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T he anstruction dfpredician intervak and reg ans and thel ip rdoabi ity cotentfarmaninear systems
with noparametricdisturbancss is arsicered. T he semiparametric et dency baund orestimating te
praboabiity acottent of a knann interval (regan) and estimatars ttatattain the baund are develkped.
Semiparametiic e¢ dentestimatian of gotimal predictian intervak (regans) whidh ether (i) maximize
prdoabi ity cottentgven inernal length (regian area) ar (i) maximize interval length (reg an area) gven
prdoabi ity cottentis studied. T he estimated prdoabi ity cotteritof (i) is faund tohae the same imiting
behavior as i the interal (regan) were knoan with certainty and hence attains the semiparametric
e¢ dency band. Further; tte es*limale prabability of the estimated inf?n,al (rega) gpprodimates

the true coerace pradoabiity o ader ™ n far (i) but oder amaller then " n £ (ii). A | aonte Carlo
experimentis aonducted to compare the new predicars to canpetitars.

Keywords: Semiparametric e¢ dency baund, gptimal pradictian intervak, predictian regans,
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1. Inroductdon

T he aoditianal predictian prdbEm involes develping knankedoe d the distribution of
the prediciand \ariebE(s) autside the samp E perial gven certain aanditianinginfamaion.
T he atiribute of this distiibutian that hes reeived the most atleritian is IS Gler; &8
manifested by, say, the condiiconal mean. T his padnt prediction prdokem is wellstudied
far Inear madek wWhere tre prdbkem reducss 1o ..ding the aanter of the distribution of
the disturbancss, tpically zerg and substituiling paraneter estimates into the condrianal
mean Tinction. In nanlinear (in the variablkes) madek, this prdokem involes mae anp Ete
knoniedce diftte distribution dhthe disturbanass, and hes been addressed thraudh the use of
smulbtion tednigues toestimate the aodiional mean using drans fran an estimate ofthe
distribution of the disturbancss. T his distribution aauld ertherbe parametric as inH omey
ad Kekggan (19 71) a-naparametric as in B ronn andll ariano (19 8 4).

B eyond pantpredician, we are interested in detemining a range dhvalles dhthe pre
dicdad variablks and sane messure of the prdosbiity of aliing in the range. Fixing the
prdoebity ata gven \ale the prdblEm beaomes ae afdevelping an gppropriate interval
in the uNhanate Gse ad an goprprate regan in the multhvanate cee. A gain, Tor knear
madel ageatdealis knonn it in additian, the disturbencass are assumed tobe namal. In
this = the prediciard is coditically namal ad aonpletely daracterized by its mean
ad carance matrix and the aconstrudion dfpredcian intenak ad reg os is stragitior
ward and wellstudied. In partiaular; the targetintenak and regans éan be represented as
knonn fTunctias diestimated parameters thatare goprpriake, at bsst ssymptatically and,
forsone Gsss in..nie samp Es. Simi larly; iTthe distribution dthe disturbencss is nanar
mal butstll parametrically sped..ed, the intervab and regans can generally be represenied
as knonn Tinctias dfestimated parameters thetare at bsstasymptotically, gppropriate.

U nfatwnately, ifthe madel is nanlirear in the varablkes ar te distibution of tte dis
turbanass is naparametric then the aanstruction of the internak and regons is sonenwhnat

1partial suppartfron | SF gantSES-19 058 16is gatefully adaonedged. T he autharwishes totank!ll ahmaud
El amal and espedally R doertoll ariang my coauthoron the iebted 199 1 paper; farhelpful disasssians.



mare anplicaed and Ess wellstudied. A ihauch the aostiruction of predician intervab
ad regas is an dovasly impartant tpic and mast predictive madek are nanlirear in
theariabks there has been very Itk wark conceming the behaviar dipredictian intervab
ad regas in nanlinear smullareaus systams. L ikewise there has been very ttle wak on
predcian intervak and regans in inearmadek when the distibutiaon is notsped.ed. A n
exaptia is the unpublished pgperby B ronn and |l ariano (1991), whidh aosiders il ate
Carbsimultian based preddian intervak and reg ons when the distribution ofthe distur
bancss is knonn and residualbased pradictian ineenak ad regans when the distribution
in Nnotsped.. ed.

T he purpae af this pgperis 1o develp tednicues goprpriate tor astruction of pre
diction internak and regas vwWhen the disturbancss are naparametric and the structural
madel is nonlinear: T he researdh presented in this paper builcs an the residual besed ted
nigues in B mannandll ariang whidh are gppropriate trrmaockek where the disturbanass are
indeperdantofthe regessars. T he gppraadh introducad inB ronnandl eney (199 8) farsami-
paranetricet dentestimation drexpedtatias is gop ed O davelp semiparanetricet dent
estimates d the prdosbi ity aatent of knonn internak and regas far parametric madeb
with naparametric disturbance distributiaon. B eyad knonn internak and regas, internvak
ad regas thathae ssymptoticgtimal praperties in the sense diminimalarea aragven
prdoebi ity aatentarmaximal prdoahl ity aontentfrag\ven aca are develped. 4 Mhaudh
epliatly deekped Tormninearsystams, the tednigues shauld goply eqally vell to near
systems with nanparametric disturbance distribution.

T he autline oftte pgperis as TAllons. 1N the seaod sectian, the besicmadelis intraduced
ad rkbantprevias resuls reviened. T he acostruction and praperties afed dentprediction
interak Tarsamiparametric madek, induding gotimal interak, are presanied in the third
sdian. Inthe faurth sectian, e¢ dentsemiparametricpredictian regans, indudinggotimal
regas are deelped. T he reltive behaiarof te prgpaed gotimal predictars and thelr
aompetitars are presented and aatrested viaall onte Carbstidy in te | fth section. T he
resulis are summarized and a numberafpranising passibe extensians are disassed in the
~malsedian. Fartte pupees afthis paper arstruction ofa prediction inteervala regan is
arstried o induce bath the estimation oftte interval arreg on gven a prdoah ity cotient
ad estimation oftte prdosbi ity aatent gven the internal a- regan



2. B asic Conogpts

In this pagoer; we Will aasider predictian in a static naonlinear system with independentt
enas. T he data gererating praoeesss forsudh asystem éan be represented

y= %Ch%; ) @

whereyis ag £1 vectordfendoggass \aniabkes, X is a k£ 1 vedtor dfexasenass variablkes,
"isag £1 disturbaene vecx; U(Fisag £1 veckr fFknonn finctias, and  isap £1
vector of unknonn parameters. T he vectar of driving variables (9, x9) are assumed o be
Janty il . with a jJantdistribution thatsatis.. es indgpendenae of* and X butis atherwise
urgped..ed and unresticied, exaptiarsone snodthness restricias. || ofe the distribution
oftte disturbancss " are alloned tohae anawrero baation parameter; say ® = | ['] sothe
paaneter\vectar  daes notindude an inerapt

W e assume that tte reltioship betneeny and ™', gven x, isae toae. Thus we will
resstrictaur attattion tomadek whidh hae the unige inerse representation

"= X ): @

where %(¢ is a knonn function. T his inverse riepresentatian is sually interpreted s the
structural fam of the mocel whi e the data generating pracsss is the reduced fam. A
rnumber afmockek Bl within this framenak induding the Inearand nonlinear regression
madek ad the Inearad nonlinear smultarneaus eguattion makk. |n practics, the reduasd
fam arespoding toa partiaularstruciure may notbe ava bk in dased fam butcn be
dotared thraugh rumercal ednigues.

W e are interested in the coditical prediction aofthe endaggnaus variablkes Tarsane auk
side sample dssenatian, denoted by sulbbsanipt;,, gven the \valles o the exagpnaus variablkes.
T he preddian gppraadhes intraducd below will deperd audally an estimation of aondi-
tional eqedatians of knann £inctians of e endagenaus \ariebks y; gven the exagenaus
\ariebks x; . D ue 1o the indepedence assumptian, sudh expectatios hae the cananical
representatian

Z
EoalgOK = XJI= gGCix T DRI ®
Z

9 Caz; )ix,; NE@EIh)z

Z

m @z )&y ;h)z

1(C;h)

where g(Fad henceemn (= gUG(F );Xx;; )) ae knonn q£1 functias, F(¢) is the
dasity oF ", f,(zj ;h) is tte dasity Fz, ad h is an unknoan foncion 1O ietect the
distribution free nature drithe sped..cation. T he bstineis the anaical epediation studied
iNnBronnad il eney (1998) with restrictians imp ied by the fam in the seaod line

T he essattial amplicatias in the estimation of ' are the unaa ity ofF  ad the
inahl ity toperfam the indicated integation since the distribution is unsped..ed. T he most
natural response 1 these conplicatias is oestimate ~ with, say  and gpprodimate the
inegalwith an aerage, Whidh daes notneessitate oeafingthe distribution. Sped.cally,
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Wwe propcse the methad aFmaments estimatar

X 1
m =0t 0 ) @
Nt gCiCaze Dk )

vhere = %(zg D). Thefindios g(¢andn (¢ ) are unrestricied exaptfrsone snaoth
Ness in the expediation afthe latter; whidhwi lBlbe impased bebonv: T his is the residual besed
sstimatarof the targetexpedatian pragpased by B ronn ad il ariano (19 8 4).

Itis instrudive O examire saveral eanp s of residual besaed estimakas aonsidered by
B rovn and !l arfana Farpantprediction e are interested in Ux,) = £ [y, K, ] vwhereypon
gy) = y, and the methad oFmanerts esimatkris gven by

X n
Bix)=nit %@ Dix, P ®

Inmessuringpredidiive acaureny, the seaod aondiicnalmaonett () = £ [V, 1 T ))D, i
X)) K ] 1s impartaritand may be estimated by

X g
Boc)y=nit 0@k D 1 Bx )G ©

i rd the coditional distribution nction F1(Gx,) = | [Li - Ok ] whidh is of direct
inerestbebwy hesg(y) = 1¢4 - S with

X
Rex)= it 106.6@EPxD - o @)

as its methad afmaments estimatcr-

Suppce that te dataare gererated by a parametric madel whidh satis.. es the samipara
metric asssumptios ad aatains the truth. Sudh a makl is alled a parametric sumacel
sine itis a subsstafFthe madel aansisting aofF distributians satisk/ing the assumptias. Far
mally we suppce

z>F@g;h (o)) ®)
where 7, is a..nite length vediar of shepe parameters for tre true distribution T(§; and a
zexosubsaiptindicates the true parameterale. T he setdfparametricsubmakek, then is
de..ned as the setafdistributiaons Whidh satisfy the semiparanetric sssumptions and

LK HIE@) ER {*4 PHIE))) ¢

farsome ' = (9°9%= (,%709°= P adallz, where "' is a shepe parameter for
parametricsubmockl i | ofe that the Iengih of tte shepe parametervector” * and hence !
may div erfardis erent parametric suomadek.

P rgjedias antothe spacs goannad by the saaes of the parametric sulmaocek are im-
partantin determining the semiparametric estimatars and e¢ denoy baurds. L etSE(z) =
(S'(@)° S'(2)9° denote the saaes ofa parametric suomadel D e. ne the norpasametric tBn
gt s=t s the mean sguare dosure afthe unian drall passibe g-dimensiaal inearaombi-
natias oS (2), ie.

T= 2R [0< 1,;B5S2) sttt [KtiB;Si@K]= o)y, (10)
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where B ; are aonstantmatrices with g rons andt [ Gdenoies expecitationatthe iuth. | eney
(19 89) hes previasly studied the estimatian oftre parametenecir  fathe presantmadel
underthe indgpendence assumptian and shonn that the noparanetric gt setis gven
by

T=Te()+ £ £ [€C)]=t [€X)]= 0g; 1)
wvhere £(¢ and (¢ are unisstricied Endios exeptforthe mean zeroproperty. | ole thatt

the residualafthe propdion dittesaae S (2), Tarany paranetricsuomadel whidh indludes
e ttuth an the noparametric angantset.

S(2)= S@ i ProxS @in:; 12)

is knonn as tre et datsoore T, vhereP ro g(2)jIn) dendies the prgection ofg(z) on
T

Simibrly, de.ne the agaitset S as the mean square dosure of the unian of all ¢
dimensianal Inear ambinatias oF S, (z) Torall regulrpaametricsuomadek satisfing the
sEmiparametric assumptias ie.

S= 2RI [s%]< 1;94;S@) st [k i ASDK]= o)y 13)

whereA; ae arstantmatricss withg rons. A s migtheexpected thereis adice reltiaship
betneen the tWotangentsets. || ae anpactly, weanwie S= 8s+ ¢ ¢ 2T adB

isacstntq£p matri>g. By de.nitialh Bs- = Bs+ BProj(sJT)= Bs+ ¢ far¢ 2 T,
wherepan S = s+ ¢ 1 ¢ 2 Tg. | ce thatthe thocompaatts are athagmal whidh
implies thata prgecion oS Gan be dotained as the sum ofte progectian oo the A0
aompaents.

Sine a distributian is noteplidtly sped..ed in doaning®, the estimatarwi il be sami-
paranetiic if” is semiparametiic  Sped..cally ” shaul remain aonsistent £ any dis
tribution satisfing the semiparanetric assumptians. A aaadingly, we male the Tollkoning
assumptias and dotan the accompawyming T heaem. P rack are gvenin e A ppendix.

A ssumption 1: ™ is assymptotically Enearwith intuence furction A-(2), £ [A-@)]= 0,
adV- =  [A-@) b -@)]..nite

_ Assurption2: W ()= @F[m @ )E ™ ° edist ad antinuous an a nédoorhoad of
0-

L sstnption 3 ni= LM @) it 0 @D § @6 y) § 0l Strhestically
Ui at = .

A ssumption4: V, = £ [ @) i) %Nz ) i L)) edss ad .nite.
Theorem 1 Sygpose A ssumptias 1-4 are safis.ed ten

@) i N Q;Va); 14)
wereVs = Vg + M V- Ol = M ).



T his resultdemarstiaties that the methad ofmaments estimataris ansistentand asymp-
otically namal under i rly stendard andiians. Sinaewe are amparing the estimatars an
the basis dfessymptotic\arana, A ssumptian 4, whidh assumes the exdistencee dfavariane is
farlyimaoouas. 1'twillbe satis..ed Torind atafunctions sudh as used belon A ssumptian 3,
the stodhsstic equ aotinuity assumption, willbemettif fareanpk (M (zg ) it [0 @ )D
satis..es a cntral Imittheaem thraudhauta reigbahaod of | - In partiauker; ifm (§is
an indicatorfunctian, as bebbwy this condiion willbe met A nd the coTinuaus dic erentia
bilty codiian, A ssumptian 2, is the stendard gppraadh o dotaning denvative erms in
the asymptotic eparsian when the uncering Tunctians are discotiruaus.

B asad an the Imitingaariance matrix, aliermative methad afmaoments estimatars besed
an dis erentestimatars P aan be ranked in ©1ms oftheV- . T his suggests thatta baerbaurd
of somne sart is attsired ifthe estimator P is itelf semiparametrice¢ dent. T he thearem
bebbneri..es this aanjeciire using additianal notation and assumptians. Fareadh parametric
sulbmackel de..ne the targetparanetric functian in tems af e unceriving parameters

W= *C:h O 15)

vhere i = (2 9%and we have digoped the supersaipt i indexing the vaias parametric
families.

A ssumption 5: For all pasametric sumaek, E[K - (2)K ] exis and continuous an a
nadoorhaod of |y, -

A ssumption 6 Forall regubrparanetricsuomodek 1 () dis erentisbkeand Ej[kn (zg )
1, K] edsts and axinuos an aneigoorhond of |y

T heorem?2:; Supposeh ssumptias 1-Gare satis. el regular ™ exdsss, | [Sds) exdists and
narsingular; and [V, + N VA 9 is nasingular; ten bis regulbrand atteirs e samipaia
metric e¢ dencybound V2=V, + M V- Ofor P samipaiametric e¢ dient

T hus ve see that the methad aFmaments estimator atiains the semiparametrice¢ dency
baund when besed on bsemiparanetriced:ciem; as wes ajectured aboe. T he aboe
theaans provides a mae direct aliermative 1o related results inB roan and |l eney (1998).
The resuls there targeted | -5 [m (z; )] with mae general fams ofm (¢ and reducd ©
the presenit results uncer the assumptian ofindegpendence andm (z; )= g(%(z; ); )- The
besic direrence is that conditian (d) in T heaem 2 there Whidh guarantess asymptolic in
dependence with respect to tte nuisane parametars is notheaced 1N the present aotiext
In addition several ofthe aodiios there an be combined iNntoa singke simp eraondian.
Hnally, the directgppraach taken here avd cs the need toaonsiderthe theay ofV - statistics,
althaudh it may be needed o develp the semiparametriced dentestimatarof .



3. P rediction | ntenals

In this section, the estimation ofpredictian interak and thelrprdoah ity contentis aonsid

ered. In the presantatian of this sectian, we will natdisauss the mast usual gppraadhes 1o
arstucting interak sudh as internvak symmetric araud the aonditical mean arintervakb
with equal Gl prdosbilities. Instead, the Toak is on the costructian and estimatian of
gotimal interak and regas, whidh will generally dicer fon the usual gppraades. The
gopraadh aosidered in the Oliwing sulbsectian éan be essily adepted © handk the aon

struction of intervak synmetric araund the mean. 1N any event. Tor the Gasss where the
usLal gppraadhes make the mastsense ad twm auttobe gotimal sudh as the Iinearmadel
with namal disturbanass, the gotimal gopraadhes intraduced below will um aut to be
asymptotically ecpivalent

3.1 Kroan Intenal Estimated P rdeh ity

W e startby investicating the estimatian of the prdosbi ity ofa knonn ineenal ta; withaut
s ofgneralty, the . 1Istendapnas \variebke. Consider the half gpen interal (¢, ], ad
de.ne

Pl@ex) = Prll@<y - @Kkl e
1@< G )% o) - k]

(@< % Ch@; o)X o) - @z osho)z

as the prdoabi ity ofy alingin theintenalgvenx, . W e use the halfgpen internalbecause
the prdoaa Ity caan then be wiitien as the direrence in twocd.f’s. 0 faurse ifthe density
is aottinuas, then the dicerene in the prdoaa Ity contat betneen an qpen dosed, ad
half qoen intenal is zr

FAllvwngB ronn and il eney (199 8), the e€ dentestimate of this coditiagnal expectation
underthe indgpendence assumptian is gven by the averace

X n
P it 1(e< mEx; D - @ a7
vhereBy= %(yi xi; 1) and Pis asemiparametiically e¢ dentestimator: 4 nd the ssymptotic
Imiting behaiardftre estimataris gven by gopication T heaam 1 is
nHE<FPY § N OPU i Py PYV-PY @8)

where P<= 0f ,[l(@< @@ )X ) - @F0 J--,. By Theaem 2, te maraxe
matiix ofthis Imiting distiibution represents the semiparametric e¢ dency baund toresti-
matian ofthe prdosbi ity aatient ofFthe knonn ineenal (G; ¢] TorV- = V- ad is attarned
when Dis ssmiparametrice¢ dent
3.2 0 ptimal P rdzhilty Ineral ¢ iven L ength)

ITheintenal (g; ¢ is abitrarily daen then itcen lkely beimproed ypan. Sped.cally,
weandfien.ndanineraldsmibribegih A = ¢ j ¢ thathas higherprdoaa ity aatient
Suwppoe trat the distributian ofy gven X is unimadal then we an famalize this naotian by
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daxing the internal dgven bBngth A thatt hes highestprdoebi ity cotent
MaxXP(G &X;; o:M)isEE i G= A, @)

ITte aonditicnal dersity fyz, (K, ;ho) edit and is aottiruas, then tre .. iIstaderaont
ditios for this gotimizatian are T3, (GK;; :ho) = i, (GK,; ;) Etherwith the
sdeanditan ¢ j e = A, whidh implidtlyde..res theunige solitios G = G(A;X;; :ho)
ad = ¢+ A. Substitution ofthe gotimal interal into the prdoebi ity functian yiebs
PP(A;x;; o;ho) = P& &+ AsX.; o3hy) asthe prdosbi ity antentofthe qotimal interval.

In adertogop ly the methad dFmanents gppraach oestimate the prdocbi ity cotentor
the gptimal intenal e must. istestimate the nuisance parameter &. L ety (9x;) denote
a asisent estmator; sudh as the kemel of £, (€ (;ho) ad Ele é = &(A;x;) as the
saLtion othe impidtinction B, (8+ A;x.) = Bk (&x,). T hen afesibk estimator
aof the prdoahi ity aantentoftre estimated gqotimal internval can be estimated by

X n
Pe= it 1< heMExsDix D - 8+ A). @0)
Interestingly, the Imiting distribution ofthis estimataris the gven by
nHE PP NP i P PP

where P = @F [1(@< Y%((z; )ix,; ) - G+ A)j<¢]:@_(_}t=—0, whidh is the same as if &
were knonn with certainty. T hus frbseﬂipalaneuiced:dml: P2 is the semiparametric
e¢ adent estimatar of the prdoaa Ity atentof tre true qotimal interval Whidh is unknonn
but ansistently estimated by (&, 8+ A]

U limakely dfcourse we are interested in the coerage prdosbi ity of the estimated in
‘eral relHtive 10 te estimated prdoebilty. Fary adtside the estimation ssampke whidh is
gppropriate Torautsice ssmplke prediction, and hence independent (€, &+ A] weanshowv

P8 < y- &+ A= £ [ [L(&< %(ix: o) - 8+ Ai&xIK] @D
= PP+ p[o,(1¥)]= PP+ o(nit?)

proviced B, (9%,) = Fg, (8% ;o) 6 (111 ) andhene &= G 0,(n 1***). Canbiring
e o resulls we .. .nd thaet

P = Pr8<y- 8+ Ajx ]+ niTN QP i P+ PV-P)+ 0,(017) (2
P8< y - 8+ AJx]+ 0,(ni'?)

with the disagpancy betineen the true and estimatted prdosbi ity of the estimated interval
resulling fron estimating the true prdosbi ity conent dthe ttue gotimal interal
6 iven internal ength the mativation faor using te gotimal interval Tarmalking a prdo
ad ity statementis dear: T he amplicatian is thetwe must estimate the endpants ofthe
interal as well as the prdoda ity A Mhoudh the endpant estimatars aonveree 1o
their tagets ata rate sbnaerthan ' n, tesﬁmggjprdﬂjlyp“WIme@bte
rdosbi ity aent of the estimatied inenal ata” n rate. || aeower; (tis essy 1O see that
NP iPH< y - &+ A jx. D willatlein a baerbandwhen ™ n(P° j P°) attains
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a brerbaind. Thus, P? provdes a semiparametric e¢ dent estimator for the prdocbi ity
agientofthe triue and estimated gotimal intenak.

A tEininga Bser tenn ™ rake of anvergnee o tre kermel estimator €5, (9x,) may
be a prdbbEm ify, and/arx; are ofFhigh dmesian. T he dimensiagnality intaducd by the
aditaing\ariabks anbeelminated, hanever; by usinga restricied kermelestimatar: D ue
tothe independence assumptian ehave T3 (VIK) = TGy x5 ) Jet @% (vxx; )=0y)jad
e aonespading estimakar

J— P Jp—

R0 = ﬁc/zccx;t))%et 0% y;x; P =gy - 23)

where fJ(t):is te karrel esimatar of the dasity oF" and wi ll notswe er fan the dimen
saalty afx. IT" is a lbhg\veda;, with mae ten three eemants then we willl nreed
utiize hiderader kermek toatiain the requred rate dfconergenee. A N added bane. tof
using the so resstricied kermel is that the aarespadingcdf estimakahes the properties of
asmaothed unaoditical cd.festimatarand willhae a' n rate of convergnee.

3.3 0 ptimall engh Ineral ¢ iven P rdxbilit)

T he dual O the sboe qptimization with respecttothe interal is prdsebly aimae interest
Sped..clly;, Taragven prdosbi ity aattent, ve can dhaoe tre interval to be minimal ngth.
Cattiruing toassume unimadal behemarthis prdolkem Gan be famalized as

MiNA= €1 G stP(EEx; )= P ¢

whidh hes as .. iIstater aadiions fyu (X, ; o:h0) = Ki(@:%; o;ho) tTooetherwith the
side aodition PY(q; G:X;; ;)= P. 1 etA” dencie the valle ofF A atthe minimum, then
G= G+ A% actheminimum and G = (A% X, ; ¢;ho), whidh is the same as befare, by the
. IsEaderandtians. Suostitutian into the sice aonditian yieks A” as the unigue solition
O the implidtequation
P= P(SA%X,; 0:00) GA%X 5 o3h0) + A% 05h0) 25)

whik G@= G(A%X,; ¢;h) ad &= &+ A" This is el ly seen as the inverse Tuncion
1O the sdution af tte maxdmum prdoabi ity gven ngth prdolkem, presented in the previass
subsection ad inacrainsaee isagiati ke

T he gotimal endpdints & be estimated directly by 8 = §(&;x,) ad 8= 8+ &
where the aarespadingestimated intenal bngh &° sobes the impidtsystem

P= R, (@E;x)+ &5x,) i R, (@;x,);x,) el5)

ad rk;,-q(qx&) is the snaothed estimated cd.f. cateqomdrgloi?,k (gx;). I aedirectly
we G Lee te dic erence in the empirical cd.f’s ad take & as the sdution ©©

3

X
A= gp nil _Fll(tp(A;xé)< 1/4(1/z(y.;xi;tb;xé;t) - OAX )+ A) -P @7

A

whidh is the inverse ofP°, the estimated prdocbi ity functian, gven in the previaus subsec
ton. T he supramum is usaed sinae the empincal prdosbi ity Tunctian is astep fundian ad
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aly ssymptotically ae IO ae.
In either s, analbgos thaboke we an shavthat

N ETAY N CGRi(EX T )P R i P+ PV-Po) @)
vhere noAP = 0F [1(@ < ¥%l(z; )ix,; ) - G+ A")]:@_ﬁz—0 with the Emiting ao
\arance matrx representing a semiparanetric e¢ aency baund foresimation dfthe qoti-
mal bhgih. A nd Torautside samp k predicion projided P@K(cp((;): 5 (@, ¢ ho)+
o, (1), we similarly ..nd that the prdosbi ity cotent of the estimated qotimal interval
with gven prdosbi ity aotentis gven by

P& < y- &+ SR]= [ (U< 4(ix: ) - @+ MHBAXIK] @)
P+ £ [f(@X,: 0:h)E® § A+ 0,0 )ik, ]
P+t[ni=EN O;PQL i P+ PV-P)+ g,(n"¥)K, 1= P+ o(ni'¥).
phus allhah the edhdrits of tre estimated qptimal interel (&, 8] hae a sbnerthen

n rate daonvergene ﬂeprdaebilywlmtcfﬁeesﬁmam ineerval conags tothe
osensibk prdossbiity ata Bsterthan’ n rate.

3.4 I uimadalD istribuias

In the aboe dsaussian, we assumed thatthe coditional distribution dhy; wes unimadal |
the distributian is multimadal then the gppraadh will need sone madi..cation.  Sped..calily,
we mustatteran the passibi ity that the interval wi llbe discottiguaus with ae sub internal
fareech made. T he gereral otimality gppraadh wi ll still wakwith ertter te ol Bgth
of the internakb st and the prdoahi ity aontent maximized ar the prdosbi ity content sst
ad te ol bgh of te inerab minimized. T he .. iskader aanditias will be the
same with tte dansity the same atall the endpdnts oftte subintenak. Ittums astthat
there is a mae direct gppraadh thatwarks fa-bath the unimadal and mulimaodal gotimal
predician intenal and abofar dxaxing the qotimal predicion regan for the multivariate
e, A aaadingly | um novoothe predcian regan prdokem.
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4. Efficient P redicionR egans

In this sectian the estimation ofpredictiaon regas and thelrprdosbi ity contantis aonsid

ered. The dojectinve ofF acaursg is 1O make aondirional prdosbi ity statemants regarding a
vector of endagenaus \ariables ratherthen a salr endogeaus \arabE as in the previaus
sdian. A s in the pravias secian, we Will only disauss the aostrudiaon ard estimation
ofptmal internak. T here are bath achantagess ad dissdvantegss Tor predicion regans
faoraamp Ete vectar aanpared 1o a vedtar predician interak gpplied toeach ebment of
e vedr: The advantece is et area o the regan imp lied by the unian afthe univariate
interak is aimcstivariabkey lrger then an qotimally aastrucked regan. T he disecharttece
is thatpredicion inervak are mudh esdler o ineErpretand mae essily understoad by the
uninitiated.

4.1 KrornRegon

W e ..rsteanine the estimatian of the prdosbi ity catient of a known regan. Suppase R
dendies same regan in e space aof feesibe valless ofy. T hen, analogos 1o the interval
G2 the prdoshi ity cotentafthe regan is gven by

PIy2R)K:] 0)
ELCCH % o) 2RIk ]

E[LCACRGZE 0 )% 0) 2R)K ]

T he method oFmamants estimatiorofthe prdoebi Ity cotatP<R X5 o:hp) isthe residual

besed estimatorB<= n it i1(1/4(Iéa;xc-;t) 2R )whidh, by T hearem 1, wi lhae the Imiing
behaiar

PR 5%:; 0;h0)

2@ §PY N OPU i PY+ PY-PY, @D

where P<= @F [10:@; )ix:: ) 2R)KFO F--,. W ith sane regubrity, as indicaked by
T hearem 2, the coananc: matrix of this estimakyis the semiparametric e¢ dency baund
farestimatian ofthe prdoabi Ity caotentdrthe knonn egaawhen V- = V-, T his e dency
baund will be attained by the methad dFmaments estimator ifRis saniparametricet dent

42 0 pimal P r™dzbiityRegaon ¢ ivan A 18)

Cansider tte dhacee dran gotimal regon gven that the regon hes a gven area avalume.
Histwe need tOg\e some structure 1 the ddce afthe gptimal set L et A dencte the sst
of B aelmessurabk sets with volme A, then aur prdolem is chasing fon anag A the
setR = with maximal prdosbi ity messure. T hatis

R == argmaxPR ;% ¢:ho).- (€]

where A = 8 2BRY) :V(B)= Ag. Unndersut dentsmaothress, a necsssary aondiion
that the maximiangsstmust satisky is thatitbe amemberafthe el st of the dengity,
vhichaede.nedbyR (@)= K i(:X;: o:ho) - qo Tarany dac ofte kbelq.

I oe thatV R (@), the valme dfsudh regas, is moaically deaessingin g. [ Fthe
manotonidty is strict then e can .nd g7 & the solition 1 the impidtfuncian A =
VRER@)= 1E\ExOM:X; o3h) - a)y. I ae grerally ifthe monotonidty is notstrict,
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thenve hane
R
o’ = qA; ¢;hp) = igff LK% o:ho) -y - Ag (€<))

ad tre gotimal reganis gven byR ®= /1K (ViX:; o:ho) o a(A; (:ho)g. Substituion
filan the ck..nitias of g™ and aonespadingyR © into (0) yviels

Pr(/2R K] (€D
EIICRECChXes 0)i%ess o3h0) 2 (AT p3ho))ik ]
E[LCR&CCAZ; 0)iXss 0)3Xess osho) o ACA; o5ho))K:]
as the prdosbi ity aotlent o the gotimal regaon.

0 peratioally, we need o estimate g"ad henae R ©, ad the prdosbility aotent of the

ltier: T he anpliation with the .. 1stis the need 1o perform a mulidimensiagal intergal.
T his may be axaded by transikaming to epectatians ad using aerages

4P
=i i LB ix) - Rk&x)] - Ag @)

PA;x; 4:hy)

V\haeﬂ,j((q: is aasisientestimatas of the multivariate condiioal dersity. T he gotimal
regon with area A may be estimated by ©°= 1y :Pi,y(y;xé) _ #9g and the anrespading
prdoebiity by
. P
Po= nit L 1Rk e P Do) ). €]
In practice d® as gven by () @&n be doteinad by a binary seardh sinee the estimated
volme is aBbomaotnic by de. nitan.
I ofe that te nuisance paranelersi?;(f}and hence d9 will both be asistantbuthae

sbnerthann i rates ofaconvergenee || anetteless, the iminting bereviar of the prdoebi ity
aentestimatkais gvan by

NHE PP § N QOPA i P+ PV-P) @)

where P is ce.ned immediately aboe and P = 0 F [1(F4 0 C(Z; )% )iXs o:he) >
a(A; o;ho K FE™ F--,, whidh is the same s if the gptimal regan were knonn with cer
Einty. Furttermare, f:rbsemipalameuiceq: dent; the methad of momerts estimatorwilll
attain the samiparametric e¢ dency baund far the estimation of the prdoebi ity aatlentor
the knonn gptimal regan. 4 nalogos 1 tre intenal results we ..d that P° aonvergss
P 1y 2 Kk, ] the coerace prdosbilty o the estimated regon, atthe raen i ad
maeoer thatnt= (P §P rly 2 =k, ] atiains asamiparametrice¢ dency baurd, provicsd
that k) (Fand P onvae o teragts ata e Eserthenn .

43 0 pimalA | Regan (¢ iven P rdzbilt)

W eare lkelymae interested in the dual prdolem afdhossinga regan with gven prdosbi ity
soas ominimiz thearmaanolme dfitte regan. L et?  dencie the setdfB ael messurablke
sets with prdoahi ity messure P, then the prdolm is dhasing from anagP  the sstR ©

12



with minimalvolme. Famally, we hene
R®= argmiry R ), &)

where! = 8 2BRY) :M B) = AgandlM (¢is prdoch ity messure. A s eboe under
su¢ dentsmodhness caditions  the minimizng setmustbe a membear of tre el sets of
the daxsity. Sine the prdosbiity messure I (R (Q)) is abo monakoic inaessing in g, We
hae

_ . R _ _
q°= aq(P; o:ho)= ||;ﬂ: 15X 5 osho) - DREOsX; oshody - PO @)

ad tte gotimal regan is gven by R “= Fy - K (ViX:; 05ho) - §P; o5ho)g. Substitr
tian into the volume qperator yiebs AP, ;hg) = VR @) = 1(\z0A%:: o5ho) =
a(P; oshoy.

0 peratically, we donotneed O estimate A” sine itwi Bbe gven directly as a resultor
estimating ¢°. Substitution ofFa sample averace T the exectatian in () and sdvngfar
g in tams of P yiels the Tolioning estimata fog®

P
6= ifin n 1 LR C(ze D%, D)%) ) - PO (40)

B ut this estimakx is just the gpprodimake inerse tincion o the estimatted prdosbi ity
gven by 27) in tre pravias subsedtian. Canesponding tothe resulls Trinenak, we .d
that

nT@ i) i N O REEX o) L § P)+ PV-Pg) 1)
where nonP = @ [1(K¢% @6 )i X:s )i oiho) - q“)]:@_ojzfo. 6 iven aur estimatar of
¢, the estimated regan is gven directly as 9= 1y R (ix,) > 50. | oe thatq plys
much the same ke as a quanti ke in the univariate Gse.

Intheend, weareinteresed in P ;¢4 (26 D x,;D):x,) > 9Kk, ] e coerae praoa
bilty oFte estimated regian, relive 1O the ghven probehi ity P. Fallwing tre develpment
in the pravias section Torintenaks, prwidedi?,j(é(q»@: T, (B; o:ho)+ op(it), ve
hae

PriER(Y;%,)

Vv

5 1= E £ (1050 C5 %57 0)i%,) > 655 %, Ik, ] @)
P+ £ [R5@75%: 0:ho )@ 1 )+ 0p( 7 )ik, ]

P+ NN O;PL i P+ PV-P)+ oo(n')K 1= P+ o).
Thus althaugh the baundries of the estimatied predicion regan have sboner tten pﬁ raes

ofconergenas, the prdosbi ity aatientofthe estimated regan may anverce i's ciensibke
\ale ata rae Bsertren n, as wes the e with intervaks.
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5. Sanmpling BExqeriment

In the pravas tho sectias e hae examired the asymptotic behaviar of te \araus
predcian internal and regas. 1t is of doviass interest whether a nat the asymptotic
prperties abkbodotan in smallsamp ks 1N this section we shall atiempt toaddress this issue
by conducting a samplingeermentfarananlinearsimulianeas system. In aderto ke
e calaulation prdokem manegeeble, the madel is extiramely simpl..ed and hes sane rather
goedal properties. 4 s a result the ..ndings regarding the smalll samplke perfamanc ofthe
\anas estimakas are notheasssari ly gpplicabe tomae realistic madek. | evertteless the
study shauld gve sane indication afthe reltive perfamance of the aliermative procedures
in small sampks. In partiaular;, we are interested in howv quid<y the lrge sampke ieltine
e¢ dendes asrt ttemsebses in this maokel
Fartthe samp ingeenmeant. we uti iize the 1olloning tho ecuatian nanlinearmadel

Ye = 1t Xt W
Ye = 3t Yut ot W

whete (Lg; W )°>> il . NQ;8), 8 = (- 4 spedalfeature of this madelis the avai ki ity
ofa dosed fam solutian

Ye = 1t Xet W
Ve = 3+ (1t oxet W)+ sXet W
A saresult the manatts ofy, are reedily dotainebk in dosed fom.
(T obe cmpktd)
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6 Cocluding R emarks

Inthis pgperve havestiLdied altermative prosedures fardotainingpredicion intervaks and =or

regas in nanlinear smultaneaus systems with indgpendent disturbanass. T he need Tar
attaching prdosbi ity \vales 1t aurpredicias is of dvas impartance and has recived
axsiderebE atientian in bath the Inear regressian mocel and Enearsimultaneaus equattion
madel A #haudh asustattial fractiaon ofthe madek wsed Tarpred dian are nanlinearsimul

tanaaus systems \ery ittke atiention hes been gven towvnat proedures migitressanably be
used o generate prdosbi ity \vales. T he wark presented in this pgpergpplies te resullls on
sEmiparametric e dent estimation drexpectation fTunctians by B ronn andll eney (1998) 1O
the prediction inenal regan pradbem and therdby extends the praeviaus unpublished warkkof
Branwnadil atano(l99 1) an predcian intervak and regans. T he Etlerwes anlly partially
sEmiparametric sine te parameter esimatr wes assumed 10 be ecuivalentt 1o maxaimum

ilelihaad.

T he aastructian dfpredictian intenak is examined in Sectian 3. T he gppraach B rionn
ad |l eney is goplied 1O dotain the semiparanetric e¢ denoy baund farestimation of the
prdoebi ity aatentofa knonn interval. T he imitingdistributian dFthe methad ofmaments
estimatar of the prdosbi ity cotentis devekped ad shonn todotain the e¢ aency baurd
when besed an samiparamnetric et aent paraneter estimates. 0 ptimal predictian intervak
that maximize the prdoahi ity cotentd the interval gven tre interal length are studied
ard fessibE estimatas ofthe interval and thei rprdoahl ity aotientdevelped. T he feesibke
estimatars affthe prdoabi Ity aotentis shonn e ssymptatically ecuivabnttoan esimatar
besed an the ttue gotimal intenal T he estimated prdoah Ity is shonn todicer fon the
cerace prdosbi ity dHthe estimatied interval by erms ofaderand, maeowser; the dic erence
attains a loner baund when the methad of manents prdoahi ity estimatar is besed an a
samiparametricet dertestimatarof . T he dual prdoEn afminimizing the internal Bgth
g\en the prdoah ity contentofthe intenalis aboasicered. 4 feasibk estimator of sudh
an intenalis develpead its ssymptdtic behaiareamined. T he coverace prdoa ity ofthe
esnmgt_ad interval is shonn todiz erfrom the cstersib prdoahi ity by term ofadersmaler
tan n.

T he acastruction of prediction regas is studied in Sectian 4. T he imiting behaiarof
the method afmaments estimatarof the prdosbi ity aatientofa knoan regan is cevelped
ad shonn 1o atlain the samiparanetric e¢ dengy baund when based a1 semiparametric
e¢ dentestimates d tte parameters. T he aonsttuctian ad estimation of gotimal regas
which maxdmize prdosbi ity aatient gven regan areaarvolume is eamined. T he gotimal
regans are shonn tobe kel sets afthe codiigialdensity af the endagenaus variables gven
e exapas \arabks. FeasibE estimatas that are besed an nopaametric estimatars of
the dansity and methad af manents estimatars of the prdosbi ity aotient are devised ad
shaonn to atiain the semiparametic e¢ adacy band torestimating the prdosbi ity cotent
afa knonn gotimal regan when besed an semiparametricet dentestimates oF . Regas
which minimiz the area a~valme ofthe regan gven the prdosbi ity are abo studied and
feesibE estimatars davised. T he assympitotic behaiarof te feesibE estimatars ofthe regan
is develped. 4 swith the interal s, the coarace prdoebi ity oftte estim inenal is
shonn todic er fon the astersible prdoabi ity by term of adersmaller tten ' n.

T he resuls dfFa samp ingexerrmantare presanited in Secian 5. (T olbe aanp Eted)

T here are a number of directions in Which the researdh autlined in this section Gan be
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extendd. T he famal madel analyzed is i.1.d., whi E mast predictive makk are dynamicin
nature. | tappears that the results an be gpplied pretty mudh directly tostatianary madeb
with i.id. ad indgpendantimowatians, buta number ofdeta k nesd O be watked aut o
famalize the extersian. A natber interesting exiensian is 1 Tilly noparametric predicion
inerak ad regos. T he gopraadh autined aboe éan be utiized © calabie gotmal
uncondiianal predician internak trmadek with nosystematic compaent T hatis we
hae no madd for y but seek 1O aastruct otimal predctian intenak and regans using
estimated distributians.  |'tgppears thatsudh estimated intervakb and regas will ako be
asymptotically independentafthe nuisanae parameters dthe density esimaikar: T his resulic
shauld be of geatintersstand needs O be waked autin geater cetail
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