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Abstract

We propose a semiparametric estimation procedure for scalar homogeneous stochastic dif-
ferential equations. We specify a parametric class for the underlying diffusion process and
identify the parameters of interest by minimizing criteria given by the integrated squared differ-
ence between kernel estimates of drift and diffusion function and their parametric counterparts.
The nonparametric estimates are simplified versions of those in Bandi and Phillips (1998). A
complete asymptotic theory for the semiparametric estimates is developed. The limit theory
relies on infill and long span asymptotics and the asymptotic distributions are shown to de-
pend on the chronological local time of the underlying diffusion process. The estimation method
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1 Introduction

The estimation of continuous-time models, such as those described by potentially nonlinear stochas-
tic differential equations, has been intensively studied in recent research. Stanton (1998) provides
a recent concise survey and discussion of applications in finance. In the last few years, this litera-
ture has shown a tendency to turn to fully functional procedures to identify and estimate the two
functions that describe the solution to the stochastic differential equation of interest, that is the
drift and diffusion functions [c.f. Jiang and Knight (1997), Stanton (1998) and Bandi and Phillips
(1998) — hereafter BP]. The motivation for this focus is clear. By not imposing a specific parametric
structure, fully functional methods reduce the extent of potential misspecifications. Unfortunately,
they do so at the expense of slower convergence rates and the potential of greater estimation er-
ror over their parametric counterparts. Yet, the informational content of accurately implemented
functional methods can be put to work as a useful descriptive tool to understand more about the
underlying dynamics from a general perspective and to investigate more effective procedures for
parametric inference.

This paper seeks to design an estimation methodology that exploits the generality of functional
methods while improving on their convergence properties. Also, we wish to utilize any available
information about possible parametrizations for the two functions of interest. A natural way to
proceed is to define a semiparametric estimation procedure that matches functional estimates to
their parametric counterparts. In order to do so, we specify a parametric class for the underlying
diffusion process and estimate the parameters of interest by minimizing two criteria which can be
readily interpreted as the integrated squared differences between kernel estimates of the drift and
diffusion function and their corresponding parametric expressions.

The nonparametric estimates we use here are simplified versions of those in BP (1998). As
discussed in BP (1998), drift and diffusion functions can be identified separately using functional
analogues of the true theoretical functions. Only minimal requirements need to be placed on the
data generating mechanism for this approach to be justified. In particular, we do not require the
existence of a time-invariant marginal data density, so stationarity is not needed.

The present work develops an asymptotic theory for the new semiparametric estimates. The
limit theory relies on infill and long span asymptotics, just as in the fully nonparametric case
[c.f. BP (1998) and Bandi (1999)], and the asymptotic distributions are shown to depend on the
chronological local time of the underlying diffusion process, that is on the time that the process
spends in the vicinity of each spatial point [see Protter (1990) for a general discussion and Phillips
and Park (1998) for an introduction to this concept in econometrics|. As expected, semiparametric
methods entail efficiency gains with respect to fully functional procedures by virtue of their faster
convergence rates. The same intuition as in the standard semiparametric regression context carries
over to the continuous-time model examined in this paper [c.f. Andrews (1989)].

From a purely technical point of view, this work merges two strands of the most recent econo-
metrics literature, namely the estimation of nonlinear models of integrated time-series [Park and
Phillips (1999, 2000)] and the functional identification of diffusions under minimal assumptions on
the dynamics of the underlying process [Florens-Zmirou (1993), Jacod (1997) and BP (1998)]. In
effect, the ‘minimum distance’ type of estimation that is presented in this paper can be interpreted
as extremum estimation for potentially nonstationary and nonlinear continuous-time models.

The paper proceeds as follows. Section 2 discusses the model and objects of econometric interest.
Section 3 details the estimation procedure. Section 4 presents the main results. In Section 5 we
outline the Brownian motion case. Section 6 discusses covariance matrix estimation. Section 7
concludes. Notation is listed in Section 8 and proofs are given in Section 9.



2 The model

We consider a diffusion process {X; : t > 0} generated by

dX; = (X, 07 dt + o(Xy, 0497 d By, (1)

with initial condition Xy = X and where B; is a standard Brownian motion defined on the filtered
probability space (2, 3B, (32);>0, P). The initial condition X € L? and is taken to be independent
of {B; : t > 0}. The parameter vectors §%/* and §4// are such that (9%i/t ¢%/7) = ¢ € ©
where O is a compact subset of RM for a generic M. More specifically, 0%/t ¢ @@ift —« R™ and
94! ¢ @%ff ¢ R™2 with mq 4+ my = M. The vectors %t and %7/ jointly define a parametric
family for (1). Since we will be dealing with extremum estimation procedures, it is convenient to
denote the true values of these parameters by HSmf " and Ggif 7

We now define the left-continuous filtration

=0(X) V3P =0(X,Bs;0< s <t) 0<t<oo

@l

and the collection of null sets
N:={N CQ;3G € S with N C G and P(G) = 0}.
We create the augmented filtration
@f:za(@tUN) 0<t<o0.

As in BP (1998), the following conditions are used in the study of (1). They guarantee the existence
and pathwise uniqueness of a nonexplosive solution to (1) that is adapted to the augmented filtration

{3
2.1 Assumption

(A) u(-, 094 and of(-,0%11) are time-homogeneous, B-measurable functions on D = (I,u) with
—0 < | < u < oo where B is the o-field generated by Borel sets on D. Both functions
are at least twice continuously differentiable. Hence, they satisfy local Lipschitz and growth
conditions. Thus, for every compact subset J = [1/H,H]| with H > 0 of the range of the
process, there exist constants C1 and Cy such that, for all x and y in J,

’u(l‘a edrift) - N’(ya edrift)’ + |0-(1‘7 edsz) - U(ya edsz)’ < Cl|$ - y|7

and

11, 0+ o (2, 07 T)| < Co{1 + [a]}.
(B) o2(-,0%/1) > 0 on D.

(C) [Feller’s (1952) necessary and sufficient condition for nonexplosion|. We define V(a, 0) as

/0 " 5,00 /Oy [S/(L 9)03@7 s | b




where S'(x,0) is the first derivative of the natural scale measure,

drift
S(a,0) = / exp / { QMZW)]dw}dy

We require V(«, 0) to diverge at the boundaries of D, i.e.

liml V(a,0) = lim V(a,0) =

a—u

(D) p(-, 0%ty and o(-, 0% 1) are at least twice continuously differentiable in 0%t and 9417,

As discussed in BP (1998), under conditions (A), (B) and (C), the stochastic differential equation
has a strong solution X; that is unique, recurrent and continuous in ¢ € [0, T]. Assumption (D) will
be used in the development of our asymptotics.

The objects of econometric interest are the drift, u(., #%%/?), and the diffusion term, o2(., §%/1).
Their conditional moment definitions are well known. They can be interpreted as representing
the ‘instantaneous’ conditional mean and the ‘instantaneous’ conditional variance of increments in
the process [c.f. Karlin and Taylor (1981), for example]. More precisely, u(.,097/*) describes the
conditional expected rate of change of the process for infinitesimal time changes, whereas (., 9%f/)
gives the conditional rate of change of volatility.

3 The Econometric procedure

We define a ‘minimum distance’ type of estimation that exploits the consistency of accurately
defined functional estimators and provides estimates of the parameters of interest by ‘matching’
the parametric expressions to their nonparametric counterparts.

The first step consists of defining the functional estimates. We consider a simplified version of
the estimators in BP (1998). Assume the data X; is recorded discretely at {t = t1,t2,..,t,} in the
time interval [0, 7], with T" > Ty > 0, where Tp is a positive constant. Also, assume equispaced
data. Hence,

{Xt = XAn,T ) X2An,T ) X3An,T DR XnAn,T }

are n observations at
{ti = Anr,te =20, 1,13 = 3An 1, ..., tn = NAp 7}

where A, 7 = T'/n. The diffusion function estimator is

XjAanx

2 =] > K5 X Gy yans — Xjsn]®
U(an) )= ATL,T Z K( JAnT J:) ’
Jj=1 hn,T

The drift function estimator is

n— Xjan 12
N 1 Z 1K(Jhn—’1)[X(j+1)AnT _XjAn,T]

’u(an)(:B) = ATL,T Z 1K(XJAnT :E)
Jj= hnT




Remark 3.1 The estimators above are defined as rather straightforward sample analogues of
the theoretical functions. BP (1998) discuss the properties of consistency and asymptotic mixed
normality of more general functional analogues to the true functions than (2) and (3) above. They
show that recurrence (which is implied by Assumption 2.1 above), rather than stationarity, is all
that is needed to achieve identification. They derive the asymptotics as (i) the time span (T)
and (i) the number of data points (n) increase with (iii) the frequency of observations (£ — 0).
Condition (7i) is necessary for the consistent estimation of continuous-time models using fully
functional methods under general assumptions. Condition () is crucial only for drift estimation as
the local dynamic of the process does not contain sufficient information to identify its infinitesimal
first moment. By letting the time span increase to infinity, the drift can be recovered in the limit
since the process continues to make repeated visits to different spatial points by virtue of recurrence.

Remark 3.2 Formulae (2) and (3) can be interpreted as estimates of Stanton’s first order ap-
proximations to the infinitesimal moments of a diffusion [c.f. Stanton (1997)]. They are proven to
be consistent and asymptotically mixed normal under the same conditions on the time span and
the sample size that were described in the previous remark [c.f. Bandi (1999)].

Remark 3.3 More general sample analogues to the true functions of the type described in BP
(1998) could be used to derive the functional estimates. We decided to employ specifications based
on simple smoothing rather than on convoluted kernels [as in the most general case examined by
BP (1998)] for simplicity. In effect, the use of more involved specifications would not qualitatively
change the asymptotic results given here.

In finite samples the use of convoluted kernels does make a difference [c.f. Bandi and Nguyen
(1999)]. In particular, we know that the choice of the optimal smoothing parameter for the drift is
empirically cumbersome. Yet, the use of convoluted kernels limit the effects of potentially subopti-
mal choices. Extension to more general kernels can be easily derived from the apparatus discussed
below.

Consider the criteria

T n

7 r m T 2
Qi,Tft ) Z <“(n,T) (an,T) - “(anfv 0" ft)) (4)
i=1
and
diff _ T~ (2 2 gdiff 2
Qn,T “n Z (U(n,T) (XiAn,T) - (an,Tv )> (5)
i=1

where i, ry(.) and E%n’T)(.) are defined in (3) and (2), respectively. Formulae (4) and (5) can
be interpreted as the integrated mean squared differences between the kernel estimates and their
corresponding parametric specifications. We consider averaged squared differences over a fixed
time span T = T. Despite the fact that we fix T to define the criteria to be minimized, the
nonparametric estimates rely on asymptotic sampling over an enlarging time span for the reasons
discussed in Remark 3.1. In the sequel we will often refer to the expression “fixed time span” to
describe the situation where kernel estimation is assumed to be implemented (in the limit) over a
fixed observation span. As far as the criteria (4) and (5) are concerned, we will assume throughout
that the le A TS Are recorded discretely over a fixed time period T. This assumption will be
extended in Remark 5.1.



~drift ~di
The semiparametric estimates QHZJ and an];pf are obtained as follows:

~drift . drift
n,T - = argnun Qn,T
gdriftcgdrift—g
= n
. -~ d
— arg min - <:U’(n,T) (XzAn,T) - /"L(XlAn T 0 Mft)) (6)

gdriftcgdrift—g n im1

and

~di i
Our = argmin QU
’ guiff cQdiff —g ’
T n
. 2 d
= arg min — <J(n,T) (XzAn,T) — 02(X1An T 0 lff)) . (7)

paitfcodiffcg 1 “—

Remark 3 4 As in the fully nonparametric case, we identify the drift and diffusion parameters
~drift
(Qnrr}f and 9n T , that is) separately. This is of particular importance when we are interested in the

parametrization of a specific function in situations where the other function is treated as a nuisance
parameter.

Remark 3 5 In the next section we derive the consistency and asymptotic mixed normality of
~drift
Qnréf and 0, Tf as T — o0, n — oo and I — 0. As in the fully nonparametric case, we show that

~d
QnU;f can be identified over a fixed time span (T =T) provided < T_, 0, that is as the frequency of

observations increases.

4 Limit theory

First, we consider the drift case.

Theorem 4.1 (Consistency of the drift estimates) Assume n — oo, T — oo and hy,r
— 0 (as n,T — o0) such that % — 0, M(An,ﬂa = Oq.5.(1) for some a € (0,%) and

hn,T ’ 2
Lx (T, x)hnT % 0, then

o s} . . 2
Q! (07 1) =5 QUrif (oSt 5 = / (1(5,657%) = (s, 6" ) Tx (T, 5)ds,  (8)

uniformly in 09t Also, let B(0%ft, &) denote an open ball in ©¥Ft of radius e around 9¥Ft,
Assume that for V6 > 0 and Ve > 0

drifty _ drifty) >
fed“ft%B( drift a) /3§6 <,u(8,90 ) — (s, 0 )) ds > 0. (9)

Then,

~drift a s. dmft
O — 0y



Theorem 4.2 (The limit distribution of the drift estimates) Given n — oo, T — oo and
hnr — 0 (as n,T — o0) such that i:TT — 0, Lx(T) (A1) = O4s.(1) for some a € (0,3) and

hn,T )
Lx(T, Z)hp, T % 0, then

—_ _ ~drift i
Ena( @)™ (O =057 ) —a N(0,1), (10)
where
EmU(T) = B(T);hQ(T)muB(T);zL:
and

> dpo(a) duo(a)\ (Lx(T,a))”
Qmu_</_ooa2(a)( (;9 809, ) .0 da).

Remark 4.3 The result is consistent with what we would expect to obtain in a correctly specified
standard nonlinear regression context with heteroskedastic errors [c.f. Davidson and MacKinnon
(1993) for a classical treatment]. The only difference is that we replace integrals with respect to
probability measures with spatial integrals [c.f. Park and Phillips (1998b)]. This is due to the
generality of the approach adopted here. In particular, it is due to the robustness to deviations
from stationarity.

Remark 4.4 Coherently with the fully nonparametric case, the rate of convergence is path-
dependent and is driven by the rate of divergence to infinity of the chronological local time of the
underlying process through the integral €2,,,,. By virtue of the averaging, the rate is faster than in

fully functional context, i.e. \/hn,TfX (T, z).

Remark 4.5 As usual, the limit theory clarifies the sense in which enlarging the time span
(T' — 00) is crucial for consistent estimation of the infinitesimal first moment of a diffusion. In effect,

if we fix T(=T), then Ly (T, z) = Op(1) and By (T) = Op(1). In consequence, Gy & 627 [c .
formula (10) above] when 7' is fixed.

We now turn to the diffusion parameter estimates.

Theorem 4.6 (Consistency of the diffusion estimates) Assume n — oo, T — 0o and hy,
— 0 (as n,T — 00) such that ST 0 and %@(AH,T)O‘ = Oq.s.(1) for some o € (0, 3), then

hn,T

. . . . . o0 . . 2
Qi?;f(edlff) a3 leff(gdlff’ @glff) = / (0'2(5’ leff) — 0’2(5, leff)> Lx(T, S)dS. (11)

—0o0



uniformly in 0417, Also, let B(Qgiff,s) denote an open ball of radius € around Qgiff in ©USF,
Assume that for ¥V 6 >0 and Ve >0

. 2
2 diffy 2 diff
fedlff¢B(9d|ff >/<6 (J (s,0y"7) —0c“(s,0 )) ds > 0. (12)

Then,

’e\dlff a.s. edsz

Theorem 4.7 (The limit distribution of the diffusion estimates) Given n — oo, T — o0

AnT

and hpr — 0 (as n,T — oo0) such that o — 0 Zﬁ’ﬁw) (An,1)* = Oq.s.(1) for some a € (0,3)

and ETT — 0, then

1 ——1/2 ~dif f i
—ma(T) Bz’ —67) ~a NO.) (13)
where
Esigma (T) = B(T);;maQ(T)SlgmaB(T);z}]ma
and

~_( [* 993(a) OoF(a)+ =
Bszgma — <\/_oo 90 89/ LX(T,a)da>

([ d03(a) do3(a)\ (Lx(T,a))*
Qsigma— (/00404((],)( 59 809/ ) EX(T’Q) da | .

Remark 4.8 In light of Remark 4.3, the integrals Bgigma and €2sigmaq can be readily interpreted
as spatial analogues of the expectations that would arise from the standard nonlinear estimation
of conditional expectations. The term 40%(a) is generated by the quadratic nature of the nonpara-
metric estimator of the infinitesimal second moment of a diffusion.

Remark 4.9 As in the drift case, the rate of convergence is path-dependent. Also, the semipara-
metric estimates entail efficiency gains with respect to their nonparametric counterparts. In effect,
the functional estimates have slower pointwise convergence rates given by h”JAL—X(T’w).
n,T
Remark 4.10 The rate of convergence of the diffusion estimates is faster than the rate of con-
vergence of the drift estimates. The difference is remarkable and is given by the multiplicative
factor \/Al— = \/¥ . This is a standard result that reflects perfectly the difference in the pointwise
n,T

hn,1 Lx (T)x)

VAnT

convergence rates of the nonparametric estimates (that is, y/h, rLx (T,z) versus



3
h’nT

Remark 4.11 The condition

‘variance term’ in the estlmatlon error decomposition [see the proof of Theorem 4.7]. Should
3

h
A’;'TT — 00, then the ‘bias term’ would dominate, but the semiparametric estimates would still

— 0 guarantees that the limit distribution is driven by the

coﬁverge to a Gaussian distribution. No choice of the smoothing parameter can make the ‘bias
term’ dominate in the drift case due to the slow rate of convergence of the ‘variance term’.

Remark 4.12 As usual, the diffusion parameters can be identified over a fixed time span [c.f.
BP (1998)]. In this case the convergence rate ceases to be path-dependent: we experience \/n-

convergence for the semiparametric estimates and , /nh,, 7-convergence for the fully nonparametric

counterpart in (2) above. The gain in efficiency which is assured by the adoption of the semipara-
metric approach is noteworthy and is perfectly consistent with more traditional semiparametric
models [c.f. Andrews (1989), for example]. To summarize, if 7" is fixed (= T') then,

13 1 T
\/ﬁ <b\d If N edlff) —d MN (0, ?Esigma(T)> ’

where
Esigma(T) = B(T) 51302 sigmaB(T) sipma
and
B / doi(a) 803(@)Z (T, a)d
sigma — o 90 90’ X\4,a)aa
> 9o3(a) dod(@)\ +
- 4 ola)oopla)
Qszgma (/Oo 4o ((l) ( 90 20’ LX(T,a)d(l .

5 An instructive example: Brownian Motion

Assume the data is generated from a Brownian motion B = ¢W with variance o2. We parametrize
the diffusion as

dXy = pudt + odW;

and minimize the criteria (4) and (5). It follows that

Admft
= Z :U/(n T) ZAn T )

and

~dif f
en,T = ZJ(nT )

The limit theories can be derived in closed form since the rate of divergence to infinity of the
Brownian local time is known. In particular,
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and

([ dpo(a) dpo(a)\ (Lx(T,a))*
Qo = (/_0002(00( (;9 800’ ) Tx(T.0) da)

Then,

. . fe’e) 2
T1 (gir;ft - ngft) —q MN (0,/ o? <7(LW (L,2)) ) d:r) .

—1
—0o \T2Ly (1,0)

The rate of convergence, Ti, is faster than in the fully nonparametric case, where it is known to
be T hrll/ % [BP (1998)]. We now turn to diffusion estimation. Write

B = ([ 2007 7 )




and

Qyigma = (/Oo 10*(a) (803(@) 808@)) (Z_X(T, a))2da)

In consequence,

1 . ) ) 2
T @04 glitfy L, MN (o,/ o2 (M) dac) .

1
An,T —o  \T?Ly (1,0)

As in the previous case, the rate of convergence that would emerge from purely functional estimation
1

is slower, viz. —L= hY2.

AV An,? T

Remark 5.1 It appears that we can increase further the rate of converge by working with squared
differences defined over an enlarging time span. In this case,

TEEL 0t Sy N (0,0%)

and

=

T
vV An,T

Of course, this result holds more generally. For more general diffusion processes than Brownian
motion we have

»
el

Onr —0577) —a N (0,07).

(Ema() ™72 (87 = 037") —a N0, D)

where

and




Qe = ( /_ Z o2(a) (a“(,gé“) a‘g;@) Tx(T, a)da) |

Also,
=@ (0 - ) —a N
where
Zsigma(T) = B(T),igma U T)sigmaB(T) sigma
and

90

([ 95(a)
Bszgma - </_Oo 90 00’

o0 o 2 a
Qsigma = (/ 40’4(CL) < 050( 00’

6 Covariance matrix estimation
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We will only consider the drift case. The results readily extend to covariance matrix estimation in
the diffusion case. From Theorem 4.2 above, write

~drift
asicov(Qn?}f )

egf‘ift , eglff)

mau(
= (B0 (a0 08)) (B8

with

i o0 8 ’ed’r‘ift 8 79d’f‘1:ft _ _

and

Qmu(egrift79giff) _ (/

—00

T4 s T (T 2
* 2(a, gtit1 [ 20(a: 06" Onla 07\ (Ex(Toa))” o
7o 90 oy’ Lx(T,a) '

It is straightforward to prove [see proof of Theorem 4.7] that

Bmu(edrift)nf
n 8M(XiAnf7 edmft) 8/11(XiAnf, edmft)
. 06 06

) 3#(&, gdrift) 3#(@, gdm’ft)_

= /Oo 50 50 Lx(T,a)da

12



and

ﬁmu(ed'rift7 edsz)n T

Ly

>

n,T

2 _ n Xja, +—Xia |
iz (A7) Op(Xi, 0 F) O (X, 07) gy (=0 25T

— N dif f I’\T7
~ Anr Z" (Xia, 7 077) a0 ae'

>

—Xia
2

o] . drift drift T AT
— 0 00 00 LX(T,(I)

_ Qmu(edrift’ ediff.)

(.’gdrift)

uniformly in ©%t and ©%//. We combine this result with the continuity of ou and

. . . %
o2(., 0415 at 087" and 097 (c.f. Assumption 2.1) and the consistency of 0 T;ft and 0, §f (from

Theorems 4.1 and 4.6) to yield

s pdrift 5. ;
B (@7 Jur ©3 B (0871

and

~ ~d ~d ; i
Qmu(enr;ft’enléf)nT -y Q (egmft’eglff)‘

The proof follows standard arguments in extremum estimation [see the proof of Theorem 4.2 for a

similar derivation]. In consequence,

~  drift =1/~ drift ~diff. ~  drift -1
(BmU(Qn,T )n,T> QmU(en,T 79n,T )n,T> <BmU(0n,T )n,T)

. -1 . . . -1
.S. (Bmu (937‘”%)) Qmu (eg'f‘lft’ eglff) (Bmu (eg'r‘lft)>
Emu(0y ft N 1.

Defining the criterion over an enlarging time span as in Remark 5.1 above, we obtain

~ ~drift
Bmuwnr; )n,T
Admft ~drift
_ ZAn T n 7 ) Ou(X, tAn,T> en,T )

Lx(T,a)da

g/ m@%%mmﬁw>
- o0 o0’

and

~ ~drift ~diff
Qmuwnr"} aenZT )nT
~drift ~drift
"dlff ou( 1AnT79nT )8M(XiAn,T79n,T )
- nTZU ZAnTy nT) 80 89/

13

Xja T



00 a0’

—0o0

00 ] drift drift .
“_>/ o2(a, 074 7) (a“(“’eo ) O, Gy ))LX(T,a)da

= Quu (03T 9Ty,

The last two expressions further clarify the analogy between the methods developed here and more
standard nonlinear estimation problems. As conventional in correctly specified nonlinear models
with heterogeneous errors, the asymptotic variance-covariance matrix is simply estimated as a
convolution of averages involving the outer-product of the gradient of the conditional expectation
calculated at the estimated parameter vector.

7 Conclusion

This paper shows how to utilize the informational content of carefully implemented nonparametric
methods in the estimation of continuous time models of the diffusion type while improving on
their generally poor convergence properties. From a practical point of view, the semiparametric
procedure suggested in this work combines the simplicity of limit theories that can be interpreted
as spatial counterparts of the standard asymptotics for nonlinear econometric models with the
generality of methods that are robust to deviations from strong distributional assumptions, such as
stationarity. Furthermore, the general estimation strategy given here provides a framework which
may be particularly appealing to researchers with strong beliefs about potential parametrizations
for the two functions of interest.

The next step is naturally to study a testing procedure for alternative parametric specifications
based on the quadratic criteria used in this paper. Due to the broadly applicable identifying
information that is embodied in the estimated functional drift and diffusion functions and the finite
sample accuracy of the asymptotics of the functional estimates [c.f. Bandi and Nguyen (1999)],
we believe such test procedures are likely to be attractive. They can, for instance, be expected
to have better size properties and more power than testing methods that are based on density-
matching procedures which rely on stationarity [c.f. Pritsker (1998)]. Research on this subject will
be reported by the authors in subsequent work.

8 Notation

—as. almost sure convergence

—p convergence in probability

=, —q weak convergence

= definitional equality

op(1) tends to zero in probability

O,(1) bounded in probability

0a.s.(1) tends to zero almost surely

Oqu.s.(1) bounded almost surely

= distributional equivalence

MN (0, V) mixed normal distribution with variance V'

Cr, k=1,2,... constants

14



9 Proofs

Proof of theorem 4.1 First, we prove uniform strong convergence of the criterion )

as in (8). Write
er%ft (edrift>

T 3 m i
5 Z <M(n7T) (XiAn,T) - M(XiAn,Ta 0d It
=1

)

drift i
n:";j (edmft)

i Xin,1—Xia_ — 2
— n n—1 12n, n,
T 1 Zj:l K(#”*X(Hl)ﬁnﬁ — Xjans] drift
- 5 Z An T n XjAn,T 7XiAn T a M(XiAn’?’ 0 )
=1 ? Zj:l K(T)
. e Xjan T —Xia, + 2
T 1 23:11 K(#)[X(]"‘Fl)An,T — Xjan+]
N E An n XjAn, _XiAn_
i=1 a > i1 K(#)
(a)
- 2 . drift
+ n ;M (XzA Tae )
®)
XA —XiAn —
— n—1 18n,1 n,
T S™ (Ko, 61 1 2o K57 X manr — Xjans]
n < zAn,?’ An,T n K XJ'An,T 7XiAn,?
i=1 i K(—57—5)
(©)
Then, using the results in BP (1998),
b _ T - 2 X, ed'rift
B) = 3 R (Xia, 0
i=1
T .
_ / /1«2(X57 Qd”ft)ds + oa.s.(l)
0
+o0 e
_ / 12(a, 07 Dy (T, a)da + 0.5, (1).
Furthermore,
XA —XiA —
— n n—1 12n, n,
T aisey |1 2= K( D) XG0T — Xjanr]
(C) = _Q_Z:U’(XiA ?70 ) X —X;
n= " An,T noK JAnT TANA
i=1 i K(—5+—)
_ e Xjanr—Xia £ (G+1)An
T e g [ L S K [T (X ds
= - ;Zl)u( iAny?a ) An,T XjAn,T_XiAn_

2=

1 K( )

hn,T




al n— XjAn, _XiAn_ i+1)An,
2 - edmft 1 ijll K(#) fj(in-g ' U(Xs)st
_ Z:U’ AW ) ) A, XjanT XiAnT
=1 ’ Z] 1K(T’)
(c2)
It follows that,
T n—1 e X207 = Xian T (1) AN,
) = ol Xon . odrifty | 2 i K(— ) [ja,, " p(X)ds
(C ) - EZM( nT’ ) AnT n XjAﬂ,T_XiAnT
=1 ’ > i1 K(—hn,T )
XA —Xin —
T n—1qe 74001 7T ,
= _QZ ZM(XA _ edrift) Zj:l K( hn,T ):U’(XJAn,T + Oa.s.(l))
n 4 26T JAnT XiAn?
i=1 Z] 1K(T)
T i _u_s) (X + Oq.s. (1))du
- Q/ﬁlK)Q,&””% o o K ds + 0q.5.(1)
0 fo da

) Lx (T, s)ds + 04..(1)

hnT

2 K(#= S)LX(T a)da
_ _2/ S edmft

f K S + hn TC)L)((T S+ hn Tc)d
_ / (s, 0%t (s ed”ft) (T, 5)ds + 0as.(1).

= 2/ edmft (hnT f K hn-r) (U+0as( ))ZX(T u)du
( K(e)Lx(T, s+ hpre)de

) Lx(T,s)ds + 04.5.(1)

Also, it is easy to prove [see the proof of Theorem 4.2] that

_ n— XlAn +1)An,
T - drift 1 Z ] K( hn T - J(in‘l') ! Xs)st a.s.
(c2) = 25 Z H(Xianr, 07) A XJAn +—Xiap T =0,
i=1 nT > i K(T)
and

(T * (2) = Op(1),
with

_ > o?(a, drift drift (f (T’a))2 a
@(T)—/_OO<4 (a, 072 (a, 0 )7LX(T ) da

We now examine the quadratic term (a). Write,

Xian T ~Xian T 2

T i 1 Zn ! K( ’hn,T : )[X(j-i-l)An,T - XjAn,T]
S, K(HengSinr)
]:

hn,T
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_ n— Xjan 1 —Xiap i+1)An, 2
Tou [ 1 Yo KA e (UEDAT (X, ds

J= hnT
Iy " .
Xian+—Xi
n Pt An,T 2?21 K( JAn,-;—LnYT An,T)
(a1)
_ -1 Xjan 1 —Xiap i+1)An, 2
T 1 S K o) )T o(X)dB .
n 4 Apr noK Xjant —Xiant
=1 ’ 2 =1 K hin,T )
(av2>
— Xjan 1 —Xiap, Xkanr —Xia, (k+1)An, (G+1)An,
g - (AnT> Z ( -;;n,T T)K( -frln,T T) k?An,T T d fjAnT ' XS)dBS
Xjnn 1t —Xia,, Xkan, *an’
m Z?le(%)ZZ’:lK(#)
(@)
We start with (al). Following the same steps as for (c1) above we deduce that
— n n—1 e Xian1 ~Xi nT (G+1)AnT ?
TZ ! Z 1 K hnT JAnT u(Xs)ds
n X Xin_—
n im1 An,T Z?Zl K( jAn,';LnYT An,T
+oo drifie =
[ WP(s,057 ) Ix (T, s)ds.
—00
We now examine (a2). Write
— n n—1ge 3801~ nT (G+1)AnT 2
IZ 1 2o K( T JAnT o(Xs)dBs
n 4 A , XlAn—
=1 | Tt 21 K(T'T)
2
T n 1 1 n—1 XAAn _ XA _ (+D)ART
= I% % 2 | p ZK( - ,Th —nT )/ o(Xs)dBs
n i An JonT ™~ iAn’_ n,T . n,T JAnT
3 1<h -:Z;L*IK( I T ) j=1
T < 1 2
= — M (1))",
n; An1 Xiany ~Nia, ¢ 7 (Vi)
hn,T Zj:l ( hn,T
where
J-1 ;
1 XjAn Xin = (G+1)AnT
M) = - YR [ s,
n, T j= n,T JART
1 XJAn — X'A _ rnln,T
. K( T (ZAN / o Xs)st
hn,T hn,T JAnT

for J = [nr]. M!(r) is an L*-martingale Vi. Note that

1 Xiant — Xin,_ =
K( al n

dM:L(T) - - )U(XTnAn,T )dB"‘nAn,T

hn,T hn,T
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and

d[MfL,MﬂT = dM(r)dM}(r)

nApro, Xiant = Xia g+ Xjanr = Xea, -+
= K : Xrn d
[ thT ( hn,T hnT )U ( AnT) T
Then,
o] = [ afaor
' 0 S
" nA,T X[ns}AnT XzAnf X[ns]An-r XkAnf
_ T K ’ Xon d
/0 [hi,T - o7 endar)|
1 T Xy —Xin -  Xy— Xpa_—
~ = / K o?(X,)| du
hn,T 0 hn,T hn,T
Furthermore,
i = [ a
0
"1 X[sn}An, - XiAn =
= / h K( }I L )U(XsnAn,T)stnAn,T
0 n,T n, T
and
, " nA, Xisnanr — Xia - Xignanr — Xka, -
MM = [ | (e (e R ), ) | ds
0 hn,T hn,T hn,T
~ [M}'L,M,’f} . (14)

The approximation (14) will be used in what follows. Given the continuous martingale M} (r),
there is a unique decomposition of the continuous submartingale (Mfl(r))2 as the sum of a contin-

uous martingale and a continuous integrable increasing process [see Chung and Williams (1990),
for example] such that

(M)* = ((0)° =2 [ drianti + pr) vr

with M} (0) = 0 in our case. Hence,

T 1 i 2
CL2 = EZ AnT n XJ'AanXiAnT 2 (Mn(l))
=1 (hn,’T > i1 K(T))
T < 1
= = M)y
n “

T > K(—f——"+ e

+zzz L (/ MZdMZ>
i <AnT n Xjanr —Xia ,— )



The first term can be represented as follows,

1 .
_ Z R Xin " Xia 2 {Mrzb]l
n, 1201 '"Sn T
(o oy (g e )

Xu—Xia_ —

T n
A ﬁfo K2(7hmT o2 (X, )du
n

AnT n XjAn,T —Xia T
(h:T Zj:l K(Tn)>

1 T h f[) K2 Xu Xs) Q(Xu)du
= 7 / n.T 5 ds + 04.5.(1)

n, Xa XS

T (hn T 0 n, da)
T o?(u)Lx(Tyu)du \ _

— hl / h”T O ”‘T Lx(T,s)ds+ 04.5.(1)

n,T JO (hn - fO LX(T a)da)

1 oo Lx (T ) }
= K o2 (s —d + 04.5.(1),

hn,T 2 {/oo ( )LX (T ) ( )
where Ky = [*°_K?(¢)d¢. In consequence,
T < 1 " as

~ — [y =%
; (g K(Fong nr ))2 1

iff

! {/ a%s)wds} “20asn,T — oo,
hn,T —00 .L){(CTI7 S)

which is implied by h, rLx(T,z) “3 0o Vz. We now analyze the second component of (a2). By
Brownian motion embedding, the quantity

%i N ;A /M’dMZ
(s e s ([ v

hnT Z] 1K( hnT

converges to a normal variate with mean zero and whose variance is given by the limiting covariance
variation process at time 1. Write

()58 e
n =1 [ At n XjAn’T X.Anf 2 AnT n XjAn,T ’XkAnT 2
hnT Zj:l K( hnT ) hnT ijl K( hnT )

Using (14)and noting that [ [Mg, M¥] d[Mi, M¥] = %l the previous expression becomes
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Jo M MEd[M, ME)

i= _ An n XjAn XlAn— 2 An n XjAn, —XkAn_ 2
=t <hn,'TT Zj:l K( ;n,T = )) <hn"TT ijl K(#))
FN2 noon .
4 (M5, MR
~ 2 — n)*n
(n> ;; An,T n XjAnT_XiAnT 2 AnT n XjAn’T—XkAnT 2
a hn,YT ijl ( hn,T Y ) hn,YT Zj:l K( hnT ) )
—Xia — Xu—Xka - 2
2 n “oT K (ST 02X, ) du
T hnT hn,T
- (_> 2.2 ian 1~ Xi 2 iAnT— 2
) i k=1 [(Anr s Kianr —Xia = AnT XjanT —Xka, 5
hnT ijl K( hn,T ) hn,T Zj:l K( hnT )
2
T (T <0 2T H=ta) (Fp=2)0%(X )du>
= 2/ / 5 sdadb + 0,.5.(1)
K (XemX
0 0 nT f[) hnT > < hnTb)de>
2
/ / ( oo hzl K(;fn_? )K(;L‘n_i’ Yo (u) Lx (T, u)du) -
- Lx(T,a)Lx(T,b)dadb
a 2 T e—b\T 2 ’ ’
i Jo KGEHIx(T, f)df) (hn{T Jo K(G2 )Lx(T,e)de>
_ °2_
- / / e °°oo - K(ﬁ)K(#;f)aQ(u)LX(T, u)du> Lx(T,a)Lx(T,b)dadb
T hnT Jo KUEHIX(T. f) df) (h — Jo K(£L)Ix(T, e)de)
* K(OK(EL + 0)o(a+ chag)Ix (Tya + chn,T)dc> Ix(T,a)Lx (T, b)dadb

[t

hnT

(Tx(T,a))” (Tx(T,b))*
K(k + ¢)o2(a)Dx (T, a)dc) Lx(T,a)Lx(T,a — hprk)dadk

N

1 o ( )LX T a)
th,T (/—oo (Lx(T a

nT

)
(Lx(T

)’ (Tx(T,a = hnrk))’

) (/oo </_OOK(C>K(k+c)dc>2dk>.

Then
\P(T)il/z 22 g (%nYT Z;;l K(j{JA h —ion, (/ MZdMl) B Op(l%
where
U(T) = % (/Z %da) (/Z </ZK(C)K(k+C)dC>2dk> “20asn, T — oo.

This, in turn, implies that
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T 1
2—2 % (/ MldMl) 23 0.
n < An Ap, iAp,

S (for vy KMoy e

Similar steps allow us to show that (a3) %% 0. This proves the first part of the theorem. Note that
the limit quantity Q¥ i/*(9¥ift) is continuous in %/t by virtue of Assumption 2.1. Then, by (9)
and for every € > 0, 3¢ > 0

pdriftcQdrift

p Air;ft ¢ B edm’ft 5))
< p < Qdm It Admft edm ft) > §>
gp@ﬁwf%wMWf%%@%%+%%@%ﬁfWWWWﬁﬁmnw)
< P QU@ 05 — QU@ ) + QU O ) + 0us (1) — QUIHOT, 05 > €)
< P2 swp |QTYNO65) — Qi (O)] + 0us.(1 )Zg)

@

Y% 0.

This proves the second part of the statement.

Proof of theorem 4.2 Write

drift

~drift i = drift £\ — ri
O — 05" = ~[Qnz ()7 Qur (657"),
where
~dri ;
0* e <9n’Tft’ egmft>
— n drift
. drift ri T ~ dri a'u()QAn,_’ 90 )
Qn,T (eg ft) - _E Z <:U’n,T(XiAn’?) - /J“(X nT’0 ft)) a;
i=1
. drift | T < O X, +,0%) Op(Xin, 7, 67)
i=1
G
T " ~ % a/"l’(XlAn?ae*)
- ; (un,T(XiAn’?) — n(Xia, 7,0 )) 2000
Gt )
- dri - drift(A . .
First, we examine Qn Tft (6*). Consider Qn’Tft( ) (69rift). Uniformly in ©%/t we obtain
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.. drift(A) girifty T 8M(X nT?ngft) 8/1/(XA gdmft)

=1

drift drift
/ O X, 6T) O X, 67T 1 (1)
0

0 20'

0
)

9 o0’ o%(a)
)

0

00 drift drift —
B / 8M(a50 0@, 6TT) 1 ;T a)da+ ons (1)
[ Oula, 0% Ou(a, 04
— /oo 0 o0 Lx(T,a)da + 04.5.(1)
-drift(A ;
_ Q ft( ) (edrzft) +Oa.8.(]~)7 (]‘5)

by the occupation time formula [c.f. BP (1998)]. Hence,

- drift(A Admft -drift(A) dri
Gy @@ 6™
- drift(A) Admft - drift(A) Admft - drift(A) ~drift . drift(A) dri
< | Qur <m»—Q (O )+ Q @ﬁ>—@ (657"
drift(A Admft -drift(A) Admft dmft Adrift .. drift(A) dri
< |G - @ 11" @l - o )
-drift(A) i dmft(A) -
< ous (M) H+1Q7 (057 + 00 )) (07"
< Oa.s.(l) + Oa.s.(l)
%0,
drige - | i
by the continuity of Q (.) and (15). Since 6 lies on the line segment between 0,, 7 and
edmft then
o = then
drift(A) - drift

Qur ()= Q7 (65" +0us(L).
Following the same steps, it is simple to prove that

- drift(B) %\ @.S.
Qn,T (9 ) — 0.

We now analyze Qn’T (027t writing
- dri
— Qur (65™")
— n drift
T ~ drift aM(‘XviAn T’ 00 )
- = Xin ) — w(Xin —, 08 ) :
n;@w(%ﬁu(nT ) o
. JAn T XiAnf drift
_ T n hn T Z] 1 K( h T ) |:X(]+1)AH,T - XjAn,T X ed’f'lft 8/1'( ’LAn T Y 9 )
T Z AnT Xiagr—Xia ¢ — i AnT ) 00
=l i 2ot K(—— )
We can write u(X; Qd”f " as t10(Xia, ) and obtain
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Xianr—Xia 5. (G+DAnT

T (A S KT [ (100X — pe(Xia 1)) ds ) Dpuo(Xia 1)
N E ’ An JAnT XiAn_ 06
i=1 ot e K(— "+
Ant
— Xjan, XiAn— G+1)An,
T~ Fax 2 1“#%&; " 00(Xs)dBs | Opo(Xia, =)
+ n 4 Xjanr—Xia o0 )
=1 hn T Z] 1 K( hn,T )

B (1)

First, we examine the second term, B,, 7(1). Consider the martingale

— Xjan T X'An,— G+1)Ap,
B,r(r) = — % hnT ZJ 1 K( PnT ) fjAn,T ! 00(Xs)dBs 8MO(X1-AHT)
" n AnT nK XjAn,T _XiAn’T 00 )
=t Pt > i1 (T

As

Lx(T.z)
s >;Ln,Tx (A
a€(0,3) [c f. BP (1998)], its quadratic variation process can be written as

n,1)* = Oq.s.(1) for some

[Bn,T]r
2 Njanr—Xia, ¢ Kians = Xka, 71 cG+na
“()fi (i) Sy K aT g (2o T [0 o3, )
N A Xjant —Xka, An. Xjanr —Xia, +
=Rl (h:TT > K(— 7 nT)> <h:,TT > i1 K(—57)

8#’0 (XiAnf) 8M0 (XkAnf>
% 90 90’

X

Xjant —Xia_= Xjant —Xka_ =

2
_ (?>2 )3 i (hnl,T> K( hn,T - )K( hnT - )Ug(XjAan +O‘1~5~(1))A”’T

| L AnT Xjanr —Xka 5 AnT Xjant —Xia,
i=1 k=1 | j=1 <h:,T Z] 1 K( T n.T )) <h:T Z] 1K(Tn)

+ 04.5.(1)

- /TT/TT /T (h:'T)2K(Xﬁ;$a>K(X’?nfb) §(Xu)du <3M0( a) Opio(Xp)
<hnl,T foT K(Xﬁr:T > < fo Xu Xb du> 0

) /oo /oo /oo (han>2K(ﬁ;?)K(ﬁ)ag(u)EX(T,u)du
o0 =00 | oo (hnT 12 K( hnT)LX(T,u)du) (ﬁ ffoooK(#;i’)fX(T,u)d@

dpo(a) Ouo(b)
X( 20 o0

) dadb + 04.5.(1)

X

)Lx( T )Lx(TT b)dadb+oas (1)

Thus, setting



hn,T —©
we can write
/oo /oo /oo hnl,T K(Z)K(%)U% (a -+ hn TZ)E)((T a+ hmTZ)dZ
( I® K(2)Tx(T,a+ hmTz)dz) (h [ K(SETENT (T a4 b, Tz)dz)

Further, setting

a—2b
hn,T B k:’
we obtain
/ / / K( )K(z + k)od(a+ hyrz)Lx(T,a + hpr2)dz "
f K(2)Lx(T,a + hnrz dz) (f Kz+k)LX(Ta+hnTz)dz>
« <8"“§é )‘9“0(“(;9,%”1)) Tx (T, ) Tx 0T, @ — khnz)dadk + 0q.s.(1)
as. [ Ouo(a) Opo(a) (ZX(TTa a))2
=] _aila) < 20 o0 ) Tx(Ta)

Then, by Brownian motion embedding [c.f. Revuz and Yor (1994)]

o duo(a) dpo(a) \ (Lx(Ta))*
Bnr(1) —a N (0, (/_OO o*(a) ( (;9 309’ ) Lx(T,a) da)) '

Next, we examine A, 7.

Anr
N Z;L:lK(%)L(J—At{iAn,T <u0(Xs) *Mo(anf)> ds \ Opuo(Xia, )
= o Z;;IK(%) 00
_ L . hnl’T 2?21 K(%) <MO(X*) - “U(XjAnf)> An1 8MO(XiAnT)
= Bor s (s DT 26
A

Xjap+—Xia

T [ Yo K(—5 1) <M0(XjAn,T)*Mo(XiAnf)> Anr | Opo(X;

nT)

LT Z ,
nis Aot yn e Kanr —Xia, 7 90
= hn,T j=1 hn,T
AlT
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where X* € (X(j11)A, 1> Xjans) Dy the mean value theorem. Al 1 can be bounded as follows

T O Opo(Xin )
1 nT
A T<CO’IZStI<{,nT<n E T

=1

where K, 7 = maxi<, SUP;A, 1 <s<(j+1)An 1 | Xs = Xjanr | We know that w1 = Oqs, (An,Tlﬂ).
Then the bound becomes,

const.Op.s. (An,Tl/Q) <( / h 8“8065“)1)((7, a)da> + oa_s,(1)> .

—00

Now consider term A% T

n, T
XjAn,TiXiAn_
_ Ty i Y5 K5 0T (0(Xg8n 1) = 10(Xia, 1)) A\ Opo(Xia, )
- n 4 An JAn XiAn_ 00
i=1 et 2o K(— 5 —25)
. Xjan 1 —Xia, + r.
T z": ﬁ > K(—5—%) (Mo(ﬂc' ) (XjAn,T - XiAnf)) Ant | dpo(Xia, +)
i An,T Nianr —Xia, ¢ 00 ’

T Z; 1 K( oy

where x* = f(XjAn,TinAnf) IS [XjAn,TinAnf]~ Hence,

A2
hnT fo hnT :u (f(XuaX )) (XUiXS) 8UO(XS)
- e Iy KRR o el
1 oo —sy !
[ han_oo (hnT):U’O(f(v ) (1= 8) Gpug(s)— _
- /00 hnT f K( hnj) X(T u)du o Lx(T,w)Lx (T, s)duds + ca.s(1)
In consequence,
1 2
hn,T n, T
© S K E=2 () (52) opo(s)w . o
_ / ) hn’T f_ooK s TR T (T, u)Tx (T, s)duds + 04.5(1)
[ [ K 1o (f (s, s+ hnre)) Opo(s)—
e [ K Tt hpode a0 Xt ) Lx (T, s)dsde + 00s(1)
_ 6 (s) Opo(s) Lx(T,s)
_ / / ()8 g T (D - hage) o dsde
) bi(s) Dpio(s) Lx(T,s)
/M/MCK(C)@%@) po LX) g e
+04.5(1)
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Then,

1

2
An,T

hnT
_ [T 116(s) Opo(s) Lx (T, s) )
B /m/mCK(C)ag(s) 90 Ty(T,s) X8 Tnre) = Lx(T,5)) dsde.

In consequence,

3/2 A

- / / 2 (5) Ouols )§X(T7 9 _ 1 (Lx(T,s+ hnrc) — Lx (T, s)) dsde.

UOS 00 Lx(T,S)Q hn,T

By a simple application of the results in BP (1998) we can write,

L 2
h3/2A n,T

B po(s) | Lx (T s) Opo(s) $). ¢) dsde
af [ (o (45) P22 o 0 r. e

where B (.,.) is a standard Brownian sheet. Hence,

> Opo(a) Opo(a) = = - > Opo(a) duo(a)\ (Lx(T,a))
- d(/_oo (;0 809, LX(T,a)da> MN(O,(/_OOJ2(a)( (,39 309’ ) T 7o

d p—
=N (0,Z.(T)).
This, in turn, implies
=21 (B = 051" ) —a N (O, 1),

where

and

= = 2
o0 dpo(a) po(a)\ (Lx(T,a))
_ 2
Q’””_</oo" o (%) Fera )
This proves the stated result.
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Proof of theorem 4.6 We can follow the same steps as in the proof of Theorem 4.1

Proof of theorem 4.7 As in the proof of Theorem 4.2, write

ol _geett — _iont! 0 O (08,
where
o e (O a")
O @7 = % n(?%ﬂXmm> o*(X; nwwwm>8ﬁ@&zg~%”5
i=1
Q%f 0*) = T - aJQ(XiAnf?e*)802(Xm?f,0*)
| [ 90 00
G o)
_ e *
) %; (320 (Xin,7) = *(Xia, 7. 69) = (898;T’9 )
G g

A .
First, we examine QnT (6*). Consider Q WA (6%71). Uniformly in ©%/f we obtain
- dif f(A) T I 90%( edlff) 002 (Xa, —,0%17)
Qur  (077) = —Z 26

90*( X, 0%7) 0% (X, 0%

/0 90 0 ds + 04.5.(1)

o0 02(a,9diff) 802(a, gdiff) 1 _

N /oo 00 o0’ Ug(a) Lx(T,a)da + 045 (1)
- /_oo a0

g

0
diff dif f _
op(a, 07 8M(a809' )Lx(T a)da + 0q.5.(1)

. dif f(A)

= Q (edsz) + Oa.s.(1)7

o di
by the occupation time formula [c.f. BP (1998)]. Then, using the continuity of Q 1
s
consistency of in’;f and result (16) as in the proof of Theorem 4.2, we can write

. dif f(A) - dif f(A)

Qur (09 = Q (0897) + 04.5.(1),

,\d' .
since 6* lies on the line segment connecting Qni];f and 03” ! Further

. diff(B) . diff(B)

Qur @)= Q77 (077) + 000 (1) %5 0

. - dif f i
Now, consider QﬂjT (Gghf .
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—Ony (6817
002
_ _Z( — o2(Xia ’?,engf>) o?(X

di
0
00

Xjan Tt —Xia, =

2
_ T i hnT P 1K(T’) (X(jﬂ)An,T - XjAn,T>

90 (Xia,, - 0577

; 0
N —— . 0_2()(1A edsz)
K(2nT ~ XA, 7 00
hnT =i (— )
Then, writing o2 (X; lef ! ) =0} (anf), we obtain

Qo)
- wn,T 0
XjAn’T —Xina T g+1nAa

g (B T K0T 0T 20 K)ok | i)
n
i=1

A Xjanr —Xia, 5 00
o 21 K(— ")
Ant

Xjan T —Xia, +

n, J+1)An,
e S K(R T [T 9 (X, — Xjany) 00(Xo)dBs | 03(Xia, )

+
SN

Xja, +—Xia_ =
i1 An T Z . K( n,T n,T ) 89
hn,T Jj= hn,T
Bn,T(l)

XjanT —Xia, +

n n, J+1)An,
e ) 0 ) )

+
S|

= anx s g Manr M o0
B hnT j=1 hn,T
Cn,T

Fisrt, we examine the second term B,, 7(1). Consider the martingale

1
B,
Aot r(r)
— [nr] L__L yn K (2T T JOIDANT 9 (X, — Xjany ) 00(Xs)dB 2
T Aot 7 2j=1 i T JBn s~ 4jAnt ) 00(2s)0Ds | op(Xia, )
- E An n Xjan, —XiAn— 06
=1 hn,’:ll'— Zj:l K( -]I;n,T . )

Then, as n — oo, T' — oo and hy,

LelTa) (A, )@ = Oy, (1) for
some « € (0,3) [c.f. BP (1998)], we can write the quadratlc variation process as

= nr| [nr Xian, XiAn_ Xjan, 7Xk J+1)Ap,
- Oy (1) S (g o g Bonn ) ant y (v, x, ) K

‘ An, Xjant—Xka + An ianT—Xia =
A (327 S KT ) (o2 3y k(2o 2T )

hn,T
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Xjan v —Xka

Xja, 1+ —Xia

00 a0’

o Jo KCH2)dw) (s 7 K Cs)d)

1 u—a u—>b

o oo [ oo 1 (55 ) K=K ()b () Tx (T, u)du
[\

~oo oo | Jooo (ks 2% KGE2) Ix (T, w)du) (ks [0, KL T (T, w)du)

y (aag(a) 808@)) Lx(rT,a)Lx (rT,b)dadb + 0q.(1).

X

T — - A T n XjAn,T 7XkA T A T n nT T
TENT (Froaeeen)) (S S k)

o 4(ﬁ)QK(Xﬁ;fa)K(Xﬁ_fb)U‘l(X Ydu 003 (X,) 003(Xyp) dadb
[ ( -

20 o0
Setting
u—a
ot
we can write
oo oo [ poo 4K (K (T2 0d (a + hy 12)Dx (T, 0+ hy p2)dz
/ / (/ <ff°oo K(2)Lx(T,a+ hnr2 dz) ( L [* K a+’;’:1TTZ NIx(T,a+ hy, Tz)dz>

2 2
X <8U§9(a) 8209(’6)> Lx(rT,a)Lx (rT, b)dadb + 04.s.(1).

Further, setting

we obtain

/ / / 4K (2)K(z + k)og(a + hnr2)Lx (T, a + hyr2)dz "
f K(2)Lx(T,a+ hn72) dz) <f K(z+ k)Lx(T, a+hnTz)dz>

y <800( a) do¢(a — khn1)

) Lx(rT,a)Lx(rT,a — khyr)dadk + 04.5.(1)

a0 a0’
as. [ 0o} (a) 0o (a) (fx(TT,a))2
4 0 0
= _oo4ao(a)< 20 20 ) Tx(T.a) da.
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Then, as in the proof of Theorem 4.2,

1 * d03(a) d03() [ (Lx(T.0)’
\/TTTBn,T(l) —q MN (o, (/w@g(a)( ge 809, )( To(T.0) >da>>.

Now examine C,, 7.

Cn,T
_ 1 n XjAn,T 7XiAn,? J+DAR T 2 2 2
T i BT Zj:l K(T) fjAn T (Uo(Xs) - Uo(XiAnT)> ds 8UO(XiAnT)
T An Xjanr—Xia, 90
=1 o 2je1 K(—7—%)

n XjAn, XAn_ *

T & [ S K(Z20 00T (03(X%) — 03(Xjan ) Anrr | 903(Xia, )
. An n Xjan s —Xia + 00
= Ty (-t T

hn,T T

Chr
Xjan, 1+ —Xia

P o (i S RO (03X, )~ o0Xin, 1)) B | 003K )
n

i—1 AnT n K XjAan _XiAn,T 00 ’
= BnT Zj:l (—

hn,T

ci,
where X* € (X(j+1)An,T , Xjan+r) by the mean value theorem. First, we analyse term CfL’T

. n XjAn,T —XiAn_

2 _ T zn: hnl,T ijl K(— BT ) (U%(XjAn,T) - J(z)(XiAn’?)> An,r dog(X A, )
T — — X _ .
n 4 An, JAnT ia 00

i=1 e > K(— 1)

Following the same steps as for A2 7 0 the proof of Theorem 4.2 we can prove that

0(s) \ Lx(T,s) doj(s)
h3/2 "Tﬁd4/ / ( s)) Tx(T,s) 99 B (Lx(T:s),c)dsde,

where B(.,.) is a standard Brownian sheet. As for A, r and C7]:L7T, it is easy to see that A, r =
Oa.s.(Bn T) and C! n,T = Oa.s. (C ) Then

gd’ff oiss

- f[czd””f 0] Qb

00 (a) dod(a)~ = -1
- ((/ (;9 809’ Lx (T, a)da) + 0a.s,(1)> Bnr+ Anr + Crlle + C%,T]

di
If (leff)

[o's] 2 2 —1
_ (( / 8059(“) 8080 9(,“)ZX (T, a)da) + oa_s,(1)> Bt + 00s (Bur) + 00s (C21) + C2 1],

h3
If A::’YTT — 0, then
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1 (adiff g
AnT (en’T B 901”)

a0 o0

8

— 4 (/00 di(a) aa%(a)fx(f a)da) - MN (07 (/Oo 404 (a) (803(‘1) dog(a)

d —_
=N (07 Ssigma (T)) .

In consequence,

| — ~dif f i
el D) (O =067 ) —a N (0,1,

Aan sigma
where
Esigma (T) = B(T)Le_iglgmaﬂ(T)SigmaB(T)S_iflJma’
® 9ol(a) 0o (a)= =
Bsi ma — 0 > Lx(T d
g </oo oo on xT:a) “)’
and

Quigma — (/oo 40 (a) <808(a) 808(&)) (Zx(T, a))zda) |

96 00 ) Tx(T,a)

—00

This concludes the proof for the diffusion estimator.
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