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Abstract

Labor contracts are a way of sharing idiosyncratic production risks between entrepreneurs and

workers, especially when such risks are too complex for contingent contracts to be written on them.

So it is important to understand how equilibrium employment and wages are affected by risk re-

lated factors, such as risk aversion of entrepreneurs and workers, risk sharing opportunities in the

economy etc. The paper develops a general equilibrium model with several sectors of production

which are subject to idiosyncratic productivity shocks, two inputs - labor and capital - and stock

markets which diversify sectoral risks but not completely. We prove the existence of equilibrium

for this general model. The model is then parameterized by CRRA utility functions. We prove that

the equilibrium employment levels vary inversely with the coefficient of relative risk aversion of

agents under certain conditions. Numerical simulations show that over a range of the coefficient

employment levels are higher when markets are complete than when they are not. A substantive

implication of the comparative static results is that a low paying, productively less efficient alter-

native to working for private firms may be desirable as an insurance instrument.

�The author wishes to acknowledgea deep debt of gratitude to Michael Magill and Martine Quinzii for their help and sug-
gestions at every stage of this work. Helpful comments from Fernando Zapatero, and some participants at the North American
Summer Meetings and the Latin American Meetings of the Econometric Society, 1999, are also gratefully acknowledged.
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1 Introduction

Economists agree that labor contracts are a way of sharing idiosyncratic production risks between en-

trepreneurs and workers, especially when such risks are too complex for insurance contracts to be writ-

ten on them and traded in organized markets. It is therefore important to understand how (economy

wide) equilibrium employment and wages are influenced by risk related factors, in particular, risk aver-

sion of entrepreneurs and workers and risk sharing opportunities elsewhere in the economy, such as in

the asset markets.

The paper develops a general equilibrium model to address this issue. The model has several sec-

tors of production which are subject to idiosyncratic productivity shocks, two inputs - labor and capital

- and stock markets which help diversify sectoral risks although not completely. We first prove the ex-

istence of equilibrium for this general model. Having parameterized the model by CRRA utility func-

tions, we then prove that under certain conditions, the equilibrium employment levels vary inversely

with the coefficient of relative risk aversion of agents - a non obvious result in a general model with

many risky assets of which labor is one.1 The method that is proposed to prove this result is easily ex-

tendible to other types of utility functions from the HARA class, for which closed form solutions for

demand functions are easy to find. We choose to present the result only for the CRRA type because

of its wide applicability in Macroeconomics and Finance. We then compare results from numerical

simulations of this parameterized model and those from a comparable benchmark model in which a

complete set of Arrow securities are traded. It is seen that over a range of the risk aversion parameter,

employment levels are higher when markets are complete. An explanation is provided for this.

The above results have a practical implication which may be regarded as one of the substantive

motivation behind this paper. Workers in this model have an outside alternative to working for private

entrepreneurs. This option is productively less efficient from the macro point of view and pays less

than the latter. As the relative risk aversion goes up so does the use of this option. Also, over a certain

range of the risk parameter, this option is less attractive when markets are complete than when they are

not. The paper thus describes a role for a productively inefficient, low paying activity as an insurance

1In fact the theorem cannot be proved to be true for another risky asset, namely physical capital.

2



instrument.

One can think of many examples of such outside options in real economies. Within the context of a

developing economy, for example, household production (cottage industry) or self cultivation of land

with the help of family labor can be such an alternative to wage labor in the manufacturing sector. Gov-

ernment financed unemployment doles, in developed economies also fits the description. A third exam-

ple would be working in a less productive state owned firm in an erstwhile command/regulated econ-

omy which is trying to privatize. We choose the last example to think of the outside option in this paper,

partly because of the current interest in privatization issues and partly because transition/deregulating

economies are good examples of incomplete insurance markets. Thus the paper supplements other

attempts2 to explain the slow pace of privatization3 by providing a rationale for state enterprises from

a risk sharing point of view.

The Implicit Contract models were among the earliest attempts to point out the importance of la-

bor contracts as risk sharing devices (see Rosen (1998) for a survey of this literature). The absence of

asset markets however, make these essentially partial equilibrium approaches to the issue. Some later

Real Business Cycle models with contractual labor (Boldrin and Horvath (1995), Gomme and Green-

wood (1995)) remove this limitation. However, the assumption of a representative agent and market

completeness simplifies many of the problems associated with risk sharing. The model in this paper is

closer in spirit to Dreze’s (1991) CAPM model with labor contracts. The CAPM assumption, which

for the purposes of this paper is restrictive, is removed and laborers are assumed to have sector spe-

cific skills (unlike in Dreze) which make them suitable for employment in only one sector at a time.

We consider specificity of labor to be a more reasonable assumption as it explains why labor may be

subject to idiosyncratic risks in the first place.

In the model below there are several productive activities producing the same good (income) which

we call sectors. Sectors differ from each other in their risk profiles only. State firms have historically

organized production up to the point at which our story starts. To increase productive efficiency the

2see Arabadjiev (1999) for a survey. Some other explanations are job search costs (Atkeson and Kehoe, 1996), training
costs (Arabadjiev, 1999), political compromises (Dewatripont and Roland, (1992), Fernandez and Rodrik (1991) etc.

3see Ramamurti and Vernon (1991), Cook and Kirkpatrick (1988), and Commander and Coricelli (1995) for evidence
which suggest that the public - private balance has not been dramatically altered in favor of the private in most of these
economies, particularly in large scale manufacturing sectors.
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government allows risk averse private entrepreneurs to organize production. State firms continue to

act as extensions of a benevolent government and employ the residual labor supply not working for

private firms. There are positive costs of working for private firms (because of retraining to acquire

more skills or maybe because households have to work harder) and zero costs of working for state

firms.

Workers and private entrepreneurs have sector specific skills which expose them to sectoral shocks.

The extent to which these risks can be shared through the wage contract depends on the labor market

structure. Two extreme scenarios may be potentially considered - (i) Competitive under which there

are innumerable workers and private entrepreneurs in each sector. Competition among firms and work-

ers ensure that wages are equal to marginal product in each state of Nature in equilibrium (Section 2

explains how this may be achieved under incomplete markets). Both parties are exposed to sectoral

risks in equal measure under this scenario. (ii) Monopsonist under which there is one private firm in

each sector. The firm acts as the wage leader by taking the worker’s optimal labor supply response into

account to decide on the optimal wage contract. In this paper as a first cut and as mathematically the

more tractable case, the competitive structure is assumed (for a discussion of the other structure see

Roy (1999)).

State firms by contrast to private firms always pay their employees an average output (averaged

across sectors) per worker in each state. State employees are thus protected against sectoral but not

aggregate shocks. Sectoral shocks can be partially diversified by trading in the financial markets which

are not complete. The model below is that of a stock market economy with equities as the only assets.

The number of equities (sectors) is less than the number of states, which make asset markets incom-

plete.

Section 2 lays down the details of the model. Section 3 proves the existence of an equilibrium.

Proving existence of an equilibrium in a production model with incomplete markets is difficult in gen-

eral because the market subspace may be influenced by the action of the agents. In this, we are helped

by the competitive assumption for labor markets. The concept of a no-arbitrage equilibrium (NAE)

common in exchange based finance models4 is extended for a production economy to rewrite the Stock

4See Magill and Quinzii (1996) for a comprehensive discussion.

4



Market Equilibriumas a constrained Arrow-Debreu Equilibrium. The method of Debreu (1959) is then

adapted to prove existence. The comparative statics results in section 4.1 are proved using the mono-

tonicity properties of the first order conditions of agents and the fixed point technique - an adaptation of

a methodology now well known in the literature, following the work of Milgrom and Roberts (1994),

Milgrom and Shannon (1994), Villas Boas (1997) and others. Finally in Section 4.2 we report the sim-

ulation results on employment under incomplete vis.a vis. complete markets and conclude.

2 The Model

There are two periods 0 and 1, and J sectors of production indexed by j = 1 : : :J . Production in

each sector is organized by state and privately owned firms. Production decisions (i.e. employment

and investment decisions) are made at date 0. The actual production takes place at date 1. At date 1,

Nature subjects each sector j to a total productivity shock �s
j

with probability �s. All sectors produce

the same good (income) and differ only in their risk profiles �j = f�s
j
g. Shocks are multiplicative.

The production function of private firms in sector j is given by yp
j
= fy

p

j
(s)g = f�s

j
f j(l

p

j
; kj)gwhere

l and k stand for labor and capital.

Private and government firms in any sector are subject to the same productivity shocks but have

different state independent production functions. In particular government firms operate with an ex-

ogenous and historically given stock of capital.5 The production function of the state firm in sector j

is yg
j
= fy

g

j
(s)g = f�s

j
gj(lg

j
)g.

All functions are assumed to be continuous and differentiable. The production functions satisfy,

Assumption 1 1. f j(lj ; 0) = f j(0; kj) = 0; Both inputs are essential.

2. f j is strictly concave and f
j

l
> 0; f j

k
> 0

3. f j(lj ; kj) is linear homogeneous

4. f
j

l
(0; kj) =1; f

j

l
(lj; 0) = 0; f j

k
(lj; 0) =1; f

j

k
(0; kj) = 0 (Inada conditions)

5The state firm’s investment decision is not modelled here.
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5. gj(0) = 0; gj0 > 0

Note that no concavity/convexity assumption is made about gj at this stage. Such assumptions

will be made in Section 4 when they become necessary to prove the comparative static results. The

model is interesting only when for kj above a critical minimum, the level of output in private firms is

sufficiently higher than that in state firms given the same employment levels in both such that private

firms are able to pay their workers more than the state firms in equilibrium. Two reasons suggested for

the lower productivity of workers in state firms and assumed in the model are - firstly, the state firms

operate with a fixed and outdated capital stock, and secondly, workers in state firms lack incentives to

put in quality effort because of a free rider problem involved in the government wage contract. So,

Assumption 2 There exists kc
j

such that for kj > kcj ; g
j(lj) < f j(lj ; kj)

The state independent utility functionu(c) is assumed to be identical for workers and entrepreneurs

with,

Assumption 3 u0(c) > 0; u00(c) < 0; u0(0)!1

Private firms are initially (at date 0) created and owned by the entrepreneurs. Labor and entrepreneur-

ship are sector specific, which means that each household has the skills to work and each entrepreneur

the leadership to organize production in one sector only. There are however numerous identical en-

trepreneurs and households in each sector j. With regard to labor and stock markets, this implies that

entrepreneurs and households perceive their private actions as not influencing the market wage rates

or the security pay-off structures. In other words they make private decisions taking the market wage

contracts and the market subspace as given. The households and entrepreneurs are said to be having

competitive price perceptions in both the labor and stock markets when this is the case (see Magill and

Quinzii, 1996).

Entrepreneurs maximize expected utility as consumers and total dividends (output minus costs)

from production as producers. As initial owners of firms, entrepreneurs make capital investment and

employment decisions, kj and lj respectively, for their firms at date 0. Capital investment can be fi-

nanced by selling ownership shares of firm j to households and other entrepreneurs. Trading equities is
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also a way of sharing sectoral production risks. These are assumed to be the only assets in the economy.

Introducing a bond into the model does not change any of the results qualitatively. We shall however

need to discuss this issue again in Section 4.2. Labor is hired at date 0 for date 1 and paid a contract

W j = fW s

j
gSs=1. Employment levels are thus not state contingent but wages are.

Agent’s actions lj and kj influence the dividend payments of the jth representative firm. However,

agents do not perceive this as causing the market subspace to change and hence their date 1 income

streams from securities (in particular from the share of the jth representative firm) to be affected. One

way to explain this is to think that a household or an entrepreneur in buying a share of the jth repre-

sentative firm is actually investing the amount on the income stream offered by the industry. He can

always change his portfolio for the numerous firms within the industry to take care of any changes in

the dividend stream offered by a single firm without changing his portfolio for the industry.

Let V represent the dividend streams of the sectors, V j

s
the sth row, jth column element, and V s

the sth row of the matrix. Under a competitive market structure in sector j the representative firm

makes zero profits in equilibrium. This means that output net of wage costs are paid out as dividends

to the shareholders by way of return on capital invested in the firm. Another way to think about this

is that the firm’s budget constraint (revenue � wage costs + dividends) must bind in equilibrium. It

must not be left with a surplus. Thus in equilibrium,

V = fy
p

j
�W jljg

J

j=1 (1)

Let us define k = fkjg
J

j=1
, l = fljg

J

j=1
, and W = fW jgJ

j=1
the vector of private wage con-

tracts. Then in equilibrium, V = V (k; l;W ) i.e. the dividend streams depend on the actions cho-

sen by the agents. Since production functions are constant returns to scale, they can be written as

y
p

j
= �jfj(

kj

lj
; 1)lj. Hence V (:) can also be written as V = V (k

l
; l;W ) in equilibrium, where

k

l
= f

kj

lj
gJ
j=1

. We shall choose either representation according as whichever is more convenient.

We are now ready to discuss the optimal programs of the representative householdand entrepreneur.

For convenience of notation we shall regard date 0 also as another state, namely, the state 0 and s 2

f0; 1 : : :Sg.

Given an optimal choice of kj (which he makes as a producer), the jth representative entrepreneur
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is restricted to the following budget set as a consumer:

Bj(W j ;Q;V ) =

8>>>>><
>>>>>:
xj = (x

j

0
; x

j

1
::x

j

S
) 2 RS+1

+

�����������

x
j

0
� e

j

0
+ (1� �

j

j
)Qj �

P
J
i=1

i6=j

�
j

i
Qi � kj

xj
s
� ej

s
+
P

J

i=1
�
j

i
V i

s

8s 2 f1; : : :Sg

9>>>>>=
>>>>>;

(2)

where xj represents consumption, ej = fej
s
gS
s=0

initial endowment, �j = f�
j

i
gJ
i=1

ownership shares

of representative firms in other sectors,Q = fQjg
J

j=1
the price of full ownership of firm j.

Define �j

e(x
j) = (�

j

0e
(xj);�1j

e(x
j)) as the jth entrepreneur’s vector of personal valuations of

income streams - i.e. his present value vector. Assuming the wage contract W j , the security prices

Q, and the market subspace or < V > to be given, the entrepreneur j,

1. chooses kj and ld
j
, to maximize

�1j

e
(xj)(yp

j
�W jld

j
)� �j

0e
(xj)kj

as a producer. Since entrepreneurs are initial owners of their firms, production projects are eval-

uated using their personal valuation vectors.

2. given his choice of kj above, chooses xj and �j to maximize

U(xj) = u(xj
0
) +

SX
s=1

�su(x
j

s)

subject to Equation 2, as a consumer.

Since labor is sector specific, the index j can also be used for the representative worker/household

working in sector j. The jth representative household has 1 unit of labour which it distributes between

the private and the government firms. Working for a government firm is costless and working for a

private firm is costly for the laborer, either because they have to invest to acquire more skills or because

they have to put in harder efforts. The cost of supplying labour to the private firm is cj(lj) where

c0
j
(0) = 0, c0

j
(lj) > 0 for lj > 0 and c00

j
> 0. We also assume that c0

j
(0) = 0 which ensures that

certain relevant sets are bounded, in Section 3 where we discuss the existence of equilibrium.
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Since it is costless for households to work for state firms, it is optimal for them to supply any resid-

ual labour to the government. So,

l
p

j
+ l

g

j
= 1

So from now on, lp
j
= lj ; l

p

j
= 1� lj .

The jth household’s budget set is given by,

M j(W j ;G;Q;V ) =

8>>>>>>><
>>>>>>>:

mj = (m
j

0
; m

j

1
::mj

s) 2 R
S+1

+

�������������

m
j

0
� !

j

0
�
P

J

i=1
�
j

i
Qi

mj

s � !js +W j

s lj + (1� lj)Gs

+
P

J

i=1 �
j

i
V i

s

8s 2 f1; : : :Sg

9>>>>>>>=
>>>>>>>;

(3)

where mj is consumption of household, !j = f!jsg
S

s=0 initial endowment, G = fGsg
S

s=1 the state

wage contract, and �j = f�
j

i
gJ
i=1

, ownership shares of private firms.

Household j chooses mj , lj , and �j assuming the private and state wage contracts, W j and G,

security prices Q and the< V > to be given, to maximize,

U(mj ; lj) = u(mj

0
) +

SX
s=1

�su(m
j

s
)� cj(lj)

subject to Equation 3.

We need to discuss the characteristics of the competitive equilibrium labor contracts at this point.

There is no enforcement mechanism for the private wage contracts in the model. This means that there

is no penalty for the households or firms to renege on a wage contract at date 1. Since there are many

firms in each sector, it is therefore possible for a worker in sector j to join one firm at date 0 and leave it

to work for another at date 1 for a higher wage. Similarly a firm can attract workers from a competitor

by paying higher wages at date 1. It is clear that incentives to renege on a contract drawn at date 0 will

generally exist if at date 1 Nature moves before the agents and announces a state. We want however to

look at an equilibrium in which at date 1 workers and entrepreneurs do not have any incentive to switch

parties with whom they have drawn contracts at date 0. Under this equilibrium all entrepreneurs in any

individual sector j must therefore offer the same wage contract to any worker in this sector. Of the set
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of profit maximizing wage contracts, under the competitive assumption, there is only one which is

robust with respect to parties reneging on their date 0 contracts in this sense. We argue in Section 3.2

that this is also the equilibrium wage contract which is robust with respect to opening of spot markets

although in our model there are no spot markets for labor.

There are no enforcement problems with the state wage contracts. Wages paid to the employees

are the only expenses of the government and the revenue from the state firms its only income. In equi-

librium the two must balance. We assume that the Government is interested in maximizing the welfare

of its employees all of whom are given the same weights in its objective function. So the government

firms distribute the total revenue that is generated from all their activities equally among all the em-

ployees by way of wages. Thus the wage profile in the state firms is,

G(l) =

P
J

l=1 �
s

j
gj(1� lj)P

J

l=1(1� lj)
(4)

2.1 Stock Market Equilibrium

Let x = fxjgJ
j=1

, m = fmjgJ
j=1

represent the consumption allocations, and � = f�jgJ
j=1

, � =

f�jgJ
j=1

the portfolio allocations. Then,

Definition 1 A Stock Market Equilibrium(SME) with state firms is a 4-tuple ((�x; ( �m;�l)); (�k; �ld), (��; ��); ( �W ; �G; �V ; �Q))

of consumptionand labor supply plans of entrepreneurs and households,productionplans of entrepreneurs,

portfolio plans of households and entrepreneurs, private and state wage contracts, dividends and se-

curity prices such that,

1. For each representative entrepreneur j,

( �xj ; ��j) = argmaxfU(xjg and ( �xj ; ��j ; �kj) 2 B
j( �
W j ; �Q; �V )

( �kj;
�ld
j
) = argmax�1j

e(
�xj)(y

p

j
�

�
W jlj)� �

j

0e
( �xj)kj ;

2. For each representative household j,

( �mj ;
�
�j ; �lj) = argmaxfU(mj ; lj)g and ( �mj ;

�
�j ; �lj) 2M

j( �
W j ; �G; �Q; �V )
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3. At date 1, workers and entrepreneurs have no incentives to switch parties with whom they have

drawn contracts at date 0.

4. Firms in each sector j make zero profits.

�V = fy
p

j
( �kj; �lj)�

�W j �ljg
J

j=1

5. Labor markets clear

�
ld = �l

�G = G(�l)

6. Equity markets clear,

JX
i=1

�
�
j

i
+

JX
i=1

�
�
j

i
= 1; 8j 2 f1; : : :Jg

3 Existence of the Stock Market Equilibrium

To prove the existence of a SME we proceed along the following steps.

We first define in Section 3.1 the concept of a normalized No-Arbitrage Equilibrium (NAE) which

is a constrained Arrow-Debreu Equilibrium. By this is meant that under this equilibrium the agents

are allowed to trade in a complete set of contingent goods as in an Arrow-Debreu set up. But all of

them excepting one are allowed to trade only those commodity bundles which lie on a subspace of the

whole commodity space. This concept, which has been used before to prove existence of equilibrium

in exchange based financial models (see Magill and Quinzii (1996)) needs some explanation. When

there are no arbitrage opportunities in financial markets, security prices in equilibrium are equal to the

present value of their income streams. When markets are incomplete the present value vectors of agents

generally differ in equilibrium. However they are unanimous in their evaluation of the income stream

of a marketed security. Thus the present value vector of any agent at his equilibrium consumption can

be used to evaluate the income stream of a marketed security. We can then use these no-arbitrage

pricing equations to eliminate the demand functions for securities �; � and security pricesQ, from the

description of a Stock Market Equilibrium and replace these by demand functions for goodsx;m and
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state prices which can be chosen to be the present value vector of any agent in equilibrium. The Stock

Market Equilibrium looks very much like a Contingent Market Equilibrium with these substitutions.

However, as we pointed out, the present value vector of any agent can be chosen to represent the state

price vector under this equilibrium. And so equilibriumstate prices are not uniquely defined. The usual

convention in the literature is to normalize state prices in equilibrium by choosing agent 1’s present

value vector to be the equilibrium state price vector. His budget set then becomes an unconstrained

Arrow-Debreu budget set.

Section 3.1 adapts the concept of the normalized NAE to a production model with labor. Section

3.2 proves the existence of a NAE for our model. Then in Section 3.3 we show that a SME is equivalent

to a normalized NAE thus defined. Hence as a normalized NAE exists, so does a SME.

3.1 No Arbitrage Equilibrium (NAE)

Let� = f�sg
S

s=0 denote the state price vector and�1 = f�sg
S

s=1 and�j

h
(mj) = f�

j

h0
(mj);�1j

h(m
j)g

the present value vector of household j. Also let us denote by m1
j and x1j the date 1 consumption

vectors. When there are no arbitrage opportunities in the financial markets, there exists a � 2 RS+1

+

such that,

�0Q = �1V (5)

We can use these equations to eliminate the security prices from the the budget constraints of the

jth household and write these as,

�0(m
j

0
� !

j

0
) +

SX
s=1

�s(m
j

s
� !j

s
�W j

s
lj � (1� lj)Gs) = 0

mj

s � !js �W
j

s lj � (1� lj)Gs = V s�
j ; 8s 2 f1; : : :Sg

The date 0 budget constraint in the above expression is the Arrow-Debreu contingent market bud-

get set. Since the jth household is free to choose any portfolio (short sales are allowed) the date 1

constraints merely imply that the “net trade” vector (demand minus endowments minus earnings from
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production) must lie in the market subspace< V >. Thus the date 1 budget constraints of the house-

holds can be written without any explicit reference to the portfolio variables �j and the NA budget set

for household j can be written as,

M j

na
(�;W j ;G;V ) =

8>>>><
>>>>:
mj 2 RS+1

+

����������

�0(m
j

0
� !

j

0
)

+
P

S

s=1 �s(m
j

s
� !js �W

j

s
lj � (1� lj)Gs) = 0

fmj

s
� !js �W

j

s
lj � (1� lj)Gsg 2 < V >

9>>>>=
>>>>;

which is thus a constrained Arrow-Debreu budget set with constraints on date 1 trade. The no-arbitrage

budget set for the jth entrepreneur can be written as,

Bj

na(�;W
j ;V ) =

8><
>:x

j 2 RS+1

+

�������
�0(x

j

0
+ kj � e

j

0
) +
P

S

s=1 �s(x
j

s � ejs) = �1V j(k; l;W )

fxjs �W
j

s g 2 < V >

9>=
>;

It is to be noted at this point that in exchange based financial models< V > is a fixed subspace of

RS+1

+ because security pay-offs are exogenous. In production models the market subspace is endoge-

nous.

When markets are incomplete i.e dim(V ) < S, the no-arbitrage price equations 5 cannot uniquely

solve for the state price vector given the equilibrium security prices. There are thus in general many

state price vectors associated with a no-arbitrage equilibrium allocation.6 To uniquely define the state

prices in equilibrium we shall follow the usual convention and choose the present-value vector of the

first household in equilibrium to represent them. This assumption converts the first household’s budget

set into a non-constrained Arrow-Debreu budget set. The definition of this normalized No-Arbitrage

Equilibrium for our production model is,

Definition 2 A normalizedNAE for a stock market economy with state firms is a 3-tuple ((�x; �m;�l); (�k; �ld);

( �W ; ��; �G; �V )) of consumption and labor supply plans of entrepreneurs and households, production

plans of entrepreneurs, and contracts and state prices, such that,

1. For household 1,

( �m1; �l1) 2 argmaxfU(m1; l1) j ( �m1; �l1) satisfies

6see Magill and Quinzii, 1996
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��0(m
1

0 � !
1

0) +
SX

s=1

��s(m
1

s
� !1

s
� �W 1

s
l1 � (1� l1) �Gs) = 0)g

2. For all other households j 2 f2; : : :Jg

( �mj ; �lj) 2 argmaxfU(mj ; lj) j (
�mj ; �lj) 2M

j

na
(��; �

W j ; �G; �V

3. For entrepreneurs j 2 f1; : : :Jg

( �xj) 2 argmaxfU(xj) j ( �xj ; �kj) 2 B
j

na(��;
�W j ; �V g

4. ( �kj;
�ld
j
) = argmaxf ��1(yp

j
� �
W jlj)� ��0kjg

5. At date 1, workers and entrepreneurs have no incentives to switch parties with whom they have

drawn contracts at date 0.

6. Firms in each sector j make zero profits.

�V = fy
p

j
( �kj; �lj)� �W

j �ljg
J

j=1

7. Labor markets clear

�
ld = �l

�G = G(�l)

8. Markets clear at dates 0 and 1.

P
J

j=1(
�
m

j

0
+

�
x
j

0
+ �kj � !

j

0
� e

j

0
) = 0

P
J

j=1(
�m1
j + �x1j � !1

j � e1
j � y

p

j
( �kj ; �lj)� y

g

j
(1� �lj)) = 0

It should be noted that in Part 4 of Definition 2 we use state prices rather than the personal present

value vector of entrepreneur j to define the profit function of his firm. We show in the subsection below

that this is valid because the expression (yp
j
�

�
W j lj) belongs to the market subspace in equilibrium.
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3.2 Existence of a normalized NAE

We now derive the set of equations that describe a NAE for a stock market economy.

Let P = f�g denote the set of state price vectors.

Since utility functions are strictly concave and the NAE budget set of household 1 is convex, the

household 1’s demand and labor supply as functions of state prices and contracts are given by,

(m1(�;W 1;G); l1(�;W
1;G)) = argmaxfU(m1; l1)

j �0(m
1

0 � !10) +
SX

s=1

�s(m
1

s � !1s �W
1

s l1 � (1� l1)Gs) = 0g

SinceM1

na(:) is continuous in (�;W 1;G) the functionsm1(:) and l1(:)which are the set of max-

imal elements inM1
na(:) are continuous.

The budget sets for all other households j 2 f2; : : :Jg are constrained Arrow-Debreu and is the

intersection of the unconstrained budget set and < V > which is given to the individual agents under

competitive price perceptions. The constrained budget set is thus an intersection of the unconstrained

Arrow-Debreu budget set and a given subspace of RS+1

+ and hence is convex. Thus the demand and

labor supply of household j; j 6= 1 are functions defined by,

(mj(�;W j ;G;V ); lj(�;W
j ;G;V )) = argmaxfU(mj ; lj)

j �0(m
j

0
� w

j

0
) +

SX
s=1

�s(m
j

s � !
j

s �W j

s lj � (1� lj)Gs) = 0

fmj

s � !js �W j

s lj � (1� lj)Gsg 2< V >g (6)

The household’s demand and supply functions are continuous because the budget sets are contin-

uous in �;W j ;G and the dividend streams V j .

Given his optimal choice of kj , the entrepreneur j’s utility maximization program yields his de-

mand functions.

xj(�;W j ;V ) = argmaxfU(xj) j �0(x
j

0
+ kj � e

j

0
)

15



+
SX

s=1

�s(x
j

s
� ej

s
)� �1V j(k; l;W ) = 0

fxj
s
� ej

s
g 2< V >g (7)

These functions are continuous because the budget sets are continuous in �;W j and V j . The

profit maximization program yields the optimal capital/labor ratio and the first order condition that the

optimal wage contract must satisfy.

SX
s=1

�s�
s

j
f
j

k
(
kj

ld
j

)� �0 = 0 (8)

SX
s=1

�s(�
s

jf
j

l
(
kj

ld
j

)�W j

s ) = 0 (9)

As defined, the NAE wage contract must be such that parties to it must not have the incentive

to switch at date 1. We now claim that the only contract which maximizes net earnings for any en-

trepreneur in sector j, and which is robust with respect to such incentives is,

W j = �jf
j

l
(
kj

ld
j

) (10)

It is easy to see that if all firms in sector j pay this there will be no incentives either for the workers

or for the firms to withdraw from an existing contract. To understand why this is the only contract with

this feature, note firstly that all firms in sector j must pay the same contract so that the incentives to

withdraw do not exist. Combine this with the feature of competitive markets which allow for free entry

and exit of firms and households and our claim is true.

Equation 8 yields the optimal capital/labor ratio employed as a function of state prices,

kj

ld
j

= �j(�) (11)

Combining this with the labor market clearing condition lj = ld
j
, i.e. assuming that the entrepreneur

decides to employ all the labor that is offered at given state prices, Equation 11 alternatively yields the

16



optimal capital stock kj of firm j as a function of state prices and labor supply.

kj = �j(�)lj(:) (12)

Equation 10 yields the optimal wage contract as a continuous function of the capital/labor ratio

employed by the firm j or after substitution of Equation 11 into Equation 10, as a function of �.

W j = ~W
j

(
kj

lj
) = ~W

j

(�(�)) =W j(�) (13)

REMARK 1: Since production functions are constant returns to scale, (yp
j
� �W j lj) = �jf

j

k
(
kj

ld
j

)

where f j
k
(
kj

l
d
j

) is a scaler, under competitive assumptions and optimal behavior of entrepreneurs. Also

note that �j is marketed in equilibrium since< �V > = < � >. Thus all agents agree on the equilib-

rium valuation of (yp
j
� �W jlj). This means that ��1(yp

j
� �W jlj)� ��0kj = �1j

e(
�xj)(yp

j
� �W jlj)�

�j

e0
( �xj)kj. Hence to define the profit function of the representative firm in sector j, (in Definition 2),

using state prices or using the personal present value vector of the entrepreneur j are equivalent.

The aggregate excess demand functions are defined by,

JX
j=1

mj(�;W j ;G;V ) + xj(�;W j ;V )� yp
j
(kj ; lj)� y

g

j
(1� lj)� !

j � ej

=
JX

j=1

mj(�;W j ;G;V ) + xj(�;W j ;V )� yp
j
(kj(�; lj(�;W

j ;G;V )); lj(:))

�y
g

j
(1� lj(:))� !

j � ej

= Z(�;W ;G;V ) (14)

where Z(�;W ;G;V ) = fZs(�;W ;G;V )gS
s=1

. The aggregate excess demand functions are con-

tinuous.

Define�(�)l = f�j(�)ljg
J

j=1
, l(�;W ;G;V ) = flj(�;W ;G;V )gJ

j=1
, andW (�) = fW j(�)gJ

j=1
.

Then a No-Arbitrage Equilibrium is a 6-tuple (��;�l; �k; �W ; �G; �V ) such that

Z(��; �W ; �G; �V ) � 0 (15)

17



�l� l(��; �W ; �G; �V ) = 0 (16)

�k � �(��)�l = 0 (17)

�W �W (��) = 0 (18)

�G�G(�l) = 0 (19)

�V � V (�k; �l; �W ) = 0 (20)

The excess demand functions defined above satisfies Walras’ Law. There are in effect four types of

“agents” in the stock market economy whose budget constraints must be satisfied given their optimal

choices, even when the economy is not in equilibrium. These are the workers, the entrepreneurs, the

government and the firms. Thus so long as the government has a balanced budget Equation 4 must be

true for any l. Similarly the firm’s output must be at least as large as the sum of wages and dividends

for any W , l and k. Thus Walras’ Law in this model implies that for any (�;W ;k; l),

SX
s=0

�sZs(�;W ;G(l);V (k; l;W ) + �0(
JX

j=1

kj) � 0

)
SX

s=0

�sZs(�;W ;G(l);V (k; l;W ) � 0

since capital and state prices are always assumed to be non-negative in our model.

To prove the existence of a NAE, we shall work with a reduced form of the system described by

Equations 15- 20. Equations 17, 18 and 20 can be used to eliminate W ;V and k from the set. The

reduced form set of equations which determine the NAE (��;�l; �G) are given by,

~Z(��;�l; �G) � 0 (21)

�l� ~l(��; �G) = 0 (22)

�G�G(�l) = 0 (23)

Since the budget sets of the agents are invariant with respect to a scaler multiple of �, the excess

demand functions are homogeneous of degree zero in state prices. Thus we can choose an appropriate
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normalization for �. We choose P such that,

P = f� 2 RS+1

+

�����
SX

s=0

�s = 1g

P is compact and convex.

As total available labor in each sector has been normalized to 1, l 2 L = [0; 1]J which is compact

and convex. Since markets have to clear at date 0, there is an upper bound of
P

J

j=1(!
j

0
+ e

j

0
) for each

kj . Thus production functions for each sector is bounded above which places a lower bound on excess

demand functions. Next note thatG(l) has an upper bound given by l = f0; 0 : : :0g so that G = fGg

is a closed cube of lengthGmax = G(0) inRS

+.

REMARKS 2 We could have reduced the set of equations further by eliminating l andG from above

and defined the equilibrium on the set of prices � only. However for the comparative statics proposi-

tions in section 4, looking at the fixed point (equilibrium) in the larger space L � P � G becomes a

convenient tool. Because employment levels appear explicitly in the fixed point vector under this rep-

resentation, we are able to derive comparative statics of employment levels across different equilibria

by comparing the fixed point vectors directly.

Proposition 1 There exists a normalized NAE for the stock market economy.

Proof:

We use a standard technique in the literature (see Varian, 1986).

Define
 = L�P�G which is compact and convex since component sets are. Define the function,

�(�; l;G) =
� + max(0;Z(�; l;G))

1 +
P

S

s=0max(0; Zs(�; l;G))
(24)

�(�; l;G) maps P into itself and is continuous.

Define the function,  (! = (l;�;G)) = (~l(�;G); �(�; l;G);G(l)) from 
 to itself.  is con-

tinuous. Since
 is compact and convex, all conditions of Brower’s theorem are satisfied. Hence has

a fixed point, !� = (l�;��;G�). It is straightforward to show that this is an equilibrium (see Varian).

In particular, if consumption in every state is desirable the equilibrium is interior in �. �
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3.3 Equivalence of normalized NAE and SME

We need to prove that,

Lemma 1 (i) If ((�x; �m;�l); (�k;
�
ld); (��; ��); ( �W ; �G; �Q; �V )) is a SME, and if ��1

h
is agent 1’s present

value vector under this equilibrium, then ((�x; �m;�l); (�k;
�
ld); ( �W ; �G; ��1

h
) is a normalized NAE.

(ii) If ((�x; �m;�l); (�k;
�
ld); ( �W ; �G; ��; �V )) is a normalized NAE then there exist portfolios (��; ��) and

security prices �Q = ��1V (�k;�l; �W ) such that ((�x; �m;�l); (�k;
�
ld); (��; ��); ( �W ; �G; �Q)) is a SME.

Proof:

(i) Note first that under a SME (from the first order conditions of the entrepreneurs) the equilibrium

private wage contract in sector j is also equal to the marginal product of labor at each state, i.e. W j =

�jf
j

l
(
kj

ld
j

) (as under a NAE). Since ��1

h
and �V are in equilibrium we have ��1

h
= �1

h
( �m1; �l1) and

V (�k;�l; �W ) = �V . Since �m1 � !1 � �W 1 �l1 � (1� �l1) �G = �V ��1 and from the first order conditions

of the 1st household ��1

h[�
�Q; �V ]T = 0 then ��1

h0
( �m1

0
� !10) +

P
S

s=1

��1

hs
( �m1

s � !1s �
�W 1
s
�l1 � (1 �

�l1) �Gs) = 0. Therefore �m1 2M1

na
( ��1

h
; �W 1; �G). Since �1

h
( �m1; �l1) =

��1

h
, the first order conditions

for maximizingU(m1; l1) overM1

na(
��1; �W 1; �G) are satisfied at ( �m1; �l1). At private and state wage

contracts ( �W ; �G),M j

na(
��1

h;
�
W j ; �G; �V ) =M j( �

W j ; �G; �Q; �V ) for households j 2 f2; : : :Jg so for

the households( �mj ; �lj) are optimal inM j

na
. Since the profit function for entrepreneur j,�j

e
( �xj)(yp

j
�

�W j lj) is identical to ��1

h
(yp

j
� �W j lj) by no-arbitrage and the fact that (yp

j
� �W jlj) is a marketed

security for �
W j , the pair ( �kj ;

�ld
j
) maximizes profits for entrepreneur j under state prices ��1

h. For kj =

�kj , Bj

na
( ��1

h
; �W j ; �V ) = Bj( �W j ; �Q; �V ) for entrepreneurs j 2 f1; : : :Jg. So for the entrepreneurs

( �xj) are optimal inBj

na. Since (�x; �m) are clearly feasible ((�x; �m;�l); (�k; �ld); ( �W ; ��1

h
; �G)) is a NAE.

(ii) ((�x; �m;�l); (�k; �ld); ( �W ; ��; �G)) is a normalized NAE. Define V (�k;�l; �W ) = �V . Then the

equilibrium present value vector of the 1st household is given by ��1

h
= �1

h
( �m1; �l1) = ��. Define

�Q =
�

�1

h1
�
�1

0

�V , and �
�j as solutions of ( �

m
j

1
� !1

j �
�
W j �lj � (1 � �lj) �G) = �V �j for households

j 2 f2; : : :Jg and �
�j as solutions of ( �xj

1
�e1

j) = �V �j for entrepreneurs j 2 f1; : : :Jg. Define ��1 =

1�
P

J

j=2

�
�j�

P
J

j=1

�
�j . Then the market clearing conditions for date 1,

P
J

j=1(
�m1
j+ �x1j�!1

j�e1
j�

y
p

j
( �kj; �lj)�y

g

j
(1� �lj) = 0 implies that ( �m1; �l1) satisfy the 1st household’s date 1 budget constraints,
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i.e. �m1
1�!1

1� �W 1 �l1�(1��l1) �G = �V ��1. Since ��1

h
= �1

h
( �m1; �l1), ( �m1; �l1;

��1) satisfies the FOC’s

of the 1st household and is utility maximizing overM1( �W 1; �G; �Q; �V ). For all other households, the

NA budget sets are identical to the SM budget sets with the variables defined as above. So that ( �mj ; �lj)

are utility maximizing for the respective households. Since ��(y
p

j
� �W jlj) =

��j

e
( �xj)(y

p

j
� �W jlj) by

REMARK 1, the pair ( �kj;
�ld
j
) maximizes the profit function�j

e
( �xj)(y

p

j
� �W j lj). Given kj = �kj the

SM budget sets of the entrepreneurs are identical to the NA budget sets, so that �xj) are optimal for the

entrepreneurs. Since ( �mj ; �xj) are feasible as well, ((�x; �m;�l); (�k;
�
ld); (��; ��); ( �W ; �G; �Q)) is an SME.

�

We are now ready to combine Proposition 1 and Lemma 1 to prove the existence of a SME.

Proposition 2 A Stock Market Equilibrium (Definition 1) exists.

Proof: Follows from Lemma 1 and Proposition 1. �

4 Comparative Statics of Employment

4.1 Employment and Relative Risk Aversion

When the utility function is CRRA, the solutions of Equations 21 to 23 are defined for a given value of

�, the coefficient of relative risk aversion. In this section we ask the question - Are private employment

levels in equilibrium adversely affected by a rise in �, assuming that the labor supply function itself is

adversely affected by such a rise? Appendix 1, discusses the conditions under which the labor supply

function ~l(�;G; �) diminishes with respect to �. The answer to the question above is non-obvious

because equilibrium l depends on � and G. In fact clear answers can be given only for special cases.

Section 4.1 (Propositions 3, 4 and 5) discusses these situations. Finally in Section 4.2 numerical sim-

ulations of the Stock Market and Benchmark (described below) economies with Cobb-Douglas pro-

duction functions are discussed. These show that for a certain range of �, private employment levels

are higher when markets are complete than when they are not. Although we are unable to prove this

result mathematically, an intuition is provided.
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To prove the comparative static results we first of all needG(l) to be monotonic in each lj i.e. we

need either,

�s
j
gj

0

�

JX
j=1

(
�s
j
gj

1� lj
)(

1� ljP
J

j=1(1� lj)
); 8 j = 1 : : :J; 8 s = 1 : : :S

or

�s
j
gj

0

�

JX
j=1

(
�s
j
gj

1� lj
)(

1� ljP
J

j=1
(1� lj)

); 8 j = 1 : : :J; 8 s = 1 : : :S

The first condition is usually satisfied if gj’s are concave. It implies that state wages increase (or stay

constant) as the number of state employees decrease because there are fewer people to share the pie

with. The second inequality which is likely to be satisfied for sufficiently convex gj’s is however not

an implausible scenario either. Since state firms operate with historically fixed capital stocks which

had absorbed the entire labor force till date 0, these firms are likely to have increasing returns to labor

over the range of available labor at date 1. The second inequality requires that the marginal product of

labor in each sector be sufficiently high (compared to the average of the average products) so that as

labor is transferred from state firms to private firms the per capita wages in the former do not increase.

For the rest of the section we assume thatG(l) is increasing in each lj .

We assume all the equilibria to be interior in � and l in this section, in partisular l� < 1.

To study how the equilibrium lj changes with respect to a change in � we require that the functions

~l(�;G; �) be monotone in its arguments. The first order condition of household j; j 6= 1 (i.e. for

households having constrained budget sets), with respect to lj,is,

SX
s=1

�s

�0
u0(m

j

0
)(W j

s �Gs) +
SX

s=1

(u0(mj

s)�
�s

�0
u0(m

j

0
))(W j

s �Gs)� c
0(lj) = 0 (25)

For j = 1, this condition is

SX
s=1

�s

�0
u0(m1

0)(W
1

s � Gs)� c0(l1) = 0 (26)

The left hand side of the above equations is the marginal value of the extra income that household

j makes from working for private rather than state firms. We denote this as VMG for short. The right

hand side is the marginal cost of labor supply to private firms. For an interior equilibrium the two must
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be equal. The next step is to substitute forW j

s , mj

0
andmj

s on the left hand sides to get lj as a function

of � and G only.

Note that since W j = �j�j(�) under competition and profit maximization by firms, the market

subspace< V > is equal to< � >7. SinceG is a linear combination of f�
j
g, we have (W j�G) 2<

V >. Since for marketed securities, (u0(mj

s
) � �s

�0
u0(m

j

0
)) = 0 from the first order conditions of

household j, Equation 24 can be written as,

SX
s=1

�s

�0
u0(m

j

0
)(W j

s
(�)�Gs)� c0(lj) = 0 (27)

Thus the first order conditions of all households with respect to labor have the same form whether

they have constrained or unconstrained budget sets.

We next attempt to eliminate mj

0
from equation 26. For CRRA u(c), it is possible to get closed

form expression for mj

0
as a function of �

1

�0
and lj , given � (see Appendix) provided the household

is unconstrained. For the constrained agents, since individual demand functions for securities are not

defined, it is not possible to eliminate the �j terms from the expressions for mj

0
. To proceed with the

comparative statics, we therefore make use of (without proving) the following property of a normalized

NAE (see Magill and Quinzii, 1996).

Property of normalized NAE : If ((�x; �m;�l); (�k; �ld); ( �W ; �G; ��1

h
; �V ) is a normalized NAE with

household 1 as the unconstrainedagent, then ((�x; �m;�l); (�k; �ld); ( �W ; �G;
�
�

j

h
; �V ) is a normalized NAE

for any household j as the unconstrained agent.

What this implies is that the allocations of a particular NAE are invariant with respect to the choice

of normalizing agent. Hence the comparative statics of the fixed point (l�;��;G�) with respect to �

are also invariant with respect to the choice of the unconstrained agent i.e. the results will not change

depending on our choice of the normalizing agent. At an equilibrium, any agent can therefore be as-

sumed without loss of generality to be the unconstrained agent.

Substituting for mj

0
(from Appendix), Equation 26 yields lj as an implicit function ~lj(:) of � and

G, in particular of �
1

�0
andG. By the implicit function theorem @ ~lj

@
�s
�0

is equal to and has the same sign

as �(@VMG

@
�s
�0

=@VMG

@lj
).

7This equality is true outside equilibrium, so long as firms are optimizing and labor markets are competitive
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m
j

0
is increasing in lj as long as (W j

s
� Gs) is positive (see Appendix 5.2). Since u0(mj

0
) is di-

minishing inmj

0
, @VMG

@lj
is negative. Hence the sign of @VMG

@
�s
�0

is decisive.

It may be convenient to refer to figure 1 at this stage. The intersection of downward sloping VMG

and upward rising MC gives ~lj(:) as a function of � and G.

We need to discuss how the function VMG behave with respect to �
1

�0
. From the foc of the en-

trepreneurs Equations 8 to 13, W j
s is increasing in each of the relative prices �s

�0
. Thus �s

�0
(W j

s
�Gs)

is increasing in each �s

�0
. u0(mj

0
) however behaves in a more complicated way.

A rise in �s

�0
for any s has three effects onmj

0
as given by the expression in Appendix. (i) Current

consumption becomes cheaper relative to future consumption causingmj

s
to be substitutedbymj

0
. This

is the usual positive substitution effect. (ii) Value of income in state s is higher relative to value of

income at date 0. (iii) Real income at state s rises because of rise in capital-output ratio. The last two

causes mj

s
to move up relatively tomj

0
. These are negative income effects. For � � 1 the substitution

effect is stronger withmj

0
positively and u0(mj

0
) negatively related to each �s

�0
. When � > 1, however,

income effects may be stronger with mj

0
diminishing and u0(mj

0
) increasing in �s

�0
.

Denote by `j(�;G) =
P

S

s=1

�s

�0
u0(mj

0
(�;G)(W j

s
(�)�Gs), the marginal gains from lj . We have

two cases.

(A) Strong income effects: mj

0
decreases and u0(mj

0
) increases with each �s

�0
. `j(�;G) therefore

unambiguously rises with each �s

�0
. This implies that ~lj(�;G) is monotone increasing in each �s

�0
or

alternatively monotone decreasing in �0

�s
everything else constant.

(B) Strong substitution effects: mj

0
increases and u0(mj

0
) decreases with each �s

�0
. Then there are

conflicting effects on labor supply. Differentiating `j(�;G) with respect to �s

�0
and simplifying, the

sign of the derivative is � 0 or � 0 according as,

SX
t=1

u0(mj

0
)(W j

t �Gt)("
j

s � ��
j

0s
) + u0(mj

0
)(W j

s �Gs) � 0 or � 0: (28)

where �j
0s

is the elasticity of mj

0
and "js the elasticity of the marginal product of labor, f j

l
(�j(�))

with respect to �s

�0
. Since �j

0s
> 0, the magnitude and sign of the following expression determines the

sign of the derivative.
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Figure 1: Optimal labor supply to private firms
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("j
s
� ��

j

0s
) = "j

s
� �f"j

s
(
�s

�0
)

SX
t=1

W
j

t
+ (

�s

�0
)(W j

s
lj + (1� lj)Gs)g

�(1� �)(�s)
1=�(

�s

�0
)(1�1=�) (29)

We shall look at cases when this expression is negative and sufficiently large so that ~lj(�;G) is

monotone decreasing in each �s

�0
.

Define

 1(l;�;G) = (~l(�;G; �1); �(�; l;G; �1);G(l))

and

 2(l;�;G) = (~l(�;G; �2); �(�; l;G; �2);G(l))

where �1 > �2. Let (l�;��;G�) be a fixed point of  2. We are now ready to prove the following

propositions.

Proposition 3 Given, income effects are strong, ~l(�;G; �) is strictly monotone increasing in each �s

�0

and G(l) is monotone increasing in each lj ,  1(l;�;G) has a fixed point (l��;���;G��) such that

l��
j
< l�

j
for some j provided Z0(�

0

; l
0

; �1) � (
�
�

0

��

s
)Zs(�

0

; l
0

; �1) for all s, for �
0

0

�
0

s

�
�
�

0

��

s
and l

0

� l�.8

Proof :

Define �lj = ~lj(�
�; 0; �2) and �G = G(�l). Therefore �lj > l�

j
= ~lj(�

�;G�; �2) and �G > G� =

G(l�) given that ~l(�;G; �) is monotone decreasing in each Gs and G(l) is monotone increasing in

each lj .

Define the setL
0

�P
0

�G
0

whereL
0

= fl; lj � �ljg, G
0

= fG;G � �Gg andP
0

= f�;
P

S

s=0
�s =

1; �0 � ��0 ; �s � ��s 8s = 1 : : :Sg. Define the partial order � on P as �
0

� � iff �
0

0 � �0 and

�
0

s � �s for all s = 1 : : :S with� for at least one strict inequality and “=” otherwise.

8If all agents have demand functions of the form given in Appendix 2, excess demand functions are independent ofG
which cancels out under aggregation. When markets are incomplete closed form solutions of demand functions for all but
one agent are difficult to derive.
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Define the function  
0

1(l
0

;�
0

;G
0

) =  1(l
0

;�
0

;G
0

) for (l0;�0;G0) 2 L
0

� P
0

� G
0

.

Since ~lj(�;G; �) is diminishing in each �0

�s
, Gs and � we have ~lj(�

0

;G
0

; �1) < ~lj(�
0

; 0; �1) <

~lj(�
�; 0; �2) = �lj . G(l

0

) � G(�l) = �G since l
0

� �l.

�0(�
0

; l
0

; �1)

�s(�
0

; l
0

; �1)
=

�
0

0 +max(0; Z0(�
0

; l
0

; �1))

�
0

s
+max(0; Zs(�

0

; l
0

; �1))

= (
�

0

0

�
0

s

)
�

0

s

�
0

s
+max(0; Zs(�

0

; l
0

; �1))

+(
max(0; Z0(�

0

; l
0

; �1)

max(0; Zs(�
0

; l
0

; �1))
)

max(0; Zs(�
0

; l
0

; �1))

�
0

s + max(0; Zs(�
0

; l
0

; �1))

� (
��
0

��s
)

�
0

s

�
0

s + max(0; Zs(�
0

; l
0

; �1))
+ (

��
0

��s
)

max(0; Zs(�
0

; l
0

; �1))

�
0

s + max(0; Zs(�
0

; l
0

; �1))

since (�
0

0

�
0

s

) � (
�
�

0

��

s
) andZ0(�

0

; l
0

; �1) � (
�
�

0

��

s
)Zs(�

0

; l
0

; �1) for all s, which implies ( max(0;Z0(�
0

;l
0

;�1)

max(0;Zs(�
0

;l
0

;�1))

) �

(
��

0

��

s
).

Therefore  
0

1 maps L
0

�P
0

�G
0

into itself. The latter is compact and convex. Hence  
0

1 satisfies

all conditions of the Brower’s theorem and has a fixed point ((Z��; l��); (���;G��)) inL
0

�P
0

�G
0

.

This is a solution for Equations 21 to 23 and hence a NAE for � = �1.

Note that ((Z��; l��); (���;G��)) 6= ((Z�; l�); (��;G�)) where, “=” denotes componentwise

equality. If this was true then��� = ��,G�� = G� and l�� = ~l(���;G��; �1) = l� = ~l(��;G�; �2) =

~l(���;G��; �2) which is false because~l(:) is strictly monotone decreasing in �. We therefore have the

following cases.

Case 1: ��� = ��, but l�� 6= l� and G�� 6= G� (these have to be true together since G(l) is

strictly monotone in lj .

Suppose l�� � l� which implies ~l(���;G��; �1) � ~l(���;G�; �2). Therefore it must not be that

G�� > G�. But G�� = G(l��) > G(l�) = G� since G(l) is increasing in lj . Hence we have a

contradiction. Therefore l��
j
< l�

j
for some j.

Case 2: ��� � ��.

Suppose l�� � l� which implies ~l(���;G��; �1) � ~l(��;G�; �2). Since ~l(:) is strictly monotone
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decreasing in � under the order �, and ��� � �� it must not be that G�� > G�. But once again,

G�� = G(l��) > G(l�) = G� since G(l) is increasing in lj , which is a contradiction. Therefore

l��
j
< l�

j
for some j. �

Proposition 3 implies that if excess demand functions satisfy the conditions above in the neigh-

borhood of an equilibrium, private employment levels in some sectors will locally decrease(increase)

as the coefficient of relative risk aversion increases(decreases). The condition imposed on the excess

demand functions need explanation.

REMARKS

3. We know that Z0(��; l�; �2) = Zs(�
�; l�; �2) = 0 for all s = 1 : : :S. If m

j
0

m
j
s

is strictly in-

creasing in � (see Appendix 1) for all the agents, - i.e. if a rise in relative risk aversion increases date 0

consumption relative to date 1 consumption at all states - we will haveZ0(��; l�; �1) > Zs(�
�; l�; �1)

for all s. Since income effects are strongmj

0
is increasing in �0

�s
for all agents. What the condition re-

quires is that the combined effects of a rise in � and in �0

�s
be sufficient to counter the substitution effect

and the negative effect of a lower lj on Z0(:)

Zs(:)
.

4. It is possible that for some i, li(���;G��; �1) > li(�
��;G��; �2). We can write this inequality

as,

li(�
��;G��; �1)� li(�

��;G�; �1) > li(�
�;G�; �2)� li(�

��;G�; �1)

The left hand side depends on the overall productivity of state firms and the marginal returns to labor

in these. The right hand side depends on the marginal productivity of labor in private firms and how

sensitive this is to changes in relative state prices (i.e. how sensitive the ratio kj=lj is to changes in

relative state prices). The more productively efficient the private firms are relative to state firms, the

less likely that this inequality will be satisfied. Hence the larger the number of sectors that will be

adversely affected by a rise in relative risk aversion.

The next proposition describes a situation in which substitution effects are stronger and the above

result holds. Date 0 consumption for every agent now is a decreasing function of �0

�s
or alternatively

increasing function of �s

�0
.

Proposition 4 Given, ~l(�;G; �) is strictly monotone decreasing in each �s

�0
andG(l) is monotone in-

creasing in each lj ,  1(l;�;G) has a fixed point (l��;���;G��) such that l��
j
< l�

j
for some j provided
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Z0(�
0

; l
0

; �1) � (
�
�

0

��

s
)Zs(�

0

; l
0

; �1) for all s, for �
0

0

�
0

s

�
�
�

0

��

s
and l

0

� l�.

Proof:

Define �l and �G as before. Define the sets P
0

and G
0

as before. Define P
0

= f�;
P

S

s=0
�s =

1; �0 � ��
0
; �s � ��s 8s = 1 : : :Sg and the partial order � on P as �

0

� � iff �
0

0
� �0 and �

0

s
� �s

for all s = 1 : : :S with � for at least one strict inequality and “=” otherwise.

Also as before, define the function 
0

1(l
0

;�
0

;G
0

) =  1(l
0

;�
0

;G
0

) for (l0;�0;G0) 2 L
0

�P
0

�G
0

.

We note that,

�0(�
0

; l
0

; �1)

�s(�
0

; l
0

; �1)
� (

��0
��s

)
�

0

s

�
0

s + max(0; Zs(�
0

; l
0

; �1))
+ (

��0
��s

)
max(0; Zs(�

0

; l
0

; �1))

�
0

s + max(0; Zs(�
0

; l
0

; �1))

since (�
0

0

�
0

s

) � (
�
�

0

��

s
) andZ0(�

0

; l
0

; �1) � (
�
�

0

��

s
)Zs(�

0

; l
0

; �1) for all s, which implies ( max(0;Z0(�
0

;l
0

;�1)

max(0;Zs(�
0

;l
0

;�1))

) �

(
�
�

0

��

s
).

We follow all the remaining steps and prove the proposition. �.

REMARKS

5. For the conditions of Proposition 4 to be satisfied we need a rise in � to increase consumption

in state s relative to consumption at date 0 (i.e. mj

s
=m

j

0
), sufficiently. Appendix 1 discusses when this

can be the case.

6. It is necessary but not sufficient for the comparative statics result above that the foc of the house-

holds with respect to labor satisfy ~lj(�;G; �1) > ~lj(�;G; �2) for any (�;G). There are other risky

assets in the model such as kj for which this monotonicity property cannot be shown. The monotonic-

ity property for labor supply can be easily shown to be true in this model because utility functions are

separable in income and labor. The rise in the rate of relative risk aversion affects the marginal utility

of income but not the marginal disutility or costs of labor. Separability however is not necessary for

this property. What we need for the monotonicity property to hold, is that the coefficient of relative

risk aversion affect marginal utility of income more than the marginal disutility of labor.

7. As we pointed out in the introduction, the above method of deriving the comparative static re-

sults can be easily extended to other types of utility functions in the HARA class, for which closed form

solutions for the demand functions can be found. We need to know the latter to check for monotonicity

properties of the relevant functions.
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4.2 Employment and Market Incompleteness

A benchmark economy

Stock markets are a way of sharing idiosyncratic production risks when such risks are too com-

plex for agents to write and exchange contingent contracts on these. It is however useful to compare

such an economy with an idealized one in which a complete set of such contracts are traded. In such

an economy entrepreneurs have no incentives to sell ownership shares of their firms and so are sole

proprietors. We end this section by formally defining the equilibrium for this benchmark economy in

which a complete set of Arrow securities are traded.

The budget set of the jth entrepreneur is:

Bj

cm(P ;W
j) =

8><
>:x

j 2 RS+1

+

�������
x
j

0
� e

j

0
� kj �

P
S

s=1 ps�
j
s

xjs � ejs + Y
p

j
(s)�W j

s lj + �js

9>=
>;

(30)

whereP = fpsg
S

s=1 represents the prices of Arrow securities, �j = f�jsg
S

s=1 represents quantities

of Arrow securities purchased.

The budget set of the jth household is:

M j

cm(P ;W
j ;G) =

8><
>:m

j 2 RS+1

+

�������
m

j

0
� w

j

0
�
P

S

s=1
ps�

j
s

mj

s � W j

s +W j

s lj + (1� lj)Gs + �js

9>=
>;

(31)

where �j = f�jsg
S

s=1 represents quantities of Arrow securities purchased. Let � = f�jgJ
j=1

and

� = f�jgJ
j=1

. Then,

Definition 3 A Complete Markets Equilibrium (CME) with state firms is a 4-tuple ((x̂; m̂; l̂); (k̂; ^ld),

(�̂; �̂); (Ŵ ; ^G(l); P̂ ) of consumption plans of entrepreneurs and consumption and labor supply plans

of households, production plans of entrepreneurs, portfolios of households and entrepreneurs, private

and state wage contracts and state prices, such that:

1. For each entrepreneur j,

(x̂j ; �̂j) = argmaxfU(xj) j (x̂j ; �̂j) 2 Bj

cm( �P ;
�W j)g

(k̂j; l̂
d

j
) = argmax�1j

e(x̂
j)(yp

j
� Ŵ jlj)� �j

0e
(x̂j)kj ;
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2. For each household j,

(m̂j ; �̂j ; l̂j) = argmaxfU(mj ; lj) j (m̂j ; �̂j ; l̂j) 2M
j

cm
(P̂ ; Ŵ j ; Ĝ)g

3. At date 1, workers and entrepreneurs have no incentives to switch parties with whom they have

drawn contracts at date 0.

4. Labor markets clear

^
ld = l̂

Ĝ = G(̂l)

5. Markets for Arrow Securities clear,

JX
j=1

(�̂j + �̂j) = 0; 8s 2 f1; : : :Sg

Section 3 shows that a SME is a constrained Arrow-Debreu equilibrium, because the budget sets

of the agents can be converted into constrained Arrow-Debreu budget sets. By contrast, those in the

Benchmark model are unconstrained Arrow-Debreu budget sets. Thus the first order conditions in the

two models, particularly for the employment levels, are not directly comparable in a way that was pos-

sible in the previous section. It is possible however to get some general intuition about the relative

employment levels in the two economies on the basis of some numerical examples.

A numerical example

We consider a model with 5 states of Nature which are equiprobable and two sectors of production,

hence 2 households and 2 entrepreneurs. There are effectively 4 “assets” for each household - 2 equi-

ties, labor for private firms and labor for state firms. The “degree” of market incompleteness (no. of

assets relative to no. of states of Nature) is thus not very severe for households. (How would a riskless

bond change things?)

The state independent production function is Cobb-Douglas,Al�
j
k1��
j

. Both sectors have identi-

cal linear cost function c:lj. The state firm’s production function is (1 � lj)
� where, the parameters

A; �; c; and� are all chosen so that (i) interior solutions in employment levels exist and (ii) government

wages are less than private wages in every state.

31



The linearity of the cost function of labor keeps the model simple for the purpose of getting nu-

merical solutions. This leads to a problem however since our model allows for short sales in equities.

As wages and dividend streams for any firm are collinear in equilibrium (both are scaler multiples of

the risk profile of that sector), with a linear cost function of labor the two assets for household j - lj

and �j
j

- end up having very similar payoff structures. If we allow for short sales in the numerical ex-

amples below, each of the households end up shortselling over 30% of the firms that they work for, in

equilibrium. This boosts the equilibrium employment levels in the private firms considerably. What

happens is that household j shortsells�j
j

at date 0, sells more labor to firm j and pays dividends to other

shareholders at date 1 from its labor earnings. Short sales of this magnitude is clearly not realistic. To

keep the model simple for numerical solutions and at the same time meaningful, we therefore impose

a no short sales restriction in equilibrium. Since the whole point of this section is to form some idea

about the effect of market incompleteness on employment based on a stylized model such a step is not

unjustified.

The productivity shocks are,

�1 = f1; 6; 6; 1; 1g

�2 = f4; 1; 1; 2; 2g

Qualitatively, there are 4 levels of shocks - 6 represents very high, 4 high, 2 medium and 1 very low.

Thus sector 1 has higher variability and mean in productivitycompared to sector 2. The sectoral shocks

are negatively correlated. Aggregate risk (measured by standard deviation of aggregate production) is

less than the sum of individual sectoral risks. This allows equities in the Stock Market model and the

Arrow securities in the Benchmark model to perform well in hedging sectoral risks. An alternative

scenario is discussed below (Table 2) in which the shock pattern of sector 2 is altered to yield positive

correlation between sectors. Both equities and Arrow-securities perform less well in hedging. As we

shall see gains from market completion are also lower over the relevant range.

Lastly, the risk aversion coefficients are chosen keeping in mind the usual conventions in the RBC

literature.

Observations and Explanations
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Table 1: Comparing SME and CME Equilibria when shocks are negatively correlated

Sector 1

� �n1 n̂1 �k1 k̂1 �( �W 1 � G) �( ^W 1 �G) �( �Y
p

1
) �(Ŷ

p

1
)

0.8 0.81 0.84 31 46 96 119 198 256
0.9 0.51 0.53 26 40 117 145 150 194
1.0 0.33 0.34 24 35 143 177 119 152
1.1 0.22 0.23 23 33 175 216 99 124
1.3 0.11 0.11 22 30 258 317 73 88
1.6 0.05 0.04 22 29 445 549 52 59

Sector 2

� �n2 n̂2 �k2 k̂2 �( �W 2 �G) �( ^W 2 � G) �( �Y p

2
) �(Ŷ p

2
)

0.8 0.50 0.65 15 32 39 51 48 82
0.9 0.36 0.45 17 31 50 62 45 70
1.0 0.26 0.31 18 30 63 77 41 60
1.1 0.19 0.22 19 30 80 95 37 52
1.3 0.10 0.11 22 32 126 145 32 41
1.6 0.04 0.05 28 36 242 268 26 31

� 0.8 0.9 1.0 1.1 1.3 1.6
�( �Y ) 167 122 94 77 55 39
�(Ŷ ) 204 151 117 93 65 43

�lj = employment under a SME, l̂j = employment under a CME, �kj = physical investment under a SME,
k̂j = physical investment under a CME, �( �Wj �G) = standard deviation of wage differentials under
SME, �( ^Wj � G) = standard deviation of wage differentials under CME, �( �Y p

j
) = standard deviation

of sectoral output under SME, �(Ŷ p

j
) = standard deviation of sectoral output under CME, �( �Y ) = stan-

dard deviation of aggregate output under SME, �(Ŷ ) = standard deviation of aggregate output under
CME.
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Table 2: Positively correlated shocks

� �n1 n̂1 �n2 n̂2 �k1 k̂1 �k2 k̂2
0.8 0.91 0.91 0.45 0.55 34 52 12 25
0.9 0.57 0.56 0.36 0.40 28 44 14 26
1.0 0.38 0.36 0.27 0.29 25 39 16 27
1.1 0.26 0.24 0.20 0.21 24 35 17 28
1.3 0.13 0.12 0.12 0.11 23 32 21 31

1. CME employment levels are higher than SME employment levels only over a certain range of

the risk aversion parameter. Complete markets allow entrepreneurs and workers to diversify idiosyn-

cratic risks more (than is possible with incomplete markets) and hence has a positive effect on input

supply. However as the activity levels in individual sectors go up agents are also exposed to greater

risks (as shocks are multiplicative). These cannot be completely diversified away even with complete

markets because of the presence of aggregate risks. There is thus a trade off between risk diversifica-

tion and generation of additional risks in the Benchmark model. When risk aversion is not too high

the trade off is resolved in favor of higher employment in a CME.

2. For reasons explained in the previous paragraph the gains from market completion are higher

when shocks are negatively correlated than when they are positively so (aggregate risks increase by

larger amounts as the activity levels go up). Table 2 presents summary of the case �2 = f1; 4; 1; 2; 2g,

so that shocks are positively correlated. As we see, differences in employment levels are lower com-

pared to the previous case. Also the band over which these gains are positive is smaller.

Conclusion

The paper develops a general equilibrium model with incomplete asset markets to discuss the influ-

ence of two risk related factors on labor contracts - namely risk aversion and market incompleteness.

We have proved the existence of equilibrium for this general model assuming competition in the labor

market. The comparative statics of risk aversion has been proved analytically for CRRA utility and
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Cobb-Douglas production functions. As we pointed out, the method shown can be extended relatively

easily for many other utility functions of the HARA class for which closed form solutions for demand

functions are available. The comparative statics of market incompleteness is difficult to prove ana-

lytically because the first order equations are not directly comparable. However an intuition has been

given for the numerical results. The model and main results of the paper has a practical implication.

Low paying, productively inefficient outside options for workers may be attractive from the risk shar-

ing point of view. The policy implications of this observation has not been explored in this paper and

is a subject for future research. The paper also does not address the economically more interesting

but mathematically less tractable case(s) of non-competitive labor markets. An extreme example (and

therefore a first cut) of a non-competitive situation is discussed in another paper (Roy, 1999).

5 Appendix

5.1

The foc of the jth household is given by,

SX
s=1

�s

�0
u0(mj

0
)(W j

s (�)�Gs)� c0(lj) = 0 (32)

where W j

s
is a function of f�s

�0
gS
s=1

and mj

0
is function of f�s
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) (33)

where mj0

0
(�; :) represents the partial derivative with respect to �.

@(u0(mj
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@�
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0
(�; :)

m
j

0
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� lnmj

0
(�; :)

which is clearly satisfied when mj
0

0
(�; :) � 0. When mj

0

0
(�; :) < 0, the inequality requires,
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����� �
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0
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We shall assume this inequality to be strictly satisfied because then ~lj(�;G; �) is strictly decreasing

in �.

The sign of mj
0

0
(�; :) depends on the behavior of the individual terms (�s�0

�s
)1=�.

Since mj

s
= �sm

j

0

�0

�s
(see Appendix 5.2 below), we have,

@

@�
(
mj

s

m
j

0

) � 0 iff (
�s�0

�s
)1=� � 1; < 0 otherwise

Whether mj

0
and (m

j
s

m
j
0

) increases with � or not (the signs of these are crucial for the comparative stat-

ics propositions) in the neighborhood of the fixed point (l�;��;G�) depends on the magnitudes of

f��sg
S

s=0
.

5.2

For CRRA utility functions, from the foc’s of household l, the demand functions can be shown to be,

m
j

0
=

w
j

0
+
P

S

s=1

�s

�0

(W j
s +W j

s lj + (1� lj)Gs)

1 +
P

S

s=1
(�s)

1

� (�s

�0

)1�
1

�

mj

s = (�s)
1

� (
�0

�s

)
1

�m
j

0

when � 6= 1. When � = 1, these are given by,

m
j

0
=

1

2
(wj

0
+

SX
s=1

�s

�0

(W j

s +W j

s lj + (1� lj)Gs)

mj

s = �sm
j

0

�0

�s

Since production functions are Cobb-DouglasW j

s
lj = �Y

p

j
(s; lj; kj). IfGs is approximately con-

stant with respect to lj and wage differentials between private and public firms (W j
s �Gs) is always

positive,mj

0
is positively related to lj .

When � = 1, clearly mj

0
is increasing in �s

�0

. When � < 1, a rise in �s

�0

reduces the denominator

and increases the numerator. So mj

0
increases. When � > 1, both the numerator and the denominator
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move in the same direction, so the difference in the rate of increase of the two will determine the di-

rection. Thus the rate of growth of the numerator which is equal to state income in s relative to total

income, will determine whether mj

0
increases or not.
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