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Theconstructionofpredictionintervalsandregionsandtheirprobabilitycontentfornonlinearsystems
withnonparametricdisturbances is considered. T hesemiparametrice¢ciencyboundforestimatingthe
probability contentofaknown interval(region) and estimators thatattain the bound aredeveloped.
Semiparametrice¢cientestimation ofoptimalprediction intervals (regions) which either(i) maximize
probabilitycontentgivenintervallength(regionarea)or(ii)maximizeintervallength(regionarea)given
probabilitycontentisstudied. T heestimatedprobabilitycontentof(i)isfoundtohavethesamelimiting
behavioras ifthe interval(region) were known with certainty and hence attains the semiparametric
e¢ciency bound. Further, the estimated probability ofthe estimated interval(region) approximates
thetruecoverage probability toorder

p
n for(i) butordersmallerthan

p
n for(ii). A M onteCarlo

experimentis conductedtocomparethenewpredictorstocompetitors.
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1. Introduction

The conditionalprediction problem involves developingknowledge ofthe distribution of
thepredictandvariable(s)outsidethesampleperiodgivencertainconditioninginformation.
The attribute ofthis distribution thathas received the mostattention is its center, as
manifested by, say, the conditionalmean. This pointprediction problem is well-studied
forlinearmodels, where the problem reduces to…ndingthe centerofthe distributionof
thedisturbances, typicallyzero, and substitutingparameterestimates intotheconditional
meanfunction. Innonlinear(inthevariables)models, thisproblem involvesmorecomplete
knowledgeofthedistributionofthedisturbances, andhasbeenaddressedthroughtheuseof
simulationtechniquestoestimatetheconditionalmeanusingdrawsfromanestimateofthe
distributionofthedisturbances. This distributioncouldeitherbeparametricasin H owrey
andKelejian(19 7 1)ornonparametricasinB rownandM ariano(19 84).

Beyond pointprediction, weare interested in determiningarangeofvalues ofthepre-
dictand variables and somemeasureoftheprobabilityoffallingin therange. Fixingthe
probabilityatagivenvalue, theproblembecomesoneofdevelopinganappropriateinterval
in theunivariatecaseandanappropriateregioninthemultivariatecase. A gain, forlinear
models, agreatdealisknownif, inaddition, thedisturbancesareassumedtobenormal. In
this case, thepredictand is conditionallynormalandcompletelycharacterizedbyitsmean
andcovariancematrixandtheconstructionofpredictionintervalsandregionsisstraightfor-
wardandwell-studied. Inparticular, thetargetintervalsandregionscanberepresentedas
knownfunctionsofestimatedparametersthatareappropriate, atleastasymptoticallyand,
forsomecases, in…nitesamples. Similarly, ifthedistributionofthedisturbancesisnonnor-
malbutstillparametricallyspeci…ed, theintervalsandregionscangenerallyberepresented
asknownfunctionsofestimatedparametersthatare, atleastasymptotically, appropriate.

Unfortunately, ifthemodelis nonlinearin thevariablesorthe distributionofthe dis-
turbances is nonparametricthentheconstructionoftheintervals andregions is somewhat
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morecomplicatedand less wellstudied. A lthoughtheconstructionofprediction intervals
and regions is anobviously importanttopicand mostpredictive models are nonlinearin
thevariables, therehas beenverylittleworkconcerningthebehaviorofpredictionintervals
andregions innonlinearsimultaneoussystems. L ikewisetherehasbeenverylittleworkon
predictionintervalsandregionsinlinearmodelswhenthedistributionis notspeci…ed. A n
exception is theunpublished paperbyBrownandM ariano(19 9 1), whichconsiders M onte
Carlosimulation-basedpredictionintervalsandregionswhenthedistributionofthedistur-
bances is knownandresidual-based predictionintervals andregionswhenthedistribution
innotspeci…ed.

The purposeofthis paperis todevelop techniques appropriateforconstructionofpre-
diction intervals andregions whenthedisturbances arenonparametricandthestructural
modelisnonlinear. Theresearchpresented inthis paperbuildsontheresidual-basedtech-
niquesinBrownandM ariano, whichareappropriateformodelswherethedisturbancesare
independentoftheregressors.TheapproachintroducedinBrownandN ewey(19 9 8 )forsemi-
parametrice¢cientestimationofexpectationsisappliedtodevelop semiparametrice¢cient
estimates oftheprobabilitycontentofknown intervals andregions forparametricmodels
withnonparametricdisturbancedistribution.Beyondknownintervalsandregions, intervals
andregionsthathaveasymptoticoptimalpropertiesinthesenseofminimalareaforagiven
probabilitycontentormaximalprobabilitycontentforagivenareaaredeveloped.A lthough
explicitlydevelopedfornonlinearsystems, thetechniquesshouldapplyequallywelltolinear
systemswithnonparametricdisturbancedistribution.

Theoutlineofthepaperisasfollows. Inthesecondsection, thebasicmodelisintroduced
andrelevantpreviousresultsreviewed. T heconstructionandpropertiesofe¢cientprediction
intervals forsemiparametricmodels, includingoptimalintervals, arepresentedinthethird
section. Inthefourthsection, e¢cientsemiparametricpredictionregions, includingoptimal
regions, aredeveloped. T herelativebehavioroftheproposedoptimalpredictorsandtheir
competitorsarepresentedandcontrastedviaaM onteCarlostudyinthe…fthsection. The
results aresummarizedandanumberofpromisingpossibleextensionsarediscussedinthe
…nalsection. Forthepurposesofthispaperconstructionofapredictionintervalorregionis
construedtoincludeboththeestimationoftheintervalorregiongivenaprobabilitycontent
andestimationoftheprobabilitycontentgiventheintervalorregion.
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2. BasicConcepts

In this paper, wewillconsiderprediction in astaticnonlinearsystem with independent
errors. T hedatageneratingprocess forsuchasystemcanberepresented

y= ¼(";x;¯) (1)

wherey isag£1 vectorofendogenousvariables, x isak£1 vectorofexogenousvariables,
" is ag£1 disturbancevector, ¼(¢) is ag£1 vectorofknownfunctions, and¯ is ap £1
vectorofunknownparameters. Thevectorofdrivingvariables ("0;x0) are assumed tobe
jointlyi:i:d . withajointdistributionthatsatis…es independenceof"andx butisotherwise
unspeci…edandunrestricted, exceptforsomesmoothnessrestrictions. N otethedistribution
ofthedisturbances"areallowedtohaveanonzerolocationparameter, say® = E ["], sothe
parametervector¯ doesnotincludeanintercept.

W eassumethattherelationship betweenyand", given x, is one-to-one. Thus, wewill
restrictourattentiontomodelswhichhavetheunique inverserepresentation

" = ½(y;x;¯): (2)

where ½(¢) is aknownfunction. T his inverse representation is usually interpreted as the
structuralform ofthe modelwhile the data generatingprocess is the reduced form. A
numberofmodels fallwithin this frameworkincludingthelinearandnonlinearregression
modelsandthelinearandnonlinearsimultaneousequationmodels. Inpractice, thereduced
formcorrespondingtoaparticularstructuremaynotbeavailableinclosedformbutcanbe
obtainedthroughnumericaltechniques.

W eareinterestedintheconditionalpredictionoftheendogenousvariablesforsomeout-
sidesampleobservation, denotedbysubscript¿, giventhevaluesoftheexogenousvariables.
Thepredictionapproaches introducedbelowwilldependcruciallyon estimationofcondi-
tionalexpectationsofknownfunctionsoftheendogenousvariablesy¿ giventheexogenous
variables x¿. D uetothe independenceassumption, such expectations havethe canonical
representation

¹(̄ ;h) = E ¯;h [g(y)jx = x¿)]=
Z

g(¼(";x¿;¯))f"("jh)d " (3)

=
Z

g(¼(½(z ;¯);x¿;¯))fz (z j̄ ;h)d z

=
Z

m (z ;¯)fz (z j̄ ;h)d z

where g(¢) and hence m (¢) = g(¼(½(¢;¯);x¿;¯)) areknown q£1 functions, f"(¢jh) is the
density of", fz (z j̄ ;h) is the density of z , and h is an unknown function tore‡ectthe
distributionfreenatureofthespeci…cation. Thelastlineisthecanonicalexpectationstudied
inBrownandN ewey(19 9 8 )withrestrictionsimpliedbytheform inthesecondline.

The essentialcomplications in theestimationof¹ are theunavailabilityof¯ andthe
inabilitytoperformtheindicatedintegrationsincethedistributionisunspeci…ed. T hemost
naturalresponsetothesecomplications is toestimate ¯ with, say, ^̄andapproximatethe
integralwithanaverage, whichdoesnotnecessitatespecifyingthedistribution. Speci…cally,
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weproposethemethodofmoments estimator

¹̂ = n¡1
X n

t= 1
g(¼(b"t;x¿;^̄)) (4)

= n¡1
X n

t= 1
g(¼(½(z t;b̄);x¿;^̄)),

whereb"t= ½(z t;b̄). Thefunctionsg(¢)andm (¢;¯)areunrestrictedexceptforsomesmooth-
nessintheexpectationofthelatter, whichwillbeimposedbelow. This istheresidual-based
estimatorofthetargetexpectationproposedbyBrownandM ariano(19 84).

Itis instructivetoexamineseveralexamplesofresidual-based estimatorsconsideredby
BrownandM ariano. Forpointpredictionweareinterestedin°(x¿) = E [y¿jx¿], whereupon
g(y) = y, andthemethodofmomentsestimatorisgivenby

b°(x¿) = n¡1
X n

i= 1
¼(½(z i;b̄);x¿;b̄): (5)

Inmeasuringpredictiveaccuracy, thesecondconditionalmoment­ (x¿) = E [(y¿¡°(x¿))(y¿¡
°(x¿))jx¿] is importantandmaybeestimatedby

b­ (x¿) = n¡1
X n

i= 1
(¼(½(z i;b̄);x¿;b̄)¡b°(x¿))(¢)0. (6)

A nd the conditionaldistribution function F1(c;x¿) = E [1(y1 ·c)jx¿], which is ofdirect
interestbelow, hasg(y)= 1(y1 ·c)with

bF1(c;x¿)= n¡1
X n

i= 1
1(¼ 1(½(z i;b̄);x¿;b̄)·c) (7 )

as itsmethodofmomentsestimator.
Supposethatthedataaregeneratedbyaparametricmodelwhichsatis…esthesemipara-

metricassumptions andcontains thetruth. Suchamodelis calledaparametricsubmodel
sinceitis asubsetofthemodelconsistingofdistributionssatisfyingtheassumptions. For-
mally, wesuppose

z »f(z j̄ 0 ;h (́ 0 )) (8)

where ´0 is a…nite-lengthvectorofshapeparameters forthetruedistribution f(¢), anda
zerosubscriptindicatesthetrueparametervalue. Thesetofparametricsubmodels, then, is
de…nedasthesetofdistributionswhichsatisfythesemiparametricassumptionsand

fi(z j̄ ;hi(́ i))= f(z j̄ 0 ;h (́ 0)) (9 )

forsome µi = (̄ 0;´i0)0 = (̄ 0
0;´i00)0 = µi00 and all z , where ´i is a shape parameterfor

parametricsubmodeli. N otethatthelengthoftheshapeparametervector´iandhenceµi
maydi¤erfordi¤erentparametricsubmodels.

Projectionsontothespaces spannedbythescoresoftheparametricsubmodels areim-
portantindeterminingthesemiparametricestimators and e¢ciencybounds. L etSiµ(z ) =
(Si

¯(z )0;Si
´(z )0)0denotethescoresofaparametricsubmodel. D e…nethenonparametrictan-

gentsetas themeansquareclosureoftheunionofallpossibleq-dimensionallinearcombi-
nationsofŚ (z ), i.e.

T = ft2Rq :E [t0t]< 1 ;9B j;Śj(z ) s:t: E [kt¡B jŚj(z )k2 ]= o(1)g, (10)
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whereB jareconstantmatriceswithqrowsandE [¢]denotesexpectationatthetruth. N ewey
(19 89 )haspreviouslystudiedtheestimationoftheparametervector¯ forthepresentmodel
undertheindependenceassumptionandshownthatthenonparametrictangentsetisgiven
by

T = ft1(")+ t2 (x) :E [t1(")]= E [t2 (x)]= 0g; (11)

wheret1(¢)andt2 (¢)areunrestrictedfunctionsexceptforthemeanzeroproperty. N otethat
theresidualoftheprojectionofthescoreS̄ (z ), foranyparametricsubmodelwhichincludes
thetruth, onthenonparametrictangentset,

S(z )= S̄ (z )¡P roj(S̄ (z )jT); (12)

is knownasthee¢cientscorefor¯ , whereP roj(g(z )jT) denotestheprojectionofg(z ) on
T.

Similarly, de…ne the tangentsetS as the mean square closure ofthe union ofallq-
dimensionallinearcombinationsofSµ(z )forallregularparametricsubmodelssatisfyingthe
semiparametricassumptions, i.e.

S = fs2Rq :E [s0s]< 1 ;9Aj;Sµj(z )s.t. E [ks¡AjSµj(z )k2 ]= o(1)g, (13)

whereAjareconstantmatriceswithqrows. A smightbeexpectedthereisacloserelationship
betweenthetwotangentsets. M orecompactly, wecanwriteS = fB s̄ + ¿ : ¿ 2 T andB
is aconstantq£p matrixg. Byde…nition, B s̄ = B s+ B P roj(s¯jT) = B s+ ¿ for¿ 2 T,
whereupon S = fB s+ ¿ : ¿ 2 Tg. N otethatthetwocomponents areorthogonal, which
impliesthataprojectionontoS canbeobtainedas thesum oftheprojectionontothetwo
components.

Sinceadistributionis notexplicitlyspeci…ed inobtaining¹̂ , theestimatorwillbesemi-
parametricif ^̄ is semiparametric. Speci…cally, ^̄ should remain consistentforany dis-
tribution satisfyingthe semiparametricassumptions. A ccordingly, wemake thefollowing
assumptions andobtaintheaccompanyingTheorem. Proofs aregiveninthe A ppendix.

A ssumption 1: ^̄ is asymptoticallylinearwithin‡uencefunction Ã ¯(z ), E [Ã ¯(z )]= 0 ,
and V¯ = E [Ã ¯(z )¢Ã ¯(z )0]…nite.

A ssumption 2: M (¯) = @ E [m (z ;¯)]=@¯0exists andcontinuous onaneighborhoodof
¯ 0.

A ssumption 3: n¡1=2
P n

t= 1[fm (z t;¯)¡ E [m (z ;¯)]g¡fm (z t;¯0 )¡¹0g] stochastically
equicontinuousat¯ = ¯ 0.

A ssumption4: V m = E [(m (z ;¯ 0)¡¹ 0)¢(m (z ;¯0 )¡¹0 )0]existsand…nite.

Theorem1: SupposeA ssumptions 1-4aresatis…ed, then

n1=2 (¹̂ ¡¹0)
d¡! N (0 ;V¹); (14)

where V¹ = Vm + M V¯M 0forM = M (̄ 0).
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Thisresultdemonstratesthatthemethodofmomentsestimatorisconsistentandasymp-
toticallynormalunderfairlystandardconditions. Sincewearecomparingtheestimatorson
thebasisofasymptoticvariance, A ssumption4, whichassumestheexistenceofavarianceis
fairlyinnocuous. Itwillbesatis…edforindicatorfunctionssuchasusedbelow. A ssumption3,
thestochasticequicontinuityassumption, willbemetif, forexample, (m (z t;¯)¡E [m (z ;¯)])
satis…es acentrallimittheorem throughoutaneighborhoodof¯ 0:In particular, ifm (¢) is
anindicatorfunction, asbelow, this conditionwillbemet. A ndthecontinuousdi¤erentia-
bility condition, A ssumption 2, is thestandardapproachforobtainingderivativeterms in
theasymptoticexpansionwhentheunderlyingfunctionsarediscontinuous.

Basedonthelimitingcovariancematrix, alternativemethodofmomentsestimatorsbased
ondi¤erentestimators b̄canberankedintermsoftheV¯. Thissuggeststhatalowerbound
ofsomesortis attained iftheestimatorb̄ is itselfsemiparametrice¢cient. T he theorem
belowveri…esthisconjectureusingadditionalnotationandassumptions.Foreachparametric
submodel, de…nethetargetparametricfunctionintermsoftheunderlyingparameters

¹(µ) = ¹ (̄ ;h (́ )); (15)

where µ = (̄ 0;´0)0andwehavedroppedthesuperscriptiindexingthevarious parametric
families.

A ssumption 5: Forallparametricsubmodels, Eµ[kÃ ¯(z )k2 ]exists andcontinuousona
neighborhoodof µ0.

A ssumption6: Forallregularparametricsubmodels, ¹(µ)di¤erentiableandEµ[km (z t;¯0 )¡
¹0k2 ]existsandcontinuousonaneighborhoodof µ0.

Theorem2: SupposeA ssumptions 1-6aresatis…ed, regular ^̄ exists, E [S¢S0]existsand
nonsingular, and [Vm + M V ¤¯ M 0] isnonsingular, then b¹ is regularandattainsthesemipara-
metrice¢ciencybound V ¤¹ = V m + M V ¤¯ M 0forb̄semiparametrice¢cient.

Thusweseethatthemethodofmomentsestimatorattainsthesemiparametrice¢ciency
bound when based on b̄semiparametric e¢cient, as was conjectured above. The above
theorems provides amoredirectalternativetorelatedresults inBrownandN ewey(19 9 8 ).
The results there targeted E ¯;h [m (z ;¯)]with more generalforms ofm (¢) andreducedto
thepresentresultsundertheassumptionofindependenceandm (z ;¯)= g(½(z ;¯);¯). The
basicdi¤erence is thatcondition(d) in Theorem 2 there, whichguarantees asymptoticin-
dependencewithrespecttothenuisanceparameters is notneeded inthepresentcontext.
Inadditionseveraloftheconditions therecanbecombinedintoasinglesimplercondition.
Finally, thedirectapproachtakenhereavoidstheneedtoconsiderthetheoryofV -statistics,
althoughitmaybeneededtodevelop thesemiparametrice¢cientestimatorof¯.
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3. PredictionIntervals

Inthissection, theestimationofpredictionintervalsandtheirprobabilitycontentisconsid-
ered. Inthepresentationofthis section, wewillnotdiscuss themostusualapproaches to
constructingintervalssuchas intervalssymmetricaroundtheconditionalmeanorintervals
with equaltailprobabilities. Instead, the focus is on theconstructionand estimationof
optimalintervals andregions, whichwillgenerallydi¤erfrom the usualapproaches. The
approachconsidered in the followingsubsectioncan beeasilyadaptedtohandlethecon-
structionofintervals symmetricaroundthe mean. In any event, forthecases wherethe
usualapproachesmakethemostsenseandturnouttobeoptimal, suchasthelinearmodel
with normaldisturbances, the optimalapproaches introduced belowwillturn outtobe
asymptoticallyequivalent.

3.1 KnownInterval, EstimatedProbability

W estartbyinvestigatingtheestimationoftheprobabilityofaknownintervalfor, without
lossofgenerality, the…rstendogenousvariable. Considerthehalf-openinterval(c1;c2 ], and
de…ne

Pk(c1;c2 ;x¿) = P r[(c1 < y1 ·c2 )jx¿] (16)
= E [1(c1 < ¼ 1(½(z ;¯ 0);x¿;¯ 0)·c2 )jx¿]
=

Z
1(c1 < ¼1(½(z ;¯0 );x¿;¯ 0)·c2 )fz (z ;¯ 0 ;h 0)d z

astheprobabilityofyfallingintheintervalgivenx¿. W eusethehalf-openintervalbecause
theprobabilitycanthenbewrittenasthedi¤erenceintwoc.d.f.’s. O fcourseifthedensity
is continuous, thenthedi¤erence in theprobabilitycontentbetweenanopen, closed, and
half-openintervalis zero.

FollowingBrownandN ewey(19 9 8 ), thee¢cientestimateofthisconditionalexpectation
undertheindependenceassumptionisgivenbytheaverage

cPk= n¡1
X n

i= 1
1(c1 < ¼1(b²i;x¿;b̄)·c2 ) (17 )

whereb²i= ½(yi;xi;b̄)and b̄isasemiparametricallye¢cientestimator. A ndtheasymptotic
limitingbehavioroftheestimatorisgivenbyapplicationofT heorem 1 is

n1=2 (cPk¡Pk) d¡! N (0 ;Pk(1¡Pk)+ Pk
¯ V¯Pk0

¯ ) (18)

wherePk
¯ = @ E z [1(c1 < ¼1(½(z ;¯);x¿;¯)·c2 )]=@¯0j̄= ¯ 0 . ByTheorem 2, thecovariance

matrixofthis limitingdistributionrepresents thesemiparametrice¢ciencyboundforesti-
mationoftheprobabilitycontentoftheknowninterval(c1;c2 ]forV¯ = V ¤¯ andis attained
when b̄issemiparametrice¢cient.

3.2 O ptimalProbabilityInterval(G iven L ength)

Iftheinterval(c1;c2 ]isarbitrarilychosen, thenitcanlikelybeimprovedupon. Speci…cally,
wecanoften…ndanintervalofsimilarlengthA = c2 ¡c1 thathashigherprobabilitycontent.
Supposethatthedistributionofygivenx isunimodal, thenwecanformalizethisnotionby
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choosingtheintervalofgivenlengthA thathashighestprobabilitycontent:

max
c1;c2

Pk(c1;c2 ;x¿;¯ 0 ;h 0);s:t:c2 ¡c1 = A. (19 )

Iftheconditionaldensityfyjx¿(¢jx¿;¯0 ;h 0)exitsandiscontinuous, thenthe…rstordercon-
ditions forthis optimizationarefyjx¿(c2jx¿;¯ 0 ;h 0 ) = fyjx¿(c1jx¿;¯0 ;h 0) togetherwiththe
sideconditionc2 ¡c1 = A, whichimplicitlyde…nestheuniquesolutionsc¤1 = c1(A;x¿;¯0 ;h 0)
andc¤2 = c¤1 + A. Substitutionoftheoptimalintervalintotheprobabilityfunctionyields
P¤(A;x¿;¯ 0 ;h 0) = Pk(c¤1;c¤1+ A;x¿;¯ 0 ;h 0 )astheprobabilitycontentoftheoptimalinterval.

Inordertoapplythemethodofmomentsapproachtoestimatetheprobabilitycontentof
theoptimalinterval, wemust…rstestimatethenuisanceparameterc¤1. L etbfyjx¿(¢;x¿)denote
aconsistentestmator, suchas thekernel, offyjx¿(¢;¯ 0 ;h 0 ) andtake bc¤1 = bc1(A;x¿) as the
solutiontothe implicitfunction bfyjx¿(bc¤1 + A;x¿) = bfyjx¿(bc¤1;x¿). T hen afeasibleestimator
oftheprobabilitycontentoftheestimatedoptimalintervalcanbeestimatedby

cP¤= n¡1
X n

i= 1
1(bc¤1 < ¼(½(yi;xi;b̄);x¿;b̄)·bc¤1 + A). (20)

Interestingly, thelimitingdistributionofthisestimatoristhegivenby

n1=2 (cP¤¡P¤) d¡! N (0 ;P¤(1¡P¤)+ P¤¯V¯P¤¯)

whereP¤¯ = @ E [1(c¤1 < ¼1(½(z ;¯);x¿;¯)·c¤1 + A)jx¿]=@¯0j̄= ¯0 , whichis thesameas ifc¤1
wereknownwithcertainty. Thus, forb̄semiparametrice¢cient, cP¤ is thesemiparametric
e¢cientestimatoroftheprobabilitycontentofthetrueoptimalinterval, whichisunknown
butconsistentlyestimatedby(bc¤1;bc¤1 + A]

Ultimately, ofcourse, weare interestedinthecoverageprobabilityoftheestimated in-
tervalrelative tothe estimated probability. Foryoutsidetheestimation sample, which is
appropriateforoutsidesampleprediction, andhenceindependentof(bc¤1;bc¤1+ A], wecanshow

P r[bc¤1 < y·bc¤1 + Ajx¿]= E [E [1(bc¤1 < ¼(";x¿;¯ 0)·bc¤1 + A)jbc¤1;x¿]jx¿] (21)
= P¤+ E [op(n¡1=2 )]= P¤+ o(n¡1=2 )

provided bfyjx¿(¢;x¿)= fyjx¿(¢;x¿;¯ 0 ;h 0 )+ op(n¡1=4 )andhencebc¤1 = c¤1+ op(n¡1=4). Combining
thetworesults, we…ndthat

cP¤ = P r[bc¤1 < y·bc¤1 + Ajx¿]+ n¡1=2 N (0 ;P¤(1¡P¤)+ P¤¯ V¯P
¤
¯ )+ op(n¡1=2 ) (22)

= P r[bc¤1 < y·bc¤1 + Ajx¿]+ O p(n¡1=2 )

withthediscrepancybetweenthetrueandestimatedprobabilityoftheestimated interval
resultingfromestimatingthetrueprobabilitycontentofthetrueoptimalinterval.

G iven intervallength, themotivation forusingthe optimalintervalformakingaprob-
abilitystatementis clear. T hecomplicationis thatwemustestimatetheendpointsofthe
intervalas wellas the probability content. A lthoughtheendpointestimatorsconvergeto
theirtargets atarateslowerthan

p
n, the estimated probability cP¤willconvergetothe

probabilitycontentoftheestimatedintervalata
p
n rate. M oreover, itis easytoseethatp

n(cP¤¡P r[bc¤1 < y· bc¤1 + A jx¿])willattaina lowerboundwhen
p
n(cP¤¡P¤) attains
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alowerbound. Thus, cP¤ provides asemiparametrice¢cientestimatorfortheprobability
contentofthetrueandestimatedoptimalintervals.

A ttainingafasterthann 1=4 rateofconvergenceforthekernelestimatorbfyjx¿(¢;x¿)may
beaproblem ify¿ and/orx¿ areofhighdimension. Thedimensionalityintoducedbythe
conditioningvariablescanbeeliminated, however, byusingarestrictedkernelestimator.D ue
totheindependenceassumption, wehavefyjx(yjx)= f"(½(y;x;¯))jd et (@½ (y;x;¯)=@y)jand
thecorrespondingestimator

bfyjx(yjx) = bf"(½(y;x;b̄))
¯̄
d̄ et

³
@½

³
y;x;b̄

´
=@y

´̄̄
,̄ (23)

where bf"(¢) is thekernelestimatorofthedensityof" andwillnotsu¤erfrom thedimen-
sionalityofx. If" is alongvector, withmore thanthreeelements, thenwewillneedto
utilizehigher-orderkernels toattaintherequiredrateofconvergence. A naddedbene…tof
usingtheso-restrictedkernelisthatthecorrespondingc.d.f. estimatorhasthepropertiesof
asmoothedunconditionalc.d.f.estimatorandwillhavea

p
n rateofconvergence.

3.3 O ptimalL engthInterval(G iven Probability)

Thedualtotheaboveoptimizationwithrespecttotheintervalisprobablyofmoreinterest.
Speci…cally, foragivenprobabilitycontent, wecanchoosetheintervaltobeminimallength.
Continuingtoassumeunimodalbehaviorthis problemcanbeformalizedas

min
c1;c2

A = c2 ¡c1; s:t:Pk(c1;c2 ;x¿;¯0 ;h 0)= P (24)

whichhasas …rstorderconditions fyjx(c2 ;x¿;¯0 ;h 0) = fyjx(c1;x¿;¯ 0 ;h 0 )togetherwiththe
sideconditionPk(c1;c2 ;x¿;¯0 ;h 0)= P. L etA¤denotethevalueofAattheminimum, then
c¤2 = c¤1 + A¤attheminimumandc¤1 = c1(A¤;x¿;¯ 0 ;h 0), whichisthesameasbefore, bythe
…rst-orderconditions. SubstitutionintothesideconditionyieldsA¤as theuniquesolution
totheimplicitequation

P= Pk(c1(A¤;x¿;¯0 ;h 0);c1(A¤;x¿;¯ 0 ;h 0)+ A¤;x¿;¯ 0 ;h 0) (25)

whilec¤1 = c1(A¤;x¿;¯ 0 ;h 0) andc¤2 = c¤1 + A¤. This is easily seen as the inversefunction
tothesolutionofthemaximumprobabilitygivenlengthproblem, presentedintheprevious
subsection, andinacertainsense isaquantile.

The optimalendpoints canbe estimateddirectlyby bc¤1 = bc1(cA¤;x¿) and bc¤2 = bc¤1 + cA¤
wherethecorrespondingestimatedintervallengthcA¤ solvestheimplicitsystem

P= bFyjx¿(bc1(cA¤;x¿)+ cA¤;x¿)¡bFyjx¿(bc1(cA¤;x¿);x¿) (26)

and bFyjx¿(¢;x¿) isthesmoothedestimatedc.d.f. correspondingtobfyjx¿(¢;x¿). M oredirectly,
wecanusethedi¤ erenceintheempiricalc.d.f.’sandtakecA¤asthesolutionto

cA¤= sup
A

³
n¡1

X n

i= 1
1(bc1(A;x¿)< ¼(½(yi;xi;b̄);x¿;b̄)·bc1(A;x¿)+ A)·P

´
(27 )

whichistheinverseofcP¤, theestimatedprobabilityfunction, givenintheprevioussubsec-
tion. Thesupremum is used sincetheempiricalprobabilityfunctionis astep functionand
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onlyasymptoticallyone-to-one.
Ineithercase, analogoustoabove, wecanshowthat

n 1=2 (cA¤¡A¤) d¡! N (0 ;fyjx(c¤1;x¿;¯ 0 ;h 0)
¡2 fP(1¡P)+ P̄V¯P̄g) (28)

where nowP̄ = @ E z [1(c¤1 < ¼1(½(z ;¯);x¿;¯) ·c¤1 + A¤)]=@¯0j̄= ¯ 0 with the limitingco-
variancematrix representingasemiparametrice¢ciencybound forestimationoftheopti-
mallength. A nd foroutsidesampleprediction, provided bfyjx¿(¢;x¿) = fyjx¿(¢;x¿;¯0 ;h 0)+
op(n¡1=4 ), wesimilarly …ndthattheprobabilitycontentoftheestimatedoptimalinterval
withgivenprobabilitycontentisgivenby

P r[bc¤1 < y·bc¤1 + cA¤jx¿]= E [E [1(bc¤1 < ¼(";x¿;¯ 0)·bc¤1 + cA¤)jbc¤1;cA¤;x¿]jx¿] (29 )
= P+ E [fyjx(c¤1;x¿;¯0 ;h 0)(cA¤¡A¤)+ op(n¡1=2 )jx¿]
= P+ E [n¡1=2 N (0 ;P(1¡P)+ P̄V¯P̄)+ op(n¡1=2 )jx¿]= P+ o(n¡1=2 ).

Thus, althoughtheendpointsoftheestimatedoptimalinterval(bc¤1;bc¤2 ]haveaslowerthanp
n rateofconvergence, theprobabilitycontentoftheestimated intervalconverges tothe

ostensibleprobabilityatafasterthan
p
n rate.

3.4 M ultimodalD istributions

Intheabovediscussion, weassumedthattheconditionaldistributionofy1 wasunimodal. If
thedistributionismultimodalthentheapproachwillneedsomemodi…cation. Speci…cally,
wemustentertainthepossibilitythattheintervalwillbediscontiguouswithonesub-interval
foreachmode. Thegeneraloptimalityapproachwillstillworkwitheitherthetotallength
ofthe intervals setandthe probability contentmaximizedortheprobability contentset
and the totallength ofthe intervals minimized. The …rst-orderconditions willbe the
samewiththedensitythesameatalltheendpointsofthesubintervals. Itturnsoutthat
thereisamoredirectapproachthatworks forboththeunimodalandmultimodaloptimal
predictionintervalandalsoforchoosingtheoptimalpredictionregion forthemultivariate
case. A ccordingly, I turnnowtothepredictionregionproblem.
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4. EfficientPredictionR egions

Inthissection, theestimationofpredictionregionsandtheirprobabilitycontentisconsid-
ered. Theobjective, ofcourse, is tomakeconditionalprobabilitystatements regardinga
vectorofendogenousvariables ratherthanascalarendogenousvariableas in theprevious
section. A s in theprevious section, wewillonlydiscuss theconstructionand estimation
ofoptimalintervals. T here areboth advantages and disadvantages forpredictionregions
foracompletevectorcomparedtoavectorpredictionintervals applied toeachelementof
thevector. Theadvantage is thatareaoftheregionimpliedbytheunionoftheunivariate
intervalsisalmostivariableylargerthananoptimallyconstructedregion. Thedisadvantage
is thatprediction intervalsaremucheasiertointerpretandmoreeasilyunderstoodbythe
uninitiated.

4.1 KnownRegion

W e …rstexaminetheestimationoftheprobabilitycontentofaknownregion. Suppose R
denotes some regionin the spaceoffeasiblevalues ofy. T hen, analogous tothe interval
case, theprobabilitycontentoftheregionis givenby

Pk(R ;x¿;¯ 0 ;h 0) = P r[(y2 R )jx¿] (30)
= E [1(¼(";x¿;¯ 0 )2 R )jx¿]
= E [1(¼(½(z ;¯0 );x¿;¯ 0)2 R )jx¿].

ThemethodofmomentsestimatoroftheprobabilitycontentPk(R ;x¿;¯0 ;h 0) istheresidual-
basedestimatorcPk= n¡1

P
i1(¼(b²i;x¿;b̄)2 R )which, byT heorem1, willhavethelimiting

behavior

n1=2 (cPk¡Pk) d¡! N (0 ;Pk(1¡Pk)+ Pk
¯ V¯Pk

¯ ), (31)

wherePk
¯ = @ E [1(¼(½(z ;¯);x¿;¯)2 R )jx¿]=@¯0j̄= ¯ 0 . W ithsomeregularity, as indicatedby

Theorem 2, thecovariancematrixofthis estimatoris thesemiparametrice¢ciencybound
forestimationoftheprobabilitycontentoftheknownregionwhenV¯ = V ¤¯ . Thise¢ciency
boundwillbeattainedbythemethodofmomentsestimatorifb̄issemiparametrice¢cient.

4.2 O ptimalProbabilityRegion (G iven A rea)

Considerthechoiceofanoptimalregiongiventhattheregionhas agivenareaorvolume.
Firstweneedtogivesomestructuretothechoiceoftheoptimalset. L etAdenotetheset
ofBorel-measurablesetswithvolumeA, thenourproblem is choosingfrom amongAthe
setR ¤withmaximalprobabilitymeasure. Thatis,

R ¤= argmax
R 2A

Pk(R ;x¿;¯ 0 ;h 0). (32)

whereA = fB 2 B (Rg) :V (B ) = Ag. U ndersu¢cientsmoothness, anecessarycondition
thatthemaximizingsetmustsatisfyisthatitbeamemberofthelevelsetsofthedensity,
whicharede…nedbyR (q)= fy:fyjx(y;x¿;¯ 0 ;h 0)¸qgforanychoiceofthelevelq.

N otethatV (R (q)), thevolumeofsuchregions, ismonotonicallydecreasingin q. Ifthe
monotonicity is strictthen we can …nd q¤ as the solution tothe implicitfunction A =
V (R (q)) =

R
1(fyjx(y;x¿;¯0 ;h 0)¸q)d y. M oregenerally, ifthemonotonicity is notstrict,

11



thenwehave

q¤= q(A;¯0 ;h 0) = infq f
R
1(fyjx(y;x¿;¯ 0 ;h 0)¸q)d y·Ag (33)

andtheoptimalregionis givenbyR ¤= fy:fyjx(y;x¿;¯0 ;h 0)¸q(A;¯ 0 ;h 0)g. Substitution
fromthede…nitionsofq¤andcorrespondinglyR ¤ into(30)yields

P¤(A;x;¯0 ;h 0) = P r[(y2 R ¤)jx¿] (34)
= E [1(fyjx(¼(";x¿;¯ 0);x¿;;¯ 0 ;h 0)¸q(A;¯0 ;h 0))jx¿]
= E [1(fyjx(¼(½(z ;¯ 0);x¿;¯ 0);x¿;;¯0 ;h 0)¸q(A;¯0 ;h 0))jx¿]

astheprobabilitycontentoftheoptimalregion.
O perationally, weneedtoestimate q¤andhence R ¤, and theprobability contentofthe

latter. Thecomplicationwiththe…rstis theneedtoperform amultidimensionalintergral.
Thismaybeavoidedbytransformingtoexpectationsandusingaverages

bq¤= inf
q
fn¡1P n

t= 1[1(bfyjx(y;x¿)¸q)=bfyjx(y;x¿)]·Ag (35)

where bfyjx(¢) is aconsistentestimatorsofthemultivariateconditionaldensity. Theoptimal
regionwithareaAmaybeestimatedbycR ¤= fy:bfyjx(y;x¿)¸bq¤gandthecorresponding
probabilityby

cP¤= n¡1
P n

t= 1 1(bfyjx(¼(½(z t;b̄);x¿;b̄);x¿)¸bq¤)). (36)

In practice, bq¤ as given by (35) can be obtained by abinary search since the estimated
volumeisalsomonotonicbyde…nition.

N otethatthenuisanceparameters bfyjx(¢)andhence bq¤willbothbeconsistentbuthave
slowerthann¡1=2 ratesofconvergence. N onetheless, thelimitingbehavioroftheprobability
contentestimatorisgivenby

n1=2 (cP¤¡P¤) d¡! N (0 ;P¤(1¡P¤)+ P¤¯V¯P¤¯) (37 )

whereP¤ is de…nedimmediatelyaboveandP¤¯ = @ E [1(fyjx(¼(½(z ;¯);x¿;¯);x¿;;¯ 0 ;h 0) >
q(A;¯ 0 ;h 0 ))jx¿]=@¯0j̄= ¯ 0 , whichis thesameas iftheoptimalregionwereknownwithcer-
tainty. Furthermore, forb̄semiparametrice¢cient, themethodofmoments estimatorwill
attain thesemiparametrice¢ciencyboundfortheestimationoftheprobabilitycontentof
the known optimalregion. A nalogous tothe intervalresults, we …nd thatcP¤ converges
toP r[y2 cR ¤ jx¿], thecoverageprobabilityoftheestimatedregion, attherate n¡1=2 and
moreoverthatn1=2 (cP¤¡P r[y2cR ¤jx¿])attainsasemiparametrice¢ciencybound, provided
thatbfyjx(¢)and bq¤convergetotheirtargetsataratefasterthann 1=4.
4.3 O ptimalA reaRegion (G iven Probability)

W earelikelymoreinterestedinthedualproblemofchoosingaregionwithgivenprobability
soastominimizetheareaorvolumeoftheregion. L etP denotethesetofBorel-measurable
sets with probabilitymeasureP, then theproblem is choosingfrom amongP thesetR ¤
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withminimalvolume. Formally, wehave

R ¤= argmin
R 2P

V (R ), (38)

where P = fB 2 B (R g) :M (B ) = Ag and M (¢) is probabilitymeasure. A s above, under
su¢cientsmoothness conditions, theminimizingsetmustbeamemberofthelevelsetsof
thedensity. Sincetheprobabilitymeasure M (R (q)) is alsomonotonicincreasingin q, we
have

q¤= q(P;¯0 ;h 0)= inf
q
f
R
1(fyjx(y;x¿;¯ 0 ;h 0)¸q)fyjx(y;x¿;¯ 0 ;h 0)d y·Pg (39 )

and the optimalregion is givenby R ¤ = fy :fyjx(y;x¿;¯ 0 ;h 0) ¸ q(P;¯ 0 ;h 0 )g. Substitu-
tion intothe volume operatoryields A¤(P;¯ 0 ;h 0 ) = V (R (q¤)) =

R
1(fyjx(y;x¿;¯ 0 ;h 0) ¸

q(P;¯0 ;h 0)))d y.
O perationally, wedonotneedtoestimateA¤since itwillbegivendirectlyasaresultof

estimatingq¤. Substitutionofasampleaveragefortheexpectation in(39 ) andsolvingfor
q intermsofPyieldsthefollowingestimatorforq¤:

bq¤= inf
q
fn¡1P n

t= 1 1(bfyjx(¼(½(z t;b̄);x¿;b̄);x¿)¸q)·Pg. (40)

Butthis estimatoris justtheapproximate inverse function forthe estimated probability
givenby(27 ) intheprevious subsection. Correspondingtotheresultsforintervals, we…nd
that

n 1=2 (bq¤¡q¤) d¡! N (0 ;fyjx(q¤;x¿;¯ 0 ;h 0 )¡2fP(1¡P)+ P̄V ¯P̄g) (41)

wherenowP̄ = @ E [1(fyjx(¼(½(z t;¯);x¿;¯);¯ 0 ;h 0 )¸q¤)]=@¯0j̄= ¯ 0 . G ivenourestimatorof
q¤, theestimatedregion is givendirectlyas cR ¤= fy :bfyjx(y;x¿) > bq¤g. N otethatq plays
muchthesameroleasaquantileintheunivariatecase.

Intheend, weareinterestedin P r[bfyjx(¼(½(z t;b̄);x¿;b̄);x¿) > bq¤jx¿], thecoverageproba-
bilityoftheestimatedregion, relativetothegivenprobabilityP. Followingthedevelopment
intheprevioussectionforintervals, provided bfyjx¿(¢;x¿) = fyjx¿(¢;x¿;¯0 ;h 0)+ op(n¡1=4), we
have

P r[bfyjx(y;x¿) > bq¤jx¿]= E [E [1(bfyjx(¼(";x¿;¯ 0);x¿)> bq¤jbq¤;x¿]jx¿] (42)
= P+ E [fyjx(q¤;x¿;¯ 0 ;h 0 )(bq¤¡q¤)+ op(n¡1=2 )jx¿]
= P+ E [n¡1=2 N (0 ;P(1¡P)+ P̄V¯P̄)+ op(n¡1=2 )jx¿]= P+ o(n¡1=2 ).

Thus, althoughtheboundriesoftheestimatedpredictionregionhaveslowerthan
p
n rates

ofconvergence, theprobabilitycontentoftheestimatedregionmayconvergetoitsostensible
valueataratefasterthan

p
n, aswasthecasewithintervals.
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5. SamplingExperiment

In the previous twosections, we have examined the asymptoticbehaviorofthe various
prediction intervaland regions. It is ofobvious interestwhetherornotthe asymptotic
propertiesalsoobtaininsmallsamples. Inthissectionweshallattempttoaddressthis issue
byconductingasamplingexperimentforanonlinearsimultaneous system. Inordertokeep
thecalculationproblemmanageable, themodelis extremelysimpli…edandhassomerather
specialproperties. A s aresult, the…ndingsregardingthesmallsampleperformanceofthe
variousestimatorsarenotnecessarilyapplicabletomorerealisticmodels. N evertheless, the
studyshouldgivesomeindicationoftherelativeperformanceofthealternativeprocedures
in smallsamples. Inparticular, weare interested in howquicklythelargesamplerelative
e¢cienciesassertthemselvesinthismodel.

Forthesamplingexperiment, weutilizethefollowingtwo-equationnonlinearmodel

yt1 = ¯ 1 + ¯ 2 xt+ ut1
yt2 = ¯3+ ¯ 4y

2
t1 + ¯5xt+ ut2

where(ut1;ut2 )0»i:i:d .N(0 ;§ ), § = (¾ij). A specialfeatureofthismodelistheavailability
ofaclosed-form solution:

yt1 = ¯ 1 + ¯ 2 xt+ ut1
yt2 = ¯3+ ¯ 4 (̄ 1 + ¯ 2 xt+ ut1)2 + ¯5xt+ ut2 .

A saresult, themomentsofy¿ arereadilyobtainableinclosedform.
(Tobecompleted)
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6. ConcludingRemarks

Inthispaperwehavestudiedalternativeproceduresforobtainingpredictionintervalsand =or
regions in nonlinearsimultaneous systems with independentdisturbances. The need for
attachingprobability values toourpredictions is ofobvious importanceandhas received
considerableattentioninboththelinearregressionmodelandlinearsimultaneousequation
model. A lthoughasubstantialfractionofthemodelsusedforpredictionarenonlinearsimul-
taneoussystems, verylittleattentionhasbeengiventowhatproceduresmightreasonablybe
usedtogenerateprobabilityvalues. T heworkpresentedinthispaperapplies theresultson
semiparametrice¢cientestimationofexpectationfunctionsbyBrownandN ewey(19 9 8 )to
thepredictioninterval/regionproblemandtherebyextendsthepreviousunpublishedworkof
BrownandM ariano(19 9 1)onpredictionintervalsandregions. Thelatterwasonlypartially
semiparametricsince the parameterestimatorwas assumedtobeequivalenttomaximum
likelihood.

TheconstructionofpredictionintervalsisexaminedinSection3. TheapproachofBrown
and N eweyis applied toobtain thesemiparametrice¢ciencybound forestimationofthe
probabilitycontentofaknowninterval. Thelimitingdistributionofthemethodofmoments
estimatoroftheprobabilitycontentis developedandshowntoobtainthee¢ciencybound
whenbasedonsemiparametrice¢cientparameterestimates. O ptimalprediction intervals
thatmaximizetheprobabilitycontentofthe intervalgiventhe intervallengtharestudied
andfeasibleestimatorsoftheintervalandtheirprobabilitycontentdeveloped. Thefeasible
estimatorsoftheprobabilitycontentisshowntobeasymptoticallyequivalenttoanestimator
basedonthetrueoptimalinterval. T heestimated probabilityis showntodi¤erfrom the
coverageprobabilityoftheestimatedintervalbytermsoforderand, moreover, thedi¤ erence
attains alowerbound whenthe methodofmoments probability estimatoris based ona
semiparametrice¢cientestimatorof¯. Thedualproblemofminimizingtheintervallength
giventheprobabilitycontentoftheintervalisalsoconsidered. A feasibleestimatorofsuch
anintervalisdevelopedits asymptoticbehaviorexamined. T hecoverageprobabilityofthe
estimatedintervalisshowntodi¤erfromtheostensibleprobabilitybytermofordersmaller
than

p
n.

Theconstructionofpredictionregions is studiedinSection 4. Thelimitingbehaviorof
themethodofmomentsestimatoroftheprobabilitycontentofaknownregionisdeveloped
and showntoattain the semiparametrice¢ciency bound when basedon semiparametric
e¢cientestimates ofthe parameters. Theconstructionand estimationofoptimalregions
whichmaximizeprobabilitycontentgivenregionareaorvolume is examined. Theoptimal
regionsareshowntobelevelsetsoftheconditionaldensityoftheendogenousvariablesgiven
theexogenousvariables. Feasibleestimatorsthatarebasedonnonparametricestimatorsof
thedensityandmethodofmoments estimatorsoftheprobabilitycontentaredevised and
showntoattain thesemiparametice¢ciencybound forestimatingtheprobability content
ofaknownoptimalregionwhenbasedonsemiparametrice¢cientestimatesof¯. Regions
whichminimizetheareaorvolumeoftheregiongiventheprobabilityarealsostudiedand
feasibleestimatorsdevised. Theasymptoticbehaviorofthefeasibleestimatorsoftheregion
is developed. A swiththeintervalcase, thecoverageprobabilityoftheestimatedintervalis
showntodi¤erfrom theostensibleprobabilitybytermofordersmallerthan

p
n.

TheresultsofasamplingexperimentarepresentedinSection5. (Tobecompleted)
There areanumberofdirections inwhichtheresearchoutlined in this sectioncanbe
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extended. Theformalmodelanalyzedis i.i.d., whilemostpredictivemodelsaredynamicin
nature.Itappearsthattheresultscanbeappliedprettymuchdirectlytostationarymodels
withi.i.d. and independentinnovations, butanumberofdetails needtobeworkedoutto
formalizetheextension. A notherinterestingextensionis tofullynonparametricprediction
intervals and regions. The approach outlined above can be utilized tocalculate optimal
unconditionalpredictionintervals formodels withnosystematiccomponent. T hatis, we
havenomodelfory butseektoconstructoptimalprediction intervals andregions using
estimateddistributions. Itappears thatsuch estimated intervals andregionswillalsobe
asymptoticallyindependentofthenuisanceparametersofthedensityestimator.T hisresult
shouldbeofgreatinterestandneedstobeworkedoutingreaterdetail.
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