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Abstract

Two extensions of a model in the presence of an alternative model are proposed.
The extensions are based on the score function of the alternative model. It is
shown that the encompassing hypothesis is equivalent to standard conditions on
the score of each of the extended models. The condition on the first extension gives
rise to the standard score encompassing test, while the condition on the second
extension induces a so-called reversed score encompassing test. A similar logic is
applied to the likelihood ratio, thus generating a likelihood ratio and a reversed
likelihood ratio encompassing test. The ensued test statistics can be based on
simulations if certain calculations are to difficult to carry out analytically. We
study the first-order asymptotic properties of the proposed test statistics under
general conditions.
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1 Introduction

Model specification tests are a central theme in the econometric literature. The ma-
jority of the approaches fall into two categories. In the first approach the model under
test is confronted with another, often non-nested, model (see GOURIEROUX and MON-
FORT [1994] for a review), and therefore the tests are oriented towards this particular
alternative model. The constraint underlying most of these tests is in fact the en-
compassing condition (see e.g. M1zON and RICHARD [1986], HENDRY and RICHARD
[1990], GOURIEROUX and MONFORT [1995], DHAENE [1997], DHAENE, GOURIEROUX
and SCAILLET [1998]), but not always (see Vuong [1989]). The second approach exploits
orthogonality conditions implied by the model under test without having a specific al-
ternative model in mind (see BIERENS [1994] for a review), and is known as conditional
moment testing (NEWEY [1985], TAUCHEN [1985], BIERENS [1991]).

The approach taken in this paper falls into the first category, where an arbitrary
conditional parametric model is tested against another arbitrary, possibly non-nested,
conditional parametric model. We expand on results reported in GOURIEROUX and
MONFORT [1995] and DHAENE [1997], where score and likelihood ratio encompassing
tests were proposed. These tests, and the new tests we propose, are generated by expo-
nentially tilting the model under test in two alternative directions, each one involving
the score function of the alternative model. Intuitively, the new tests we propose are
obtained from reversing the roles of the true distribution generating the data and the
pseudo-true distribution of the model under test. This leads to what we call reversed
score and likelihood ratio tests. The tests rely on simulations in order to avoid the need
for analytic calculations of certain expectations in any particular application.

The framework is briefly presented in Section 2. Section 3 introduces two extensions
of the model under test, obtained by exponential tilting. It also restates the encom-
passing condition in terms of these extensions and gives the intuition underlying the
reversed score and likelihood ratio tests. The basic test statistics are presented in Sec-
tion 4. Their first-order asymptotic properties are studied in Section 5, in descending
order of generality. Section 6 concludes.

2 Framework

We consider an arbitrary pair of conditional, possibly non-nested, possibly misspecified,
parametric models for independent and identically distributed data.

Let X and Y be random vectors taking values  and y in IR* and R!, respective-
ly, and let Px be the true marginal distribution of X and Py x the true conditional
distribution of Y, given X. Assume that the available data are 7" independent draw-
ings (w4, 9¢), t = 1,...,T from Px and Py|x. Let G = {Fy(o)|a € Q, C R™} and
H = {Fx(B)| 8 € Q3 C R"} be parametric models of Py|x. It is assumed that the



distributions Fg(«), Fx(f) and Py|x admit conditional density functions fg(y|z; ),
fu(ylz; B) and po(y|z), respectively, relative to some measure p not depending on z,
« and (. It is also assumed that the expectations of the log density functions exist
whenever they are taken.

Accounting for the possibility that G is misspecified, i.e. Pyx € G, and likewise for
'H, it is also of interest to define the pseudo-true values of o and # with respect to Py
and Py |y (see e.g. SAWA [1978]):

oy = arg max Ey Ey log fg(Y]X; a)
Bo = argmax Ex Eglog fr(Y'|X; §),
ﬂeﬂﬂ

where the mathematical expectations Ex and E, are taken with respect to Px and
Py x, respectively. We assume that oy and (3 exist, are unique and interior to €2, and
(2, respectively.

We shall be interested in testing G against H. Therefore, we also define the pseudo-
true value of # with respect to Py and Fg(«),

B = argmax Ex E, log fx(Y|X; ),
peq,

where the mathematical expectation F, is taken with respect to Fg(a). We assume that
Ba exists, is unique and interior to €23 and is continuously differentiable with respect to
«. By definition, G encompasses ‘H, written G € 'H, if By = [,,. 1t is well known that the
implicit null hypothesis of many tests of G against H is characterized by the condition
that G E H. See e.g. M1zON and RICHARD [1986], GOURIEROUX and MONFORT [1995],
and DHAENE [1997]. Note that the underlying distributions Px and Py|x are crucial
in determining whether or not G £ H. The score functions of G and H are defined as

0
solylzs @) = -~ 10g f3 113 @)
and

0
su(ylw; B) = %log fu(ylz; B),

respectively. It is assumed that the score functions are continuously differentiable in
the parameters, that their expectations exist whenever they are taken, that

ExEysg(Y|X;a) =0 onlyif a= ay,

E)(EQS'H(Y|X; ,6) =0 only if ﬁ = ,60,

ExE.sy(Y|X;08)=0 ounlyif §=/,,
and that the matrices Ex Ey[sg(Y|X; )55 (Y| X5 an)], ExEolsn(Y|X; 5o)sh(Y]X; Go))
and ExE, [sn(Y|X; fa)sy(Y|X; Ba]) exist and are positive definite. Then, defining the

score quantity
s1 = ExEgsy(Y[X; fay)
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and the likelihood ratio (LR) quantity

I = ExEpllog fn(Y|X; Ba) — log fr(Y|X; Bo)],

it is obvious that G £ H is equivalent to s; = 0 and also to [y = 0. This property has led
to the development of score encompassing tests, based on estimates of s; (GOURIEROUX
and MONFORT [1995]), and LR encompassing tests, based on estimates of I, (SMITH
[1994] and DHAENE [1997]). The purpose of this paper is to introduce tests that are
based on quantities similar to s; and [y, in particular the quantities obtained from s;
and [; by reversing the roles of Py|x and Fg(ag). A heuristic argument for doing so is
presented in the next section.

3 Model extensions

Consider the following extension of G:
G = {Fg(a, A1) | (@, A1) € Qq x R™Y,
where the distribution F§(a, A;) has the following density function relative to u:

fa(ylw; @) exp(Nisn(y]; fay))
Eo exp(Nis2(y]a; Bay))

The density fg(y|x; o, A1) is obtained from fg(y|z; @) by exponential tilting (BARN-

DORFF-NIELSEN and Cox [1989]). Observe that G C G; and that the parameter

vector (a, A1) need not be identified. Instead of putting f = (,, in the random vector
sy(Y|X; 8), one may alternatively put 5 = [y, leading to another extension of G:

Gy = {F(c, \a) | (@, \9) € Q, x R"},

where the distribution F3(a, A) has the following density function relative to u:

fé’(y|$7 a, )‘1) =

. _ Jo(yla; a) exp(Nysy(ylz; Bo))
Folulas o Xa) = Eo exp(Mysn(yle; Bo))

The density f3(y|x; o, A2) is also obtained from fg(y|z; @) by exponential tilting, but
in a different direction. As before, G C G, and («, \y) need not be identified. The
motivation for considering the extended models G; and G; comes from the following
proposition.

Proposition 1 The following equivalences hold:

GEH <= ExEylogf;(Y|X;a, A1) has a local mazimum at (o, \1) = (v, 0)
—  ExEosn(Y[X;0a,) =0,

GEH <= ExElog f5(Y|X;a, ) has a local mazimum at (o, A2) = (ayp, 0)
< ExE.snuY|X;B)=0.



Proof. The score functions associated with G; and G, are

E.[sg(Y|x; ) exp(N s (Y |25 Bao))]

soluls @) — (s
Sé(yu; o) = E,exp(Msx(Y|z; Bag))
s ( |$ ﬁ ) o EO‘[SH(YLZ‘; ﬂao) eXp()‘IISH(Y|x; ﬂao))]
HAYIT Moo E,exp(N sy (Y|z; Bag))
and
oy Balsg(Ylr; a) exp(\ysu(Yla; o))]
s&(ylo; o, Ay) = rolileie) By exp(Aysy(Y|z; Bo))
G\ & ) = E,[sn(Y|z; Bo) exp(Nysy (Y| Bo))] ’
su(ylz; o) —

By exp(Mysy(Y; 6o))

respectively. Putting (a, A1) = («, Ay) = (ap, 0) and taking expectations yields

ExEoSé(Y|X;OAO,O) = ( EXEOSQ(Y|X5050) - EXECXOSQ(YLX;OCO) )

ExEosn(Y|X; Bag) = Ex Eaysn(Y|X; Bag)

0
( Ex Eysy(Y|X; fao) )

and

Ex Eys3(Y]X;00,0) = (EXEOWIX;W—Eanmmx;ao))

ExEysy(Y|X; 6) — ExEoysn(Y|X; Bo)

0
N ( Ex Eaysn(Y|X; bo) )

Given the assumptions made earlier, it follows that G & H if and only if the func-
tions Ex Eglog f5(Y|X;a, A1) and ExEqylog f3(Y|X; «, X2) have a stationary point at
(o, A1) = (ap,0) and (@, A\y) = (ayp,0), respectively. Now we need to show that, if
Bo = [a,, the stationary point (ay,0) is indeed a local maximum of the functions
involved. First, fixing Ay = 0, ExEjlog f3(Y|X; @, 0) attains a global maximum at
a = ap, by definition. Secondly, fixing a = ay, we find, if 5y = Ba,,

2

4 )
Ay A Ex Eylog fgl(Y|X; Qp, )\1) = —EXEO[SH(Y|X5 ﬂo)SH(Y|X5 50)]-
OMON, -

The latter matrix is negative definite by assumption, hence ExEjlog f3(V|X; cg, A1)
attains a local maximum at A\; = 0. The proof is complete by noting that the functions
f& and fZ are identical when () = (4,. (Q.E.D.)

The proposition shows that G £ ‘H if and only if the extensions of G using the score
function of ‘H do not alter the pseudo-true value associated with G, at least not locally.
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In a sense, the extensions are thus ineffective in bringing G closer to Py|x, according to
the KULLBACK-LEIBLER (1951) Information Criterion. Further, the condition G £ H is
restated in terms of properties of the score function s in relation to the distributions
Py|x and Fg(ayg). Interestingly, the two properties mirror each other in the sense that
each one, compared to the other, reverses the roles of Py|x and Fg(wg). After all, this
should not come as a surprise since, for given g, the distributions Py|x and Fg(ay)
play a symmetric role in the definition of encompassing. Thus, we are led to define the

reversed score quantity
sy = Ex Eoysn(Y[X; 5),

and, applying the same logic, the reversed LR quantity

ly = Ex Eq,llog fr(Y|X5 fo) — log fr (Y| X5 Bay))-

The quantities s, and [, share the property with s; and [; that G £'H is equivalent
to sy = 0 and also to [y = 0. This property enables us to develop reversed score
encompassing tests, based on estimates of sy, and reversed LR encompassing tests,
based on estimates of [s.

One may wonder whether the same reasoning of reversing the roles of Py|yx and
Fg(ay) can also be applied to the Wald encompassing test to yield something interest-
ing. The Wald encompassing test (GOURIEROUX and MONFORT [1995]) is based on
estimates of the Wald quantity, defined as w; = By — fa,- The reversed Wald quantity
would then be wy = ., — fy = —w;, which obviously does not lead to an interesting
new test. The reason for this finding is that Py|x and Fg(wg) play similar roles in wy,
apart from the sign. Hence, reversing their roles doesn’t lead to anything new. Looking
back now at s; and [;, we clearly see that Pyy and Fg(ap) play essentially different
roles. This is why reversing them happens to be fruitful.

4 Test statistics

Given the sample (z4,),t =1,...,T, of independent observations from Py and Py x,
we seek to develop tests of the hypothesis that GE H. It follows from the properties
derived in the previous section that estimates of the quantities sy, [y, sy and [y and of
their covariance matrices naturally lead to tests of G £ H. Note that this hypothesis is
weaker than the hypothesis that G is correctly specified, i.e. Py x € G. Hence estimates
of the same quantities are also suited for testing the hypothesis that G is correctly
specified. A distinguishing feature between tests of G £ H and tests of Py x € G is that,
for the latter tests the distribution theory is usually based on the assumption that G is
correctly specified, whereas for the former tests the distribution theory can at most be
based on the assumption that G £ H. The distribution theory presented in this paper
considers the most general case, i.e. where G possibly does not encompass H.



The pseudo-maximum likelihood estimators & and B solve
1 T
ax — » lo ;
max - ; 8 fo(yelze; @)

and

géax = Zlog Tr(ye|ze; B),

respectively. Under regularity conditions such as given in WHITE [1982], & % o and
B %% By. For any a € Q, let y"(a), t =1,...,7 and h = 1,..., H, be independent
drawings from Fg(«), given x,. For any h =1,..., H, the simulated pseudo-maximum
likelihood estimator 5" is defined to solve

max Z log fr(yt' (c)|z; )

e T

Under similar regularity conditions, 5" %3 £, and " %3 f,,. Here and in the sequel,
stochastic limits are taken as T' — oo, with H fixed, possibly at oo. Then, define the
simulated score and reversed score statistics as

1 i d ~h
51 = == SH(yt|$t5ﬂd);
THh:lt:l
1] M T . R
5y, = ﬁZZsH(yt(a)lwt;ﬁ),

>
Il
_
o~
Il
_

respectively, and the simulated LR and reversed LR statistics as

H T
Zl - %;;[Iogf?l(yﬂwt; ) long(yt|'rt7 )]7
R 1 H T R
b = o 30 3 [log fuyy (@)l ) — log Fruy' (@) 52)]

>
Il
_
o~
Il
—

respectively. We have 8 %% s1, 8 23 s, I; 23 1, and I 23 ,. The first-order limit
distributions of §;, 9, [y and [, are investigated in the next section.

5 Limit distributions

We need to introduce some additional notation. Let

1 T
lg(a) = T > log fo(yelze; @)
t=1



and .
() = o 3" 108 ke )
t=1

be the normalized log likelihood functions of G and H based on the observed data
(x4, y), t =1,...,T, and let

T
(B 0) = 7 > Tos Fulu (@)l )
t=1

be the normalized log likelihood function of H based on the simulated data (@, y/'()),

t=1,...,T. Correspondingly, define the normalized score functions
0
= —

sg(a) 5a g(a),

() = —bu(f)

H - 0ﬂ H )
and 5

st (B ) = %l%(ﬁ; ).

5.1 Limit distributions under general conditions

For sufficiently large T, & satisfies the first-order condition sg(&) = 0. Expanding sg(&)
in a Taylor series around sg(«y), taking the probability limit of [0sg(«)/0a/|4=q, and
rearranging yields the well known result (WHITE [1982])

\/T(éz —qp) = \/TKglsg(ao) + 0,(1),

where

Kg = —ExE, [8(?1’ SQ(Q)] .
Similarly,

VT (3 - Bo) = VT Ky su(Bo) + 0,(1),

where

Ky = —ExkEy [%57{(6)] ;

p B=PBo
and
VT (B, = Bag) = VIE 85 (Bay; 00) + 0p(1),

where

0
7= —ExEq, [a—ﬂ,sﬁ(ﬁ; Oé)]

=g 7ﬂ:ﬂa0



Further, expanding Bg around Bgo yields

VI(Bh = Bay) = VT (Bl = Bao) + VI B(& — ag) + 0,(1)
VT K7 s (Bag; o) + BEG sg(c) + 0, (1),

where (see DHAENE [1997])

with

log fr(Y'|X; ﬁ) g fe(Y]X;0)

Jrg = ExEa, l .
8/6 az&o:ﬂ:ﬂao

Now, expanding sy (") around sy(fB,) gives
H ~
\/T(§1 - 81) = \/T(SH(ﬁao) - 31) - g Z Kﬂ(ﬂg - 6040) + Op(l)
h=1
= VT (s1(Bay) — 51) — VT K5 BEK " s(cx)
H
VTRAR 2 3 (Bt 0) + 0,(1),
h=1
where
ap "

Expanding 3%(3; &) around sk (By; ap) gives

Kq = —ExE [ (5)]

B=Bagy

VI =) = Y S (b0 52) VTRl )
\/Tjﬂg(éé — Oéo) + Op(l)

_ g 3 (sl s @) = 52) = VT Ko s(o)
+\/TngK§139(050) + 0p(1),

where

d
o7 108 fu(Y| X5 8) 5= log fo(V]X; a) = Jl,,
g a=ao,B=0o

i)

Jng = EXanl

Ky = —ExE, |=—
o n2

a=ag,f=Po
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This completes the asymptotic expansions for §; and §. Turning to l], expanding
I(B%) around l(8,,) gives

VT & A
7 Z Sﬂ(ﬁao)l(ﬁg - ﬁao)

h=1

VT —1) = VT((Bag) — (o) — 1) +

Ts1(Bo)' (8 — Bo) + 0p(1)
VT (Iy(Bay) — lH(ﬁo) — 1)+ \/TsiBKélsg(ao)

—|—\/T81 H Z Sy ﬁao: Oéo) + Op(l)

where it was used that sy (o) 23 0. Finally, for I,

=g

>
Il

o
(13,(Bo; o) = 1,(Bao; o) g Z (Bo; )" (B — Bo)

M=

VT(y—1,) =

1

> 84 (Bagi @) (B2 = Bay) + VT (@1 — gr) (& — ag) + 0p(1)

h=1

- g > (13(Bo; o) — 1y(Bag; a0) — L) + VT3, Kz s34(6o)

m\%

f(ng — Ogr)' Kg'sg(on) + 0p(1),

using s%,(Bag; ) =5 0, with

9,
alogfg(ﬂX;Oé) 10ng(Y|X3ﬂ0)] ’

WgH = EXEQO[

a=ag

9 log fg(Y|X; @) log fr (Y] X; ﬁao)]

(I)gﬂ — EX an [ aa

a=ap

To summarize the expansions, let

1 S1

7 %2 o S9

d - ll ) d - ll )
lg l2



$g(Ye|ze; o)
sp(Ye|ze; Bo)
$1(Ye|T1; Bag) — 51
We = 1 21 51y ()| Bo) — 59 :
7 Lt sn(y (o) Bag)
log fr(ye|we; Bay) — 108 fru(yele; Bo) — la
7 St L0g fr(yt (o)l Bo) — 77 ohty Log fru(yr (o) 26 Bag) — 12

and .
—KyBK' 0 I 0 —KyKz" 0 0
) TngKg" ~KyK;t 0 1 0 0 0
st BKg* 0 00 sKz* 10
Ogn — o) Kgt shK. b 0 0 0 0 1
g GH g 253 H
Then,

VT(d - d) = % S Ay + 0y(1)

Observe that Ex Fyw; = 0. Assuming the existence of V = Ex Ey(w,w}),
VT(d—d) % N(0, AV A"),

by the central limit theorem. Note that all the submatrices in A can be consistently
estimated, and hence A itself, by replacing Ex Ey by %ZtT:l, Ex by %Ethl, E,, by
Es or by 4 Y7, and using y/(@) in place of y;, ap by &, By by B, fBa, by 7 Limy 2,
and (81, $2, Iy, l}) by (s1, $2,11,13), successively. Similar replacements in w; yield @, and
vV = 130, W, as a consistent estimator of V. A consistent estimator of AV A’
follows.

Inspection of Aw, reveals that no general asymptotic equivalences hold between
subvectors of d. More precisely, there does not exist in general a fixed non-zero matrix
C such that v/TC(d—d) = 0,(1), because V is not of reduced rank in general and A has
not reduced row rank in general. This implies, in particular, that no general asymptotic
equivalences exist between §1, Sg, Zl and l}. This finding, and the full characterization
of the joint first-order limit distribution of §;, 8, l; and I, opens perspectives for jointly
exploiting the evidence contained in these statistics against any of the hypotheses G £ 'H
and Py|x € G, thereby gaining in power compared to the standard score or LR test.
The unresolved problem for doing this is to control the (asymptotic) size of the joint
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test. A fully joint test would typically take a quadratic form in /T dA, weighted by
a consistent estimate of (AVA')*, and refer to the x? distribution with appropriate
degrees of freedom. As we show below, asymptotic equivalences do appear when G £€'H
(a fortiori when Py|x € G), making AV A’ a singular matrix. In many cases of interest,
consistent estimates of AV A’ have an asymptotic rank that exceeds the rank of AV A’
which makes consistent estimation of (AV A")* a difficult task (see also Andrews [1989)]).
In other words, the main difficulty for building a test on the full vector d is that the
rank of his covariance matrix depends on whether or not G £ ‘H, which is precisely the
hypothesis being tested.

5.2 Limit distributions under the condition G & H

The first-order limit distribution of d when G & H is easily obtained using the results of
the previous subsection. We then have d = 0 and

$g(Ye|ze; o)
s (Ye|e; Bo)
s (Ye|e; Bo)
we = | 3 Zier 51y ()| o)

7 Lher 5wyt (o) |we; o)

0
0
Further, Ky, = Ky, Ky = f(ﬂ, Wgn = Wgg, B = Ky Jyg and
— Ky Ky JngKg' 0 I 0 —KyK7' 00
Y Tng K" —Kyk,t 001 0 0 0
0 0 0 0 0 10
0 0 0 0 0 01

from which we obtain VT, = 0,(1) = VT I, and the asymptotic equivalence
VT3 = — Ky K;'VTé; + 0,(1).

We can be more precise about the limiting behaviour of I, and Iy by considering the
expansions

Th() = Tha(B) — 55— 'Kl — 5) + 0y(1),
TU(3:6) = Tl ) — (3~ BBl — B) + (1),

11



wherefrom

—2TlA1 — ﬁh A ﬁh ﬂ) + Op(l)a

—2TlA2 -

Upon gathering previous results,

VT (3L —B) = VTEy'sh(Bo; a0) + VTE, JygKg sg(on) — VT Ky sn(Bo)
= —VTK7'5 + 0,(1)
= —VTEy'5 +0y(1),

yielding the asymptotic equivalences
—2Tl, = T35 K51 + 0p(1)
= T8,K ' KnK5'3 + 0,(1),
—2Tl, = T§’2K7;1§3 + 0p(1)
= T8 K ' KnKi's +o0,(1).

Note that —271; and —2Tl, are not in general asymptotically equivalent. The limit
distributions can be summarized as follows. Let

59(yt|$t; Oéo)
Uy = 5H(3/t|$t550)
7 Ty su(yt (o) |z4; o)

and
D=( Jugky' —Knky' I).

Now Ev, = 0, and letting ¥ = E(vv;) we have

VT3 %5 N(0,KyKy'DSD'K;'Ky),
VT3 % N(O, DED’)

—oTl;, L MK KnK;'DTD'),
—2Tl, L M(\K;'DED')),

where M(A(W)) is the distribution of a weighted sum of independent x? variates with
weights equal to the eigenvalues of W. The matrices D and ¥ and the necessary
eigenvalues can be consistently estimated by the procedure outlined in the previous
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subsection. If we can determine the rank of the asymptotic covariance matrices of
VT3, and VT3, asymptotic score and reversed score encompassing tests follow read-
ily. Asymptotic LR and reversed LR encompassing tests follow also from the limit
distribution given above. They require the calculation of critical values of weighted
sum of chi-squares distributions, which can easily be obtained by simulation. Note that
LR and reversed LR tests do not require the determination of the rank of a matrix.

5.3 Limit distributions under the condition Py x € g

Further simplifications occur when Pyxy € G. We have Fg(ag) = Py|x, wherefrom
Ky = Ky, yielding

VT3 = —VTJygKg'sg(aw) + VT (SH(ﬁo) - % Z s%(Bo; 040)) + 0p(1)
VT3, = VTJygKg'sg(a) — VT (SH(ﬁo) - % 2_: s, Bo; ao)) + 0p(1)

and the asymptotic equivalences
\/T§1 = —\/T§2 + Op(l)

and

—2Tl, = T&K;'s +o0,(1)
= T8,K;;'35 + 0,(1),
= —2Tl2 + Op(l).

Note also that sy () and s (fo; ), h =1,..., H, are conditionally independent and
identically distributed, given xy, t = 1,...,T. Asymptotic score and reversed score tests
and asymptotic LR and reversed LR tests of Py|x € G can be constructed along the
same lines as given in the previous subsection, taking advantage of the simplifications
just mentioned.

6 Conclusion

We have outlined two alternative procedures to the standard score and LR encompassing
tests, respectively. They follow from restating the encompassing condition in terms of a
property regarding exponentially tilted models. Intuitively, the alternative procedures
are obtained from reversing the roles of the true distribution generating the data and
the pseudo-true distribution of the model under test. Application requires the models

13



to be estimable by the method of maximum likelihood. No analytic calculations are
needed beyond the analytic first and second derivatives of the log likelihood functions.
The need calculate mathematical expectations analytically is avoided by the use of any
finite number of simulations from the model under test.
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