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41 Lqwurgxfwlrq

Zlwklq wkh vrfldo vflhqfhv dqg lq sduwlfxodu �hogv vxfk dv hfrqrplfv/ hgxfdwlrq
dqg sv|fkrorj|/ pdq| ri wkh skhqrphqrq wkdw zh zlvk wr h{sodlq duh hlwkhu
phdvxuhg zlwk huuru ru qrw gluhfwo| phdvxudeoh1 Rwkhu h{dpsohv lqfoxgh lqwho0
oljhqfh/ hgxfdwlrq/ pdqdjhphqw h{shuwlvh dqg lqvwlwxwlrqdo fkdqjh1 Shukdsv wkh
prvw suhydohqw h{dpsoh lq hfrqrplfv lv edvhg xsrq Iulhgpdq*v +4<8:, shupdqhqw
lqfrph k|srwkhvlv zkhuh wkhuh lv qr gluhfwo| revhuydeoh phdvxuh ri shupdqhqw
lqfrph41 Lq sudfwlfh/ wkh h{lvwhqfh ri wuxh phdvxuhphqwv iru wkhruhwlfdo frxqwhu0
sduwv lv wkh h{fhswlrq wr wkh uxoh1 Lq vxfk fdvhv d qxpehu ri dowhuqdwh dssurdfkhv
kdyh ehhq dgyrfdwhg1 Lq wlph vhulhv dqdo|vlv Kduyh| +4<;4, kdv ghyhorshg vwuxf0
wxudo wlph vhulhv prghov wr kdqgoh xqrevhuyhg frpsrqhqwv vxfk dv wkh exvlqhvv
f|foh/ vhdvrqdolw| dqg wuhqg1 Pruh uhfhqwo| hfrqrplvwv kdyh dqdo|vhg wkh h{whqw
wr zklfk prqhwdu| srolf| lv hqgrjhqrxvo| ghwhuplqhg1 Krzhyhu/ jlyhq wkdw wkhuh
lv qr vlqjoh phdvxudeoh txdqwlw| zklfk uhsuhvhqwv prqhwdu| srolf|/ vwxglhv vxfk
dv Dyhu| +4<:<, kdyh xvhg d prgho vshfl�fdwlrq zkhuh lw dvvxphg wkdw prqhwdu|
srolf| lv uhsuhvhqwhg e| d vlqjoh odwhqw yduldeoh/ dqg wkdw srolf| lv pdqlihvw lq wkh
ehkdylrxu ri d vhw ri lqglfdwruv1 Lq Odklul +4<:9, wkh dxwkru h{dplqhv wkh lp0
sdfw ri wkh Ilvkhu h�hfw ri lq dwlrqdu| h{shfwdwlrqv rq wkh qrplqdo lqwhuhvw udwh/
zkhuh wkh xqrevhuyhg sulfh h{shfwdwlrqv yduldeoh lv prghoohg xvlqj d vwuxfwxudo
htxdwlrqv dssurdfk1 Ri uhohydqfh wr wklv uhvhdufk Ndxipdqq/ Nudd|/ dqg ]rlgr0
Oredwrq +4<<<, dgrsw d vlplodu dssurdfk lq h{dplqlqj furvv0frxqwu| yduldwlrq lq
wkuhh eurdg duhdv ri jryhuqdqfh= surelw|/ exuhdxfudwlf txdolw| dqg wkh uxoh ri odz1

Wkh prghoolqj vwudwhj| zh zloo glvfxvv kdv ehhq h{whqvlyho| xvhg lq sv|fkr0
phwulfv dqg pruh uhfhqwo| lq hfrqrphwulfv1 Lw lv irxqghg xsrq wkh vshfl�fdwlrq
ri d v|vwhp ri htxdwlrqv zklfk vshfli| wkh uhodwlrqvkls ehwzhhq d vhw ri xqrevhuy0
deoh odwhqw yduldeohv/ )W/ d vhw ri revhuydeoh hqgrjhqrxv lqglfdwruv )/ dqg d vhw ri
revhuydeoh h{rjhqrxv yduldeohv  1 Wklv dssurdfk exlogv xsrq wkh hduo| zrun ri
Mruhvnrj dqg Jrogehujhu +4<:8, dqg ]hooqhu +4<:3,/ dqg kdv ehhq irupdolvhg lq
wkh OLVUHO5 prgho ri d vhw ri olqhdu vwuxfwxudo htxdwlrqv1

51 Uhjuhvvlrq zlwk dq Xqrevhuyhg H{rjhqrxv Yduldeoh

Frqvlghu wkh iroorzlqj olqhdu uhjuhvvlrq prgho

4Vhh Furfnhww +4<93,
5OLVUHO lv dq dfurq|p iru olqhdu vwuxfwxudo uhodwlrqvklsv1
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+ ' B5W n 0c +514,

zkhuh + lv dq revhuyhg vfdodu/ 5W lv dq xqrevhuyhg uhjuhvvru dqg 0 lv d vwrfkdvwlf
huuru whup1 5W lv lq vwdqgduglvhg xqlwv +phdq }hur/ yduldqfh 4,1

Wkh Revhuyhg Gdwd

Wkh dqdo|vw zloo rqo| revhuyh wkh yduldqfh dqg phdq ri +c zkhuh wkh yduldqfh ri
+ lv jlyhq e| B2nj2

0� Reylrxvo| B lv qrw lghqwl�hg1 Wr flufxpyhqw wklv sureohp zh
qhhg wr lqwurgxfh dgglwlrqdo lqirupdwlrq1 Zh gr wklv e| srvwxodwlqj wkh h{lvwhqfh
ri d phdvxuhphqw htxdwlrq iru 5W zklfk zh zulwh dv

5 ' 5W n � +515,

5W ' �� c +516,

zkhuh  ' E%�c %2c ���c %r�
� lv d r� � yhfwru ri fdxvhv dqg � ' Eq

�
c q

2
c ���c qr�

� lv d
r� � yhfwru ri xqnqrzq sdudphwhuv1 Zh dvvxph wkdw .d0�o ' f�

Htxdwlrqv +514,/ +515, dqg +516, frqvwlwxwh wkh vwuxfwxudo prgho1

H{dpsoh 5141 Iulhgpdqv +4<8:, Shupdqhqw Lqfrph Prgho
Wklqn ri +514, dv wkh frqvxpswlrq ixqfwlrq/ +515, dv phdvxuhg lqfrph dqg

+516, dv wkh pxowlsoh fdxvhv ri shupdqhqw lqfrph1

Wkh Uhgxfhg Irup

Li zh frpelqh +514,/ +515, dqg +516, zh pd| zulwh wkh uhgxfhg irup dv

�
)

3

�
'

�
 f
f  

� �
�

�

�
n

�
0

�

�
+517,

zkhuh � ' �� dqg P+ / wkh fryduldqfh pdwul{ ri 0c �c lv gldjrqdo1
Zh qrwh wkdw dq dowhuqdwh dssurdfk lv edvhg xsrq wkh phwkrg ri lqvwuxphq0

wdo yduldeohv1 Iru h{dpsoh/ lq wkh frqwh{w ri wkh deryh sureohp zh pljkw kdyh
dydlodeoh d yduldeoh ^ zklfk lv fruuhodwhg zlwk 5W dqg + exw qrw zlwk �� Lw lv dovr
zruwk hpskdvlvlqj wkdw li wkh prgho frqwdlqv d qxpehu ri ixoo| revhuyhg h{rjh0
qrxv yduldeohv dqg rqh h{sodqdwru| yduldeoh zklfk lv phdvxuhg zlwk huuru/ wkhq
wkh iroorzlqj wudgh0r� h{lvwv1 Rqh vwudwhj| zrxog eh wr vlpso| gurs wkh xqrevhuy0
deoh uhjuhvvru dqg lqfxuu wkh qrupdo rplwwhg yduldeoh eldv1 Dowhuqdwho|/ zh frxog
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lqfoxgh d sur{|/ ru lqglfdwru yduldeoh/ Krzhyhu/ vlqfh e| gh�qlwlrq wklv yduldeoh
zloo frqwdlq phdvxuhphqw huuru/ sdudphwhu hvwlpdwhv zloo dovr eh lqfrqvlvwhqw1
Vwxglhv e| PfFdooxp +4<:5, dqg Zlfnhqv +4<:5, kdyh ghprqvwudwhg wkdw edvhg
xsrq wkh fulwhuld ri dv|pswrwlf eldv/ wkh xvh ri d sur{| yduldeoh lv suhihuuhg1

513141 Hvwlpdwlrq= PO ru Wzr0Vwhs Dssurdfk

D Vlpoh Wzr0vwhs Phwkrg

Qrwh wkdw wkh phdvxuhphqw htxdwlrq 5 ' �� n� vdwlv�hv doo wkh uhtxluhphqwv
ri ROV1 Wkxv � dqg wkh dv|pswrwlf fryduldqfh pdwul{ iru � fdq hvwlpdwhg1 Iru
wkh vwuxfwxudo htxdwlrq

+ ' B E�� � n 0c +518,

zh pd| vxevwlwxwh 	5W ' 	�
�

 dqg rewdlq dq hvwlpdwh ri B� Sdjdq +4<;7, vkrzv wkdw
wklv surfhgxuh lv frqvlvwhqw/ dv dv|pswrwlfdoo| h!flhqw dv ixoo POH dqg pxfk
hdvlhu wr lpsohphqw1 Qrwh wkdw zh pd| wklqn ri 	5W dv dq lqvwuxphqwdo yduldeoh
iru wkh xqrevhuyhg 5W�

61 Pxwlsoh Lqglfdwruv ri dq Xqrevhuyhg Odwhqw Yduldeoh

Lq vhfwlrq 5 zh vdz wkdw iru + dqg 5W vfdodu txdqwlwlhv zh fdqqrw hvwlpdwh wkh
sdudphwhuv zlwkrxw wkh xvh ri dgglwlrqdo lqirupdwlrq1 Deryh wklv lqirupdwlrq
wrrn wkh irup ri d phdvxuhphqw htxdwlrq iru wkh xqrevhuyhg h{rjhqrxv yduldeoh
5Wc zklfk lv edvhg xsrq d prgho ri pxowlsoh fdxvhv ri 5W1

Ehorz zh frqvlghu krz lqirupdwlrq lq wkh irup ri pxowlsoh lqglfdwruv ri 5W

fdq dovr dvvlvw lq lghqwli|lqj prgho sdudphwhuv1
Ohw ) ' E+�c +2c ���c +6�

� ghqrwh d 6� � yhfwru ri revhuyhg lqglfdwruv
� ' Eq

�
c q

2
c ���c q6�

� lv d 6� � yhfwru ri xqnqrzq sdudphwhuv1
% ' E0�c 02c ���c 06�

� lv d 6� � yhfwru ri vwrfkdvwlf whupv1

H{dpsoh 6141 p@6

+� ' q�5
W n 0�c � ' �c 2c �� +614,

Zh ohw j2

� ghqrwh wkh yduldqfh ri 0� dqg vhw SJ�E0�c 0�� ' f ;� 9' �� Edvhg xsrq
+614, wkhuh duh vl{ xqnqrzq sdudphwhuv= � ' Eq

�
c q

2
c q

�
c j2

�
c j2

2
c j2

�
���
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Zkdw gr zh revhuyhB
Wkh dqdo|vw revhuyhv P+c wkh �� � fryduldqfh pdwul{ ri )c zkhuh wkh gldjrqdo

hohphqwv/ r��c uhsuhvhqw wkh yduldqfh ri +�c zulwwhq dv

r�� ' q2

� n j2

�

Wkh r�0gldjrqdo hohphqwv/ r�2cr��c dqg r2� duh/ uhvshfwlyho|/ jlyhq e| q
�
q
2
c q

�
q
�
c

dqg q
2
q
�
�

6141 Vroxwlrq

Dq dssolfdwlrq ri wkh Phwkrg0ri0Prphqwv +PRP, doorzv xv wr h{suhvv wkh xq0
nqrzq srsxodwlrq prphqwv/ �c lq whupv ri wkh vl{ slhfhv ri revhuyhg +vdpsoh,
prphqwv1 Wklv vdpsoh lqirupdwlrq lv frqwdlqhg lq wkh xqltxh6 hohphqwv ri P+�

q
�

'
r�2r��
r2�

f�D

q
2

'
r�2r2�
r��

f�D

q
�

'
r��r2�
r�2

f�D

j2

� ' r�� � q2

�

Edvhg xsrq wkh prphqwv ri wkh vdpsohg gdwd zh kdyh hqrxjk lqirupdwlrq wr
h{dfwo| lghqwli| wkh vwuxfwxudo sdudphwhuv lq �� Qrwh dovr wkdw li % �6�?EfcP+�
wkhq wkhvh hvwlpdwhv duh PO zlwk wkh dwwhqgdqw surshuwlhv1

H{dpsoh 6151 p@P

) ' �+W n % +615,

T @oE)� ' P+ ' ��� nX2 +616,

zkhuh X2 lv d gldjrqdo pdwul{ zlwk hohphqwv j2

� �
Li � : � wkhuh h{lvwv pruh xqltxh vdpsoh yduldqfh dqg fryduldqfh whupv lq

P+ wkdq wkh 2� xqnqrzq sdudphwhuv1 Iru � 	 � wkh prgho lv xqghulghqwl�hg1
Pxowlsoh lqglfdwruv surylgh rqh phwkrg iru lghqwli|lqj srsxodwlrq sdudphwhuv

dqg lv wkh vdph urxwh wkdw lv xvhg lq idfwru dqdo|vlv1

6Qrwh= iru d p�p fryduldqfh pdwul{ wkhuh duh p+p. 4,@5 xqltxh hohphqwv1
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71 Pxowlsoh Lqglfdwruv dqg Pxowlsoh Fdxvhv

Wkh fdqrqlfdo irup ri d vwuxfwxudo htxdwlrqv prgho lq zklfk zh frpelqh wkh
prghov ri wkh odvw wzr vhfwlrqv lv jlyhq e| wkh iroorzlqj v|vwhp ri olqhdu vwuxfwxudo
uhodwlrqv

)W ' �)W n �� n �c +714,

zkhuh )W ' E+W
�
c +W

2
c ���c +W, �

� dqg � ' E1
�
c 1

2
c ���c 1?�

� duh/ uhvshfwlyho|/ ,�� dqg ?��
xqrevhuydeoh udqgrp yhfwruv ri odwhqw ghshqghqw dqg lqghshqghqw yduldeohv1 �
dqg � duh/ uhvshfwlyho|/ , � , dqg , � ? pdwulfhv ri xqnqrzq sdudphwhuv/ � '
El

�
c l

2
c ���c l ,�

� lv d yhfwru ri vwuxfwxudo glvwxuedqfh whupv1 Wkh hohphqwv ri �
uhsuhvhqw wkh gluhfw lq xhqfh ri odwhqw yduldeohv rq rwkhu odwhqw yduldeohv lq wkh
v|vwhp1 Hohphqwv ri � uhsuhvhqw wkh lq xhqfh ri odwhqw h{sodqdwru| yduldeohv rq
)W� Zh dvvxph wkdw � lv xqfruuhodwhg zlwk �1 Yhfwruv ri lqglfdwruv iru )W dqg �
duh jlyhq/ uhvshfwlyho|/ e| ) ' E+�c +2c ���c +6�

� dqg  ' E%�c %2c ���c %r�
�c zlwk wkh

wzr phdvxuhphqw htxdwlrqv jlyhq e|

) ' \+)W n % +715,

dqg

 ' \%� n �� +716,

\+ dqg \% ghqrwh 6 � , dqg r � ? sdudphwhu pdwulfhv1 % dqg � uhsuhvhqw hu0
uruv ri phdvxuhphqw zklfk pd| h{klelw lqwud0vhw fruuhodwlrq1 Zh dvvxph wkdw
SJ�E0�c 0�� ' f ;� 9' � vxfk wkdw dq| fruuhodwlrq dfurvv wkh lqglfdwruv lv gulyhq e|
wkh frpprq idfwru +W� Zh ohw X0 dqg XB uhsuhvhqw wkh fryduldqfh pdwulfhv ri
% dqg �� +714, uhsuhvhqwv wkh prvw jhqhudo irup ri wkh OLVUHO irupxodwlrq1 Qrwh
wkdw zh pd| wklqn ri +714, dqg +715, dv idfwru dqdo|vlv prghov iru wkh revhuydeoh
yduldeohv ) dqg  / zkhuh \+ dqg \% duh wkh idfwru ordglqjv1Wr vshfli| d prgho lq
zklfk � lv phdvxuhg zlwkrxw huuru rqh vlpso| vhwv \% ' W%c zkhuh W% lv d r � r
lghqwlw| pdwul{1

Zh pljkw dovr wklqn ri hohphqwv ri ) dv srvvleoh lqvwuxphqwv iru +W� Iru h{0
dpsoh/ li rqo| d vlqjoh lqvwuxphqw lv dydlodeoh dq LY dssurdfk frxog eh xwlolvhg1
Idfhg zlwk pxowlsoh lqvwuxphqwv wkdw duh fruuhodwhg/ wkhq rqh ru pruh hohphqwv
ri ) frxog eh vhohfwhg xvlqj sulru lqirupdwlrq1 Dowhuqdwho| sulqflsoh frpsrqhqw
dqdo|vlv +SFD, frxog eh xvhg wr frqvwuxfw d v|qwkhwlf yduldeoh1 Iroorzlqj wklv
+714, frxog eh hvwlpdwhg xvlqj hlwkhu dq lqvwuxphqw ru d v|qwkhwlf yduldeoh lq
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sodfh ri wkh xqrevhuyhg +W1 Wkh pdmru gl�huhqfhv ehwzhhq wklv dssurdfk dqg wkh
PLPLF duh wzr irog1 Iluvw/ wkh PLPLF prgho xwlolvhv wkh lqirupdwlrq frqwdlqhg
lq doo wkh pxowlsoh lqglfdwruv lq )/ dqg wkhuhiruh zloo uhsuhvhqw kljkhu h!flhqf| uho0
dwlyh wr hlwkhu LY ru SFD1 Vhfrqg/ wkh frpelqdwlrq ri erwk d vwuxfwxudo htxdwlrq
dqg d phdvxuhphqw htxdwlrq71

81 D Vwuxfwxudo Htxdwlrqv Dssurdfk wr Prghoolqj Lqvwlwx0

wlrqdo Fkdqjh

Dq lqqrydwlyh dssolfdwlrq ri wklv prghoolqj vwudwhj| lv wr ghwhuplqh hpslulfdoo|
wkh idfwruv ehklqg wkh ghpdqg iru lqvwlwxwlrqdo fkdqjh1 Wklv dssurdfk lv irxqghg
xsrq wkh eholhi wkdw qr vlqjoh revhuyhg yduldeoh fdq dghtxdwho| phdvxuh lqvwl0
wxwlrqdo fkdqjh dqg wkhuhiruh d odwhqw yduldeoh uhsuhvhqwdwlrq lv xwlolvhg zklfk
h{solflwo| dffrxqwv iru phdvxuhphqw huuru1 Lqglfdwruv ri lqvwlwxwlrqdo fkdqjh duh
frusrudwh jryhuqdqfh/ frpshwlwlrq srolf|/ �qdqfldo uhjxodwlrq dqg HEUG ohjdo
wudqvlwlrq lqglfdwruv18 Wkh fdxvhv lqfoxgh exgjhw frqvwudlqwv edvhg xsrq h{solflw
vxevlglhv dqg wd{ gdwd/ h{whuqdo idfwruv lq xhqflqj lqvwlwxwlrqdo uhirup dqg dq
lqgh{ ri olehudolvdwlrq19 Wkhvh yduldeohv duh olvwhg lq Wdeoh 4141 Wkh sulqflsdo
dgydqwdjh ri wklv dssurdfk lv wkdw lw grhv qrw uho| rq h{dfw phdvxuhphqw ri lq0
vwlwxwlrqv1 Lq dgglwlrq/ xvlqj dq hvwlpdwh ri wkh yduldqfh ri wkh vwrfkdvwlf whup
iru hdfk lqglfdwru/ hvwlpdwhv ri krz lqirupdwlyh hdfk lqglfdwru lv zlwk uhjdugv wr
lqvwlwxwlrqdo fkdqjh fdq eh jhqhudwhg1 D zhofrph vlgh0surgxfw ri rxu dssurdfk lv
wkdw lw lv srvvleoh wr fuhdwh dq lqgh{ ri lqvwlwxwlrqdo fkdqjh edvhg rq wkh revhuy0
deoh yduldwlrq lq erwk HEUG*v wudqvlwlrq lqglfdwruv dqg wkh h{rjhqrxv yduldeohv/
zklfk pd| eh uhsuhvhqwhg dv d zhljkwhg dyhudjh ri wkh iruphu/ zlwk hqgrjhqrxvo|
jhqhudwhg zhljkwv1

Wkh vwuxfwxuh ri wkh prgho lv dv iroorzv1 Hdfk +� E� ' �c ���c6� uhsuhvhqwv dq
lqghshqghqw lqglfdwru ri lqvwlwxwlrqdo fkdqjh/ ghqrwhg +W/ vxfk wkdw zh pd| zulwh

+� ' \+
�+

W n 0�c � ' �c � � � c6� +814,

7Vhplqdo vwxglhv xvlqj wkh PLPLF prgho lqfoxgh ]hooqhu +4<:3,/Kdxvhu dqg Jrogehujhu
+4<:4,/ dqg Jrogehujhu +4<:5,1

8Iru d frpsohwh glvfxvvlrq ri wkh ohjdo wudqvlwlrq lqglfdwruv vhh Dqqh{ 515 ri wkh 4<<< HEUG
Wudqvlwlrq Uhsruw1

9Vhh Vhfwlrq - iru d ixoo h{sodqdwlrq ri wkh lqglfdwruv dqg fdxvhv1 +Pduld= zh qhhg wr

vxppdulvh Dqqh{ 515 khuh iru HEUG ohjdo wudqvlwlrq lqglfdwruv,1

:



Zh oh| � ghqrwh wkh 6� � yhfwru ri gldjrqdo hohphqwv ri X0� Zh dovr srvlw wkdw
wkh lqvwlwxwlrqdo fkdqjh lv olqhduo| ghwhuplqhg e| d vhw ri revhuydeoh h{rjhqrxv
yduldeohv  c vxemhfw wr dq huuru l/ jlylqj

+W ' kn �
�
%� n �

2
%2 n ���n �r%r n l� +815,

H{dplqlqj +814, dqg +815, zh pd| wklqn ri wkh prgho dv frpsulvlqj wzr sduwv=
+815, lv wkh vwuxfwxudo +ru vwdwh, htxdwlrq dqg +814, lv wkh phdvxuhphqw htxdwlrq
uh hfwlqj wkdw wkh revhuyhg phdvxuhphqwv duh lpshuihfw lqglfdwruv1 Wkh phd0
vxuhphqw htxdwlrq vshfl�hv krz wkh xqrevhuydeoh frqvwuxfw lqvwlwxwlrqdo fkdqjh
lv ghwhuplqhg e| wkh revhuyhg hqgrjhqrxv yduldeohv dqg wkh vwuxfwxudo htxdwlrq
vshfl�hv wkh fdxvdo uhodwlrqvkls ehwzhhq wkh revhuyhg h{rjhqrxv fdxvhv dqg lq0
vwlwxwlrqdo fkdqjh: c;1 Lq wklv lqvwdqfh +815, lv d vshfldo fdvh ri d idfwru dqdo|vlv
prgho zlwk d vhw ri , revhuydeoh lqglfdwruv ghwhuplqhg olqhduo| e| d vlqjoh xq0
revhuyhg +frpprq, idfwru 0 lqvwlwxwlrqdo fkdqjh1 Iljxuh 4 dgdswhg iurp Fkhq
+4<;4, judsklfdoo| looxvwudwhv wkh uhodwlrqvkls ehwzhhq wkh lqglfdwruv dqg fdxvhv
ri lqvwlwxwlrqdo fkdqjh xvlqj d sdwk gldjudp11

Wkh wzr nh| dvvxpswlrqv zklfk xqghuo| rxu prghoolqj vwudwhj| duh wkdw= l,
phdvxuhphqw huuruv lq wkh lqglylgxdo lqglfdwruv ri lqvwlwxwlrqdo fkdqjh duh xqfru0
uhodwhg dfurvv lqglfdwruv qdpho| SJ�E0�c 0�� 9' f ;� ' �( dqg 5, wkh uhodwlrqvkls
ehwzhhq xqrevhuyhg lqvwlwxwlrqdo fkdqjh dqg wkh revhuyhg lqglfdwruv lv olqhdu1
Rqh zd| ri flufxpyhqwlqj wkh vhfrqg dvvxpswlrq kdv ehhq sursrvhg e| Ndxi0
pdqq/ Nudd|/ dqg ]rlgr0Oredwrq +4<<<, dqg vlpso| irupv d frpsrvlwh lqglfdwru
e| djjuhjdwlqj ryhu wkh revhuyhg ruglqdo lqglfdwruv1 Zk| grhv wklv qrw uhtxluh
olqhdulw| dvvxpswlrqB

Vlqfh +W lv xqrevhuyhg lw lv qrw srvvleoh wr uhfryhu gluhfw hvwlpdwhv ri �1 Krz0
hyhu li zh frpelqh wkhvh wzr htxdwlrqv dqg vroyh iru wkh uhgxfhg irup uhsuhvhq0
wdwlrq/ wkhq edvhg xsrq d vdpsoh ri A revhuydwlrqv zh pd| zulwh

) '  � n �c +816,

zkhuh � ' \+�� lv wkh 6� r uhgxfhg irup frh!flhqw pdwul{ dqg � ' \+l n % lv
wkh uhgxfhg irup glvwxuedqfh zlwk fryduldqfh pdwul{

X� ' .dE\+l n %�E\+l n %�� ' j2

l\
+\+� nX0� +817,

:Pruh jhqhudo irupv ri +BB, dqg +815, duh srvvleoh lqfoxglqj prghov zklfk vshfli| d phd0
vxuhphqw htxdwlrq iru { dqg prghov zklfk doorz hohphqwv ri |� wr dsshdu rq wkh UKV ri +815,1

;Vhh Wdeoh 415 iru glphqvlrq ri sdudphwhu pdwulfhv1

;



Qrwh wkdw wkh vwuxfwxuh ri wkh uhgxfhg irup frydudlqfh pdwul{ X� lv fkdudfwhulvwlf
ri idfwru dqdo|vlv prghov zkhuh wkh fruuhodwlrqv ehwzhhq wkh revhuyhg yduldeohv
+khuh lqglfdwruv, duh dffrxqwhg iru e| wkh xqrevhuyhg +frpprq, odwhqw yduldeoh1
Lq wklv lqvwdqfh wkh frpprq idfwru lv lc % ghqrwhvw wkh xqltxh idfwru/ dqg \+ wkh
yhfwru ri idfwru ordglqjv1

Edvhg xsrq htxdwlrqv +816, dqg +BB, wkhuh duh wzr vhwv ri uhvwulfwlrqv rq wkh
uhgxfhg irup<1 Iluvw/ wkh 6 � r frh!flhqw pdwul{ � kdv udqn 4/ vlqfh wkh 6r
hohphqwv ri � duh h{suhvvhg lq whupv ri wkh 6n r hohphqwv ri \+ dqg �� Vhfrqg/
wkh 6 � 6 fryduldqfh pdwul{ X� uhsuhvhqwv wkh vxp ri d udqn rqh pdwul{ dqg
d gldjrqdo pdwul{/ X%� Wkh 6E6 n ��*2 xqltxh hohphqwv ri X� duh h{suhvvhg lq
whupv ri wkh � n 26 hohphqwv ri \+c j2

l c dqg � �
Wkh txhvwlrq ri lghqwl�fdwlrq fdq eh dgguhvvhg e| h{dplqlqj htxdwlrqv +815,

dqg +817,1 Khuh zh vhh wkdw wkh uhodwlrqvkls ehwzhhq revhuydeoh prphqwv dqg
vwuxfwxudo sdudphwhuv pd| eh zulwwhq dv

.d))�o ' j2

l\
+\+� nX0 +818,

.d )�o ' .d  �o\+�� +819,

zklfk xvlqj pd| eh wulyldoo| uhzulwwhq lq whupv ri wkh uhgxfhg irup sdudphwhuv/
qdpho|/

� ' \+� � ' .d  �o3�.d )�o�

Vlqfh htxdwlrq +819, h{suhvvhv wkh ^ ' 6r revhuydeoh prphqwv lq whupv ri wkh
R ' 6n r vwuxfwxudo sdudpwhuv/ wkhq li ^ � R � f wkh vhw ri phdq sdudpwhuv zloo
eh lghqwl�hg1 Li wklv frqglwlrq krogv/ wkhq wkh uhpdlqlqj sdudpwhuv lq htxdwlrq
+818, zloo eh lghqwl�hg1

Wkh h{lvwhqfh ri dq xqrevhuyhg odwhqw yduldeoh +W surylghv iru d frpsoh{ uh0
gxfhg irup zkhuh wkh yhfwru ri sdudphwhuv \+ dsshduv lq erwk wkh uhgxfhg irup
frh!flhqw pdwul{ dqg wkh fryduldqfh pdwul{1 Dv qrwhg e| Fkhq +4<;4, wklv pdnhv
wkh phwkrg ri PO lqwudfwdeoh1 Li +W zhuh revhuyhg wkhq hdfk htxdwlrq frxog eh
hvwlpdwhg vhsdudwho| xvlqj ROV1 H{sorlwlqj wklv idfw wkh sdudphwhuv ri +814, dqg
+815, pd| eh hvwlpdwhg xvlqj wkh HP dojrulwkp zklfk flufxpyhqwv wklv sureohp

<Dv suhvhqwhg +816, dqg +BB, duh lqghwhuplqdwh vlqfh wkh uhgxfhg irup sdudphwhuv duh lqydul0
dqw wr d wudqvirupdwlrq jlyhq e| �|'/ �@' dqg �5�@'> zkhuh ' lv d vfdodu1 Wkh qrupdolvdwlrq

�5� @ 4 ru vhwwlqj rqh hohphqw ri �| @ 4 flufxpyhqwv wklv sureohp1

<



e| zrunlqj zlwk d vhw ri lqlwldo hvwlpdwhv ri � dqg \+ dqg dq hvwlpdwh ri wkh
frqglwlrqdo prphqw .d+Wmjc)o zklfk lv jlyhq e|

	+WS ' 	.d+Wmjc)o ' E� n 	\	X�
	\+�3�j	� n 	�	X

3�

�
	\+�

Iru h{dpsoh/ zlwk 	+WS ghqrwlqj dq hvwlpdwh ri wkh frqglwlrqdo h{shfwdwlrq ri +
Wwkhq

xsgdwhg hvwlpdwhv ri � wrjhwkhu zlwk yduldqfhv j2

l dqg j2

0�
c � ' �c � � � c6 fdq eh

rewdlqhg iurp wkh vwdqgdug ohdvw vtxduhv irupxodh

� ' Ej�

j�3�
j�)W +81:,

\+ ' E)W
�

)W�3�)W
�

)c +81;,

zkhuh jc )W dqg ) duh gdwd pdwulfhv1

91 D PLPLF Prgho ri Vrfldo Vwdwxv dqg Sduwlflsdwlrq

Krgjh dqg wuhlpdq +4<9;, h{dplqhg wkh uhodwlrqvkls ehwzhhq vrfldo vwdwxv dqg
sduwlfldswlrq lq d vdpsoh ri 863 zrphq1 Wkh prgho pd| eh zulwwhq dv

+W ' �
�
%� n �

2
%2 n �

�
%� n l +914,

+� ' b�+
W n 0�c +2 ' b2+

W n 02c +� ' b�+
W n 0� +915,

zkhuh 914 ghqrwhv wkh vwuxfwxudo htxdwlrq iru wkh xqrevhuyhg frqvwuxfw vrfldo
sduwlflsdwlrq ++W� zlwk %�c %2 dqg %�c uhsuhvhqwlqj wkuhh fdxvhv ri sduwlflsdwlrq/
uhvshfwlyho|/ lqfrph/ rffxsdwlrq dqg hgxfdwlrq1 915 ghqrwhv wkh vhw ri lqglfdwru
htxdwlrqv iru +Wc zlwk +� +fkxufk dwwhqgdqfh,c +2 +phpehuvklsv, dqg +� +iulhqgv
vhh,c ghqrwlqj lqglfdwruv ri sduwlflsdwlrq1 D sdwk gldjudp zklfk vxppdulvhv wklv
prgho lv jlyhq lq �jxuh 51
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Uhihuhqfhv

Dyhu|/ U1 E1 +4<:<,= �Prgholqj Prqhwdu| Srolf| dv dq Xqrevhuyhg Yduldeoh/�
Mrxuqdo ri Hfrqrphwulfv/ 43/ 5<4�6441

Fkhq/ F10I1 +4<;4,= �Wkh HP Dssurdfk wr wkh Pxowlsoh Lqglfdwruv dqg Pxowl0
soh Fdxvhv Prgho Yld wkh Hvwlpdwlrq ri wkh Odwhqw Yduldeoh/� Mrxuqdo ri wkh

Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :9+6:8,1

Jrogehujhu/ D1 V1 +4<:5,= �Pd{lpxp0Olnholkrrg Hvwlpdwlrq ri Uhjuhvvlrqv
Frqwdlqlqj Xqrevhuydeoh Lqghshqghqw Yduldeohv/� Lqwhuqdwlrqdo Hfrqrplf Uh0

ylhz/ 46/ 4�481

Kduyh|/ D1 +4<;4,= Wlph Vhulhv Prghov1 +Kdovwhg Suhvv/ Qhz \run,1

Kdxvhu/ U1 P1/ dqg D1 V1 Jrogehujhu +4<:4,= �Wkh Wuhdwphqw ri Xqre0
vhuydeoh Yduldeoh lq Sdwk Dqdo|vlv/� lq Vrflrorjlfdo Phwkrgrorj|/ hg1 e| K1 O1
Frvwqhu/ ss1 ;4�4::1 Mrvvh|0Edvv/ Vdq Iudqflvfr1

Mruhvnrj/ N1/ dqg D1 Jrogehujhu +4<:8,= �Hvwlpdwlrq ri d Prgho zlwk
Pxowlsoh Lqglfdwruv dqg Pxowlsoh Fdxvhv ri d Vlqjoh Odwhqw Yduldeoh/� Mrxuqdo

ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :3/ 964�96<1

Ndxipdqq/ G1/ D1 Nudd|/ dqg S1 ]rlgr0Oredwrq +4<<<,= �Djjuhjdwlqj
Jryhuqdqfh Lqglfdwruv/� Zruog Edqn/ plphr1

Odklul/ N1 +4<:9,= �Lq dwlrqdu| H{shfwdwlrqv= Wkhlu Irupdwlrq dqg Lqwhuhvw
Udwh H�hfwv/� Dphulfdq Hfrqrplf Uhylhz/ 99/ 457�4641

]hooqhu/ D1 +4<:3,= �Hvwlpdwlrq ri Uhjuhvvlrq Uhodwlrqvklsv Frqwdlqlqj Xqre0
vhuydeoh Yduldeohv/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 44/ 774�7871
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Vfkhpdwlf Uhsuhvhqwdwlrq ri PLPLF Prgho ri Vrfldo Sduwlflsdwlrq

INCOME

OCCUPATI

EDUCATIO

AMBITION

CHURCHAT

MEMBERSH

FRIENDS
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Iljxuh 914= Vfkhpdwlf Uhsuhvhqwdwlrq ri Plplf Prgho

C_LI

C_LE

C_PI1

C_PI2

C_BUDGS

C_POLR

INST_CH

I_CG

I_COMP

I_FINI
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Wdeoh 414= Pxowlsoh Lqglfdwruv dqg Pxowlsoh Fdxvhv ri Lqvwlwxwlrqdo Fkdqjh

Fdxvhv Yduldeoh Qdph

Uhirup Phdvxuhv

ZE phdvxuhv
Olehudolvdwlrq
ZE Lqwhuqdo Ole1 Lqgh{ ZEbLO
ZE H{whuqdo Ole1 Lqgh{ ZEbHO

Sulydwlvdwlrq
ZE Sulydwlvdwlrq Lqgh{ ZEbS

HEUG Phdvxuhv
Vpdoo Vfdoh Sulydwlvdwlrq VFS
Sulfh Olehudolvdwlrq SO

Wudgh

Vkduh ri Wudgh zlwk HX H[bvkH
Vkduh ri Wudgh zlwk URZ H[burz

Srolwlfdo Idfwruv

Flylo Olehuwlhv flylole
Srolwlfdo Uhirup srouljkw
Iuhhgrp Udwlqj iuhhgrp

Pdfur Fdxvhv

Qr1 |hduv lq dwlrq ?63(> |hduvLEG
exgjhw gh�flw ?8(
|hduv vlqfh pdfurhfrqrplf |hduvPV
vwdelolvdwlrq

Ilvfdo

Exgjhwdu| Vxevlglhv +( JGS, EXGJbV +575,

Lqglfdwruv=

HEUG Wudqvlwlrq Lqglfdwruv�

Hqwhusulvh Uhvwuxfwxulqj HUbVW +59:,
Frpshwlwlrq Srolf| FRPbSRO +5:5,
Edqnlqj Uhirup dqg Lqwhuhvw Udwh EUbL +5:8,
Ryhudoo Ohjdo H{whqvlyhqhvv111 RbOH
Vhfxulwlhv dqg Qrq0Edqn VbQE

Dowhuqdwlyh Phdvxuhv

Frusrudwh Jryhuqdqfh FRUSJ +466,
Frpshwlwlrq Srolf| Lqgh{ FRPSbL +46:,
Uxoh ri Odz URO

� HEUG Wudqvlwlrq Lqglfdwruv duh doo phdvxuhg rq d frpprq vfdoh
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