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Abstract

The aim of this paper is to provide exact inference in finite sample
for econometric models whose likelihood function is intractable and
require thereby simulation-based estimation method like Indirect In-
ference Method or Efficient Method of Moments. To do so, we resort
to the technique of Monte Carlo Tests which naturally applies to any
simulable model. In particular, maximized Monte Carlo tests allow
for test statistics whose distribution depends on nuisance parameters.
This technique of Monte Carlo tests is applied here to a stochastic
differential equation.
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1 Introduction

Econometrics models often lead to complex formulations for the conditional
distribution of the endogenous variables given the exogenous variables and
the lagged endogenous values. Econometricians have therefore tried to ap-
proximate the structural model by an auxiliary model chosen for its simplicity
of estimation. Indirecte Inference estimation method [Gouriéroux. Monfort
et Renault (1993)] and Efficient Method of Moments [Gallant et Tauchen
(1996)] come within this scope. They both proceed by simulation and re-
quire the structural model to be simulated. In this framework, various test
statistics have also been proposed to make inference on the parameters of
interest of the structural model. The latter include among others Wald-
type statistics, score-type statistics or statistics based on the difference of
optimized objective functions: see Gouriéroux, Monfort and Renault (1993),
Gallant and Tauchen (1996), Gallant (1987), Andersen, Chung and Sorensen
(1997). However, the distributional theory associated with those statistics is
asymptotic and the choice of the existing statistics importantly depends on
the possibility to obtain an asymptotic nuisance-parameter free distribution
under the null hypothesis. This opens up the way for errors of approximation
of any magnitude [voir Dufour (1997)]. The aim of the paper is to develop
exact tests as well as more reliable asymptotic procedures in such models.
To do so, we resort to the technique of Monte Carlo tests which naturally
applies to any simulable model. In particular, maximized Monte Carlo tests
allow for test statistics whose distribution depends on nuisance parameters
[Dufour (1996)]. Thus the technique of Monte Carlo tests naturally matches
with simulated estimation methods.

In the second section we explain the Indirect Inference estimation method
[Gouriéroux, Monfort and Renault (1993)] together with tests of hypotheses
which allow for correct inference from an incorrect criterion. The third sec-
tion summarizes Efficient Method of Moments (EMM) [Gallant and Tauchen
(1996)] where a specific criterion based on the quasi-scores is used for the
estimation of the parameter of interest. The EMM estimator is then used in
inference methods. The fourth section extends the previous standard tests
to finite sample Monte Carlo tests insofar as the structural model can be
simulated. Monte Carlo tests with or without nuisance parameters are ana-
lyzed. The asymptotic validity of Monte Carlo tests based on consistent set
estimators of the nuisance parameters is then stated in a fith section. In a
sixth section we propose new test statistics straightforwardly built from the



objective function of the auxiliary model. The last section applies Monte
Carlo tests to a geometric brownian motion estimated by Indirect Inference
method.



2 Indirect Inference method

Econometric models often lead to complex formulations yielding intractable
formulation of the likelihood function and thereby the impossibility to effi-
ciently estimate the parameters of interest. A natural procedure consists in
replacing the likelihood function by another criterion (an approximation of
the exact likelihood function or either the likelihood function of an auxiliary
model): this is the Indirect Inference approach [Gouriéroux, Monfort and
Renault (1993)]

2.1 The estimation method

We consider the following dynamic model :

U = T(yt—hﬂﬂtaut,g)
u = p(u1,€6,0), 0€0O©cRP

where the ] are observable exogenous variables whereas the u, and ¢, are
not observed. We assume moreover that:

Hypothése 1 {z;} is an homogeneous Markov process independent of {e;}
and {u.}, the process {€;} is a white noise whose distribution G is known,
and the process {y;, x4} is stationary.

With such a parametric model it is theoretically possible to compute the
conditional density function of yy,... ,yr given 2y, x1,... ,x7, where z; is a
vector of initial values and therefore to estimate the unknown true value 6,
of # by a conditional maximum likelihood approach. However, in practice
this likelihood function may be computationally intractable. The Indirect
Inference method constitutes an alternative two-step estimation method, in
which all that is required from model ( 1) is to be easily simulated. We can
summarize this method in the following way.

First an observation-dependent criterion and an auxiliary parameter 3 €
B C R are introduced. Let y& = (y1,...,yr) and x& = (21, ... ,o7) be the
observation vectors. Let ﬁAT be the solution to this problem:

/BT = arg %leaé( QT(Y’}H X’II‘a ﬁ)



where the criterion Qr is defined by

T

Or(vh Xk, 6) = = D (w2, )

t=1

which suggests an M-estimation procedure for the auxiliary parameter (3.

Let us assume that the criterion Q7 tends asymptotically (and uniformly
almost certainly) to a non-stochastic limit and that the limit criterion is
continuous in 4 with a unique maximum.

Hypothése 2
jll_rgo QT(Y’}‘ax’lI‘aﬂ) = QOO(F07G079075) a.s.

Hypothése 3
Bo = argréleaé( Qoo(F07 G, 90,5) .

According to the usual asymptotic theory [see Gallant and White (1988), ch.
3) and under the assumptions 1, 2 and 3, the estimator BT is a consistent
estimator of the auxiliary parameter y. It is clear that the auxiliary param-
eter [y is unknown since it depends on the unknown parameter of interest g
as well as the unknown transition distribution Fj of the exogenous variables.
We can then define the binding function:

b(F,G,0) = arg max Qo (F,G,0,0) .

In particular,

Bo = b(Fy, Go, ) -
If the binding function

b(FO,G(), ) 0 — b(FO,Go,g)

was known and one to one, we could deduce from BT a consistent estimator
of the unknown parameter of interest #y by considering the solution Or of
,BT :b(Fo,GO,gT). . . N N N
It is clear that the estimator (r satisfies fr = b(Fp, Gr,0y) where Fr
and G are the empirical probability distributions of z and e. Therefore if
the finite sample binding function b(Fp, Gr,-) was known and one to one
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we could deduce from BT the exact value 0y of the unknown parameters
while the knowledge of the true binding function b(Fy, Gy, -) the solution of
Br = b(Fy, Gy, HT) only provides a consistent estimator 7. This is the reason
why the second step of the estimation procedure of 6y follows the previous
idea after replacement of the unknown function b(ﬁT, Gr, -) by a functional
estimator based on simulations of the 3's. The following assumption is re-
quired for identifying the parameter 6.

Hypotheése 4 b(Fy, Gy, -) is one to one and %b(Fg, G, 00) is of full-column
rank.

For a given value of #, we can consider H simulated paths [§7(0, 22), t =
0,...,T], h =1,...,H, based on independent drawings of ¢, (€%, ... &),
and on initial values 2, h =1,... , H. For each of these paths, we can also
consider the optimization problem:

max QT(( )TaX’II‘aﬁ)

BeB

in which the observed values are replaced by the simulated ones. This prob-
lem has a solution:

P18, 2) = arg max Qr((7"(0,25)) 1 x1 ) -
When T tends to infinity this solution tends to a solution of the limit problem:

max Qo (Fo, Go, 0, 3)

i.e.

lim 320, 2) = b(Fy, Gy, 0) a.s

T—00

Bh(-, 2 is therefore a consistent functional estimator of b(Fy, Go,8). Tt is
now possible to define the indirect estimator of #. The idea is simply to
calibrate the value of € in order to make

1L

h=1

as close as possible to BT.



Proposition 1 An indirect estimator of 0 is defined as a solution éﬁ(ﬂ) of
a minimum distance problem:

H ! H
min e — 5 5 5400,4)| | — 1" 10,50
h=1 h=1

where Qr is a positive definite matrix converging to a deterministic positive
definite matriz ). Under the assumptions 1, 2, 3 et 4, the indirect estimator
01 (Q) is a consistent estimator of 6.

Proposition 2 Under the assumptions 1, 2, 3 et /, the assumptions A5-A8
of Gouriéroux and al (1993) and under some usual reqularity conditions, the
indirect estimator is asymptotically normal, when H is fized and T tends to
infinity:

VI (07 (Q) = 60) — N0, W(H, Q)]

where
1\ /ov b !
W(H,Q) = (1 + E) (%(FmGo,ao)Qﬁ(FmGo,aoO
ov’ ob
%(Foa Go, 00)0T, (T — ’CO)jolew(Fo, Go,b)
o ob !
(%(Fo, Go, 90)9@(%, Go, 90))

The asymptotic variance-covariance matrix depends on the metric €2 and
there is an optimal choice of this matrix in the sense that it minimizes
W(H, ). The optimal choice of the  matrix is: Q* = Jy(Zy — Ko)™ ' To
and

1\ /o ob -t

The optimal estimator thus obtained is denoted by 2.

2.2 Specification tests

We will now describe the different test criteria which have been proposed
by Gouriéroux, Monfort and Renault (1993) in order to test hypotheses on
models estimated by indirect inference method.
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A specification test for the model may be based on the optimal value
of the objective function used in the second step of the indirect estimation
method.

Proposition 3 The statistic

B |5 2h IN KN E 3h h
er = T+ H min {ﬂT ~H hEZI B0, Zo)] Qr {5T ~H — Br(0, Zo)]

where Q*T s a consistent estimator of 2, is asymptotically distributed as a
chi-square with ¢ —p degrees of freedom, with ¢ = dim 8 and p = dim 0, when
the reduced-form (1) or either the stuctural model is well spesified. The
specification test of asymptotic level o is associated with the critical region

W ={er > xi_.(¢d—p)}-

2.3 Indirect tests of hypotheses on the parameter of in-
terest

The indirect estimation approach can be used to test hypotheses on param-
eter . We assume that the parameter # is partitioned into

where #; and fy have dimensions p; and p, respectively. We consider the
null hypothesis Hy : 6; = 0. Despite the use of simulated values, the usual
equivalence between the Wald test, the score test, and the test based on
the comparison of the constrained and unconstrained values of the objective
function used in the second step remains valid

Let
(i)
O

be the optimal unconstrained indirect estimator and let

~ 0
93,H:{éOH},

2T



be the optimal constrained indirect estimator obtained by optimizing the
criterion submitted to #; = 0.
The Wald statistic is defined as:

ey = T(0f) Wi (077)

where W{‘ is a consistent estimator of the variance-covariance matrix of
\/Téf“} The score statistic is defined from the gradient of the objective
function with respect to #; evaluated at the constrained estimator. This
gradient is given by

OBy
06,

Dy = (09 [Br — Bur(057)]

and the test statistic is
g5 =TD,.ADr ,
where A is a consistent estimator of (V,,(VTDr))™! = (1 4+ &)1 (A —

A12A;21A21)_1 Finally, we can introduce the difference between the optimal
values of the objective function:

TH . . Al -
£ = T gl Bur (09 QB — Bur(09)]
TH . S A AL s =4
- m[ﬂT — Bur (07) %[ — Bur(67).]
Proposition 4 The test statistics ¥, €5 and 5% are asymptotically equiva-

lent under the null hypothesis, and have the common distribution x*(py).



3 Efficient Method of Moments

The Efficient Method of Moments (EMM) proposed by Bansal, Gallant,
Hussey and Tauchen (1993, 1995) and Gallant and Tauchen (1996) relies
on a specific form of the auxiliary criterion Qr(yx, X%, #) optimized in the
indirect inference approach. This one takes here the form of a quasilikeli-
hood. But while the indirect inference approach uses the parameters of the
auxiliary model to define the GMM criterion, efficient method of moments
builds the GMM criterion from the score function of the auxiliary model.

3.1 The method

The efficient method of moments (EMM) consists in taking the expectation
under the structural model of the score from an auxiliary model as the vector
of moment conditions. The structural model assumed to have generated the
data {g, &}, is defined by:

{pl(x1|100)7 {pt(yt|xta PO)}?ZI}
where p indicates the true value of p in the model
{pl(x1|p)7{pt(yt|xt7p)}:il}pel{ .
Moreover, we can consider an auxiliary model

{fi(zy | 0),{fe(ye|e, 9)}21}969

which constitutes an approximation of the structural model. The former is
called the “score generator” model.

Definition 1 The model {p:(x1|p), {p:(ys|z¢, p)}fil}peR is said to be smoothly
embedded within the score generator { fi(x1|0), { fi(yelwe,0)},21 }peq if for some
open neighborhood R® of p° there is a twice continuously differentiable map-
ping g : R® — © such that

pt(yt|xtap) = ft[yt|$t,g(/))] t=1,2,..,

for every p € R® and py(w1]p) = fil1lg(p)] for every p € RY .



The score generator need not encompass the structural model. If it does,
then the estimator is as efficient as the maximim likelihood estimator. If the
score generator closely approximates the actual distribution of the data, even
though it does not encompass it, then the estimator is nearly fully efficient.

Hypothése 5 There is a 0y such that pi(yi|ze, p°) = filye|ze, 00) for t =
1,2,..., and pi(z1|p°) = fi(z1]6p).

The method consists of two steps. First, the idea is to use the scores

0

@ In ft(yt|l"t,9)

evaluated at the quasimaximum likelihood estimate

. 1 o
0, = argr&%xﬁ ;lﬂ fi(e|7, 0)

to generate GMM moments conditions. In the case that the data {g;, 7},
are a sample from [[;_, p(yi|ze, p°)p(z1]p°) the moment conditions are :

m(p,tn) = Eplss(Yy,0n)] .
= [ [ &I f(yle, 0u)p(ylz, p) dyp(z|p) dx .

These are the moment conditions that define the EMM estimator (prasar). It
is because the expected score of the auxiliary model is defined under the prob-
ability measure induced by the structural model that the moments depend
on parameters of both models. In most applications, analytic expressions
for the integrals will not be available due to their high complexity, there-
fore the sample moments will be computed through Monte-Carlo integration
following the simulated method of moments of Duffie and Singleton (1993).
Second, a simulated serie {7, & };_, is generated from the density [[}_, p(y:|z¢, p)p(x1|p)
for a given value of p and used to evaluate the sample moments at the QML
estimate 9~n :

- 1 e O o
mn(ﬂa gn) = n 20 lnf(y7|m7, gn)
T=1

where z, is a vector of exogenous variables with possibly lagged dependent

variables . When n — oo, my(p,0,) — m(p,0,). For n sufficiently large,

10



the Monte-Carlo error is negligible. Identification conditions are on the other
hand required to the identification of the parameter of interest. Thus the
number of moment conditions has to be greater or equal to the number of
structural parameters: dim6 > dim p. The rank condition m,(p,02) =0 =
p=p° for n > n® is more difficult to verify.

A GMM criterion function can then be constructed from the sample mo-
ment conditions of the auxiliary model. The EMM estimator of p is defined
by

pn = arg mpin[mn(p, 9n)’ (fn)*lmn(p, 9~n)]

where Z,, is a consistent estimator of the asymptotic variance-covariance ma-
trix of the scores of the auxiliary model Z2,

Vim(p°,0,) = N (0, ;)

where
1 « 0 .
Ig =Var |:% ; % In ft(yt|xt’ 02)]
or either

I, = nlggo<—zzsf Vi, 00)5¢(Yr, On ))

t=1 =1

If the auxiliary model fits well the systematic features of the data in the sense
that the quasi-scores constitute a martingale difference sequence, then from
the standard likelihood theory a convenient estimator of Z? is given by

5 IET
= —Z{ In fy (5| ¢, 0 )} {% lnft(gt|ft:9n)] :

3.2 Asymptotic distribution of the EMM estimator

Gallant et Tauchen (1996) show under general regularity conditions (condi-
tions 8-11 in Gallant 1987, ch.7), that the EMM estimator is consistent and
asymptotically normal.

11



Theorem 1

ll)m pAn = po a.s,
1
Vil — o) 23 N{o, [(M%)’(zzwwz)] }
lim (M, — M%) = 0as

n—o0

where My, = Mou(pn, 0n), MO = M, (p°,0°) and M, (p,0) = %mn(p, 0).

3.3 Specification tests

The two following subsections describe test statistics which have been pro-
posed by Gallant and Tauchen (1996) and Gallant (1987) within the Efficient
Method of Moments estimation framework. These authors mostly focused
on the asymptotic behaviour of these test procedures. We will rather analyze
their exact behaviour.

Under correct specification hypothesis, n times the GMM optimized cri-
terion is distributed as a x?(n, — n,):

nmin |ma(p, 0n)'(Zo) " mn(p, 0,)
pER
This statistic may constitute a test of the overidentifying restrictions of the
structural model (Hansen 1982). The p-values are asymptotically uniform
under the null hypothesis.

3.4 Tests of hypotheses

Direct use of the above theorem for setting confidence intervals on the ele-
ments of p or testing hypotheses with the Wald test requires computation of
M., (p,8). Computation of M, (p,#) can be avoided by testing hypotheses
using the criterion difference test statistic (Gallant, 1987, ch. 7, theorem 15
) and setting confidence intervals by inverting it. Let

dn(p) = mu(p, en),(fn)_lmn(Pa én)

12



We will exploit here the asymptotic normality of the EMM estimator p,, as
established by Gallant and Tauchen in theorem 1 as well as the asymptotic
normality of the score of the objective function d,(p), i.e.:

0 c _
\/ﬁa—p,dn(l)) ~> Np(0,Z). (1)
where B
T = M, DI, DM,
and where DY = amfﬁdn(po), to construct Wald-type statistics, likelihood

ratio statistics and Lagrange multiplier-type statistics. We will use usual
asymptotic derivations in order to derive the asymptotic chi-square distribu-
tion of these three statistics. The hypothesis to be tested is: Hy: h(pl) = h?
against Hy: h(p%) # h,

where h(p) is a twice continuously differentiable mapping from A C R onto
R? . The first statistic considered is a Wald-type statistic :

W =n(h—h) (HVH) ' (h—h)
where b = h(p), by = h(p8), H = 2(p). V = Var(pn) = (M, L, " M,) " is
a consistent estimator of ((M9)"(Z9)~1(MY))~! Given asymptotic normality
of the estimator p,, this quadratic form will asymptotically be distributed as

a x? with q degrees of freedom. The second statistic "likelihood ratio" type
statistic (LR):

The LR test requires that :
Hy (M (Z3) "' M;) ™ H,y = Hyy (M;) ™ Hy + o(1)

where H = g—ﬁ(pg) in order to obtain the usual asymptotic distribution.
M = T if the score generator is a good approximation to the true data
generating process. This LR-type statistic is asymptotically distributed as a
chi-square with q degrees of freedom.

The last statistic to be considered is a Lagrange multiplier-type statistic:

0 ’ 0 -
R = (P V = dn(pn = dp(pn) -
"(ap (p )) ar {\/ﬁap (p )} o (Fn)
This one derives from the Lagrangian

13



50 %) = 5L () + X Thip) ~ 151} =0

corresponding to the minimization of the criterion d,,(p) submitted to the re-
striction: h(p) = h’. This statistic follows also a chi-square distribution due
to the asymptotic normality of the score function of the objective function

dn(p)-

For these three tests, the hypothesis: Hy : h(p®) = h* is rejected when
the test statistic exceeds the critical values a x 100% of a chi-square variable
with q degrees of freedom to achieve a test of asymptotic level a.

14



4 Finite sample Monte Carlo tests

The technique of Monte Carlo tests has been suggested for the first time
by Dwass (1957) to implement permutation tests, then independently by
Barnard (1963) and Birnbaum (1974) for statistics with continuous distri-
butions. The advantage of this technique is to provide (randomized) exact
tests based on test statistics whose finite sample distribution may be in-
tractable but can be easily simulated. The validity of the tests so obtained
does not dependat all on the number of replications made (which can be
small). Only the power of the procedure is influenced by the number of repli-
cations, but the power gains associated with lenghty simulations are typically
rather small. For further discussion of Monte Carlo tests, see Dufour (1996),
Dufour and Kiviet (1996,1997),Kiviet and Dufour (1996),Dufour and Khalaf
(1996a,1996b,1996¢)  Edgington (1987), Foutz (1980), Jockel (1986) and
Marriott (1979) .

Only standard test statistics have been proposed up to now in the litera-
ture as these authors only focuse on the asymptotic distributional properties
of these statistics. The technique of Monte Carlo tests allow for general test
statistics. In particular, maximized Monte Carlo tests (Dufour, 1996) allow
for test statistics whose distribution depends on nuisance parameters. In a
first step we will consider the case without nuisance parameters in order to
better analyze the case with nuisance parameters.

4.1 Monte Carlo tests without nuisance parameters

Consider now a situation where the distribution of S under Hy may not be
easy to compute analytically but can be simulated. Let Sy,---, Sy be a sam-
ple of independent and identically distributed (i.i.d) real random variables
with the same distribution as S. The technique of Monte Carlo tests provides
a simple method allowing one to replace the theoretical distribution F'(z) by

its sample analogue based on Sy,...,Sy:
1« 1 —

where S(N) = (Si,...,5n), s(x) = lpe(®) and 14(x) is the indicator
function associated with the set A. We also consider the corresponding sample

15



tail area function:

. 1
Gnlas S(N)) = 37 3 o5 =)
The sample distribution function is related to the ranks R,---, Ry of the
variables Si,..., Sy (when put in ascending order) by the expression:
N
R; = NFy[S;S(N)| =) s(S;=S), j=1,... ,N.
i=1

The central property we shall exploit here is the following: to obtain
critical values or compute p-values, the “theoretical” null distribution F'(x)
can be replaced by its simulation-based “estimate” Fy in a way that will
preserve the level of the test in finite samples, irrespective of the number N
of replications used. For continuous distributions, this property is expressed
by proposition 5 below which is easily proved by using the following simple
lemma.

Lemme 1 Let (y1,...,yn)" be a N x 1 vector of exchangeable real random
variables such that

Plyy=y;]=0 fori#j,ij=1,... ,N

and let R; = ZZN:1 s(y; — yi) be the rank of y; when (y1,...,yn) are ranked

in nondecreasing order. Then, for j=1,... N,
IlzN
P[R;/N < z| = [f\f] ,for 0<z<1
and
P[R;j/N > z] =1 yife <0
I[(1—-x)N|+1
= ( f\? I+ ,if0<e <1
=0 ,ifr > 1,

where I[x] is the largest integer less than or equal to x.

16



Proposition 5 (Validity of Monte Carlo tests when ties have zero probabil-
ity). Let (Sp, S1,...,Sn) be a (N+1)x1 vector of exchangeable real random
variables such that

P[SZ:S]]:O fOT‘i?éj, i,j:(),l,...,N

let Fy = Ey[z; S(N)],Gn(x) = Gulz;S(N)] and Fy*(x) be the quantile
function defined by:
Fyl(z) =inf{y: Fx(y) >z}, if0 <z <1,
=inf{y : Fy(y) >0}, ifz =0,
=sup{y: Fn(y) <1}, if s =1,

~—  ~—

and .
. _NGN(£U)+1
vl = —

Then

P[GN(So) < a1] = P[En(Sy) > 1 — ]

IlayN] + 1 (2)
:%, for0<a; <1,

I[O[lN] +1

P[Sy > Fy'(1—an)] = N1

Jfor 0 < ay <1, (3)

and
I[a(N +1)]

Plpn(So) < o] = N1

Jfor0 <a <1. (4)

The latter proposition can be used as follows: choose a; and N so that

. I[O[lN] +1
TN+ ®)

is the desired significance level. Provided N is reasonably large, oy will be
very close to «; in particular, if «(N + 1) is an integer, we can take




in which case we see easily that the critical region GN(SU) < o is equlvalent
to GN(SU) < a. For 0 < ay < 1, the randomized critical region Sy > F 11—
1) has the same level « as the nonrandomized critical region Sy > F~1(1 —
a), or equivalently the critical regions py(So) < o and Gy (S;) < o have
the same level as the critical region G(Sy) =1 — F(Sy) < a.

4.2 Monte Carlo tests with nuisance parameters

We will now study the case where the distribution of the test statistic S de-
pends on nuisance parameters. We consider a family of probability spaces
{(L, Az, Pp) : 0 € Q} and suppose that S is a real valued A,-measurable
function whose distribution is determined by P; where @ is the “true” param-
eter vector. We wish to test the hypothesis

H()lgEQ(),

where {2y is a nonempty subset of 2. Again we take a critical region of the
form S > ¢, where c is a constant which does not depend on #. The critical
region S > c has level v if and only if

Py[S > ¢] <,V € Q,

or equivalently,

sup B[S > ¢] < a.
(S

Firthermore, S > ¢ has size o when

sup Py[S > ¢] = a.
0eQg

If we define the distribution and p-value functions,
F[z|0] = Py[S < z],z € R,
Glz|0) = Py[S > 2],z € R,
where 6 € (), it is again easy to see that the critical regions

sup G[50] < a(c),

0eQg
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where a(c) = supycq, G|c|0], and

S>sup F (1 —-G[c|d]) ]9 =¢
0€Q0
are equivalent to S > ¢ in the sense that ¢ < .
We shall now extend proposition 5 in order to allow for the presence of
nuisance parameters. For that purpose, we consider a real random variable
Sy and random vectors of the form

S(N,0) = (S1(6),...,Sx(0)),0 € Q,

all defined on a common probability space (£, Az, P), such that the vari-
ables Sp, S1(f),...,Sn(0) are exchangeable for some 6 € €, each one with
distribution function F[x|f] = P[S, < x]. Typically, Sy will refer to a test
statistic computed from observed data when the true parameter vector is 6
(ie., 0 = 0), while S;(0),...,Sy(#) will refer to i.i.d replications of the test
statistic obtained independently (e.g., by simulation) under the assumption
that the parameter vector is 6 (i.e., P[S;(#) < z] = F[z|f]). The notation
S;(f) does not mean that the value of 6 is required for computing the test
statistic S;(#): it simply indicates that the distribution function of S;(6) is
Fz|0]. Let also

FN[x|9] = FN[:U; S(N,0)], @N[x|9] = GN[x; S(N,0)],
NGN[x|9]
N+1

and Fy![z]6] be defined as in proposition 5 and suppose the variables sup{Gx[So|] :
6 € Qp} and inf{Fx[Sp|0] : 6 € Qp} are A,-measurable (where () # Qy C Q).
We then get the following proposition.

pz|f] =

Proposition 6 Under the above assumptions and notations, set

So(0) = So and suppose that
P[Si(0) = S;(0)] =0, fori#j,i,j=0,1,...,N.
If 6 € Q, then for 0 < oy <1,

Plsup{Gn[So|0] : 0 € Q} < o] < Plinf{Fy[So|0] : 6 € Qp} > 1 — o]
< [[Ole] +1
= N+1
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where
P[inf{Fy[Sol0] : 0 € Q} > 1 — ay] = P[Sy > sup{Fy'[1 — ay|0] : 6 € Q}]
for 0 <ay <1, and

Ifa(N 4+ 1)]
N+1

Following the latter proposition, if we choose a; and N so that equation 5
holds, the critical region sup{G[So|6] : 6 € Qo} < o has level « irrespective
of the presence of nuisance parameters in the distribution of the test statistic
S under the null hypothesis Hy : § € €. The same also holds if we use
the (almost) equivalent critical regions inf{Fy[Sol0] : 0 € Q} > 1 — ay or
So > sup{Fy'[1 — a1|f] : # € Q}. We shall call such tests maximized Monte
Carlo (MMC) tests.

We will now describe how to make exact the standard tests developped
in sections 2 and 3. We consider for instance the Wald statistic established
in section 2.3:

Plsup{py[So|0] : 0 € 2} < a] < Jfor0 <a < 1.

S =ep =TO7) Wi (0fF)
We want to generate by simulation N different values of this test statistic
denoted by S. Each simulated statistic simulée S; (i = 1,...,N) requires
H simulated series each one of length T generated under the structural
model for a given value of 0: [jF(0;28) t = 0,...,T] for h = 1,... ,H.
Moreover, inorder to obtain N independent replications of the statistic S, it
will be necessary to simulate also N samples of quasi-true data for some
value échantillons de pseudo-vraies données pour une certaine valeur 6°,

=l1,...,

(égi), - égf)) and on initial values z((]i) such that:

B(6°) = argmax Qr((95(0°) ", 2%, 8),i = 1,.... N.

For each simulated statistic S; the following optimization problem will need
to be solved:

) 1 H ~ ro ) 1 H ~
min| f7) (0)—— >~ 570, 2) | Q47 (6°) | 87 (00)— D 538 2p) |, i =1,...
0€o H h=1 H h=1
which yields (§2.)®(#°) for i =1,..., N. This yields in total N optimization
problems of this form and N x H auxiliary optimization problems to obtain
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3h. We then get the vector S(N,6°) = (51(6°),...,
Sn(6°)) where each S;(0°) is computed from this estimator (61.)®(6°). In
the Wald statistic considered here:

Si(0°) = T(01) V(O )W (0 OF)D(6°)  i=1,...,N.

The sample p-value function Gy[ . |S(N,0°)] is then built from this vector
S(N, 89 = (51(6°), ..., Sy (6°)) for each #° € Q. The function G x| . |S(N,8°)]
is a function of #° through S(N, #°) the p-values will therefore be maximized
over the set €y of the admissible values of #° i.e.

sup{Gn[ So |S(N,0%)] : 0° € Q}.

But as Gy[. |S(N, )] is a piece-wise function, maximizing

sup{G n[So|S(N,0°)] : 6° € Qy} requires specific algorithms capable of opti-
mizing nondifferentiable functions. We will resort to “simulated annealing”
algorithm which optimizes from a stochastic search of the values of #° in
the set y (Goffe, Ferrier and Rogers, 1994). The best thing to do would
be to maximize the p-values over the larger possible set of admissible values
of the nuisance parameter 6°. But this raises numerical difficulties mostly
in this context of computationnally intensive simulated methods as we have
just seen. Thus a serious efficiency problem raises from simulated methods.
We will search for that to restrict the set of admissible values for #° to only
consistent estimators.
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5 Tests de Monte Carlo asymptotiques

In this section, we propose simplified approximate versions of the procedures
proposed in the previous section when a consistent point or set estimate
of 6 is available. To do this, we shall need to reformulate the setup used
previously in order to allow for an increasing sample size.

5.1 Monte Carlo tests based on consistent set estima-
tors

Consider
St0, 571, , ST, T > 1,0 € €,

real random variables all defined on a common probability space (£, A, P)
and set
ST(N, 9) = (ST1(9)7 ,STN(Q)), TZ ]0.

We will be primarily interested by situations where the variables St g, St1(0), .
are exchangeable for some # €  each one with a distribution function
Frlz|0] = P[Sro < x]. Here Syo will normally refer to a test statistic with
distribution Fr[.|f] based on a sample of size T, while Sp(6),...,Srn(0)
i.i.d. replications of the same test statistic obtained independently under the
assumption that the parameter vector is 0 : P[Sp;(0) < x] = Frlz|f], i =

1,...,N. Let also
FTN[QJW] = FN[:US St(N, 8)], GTN[SUW] = GN[l";ST(N: 0)],

N+1 ’

and let, 1.} [2]0] be defined as in proposition 5. We consider first the situation
p-values are maximized over a subset Cr of Q (e.g., a confidence set for 6)
instead of €2y. Consequently, we introduce the following assumption: Cp, T >
Iy, is a sequence of (possibly random) subsets of Q such that sup{G'rx[Srol0] :
0 € Cr} and inf{Fpy[Spolf] : 8 € Cp} are Ag-measurable for all T > I,
where () # Qg C Q. Then we have the following proposition.

prwlz|0] =

Proposition 7 (Asymptotic validity of confidence-set restricted maximized
Monte Carlo tests. Continuous distributions). Under the previous assump-

tions and notations, set Sro(#) = Sto and suppose

P[S7i(0) = Srj(0)] =0 fori#j andi,j =0,1,...,N,
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for all T > Iy, and let Cr,T > Iy be a sequence of (possibly random) subsets
of Q such that

lim P[f € Cr] = 1. (6)

T—o0
If 0 € Qq, then
lim Plsup{Grn[Srolf] : 0 € Cr} < ay] < Jim Plinf{Frn[Srolf] : 0 € Cr} > 1 — o]
—00 —+00

Thm P|Sro > sup{Fr [l — oq]f] : 0 € Cr}
5

< IlayN| +1
- N+1
(7)
and
I[a(N +1)]
N+1 7
It is quite easy to find a consistent set estimate of  whenever a consistent
point estimate f7 of @ is available. For instance, if § is a consistent estimator

of 8, with 8 € 9, a possible confidence set for 0 could be a ball of fixed
radius centred on 6 satisfying the condition

lim Plsup{prn[Stol0] : 6 € Cr} < a] < pour 0 < o < 1.

lim P[||f; — ]| < €] =1,Ve> 0, (8)
T—o0
where Q C R* and where ||| is the Euclidean norm in R*. Then any set of

the form Cp = {# € Q : ||f7 — 0]| < ¢} where ¢ is a fixed positive constant,
which does not depend on T, satisfies ( 6). We can also consider balls whose
radius decreases with sample size T. More generally, if there is a sequence of
(possibly random) matrices A7 and a non-negative exponent § such that

Jim P[T|| Az (67 — 6)||% < ¢] = 1,Ve > 0,
then any set of the form
Cr={0eQ: (0 —0) A Ap(0y — 0) < ¢/T°}
={0eQ:||Ar(0r —O)|? < ¢/T°},c> 0
satisfies ( 6) since in this case,
P[0 € Cr] = P[(07 — 0) Al A (07 — 0) < ¢/T7)
= P[T%(0r — 0)' AL A (07 — 0) < (] — L
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6 Empirical applications

We will apply in this section Monte Carlo tests procedures to a stochastic
volatility model and to a brownian motion with drift.

6.1 Geometric Brownian motion: Indirect Inference es-
timation and Monte Carlo tests

6.1.1 Geometric Brownian motion with drift estimated by indi-
rect inference

The price y; of the underlying asset is assumed to satisfy the stochastic
differential equation:

d
T _ pdt + odWy | 9)

Yt

where W; is a standard brownian motion. y and o are the drift and volatility
parameters respectively. Let
_ [ H
0= ( ; ) (10)

denote the parameter of interest. The equation (9) will be the structural
model under which we will perform the simulations. Let (M) denote it. By
applying Ito’s formula, we get the equivalent form:

2
o

We deduce from (11) the exact discretized version of (9), which corresponds
to a random walk with drift in the log-price:

2
g
logytzlogyt—1+(ﬂ_7)+aetv (e;) ~ IIN(0,1), (12)

and to a lognormal distribution for the price. We may also introduce the
direct Euler approximation of equation (9):

Y = Y1+ WY1 + 0 Y€f
= (1 + :U’*)ytfl + 0—*yt*1“52< ) (6:) ~ I[N(Oa 1) (13)
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[t gives an autoregressive form for (y;) with some conditional heteroscedastic-
ity. This will be the instrumental model which replaces the structural model
in the estimation procedure. Let (M*) denote it and

() (14)

the auxiliary parameter. The auxiliary model criterion to optimize will be
denoted by Lz.(y!, 3) which corresponds to the log-likekihood function based
on the instrumental model (M*) but evaluated in the data simulated under
the true model (M).

Or(0,95,") = argmax Lp(5; (0,95, &)1, 8), h=1,... . H
T 1
= arg rgeagc [—5 log 2m — 3 Zlog U*2y£z (6, yg, gh)2)

1 @Oy €) - (L +pf )yt (0,5, €")?
Z o*2 (§-1(0, g, "))

Then the simulated data come from the initial model (M) for a small time
unit 0. Let us rewrite model (M) as :

(15)

dyy = pyidt + oy dW, (16)

So by integrating (16) we obtain

s t4d t+0
/ dys = M/ ysds + U/ ysdWs
t t t

Yo — Yo = Py + Uyt\/g‘ftﬂi (17)
More precisely, we define the process (y,gé)) such that:
yD = yD it ks <t < (k+1)0
where
Vs = Uk + (yks )3 + (oy )VOel), 5 (18)

and (e,(f), k varying) is a Gaussian white noise with unit Variance Then for
each parameter value #, we may simulate using (18) some values § yk(s (9 yh € )h) k=
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1,...,[T/é], h=1,...,H and deduce simulated values for the observation
dates by just selecting the values corresponding to integer indexes:

g0,y @) = 57" 0, &) Tieawith k= 1/0]. (19)

§ will be taken equal to 1/10 and yf = y,(c?h with & = 1. We will have to

simulate H x [T'/d] perturbation vectors €,@h. For instance, for 7" = 150
and 6 = 1/10 we will need 150/ i.e. 1500 perturbation vectors for each

simulation h.
So the objective function used to calibrate # where

0 (yo, €1, ) = < szggg; )

Q) A 1 AH N Ly 3H h gh
710 = arg min BT—E;ﬁT(Q,yO,G) Qr 5T—E;5T(9ay0v€)
(20)

where e/l = (€f)?::11H and 3 = B7(0°) is obtained from optimizing L%.(y7, 5)

based on the true observations (yi,...,yr). Q) is a consistent estimator of

the inverse of the asymptotic covariance matrix of VT | 37— S, B2 (0, yt, €h)] :
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6.1.2 The estimators

The parameters’estimators The estimators which maximize the log-
likelihood function (15) are solution of the following equations. Let

B0, 96, ") = ( o )

be the quasi maximum likelihood estimators. Let ¢ and ¢/ , stand for §(0)
and §" () At first, let us consider the estimator of o* i.e.

oL
T 5_*

T 2
-1 20*( yt 1 1 —20* < — (14 p)gr, )
& — = - =0
2 ;U (71) 2; ot Ut
T /. 2
-T 1 P—(1+
e *3Z<yt (~h'u)yt 1) —0
g S Y1
T ~h *\~h 2
1 g — (L +p")g
= -o0. 2
—1 t—1

So the estimator is

T ~h *\~h 2
1 — (14 b
ﬂ/ﬂ _ Tz(% (~h N)yt 1)
t=1

Y1
= TG @ = L+ )| (22)

The concentrated log-likelihood is then given by

Ly i) = — log(2m) — 4 logT™ ") ™" — (14 w) )P - 5
= 1 log(27) + o loa(T) — 1 logl[(7) " — (14 1)) ) — 5
(23)
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The estimator of y* is then obtained by maximizing the concentrated log-
likelyhood function, i.e.

max L3(7, 17)
& minlog(|(72)7"(5" — (1 +p)72)|”)
& min|(72) (3" = L+ u)gt)|” (24)

since the log-function is an increasing function of its arguments. So from the
first-order conditions

T h
L*C yt 1 1 "‘NML)yt 1)
=2 Z )2 =0
Ui
T T
A Z(yt D7 - Z(l + far) =0
t=1 t=1

o i) =3 () )

which yields

(4 i) = 230 () (26)

we obtain

it —1Z<~ )1. (27)

t=1
The estimator of ¢*? is then given by

T

—2(h 1 RO 1 70) )’
(’M(L)“’):TZ@ R (28)




A consistent estimator of 2 In order to calibrate #, we need a consistent

estimator of Q* = Jy(I, — Ky)~'Jy. Jy can be consistently estimated by

1 9L
T 0BOf

(y(0°)7, 5r(6°))

(29)

where y(6°)7 denotes the true observations and 37(6°) the estimator based
on the true observations. So the second derivative of L7 is

i S R (yt(ﬁo)—(1+ﬂ*)yt_1(9°)
Oo*Oc* o*2 o6 — yt71(90)
T 3 e
= 6_*2 - 6-*4 TG
2T
= _OA-*Q '
So
1 9Ly 2
T Oo*0c* — 6%2°
On the other hand,
® T g
Ly T 2 Z(y l(go)yt(eo) — (L +i)y1(6%)
/2NN t—
Oo*Ou* gr  0*3 pry (y1-1(0°))?
1 o’L;
T do*op*

since from the first-order conditions we have

The second-order derivative of L} with respect to p* is given by

1 0°Ly 1( 1
T ouou T 6%2
1
= 6-*2
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L 3 ()L G )
i

v o2 (g1 (89))?

T?J1
>

i Ji-1

G

)
)

(35)



So the estimator of Jy is given by

: . =
oy =i=( 7" 5 ). (30
5+2(0°)
On the other hand, a consistent estimator of (Iy — Kj) as T'— oo is given by
T & _ _
= > (W = W) (Wi, = WY (37)
h=1
where
oL} PO
Wa = 5RO o
. - o 90
wr (o ()
8 " (0")
- « - e 90 (38)
oLy yh(g)T H ( )
Oo* 1> (3* (90)
and
. _ (0
_ 1 & % Z}?:l %ﬁf <yh(9)1T7 < g*EHO; ))
W==> W= DR (39)
e s oni (e (10
h=1 ﬁzhzl a0 \ Y ( )17 &*(90)

where 6 is any consistent estimator of # (for instance 6 (Id)).
The case considered here does not include any exogenous variables, in
this case Ky = 0 and [ is equal to

* T *
lim %[ . ZaL 7 ( h),§?1(9,y3,€h),ﬁ)] ~ lim VO[LZ%(@] -

1% [T 4= 5 (5:(6 oo | T &~ 9
(40)
Therefore Iy can be approximated (see Newey and West, 1987) by
R 1 ..
r 1— —— ([ + T 41
o 31 g B+ 10 (1)
with
1 < 0L}
| =k 42

t=k+1
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A consistent estimator of W} Let Wy denote the inverse of the asymp-
totic covariance matrix of the indirect estimator 70/ = T4l

Vas[VTO] = (1+ %)(Au — A Ay An) (43)
SO
Wi o= [Vas(VTO)] ™
= (1+ %)‘I(AH — A At Ay, (44)
where
A = gz:Qg—ebj - (45)
By using the fact that
%(FmGo,HO) = Jol%(Fo,Go,eo,ﬂo) (46)
and that
QF = Jo(Iy — Ko)~ 'y . (47)

So a consistent estimator of A;; will be given by

L, T _ _ 0°L;
Ajj = V(Y W= W)Wy = W)) N 5mms 48
where % %(th);,x;,ﬁ}(ﬁo)) evaluated at the indirect estimator

0 where y"(0)} is a simulated path of y based on the parameter §. When
Ky,=0, Q= J()(Io)fl(]() ,

O?L: - 0?L:
A__ — T \/ —1 T 4
and when Q* = Id,
82[”72 I -1 7-1 82[”72
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Ly aplgE WO o Br(O°))] g (51)
0300’ 5[5 (Y 0V, ke, Br(6°)] gm

is a matrix 2 by 2. The following second derivatives call on numerical deriva-
tives.

2Ly 0 [~ n o WO = (L4 27(0°)yl1(9))
amao"%{;(y““’)‘ 52 () (4l 0) )]mg 2)

+

Ly _ 0 {-—T 1 §:<y?W)—(1+¢?G”Dy£¢W)>}0

9000 — 00’ |57 (0°)  573(00) = i () i
(53)
Finally
R 1 o N "
Wi =(1+ E)—I(AH — Ap A} Ay . (54)

will denote a consistent estimator of the inverse of the asymptotic covariance
matrix of the indirect inference estimator /T0!. = /T k.

A consistent estimator of W}, A consistent estimator of

1. 0L OL*
ko 1 s 00 I — K -1 oo 1—1
Wi = (1+ 37 g (b = Ko™ 5] (55)
is
. 1. 0L} -1 9L

Wy, =01+ (56)

o005 D~ K g505)

92L%,
007
tained as aforementionned by numerical derivation of ag,*T [(y* ()L, xL., Br(6°)]
with respect to 6 evaluated at 02 where (y*(6))} is a simulated path of y
based on the parameter 6.

obtained as soon as we have a consistent estimator of which can be ob-
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6.1.3 Test Statistics

We are interested in testing a null hypothesis on the drift g of the initial
model (M) but the volatility parameter ¢ is a nuisance parameter for our
test. The interest parameter is

o

and the instrumental parameter is:

=(7)

The null hypothesis we are interested in is Hy : 1 = p19. We will denote here
01 (yo, €. Q) by 0 for short. Let

. o1 ﬂH
0= g ) = 5 (57)

denote the unrestricted indirect estimator and
i Ho
= ( o) (58)
T

the restricted estimator.

The Wald statistic
&= T(O) W (0r)
= T(f7 — 1) Wy (jig — o) (59)
where Wl* is a consistent estimator of the inverse of the asymptotic covariance-
variance matrix of Tl

The Score statistic The Score function is

OBy romoein A a
Dr = 507 [Br — Bur(677)]
B, a5
(o ()]
which yields for the score statistic

& = TDrADy (61)
where A is a consistent, estimator of [Var(v/TDr)]~".
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The statistic based on the difference between the optimal values of
the objective function

TH |- ~ "l -
¢ = e (g3 oo ()

1+ H 0.
TH | ~ i " T ~ nH
el (G ) o e (5 )] 0
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6.1.4 Implementation of Monte Carlo Tests for the above Test
Statistics

At first the implementation of the Wald Statistic and the Statistic based
on the difference between the optimal values of the objective function, with
the identity matrix for the metric ) in the Indirect Inference optimization
criterion together with the simulation number H = 1 is much less costly in
computation time than the use of the optimal weight matrix Q* together
with H > 1. Moreover the use of this optimal weight matrix 2* is mainly
justified through asymptotic efficiency considerations and thereby not rele-
vant in finite samples. The optimization of the p-value over a subset of the
parameters space under the null hypothesis due to the presence of nuisance
parameters is relatively easy to perform through the GAUSS version of Sim-
ulated Annealing optimization programm and yields a test with the exact
level «r. Here it has been performed at the levels of 5% and 1% for the Wald
Statistic and for the Statistic based on the difference between the optimal
values of the objective function under the null hypothesis ¢ = 0 with the
nuisance parameter corresponding to o. The startup value for the nuisance
parameter in the Simulated Annealing optimization programm has been set
up to a consistent restricted estimator. The Maximized Monte Carlo Test
to test the null hypothesis y = 0 together with only one nuisance parameter
o to optimize is thus theoretically and computationally feasible in this Indi-
rect Inference framework for both of these statistics. The next step would
be to investigate the way to reduce the computation time by picking up an
intermediary estimator instead of the Indirect Inference estimator obtained
through the use of the Optmum algorithm of the version GAUSS 3.2.18.
On the other hand, an exchangeability property could be explored in this
Indirect Inference setting in order to reduce the simulations length.
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