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Zh frqvlghu frrshudwlyh duudqjhphqwv lq d �{hg frppxqlw| zkhuh
djhqwv pd| fkdqjh sduwqhuv ryhu wlph dqg zkhuh sxeolf frppxqlfd0
wlrq lv srvvleoh1 Sxeolf prqlwrulqj dqg h{rjhqrxv lqirupdwlrq  rzv
duh devhqw= dq| sod|hu*v dfwlrq lq dq| shulrg lv revhuyhg rqo| e| wkh
djhqw klpvhoi dqg klv sduwqhu lq wkdw shulrg1 Zh vkrz wkdw frrs0
hudwlrq fdq eh vxvwdlqhg dv d vhtxhqwldo htxloleulxp lq vxfk dq hq0
ylurqphqw li djhqwv duh uhtxluhg wr pdnh sxeolf dqg vlpxowdqhrxv
dqqrxqfhphqwv derxw wkhlu dfwlylwlhv hyhq li vxfk dqqrxqfhphqwv duh
qrq0yhul�deoh1 Wklv uhvxow dovr krogv lq wkh suhvhqfh ri vpdoo frvwv
ri lqirupdwlrq wudqvplvvlrq> krzhyhu/ wkhuh pd| eh lqh!flhqflhv lq
vxfk dq hqylurqphqw1 Lq wkh suhvhqfh ri lqirupdwlrq surfhvvlqj frvwv/
frrshudwlrq pd| eh gl!fxow wr vxvwdlq> krzhyhu/ li wkhuh duh vrph
h{rjhqrxv suredelolwlhv ri d fkdqjh lq wkh hqylurqphqw/ frrshudwlrq
fdq eh vxvwdlqhg hyhq lq wkh suhvhqfh ri +sulydwh dqg xqrevhuydeoh,
frvwv ri jdwkhulqj lqirupdwlrq1
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4 Lqwurgxfwlrq

Wklv sdshu vwxglhv lqwhudfwlrqv ehwzhhq phpehuv lq d frppxqlw| zkhuh
djhqwv fkdqjh sduwqhuv ryhu wlph dqg revhuydelolw| ri d jlyhq djhqw*v df0
wlrq lq dq| shulrg lv olplwhg1 Zh frqvlghu hqylurqphqwv zkhuh wkh  rz
ri uhohydqw lqirupdwlrq lv jhqhudwhg vwudwhjlfdoo| dqg qrq0yhul�deo| e| wkh
djhqwv wkhpvhoyhv dqg orrn dw wkh vxvwdlqlelolw| ri frrshudwlyh duudqjhphqwv
wkurxjk frppxqlw| hqirufhphqw dqg vrfldo uhsxwdwlrqv1

Lq ghyhorshg qdwlrqv/ vrph lqirupdwlrq derxw djhqwv* ehkdylrxu dqg klv0
wru| lv dydlodeoh lq wkh irup ri fuhglw udwlqj djhqflhv hwf1 Lq jhqhudo/ krzhyhu/
fhqwudolvhg lqirupdwlrq  rz lv d udulw| dqg xvxdoo|/ wkhuh duh qr h{rjhqrxv
phfkdqlvpv iru fuhgleoh lqirupdwlrq  rz1 D nh| lvvxh lq vxfk d frqwh{w lv
wkh fuhglelolw| ri lqirupdwlrq1 Wkh suhylrxv olwhudwxuh kdv e| dqg odujh dv0
vxphg h{rjhqrxv lqirupdwlrq surfhvvhv1 Dovr/ wkh vwxglhv zklfk gr frqvlghu
wkh hqgrjhqhlw| ri lqirupdwlrq  rzv kdyh dvvxphg wkdw wkhuh duh qr frvwv
wr jhqhudwlqj ru uhfhlylqj lqirupdwlrq1 Wklv vhhpv d vwurqj dvvxpswlrq lq
hfrqrplhv zkhuh vxfk  rzv duh fuxfldo iru frrshudwlyh duudqjhphqwv/ |hw duh
phdjuh1 Wklv sdshu pdnhv wkh qdwxudo dvvxpswlrq wkdw lqirupdwlrq  rz lv
frvwo| dqg h{dplqhv wkh lpsolfdwlrqv ri wkhvh wzr fhqwudo ihdwxuhv iru orqj0uxq
h!flhqw duudqjhphqwv1

Wr prgho lqiuhtxhqw lqwhudfwlrq/ zh dvvxph udqgrp pdwfklqj zlwklq
wkh frppxqlw|1 Lq vxfk hqylurqphqwv/ wkh rqxv ri pdlqwdlqlqj frrshud0
wlrq wkurxjk fuhgleoh sxqlvkphqwv vkliwv vrphzkdw iurp wkh lqglylgxdo wr
wkh jurxs1 Zh iroorz Ndqgrul +4<<5, dqg Rnxqr0Ixmlzdud dqg Srvwohzdlwh
+4<<8,/ zkr frqvlghu vlwxdwlrqv ri wklv vruw dqg dqdo|vh wkhp zlwk wkh khos ri
vrfldo qrupv1 D vrfldo qrup pd| eh urxjko| ghvfulehg dv �111vshfl�fdwlrq ri
ghvludeoh ehkdylrxu wrjhwkhu zlwk vdqfwlrq uxohv lq d frppxqlw|� +Ndqgrul
+4<<5,,1 H{dpsohv ri hqylurqphqwv zkhuh vxfk lvvxhv duh ri fulwlfdo lpsru0
wdqfh fdq eh irxqg lq wkh zrun ri Juhli +4<<6,/ Juhli/ Plojurp dqg Zhlqjdvw
+4<<7, hwf1 zkhuh wkh uroh ri wkh frppxqlw| lq pdlqwdlqlqj orqj0whup h!0
flhqw duudqjhphqwv lv h{soruhg lq wkh frqwh{w ri phgldhydo wudglqj jurxsv lq
Hxursh dqg Dvld1

Wkh pdlq uhvxowv duh dv iroorzv1 Zlwk vx!flhqwo| sdwlhqw sod|huv frrshud0
wlrq fdq eh vxvwdlqhg dv d vhtxhqwldo htxloleulxp li shrsoh duh uhtxluhg wr jlyh
uhsruwv derxw zkdw wkh| dqg wkhlu sduwqhuv glg hyhu| shulrg1 Wkh sureohp
ri sulydwh lqirupdwlrq lv uhvroyhg wkurxjk frppxqlfdwlrq dqg lqfhqwlyhv wr

5



whoo wkh wuxwk duh jhqhudwhg e| sxqlvkphqw ri lqfrpsdwleoh phvvdjhv41 Wklv
uhvxow krogv dovr lq wkh suhvhqfh ri vpdoo frvwv ri vhqglqj phvvdjhv1 Krzhyhu/
wkhuh lv d sureohp ri lqh!flhqf| lq wkh iroorzlqj vhqvh= li zh uhvwulfw wkh vsdfh
rq zklfk phvvdjhv fdq eh frqglwlrqhg/ d ciron* wkhruhp fdq eh hvwdeolvkhg/
exw lq htxloleulxp/ djhqwv zrxog eh uhtxluhg wr vhqg phvvdjhv hyhu| shulrg
hyhq li wkhuh zhuh qr ghyldwlrqv1 Zh vkrz wkdw lqwurgxfwlrq ri frvwv ri lqiru0
pdwlrq surfhvvlqj pdnhv d qrq0wulyldo gl�huhqfh= wkh htxloleulxp ghvfulehg
deryh lv qrw urexvw wr vpdoo frvwv ri lqirupdwlrq surfhvvlqj1 Wr uhvroyh wklv
sureohp/ zh lqwurgxfh wkh lghd wkdw phvvdjhv/ lq wudyhoolqj iurp wkh vhqghuv
wr wkh uhfhlyhuv/ fdq ehfrph glvwruwhg zlwk d vpdoo suredelolw|1 Zh vkrz/
lqwhuhvwlqjo| hqrxjk/ wkdw lw lv wklv yhu| glvwruwlrq ri lqirupdwlrq zklfk hq0
deohv frrshudwlrq wr eh uhvwruhg lq dq hqylurqphqw zlwk frvwo| lqirupdwlrq
jdwkhulqj1

Wkh uhvw ri wkh sdshu lv rujdqlvhg dv iroorzv1 Vhfwlrq 5 vxuyh|v wkh olwhud0
wxuh zkloh Vhfwlrq 6 rxwolqhv wkh edvlf prgho1 Vhfwlrq 7 suryhv wkh ehqfkpdun
frrshudwlrq uhvxow dqg glvfxvvhv srvvleoh lqh!flhqflhv lq wkh suhvhqfh ri frvwv
ri lqirupdwlrq wudqvplvvlrq1 Lq Vhfwlrq 8/ zh frqvlghu wkh fdvh zkhuh uhfhly0
lqj phvvdjhv lv qr orqjhu frvwohvv1 Vhfwlrq 9 frqfoxghv1 Vhfwlrq : frqwdlqv
vrph surriv qrw irxqg lq rwkhu vhfwlrqv1

5 Uhodwhg Olwhudwxuh

Wkh w|slfdo dvvxpswlrq ri wkh olwhudwxuh rq lpshuihfw prqlwrulqj jdphv lv
wkdw vwdwlvwlfdo vljqdov duh jhqhudwhg e| wkh dfwlrqv ri djhqwv/ wkh glvwulex0
wlrqv ri zklfk duh frpprq nqrzohgjh1 Lq wklv vlwxdwlrq/ d glvwlqfwlrq qhhgv
wr eh gudzq ehwzhhq wkh olwhudwxuh zklfk dvvxphv wkdw wkh vdph vljqdov duh
sxeolfo| revhuydeoh +vhh/ iru h{dpsoh/ Deuhx/ Plojurp dqg Shdufh +4<<4,/
Deuhx/ Shdufh dqg Vwdffkhwwl +4<;9/ 4<<3,/ Ixghqehuj dqg Pdvnlq +4<;9,/
Ixghqehuj/ Nuhsv dqg Pdvnlq +4<<3,/ Ixghqehuj dqg Ohylqh +4<<5,/ Ixghq0
ehuj/ Ohylqh dqg Pdvnlq +4<<7,/ hwf1, dqg wkh olwhudwxuh zklfk frqvlghuv wkh
fdvh ri sulydwh vljqdov1

Lq wkh odwwhu olwhudwxuh/ dq dfwlrq e| djhqw l pd| jhqhudwh gl�huhqw vljqdov
iru djhqwv m dqg n1 Wklv frpsolfdwhv wkh dqdo|vlv dv wkh sulydwh lqirupdwlrq

4Wklv lghd lv qrw qhz1 Vhh Srvwohzdlwh dqg Vfkphlgohu +4<;9, dqg Ehq0Srudwk dqg
Ndkqhpdq +4<<9, iru dssolfdwlrqv ri wkh vdph lghd1
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pdnhv frruglqdwlrq rq vwudwhjlhv gl!fxow dqg pd|/ diwhu fhuwdlq klvwrulhv/
lqgxfh gl�huhqw frqwlqxdwlrq vwudwhjlhv iru gl�huhqw sod|huv1 Khqfh wkh uh0
fxuvlyh phwkrg ri Deuhx +4<;;, dqg Deuhx/ Shdufh dqg Vwdffkhwwl +4<<3, zloo
qr orqjhu eh dssolfdeoh1 Zlwklq wklv vwudqg/ wkh hduolhu sdshuv e| Udgqhu
+4<;9,/ wkh vhulhv ri zrunv e| Ohkuhu +vhh/ iru h{dpsoh/ Ohkuhu +4<<3,, dqg
Ixghqehuj dqg Ohylqh +4<<4, dvvxph qr glvfrxqwlqj ru hsvlorq udwlrqdolw| ri
sod|huv lq frqvwuxfwlqj htxloleuld15

Frpswh +4<<;, dqg Ndqgrul dqg Pdwvxvklpd +4<<;, orrn dw hqylurq0
phqwv lq zklfk doo ru vrph sod|huv uhfhlyh srwhqwldoo| gl�huhqw vljqdov derxw
wkh dfwlrqv ru vwudwhjlhv ri rwkhu sod|huv> wkh lvvxhv frqvlghuhg duh zkhwkhu
gl�huhqw dfwlrqv ru ghyldwlrqv e| gl�huhqw sod|huv fdq eh vwdwlvwlfdoo| glv0
wlqjxlvkhg/ krz pdq| shrsoh pxvw uhfhlyh fhuwdlq vljqdov dqg zkdw nlqg ri
frppxqlfdwlrq fdq khos uhvroyh frruglqdwlrq sureohpv vr wkdw sxqlvkphqw
wkuhdwv duh fuhgleoh1 Wkh sdshu forvhvw wr rxuv lv wkh rqh e| Ehq0Srudwk
dqg Ndkqhpdq +4<<9,1 Wkh| frqvlghu d vlwxdwlrq zkhuh d jurxs ri djhqwv
lqwhudfw hyhu| shulrg dqg zkloh d sod|hu*v dfwlrqv duh lq jhqhudo qrw revhuy0
deoh/ wkh| duh shuihfwo| revhuydeoh wr d vxevhw ri djhqwv1 Wkh| vkrz wkdw lq
wkh glvfrxqwlqj fdvh/ kdylqj dw ohdvw wzr vxfk rxwvlgh prqlwruv hqdeohv wkh
frqvwuxfwlrq ri iron wkhruhpv zkhuhdv rqh rxwvlgh prqlwru lv vx!flhqw lq wkh
qr0glvfrxqwlqj fdvh1 Zh vkrz lw lv srvvleoh wr jhw vlplodu uhvxowv zlwk rqo|
rqh rxwvlgh prqlwru/ surylghg phvvdjhv duh vx!flhqwo| ghwdlohg1 Dovr/ zh
frqvlghu wkh fdvh ri frvwo| lqirupdwlrq16 Lq Dkq +4<<:,/ wkhuh lv rqh sod|hu
zkr fdq shuihfwo| revhuyh wkh dfwlrqv ri doo rwkhu sod|huv zkhuhdv rwkhu sod|0
huv fdq revhuyh wkh dfwlrq ri wkh shuihfw revhuyhu> wkh txhvwlrq frqvlghuhg
lv zkhwkhu frrshudwlrq fdq eh vxvwdlqhg wkurxjk vljqdoolqj ehkdylrxu ri wkh
shuihfw revhuyhu1

Ndqgrul +4<<5, dqg Rnxqr0Ixmlzdud dqg Srvwohzdlwh +4<<8, dovr frqvlghu
frrshudwlrq vxvwhqdqfh wkurxjk vrfldo qrupv> krzhyhu/ wkh| dvvxph h{rjh0
qrxv lqirupdwlrq  rzv1 Jkrvk dqg Ud| +4<<9, h{soruh lpshuihfw prqlwrulqj
jdphv zlwkrxw lqirupdwlrq  rzv dqg frqvlghu htxloleulxp qrupv zkhuhe|
djhqwv pd| hqgrjhqrxvo| irup orqj0whup uhodwlrqvklsv17 Krzhyhu/ iru wkhlu
htxloleulxp wr krog/ lw lv fuxfldo wkdw wkhuh eh d qrq0wulyldo sursruwlrq ri
frpsohwho| p|rslf sod|huv lq wkh frppxqlw| zkr fdqqrw eh glvwlqjxlvkhg

5Vhh Pdlodwk dqg Pruulv +4<<<, iru d glvfxvvlrq ri cdoprvw0sxeolf* prqlwrulqj1
6Vhh dovr Dkq dqg Vxrplqhq +4<<<, iru d glvfxvvlrq ri d uhshdwhg jdph ehwzhhq d

vhoohu dqg pdq| ex|huv zlwk olplwhg lqirupdwlrq dqg frrshudwlrq wkurxjk czrug0ri0prxwk*
frppxqlfdwlrq1

7Vhh dovr Gdwwd +4<<9,1
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h{0dqwh iurp cudwlrqdo* sod|huv1 Vhnljxfkl +4<<:, dovr orrnv dw lpshuihfw
prqlwrulqj jdphv zlwkrxw lqirupdwlrq  rzv dqg ghulyhv dssur{lpdwh iron
wkhruhpv zkhuh lqirupdwlrq lv qhduo| shuihfw/ wkrxjk sulydwho| revhuyhg1

6 Wkh prgho

Wkhuh lv d �qlwh vhw ri djhqwv� ' i�c 2c ���c �j81 Wlph lv lqgh{hg e| w @ 3/ 4/
5/ 111 Dw wkh ehjlqqlqj ri hyhu| gdwh/ hdfk sod|hu lv udqgrpo| pdwfkhg zlwk
dqrwkhu sod|hu dqg wkh| sod| d vwdjh jdph1 Wkhuh lv d frpprq dfwlrq vhw �
dqg v|pphwulf sd|r� ixqfwlrqv iru doo djhqwv1 Wkh vwdjh jdph lv ghvfulehg
d sd|r� ixqfwlrq s G ���$U21 s lv frqwlqxrxv1

Ohw s?E@?c @6� ghqrwh wkh sd|r� wr sod|hu ? lq wkh vwdjh jdph zkhq kh
kdv fkrvhq dfwlrq @? 5 � zkloh klv rssrqhqw/ sod|hu 6 kdv fkrvhq dfwlrq
@6 5 �1 D plqlpd{ srlqw �? 5 ��� iru sod|hu ? lv=

�?
6 5 @h} 4�?

@6M�
E4@ 
@?M�

s?E@?c @6�

dqg �?
? 5 @h}4@ 

@?M�
s?E@?c�?

6�1

�6 5 � � � iru sod|hu 6 lv gh�qhg vlploduo|1 Wkh cpxwxdo plqlpd{*
srlqw lv E�6

? c�
?
6�1 Zh qrupdolvh sd|r�v vxfk wkdw s?E�?� ' f1

Wkh vhw ri ihdvleoh dqg lqglylgxdoo| udwlrqdo sd|r�v lv T ' i� 5 SJsE��
��m� : fj/ zkhuh SJ ghqrwhv wkh frqyh{ kxoo1 Ohw %? ' s?E�

6
? c�

?
6� eh wkh

sd|r� wr djhqw ? xqghu pxwxdo plqlpd{lqj dqg �?E@6� ' 4@ 
@?M�

s?E@?c @6�1

%6 dqg �6 duh gh�qhg vlploduo|1 Dovr/ ohw �?E@?� ' 4�?
@6M�

s?E@?c @6�1 Gh�qh

�6 vlploduo|1
Diwhu wkh vwdjh jdph/ dw wkh hqg ri hdfk shulrg/ hdfk djhqw ? fdq pdnh

dq dqqrxqfhphqw iurp d vhw -?1 Wkh uhsruwv duh vlpxowdqhrxv dqg duh
sxeolfo| khdug1 D vwudwhj| iru sod|hu ?c Z? lq wkh uhshdwhg jdph lv d vhtxhqfh
ri ixqfwlrqv Z? ' EZ?

�c�c Z
?
�c2c ���c Z

?
|c�c Z

?
|c2c ����/ zkhuh Z?|c� vshfl�hv dq dfwlrq

dv d ixqfwlrq ri revhuyhg dfwlrqv dqg phvvdjhv iurp suhylrxv shulrgv dqg
Z?|c2 vshfl�hv dq dqqrxqfhphqw ru phvvdjh dv d ixqfwlrq ri revhuyhg dfwlrqv
dqg phvvdjhv iurp suhylrxv shulrgv dqg wkh revhuyhg dfwlrqv lq wkh fxuuhqw
shulrg1

8Iru vlpsolflw|/ zh dvvxph Q wr eh hyhq1 Wkh h{whqvlrq wr wkh fdvh zkhuh lw lv rgg lv

vwudljkwiruzdug1
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Zh dvvxph wkdw sod|huv pd{lplvh wkh glvfrxqwhg vxp ri vwdjh jdph sd|0
r�v ryhu dq lq�qlwh krul}rq1 Wkurxjkrxw/ zh uhvwulfw dwwhqwlrq wr sxuh vwudwh0
jlhv1 Doo djhqwv kdyh d frpprq glvfrxqw idfwru B 5 Efc ��1 Doo suhylrxv
phvvdjhv duh shuihfwo| uhphpehuhg dqg wkh lghqwlw| ri dq| sod|hu*v fxuuhqw
sduwqhu lv sxeolfo| nqrzq1

Wkh htxloleuld wkdw zh fkdudfwhulvh zloo eh lq whupv ri qrupv dv glvfxvvhg
lq Vhfwlrq 41 Zh xvh wkh qrwlrq ri vhtxhqwldo htxloleulxp dv d vroxwlrq frq0
fhsw1 Lq rxu htxloleuld/ wkh eholhiv duh hlwkhu xqlpsruwdqw ru yhu| vlpsoh dqg
zloo vdwlvi| frqvlvwhqf|1 H{whqvlrq ri vhtxhqwldo udwlrqdolw| wr lq�qlwh jdphv
lv vwudljkwiruzdug1

7 Frrshudwlrq zlwk wuxwkixo phvvdjhv

Wklv vhfwlrq vkrzv wkdw frrshudwlrq lv vxvwdlqdeoh hyhq li lqirupdwlrq  rzv
wkurxjk hqgrjhqrxvo| jhqhudwhg qrq0yhul�deoh uhsruwv ri djhqwv1 Wr eh suh0
flvh/ zh frqvwuxfw d vhtxhqwldo htxloleulxp vxfk wkdw dv wkh glvfrxqw idfwru
whqgv wr �/ wkh vhw ri sd|r�v xqghu wklv htxloleulxp frqwdlqv wkh vhw ri lqgl0
ylgxdoo| udwlrqdo sd|r�v1 Iru qrz/ dvvxph wkhuh duh qr frvwv ri lqirupdwlrq
 rz1

Frqvlghu wkh iroorzlqj qrup1 Wkh v|pphwulf sd|r� s E@c @� ' � 5 T /
E@c @� 5 � � � lv wr eh vxvwdlqhg1 Djhqwv pd| kdyh rqh ri wzr odehov=
clqqrfhqw* ru cjxlow|*1 Dw wkh ehjlqqlqj ri dq| shulrg/ li +dqg rqo| li, dq
djhqw lv jxlow|/ wkhq kh lv fxuuhqwo| rq d csxqlvkphqw sdwk*1 D sxqlvkphqw
sdwk lv ri �qlwh ohqjwk> zh vkdoo frqvlghu wzr srvvleoh sdwkv/ rqh ri zklfk lv
orqjhu wkdq wkh rwkhu1 Wkh phdqlqjv ri wkh odehov dqg wkh fkdudfwhulvwlfv ri
wkh sdwkv zloo eh gh�qhg iruwkzlwk1

Dw wkh ehjlqqlqj ri wlph doo djhqwv duh lqqrfhqw1 Hyhu| shulrg wkh qrup
vshfl�hv wkh iroorzlqj ehkdylrxu lq wkh vwdjh0jdph1 Li wzr lqqrfhqw sod|huv
phhw hdfk rwkhu wkh| hdfk sod| @ dqg jhw �1 Li dw ohdvw rqh ri wkh sduwqhuv lv
jxlow|/ wkh| pxwxdoo| plqlpd{ hdfk rwkhu dqg jhw %1

Diwhu wkh vwdjh jdph/ li dw ohdvw rqh ri wkh sduwqhuv kdg wkh odeho cjxlow|*
dw wkh ehjlqqlqj ri wkdw shulrg/ hdfk pdnhv d uhsruw1 Li erwk sduwqhuv zhuh
lqqrfhqw/ wkh| duh erwk uhtxluhg wr pdnh d uhsruw li dqg rqo| li dw ohdvw rqh
ri wkhp ghyldwhg dw wkh vwdjh jdph1 D vlqjoh uhsruw frplqj lq iurp d pdwfk
ehwzhhq wzr lqqrfhqw djhqwv lv eholhyhg1 Iru dq| sod|hu ?/ wkh phvvdjh vsdfh
lv -

?
' iEfc f�c Efc ��c E�c f�c E�c ��j/ zkhuh d f phdqv �qr ghyldwlrq� dqg d �
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phdqv �ghyldwlrq�1 Iru sod|hu ? phvvdjh E@c K� phdqv wkdw kh glg @ zkloh
klv sduwqhu glg K19

Li wkh wzr sduwqhuv vhqg gl�huhqw phvvdjhv/: wkhq erwk ehfrph jxlow|
iru A � shulrgv +l1h1/ jrhv rqwr d A �0shulrg sxqlvkphqw sdwk, vwduwlqj lq wkh
qh{w shulrg1 Li wkh| jlyh wkh vdph uhsruw/ wkhq li dq|rqh lv lqglfwhg e| erwk
sduwlhv/ kh ehfrphv jxlow| vwduwlqj wkh qh{w shulrg1 Li wkh lqfulplqdwhg sod|hu
lv fxuuhqwo| douhdg| rq d A �0shulrg sxqlvkphqw sdwk/ wkhq wklv sdwk uhvwduwv
iru klp1 Li qrw/ kh lv jrlqj wr eh frqvlghuhg jxlow| iru A shulrgv vwduwlqj lq
wkh qh{w shulrg/ zkhuh A 	 A �1 Wkh rwkhu djhqw lq wkh pdwfk +lq wkh hyhqw
wkdw rqo| rqh ri wkhp lv lqglfwhg, uhpdlqv lqqrfhqw +li suhylrxvo| lqqrfhqw,
ru ehfrphv lqqrfhqw +li suhylrxvo| jxlow|,1 Li wkh uhsruwv vd| erwk frqiruphg
wkhq zkrhyhu lv fxuuhqwo| lqqrfhqw uhpdlqv lqqrfhqw dqg zkrhyhu lv jxlow|
frqwlqxhv rq wkh sxqlvkphqw sdwk1

Li phvvdjhv frph lq uhsruwlqj ghyldwlrqv lq gl�huhqw pdwfkhv lq wkh vdph
shulrg/ wkh| duh doo ljqruhg1 Li d qhz ghyldwlrq lv uhsruwhg/ dq|rqh fxuuhqwo|
rq d sxqlvkphqw sdwk lv irujlyhq dqg wkh qhz ghyldwru lv sxqlvkhg1 Li d
fxuuhqwo| jxlow| sod|hu lv frqvlvwhqwo| uhsruwhg; wr kdyh frqiruphg wr wkh
qrup lq dq| shulrg/ wkhq wkh qxpehu ri shulrgv ohiw rq wkh sxqlvkphqw sdwk
uhgxfhv e| 4/ xqohvv wkdw shulrg lv wkh odvw iru wkdw shuvrq rq wkh fxuuhqw
sxqlvkphqw sdwk/ lq zklfk fdvh wkh shuvrq ehfrphv lqqrfhqw iurp wkh qh{w
shulrg rqzdug1 Lq wkh hyhqw ri lqgl�huhqfh/ djhqwv duh dvvxphg wr iroorz wkh
qrup1 Ilqdoo|/ diwhu wkh dfwlrq vwdjh/ d sod|huv* eholhi lv wkdw dq| sod|hu qrw
revhuyhg e| klp kdv qrw ghyldwhg1

Zh duh qrz uhdg| wr vwdwh rxu �uvw uhvxow1 Zh vkdoo vkrz wkdw frrshu0
dwlrq fdq eh vxvwdlqhg lq wkh orqj uxq zlwklq wkh frppxqlw| e| xvlqj wkh
qrup ru froohfwlrq ri vwudwhjlhv ghvfulehg deryh1 Lq dgglwlrq/ hyhq wkrxjk
phvvdjhv duh qrq0yhul�deoh/ zkhq phvvdjhv duh vhqw/ wkh| duh wuxwkixo1 Lq
htxloleulxp/ sod|huv frrshudwh dqg phvvdjhv duh qrw vhqw1 Wkh lqwxlwlrq lv
vlpsoh1 Lqqrfhqw sduwqhuv gr qrw kdyh dq lqfhqwlyh wr uhsruw dq|wklqj zkhq
erwk kdyh frqiruphg1 Vlqfh lqfrqvlvwhqw phvvdjhv duh sxqlvkhg khdylo|/ sod|0
huv zloo whoo wkh wuxwk/ jlyhq vlpxowdqhrxv uhsruwlqj1< Rqfh lw lv vkrzq wkdw

9Khqfh d uhsruw +4>3,/ iru h{dpsoh/ phdqv wkdw sod|hu q ghyldwhg zkloh klv sduwqhu

frqiruphg wr wkh qrup1
:Iru h{dpsoh/ zkhq q dqg p duh pdwfkhg/ q uhsruwv +3> 4, zkloh p uhsruwv +3> 4,1
;E| cfrqvlvwhqwo| uhsruwhg* zh phdq wkdw erwk sduwqhuv jdyh wkh vdph phvvdjh1
<Rxu qrup wdnhv fduh ri wkh iroorzlqj shuyhuvh vlwxdwlrq> dq djhqw zkr lv rq d orqj

sxqlvkphqw sdwk ghyldwhv dw wkh dfwlrq vwdjh dqg wkhq uhsruwv wkh wuxwk wr jhw rqwr d

vkruwhu sxqlvkphqw sdwk1 Wklv lv qrw ihdvleoh dv wkh orqjhu sxqlvkphqw sdwk mxvw uhvwduwv
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dqqrxqfhphqwv zloo lqghhg eh wuxwkixo/ lw lv vwudljkwiruzdug wr vkrz wkdw li
shrsoh duh vx!flhqwo| sdwlhqw/ frrshudwlrq fdq eh vxvwdlqhg1 Khqfh sod|huv
uhpdlq lqqrfhqw dqg phvvdjhv duh qhyhu vhqw1

Sursrvlwlrq 4 Wkh qrup ghvfulehg deryh frqvwlwxwhv d vhtxhqwldo htxlole0

ulxp dqg khqfh/ dq| � 5 T fdq eh vxvwdlqhg dv d orqj uxq htxloleulxp sd|r�

dv orqj dv shrsoh duh vx!flhqwo| sdwlhqw/ l1h1/ dv orqj dv B 5 EB
W
c ��c iru vrph

B
W
5 Efc ��1

Wkh pdlq lghd lv wkdw dv orqj dv ghyldwlrq sd|r�v duh erxqghg/ rqh0vkrw
jdlqv grq*w pdwwhu lq wkh orqj uxq li shrsoh duh sdwlhqw hqrxjk1 Dqg li sxq0
lvkphqwv duh vx!flhqwo| vhyhuh/ shrsoh frqirup1 Wklv wkuhdw ri uhqhzhg sxq0
lvkphqw lv dovr vx!flhqw wr lqgxfh shrsoh wr uhsruw wuxwkixoo|/ hyhq wkrxjk
qr rqh lq wkh hfrqrp| fdq prqlwru wuxwkixoqhvv1 Khqfh zh hqgrjhqlvh wkh lq0
irupdwlrq vwuxfwxuh ri Ndqgrul +4<<5, dqg Rnxqr0Ixmlzdud dqg Srvwohzdlwh
+4<<8,1 Ixuwkhu/ zh vkrz li wkhuh*v rqo| rqh rwkhu shuvrq lq wkh hfrqrp| zkr
fdq revhuyh wkh dfwlrqv ri d jlyhq djhqw +vxfk wkdw wkh odwwhu dovr revhuyhv wkh
iruphu,/ wkhq hyhq zlwk udqgrp pdwfklqj/ frppxqlw| vdqfwlrqv fdq zrun
wr pdlqwdlq h!flhqw djuhhphqwv1 Ilqdoo|/ wkh qrup ghvfulehg deryh vdwlv�hv
doo wkh fulwhuld +vlpsolflw|/ orfdo lqirupdwlrq surfhvvlqj/ vwudljkwiruzdugqhvv/
joredo vwdelolw| dqg lqghshqghqfh ri ghwdlo, odlg grzq e| Ndqgrul +4<<5,1

714 Frvwo| lqirupdwlrq wudqvplvvlrq

Zh qrz lqwurgxfh frvwv ri wudqvplwwlqj lqirupdwlrq lqwr wkh ehqfkpdun hq0
ylurqphqw1 Iru wkh wlph ehlqj dvvxph wkhuh duh qr frvwv ri surfhvvlqj lqiru0
pdwlrq1 Hyhu| wlph dq djhqw vhqgv d uhsruw/ kh lqfxuv d frvw S| : f/43 zklfk
lv vpdoo lq frpsdulvrq wr wkh sd|r�v wkh frppxqlw| lv wu|lqj wr vxvwdlq lq
htxloleulxp1 Wkh txhvwlrq lv/ zloo wkh lqfhqwlyh wr frrshudwh dqg wr vhqg
wuxwkixo phvvdjhv eh suhvhuyhg lq wklv qhz hqylurqphqwB

Qrwlfh/ zkhwkhu dq djhqw lv vhqglqj d phvvdjh ru qrw lv sxeolf lqirupd0
wlrq1 Frqvlghu wkh iroorzlqj prgl�fdwlrq ri wkh qrup1 Zkhq uhsruwv frph
lq/ li dq djhqw lq d sduwqhuvkls zlwk dw ohdvw rqh jxlow| sod|hu kdv qrw pdgh

iru vxfk dq djhqw1
43Wkh vxevfulsw lq fw vwdqgv iru cwudqvplvvlrq* dqg vkrxog qrw eh frqixvhg zlwk wlph1
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dq dqqrxqfhphqw/ kh jrhv rqwr d sxqlvkphqw sdwk ri ohqjwk A ��
: A

� uhjdug0

ohvv ri rwkhu ghyldwlrqv wkdw pd| kdyh rffxuuhg1 Li erwk sduwqhuv lq vxfk d

pdwfk duh vlohqw wkhq erwk duh vhqw rqwr d A ��0shulrg sxqlvkphqw sdwk1 Lq

pdwfkhv ehwzhhq wzr lqqrfhqw shrsoh/ li d vlqjoh uhsruw frphv lq/ wkh djhqw

qrw vhqglqj d uhsruw lv vhqw rqwr d A
��0shulrg sdwk1 Li shrsoh lq gl�huhqw

pdwfkhv ghyldwh iurp vhqglqj phvvdjhv wkhq doo vxfk ghyldwlrqv duh ljqruhg1

Li dq djhqw lv fxuuhqwo| rq d A
��0shulrg sdwk dqg li dq| sxqlvkphqw kdv wr

uhvwduw iru klp/ wkhq kh jrhv rq wr d A ��0shulrg sdwk djdlq1 Wkh uhvw ri wkh

qrup uhpdlqv dv ehiruh1

Wkxv/ zh kdyh dgghg d qhz wlhu wr wkh klhudufk| ri sxqlvkphqwv gh0

vfulehg hduolhu1 Wkh uhodwlrqvkls ehwzhhq wkh klhudufklhv dqg wkh suhvfulehg

ehkdylrxu dw wkh vwdjh jdph dqg wkh uhsruw vwdjh uhpdlq wkh vdph dv hduolhu1

Lw lv hdv| wr vhh wkdw wklv prgl�hg qrup lv fdsdeoh ri vxvwdlqlqj frrshudwlrq

dv lq wkh ehqfkpdun fdvh li S| lv vpdoo= lq htxloleulxp/ djhqwv frrshudwh dw

wkh vwdjh jdph1 Pruhryhu/ r� wkh htxloleulxp sdwk/ wuxwkixo phvvdjhv duh

dozd|v jhqhudwhg e| djhqwv lq pdwfkhv zkhuh dw ohdvw rqh sduwqhu lv jxlow|1

Vlploduo|/ lq pdwfkhv ehwzhhq wzr lqqrfhqw djhqwv/ li rqh ri wkhp ghyldwhv

dw wkh dfwlrq vwdjh/ wklv lv uhsruwhg e| erwk1 Krzhyhu/ lq wkh hyhqw wkdw wzr

vxfk djhqwv frrshudwh dw wkh dfwlrq vwdjh/ wkh| kdyh qr lqfhqwlyhv wr vhqg lq

dq| uhsruwv1 Zh wkxv kdyh wkh iroorzlqj=

Fruroodu| 4 Lq dq hqylurqphqw zlwk vpdoo frvwv ri lqirupdwlrq wudqvplv0

vlrq S|/ wkh prgl�hg qrup ghvfulehg deryh fdq vxvwdlq frrshudwlrq dv d vh0

txhqwldo htxloleulxp dv orqj dv shrsoh duh vx!flhqwo| sdwlhqw1 Pruhryhu/ wklv

htxloleulxp lv h!flhqw lq wkh vhqvh wkdw lq htxloleulxp/ phvvdjhv duh qrw vhqw

dqg khqfh/ djhqwv gr qrw kdyh wr lqfxu wkh frvw S|1

715 Lqh!flhqf|

Wkh h!flhqf| uhvxow deryh uholhg rq wkh idfw wkdw phvvdjhv zhuh doorzhg wr

ghshqg rq revhuyhg ehkdylrxu dw wkh vwdjh jdph dv zhoo dv wkh cvwdwh* ri wkh

sduwqhuv/ l1h1/ zkhwkhu wkh sduwqhuv zhuh lqqrfhqw ru jxlow| dw wkh ehjlqqlqj

ri wkh shulrg1 Vxssrvh/ krzhyhu/ wkdw phvvdjhv fdqqrw eh frqglwlrqhg rq

wkh vwdwhv1 Fdq rxu qrup vxvwdlq frrshudwlrq dv d vhtxhqwldo htxloleulxpB
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Fohduo|/ lq wklv fdvh/ wkh qruppxvw eh vxfk wkdw/ iru doo pdwfkhv/ sduwqhuv

duh vxssrvhg wr uhsruw wuxwkixoo| li wkhuh kdv ehhq d ghyldwlrq dw wkh vwdjh

jdph dqg uhpdlq vlohqw rwkhuzlvh1 Vxssrvh wkdw vlqjoh uhsruwv frplqj lq

iurp d pdwfk duh eholhyhg144 Frqvlghu sduwqhuv ? dqg 6 zlwk wkh iruphu

lqqrfhqw dqg wkh odwwhu jxlow|1 Lpdjlqh erwk frqiruphg dw wkh vwdjh jdph1

6/ eholhylqj ? zloo nhhs vlohqw lq dffrugdqfh zlwk wkh qrup/ kdv dq lqfhqwlyh

wr vhqg d phvvdjh vd|lqj ? ghyldwhg dv wkhq klv sxqlvkphqw zloo vwrs1 Ri

frxuvh/ 6 zloo kdyh lqfxu frvw S|> vlqfh lw lv vpdoo/ wklv zloo eh rxwzhljkhg e|

wkh ehqh�w ri ehfrplqj lqqrfhqw1 Khqfh/ d sur�wdeoh ghyldwlrq h{lvwv iru 61

Pdnlqj uhsruwlqj pdqgdwru| lq hyhu| shulrg jhwv durxqg wklv sureohp1

Idloxuh wr uhsruw dwwudfwv wkh khdylhvw sxqlvkphqw/ iroorzhg e| lqfrqvlvwhqw

phvvdjhv/ dqg vr rq1 Wkh uhvw ri wkh qrup uhpdlqv wkh vdph1 Lw lv hdv| wr

vhh wkdw frrshudwlrq fdq eh vxvwdlqhg dv d vhtxhqwldo htxloleulxp1 Doo djhqwv

vhqg lq uhsruwv dqg wkh| suhihu wr whoo wkh wuxwk zkhq vhqglqj lq uhsruwv1

Ilqdoo|/ li wkh| duh sdwlhqw hqrxjk/ wkh| suhihu wr frrshudwh dw wkh vwdjh

jdph1

Qrwlfh/ krzhyhu/ wkdw djhqwv duh uhtxluhg wr pdnh dqqrxqfhphqwv dozd|v/

hyhq li hyhu|rqh lv frrshudwlqj1 Wklv lv zkdw zh uhihu wr dv dq lqh!flhqf|

lq wklv sdshu1 Wkh nh| ihdwxuhv zklfk jlyh xv wklv qhjdwlyh uhvxow duh wkh

idfwv wkdw vhqglqj d phvvdjh lv d vlpxowdqhrxv dqg rqh0vkrw surfhvv dqg wkdw

sxqlvkphqw vwudwhjlhv duh frqglwlrqhg rq djhqwv* uhsruwv derxw wkhpvhoyhv1

Zh fdq vxp xs wkh dujxphqwv dv iroorzv=

Fruroodu| 5 Wkh qrup ghvfulehg deryh fdq vxvwdlq frrshudwlrq dv d vhtxhq0

wldo htxloleulxp li sod|huv duh vx!flhqwo| sdwlhqw1 Krzhyhu/ wkhuh lv dq lqhi0

�flhqf| lq wkh vhqvh wkdw djhqwv kdyh wr frppxqlfdwh dqg wkxv kdyh wr lqfxu

wkh frvwv ri vhqglqj uhsruwv hyhu| shulrg1

8 Frvwo| lqirupdwlrq surfhvvlqj

Qrz frqvlghu wkh srvvlelolw| ri shrsoh kdylqj wr h{shqg uhvrxufhv wr uhfhlyh

lqirupdwlrq1 Iru vlpsolflw|/ dvvxph wkhuh duh qr frvwv ri vhqglqj uhsruwv1

44Vlplodu dujxphqwv dv wkh rqhv suhvhqwhg ehorz fdq eh frqvwuxfwhg iru dowhuqdwlyh

uhdvrqdeoh eholhiv frqglwlrqdo rq wkh uhfhlsw ri d vlqjoh uhsruw iurp d pdwfk1
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Vxssrvh/ wr khdu phvvdjhv/ djhqwv kdyh wr lqfxu d frvw SR : f diwhu wkh vwdjh
jdph dqg ehiruh phvvdjhv duh jhqhudwhg45 dqg wkdw rqfh wkh frvw lv lqfxuuhg/
doo phvvdjhv fdq eh khdug1 SR lv vpdoo lq frpsduhg wr wkh htxloleulxp sd|r�v1
Wkh txhvwlrq lv= duh wkh qrupv ghvfulehg hduolhu urexvw wr vxfk vpdoo frvwv
ri lqirupdwlrq surfhvvlqjB

814 D Idloxuh ri Frrshudwlrq

Frqvlghu wkh suhylrxv qrup/ prgl�hg dv iroorzv1 Lq dgglwlrq wr wkh hduolhu
vwudwhjlhv/ shrsoh duh dovr uhtxluhg wr khdu phvvdjhv= idloxuh wr gr vr uhvxowv
lq sxqlvkphqw1 Qrwh wkdw li dq| djhqw*v sduwqhu frxog revhuyh klv lqyhvwphqw
ghflvlrq wkhq/ e| d vxlwdeoh prgl�fdwlrq ri phvvdjhv dqg sxqlvkphqw frqwlq0
jhqflhv/ wkh qrup ghvfulehg deryh frxog eh hqirufhg1 Wklv fdq eh dfklhyhg
e| uhtxlulqj doo djhqwv wr vlpxowdqhrxvo| uhsruw/ lq dgglwlrq wr dfwlrqv fduulhg
rxw gxulqj wkh vwdjh jdph/ zkhwkhu kh dqg klv sduwqhu lqfxuuhg wkh frvw ru
qrw1 Sxqlvkphqwv edvhg rq lqfrpsdwlelolw| zloo hqvxuh wkdw rqh0vkrw vdylqjv
ri SR zloo eh zlshg rxw li shrsoh duh vx!flhqwo| sdwlhqw1

Rq wkh rwkhu kdqg/ vxssrvh wkdw lqfxuulqj wkh frvw lv d frpsohwho| sulydwh
dfwlylw|1 Wkhq/ frppxqlfdwlrq0edvhg htxloleuld zloo idlo wr vxssruw h!flhqw
duudqjhphqwv dv vhtxhqwldo htxloleuld1 Zh frqwlqxh wr pdnh wkh vdph vwd0
wlrqdulw| dqg v|pphwu| dvvxpswlrqv dv ehiruh146 Ohw L ghqrwh wkh vhw ri
sd|r�v iurp wkh rqh0vkrw Qdvk htxloleuld ri wkh vwdjh jdph1 Wkh uhsruw
vwdjh dvvxpswlrqv uhpdlq wkh vdph dv ehiruh1

Gh�qh d vhw �R ri vhtxhqwldo htxloleuld zklfk kdyh wkh iroorzlqj ihdwxuhv=

+l, Dorqj dq| htxloleulxp sdwk dq djhqw lv uhtxluhg wr sod| @ 5 � ghvljqhg
wr |lhog jurvv sd|r� � : SR/ � *5 L 1 Wklv lv frpprq nqrzohgjh1

+ll, Ghyldwlrq e| djhqw ? lv uhsruwhg lpphgldwho| e| klpvhoi dqg klv sduw0
qhu1 Dorqj wkh htxloleulxp sdwk/ uhsruwv duh wuxwkixo/ l1h1/ li ? kdv
qrw ghyldwhg/ wkhq kh fdqqrw eh uhsruwhg wr kdyh ghyldwhg1 Li d sod|hu
lv uhsruwhg wr kdyh ghyldwhg/ kh lv frqvlghuhg jxlow| dqg jrhv rqwr d
sxqlvkphqw sdwk1 Pxowlsoh uhsruwv lq dw wkh vdph wlph duh ljqruhg1

45Zkdw lv fulwlfdo lv wkdw wkh lqyhvwphqw kdv wr eh pdgh ehiruh d sod|hu nqrzv zkhwkhu

kh kdv uhfhlyhg d phvvdjh ru qrw1
46Wkh dujxphqwv ehorz duh dfwxdoo| pruh jhqhudo dqg fdq eh h{whqghg wr dffrprgdwh

qrq0vwdwlrqdulw|/ dv|pphwu|/ pruh jhqhudo pdwfklqj uxohv/ revhuydelolw| hwf1
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+lll, Frrshudwlrq lv vxvwdlqhg e| frppxqlfdwlrq dqg vwdjh0jdph vwudwhjlhv
duh frqglwlrqhg rqo| rq uhsruwv uhfhlyhg lq wkh sdvw dqg wkh lqlwldo klv0
wru| zkhuhdv phvvdjh0jdph vwudwhjlhv duh frqglwlrqhg rq sdvw uhsruwv
dv zhoo dv revhuyhg ehkdylrxu1 Li wzr sduwqhuv lq shulrg | duh erwk
fxuuhqwo| lqqrfhqw lq dffrugdqfh zlwk sdvw uhsruwv erwk sod| @1

Fohduo|/ wkh hduolhu htxloleuld duh phpehuv ri �R +zlwk SR ' f,1 Iru dq|
e 5 �R/ doo djhqwv frrshudwh dozd|v dorqj wkh htxloleulxp sdwk e| +l,1 E|
+ll, dfwlrqv duh wuxwkixoo| uhsruwhg dqg ghyldwlrqv duh sxqlvkhg1 Pruhryhu/
frrshudwlrq lv vxvwdlqhg hqwluho| e| frppxqlfdwlrq e| +lll,= li wkhuh zhuh qr
lqirupdwlrq  rzv/ djhqwv zrxog kdyh wkh lqfhqwlyh wr ghyldwh nqrzlqj wkh|
zrxog qrw eh sxqlvkhg dqg khqfh +l, zrxog eh ylrodwhg1

Frqvlghu dq djhqw ? lq shulrg |1 Vxssrvh doo � 5 � duh lqqrfhqw dw |
dqg ? dqg klv sduwqhu sod|hg @/ wkh suhvfulehg dfwlrq/ lq |1 Vxssrvh ? lv
frqwhpsodwlqj zkhwkhu wr lqfxu wkh frvw ru qrw/ jlyhq wkdw hyhu|rqh hovh lv
khdulqj phvvdjhv1 Vlqfh ? lv fxuuhqwo| lqqrfhqw dqg vr lv hyhu|rqh hovh/ dqg
qr ghyldwlrqv kdyh rffxuuhg ru duh h{shfwhg/ hyhu|rqh lv h{shfwhg wr uhpdlq
lqqrfhqw lq wkh ixwxuh/ lq htxloleulxp1

D rqh0shulrg ghyldwlrq jlyhv sd|r�
S
"

�'|n�
B�E� � SR�1 Hovh/ li kh khduv

doo phvvdjhv lq doo shulrgv lqfoxglqj |/ klv sd|r� lv �SR n
S
"

�'|n�
B�E� � SR�1

Vlqfh B 	 � dqg SR : f kh grhvq*w lqfxu wkh frvw= e| v|pphwu|/ qhl0
wkhu grhv dq|rqh hovh1 Wkxv phvvdjhv duhq*w khdug dqg ghyldwlrqv/ hyhq li
uhsruwhg/ fdqqrw eh sxqlvkhg1 Wkxv frrshudwlrq fdqqrw eh vxvwdlqhg e| dq|
vxfk htxloleulxp1 Zh wkxv kdyh wkh iroorzlqj=

Sursrvlwlrq 5 Li SR : f/ �R ' � iru dq| B 	 �1

Wkxv iru SR ' f/ wkhuh h{lvw htxloleuld lq �R zklfk fdq vxvwdlq dq| sd|r�
grplqdwlqj wkh lqglylgxdoo| udwlrqdo sd|r�v lq wkh lq�qlwho| uhshdwhg jdph1
Exw iru dq| srvlwlyh SR/ �R lv hpsw|1 Wkh iroorzlqj lv wkhq lpphgldwh=

Fruroodu| 6 Wkh vhw ri sd|r�v iru dq| e 5 �R lv glvfrqwlqxrxv dw SR ' f1

Wklv uhvxow vkrzv wkdw frppxqlfdwlrq/ zklfk uhvroyhg wkh xqfhuwdlqw|
vwhpplqj iurp lpshuihfw revhuydelolw|/ uhpryhv doo xqfhuwdlqw| lq htxlole0
ulxp1 Vlqfh djhqwv h{shfw wkh htxloleulxp sdwk wr eh vxvwdlqhg zlwk sured0
elolw| rqh/ rqh0vkrw vdylqj ri wkh surfhvvlqj frvw ehfrphv rswlpdo1 Zh qrz
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wxuq wr wkh txhvwlrq ri zkhwkhu zh fdq ghvljq d phfkdqlvp zklfk fdq vxvwdlq
frrshudwlrq dqg |hw eh urexvw wr frvwv ri surfhvvlqj lqirupdwlrq1

815 Uhvwrulqj Frrshudwlrq

Wkh uhdvrq frrshudwlrq euhdnv grzq lv wkdw/ lq htxloleulxp/ phvvdjhv orvh
wkhlu ydoxh1 Wkxv/ uhvwrulqj frrshudwlrq/ uhtxluhv vrph xqfhuwdlqw| derxw
ixwxuh ehkdylrxu1 Iru h{dpsoh/ vxssrvh d frpprq udqgrplvlqj ghylfh lv
dydlodeoh wr doo djhqwv zklfk |lhogv dq lglrv|qfudwlf vljqdo hyhu| shulrg diwhu
wkh vwdjh jdph dqg wkdw/ dorqj wkh htxloleulxp sdwk/ dfwlrqv dw wkh vwdjh
jdph duh frqwlqjhqw rq wkh dfwxdo uhdolvdwlrqv/ zklfk duh nqrzq rqo| wr wkh
sduwqhuv1 Wkhq phvvdjhv frxog eh prgl�hg wr uhsruw qrw rqo| ehkdylrxu
dw wkh vwdjh jdph exw dovr wkh uhdolvdwlrq ri wkh udqgrplvlqj ghylfh1 Wklv
zrxog uhvwruh ydoxh wr khdulqj phvvdjhv1

Khuh/ zh frqvlghu dq dowhuqdwlyh irupxodwlrq ri h{rjhqrxv xqfhuwdlqw| wr
uhvroyh wkh sureohp1 Wkh lghd lv wkdw lq lpshuihw lqirupdwlrq hqylurqphqwv/
wkhuh pd| eh jdueolqj ri phvvdjhv zlwk vpdoo suredelolwlhv1 Vshfl�fdoo|/
zh dvvxph wkdw jlyhq dq| sur�oh ri phvvdjhv jhqhudwhg dw wkh hqg ri d
shulrg/ wkhuh pd| eh d jdueolqj ri phvvdjhv vxfk wkdw rqh +dqg rqo| rqh,
djhqw*v cvwdwh* pd| fkdqjh dw wkh ehjlqqlqj ri wkh qh{w shulrg zlwk d vpdoo
suredelolw| R�1 Lqghshqghqfh dfurvv djhqwv lpsolhv wkdw wkh suredelolw| ri
vxfk d vwdwh fkdqjh iru d jlyhq djhqw ? lv R

�

�
' R147

Frqvlghu wkh ehqfkpdun qrup dqg dvvxph wkdw doo sxqlvkphqwv odvw iru
A shulrgv481 Dovr/ wkh qrup uhtxluhv wkdw doo sod|huv lqfxu wkh frvw hyhu|
shulrg1 Iru dq| wzr djhqwv ? dqg 6 zkr kdyh ehhq pdwfkhg lq d shulrg |/
wkhuh duh 49 srvvleoh uhsruwv dw wkh hqg ri wkh shulrg frplqj iurp wkh vhw
-? �-61 Djhqw ? fdq eh lq rqh ri wzr srvvleoh vwdwhv dw wkh ehjlqqlqj ri

shulrg |= clqqrfhqw* ru/ cjxlow|* zlwk | ehlqj wkh A
|�

shulrg ri klv fxuuhqw
sxqlvkphqw/ � � A 	 A 1 Wkh fdvh zkhuh kh lv rq wkh odvw shulrg ri klv
sxqlvkphqw zloo suryh wr eh dqdo|wlfdoo| htxlydohqw wr wkh lqqrfhqfh vwdwh1
Wkh iroorzlqj vfkhph vkrzv wkh vwdwh0wudqvlwlrq uxoh> wkh vwdwh ? lv vxssrvhg
wr eh lq shulrg |n � jlyhq wkh vwdwh lq shulrg | dqg wkh phvvdjhv dw wkh hqg
ri wkh shulrg iurp wkh sduwqhuvkls zlwk qr jdueolqj ri phvvdjhv1

47Wklv s vkrxog eh glvwlqjxlvkhg iurp wkh vxevulsw lq fs/ zkhuh wkh cs* vwdqgv iru csur0

fhvvlqj*1 Krshixoo|/ wkh frqwh{w vkrxog fohdu dq| frqixvlrq1
48Wklv uhgxfhv frpsxwdwlrq1 Doo uhvxowv h{whqg wr wkh pruh jhqhudo fdvh1
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41 Lqqrfhqw wrgd| zlwk uhsruwv ehlqj hlwkhu iEfc f�c Efc f�j ru iEfc ��c E�c f�j
phdqv lqqrfhqw wrpruurz1

51 Dv lq +4,/ zlwk uhsruwv ehlqj dq|wklqj hovh phdqv jxlow| iru A shulrgv
wrpruurz1

61 Fxuuhqwo| jxlow|/ | ehlqj wkh A
|�

shulrg ri wkh sxqlvkphqw sdwk zlwk
uhsruwv iEfc f�c Efc f�j phdqv jxlow| wrpruurz zlwk |n� ehlqj wkh EA n
��|� shulrg ri wkh sdwk11

71 Dv lq +6,/ zlwk uhsruwv iEfc ��c E�cf�j phdqv lqqrfhqw wrpruurz1

81 Dv lq +6,/ zlwk uhsruwv ehlqj dq|wklqj hovh phdqv jxlow| iru A shulrgv
wrpruurz1

Zh duh qrz uhdg| wr lghqwli| zkdw zh phdq e| dq h{rjhqrxv fkdqjh ri
vwdwh1 Ehfdxvh ri wkh jdueolqj ri wkh phvvdjhv/ wkh vwdwh ri djhqw ?/ lqvwhdg
ri ehlqj zkdw lw lv vxssrvhg wr eh dw wlph | n �/ ehfrphv fkdqjhg e| wkh
iroorzlqj vfkhph1 Wkh qxpehulqj iroorzv wkh vdph rughu dv iru wkh vwdwh0
wudqvlwlrq uxoh deryh1

41 Jxlow| iru A shulrgv wrpruurz1

51 Lqqrfhqw wrpruurz1

61 Jxlow| iru A shulrgv wrpruurz1

71 Jxlow| wrpruurz zlwk |n � ehlqj wkh EA n ��|� shulrg ri wkh sdwk1

81 Jxlow| wrpruurz zlwk |n � ehlqj wkh EA n ��|� shulrg ri wkh sdwk1

D sod|hu fdq khdu doo phvvdjhv jhqhudwhg dw wkh hqg ri d shulrg li dqg rqo|
li kh lqfxuv wkh frvw lq wkdw shulrg1 Li kh khduv wkh phvvdjhv/ kh vkdoo dovr eh
dzduh ri zkdw klv rzq dqg klv sduwqhu*v vwdwhv duh wkh qh{w shulrg dqg khqfh
zkdw dfwlrqv wr sod| lq dffrugdqfh zlwk wkh qrup1 Li qrw/ kh zloo eh xqdzduh
ri dq| srvvleoh vwdwh fkdqjhv dqg khqfh pd| hqg xs sod|lqj wkh zurqj dfwlrq1
Ri frxuvh/ li kh pdnhv wklv plvwdnh +zklfk rffxuv zlwk d vpdoo suredelolw|,
wkhq zlwk d kljk suredelolw| kh zloo eh sxqlvkhg iurp wkh qh{w shulrg1 Lw lv
wklv zklfk uhvwruhv frrshudwlrq zlwk hyhu|rqh lqfxuulqj wkh frvw ri surfhvvlqj
lqirupdwlrq1 Li wkh frvwv duh orz hqrxjk/ wkhq wkh rqh0shulrg jdlq iurp
vdylqj wklv frvw zloo eh rxwzhljkhg e| wkh h{shfwhg sxqlvkphqw uhvxowlqj
iurp sod|lqj wkh zurqj dfwlrq1 Zh wkxv kdyh wkh iroorzlqj sursrvlwlrq=
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Sursrvlwlrq 6 Ohw T� ' i� 5 T m� � SR : fj1 Wkh qrup ghvfulehg deryh

frqvwlwxwhv d vhtxhqwldo htxloleulxp dqg khqfh/ jlyhq dq| wdujhw sd|r� �� 5 T�/
djhqwv wdnh dfwlrq @/ sE@c @� ' E��c ��� dqg lqfxu wkh frvw SR hyhu| shulrg dv

orqj dv shrsoh duh vx!flhqwo| sdwlhqw/ l1h1/ dv orqj dv B 5 EBWc ��c iru vrph

BW 5 Efc ��/ surylghg SR 5 dfc SW
R
�/ iru vrph SW

R
vpdoo dqg R 5 ERSc RW�/ iru vrph

RW vpdoo dqg RS : f1 Pruhryhu/ orqj0uxq dyhudjh sd|r�v frqyhujh wr �� dv R

dqg SR jr wr f1

9 Frqfoxvlrq

Zh vwxglhg wkh pdlqwhqdqfh ri frrshudwlrq lq frppxqlwlhv zlwk sdluzlvh
lqwhudfwlrqv1 Wkh uroh ri frppxqlfdwlrq wxuqv rxw wr eh fuxfldo lq ghylv0
lqj phwkrgv wr hqvxuh wkdw ghyldwlrqv iurp vrfldo qrupv duh sxqlvkhg1 Zh
vkrzhg wkdw iron wkhruhpv fdq eh suryhg hyhq li wkhuh lv olplwhg prqlwrulqj lq
wkh hfrqrp| dqg lqirupdwlrq  rzv duh hqgrjhqrxv dqg qrq0yhul�deoh1 Pruh0
ryhu/ zh vkrzhg frrshudwlrq fdq eh vxvwdlqhg/ xqghu vrph flufxpvwdqfhv/
hyhq li jdwkhulqj ru vhqglqj lqirupdwlrq duh frvwo| dqg sulydwh dfwlylwlhv1

Lw kdv ehhq revhuyhg wkdw vl}h ri d jurxs dqg wkh hdvh ri lqirupdwlrq  rz
zlwklq d jurxs duh uhodwhg1 Wkh dujxphqw lv wkdw lqirupdwlrq vkrxog  rz
pruh vprrwko| lq vpdoohu frppxqlwlhv1 Ri frxuvh/ lq vpdoohu frppxqlwlhv
hdfk lqglylgxdo kdv pruh wr orvh iurp sxqlvklqj ghyldwruv1 Lq rxu prgho/
lqirupdwlrq  rzv duh phdjuh exw wklv gl!fxow| lv qrw uhodwhg wr jurxs vl}h1
Lq wklv frqwh{w/ lw lv xvhixo wr frpsduh wkh uhvxowv khuh zlwk wkh frqwdjlrq

htxloleuld ri Ndqgrul +4<<5,149 D qlfh ihdwxuh ri vxfk vwudwhjlhv lv wkdw wkh|
gr qrw uhtxluh frppxqlfdwlrq1 Krzhyhu/ wkh| uhtxluh vrph uhvwulfwlrqv rq
wkh vwdjh jdph sd|r�v dqg duh qrw yhu| xvhixo zlwk odujh srsxodwlrqv1 Dovr/
lq jhqhudo/ wkhuh lv d odfn ri urexvwqhvv wr qrlvh14: Zlwk xqfhuwdlqw|/ lw lv
gl!fxow wr vxvwdlq frrshudwlrq1 Lq erwk phfkdqlvpv/ dorqj wkh htxloleulxp
sdwk/ frrshudwlrq dozd|v rffxuv dqg phvvdjhv duh qhyhu vhqw1 Wkhuh lv wkxv
vrph revhuydwlrqdo htxlydohqfh ehwzhhq wkhp1 Krzhyhu/ lw fdq eh hdvlo|
vkrzq wkdw iru wkh vdph jdph/ wkh htxloleulxp vwudwhjlhv frqvlghuhg lq wklv
sdshu fdq vxvwdlq frrshudwlrq zlwk d vpdoohu glvfrxqw idfwru1 Wr dq h{whqw

49Vhh dovr Hoolvrq +4<<7, dqg Kduulqjwrq +4<<8,1
4:Hoolvrq +4<<7, vkrzv wkdw frqwdjlrq htxloleuld duh qrw wrr iudjloh1 Krzhyhu/ wkh htxl0

oleulxp kh frqvwuxfwv lv qrw joredoo| vwdeoh1
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wklv uhvxowv iurp wkh dvvxpswlrq wkdw doo phvvdjhv fdq eh khdug sxeolfo|1
D srvvleoh duhd ri ixwxuh uhvhdufk zrxog eh wr lqyhvwljdwh krz frqwdjlrq
htxloleuld dqg frppxqlfdwlrqv edvhg htxloleuld frpsduh zkhq phvvdjhv duh
qr orqjhu ixoo| sxeolf/ dv lq Dkq dqg Vxrplqhq +4<<<,1

Ilqdoo|/ lq rxu prgho/ frvwo| lqirupdwlrq surfhvvlqj ohg wr d idloxuh ri
frrshudwlrq dv wkhuh zdv qr ydoxh wr khdulqj phvvdjhv lq htxloleulxp1 Wkh
suhvhqfh ri h{rjhqrxv xqfhuwdlqw| khoshg uhvroyh wkh sureohp1 Lw zrxog eh
lqwhuhvwlqj wr vhh zkhwkhu vxfk sureohpv frxog eh wdfnohg e| wkh fuhdwlrq ri
hqgrjhqrxv htxloleulxp xqfhuwdlqw|1

: Surriv

Surri ri Sursrvlwlrq 41 Iluvw ri doo/ li hyhu|rqh dozd|v iroorzv wkh
qrup/ fohduo| sd|r� � fdq eh vxvwdlqhg1 Zh wkhuhiruh kdyh wr fkhfn zkhwkhu
lw lv lq wkh lqwhuhvw ri hyhu|rqh wr iroorz wkh qrup1 Vlqfh zh duh xvlqj
d Qdvk htxloleulxp frqfhsw/ zh vkdoo fkhfn li lw lv lq wkh lqwhuhvw ri dq|
duelwudu| sod|hu wr iroorz wkh qrup/ jlyhq wkdw hyhu|rqh hovh lv iroorzlqj lw1
Iru vlpsolflw|/ zh vkdoo dvvxph wkdw wkh qxpehu ri djhqwv lv odujh4;1

Zh �uvw vkrz wkdw/ jlyhq dq| vhw ri dfwlrqv gxulqj wkh vwdjh jdph/ dq
djhqw vhqgv wuxwkixo phvvdjhv1 Vxssrvh ? dqg 6/ wzr duelwudu| djhqwv/ kdyh
ehhq pdwfkhg lq vrph shulrg |1

D, ? lv lqqrfhqw zkloh 6 lv fxuuhqwo| ehlqj sxqlvkhg1 Wkh fdvh zkhuh
erwk duh fxuuhqwo| jxlow| lv vlplodu1

l, Vxssrvh wkh| erwk iroorz wkh qrup gxulqj wkh vwdjh jdph1
Jlyhq 6*v vwudwhj| ri uhsruwlqj ri Efc f�/ li ? vd|v dq|wklqj hovh/ d A �0

shulrg sxqlvkphqw vwduwv iru klp1 Khqfh kh suhihuv wr uhsruw Efc f�1 Vlploduo|/
6 kh suhihuv wr vd| Efc f�/ dv klv sxqlvkphqw sdwk wkhq uhgxfhv e| d shulrg1

ll, Vxssrvh ? kdv ghyldwhg gxulqj wkh vwdjh jdph/ zkloh 6 kdv qrw1
Jlyhq 6*v uhsruw ri Efc ��/ li ? uhsruwv E�c f� d A 0shulrg sxqlvkphqw sdwk

vwduwv iru klp1 Li kh uhsruwv dq|wklqj hovh/ d A �0shulrg sxqlvkphqw sdwk
vwduwv1 Vlploduo|/ li 6 suhihuv wr uhsruw Efc��/ dv kh lv wkhq irujlyhq14<

lll, Vxssrvh 6 kdv ghyldwhg gxulqj wkh vwdjh jdph/ zkloh ? kdv qrw1

4;Wklv dvvxpswlrq vlpsol�hv fdofxodwlrqv dqg lv rwkhuzlvh xqlpsruwdqw1
4<Wklv zd| ri jhqhudwlqj vwulfw lqfhqwlyhv lv/ wr wkh ehvw ri rxu nqrzohgjh/ qhz1 Krz0

hyhu/ lw grhv pdnh sxqlvkphqwv +vrphzkdw, klvwru|0ghshqghqw1 Dovr/ vdqfwlrqv duh qrw
lqh!flhqw lq htxloleulxp1 Iru dowhuqdwh dssurdfkhv/ vhh Ndqgrul dqg Pdwvxvklpd +4<<;,
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Jlyhq 6*v vwudwhj| ri uhsruwlqj E�c f�/ li ? suhihuv wr uhsruwv Efc ��/ dv kh
wkhq uhpdlqv lqqrfhqw1 Li 6 lv fxuuhqwo| rq d A �0shulrg sxqlvkphqw sdwk/
kh uhsruwv E�c f� e| lqgl�huhqfh1 Li kh lv rq d A 0shulrg sxqlvkphqw sdwk/ kh
dovr suhihuv wr uhsruw E�c f� dv rwkhuzlvh kh jrhv rqwr d A �0shulrg sdwk1

E, Erwk ? dqg 6 duh fxuuhqwo| lqqrfhqw1
l, Vxssrvh wkh| erwk iroorz wkh qrup gxulqj wkh vwdjh jdph1 Fohduo|/

qhlwkhu kdv dq| lqglylgxdo lqfhqwlyh wr vhqg d uhsruw1
ll, Vxssrvh ? kdv ghyldwhg gxulqj wkh vwdjh jdph/ zkloh 6 kdv qrw1 Wkh

fdvh zkhuh 6 ghyldwhg zkloh ? glg qrw lv v|pphwulf1
Jlyhq 6*v vwudwhj| ri uhsruwlqj Efc ��/ li ? uhsruwv E�c f�/ d A 0shulrg sxq0

lvkphqw sdwk vwduwv iru klp1 Li kh uhsruwv dq|wklqj hovh/ d A �0shulrg sxqlvk0
phqw sdwk vwduwv1 Khqfh/ kh uhsruwv E�cf�1 Vlplodu dujxphqwv vkrz wkdw 6
dovr suhihuv wr uhsruw Efc ��1

Khqfh/ zh vhh wkdw luuhvshfwlyh ri wkh klvwru|/ phvvdjhv duh jhqhudwhg
wuxwkixoo|1 Zh qrz fkhfn wkdw/ jlyhq wkdw phvvdjhv zloo eh wuxwkixo/ wkh
suhvfulehg vwdjh jdph dfwlrqv duh lqghhg lqfhqwlyh0frpsdwleoh1

Vxssrvh djhqw ? lv fxuuhqwo| jxlow|1 Vxssrvh dovr djhqw ? lv fxuuhqwo| rq
d A 0shulrg sxqlvkphqw sdwk1

Li kh frqirupv/ kh jhwv dw ohdvw %n B%n ���n BA3�%n B
A
�

�3B
1

Li kh ghyldwhv/ kh jhwv dw prvw f n B%n ���n BA%n B
An�

�

�3B
1

Zh fkrrvh A vxfk wkdw %�3B
A

�3B
n B

A
�

�3B
: f1

Fohduo|/ kh lv vwulfwo| ehwwhu r� frqiruplqj iru dq| B 	 �1
Dovr/ wkh vdph dujxphqw krogv li ? lv fxuuhqwo| rq d A �0shulrg sxqlvkphqw

sdwk1
Li djhqw ? lv fxuuhqwo| lqqrfhqw/ e| frqiruplqj/ kh jhwv �

�3B
1

E| ghyldwlqj/ kh jhwv dw prvw �? n B%n ���n BA%n B
An�

�

�3B
1

Wkhuhiruh/ lq rughu iru wkh qrup wr eh dq htxloleulxp/ lw kdv wr eh wkh
fdvh wkdw

BE�� BA �%n BAn�� n E� � B��? � �

Li zh wdnh B $ �/ kroglqj BA frqvwdqw vxfk wkdw BA 	 �/ wkh O1K1V1
ehfrphv f 	 E�� BA �%n BA � 	 ��

Khqfh/ ? lv vwulfwo| ehwwhu r� frqiruplqj li B lv kljk hqrxjk1
Wkxv wkh qrup lv dq htxloleulxp1 T1H1G1

dqg wkh glvfxvvlrq ri uhyhodwlrq frqvwudlqwv dqg srwhqwldo lqh!flhqflhv lq Frpswh +4<<;,1
Wkhlu dssurdfkhv duh lq jhqhudo qrw uhohydqw iru pdwfklqj prghov1
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Surri ri Sursrvlwlrq 61 Wkh iroorzlqj qrwdwlrq zloo eh xvhixo1
Ohw � ' �

�

� SR1
Ohw TU ghqrwh wkh olihwlph h{shfwhg sd|r�v iru d shuvrq zkr lv fxuuhqwo|

lqqrfhqw/ TA ghqrwh wkh vdph iru d shuvrq zkr lv fxuuhqwo| rq wkh A
|�
shulrg

ri klv sxqlvkphqw sdwk +l1h1/ kdv A � EA � �� shulrgv ohiw iru klv vhqwhqfh,/
� � A 	 A dqg TA ghqrwh wkh vdph iru d shuvrq zkr lv fxuuhqwo| rq wkh odvw
shulrg ri klv sxqlvkphqw sdwk1 Doo wkh deryh sd|r�v duh dw wkh ehjlqqlqj ri
wkh shulrg1

Lq htxloleulxp/ TU ' � n BiE� � R�TU n RT�j '
�nRBT�
�3E�3R�B

c

TA ' %� SR n BiE� � R�TU n RT�j '
E�3R�B�nRBT�

�3E�3R�B
n E%� SR�c

dqg TA ' %� SR n BiE� � R�TAn� n RT�j

' E%� SR�i� n E�� R�B n ���n E� � R�A3A BA3Ajn E�3R�A3An�B
A3An�

�nRBT�
�3E�3R�B

Wkxv/ T� '
E�3R�A B

A

�

�3B
n E%� SR�

t�nE�3R�Bn���nE�3R�A3�BA3��
�3B

i� � E�� R�Bj

Wkhuhiruh/ TAn� � TA ' E�� R�A3A BA3A E� � %n SR� : fc
dqg TU � TA ' � � %n SR : f�

Qrz/ TUER ' f� ' �

�3B
dqg

�
YTU
YR

�
R'f

' 3E�3%nSR�BE�3BA �

E�3B�2
�

5�ploduo|/ TA ER ' f� ' B
A3An�

�

�3B
n E%� SR�i� n B n ���n BA3Aj

dqg
�

YT
A

YR

�
R'f

' 3�B
A3An�

E�3B�2
iBnEA �A n��E�� B�� BA jnE%�SR�

BE�3BA �
E�3B�2

n

E%� SR�i
EA3An��BEA3An��

�3B
� B �3BEA3An��

E�3B�2
j

Ilqdoo|/ T�ER ' f� ' B
A
�

�3B
n E%� SR�i� n B n ���n BA3�j

dqg
�

YT�
YR

�
R'f

' 3�B
A

E�3B�2
A E�� B� n E%� SR�

BE�3BA �
E�3B�2

nE%� SR�i
ABA

�3B
� B �3BA

E�3B�2
j

Zlwk wkh deryh uhvxowv/ wkh uhvw ri wkh surri surfhhgv lq wkh iroorzlqj
vwhsv1 Vxssrvh ? dqg 6 duh wzr djhqwv zkr kdyh ehhq pdwfkhg lq vrph
shulrg1 Dq| djhqw wdnhv klv ghflvlrqv dvvxplqj doo rwkhu djhqwv duh iroorzlqj
wkh qrup1 Zh frqvlghu rqh0vkrw ghyldwlrqv rqo|1 Lq Vwhsv 4 wkurxjk 6 ehorz/
zh vkdoo frqvlghu 9 fdvhv1 Wr vdyh vsdfh/ zh hqxphudwh wkhp qrz1

l, ? lv fxuuhqwo| lqqrfhqw dqg erwk frqiruphg dw wkh vwdjh jdph1
ll, Dv lq +l,> ? ghyldwhg dw wkh vwdjh jdph zkloh 6 glg qrw1
lll, Dv lq +l,> ? glg qrw ghyldwh dw wkh vwdjh jdph zkloh 6 glg1

ly, ? lv fxuuhqwo| jxlow| dqg lv rq wkh A
|�
shulrg ri klv sxqlvkphqw sdwk1

Erwk frqiruphg dw wkh vwdjh jdph1
y, Dv lq +ly,> ? ghyldwhg dw wkh vwdjh jdph zkloh 6 glg qrw1

4;



yl, Dv lq +y,> 6 ghyldwhg dw wkh vwdjh jdph zkloh ? glg qrw1

Vwhs 4= Vxssrvh wkh dfwlrq vwdjh lv ryhu dqg wkdw ? kdv lqfxuuhg surfhvv0
lqj frvw1 Lq wklv vwhs/ zh suryh wkdw lw lv rswlpdo iru klp wr pdnh wuxwkixo
dqqrxqfhphqwv1

l, Jlyhq 6*v uhsruw ri Efc f�/ li ? uhsruwv Efc f�/ klv sd|r� lv BiE��R�TU n
RT�j ' �� n SR1

Rwkhuzlvh/ klv sd|r� lv BiE� � R�T� n RTUj1 Vlqfh T� 	 TU dqg R vpdoo/
kh uhsruwv wkh wuxwk1

ll, Jlyhq 6*v uhsruw ri Efc f�/ zkdwhyhu ? uhsruwv/ klv sd|r� lv BiE� �
R�T� n RTUj ' �2 n SR1 E| zhdn grplqdqfh/ kh uhsruwv wkh wuxwk1

lll, Vdph dv +l, dqg khqfh ? vhqgv wuxwkixo phvvdjhv1
ly, Jlyhq 6*v uhsruw ri Efc f�/ li ? uhsruwv Efc f�/ klv sd|r� lv BiE� �

R�TAn� n RT�j ' �e n SR1
Rwkhuzlvh/ klv sd|r� lv BiE� � R�T� n RTAn�j1 Vlqfh TAn� : T� dqg R

vpdoo/ kh uhsruwv wkh wuxwk1
y, Jlyhq 6*v uhsruw ri Efc ��/ zkdwhyhu ? uhsruwv/ klv sd|r� lv BiE� �

R�T� n RTAn�j ' �D n SR1 Khqfh/ kh uhsruwv wkh wuxwk1
yl, Jlyhq6*v uhsruw ri E�c f�/ li ? uhsruwv Efc ��/ klv sd|r� lv BiE��R�TUn

RTAn�j ' �S n SR1
Rwkhuzlvh/ klv sd|r� lv BiE� � R�T� n RTAn�j1 Vlqfh T� 	 TU kh uhsruwv

wkh wuxwk1
Wkhuhiruh/ uhjdugohvv ri wkh klvwru|/ li ? lqfxuv wkh frvw ri surfhvvlqj

lqirupdwlrq/ kh vhqgv wuxwkixo phvvdjhv1

Vwhs 5= Vxssrvh wkh dfwlrq vwdjh lv ryhu dqg ? kdv qrw lqfxuuhg wkh frvw1
Vlqfh kh grhv qrw nqrz h{dfwo| zkdw klv dqg klv sduwqhu*v vwdwhv zloo eh qh{w
shulrg/ zh kdyh wr vshfli| zkdw dfwlrqv kh zloo sod| qh{w shulrg1 Khuh/ zh
dvvxph wkdw kh sod|v wkh dfwlrq zklfk lv rswlpdo frqglwlrqdo rq wkh vwdwhv
qrw fkdqjlqj dqg wkhq fkhfn li kh zloo jhqhudwh wuxwkixo phvvdjhv153

l, Li ? uhsruwv Efc f�/ klv sd|r� lv dw ohdvw BdE� � 2R�� n 2Ri�? � SRjo n
B2dE�� 2R�iE�� R�TU n RT�jn 2RiE� � R�T� n RTUjo ' ���

Rwkhuzlvh/ klv sd|r� lv dw prvw BdE� � 2R�E% � SR� n Ri�? � SRj n RE%�
SR�o n B2dE�� R�iE�� R�T2 n RT�jn RiE�� R�T� n RT2jo�

Vlqfh R vpdoo/ TU : T2 dqg � : f/ kh uhsruwv wkh wuxwk1

53Dowhuqdwlyh vshfl�fdwlrqv |lhog wkh vdph uhvxow1 Pruhryhu/ wklv vhhpv wr eh wkh uhd0

vrqdeoh vshfl�fdwlrq jlyhq wkh vpdoo suredelolw| ri vwdwh fkdqjhv1
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ll, Zkdwhyhu ? uhsruwv klv sd|r� lv BdE��2R�E%� SR�nRi�?�SRjnRE%�
SR�o n B2dE�� R�iE�� R�T2 n RT�jn RiE�� R�T� n RT2jo ' �21

Wkxv/ kh uhsruwv wkh wuxwk1
lll, Vdph dv +l,1
ly, Li ? uhsruwv Efc f�/ klv sd|r� lv
BiE�� 2R�E%� SR�n RE%� SR� n RE%� SR�jn B2iE�� R�TAn2 n RT�j ' �e�

Rwkhuzlvh/ klv sd|r� lv
BiE� � 2R�E%� SR� n RE%� SR� n RE%� SR�jn B2iE�� R�T� n RTAn2j�
Kh fkrrvhv wkh wuxwk dv R lv vpdoo dqg T� 	 TAn21
y, Zkdwhyhu ? uhsruwv klv sd|r� lv
BiE�� 2R�E%� SR�n RE%� SR� n RE%� SR�jn B2iE�� R�T� n RTAn2j ' �D1
Khqfh/ kh uhyhdov wkh wuxwk1
yl, Li ? uhsruwv Efc ��/ klv sd|r� lv BdE� � 2R�� n 2Ri�? � SRjo n B2dE� �

2R�iE�� R�TU n RT�jn 2RiE� � R�T� n RTUjo ' �S�

Rwkhuzlvh/ klv sd|r� lv BiE��2R�E%�SR�n2RE%�SR�jnB
2iE��R�T2nRT�j�

Vlqfh R vpdoo/ � : f dqg TU : T2/ kh uhyhdov wkh wuxwk1
Khqfh/ ? uhsruwv wuxwkixoo| lq doo fdvhv1

Vwhs 6= Khqfh/ zh vhh wkdw phvvdjhv duh jhqhudwhg wuxwkixoo| uhjdugohvv
ri zkhwkhu frvwv duh lqfxuuhg ru qrw dqg uhjdugohvv ri wkh lqlwldo vwdwh ri
wkh sod|huv ru dfwlrqv dw wkh vwdjh jdph1 Qrz zh fkhfn wkdw/ jlyhq wuxwkixo
phvvdjhv/ wkh frvwv duh lqghhg lqfxuuhg lq htxloleulxp1

l, Li ? lqfxuv wkh frvw klv sd|r� lv �� zkhuh ��ER ' f� ' �SR n
B�
�3B

�

Dovr/ Y��

YR
' B YTU

YR
� BTU � BRYTU

YR
n BT� n BRYT�

YR

Li/ rq wkh rwkhu kdqg/ kh grhv qrw lqfxu wkh frvw/ klv sd|r� lv �� zkhuh
��ER ' f� ' B�

�3B

dqg Y��

YR
' �2Bi����?jn

YTU
YR
B2E���RneR2�� B2TUE��HR�n YTU

YR
B2RE��

eR� n B2T�E� � HR�
Wkhuhiruh/ dw SR ' f�
Y��

YR

�
R'f

�
�
Y��

YR

�
R'f

' 2Bi�� � �?j n E�3%�BE�3BA �
E�3B�2

E�B � 2B2 � �� : f1

iru B forvh wr 41 Vlqfh ��/ ��/
Y��

YR
dqg Y��

YR
duh frqwlqxrxv lq R dqg SR/ iru

vx!flhqwo| vpdoo SR/ zh fdq �qg R vpdoo vxfk wkdw �� : ���

Khqfh/ shrsoh zloo lqfxu wkh frvw1
Fdvhv +ll, wkurxjk +yl, duh rplwwhg dv doprvw lghqwlfdo whglrxv dojheud

vkrzv wkdw lw lv lqghhg rswlpdo wr lqfxu wkh frvw ri surfhvvlqj lqirupdwlrq
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jlyhq wkdw phvvdjhv duh jhqhudwhg wuxwkixoo|/ uhjdugohvv ri wkh dfwlrqv dw wkh
vwdjh jdph154

Vwhs 7= Vr/ wkh rqo| wklqj ohiw wr fkhfn lv zkhwkhu wdnlqj wkh dfwlrqv
vshfl�hg e| wkh qrup duh lqghhg rswlpdo/ jlyhq wkdw hyhu|rqh vhqgv wuxwkixo
phvvdjhv dqg wkdw hyhu|rqh lqfxuv wkh frvw dqg khduv wkh phvvdjhv1

d, ? dqg 6 duh erwk fxuuhqwo| lqqrfhqw1 Li ? ghyldwhv kh jhwv �? � SR n
BiE� � R�T� n RTUj�

Li kh grhv qrw/ kh jhwv �� � SR n BiE�� R�TU n RT�j�
Wkxv/ kh grhv qrw ghyldwh li BE� � 2R�ETU � T�� n �� � �? : f1 Vlqfh R lv

vpdoo/ wklv lv wuxh dv B$ �/ kroglqj BA frqvwdqw1

e, ? lv fxuuhqwo| jxlow| dqg lv rq wkh A
|�
shulrg ri klv sxqlvkphqw sdwk/

� � A 	 A 1
Li kh ghyldwhv/ kh jhwv �SR n BiE� � R�T� n RTAn�j�
Li kh grhv qrw/ kh jhwv %� SRn BiE��R�TAn�nRT�j� Kh iroorzv wkh qrup

li BE� � 2R�ETAn� � T�� n % : f/ zklfk lv wuxh dv R vpdoo dv B $ �/ kroglqj

BA frqvwdqw1

Qrz/ qrwlfh wkdw vlqfh wkh qrup lv dq htxloleulxp/ h{shfwhg olihwlph +qru0
pdolvhg, sd|r�v ri d fxuuhqwo| lqqrfhqw shuvrq lv TU zklfk frqyhujhv wr �� dv
R dqg SR jr wr f1 Ixuwkhu/ dv R jrhv wr f d fxuuhqwo| lqqrfhqw shuvrq h{shfwv
wr jhw edfn wr lqqrfhqw vwdwxv zlwk suredelolw| �1 Khqfh/ rxu qrup vxvwdlqv
frrshudwlrq dv d vhtxhqwldo htxloleulxp1 T1H1G1

; Uhihuhqfhv

41 Dkq/ L1 +4<<:,= �Lpshuihfw Lqirupdwlrq Uhshdwhg Jdphv zlwk d Vlqjoh
Shuihfw Revhuyhu/� plphr1

51 Dkq/ L1 dqg P1 Vxrplqhq +4<<<,= �Zrug0ri Prxwk Frppxqlfdwlrq
dqg Frppxqlw| Hqirufhphqw/� plphr1

61 Deuhx/ G1 +4<;;,= �Rq wkh Wkhru| ri Lq�qlwho| Uhshdwhg Jdphv zlwk
Glvfrxqwlqj/� Hfrqrphwulfd/ 89/ s1 6;60<91

54
Wkh ghwdlov duh dydlodeoh iurp wkh dxwkru1
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71 Deuhx/ G1/ S1 Plojurp dqg G1 Shdufh +4<<4,= �Lqirupdwlrq dqg Wlplqj
lq Uhshdwhg Sduwqhuvklsv/� Hfrqrphwulfd/ 8</ s1 4:460661

81 Deuhx/ G1/ G1 Shdufh dqg H1 Vwdffkhwwl +4<;9,= �Rswlpdo Fduwho Htxl0
oleuld zlwk Lpshuihfw Prqlwrulqj/� Mrxuqdo ri Hfrqrplf Wkhru|/ 6</ s1
58409<1

91 Deuhx/ G1/ G1 Shdufh dqg H1 Vwdffkhwwl +4<<3,= �Wrzdug d Wkhru| ri
Glvfrxqwhg Uhshdwhg Jdphv zlwk Lpshuihfw Prqlwrulqj/� Hfrqrphw0

ulfd/ 8;/ s1 43740961

:1 Ehq0Srudwk/ H1 dqg P1 Ndkqhpdq +4<<9,= �Frppxqlfdwlrq lq Uh0
shdwhg Jdphv zlwk Sulydwh Prqlwrulqj/� Mrxuqdo ri Hfrqrplf Wkhru|/
:3/ s1 5;40<:1

;1 Frpswh/ R1 +4<<;,= �Frppxqlfdwlrq lq Uhshdwhg Jdphv zlwk Lpshu0
ihfw Sulydwh Prqlwrulqj/� Hfrqrphwulfd/ 99/ s1 8<:09591

<1 Gdwwd/ V1 +4<<9,= �Exloglqj Wuxvw/� VWLFHUG Glvfxvvlrq Sdshu &
WH2<92638/ OVH1

431 Hoolvrq/ J1 +4<<7,= �Frrshudwlrq lq wkh Sulvrqhuv* Glohppd zlwk Dqrq|0
prxv Udqgrp Pdwfklqj/� Uhylhz ri Hfrqrplf Vwxglhv/ 94/ s1 89:0;;1

441 Ixghqehuj/ G1/ G1P1 Nuhsv dqg H1 Pdvnlq +4<<3,= �Uhshdwhg Jdphv
zlwk Orqj0uxq dqg Vkruw0uxq Sod|huv/� Uhylhz ri Hfrqrplf Vwxglhv/
8:/ s1 8880:61

451 Ixghqehuj/ G1dqg G1 Ohylqh +4<<4,= �Dq Dssur{lpdwh Iron Wkhruhp
zlwk Lpshuihfw Sulydwh Lqirupdwlrq/� Mrxuqdo ri Hfrqrplf Wkhru|/ 87/
s1 5907:1

461 Ixghqehuj/ G1dqg G1 Ohylqh +4<<5,= �Pdlqwdlqlqj d Uhsxwdwlrq zkhq
Vwudwhjlhv duh Lpshuihfwo| Revhuyhg/� Uhylhz ri Hfrqrplf Vwxglhv/ 8</
s1 8940:<1

471 Ixghqehuj/ G1/ G1 Ohylqh dqg H1 Pdvnlq +4<<7,= �Wkh Iron Wkhruhp
zlwk Lpshuihfw Sxeolf Lqirupdwlrq/� Hfrqrphwulfd/ 95/ s1 <<:0436<1

481 Ixghqehuj/ G1 dqg H1 Pdvnlq +4<;9,= �Wkh Iron Wkhruhp lq Uhshdwhg
Jdphv zlwk Glvfrxqwlqj ru zlwk Lqfrpsohwh Lqirupdwlrq/� Hfrqrphw0

ulfd/ 87/ s1 8660871
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491 Jkrvk/ S1dqg G1 Ud| +4<<9,= �Frrshudwlrq lq Frppxqlw| Lqwhudfwlrq
zlwkrxw Lqirupdwlrq Iorzv/� Uhylhz ri Hfrqrplf Vwxglhv/ 96/ s1 7<40
84<1

4:1 Juhli/ D1 +4<<6,= �Frqwudfw Hqirufhdelolw| dqg Hfrqrplf Lqvwlwxwlrqv
lq Hduo| Wudgh= wkh Pdjkulel Wudghuv* Frdolwlrq/� Dphulfdq Hfrqrplf

Uhylhz/ ;6/ s1 85807;1

4;1 Juhli/ D1/ S1 Plojurp dqg E1 Zhlqjdvw +4<<7,= �Frruglqdwlrq/ Frp0
plwphqw dqg Hqirufhphqw= wkh Fdvh ri wkh Phufkdqw Jxlog/� Mrxuqdo

ri Srolwlfdo Hfrqrp|/ 437/ s1 :780:91

4<1 Kduulqjwrq/ M1H1/ Mu1 +4<<8,= �Frrshudwlrq lq d Rqh0vkrw Sulvrqhuv*
Glohppd/� Jdphv dqg Hfrqrplf Ehkdylru/ ;/ s1 6970::1

531 Ndqgrul/ P1 +4<<5,= �Vrfldo qrupv dqg Frppxqlw| Hqirufhphqw/�
Uhylhz ri Hfrqrplf Vwxglhv/ 8</ s1 960;31

541 Ndqgrul/ P1 dqg K1 Pdwvxvklpd +4<<;,= �Sulydwh Revhuydwlrq/ Frp0
pxqlfdwlrq dqg Frooxvlrq/� Hfrqrphwulfd/ 99/ s1 95:0851

551 Ohkuhu/ H1 +4<<3,= �Orzhu Htxloleulxp Sd|r�v lq Wzr Sod|hu Uhshdwhg
Jdphv zlwk Qrqrevhuydeoh Dfwlrqv/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph

Wkhru|/ 4;/ s1 8:0;<1

561 Pdlodwk/ J1 M1 dqg V1 Pruulv +4<<<,= �Uhshdwhg Jdphv zlwk Doprvw0
Sxeolf Prqlwrulqj/� FDUHVV Zrunlqj Sdshu & <<03</ Xqlyhuvlw| ri
Shqqv|oydqld1

571 Rnxqr0Ixmlzdud/ P1 dqg D1 Srvwohzdlwh +4<<8,= �Vrfldo Qrupv dqg
Udqgrp Pdwfklqj Jdphv/� Jdphv dqg Hfrqrplf Ehkdylrxu/ </ s1
:<043<1

581 Srvwohzdlwh/ D1 dqg G1 Vfkphlgohu +4<;9,= �Lpsohphqwdwlrq lq Gl�hu0
hqwldo Lqirupdwlrq Hfrqrplhv/�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 6</ s1
470661

591 Udgqhu/ U1 +4<;9,= �Uhshdwhg Sduwqhuvkls Jdphv zlwk Lpshuihfw Prq0
lwrulqj dqg qr Glvfrxqwlqj/� Uhylhz ri Hfrqrplf Vwxglhv/ 86/ s1 7608;1

5:1 Vhnljxfkl/ W1 +4<<:,= �H!flhqf| lq Uhshdwhg Sulvrqhu*v Glohppd zlwk
Sulydwh Prqlwrulqj/� Mrxuqdo ri Hfrqrplf Wkhru|/ :9/ s1 6780941
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