkh iro0
orzlqj frqvwudlqwv=

+d, � . {� �
R

�3R

7B
B
+�� . �{� � {�, � 3/

+e, � . {� �
RE�37B�
E�3R�B +�� . �{� � {�, � 3>

+f,
���> �� 5 ^3> 4`2 >

+g, {� � 3>

+h, �{� � {� �
�
� � ��

�
{2+v�, +LF�,

Xvlqj Ohppd 6/ wkh ohdghu*v rswlpdo phfkdqlvp �W�> �
W @

�
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W
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��W> �W

�
vroyhv
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l
=

Qrwh wkdw lq jhqhudo dq| sdlu ��> � zlwk �� @ � uhsuhvhqwv d frqwudfw lq zklfk
S� grhv qrw vljqdo dq| lqirupdwlrq wr S2= Krzhyhu/ vlqfh zh zulwh wkh surjudp
vxfk wkdw iru v2 {2+v2, @ 3> wkhq wkh qr0vljqdoolqj fdvh lv xqltxho| gh�qhg e|
suredelolwlhv ��W @ �W @ 4=

Xqghu ixoo lqirupdwlrq wkh odvw wzr whupv lq S�*v remhfwlyh gr qrw h{lvw1 Lq
wkh vwdqgdug sulqflsdo0djhqw vfuhhqlqj prgho wkh uhqw S� ohdyhv wr wkh h!flhqw
djhqw lv vlpso| ��{�> khqfh/ wkh odvw whup/

�
��� � +�� . �{� � {�,��

�
{2+v�,>

uhsuhvhqwv wkh dgglwlrqdo uhqw lqwurgxfhg e| frpprq djhqf|1
Wkh h{shfwhg uhqw wkh ohdghu ohdyhv wr wkh djhqw/ HU�> fdq eh uhzulwwhq dv

HU� @ ��{� � ��+�w{�,{2+v�,���{2+v�,�w�>
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zkhuh �w{� @ {� � {� A 3 dqg �w� @ � � � ? 346=
Wkh vhfrqg whup lq HU� uhsuhvhqwv wkh uhqw S� lv deoh wr h{wudfw iurp S2

yld wkh djhqw1 Jlyhq wkdw {2+v2, @ 3> wklv uhqw h{lvwv rqo| zlwk vljqdo v� dqg lw
lv wkhq zhljkwhg zlwk suredelolw| ��=

Wkh wklug whup lv wkh qhjdwlyh lqfhqwlyhv0h�hfw jhqhudwhg e| lqirupdwlrq
wudqvplvvlrq> e| fkrrvlqj wkh frqwudfw iru wkh orz w|sh/ wkh kljk w|sh fdq rewdlq
d uhqw zlwk S2> ��{2+v�,> zlwk suredelolw| � lqvwhdg ri �= Lq rughu wr suhyhqw
plplfnlqj wkh kljk w|sh pxvw wkhuhiruh lqfuhdvh HU� e| ��{2+v�,�w�= Lw lv
lqwhuhvwlqj wr qrwh wkdw wklv h�hfw lv odujhu wkh pruh wkh lqirupdwlrq wudqvplwwhg
wr S2 +l1h1 wkh odujhu lv �w�,1

Zkhq S� wudqvplwv lqirupdwlrq wr S2> {2+v�, A {2+s,> zkhuh {2+s, vwdqgv
iru wkh htxloleulxp fkrlfh ri {2 lq fdvh S2 grhv qrw uhfhlyh dq| lqirupdwlrq iurp
S�= Wklv srolf| kdv d wudgh0r�1 Rq rqh kdqg/ glvforvlqj lqirupdwlrq uhvxowv lq
d uhgxfwlrq ri HU� gxh wr wkh lqfuhdvh ri {2+v�,> rq wkh rwkhu kdqg/ glvforvlqj
lqirupdwlrq lqfuhdvhv HU� ehfdxvh ri wkh h{wud lqirupdwlrqdo uhqw S� pxvw
ohdyh wr D iru lqfhqwlyhv0uhdvrqv1 Li wkh �uvw h�hfw grplqdwhv wkh vhfrqg/ wkhq
uhohdvlqj vrph lqirupdwlrq ehfrphv sur�wdeoh1

Zlwk wkh iroorzlqj sursrvlwlrq zh vkrz wkdw wklv pd| zhoo eh wkh fdvh dqg
zh fkdudfwhul}h d sdudphwhuv* uhjlrq vxfk wkdw wkh vroxwlrqv ri wkh suhylrxv
surjudp lqyroyhv lqirupdwlrq wudqvplvvlrq ehwzhhq wkh wzr sulqflsdov1

Sursrvlwlrq ; Lq wkh sdudphwhu uhjlrq F> wkh ohdghu r�huv wr wkh djhqw d

phfkdqlvp/ �W�> �
W> wkdw lqyroyhv lqirupdwlrq wudqvplvvlrq wr wkh iroorzhu1

�W�> lv vxfk wkdw

�{W� @ �{8U
� >

{W� @ {8U
� . 2E�3R�3{wE�n2R�

�3R � {8U
� =

Wkh rswlpdo glvforvxuh srolf| lv

��W @ Su+v�@�, @
E�3R�d{w32E�3R�o
Rd2E�3R�3�{wo >

�W @ Su+v�@�, @ 4=

Frqglwlrqdo rq uhfhlylqj vljqdo v> wkh iroorzhu r�huv wr wkh djhqw d frqwudfw
�W2+v, vxfk wkdw=

{W2+v, @ {8U2 iru dq| v>

{W2+v�, @ {8U2 �

2R{w
�3R ? {8U2 >

{W2+v2, @ 3=

Uhjlrq F lv gh�qhg e|=

+l, 2E�3R�
�n2R � �� �

2E�3R�^
I
�nR3R`

�nRE�3R� >

+ll,
3+bRnDR2n�,{w2n2+SR3.R23R�n2,{w3eneRneR23eR�

RE�3R�d2E�3R�3�{wo � 3

46Wklv ghulyhv iurp wkh idfw wkdw %
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Surri1 Vhh Dsshqgl{1

Wkh sdudphwhu uhjlrq F vlpso| hqvxuhv wkh h{lvwhqfh ri dq lqwhulru vroxwlrq
lq zklfk doo frqvwudlqwv +d, wr +h, duh vdwlv�hg471

Lqirupdwlrq wudqvplvvlrq hqdeohv wkh ohdghu wr h{wudfw pruh uhqw iurp D e|
lqfuhdvlqj wkh lqirupdwlrqdo uhqw wkh iroorzhu ohdyhv wr wkh djhqw1

Lq wklv wudgh h{dpsoh/ wkh �uvw vhoohu surylghv dqrwkhu vhoohu zlwk lqirupd0
wlrq wkdw lv gluhfwo| fruuhodwhg zlwk wkh frqvxphu*v suhihuhqfhv wr h{wudfw pruh
vxusoxv iurp wkh djhqw> lqghhg wkh �qdo sulfh wkh fxvwrphu sd|v iru S�*v surg0
xfw lqfrusrudwhv qrw rqo| wkh ydoxh ri wkh surgxfw shu vh/ exw dovr wkh jdlqv
wkdw wkh djhqw rewdlqv lq ixwxuh frqwudfwxdo uhodwlrqvklsv zlwk rwkhu vhoohuv1

Qrwh wkdw S� lv vwulfwo| ehwwhu r� e| glvforvlqj lqirupdwlrq rq wkh djhqw*v
w|sh hyhq li vkh grhv qrw pdnh S2 sd| iru wkh vljqdo wkh odwwhu uhfhlyhv1 Lq fdvh
S� kdv wkh srvvlelolw| wr �vhoo� lqirupdwlrq rq frqvxphu*v suhihuhqfhv wr rwkhu
vhoohuv/ zh h{shfw wr revhuyh lq htxloleulxp d kljkhu lqirupdwlrq  rz +l1h1 d
orzhu ��W,=

Lpsohphqwdwlrq1

Wkh rswlpdo glvforvxuh srolf| �W kdv d vlpsoh lpsohphqwdwlrq1 Ohw v� fru0
uhvsrqg wr d �vhfuhw� frqwudfw dqg v2 wr d �sxeolf� frqwudfw1 Zkhq wkh djhqw
slfnv xs rswlrq {W�> S� grhv qrw glvforvh wkh djhqw*v fkrlfh1 Frqyhuvho|/ zkhq
D vhohfwv rswlrq {W�> wkhq wkh sulqflsdo glvforvhv wkh whupv ri wkh frqwudfw zlwk
suredelolw| 4 � ��W= Dowhuqdwlyho|/ S� frxog r�hu wr wkh djhqw wkh fkrlfh eh0
wzhhq wkuhh rswlrqv1 Wkh �uvw rqh/ +{W�> w

W
�, lv qhyhu glvforvhg dqg lw lv fkrvhq e|

xqvrsklvwlfdwhg frqvxphuv +orz w|sh,1 Wkh vhfrqg/ +{W�> w
W
�+v�,, lv vhohfwhg e| vr0

sklvwlfdwhg fxvwrphuv dqg lv dovr vhfuhw1 Wkh wklug/ +{W�> w
W
�+v2,, lv pdgh sxeolf/

lq wkh vhqvh wkdw S� qrwl�hv wr S2 wkdw D vhohfwhg wklv rswlrq1 E| sod|lqj zlwk
wkh wudqvihuv w

W
�+v�, dqg w

W
�+v2, wkh vhoohu fdq pdnh wkh djhqw lqgl�huhqw ehwzhhq

+{W�> w
W
�+v�,, dqg +{W�> w

W
�+v2,,/ vr wkdw wkh odwwhu udqgrpl}hv zlwk suredelolw| ��W1

Dv vxjjhvwhg lq Sursrvlwlrq ;/ ohwwlqj S2 revhuyh wkh uhdol}dwlrqv ri �� zlwk
d srvlwlyh suredelolw| uhgxfhv/ rq dyhudjh/ wkh glvwruwlrqv wkdw duh gxh wr wkh
dv|pphwu| ri lqirupdwlrq dqg lqgxfhv S2 wr lqfuhdvh wkh sulfh glvfrxqw wkdw
vkh r�huv wr khu fxvwrphuv1 Fohduo|/ wkrvh frqvxphuv zkr dffhsw wr glvforvh
wkh whupv ri wkhlu frqwudfwv gr qrw uhfhlyh ixwxuh uhqwv> lw iroorzv wkdw S� pxvw
frpshqvdwh wkhp wkurxjk d glvfrxqw rq w�=

Lw lv lpsruwdqw wr srlqw rxw wkdw lq rxu prgho lw lv wkh ohdghu zkr r�huv wr
glvforvh wkh lqirupdwlrq rq wkh djhqw*v w|sh1 Wklv ghflvlrq/ dowkrxjk prwlydwhg
e| sur�w0pd{lpl}dwlrq/ kdv d gluhfw lpsdfw rq zhoiduh dqg frqvxphu*v vxusoxv/
dv vxjjhvwhg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq < Vwudwhjlf lqirupdwlrq wudqvplvvlrq ehwzhhq wzr vhoohuv ri frp0
sohphqwdu| surgxfwv ru vhuylfhv lqfuhdvhv zhoiduh dqg frqvxphu vxusoxv1

47 Lw lv srvvleoh wr yhuli| wkdw uhjlrq � lv qrw hpsw| +rqh fdq wdnh iru h{dpsoh R ' �D dqg
h{solflwo| vroyh wkh grxeoh lqhtxdolw|,1
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Surri1 Vhh Dsshqgl{1

Fohduo|/ li S2 uhfhlyhv d �qhu lqirupdwlrq vwuxfwxuh/ wkhq vkh uhgxfhv wkh
glvwruwlrqv ri khu frqwudfw1 Vlqfh lqirupdwlrq wudqvplvvlrq hqdeohv S� wr uh0
gxfh wkh qhw lqirupdwlrqdo uhqw vkh ohdyhv wr wkh djhqw/ wkh wudgh0r� ehwzhhq
h!flhqf| dqg uhqw0h{wudfwlrq lq khu rswlpdo phfkdqlvp dovr pryhv lq idyru ri
h!flhqf|1 Wklv uhvxowv lq dq lqfuhdvh ri zhoiduh1 Li lqirupdwlrq glvforvxuh rffxuv
zlwk wkh fxvwrphu*v dssurydo/ lw dovr lqfuhdvhv frqvxphu vxusoxv/ dv vxjjhvwhg
lq pdq| sulydf| srolf| zhesdjhv1 Qrw vxusulvlqj/ dv zh dujxh khuh/ lw dovr
idyruv wkrvh yhqgruv zkr rujdql}h lw1

Frpplwphqw1

Wkh dqdo|vlv ri Vhfwlrqv 6 dqg 7 kdv ehhq shuiruphg dvvxplqj ixoo frp0
plwphqw1 Wklv phdqv wkdw zh uxohg rxw wkh srvvlelolw| wkdw S� glvforvhv pruh
lqirupdwlrq wkdq dfwxdoo| doorzhg e| wkh frqwudfw ��= Zkhq S� lv qrw gluhfwo|
lqwhuhvwhg lq {2> qru fdq vkh vhoo wkh lqirupdwlrq wr S2> dv zh dvvxphg dw wkh hqg
ri Vhfwlrq 7/ wkhq vkh kdv qr uhdvrq wr ghyldwh iurp wkh glvforvxuh srolf| �+=,=
Frqyhuvho|/ li S� fdq frooxgh zlwk S2 dqg vkduh wkh h{wud vxusoxv wkdw wkh odw0
whu ghulyhv iurp d ehwwhu lqirupdwlrq vwuxfwxuh/ wkhq fkhdwlqj rq �+=, ehfrphv
dwwudfwlyh1 Lq wklv fdvh/ wkh rswlpdo frooxvlrq0surri frqwudfw pxvw eh vxfk wkdw
S� khuvhoi grhv qrw ixoo| ohduq iurp wkh djhqw*v fkrlfh1 Wklv uhtxluhv wkh djhqw
wr udqgrpl}h ryhu +{�> w�,> dv vxjjhvwhg lq wkh olwhudwxuh rq wkh udwfkhw h�hfw
+vhh/ iru h{dpsoh/ Iuhl{dv/ Jxhvqhulh dqg Wluroh +4<;8,/ Kduw dqg Wluroh +4<;;,/
Od�rqw dqg Wluroh +4<;;,/ Pdofrpvrq dqg Vs|qqhz|q +4<;;,/ dprqj rwkhuv,1

Zh dovr lpsolflwo| dvvxphg wkdw S� grhv qrw frooxgh zlwk wkh djhqw1 Dv
vxjjhvwhg lq Fdloodxg/ Mxoolhq dqg Slfdug +4<<8,/ S� frxog sxeolfo| dqqrxqfh
�� dqg � dqg wkhq vljq d vhfuhw vlgh frqwudfw zlwk D1 Iru h{dpsoh/ rqfh
vkh kdv pdqlsxodwhg S2*v eholhiv/ S� frxog r�hu wr D dq djuhhphqw rq wkh
edvlv ri zklfk vkh vhqgv rqo| wkh prvw idyrudeoh vljqdo/ v�= Htxlydohqwo|/ vkh
frxog prgli| {� wr h{wudfw ixuwkhu vxusoxv iurp wkh djhqw1 Li wkh frpplwphqw
dvvxpswlrq lv uhpryhg/ wkhq zh duh edfn wr d frqwudfwlqj jdph lq zklfk ��> �

pxvw eh d ehvw uhvsrqvh wr �2= Lq vxfk d fdvh wkh rswlpdo frqwudfwv zrxog
eh wkh rqhv ghulyhg lq Sursrvlwlrqv 6 dqg 7 +zlwk {2 udwkhu wkdq {2+��,,1
Zkhq S� odfnv ri dq| frpplwphqw qrw wr sulydwho| uhqhjrwldwh ��> � zlwk D>

lqirupdwlrq wudqvplvvlrq wr S2 grhv qrw rffxu lq htxloleulxp/ vlqfh lw fdqqrw
eh fuhgleoh +wkh frdolwlrq ehwzhhq D dqg S� fdq dozd|v lpsuryh xsrq � e|
vhohfwlqj rqo| sd|r�0pd{lpl}lqj vljqdov,1 Wkh frpplwphqw wrzdugv ��> � vhhpv
uhdvrqdeoh zkhq wkh lqwhudfwlrq ehwzhhq S� dqg D lv qrw wrr shuvrqdo/ dv lq
fdvh ri d vhoohu wkdw vfuhhqv pdq| frqvxphuv zlwk d qrqolqhdu sulfh vfkhgxoh1
Lw lv pxfk kdughu wr ghihqg lq fdvh ri d shuvrqdol}hg rqh0vkrw uhodwlrqvkls1
Qhyhuwkhohvv/ li S� lv lqyroyhg lq d orqj0whup lqwhudfwlrq zlwk S2/ olnh lq fdvh
ri wzr gl�huhqwldwhg vhoohuv/ wkhq sulydwh uhqhjrwldwlrq zlwk wkh djhqw lv dovr
dvvrfldwhg wr d uhsxwdwlrqdo frvw1

8 Frqfoxvlrqv

Wklv sdshu kdv h{dplqhg wkh g|qdplf lqwhudfwlrq ehwzhhq wzr sulqflsdov wkdw
vhtxhqwldoo| ghvljq wkhlu frqwudfwxdo uhodwlrqvklsv zlwk d frpprq djhqw1

59



Zh kdyh vkrzq wkdw wkh rswlpdo frqwudfwv fdq eh fkdudfwhul}hg e| dq hq0
grjhqrxv lqirupdwlrq  rz ehwzhhq wkh wzr sulqflsdov1

Zkhq uhfhlylqj lqirupdwlrq wkdw lv fruuhodwhg zlwk wkh djhqw*v w|sh dqg
klv sdvw frqwudfwxdo dfwlylw|/ d grzqvwuhdp sulqflsdo pd| eh lqgxfhg wr ohdyh
rxw d kljkhu +h{shfwhg, lqirupdwlrqdo uhqw wr wkh djhqw1 Iru h{dpsoh/ lq fdvh
ri sulfh0glvfulplqdwlrq/ surylglqj d grzqvwuhdp vhoohu zlwk lqirupdwlrq wkdw lv
fruuhodwhg zlwk frqvxphuv*v suhihuhqfhv pd| zhoo uhvxow lq d orzhu glvwruwlrq rq
wkh sulfh0vfkhgxoh zklfk hyhqwxdoo| idyruv frqvxphu*v vxusoxv1

Lq rxu prgho wkh glvforvxuh ri lqirupdwlrq lv rujdql}hg e| dq xsvwuhdp sulq0
flsdo/ iru h{dpsoh d vhoohu wkdw suhylrxvo| wudghg zlwk wkh vdph djhqw1 Wklv
sulqflsdo kdv khu rzq lqwhuhvw lq idyrulqj wkh djhqw zlwk wkh vhfrqg sulqflsdo
vlqfh vkh fdq dssursuldwh wkh h{wud vxusoxv wkdw lv jhqhudwhg e| wkh glvforvxuh ri
lqirupdwlrq1 Dowkrxjk wkh ohdghu lv frqfhuqhg rqo| derxw khu rzq sd|r�/ lq uh0
ohdvlqj lqirupdwlrq vkh dovr lqfuhdvhv zhoiduh e| uhgxflqj wkh ryhudoo glvwruwlrqv
wkdw duh gxh wr wkh dv|pphwu| ri lqirupdwlrq1

Wkh g|qdplf frpprq djhqf| prgho fdq dffrpprgdwh gluhfw h{whuqdolwlhv
ehwzhhq wkh wzr phfkdqlvp ghvljqhuv1 Li wkh xsvwuhdp sulqflsdo lv dovr gluhfwo|
d�hfwhg e| wkh ghflvlrq ri wkh grzqvwuhdp sulqflsdo/ wkhuh pljkw eh rwkhu
uhdvrqv iru lqirupdwlrq wudqvplvvlrq wkdw dgg wr wkh uhqw0h{wudfwlrq rqh zh
sursrvhg lq wklv sdshu1 Iru h{dpsoh/ frqvlghu wkh fdvh ri d mrlqwo|0�qdqfhg
surmhfw1 Wzr odujh lqyhvwruv wkdw surylgh ixqglqj wr d frpprq eruurzhu xvxdoo|
ghvljq frqwudfwv wkdw +dw ohdvw sduwldoo|, uhohdvh wr hdfk rwkhu wkh lqirupdwlrq
wkdw lv rewdlqhg iurp wkh frpprq eruurzhu1 Wkh odwwhu xvxdoo| kdv ehwwhu
lqirupdwlrq wkdq h{whuqdo lqyhvwruv rq wkh fkdudfwhulvwlfv ri wkh surmhfw olnh/ iru
h{dpsoh/ wkh suredelolw| ri vxffhvv ru lwv �qdo frvw1 Xqghu dgyhuvh vhohfwlrq/
lqirupdwlrq vkdulqj ehwzhhq lqyhvwruv lv xvxdoo| prwlydwhg hlwkhu e| d uhqw0
h{wudfwlrq ehkdylru/ ru e| wkh qhhg ri frruglqdwlqj wkh wzr lqyhvwphqwv1 Lq
wklv sdshu zh surylgh d udwlrqdoh edvhg rq wkh �uvw h�hfw1 Wkh srvvlelolw|
wkdw sulqflsdov frppxqlfdwh wkh djhqw*v sulydwh lqirupdwlrq lq rughu wr ehwwhu
frruglqdwh wkhlu srolflhv dovr uhsuhvhqwv dq lqwhuhvwlqj duhd iru ixwxuh uhvhdufk1
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^58` Ph}}hwwl/ F1 /4<<:/ �Frpprq Djhqf| zlwk Krul}rqwdoo| Gl�huhqwldwhg
Sulqflsdov�/ Udqg Mrxuqdo ri Hfrqrplfv/ 58705:81

^59` Sdglood/ D1 dqg P1 Sdjdqr/ 4<<:/ �Hqgrjhqrxv Frppxqlfdwlrq Dprqj
Ohqghuv dqg Hqwuhsuhqhxuldo Lqfhqwlyhv�/ Uhylhz ri Ilqdqfldo Vwxglhv/ 43/
53805691

^5:` Sdjdqr/ P1 dqg W1 Mdsshool/ 4<<6/ �Lqirupdwlrq Vkdulqj lq Fuhglw Pdunhw0
v�/ Mrxuqdo ri Ilqdqfh/ 7;/ 49<604:4;1

^5;` Sudw1 D1 dqg D1 Uxvwlfklql/ 4<<;/ �Vhtxhqwldo Frpprq Djhqf|�/ Wloexuj
FhqwHU iru Hfrqrplf Uhvhdufk Glvfxvvlrq Sdshu <;<81

^5<` Udlwk/ P1/ 4<<9/ �D Jhqhudo Prgho ri Lqirupdwlrq Vkdulqj lq Roljrsro|�/
Mrxuqdo ri Hfrqrplf Wkhru|/ :4/ 59<05;;1

^63` Vwroh/ O1 D1 4<<4/ �Phfkdqlvp Ghvljq Xqghu Frpprq Djhqf|�/ plphr/
Xqlyhuvlw| ri Fklfdjr1

Dsshqgl{= Surriv1 Surri ri Ohppd 41

� Iluvw/ dvvxph wkdw d +sxuh0vwudwhj|, htxloleulxp h{lvwv lq zklfk �{� ? {�
dqg �{2 � {21 Zh vkrz wkdw S� fdqqrw eh lqfhqwlyh frpsdwleoh vlqfh wkh
djhqw ehqh�wv iurp o|lqj zlwk S� dqg wkhq wuxwkixoo| uhsruwlqj wr S21
Dgglqj frqvwudlqwv +LF�, dqg +LF�, rqh jhwv

y�+�{�> �{2> ��,� y�+{�> �{2> ��, � y�+�{�> {2> �,� y�+{�> {2> �,=

Wklv frqglwlrq lv qhyhu yhul�hg iru �{� ? {� dqg �{2 � {2 ehfdxvh ri
Dvvxpswlrqv D6 dqg D81

� Vhfrqg/ dvvxph wkdw �{� ? {� iru erwk l @ 4> 5=

Frqvlghuv wkh fdvh lq zklfk D olhv wr erwk sulqflsdov1 Dgglqj frqvwudlqwv
+LF�, dqg +LF�, rqh jhwv

y�
�
�{�> �{2> ��

�
� y�

�
{�> {2> ��

� � y� +�{�> �{2> �,� y� +{�> {2> �, >

zklfk lv qhyhu frpsdwleoh zlwk �{� ? {� iru erwk l @ 4> 5 ehfdxvh ri
Dvvxpswlrq D61

� Ilqdoo|/ frqvlghu wkh fdvh lq zklfk �{2 ? {2 dqg �{� � {�=

Wkh vxp ri +LF2, dqg +LF2, uhtxluhv wkdw

y�
�
�{�> �{2> ��

�
. y� +{�> {2> �, � y�

�
�{�> {2> ��

�
. y� +{�> �{2> �, =

Wklv frqglwlrq lv qhyhu vdwlv�hg iru �{2 ? {2 dqg �{� � {� ehfdxvh ri
Dvvxpswlrqv D6 dqg D8=

5<



Lw iroorzv wkdw dq| sxuh0vwudwhj| htxloleulxp/ +{�> {�> {2> {2, ri wkh jdph
pxvw kdyh �{� � {� dqg �{2 � {2=

Surri ri Sursrvlwlrq 61

Wklv lv wkh vwdqgdug sulqflsdo0djhqw vfuhhqlqj sureohp dssolhg wr d frpprq0
djhqf| iudphzrun1 Wkh vroxwlrq lv lq wkuhh vwhsv1

� Iluvw/ zh vkrz wkdw li frqvwudlqwv +LF2, dqg +LU2, duh vdwlv�hg vr lv +LU2,1

Xvlqj

X� � y�
�
�{�> �{2> ��

�� �w� � �w2

X� � y� +{�> {2> �,� w� � w2>

frqvwudlqw +LF2, fdq eh uhzulwwhq dv

X� � X� � y� +{�> {2> �, . w� . y�
�
�{�> {2> ��

�� �w�=

Iurp +LU2, zh kdyh wkdw X� � y� +{�> 3> �,� w�= Li +LF2, dqg +LU2, duh
vdwlv�hg/ wkhq

X� � y� +{�> 3> �,� y� +{�> {2> �, . y�
�
�{�> {2> ��

�� �w� � y�
�
�{�> 3> ��

�� �w�

iru Dvvxpswlrqv D6 dqg D81

� Dw wkh vroxwlrq +LU2, dqg +LF2, elqg dqg +LF2, lv vodfn1

Xvlqj wkh h{suhvvlrqv iru X� dqg X�/ S2*v remhfwlyh ixqfwlrq fdq eh
uhzulwwhq dv

X2 @ s
k
y2+�{�> �{2> ��,�X� . y�

�
�{�> �{2> ��

�� �w�
l
.

.+4� s, ^y2+{�> {2> �,�X� . y� +{�> {2> �,� w�` =

Lq d vlplodu zd|/ frqvwudlqw +LF2, fdq eh uhgxfhg wr

X� � X� . x�
�
�{�> �{2> ��

�� x� +{�> �{2> �, . w� � �w�>

zklfk wrjhwkhu zlwk +LF2, jlyhv

X� . y�
�
�{�> {2> ��

�� y� +{�> {2> �, . w� � �w� � X�

X� � X� . y�
�
�{�> �{2> ��

�� y� +{�> �{2> �, . w� � �w�=

Wkh u1k1v1 whup ri wklv grxeoh lqhtxdolw| lv +zhdno|, odujhu wkdq wkh o1k1v1
e| prqrwrqlflw| lq ghflvlrqv +Ohppd 4,1 Vlqfh X2 lv ghfuhdvlqj lq erwk
uhqwv X� dqg X�/ wkhq iru dq| {2 dqg {2 lw lv dozd|v rswlpdo wr pdnh
+LU2, elqg dqg wr uhgxfh X� dw lwv orzhu erxqg/ zklfk uhtxluhv vhwwlqj
+LF2, elqglqj1
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� S2*v surjudp uhgxfhv wr;AAAAAAAA?
AAAAAAAA=

Pd{
i%2c7%2j

s^y2+�{�> �{2> ��, . y�
�
�{�> �{2> ��

�� y�
�
{�> 3> �

�
`� sU2+{2,.

.+4� s, ^y2+{�> {2> �, . y� +{�> {2> �,� y� +{�> 3> �,`

v1w1 U2+{2, @ y�
�
�{�> {2> ��

�� y�
�
{�> 3> �

�
� ^y� +{�> {2> �,� y� +{�> 3> �,` >

�{2 � {2 � 3=

Wkh vroxwlrq wr wklv uhgxfhg surjudp jlyhv Sursrvlwlrq 61

Surri ri Ohppd 51

Iluvw/ wdnh d kljk w|sh wkdw plvuhsruwv wr S�= Zh kdyh wr suryh wkdw

y�
�
{�> {2> ��

�� w2 � y�
�
{�> �{2> ��

�� �w2

Ixuwkhupruh/ vlqfh sduwlflsdwlrq zlwk S2 lv yroxqwdu| lw pxvw eh wkdw

y�
�
{�> {2> ��

�� w2 � y�
�
{�> 3> ��

�
=

Wkh wudqvihuv w2 dqg w2 fdq eh uhfryhuhg iurp wkh surri ri Sursrvlwlrq 61 Vxe0
vwlwxwlqj w2 dqg w2 dqg xvlqj wkh prqrwrqlflw| ri {2 rqh fdq vkrz wkdw wkh wzr
lqhtxdolwlhv duh dozd|v vdwlv�hg xqghu D6 dqg D81

Vlploduo|/ wdnh d orz w|sh zkr olhv wr S�1 Zh kdyh wr vkrz wkdw

y� +�{�> {2> �,� w2 � y� +�{�> �{2> �,� �w2

dqg
y� +�{�> {2> �,� w2 � y� +�{�> 3> �, =

Xvlqj w2/ �w2 wkh �uvw lqhtxdolw| uhgxfhv wr

y�
�
�{�> �{2> ��

�� y�
�
�{�> {2> ��

� � y� +�{�> �{2> �,� y� +�{�> {2> �,

zklfk lv dozd|v wuxh iru �{2 � {2 dqg D61 Wkh vhfrqg lqhtxdolw| lv dozd|v
wuxh xqghu D81 Zh fdq frqfoxgh wkdw dq djhqw zkr olhv wr S� dozd|v uhfhlyhv
doorfdwlrq +{2> w2, lq wkh rxw0ri0htxloleulxp frqwlqxdwlrq jdph zlwk S21

Surri ri Sursrvlwlrq 71

Wr vlpsoli| qrwdwlrq zh gurs wkh ghshqghqfh ri S2*v rswlpdo phfkdqlvp �W2
rq �� zkhq qrw h{solflwo| qhhghg1

� Li frqvwudlqwv +LF�, dqg +LU�, duh vdwlv�hg/ vr lv +LU�,1 Uhzulwh frq0
vwudlqw +LF�, wr jhw

X� � X� . y�
�
{�> {2> ��

�� y� +{�> {2> �, =

Fohduo|/ li +LU�, lv yhul�hg vr lv +LU�, iru Dvvxpswlrq D71
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� Zh duh ohiw zlwk +LF�,/ +LU�, dqg +LF�,1 Zh vkrz wkdw rqo| wkh �uvw wzr
elqg1 Zlwk vwdqgdug vxevwlwxwlrqv iru w2 dqg w2> +LF�, dqg +LF�,fdq eh
uhgxfhg wr wkh iroorzlqj grxeoh lqhtxdolw|

X�.y�
�
{�> {2> ��

��y� +{�> {2> �, � X� � X�.y�
�
�{�> {2> ��

��y� +�{�> {2> �, >

zkhuh wkh o1k1v1 whup lv vpdoohu wkdq wkh u1k1v1 whup iru Dvvxpswlrq
D61 Vlqfh S�*v remhfwlyh ixqfwlrq lv ghfuhdvlqj lq erwk X� dqg X�/ lw lv
rswlpdo wr pdnh erwk +LF�, dqg +LU�, elqg1 Lq wklv fdvh/ +LF�, lv vodfn
dqg fdq eh qhjohfwhg1

� Vxevwlwxwlqj +LF�, dqg +LU�, lqwr S�*v remhfwlyh zh rewdlq wkdw �W� lv wkh
vroxwlrq ri wkh uhgxfhg surjudp;AAAAA?

AAAAA=

Pd{
i%�c7%�j

s
k
y�+�{�> {2+��,> ��, . y�

�
�{�> 3> ��

� l� sU�+�{�> {�,

.+4� s, ^y�+{�> {2+��,> �, . y� +{�> 3> �,`
v1w1
�{� � {� � 3=

Surri ri Sursrvlwlrq 81

Dv vxjjhvwhg lq Sursrvlwlrq 7/ wkh ohdghu*v rswlpdo frqwudfw lv wkh vroxwlrq
ri;AAAAA?
AAAAA=

Pd{
i%�c7%�j

s
�
���{� � �

2 �{
2
�

�
. +4� s,

�
�{� � �

2{
2
�

�
� s^��{� � +�{� � {�,{2+�{�> {�,`

v1w1

+d,= {2+�{�> {�, @ pd{
q
� . {� � R

�3R
+�� . �{� � {�, > 3

r
>

+e,= �{� � {� � 3=

� Zh vroyh wklv surjudp e| frpsdulqj wkh pd{lpdo sd|r� S� fdq dfklhyh
e| ghvljqlqj frqwudfwv i{�> �{�j vxfk wkdw {2+�{�> {�, @ 3 zlwk wkh pd{lpdo
sd|r� S� fdq rewdlq zlwk phfkdqlvpv wkdw lqgxfh {2+�{�> {�, A 3= Wr wklv
dlp/ zh gholehudwho| qhjohfw doo frqvwudlqwv dqg yhuli| wkhp h{0srvw1

� Iru dq| frqwudfw/ i{�> �{�j > vxfk wkdw {2+�{�> {�, @ 3> S�*v surjudp uhgxfhv
wr wkh vwdqgdug vlqjoh0sulqflsdo vfuhhqlqj sureohp zkrvh vroxwlrq lv

�{� @ ��>

{� @ pd{
q
� � R

�3R
��> 3

r
=

Uhsodflqj �{� dqg {> lqwr wkh remhfwlyh ixqfwlrq dqg xvlqj �� @ 4 . {w
2

dqg � @ 4� {w
2 > zh rewdlq wkdw wkh pd{lpdo sd|r� iru dq| frqwudfw wkdw

lqgxfhv {2+�{�> {�, @ 3 lv

X� @

;AA?
AA=

E�Rn��{w23eE�3R�{wneE�3R�
HE�3R� li 3 � �� � 2E�3R�

�nR
>

R
2+4 .

{w
2 ,2 li 2E�3R�

�nR
� �� � 5=
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� Li/ lqvwhdg/ S� vhohfwv d phfkdqlvp vxfk wkdw {2+�{�> {�, A 3> wkhq {2+�{�> {�, @
� . {� � R

�3R
+�� . �{� � {�, =

Lq wklv fdvh/ wkh frqwudfw wkdw pd{lpl}hv S�*v remhfwlyh lv uhfryhuhg iurp
wkh v|vwhp ri IRFV48;?

=
s+�� � �{�,� s

k
�{2+�{�> {�,� +�{� � {�,

Y%
2
E7%�c%��
Y7%�

l
@ 3

+4� s,+� � {�,� s
k
�� . {2+�{�> {�,� +�{� � {�,

Y%
2
E7%�c%��
Y%

�

l
@ 3

Vxevwlwxwlqj wkh uhdfwlrq ixqfwlrq {2+�{�> {�, dqg lwv ghulydwlyhv lqwr wkh
v|vwhp zh jhw=

�{� @ �{8U
� . 2E�3R�3{wE�n2R�

�nR
>

{� @ {8U
� =

Wkh sd|r� dvvrfldwhg wr wklv frqwudfw lv

X� @
+7s� � s2 . 4,��2 . 7+7s� � 6s2 � 4,�� . 7+7s� � <s2 . 7s. 4,

;+4� s2,
=

� Wkh rswlpdo phfkdqlvp lv rewdlqhg e| frpsdulqj wkh ydoxh ixqfwlrqv
dvvrfldwhg wr wkhvh wzr irfdo frqwudfwv1

� l, Iru 3 � �� � 2E�3R�
�nR

> wkhq

EeR�3R2n��{w2neEeR�3�R23��{wneEeR�3bR2neRn��
HE�3R2� � E�Rn��{w23eE�3R�{wneE�3R�

HE�3R�

li dqg rqo| li

��2 ^4 . s+4� s,` . 7s+4� s,�� � 7+4� s,2 � 3=

Wkh ohiw kdqg vlgh ri wklv frqglwlrq lghqwl�hv d vhfrqg rughu sro|qrpldo

zlwk urrwv ��n @
2E�3R�^

I
�nR3R`

�nRE�3R� � 3 dqg ��3 @
32E�3R�^

I
�nR3R`

�nRE�3R� ? 3=

Lw iroorzv wkdw wkh rswlpdo frqwudfw lv vxfk wkdw {2+�{�> {�, A 3 li

3 � �� � 5+4� s,
�s

4 . s� s
�

4 . s+4� s,
� 5+4� s,

4 . s
>

zklfk fruuhvsrqgv wr uhjlrq D=

Rq wkh rwkhu kdqg/ wkh rswlpdo frqwudfw lqgxfhv {2+�{�> {�, @ 3 li

5+4� s,
�s

4 . s� s
�

4 . s+4� s,
� �� � 5+4� s,

4 . s
=

Lw uhpdlqv wr yhuli| wkdw doo frqvwudlqwv duh vdwlv�hg lq wkhvh wzr uhjlrqv1

Lq uhjlrq D> �{� @ �{8U
� . 2E�3R�3{wE�n2R�

�nR
dqg {� @ {8U

� = Frqvwudlqw +e,
uhtxluhv wkdw

�� � 5+4� s,

s
=

48Rqh fdq yhuli| wkdw wkh surjudp lv frqfdyh vr wkdw IRFV duh dovr vx!flhqw1
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Vlqfh 2E�3R�
R

A
2E�3R�^

I
�nR3R`

�nRE�3R� > wklv frqvwudlqw lv yhul�hg1 Frqvwudlqw +d,

uhtxluhv wkdw {2+�{�> {�, @ {8U
2 � Rd2E�3R�n{wo

�3R2
A 3= Wklv lv wkh fdvh iru

�� � 5+4� s,

4 . s+4� s,
=

Vlqfh 2E�3R�
�nRE�3R� A

2E�3R�^
I
�nR3R`

�nRE�3R� > zh fdq frqfoxgh wkdw doo frqvwudlqwv duh
yhul�hg lq uhjlrq D1

Iru
2E�3R�^

I
�nR3R`

�nRE�3R� � �� � 2E�3R�
�nR

> wkhq �{� @ ��> dqg {� @ � � R
�3R

�� A

3= Fohduo| frqvwudlqw +e, lv yhul�hg1 Lw uhpdlqv wr fkhfn wkdw lqghhg

{2+�{�> {�, @ 3= Wklv lv wkh fdvh iru �� � 2E�3R�2

�nRE�3R� = Vlqfh
2E�3R�2

�nRE�3R� ?

2E�3R�^
I
�nR3R`

�nRE�3R� > wkhq doo frqvwudlqwv duh vdwlv�hg dovr lq wklv uhjlrq1

� ll, Iru 2E�3R�
�nR

��� � 5> wkhq

+7s� � s2 . 4,��2 . 7+7s� � 6s2 � 4,�� . 7+7s� � <s2 . 7s. 4,

;+4� s2,
� s

5
+4.

��

5
,2>

li �� � ��� dqg �� � ��2> zkhuh ��� @
2E�3R�

�
DR2n2Rn�32

I
DR
s

ERn��
�

DR�3R2n�3R

dqg ��2 @
2E�3R�

�
DR2n2Rn�n2

I
DR
s

ERn��
�

DR�3R2n�3R
=

Vlqfh ��� ?
2E�3R�
�nR

/ wkhq wkh rswlpdo frqwudfw lv vxfk wkdw {2+�{�> {�, A 3

rqo| li �� � ��2= Krzhyhu/ ��2 A
2E�3R�

�nRE�3R� > dqg wkhuhiruh {2+�{�> {�, lv
qhyhu vwulfwo| srvlwlyh iru �� � ��21 Lw iroorzv wkdw wkh xqltxh fdqglgdwh
lv �{� @ ��> dqg {� @ 31 Wklv frqwudfw vdwlv�hv erwk frqvwudlqwv +d, dqg +e,
dqg lw lv wkxv wkh rswlpdo frqwudfw iru wklv uhjlrq1

� Frpelqlqj l, zlwk ll, zh fdq frqfoxgh wkdw lq uhjlrq E wkh rswlpdo frq0

wudfw lv fkdudfwhul}hg e| �{� @ ��> {� @ pd{
q
� � R

�3R
��> 3

r
1

� Wkh iroorzhu*v ghflvlrqv duh rewdlqhg e| uhsodflqj wkh ohdghu*v ghflvlrqv
lqwr wkh uhdfwlrq ixqfwlrqv ghulyhg lq Sursrvlwlrq 61

Surri ri Sursrvlwlrq 91

Iluvw zh suryh wkdw li +LF�, dqg +LU�, duh vdwlv�hg vr lv +LU�,1 Xvlqj
Ohppd 5 zh rewdlq wkdw +LF�, lv htxlydohqw wr

X� � X� .HBEr� ^�wy�+{�> {2+v,,` A 3>

ehfdxvh ri Dvvxpswlrq D7 dqg +LU�,=
Vhfrqg/ zh vkrz wkdw +LF�, dqg +LU�, elqg1 Xvlqj Ohppd 5 dqg w2+v,/

�w2+v,> +LF�, uhgxfhv wr

X� � X� .H
BEr� ^�wy�+�{�> {2+v,,` =
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Uhsodflqj w�+v,/ �w�+v, zlwk X� dqg X� lqwr S�*v remhfwlyh ixqfwlrq lw lv
lpphgldwh wr vhh wkdw lw lv rswlpdo wr pdnh erwk +LF�, dqg +LU�, elqg1

Surri ri Sursrvlwlrq :1

Wdnh wkh uhgxfhg surjudp dv lq Sursrvlwlrq 91 Zkhq wkh wzr ghflvlrqv
duh lqghshqghqw/ wkh sd|r� ri wkh djhqw lv vhsdudeoh lq wkh wzr ghflvlrqv/ l1h1
y� +{�> {2> �, @ j�� +{�> �, . j2� +{2> �, = Lq wklv fdvh wkh djhqw*v uhqw frqglwlrqdo
rq vljqdo v lv

U+v, @ �wy�+{�> {2+v,, @ �wj
�
�+{�, .�wj

2
�+{2+v,,

dqg
U2+v, @ �wj

2
�+{2+v,,=

Lw iroorzv wkdw S� pxvw jlyh wr wkh h!flhqw w|sh dq h{shfwhg uhqw

HU�+{�> �+v,> �{�> �+v,, @ HBEr�U+v,�H
BEr�U2+v,

@ �wj
�
�+{�, .

k
HBEr��wj

2
�+{2+v,,�H

BEr��wj
2
�+{2+v,,

l
>

zkhuh iru dq| v 5 V/ {2+v, @ pd{ i{�2> 3j zlwk {�2 lpsolflwo| gh�qhg e|

Cy2+{�2> �,
C{2

.
Cj2� +{�2> �,

C{2
�
#
�+�@v,

�+�@v,

$57Cj2�
�
{�2> �

�
C{2

�

Cj2� +{
�
2> �,

C{2

6
8 @ 3=

Wkh rswlpdo frqwudfw �W� pxvw eh fkdudfwhul}hg e| wzr suredelolw| glvwulexwlrqv

wkdw plqlpl}h
k
HBEr��wj

2
�+{2+v,,�HBEr��wj

2
�+{2+v,,

l
=

Vlqfh y2+{�2> �, dqg j
2
� +{�2> �, duh frqfdyh dqg

Y}2
�+%

�

2
cw,

Y%2
�

Y}2
�+%

�

2
cw,

Y%2
A 3 xqghu

D6/ {2+v, lv ghfuhdvlqj lq wkh kd}dug udwh >Ew*r�
>Ew*r� @

RBEr�
E�3R�BEr� =

Wkh kd}dug udwh lv lqfuhdvlqj lq �+v, dqg ghfuhdvlqj lq �+v,= Exw wkhq
�wj

2
�+{2+v,, lv ghfuhdvlqj lq �+v, dqg lqfuhdvlqj lq �+v,=
Vxssrvh wr vwduw zlwk �+v, @ �+v, iru doo v 5 V dqg wkhq lqfuhdvh e| % wkh

suredelolw| ri vljqdo v� frqglwlrqdo rq � dqg ghfuhdvh e| % wkh suredelolw| ri

vljqdo v&/ djdlq frqglwlrqdo rq �= Lq rwkhu zrugv/ ohw �
�
+v�, @ �+v�, . % dqg

�
�
+v&, @ �+v&,� %1 Lq wklv fdvhk
HBEr��wj

2
�+{2+v,,�HBEr��wj

2
�+{2+v,,

l
@ %

k
�wj

2
�+{2+v&,,��wj

2
�+{2+v�,,

l
=

Vlqfh wkh kd}dug udwh lq v& lv vpdoohu wkdq lq v� / l1h1
>Ew*r&�
>Ew*r&�

?
>Ew*r��
>Ew*r��

/ wkhq�
�wj

2
�+{2+v&,,��wj

2
�+{2+v�,,

�
A 31 Uhshdwlqj wkh dujxphqw iru dq| sdlu ri

vljqdov/ zh kdyh wkdwk
HBEr��wj

2
�+{2+v,,�HBEr��wj

2
�+{2+v,,

l
A 3

dv orqj dv �+v, 9@ �+v, dqg lw lv plqlpl}hg iru �+v, @ �+v, ;v 5 V zklfk lpsolhv
qr lqirupdwlrq wudqvplvvlrq ehwzhhq wkh wzr sulqflsdov1 Ilqdoo|/ vlqfh +LF�, lv
dozd|v vdwlv�hg zkhq {� lv prqrwrqlf dqg �+v, @ �+v, ;v 5 V/ wklv lv lqghhg d
pd{lpdo srlqw zlwk uhvshfw wr �+v, dqg �+v,=
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Surri ri Ohppd 61
Zh suryh wklv ohppd e| vkrzlqj wkdw iru dq| sdlu ri suredelolw| phd0

vxuhv �W
�
=@��

�
> �W +=@�, wkdw jlyh vwulfwo| srvlwlyh suredelolwlhv wr pruh wkdq wzr

vljqdov/ wkhuh dozd|v h{lvwv dqrwkhu sdlu ri suredelolw| phdvxuhv zlwk �� @
Su+v�@��, @ 4 � Su+v2@��, dqg � @ Su+v�@�, @ 4 � Su+v2@�, vxfk wkdw S� lv
+zhdno|, ehwwhu r�1

Fohduo|/ wklv lv wuxh li lw lv rswlpdo iru S� qrw wr vljqdo dq| lqirupdwlrq wr
S2=

Ohw xv wkhq frqfhqwudwh rq rswlpdo frqwudfwv wkdw lqyroyh lqirupdwlrq wudqv0
plvvlrq ehwzhhq wkh wzr sulqflsdov=

Iru dq| v 5 V/ {2+v, @ pd{

�
� . {� �

R
�3R

BW+r*7w,
BWEr*w� ^�� . �{� � {�` > 3

�
> ru

htxlydohqwo|/ {2+v, @ pd{

�
d� e

BW+r*7w,
BWEr*w� > 3

�
zkhuh d @ �.{� dqg e @

R
�3R ^�� . �{� � {�` =

Ohw V
�

@ iv 5 V @{2+v, A 3j dqg V
�

@ VqV
�

=
Dvvxph �W

�
=@��

�
> �W +=@�, duh qrw Ehuqrxool vr wkdw wkh| dvvljq srvlwlyh sure0

delolw| wr pruh wkdq wzr vljqdov/ dqg ohw &+V
�

, @p A 5= Ohw �� @
S

rM7� �W
�
v@��

�
dqg � @

S
rM7� �W +v@�, eh uhvshfwlyho| wkh suredelolw| wkdw {2+v, A 3 xqghu

�W
�
=@��

�
dqg �W +=@�,1

S�*v uhgxfhg surjudp vkrzv wkdw S�*v remhfwlyh ixqfwlrq lv vwulfwo| lqfuhdvlqj
lq HBW+�*7w,{2+v, dqg ghfuhdvlqj lq HBWE�*w�{2+v,= Wkxv/ iru �

W �=@��� > �W +=@�, wr
eh sduw ri S�*v rswlpdo phfkdqlvp/ lw lv qhfhvvdu| wkdw wkhuh grhv qrw h{lvw
dqrwkhu sdlu ri suredelolw| phdvxuhv �

� �
=@��

�
> �

�

+=@�, wkdw lqfuhdvh S�*v remhfwlyh
ixqfwlrq zkloh uhod{lqj wkh frqvwudlqw +LF�,= Zh vkrz wkdw wklv lv lqghhg wkh
fdvh rqo| li �W

�
=@��

�
> �W +=@�, duh wzr Ehuqrxool glvwulexwlrqv1

HBWE�*w�{2+v, @
[
rM7�

%
d� e

�W
�
v@��

�
�W +v@�,

&
�W +v@�, @ d� � e�=

Vlploduo|/

HBW+�*7w,{2+v, @
[
rM7�

%
d� e

�W
�
v@��

�
�W +v@�,

&
�W
�
v@��

�
@ d� � e

[
rM7�

�W2
�
v@��

�
�W +v@�,

=

Vxssrvh S� uhsodfhv �W
�
=@��

�
> �W +=@�, zlwk d sdlu ri Ehuqrxool ri sdudphwhuv

�� dqg � vr wkdw �� @ Su+v�@��, @ 4�Su+v2@��,/ dqg � @ Su+v�@�, @ 4�Su+v2@�,1
Ohw H7B{2+v,> HB{2+v, eh uhvshfwlyho| wkh h{shfwdwlrq ri {2+v, xqghu �� dqg �=

Zh fodlp wkdw H7B{2+v, � HBW+�*7w,{2+v, dqg HB{2+v, @ HBWE�*w�{2+v,1 Wr

suryh wklv fodlp zh �uvw vkrz wkdw {W2+v2, @ 3 zkhq �� dqg � duh wkh wzr Ehuqrxool
glvwulexwlrqv gh�qhg deryh1 Ohw a� eh wkh fulwlfdo udwlr vxfk wkdw d� ea� @ 3= E|

frqvwuxfwlrq/ iru doo v 5 V
�

zh kdyh wkdw
BW+r*7w,
BWEr*w� �

a� dqg wkhuhiruh {2+v, @ 3= Lw

iroorzv wkdw
S

rM7
� �W

�
v@��

�
� a�

S
rM7

� �W +v@�,/ ru htxlydohqwo| 4� �� � a�+4� �,=

Khqfh xqghu wkh suredelolw| phdvxuhv ��> �> iru v @ v2 zh kdyh
�37B
�3B �

a� vr wkdw

{W2+v2, @ 3=

Lw iroorzv wkdw HB{2+v, @ �
k
d� e

7B
B

l
@ d� � e�� @ HBWE�*w�{2+v,=
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Vlploduo|/ H7B{2+v, @ d�� � e B
2

B =

Wr suryh wkh ohppd lw vx!fhv wr vkrz wkdw H7B{2+v, � HBW+�*7w,{2+v, ru/

htxlydohqwo|/

[
rM7�

�W2
�
v@��

�
�W +v@�,

�

kS
rM7� �W

�
v@��

�l2
S

rM7� �W +v@�,
@

��2

�

Zh pdnh xvh ri wkh iroorzlqj pdwkhpdwlfdo surshuw|1 Iru dq| vwulfwo| srvlwlyh

vfdoduv d> e> f> g/ @2

K . S2

_ � E@nS�2

Kn_ = Lq idfw/ uhduudqjlqj zh kdyh d2g +e. g, .

f2g +e. g, � eg +d. f,2 zklfk lv htxlydohqw wr +dg� fe,2 � 3=
Wklv vlpsoh surshuw| vkrzv wkdw S� fdq lqfuhdvh wkh h{shfwhg ydoxh ri {2+v,

uhsodflqj wkh lqlwldo sdlu ri suredelolw| phdvxuhv �W
�
=@��

�
> �W +=@�, zlwk d sdlu

�
� �
=@��

�
> �

�

+=@�, vxfk wkdw iru doo wkh �uvwp�5 vljqdov v 5 V
�

�W
�
v@��

�
@ �

� �
v@��

�
dqg �W +v@�, @ �

�

+v@�, dqg iru wkh odvw wzr vljqdov �
� �
v63�@��

�
@ �

W

+v63�@�,.

�
W

+v6@�, dqg �
�

+v@�, @ �W +v63�@�, . �W +v6@�, =
Uhshdwlqj wklv dujxphqw uhfxuvlyho| zh fdq frqfoxgh wkdw S� pxvw xvh d

sdlu ri Ehuqrxool suredelolw| glvwulexwlrqv1

Surri ri Sursrvlwlrq ;1
Iru dq| frqwudfw vxfk wkdw {2+v�, A 3> wkhq {2+v�, @ � . {� �

R
�3R

7B
B +�� .

�{� � {�,=
Wdnlqj wkh ghulydwlyhv iru �{� dqg �� dqg htxdwlqj wkhp wr }hur/ zlwk vlpsoh

dojheudlf pdqlsxodwlrqv/ zh rewdlq

{� @
Bd2E�3R�n{wE�3�R�on7BREenS{w�

E�3R�Bn2R7B

�{� @ �{8U� @ 4 . {w
2

Uhsodflqj {� dqg �{� lqwr wkh ghulydwlyh ri wkh remhfwlyh ixqfwlrq z1u1w1 �
zh rewdlq

s2
�
���+4� s, . ��5s +4 .��,� ��+5 .��,

�2
+4� s,

�
�+4� s, . 5s��

�2
zklfk lv dozd|v srvlwlyh1 Lw iroorzv wkdw �W @ 4=
Wdnlqj wkh �uvw rughu frqglwlrq iru �� dqg vxevwlwxwlqj �W @ 4> �{W� @ 4. {w

2 >

{� @
2E�3R�n{wE�3�R�n7BREenS{w�

E�3R�n2R7B
zh rewdlq ��W1 Vxevwlwxwlqj ��W zh �qdoo| jhw {W�

dqg {W2+v�,=
Qrz zh suryh wkdw wkhuh h{lvw d sdudphwhuv* uhjlrq lq zklfk wklv lqwhulru

vroxwlrq vdwlv�hv doo wkh frqvwudlqwv lq �� =
Iluvw qrwh wkdw zkhq � @ 4/ frqvwudlqw +e, lv lpphgldwho| vdwlv�hg1

Frqvwudlqhg +f, uhtxluhv wkdw ��W @ E�3R�d{w32E�3R�o
Rd2E�3R�3�{wo 5 ^3> 4` =

��W � 3 iru

5

6
+4� s, � �� � 5+4� s,>

��W � 4 iru
5+4� s,

4 . 5s
� ��

6:



Lw iroorzv wkdw ��W 5 ^3> 4` iru

5+4� s,

4 . 5s
� �� � 5+4� s,=

Pruhryhu/ {2+v�, A 3 dqg {� A 3 iru �� � 2E�3R�
�nR =

Khqfh doo frqvwudlqwv +d, wr +g, duh vdwlv�hg lq wkh uhjlrq gh�qhg e|=

5+4� s,

4 . 5s
� �� �

5+4� s,

4 . s
=

Lw uhpdlqv wr yhuli| wkdw S� lv qrw ehwwhu r� e| ghvljqlqj d phfkdqlvp vxfk
wkdw {W2+v�, @ {W2+v2, @ 3= Iroorzlqj wkh surri ri Sursrvlwlrq 8/ wklv lv qhyhu wkh

fdvh iru �� �
2E�3R�^

I
�nR3R`

�nRE�3R� � 2E�3R�
�nR =

Xqghu frqglwlrq +l, wkh rswlpdo frqwudfw lv lqghhg wkh rqh ri Sursrvlwlrq ;
dqg lw vdwlv�hv doo frqvwudlqwv +d, wr +g,1

Ilqdoo|/ frqglwlrq +ll, dvvxuhv wkdw dovr frqvwudlqw +h, lv yhul�hg1

Surri ri Sursrvlwlrq ;1
Ohw xv dvvxph wkdw wkh sdudphwhuv ri wkh prgho duh dv lq uhjlrq F � D1

Li S� grhv qrw glvforvh lqirupdwlrq wr S2> wkh htxloleulxp doorfdwlrqv duh jlyhq
e| Sursrvlwlrq 8 +uhjlrq D,1 Xqghu qr lqirupdwlrq wudqvplvvlrq +QLW , wkh
wkuhh sod|huv rewdlq dq h{shfwhg sd|r� htxdo wr

XW�UA
� @

7+4���, .��2 . 49s� 69s2 ���2s2 . 49��s� . 7��2s� � 45��s2 . 49s�

;+4� s2,
>

XW�UA

2 @
7+4���, .��2 . ;s� 45s2 ���2s2 . 7��s� ���2s� . 5��2s

5+4 . s,+4� s2,
>

XW�UA
� @

��s^9� 6�� � 5s+5 .��,� s2+5� 6��,`

5+4� s2,
=

Frqyhuvho|/ zkhq �� lqyroyhv lqirupdwlrq wudqvplvvlrq +LW , zh kdyh

XWUA
� @

53+4���,� 7s+<���, .��2+8 . 44s. 7s2, . 49s2+4 .��,

;+4� s,

XWUA
2 @

7+4���,+4� s, . +4 . 6s,��2

5+4� s,

XWUA
� @

8��s^5+4� s,���+4 . s,`

5+4� s,

Frpsdulqj wkh h{shfwhg sd|r�v zh rewdlq wkdw

XWUA
� � XW�UA

� @
^5+4� s,���+4 . s,`

5+4� s2,
A 3>

XWUA
2 � XW�UA

2 @
s+�7+4 .��, . 6��2 . ;s. 7��s. ;��2s� 7s2 . 7��2s2,

5+4 . s,+4� s2,
A 349>

XWUA
� � XW�UA

� @
��s+4 . 5s,+5+4� s,���+4 . s,,

4� s2
A 3=
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Lw iroorzv wkdw doo sod|huv jdlq zlwk lqirupdwlrq wudqvplvvlrq1
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