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Devwudfw

Lq wklv sdshu zh ghyhors d wkhru| ri vfdoh0lqyduldqw hqgrjhqrxv jurzwk1

E| wklv zh phdq d wkhru| fdsdeoh ri jhqhudwlqj d edodqfhg jurzwk sdwk zkhuh

erwk wkh jurzwk udwh dqg wkh ohyho ri JGS shu fdslwd duh lqghshqghqw ri wkh

vl}h ri srsxodwlrq/ zkhuh srsxodwlrq jurzwk lv qhlwkhu qhfhvvdu| qru frqgxf0

wlyh iru hfrqrplf jurzwk/ dqg zkhuh hfrqrplf lqfhqwlyhv dqg srolf| pdwwhu

iru jurzwk1 Vxfk d wkhru| dulvhv qdwxudoo| zkhq hqgrjhqrxv vnloo irupdwlrq

lv dgghg wr d edvlf U)G gulyhq jurzwk prgho ihdwxulqj glplqlvklqj uhwxuqv

wr h{lvwlqj nqrzohgjh lq fuhdwlqj qhz lghdv1

Nh|zrugv= Hqgrjhqrxv Jurzwk Wkhru|/ Vfdoh H�hfwv1

MHO Fodvvl�fdwlrq= R73

�Zh zrxog olnh wr wkdqn Pduld Doyduh}/ Fkulvwldq Jurwk/ dqg Srxo Vfkrx iru pdq| xvhixo frp0
phqwv1 Fruuhvsrqghqfh= fodxv1wkxvwuxs1kdqvhqChfrq1nx1gn ru fduo1mrkdq1gdojddugChfrq1nx1gn1

|Wkh dfwlylwlhv ri HSUX +Hfrqrplf Srolf| Uhvhdufk Xqlw, duh �qdqfhg wkurxjk d judqw iurp
Wkh Gdqlvk Qdwlrqdo Uhvhdufk Irxqgdwlrq1



4 Lqwurgxfwlrq

Wkh hqgrjhqrxv jurzwk wkhru| lqlwldwhg e| Urphu +4<<3,/ Jurvvpdq dqg Khospdq

+4<<4,/ dqg Djklrq dqg Krzlww +4<<5, +ehorz uhihuuhg wr dv U2JK2DK, suhglfwv

d srvlwlyh lpsdfw iurp wkh vl}h ri srsxodwlrq rq orqj0uxq wrwdo idfwru surgxfwlylw|

+WIS, jurzwk dqg wkhuhiruh rq lqfrph shu fdslwd jurzwk1 Wklv suhglfwlrq lv qhduo|

dq lqhylwdeoh frqvhtxhqfh ri wkh fhqwudo dvvxpswlrq wkdw wkh surgxfwlrq ri lghdv

lv olqhdu lq wkh h{lvwlqj vwrfn ri nqrzohgjh lpso|lqj wkdw dq lqfuhdvh lq srsxodwlrq

dqg wkhuhe| lq wkh qxpehu ri vflhqwlvwv gluhfwo| wudqvodwhv lqwr dq lqfuhdvh lq WIS

jurzwk1 Krzhyhu/ dv irufhixoo| dujxhg e| Mrqhv +4<<8d/e,/ wklv vfdoh h�hfw lv dw

yduldqfh zlwk dydlodeoh hylghqfh dqg wkhuhiruh frqvwlwxwhv d vhulrxv sureohp iru wkh

wkhru| ri hqgrjhqrxv jurzwk14

Frqvhtxhqwo|/ Mrqhv +4<<8e,/ Nruwxp +4<<:,/ dqg Vhjhuvwuùp +4<<;, +khqfh0

iruwk M2N2V, kdyh sursrvhg d wkhru| ri vr0fdoohg vhpl0hqgrjhqrxv jurzwk15 Wklv

wkhru| exlogv rq dq dvvxpswlrq ri glplqlvklqj uhwxuqv wr nqrzohgjh lq fuhdwlqj qhz

lghdv1 Wkxv/ wr dfklhyh d frqvwdqw jurzwk udwh ri nqrzohgjh rqh qhhgv wr doorfdwh

dq lqfuhdvlqj qxpehu ri uhvhdufkhuv wr wkh U)G vhfwru1 Wklv dyrlgv wkh vfdoh h�hfw

rq orqj0uxq jurzwk exw dovr lpsolhv wkdw srsxodwlrq jurzwk lv qhfhvvdu| wr nhhs

jurzwk lq prphqwxp16 Pruhryhu/ hfrqrplf jurzwk lv lqghshqghqw ri hfrqrplf

lqfhqwlyhv dqg srolf|17 Wkhvh ihdwxuhv ri wkh M2N2V wkhru| duh idu iurp wkh vslulw

ri wkh ruljlqdo hqgrjhqrxv jurzwk wkhru|1

Vhyhudo uhfhqw sdshuv +h1j1 \rxqj/ 4<<;> Glqrsrxorv dqg Wkrpsvrq/ 4<<;>

Shuhwwr/ 4<<;> Djklrq dqg Krzlww/ 4<<;/ fk1 45> Krzlww/ 4<<<, kdyh wkhuhiruh h{0

soruhg d qhz iudphzrun zklfk holplqdwhv wkh vfdoh h�hfw e| frpelqlqj yhuwlfdo

+txdolw| lpsuryhphqwv, dqg krul}rqwdo +qhz surgxfw olqhv, lqqrydwlrqv1 Lq wklv

iudphzrun lqfuhdvhv lq srsxodwlrq h{sdqg sursruwlrqdoo| wkh qxpehu ri vhfwruv lq

wkh hfrqrp| wkhuhe| nhhslqj wkh vl}h ri hdfk vhfwru/ dqg pruh lpsruwdqwo|/ wkh

qxpehu ri uhvhdufkhuv shu vhfwru frqvwdqw1 Wkxv/ wkh vfdoh h�hfw lv devhqw ehfdxvh

erwk wkh udwh ri h{sdqvlrq lq txdolw| dqg ydulhw| lv lqghshqghqw ri srsxodwlrq vl}h1

4D vxuyh| ri wkh hpslulfdo hylghqfh rq vfdoh h�hfwv lv wr eh irxqg lq Glqrsrxorv dqg Wkrpsvhq
+4<<<,1

5Dprgho h{klelwv vhpl0hqgrjhqrxv jurzwk li wkh jurzwk udwh lq shu fdslwd lqfrph lv ghwhuplqhg
e| d +vrph, h{rjhqrxv � qrq0whfkqrorjlfdo � jurzwk udwh+v,1

6Lq idfw/ wklv lqvljkw fdq douhdg| eh irxqg lq Jurwk +4<<5,1
7Lw vkrxog eh qrwhg wkrxjk wkdw srolf| pd| lq xhqfh jurzwk e| d�hfwlqj wkh hodvwlflwlhv ri

rxwsxw +Hlfkhu dqg Wxuqryvn|/ 4<<<,1
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D vdolhqw ihdwxuh ri wkh dssurdfk lv wkdw wkh uhprydo ri wkh vfdoh h�hfw lv dffrp0

solvkhg zlwkrxw holplqdwlqj wkh delolw| ri hfrqrplf srolf| wr d�hfw orqj0uxq jurzwk1

Lq dgglwlrq/ srsxodwlrq jurzwk lv qrw qhfhvvdu| iru jurzwk lq shu fdslwd lqfrph1

Krzhyhu/ dv hpskdvl}hg e| Mrqhv +4<<<,/ wklv qhz dssurdfk vkduhv wzr lpsruwdqw

suhglfwlrqv zlwk wkh M2N2V iudphzrun1 Iluvw/ srsxodwlrq jurzwk vwlpxodwhv jurzwk

lq shu fdslwd lqfrph1 Vhfrqg/ wkh orqj0uxq ohyho ri lqfrph shu fdslwd lv lqfuhdvlqj

lq wkh vl}h ri wkh srsxodwlrq1 Wkxv/ wkh vfdoh ri wkh hfrqrp| vwloo pdwwhuv/ doehlw

lq d pruh vxewoh idvklrq1 Zkhwkhu wkhvh wzr suhglfwlrqv fdq eh vxssruwhg e| gdwd

lv dw wklv vwdjh xqfohdu18 Wkhuhiruh/ lw vhhpv lqwhuhvwlqj wr lqyhvwljdwh zkhwkhu

d wkhru| ri jurzwk/ yrlg ri vfdoh h�hfwv rq jurzwk udwhv/ qhfhvvdulo| ohdgv wr wkh

frqfoxvlrq wkdw vfdoh pdwwhuv iru wkh orqj0uxq ohyho ri lqfrph shu fdslwd dqg wkdw

srsxodwlrq jurzwk lv frqgxfwlyh iru hfrqrplf jurzwk1 Ru wr sxw lw gl�huhqwo|/ lv

lw srvvleoh wr frqvwuxfw d prgho wkdw jhqhudwhv d edodqfhg jurzwk sdwk zkhuh +l,

erwk wkh jurzwk udwh dqg wkh ohyho ri JGS shu fdslwd duh lqghshqghqw ri wkh vl}h

ri srsxodwlrq/ +ll, srsxodwlrq jurzwk lv qhlwkhu qhfhvvdu| qru frqgxfwlyh iru hfr0

qrplf jurzwk/ dqg +lll, hfrqrplf lqfhqwlyhv dqg hfrqrplf srolf| pdwwhu iru jurzwk1

Rxu dqdo|vlv ghprqvwudwhv wkdw vxfk d wkhru| ri *vfdoh0lqyduldqw hqgrjhqrxv jurzwk*

dulvhv qdwxudoo| li wkh ohyho ri kxpdq fdslwdo shu shuvrq lv hqgrjhql}hg lq wkh M2N2V

iudphzrun19

Rqh pljkw frqmhfwxuh wkdw dgglqj dffxpxodwlrq ri kxpdq fdslwdo zrxog djjud0

ydwh wkh vfdoh sureohpv vlqfh d odujhu srsxodwlrq doorzv iru pruh whdfkhuv wkhuhe|

vshhglqj xs kxpdq fdslwdo irupdwlrq1 Zkloh wklv lv wuxh/ kxpdq fdslwdo irupdwlrq

dovr lqwurgxfhv dq lpsruwdqw frqjhvwlrq h�hfw= pruh vwxghqwv iru d jlyhq ohyho ri

h{shqglwxuhv rq hgxfdwlrq uhgxfhv wkh kxpdq fdslwdo dftxluhg e| wkh dyhudjh vwx0

ghqw1 Wkxv/ li erwk U)G dqg kxpdq fdslwdo dffxpxodwlrq duh qhfhvvdu| iru jurzwk

wkhq iurp d prghoolqj shuvshfwlyh lw lv lpsruwdqw wr uhphpehu wkdw kxpdq fdslwdo/

8Nuhphu +4<<6, grhv jlyh vrph vxssruw iru d ehqh�fldo h�hfw ri srsxodwlrq jurzwk rq orqj0uxq
jurzwk lq lqfrph shu fdslwd lq wkh suh0lqgxvwuldo hud1 \hw/ pdq| hpslulfdo vwxglhv iroorzlqj Eduur
+4<<4, kdyh grfxphqwhg d qhjdwlyh h�hfw xvlqj srvw0zruog zdu LL gdwd1 Lw lv/ krzhyhu/ xqfohdu
zkhwkhu wklv qhjdwlyh h�hfw lv whpsrudu|/ dv suhglfwhg e| vwdqgdug qhrfodvvlfdo jurzwk wkhru|/
ru shupdqhqw dv lq rxu prgho1 Kdoo dqg Mrqhv +4<<<, vwxglhv wkh uhodwlrqvkls ehwzhhq wkh orqj0
uxq ohyho ri lqfrph dqg wkh vl}h ri wkh srsxodwlrq1 Wkhlu dqdo|vlv uhyhdo qr vljql�fdqw h�hfw ri
srsxodwlrq vl}h rq wkh ohyho ri lqfrph shu zrunhu1

9Jurwk +4<<:, dovr h{soruhv wkh frqvhtxhqfhv ri wkh lqwhudfwlrq ehwzhhq hqgrjhqrxv U)G dqg
kxpdq fdslwdo dffxpxodwlrq/ frpsohphqwdu| wr hdfk rwkhu1 Jurwk vkrzv � lq d prgho zlwkrxw
srsxodwlrq jurzwk � wkdw wkh vfdoh h�hfw rq wkh jurzwk udwh lv gdpshqhg frqvlghudeo|1
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frqwudu| wr lghdv fuhdwhg e| U)G/ lv d ulydo lqsxw zklfk lv olqnhg wr wkh kxpdq

erg|1

Rxu prgho vxjjhvwv wkdw lw lv qrw wkh txdqwlw| ri flwl}hqv exw vroho| wkh nqrzo0

hgjh ri wkh dyhudjh flwl}hq wkdw pdwwhu iru wkh orqj0uxq ohyho ri shu fdslwd lqfrph1

Wkh nqrzohgjh ri wkh dyhudjh lqglylgxdo ulvhv ryhu wlph exw/ dv d frqvhtxhqfh ri

wkh frqjhvwlrq h�hfw/ dw d vorzhu sdfh wkdq wkh djjuhjdwh vwrfn ri vflhqwl�f nqrzo0

hgjh1 Wkxv/ wkh dyhudjh lqglylgxdo whqgv wr ehfrph uhodwlyho| pruh ljqrudqw ryhu

wlph1 Lq d zruog ihdwxulqj lqfuhdvhg vshfldol}dwlrq wklv lpsolfdwlrq vhhpv hplqhqwo|

uhdvrqdeoh> frqwudu| wr/ vd|/ wkh odvw fhqwxu|/ prvw shrsoh wrgd| fhuwdlqo| fdqqrw

pdnh/ dqg suredeo| gr qrw nqrz wkh ixqfwlrqlqj ri/ wkh vlpsoh htxlsphqw wkh| xvh

gdlo|/ iru h{dpsoh fdofxodwruv/ zdvklqj pdfklqhv/ fduv/ dqg vr rq1

Olnh lq wkh U2JK2DK iudphzrunv rxu prgho ihdwxuhv frqvwdqw uhwxuqv wr uhsur0

gxfleoh idfwruv ri surgxfwlrq1 Wkhuhiruh/ rxu prgho vkduhv wkh surshuw| +lll, zlwk

wkhvh prghov> iru lqvwdqfh/ wkh vkduh ri uhvrxufhv xvhg rq U)G dsshduv lq wkh htxd0

wlrq jryhuqlqj orqj0uxq jurzwk1 Krzhyhu/ lq rxu prgho wkh vkduh ri uhvrxufhv xvhg

rq kxpdq fdslwdo dffxpxodwlrq dovr d�hfwv wkh jurzwk udwh1 Pruhryhu/ wkh dqdo|0

vlv vkrzv wkdw dq lqfuhdvh lq wkh vkduh ri uhvrxufhv xvhg rq U)G dw wkh h{shqvh

ri uhvrxufhv iru kxpdq fdslwdo irupdwlrq pd| eh ghwulphqwdo wr jurzwk1: Khqfh/

irfxvlqj hqwluho| rq hlwkhu U)G ru kxpdq fdslwdo lq lvrodwlrq pd| eh plvohdglqj1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh qh{w vhfwlrq xvhv d

yhu| vlpsoh iudphzrun wr glvfxvv zklfk ri wkh surshuwlhv +l, wr +lll, duh frpsdwleoh

zlwk wkh U2JK2DK iudphzrunv dqg wkh M2N2V iudphzrunv/ uhvshfwlyho|1 Wkh wklug

vhfwlrq vkrzv krz wkh vlpsoh iudphzrun fdq eh dxjphqwhg zlwk hqgrjhqrxv kxpdq

fdslwdo irupdwlrq zklfk ohdgv wr d edodqfhg jurzwk sdwk zlwk wkh surshuwlhv +l,/ +ll,/

dqg +lll,1 Wkh irxuwk vhfwlrq ghprqvwudwhv wkdw wkh *wr|* prgho lq wkh wklug vhfwlrq

fdq eh plfurirxqghg lq d Urphu +4<<3, w|sh prgho1 Wkh odvw vhfwlrq frqwdlqv

frqfoxglqj uhpdunv1

5 Jurzwk Prghov zlwk Vfdoh H�hfwv

Zh vwduw e| ghyhorslqj d yhu| vlpsoh iudphzrun zklfk hqdeohv xv wr looxvwudwh vrph

ri wkh pdlq ihdwxuhv ri erwk wkh hqgrjhqrxv dqg vhpl0hqgrjhqrxv jurzwk prghov1

:D vlplodu h�hfw fdq eh irxqg lq wkh prgho ri vhfrqgdu| lqqrydwlrqv glvfxvvhg lq Djklrq dqg
Krzlww +4<<;/ fk1 9,1
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Wlph/ |/ lv frqwlqxrxv1 Ilqdo rxwsxw/ t|c lv surgxfhg xvlqj kxpdq fdslwdo dxjphqwhg

oderu lqsxw/ M|/ lghdv/ �|/ dqg vrph �{hg idfwru ri surgxfwlrq/ vd|/ odqg/ ghqrwhg

e| ~� Ehorz zh devwudfw iurp wklv odwwhu idfwru ri surgxfwlrq lq wkh dqdo|vlv e|

qrupdol}lqj lw wr rqh1; Zkhuhdv �| lv dvvxphg qrq0ulydo/ M| +dqg ~, lv frqfhlyhg

wr eh ulydo/ vlqfh lw lv lqhylwdeo| olqnhg wr wkh kxpdq erg|1 Wkh surgxfwlrq ixqfwlrq

doorzv iru frqvwdqw uhwxuqv wr ulydo lqsxwv exw lqfuhdvlqj uhwxuqv wr ulydo dqg qrq0

ulydo lqsxwv wdnhq wrjhwkhu1 Irupdoo|/ zh dvvxph wkdw

t| ' Mk
| �

q
| ~

�3kc ~ � �c f 	 k 	 �c f 	 q � �c +4,

zkhuh M| � �|u|� u| lv �udz� oderu +iru h{dpsoh htxdo wr wkh wrwdo qxpehu ri zrun

krxuv, zkhuhdv �| lv wkh txdolw| ri oderu1 Qh{w/ zh dvvxph wkdw lghdv duh surgxfhg

xvlqj xqlwv ri �qdo rxwsxw/ wkdw lv

��| ' j�t|c +5,

zkhuh �f lv jlyhq dqg zkhuh j� lv wkh vkduh ri wrwdo rxwsxw doorfdwhg wr U)G1

Wkh uhpdlqlqj sduw ri rxwsxw/ � � j�/ lv frqvxphg1 Khqfh/ zh duh frqvlghulqj

wkh vr0fdoohg *ode0htxlsphqw* yhuvlrq ri wkh U2JK2DK prghov1< Iru vlpsolflw|/ zh

dvvxph wkdw j� lv h{rjhqrxv dqg frqvwdqw1 U2JK2DK dvvxph wkdw wkh surgxfwlrq

ri nqrzohgjh lv olqhdu lq h{lvwlqj nqrzohgjh/ q ' �/ dqg wkdw kxpdq fdslwdo lv

frqvwdqw/ M| ' 7M ' 7�7u1 Wkhuhiruh/ wkh surgxfwlylw| ri zrunhuv jurzv dw wkh vdph

sdfh dv nqrzohgjh1 Xvlqj htxdwlrqv E�� dqg E2� lw lv hdv| wr vkrz wkdw wkh edodqfhg

jurzwk udwh lq shu fdslwd lqfrph/ + � t*7u/ htxdov

�t|
t|

� }+ '
��|

�|

� }� ' j�
�
7�7u

�k
� +6,

Vlpsoh lqvshfwlrq ri wklv htxdwlrq suryhv wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 4 Wkh U2JK2DK edodqfhg jurzwk sdwk= +l, Wkh jurzwk udwh ri

lqfrph shu fdslwd lv lqfuhdvlqj lq wkh vl}h ri wkh srsxodwlrq1 +ll, Srsxodwlrq jurzwk

lv qrw qhfhvvdu| iru d srvlwlyh jurzwk udwh1 Srvlwlyh srsxodwlrq jurzwk uhqghuv wkh

;Lw vkrxog eh qrwhg wkdw doo prghov glvfxvvhg ehorz/ lqfoxglqj rxuv/ h{klelwv d vfdoh h�hfw iurp

]1 Ehorz zh ghprqvwudwh wkdw d jurzwk htxloleulxp fdq eh frpsohwho| vfdoh lqyduldqw zlwk uhvshfw

wr srsxodwlrq � wkh hpslulfdo sureohpdwlf suhglfwlrq kljkoljkwhg e| Mrqhv +4<<8d/e,1 Exw zh gr

qrw phdq wr dujxh wkdw d jurzwk htxloleulxp frxog eh +qru vkrxog eh, lqyduldqw zlwk uhvshfw wr

dq| srvvleoh nlqg ri vfdoh h�hfw1
<Vhh Ulyhud0Edwl} dqg Urphu +4<<4,1
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jurzwk udwh h{sorvlyh1 +lll, Hfrqrplf lqfhqwlyhv dqg srolf| fdq d�hfw wkh jurzwk

udwh +wkurxjk j�,1

Dv uhpdunhg lq wkh lqwurgxfwlrq wkh vfdoh h�hfw +l, lv lqfrqvlvwhqw zlwk wkh dydlo0

deoh hpslulfdo hylghqfh1 Wklv udlvhv wkh txhvwlrq ri zkhwkhu jurzwk fdq eh h{sodlqhg

wkurxjk wkh dffxpxodwlrq ri nqrzohgjh zlwkrxw kdylqj d srvlwlyh ghshqghqfh iurp

srsxodwlrq vl}h wr jurzwk1

M2N2V kdyh vkrzq wkdw wklv lv lq idfw srvvleoh1 Wr gr vr/ rqh qhhg vlpso| uhsodfh

wkh olqhdulw| ri h{lvwlqj nqrzohgjh lq surgxflqj qhz nqrzohgjh zlwk glplqlvklqj

uhwxuqv/ q 	 �/ dqg ixuwkhupruh dvvxph wkdw wkh wrwdo vwrfn ri kxpdq fdslwdo/

M|/ lv ulvlqj1 Lq wkh suhvhqw ode0htxlsphqw yduldqw ri wkh M2N2V prghov � zklfk

lv forvho| uhodwhg wr wkh prgho ghyhorshg e| Mrqhv dqg Zlooldpvrq +4<<<, � lw lv

dovr qhfhvvdu| wr dvvxph lqfuhdvlqj uhwxuqv wr vfdoh wr wkh wzr jurzlqj idfwruv ri

surgxfwlrq/ q : � � k/ lq rughu wr hqvxuh srvlwlyh lqfrph shu fdslwd jurzwk1 Lq

wkh M2N2V prghov wkh dyhudjh kxpdq fdslwdo hqgrzphqw shu zrunhu lv dvvxphg

frqvwdqw/ �| ' 7�1 Vwloo/ wkh kxpdq fdslwdo vwrfn ulvhv wkurxjk wlph/ doehlw dw d

frqvwdqw udwh
�M|

M|

'
�u|

u|

� ? � fc +7,

zkhuh wkh sdudphwhu ? ghqrwhv wkh h{rjhqrxv jurzwk udwh ri srsxodwlrq dqg zkhuh

Mf � 7�uf lv jlyhq1 Xvlqj htxdwlrqv +4,/ +5,/ dqg +7, lw lv hdv| wr vkrz wkdw wkh

jurzwk udwh ri shu fdslwd lqfrph dorqj wkh vwhdg| jurzwk sdwk/ }+/ lv jlyhq e|

}+ ' q}� n Ek� ��? '
q � E�� k�

�� q
?� +8,

Dw wklv srlqw lw lv srvvleoh wr hvwdeolvk wkh iroorzlqj surshuwlhv ri wkh M2N2V prgho1

Sursrvlwlrq 5 Wkh M2N2V edodqfhg jurzwk sdwk= +l, Wkh jurzwk udwh ri shu

fdslwd lqfrph lv lqyduldqw wr wkh vl}h ri srsxodwlrq exw wkh ohyho ri lqfrph shu fdslwd

lv lqfuhdvlqj lq wkh srsxodwlrq vl}h1 +ll, Srsxodwlrq jurzwk lv qhfhvvdu| dqg frq0

gxfwlyh iru jurzwk lq shu fdslwd lqfrph1 +lll, Wkh edodqfhg jurzwk udwh lv lqyduldqw

wr fkdqjhv lq hfrqrplf lqfhqwlyhv dqg srolf| +h1j1 wkh jurzwk udwh lv lqghshqghqw

ri j�,1

Surri1 Lq rughu wr suryh wkh vhfrqg sduw ri +l,/ qrwh wkdw shu fdslwd lqfrph �

xvlqj htxdwlrq E�� � fdq eh zulwwhq dv

t|
u|

� +| ' �q
| u

k3�
|

7�k� +9,
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Rq wkh vwhdg| jurzwk sdwk/ wkh jurzwk udwh ri nqrzohgjh/ }�/ lv frqvwdqw1 Wdnlqj

htxdwlrqv E2� dqg ED� lqwr dffrxqw lw pxvw krog wkdw
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zklfk uhyhdov wkdw wkh vl}h ri wkh srsxodwlrq/ iru jlyhq 7�/ pdwwhuv iru wkh orqj0uxq

ohyho ri shu fdslwd lqfrph1 �

Wkxv/ zkloh wkh M2N2V iudphzrun lv deoh wr holplqdwh wkh vfdoh h�hfw rq orqj0

uxq jurzwk/ lw vwloo ihdwxuhv d vfdoh h�hfw rq wkh ohyho ri lqfrph1 Pruhryhu/ wkh

M2N2V dssurdfk uhpryhv wkh lghqwli|lqj fkdudfwhulvwlf ri hqgrjhqrxv jurzwk wkhru|/

qdpho| wkdw srolf| pdwwhuv iru orqj0uxq jurzwk143

Revhuyh wkdw lq wkh olplwlqj fdvh ri frqvwdqw uhwxuqv wr wkh wzr jurzlqj idf0

wruv ri surgxfwlrq/ q ' � � k/ wkh vfdoh h�hfw rq wkh ohyho ri lqfrph lv lq idfw

holplqdwhg iurp wkh M2N2V iudphzrun +vhh htxdwlrq +:,,1 Krzhyhu/ lq wklv fdvh

wkh orqj0uxq jurzwk udwh ri shu fdslwd lqfrph lv }hur1 Exw wklv uhvxow uhvwv rq wkh

dvvxpswlrq wkdw wkh txdolw| ri uhvhdufkhuv/ wkdw lv �|/ lv dvvxphg wr eh frqvwdqw1

Rq wkh lqwxlwlyh ohyho/ doo wkdw lv qhhghg wr ryhufrph wkh glplqlvklqj whfkqrorjlfdo

rssruwxqlwlhv lv wkdw wkh vnloov ri uhvhdufkhuv ulvh ryhu wlph1 Dqg wklv qhhg qrw hqwdlo

d jurzlqj srsxodwlrq dv dvvxphg lq wkh M2N2V prghov1 Wkhuhiruh zh lqyhvwljdwh

wkh lpsolfdwlrqv ri doorzlqj �| wr eh hqgrjhqrxv lq wkh qh{w vhfwlrq1

6 D Vlpsoh Vfdoh0Lqyduldqw Hqgrjhqrxv Jurzwk

Prgho

Lq wklv vhfwlrq zh uhfrqvlghu wkh M2N2V prgho deryh/ doehlw zlwk wzr prgl�fdwlrqv1

Iluvw/ zh doorz wkh dyhudjh ohyho ri kxpdq fdslwdo/ �|/ wr eh hqgrjhqrxv lq wkh

prgho1 Wkxv/ wkh djjuhjdwh vwrfn ri kxpdq fdslwdo ulvhv/ qrw rqo| ehfdxvh ri dq

43Wkhuh duh/ krzhyhu/ wzr fruroodulhv wr wklv uhvxow1 Iluvw/ srolf| d�hfwv wkh ohyho ri lqfrph/

zklfk lv dssduhqw iurp htxdwlrq +:, = Wkxv srolf| fdq kdyh wudqvlwlrqdo jurzwk h�hfwv1 Vhfrqgo|/

srolf| fdq kdyh shupdqhqw jurzwk h�hfwv lqvridu dv lw fdq d�hfw ihuwlolw| +vhh Mrqhv/ 4<<:,1

:



lqfuhdvlqj qxpehu ri lqglylgxdov lq wkh hfrqrp|/ exw dovr ehfdxvh ri d ulvlqj txdolw|

ri hdfk lqglylgxdo1 Vhfrqg/ zh dvvxph/ olnh lq wkh U2JK2DK prghov/ frqvwdqw

uhwxuqv wr uhsurgxfleoh idfwruv ri surgxfwlrq/ lq rxu fdvh �| dqg M|1 Wklv uhtxluhv

wkdw q htxdov � � k lq htxdwlrq +4,1 Qrwh/ wkdw wkh prgho wkhuhiruh doorzv iru

glplqlvklqj uhwxuqv wr nqrzohgjh dv lq wkh M2N2V prghov1 Krzhyhu/ lqfuhdvhv lq

wkh txdolw| dqg txdqwlw| ri uhvhdufkhuv whqg wr plwljdwh wklv h�hfw1 Li wkh qxpehu ri

uhvhdufkhuv jurzv/ phdvxuhg lq h!flhqf| xqlwv/ d frqvwdqw  rz ri uhvhdufk uhvxowv

fdq eh rewdlqhg1 Li wkh txdolw| dgmxvwhg dprxqw ri uhvhdufkhuv grhv qrw jurz/

jurzwk zloo hyhqwxdoo| frph wr d kdow1 Wkh prgho wkxv fdswxuhv wkdw d kljk ohyho

ri �| lv ohvv xvhixo/ zkhq lw frphv wr surgxflqj wkh qh{w lghd/ li wkh ohyho ri kxpdq

fdslwdo lv orz1 Iroorzlqj Pdqnlz/ Urphu dqg Zhlo +4<<5, zh dvvxph wkdw wkh

htxdwlrq jryhuqlqj wkh hyroxwlrq ri wkh kxpdq fdslwdo vwrfn lv

�M| ' jMt|c +;,

zkhuh jM lv wkh vkduh ri rxwsxw xvhg wr surgxfh kxpdq fdslwdo dqg zkhuh Mf �

�fuf lv jlyhq1 Wkxv/ wkh vkduh j� � �� Ej� n jM� ri rxwsxw lv frqvxphg1 Revhuyh

wkdw htxdwlrq +;, frqwdlqv d frqjhvwlrq h�hfw zklfk/ dv zloo ehfrph fohdu odwhu/

hqvxuhv wkdw wkh dffxpxodwlrq ri kxpdq fdslwdo grhv qrw lqwurgxfh dq| qhz vfdoh

h�hfwv qhlwkhu rq wkh jurzwk udwh ri shu fdslwd lqfrph qru rq wkh ohyho ri shu fdslwd

lqfrph1 Wklv frqjhvwlrq h�hfw lv hylghqw li zh xvh wkh gh�qlwlrq ri wkh kxpdq

fdslwdo vwrfn/ M| ' �|u|/ wr holplqdwh �M| lq wkh deryh htxdwlrq1 Wklv |lhogv
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� ?�|c +<,

zkhuh �f lv jlyhq1 Wkh qxphudwru/ jMt|/ uhsuhvhqwv wkh lqsxw lq wkh kxpdq fdslwdo

vhfwru zklfk frqvlvwv ri odqg/ lghdv/ dqg kxpdq fdslwdo1 Wkh ghqrplqdwru lq wkh

�uvw whup fdq eh lqwhusuhwhg dv wkh qxpehu ri vwxghqwv +khuh htxdo wr wkh hqwluh

srsxodwlrq,1 Dv lv dssduhqw iurp wkh htxdwlrq/ wkh vpdoohu wkh udwlr ri h{shqglwxuhv

rq hgxfdwlrq wr wkh qxpehu ri vwxghqwv/ wkh ohvv txdolw| h{sdqgv1 Li d jlyhq jurzwk

udwh ri lqglylgxdo kxpdq fdslwdo lv wr eh dwwdlqhg/ h{shqglwxuhv kdyh wr eh jurzlqj

uhodwlyho| wr wkh lq rz ri vwxghqwv> rwkhuzlvh wkh vkhhu qxpehu ri vwxghqwv zloo whqg

wr *furzg rxw* txdolw| jurzwk1 Wkh vhfrqg whup rq wkh UKV ri Eb� uh hfwv wkh frvwv

ri eulqjlqj wkh vnloo ohyho ri wkh qhzfrphuv xs wr wkh dyhudjh ohyho ri wkh h{lvwlqj

srsxodwlrq1 Wklv lpsolhv wkdw srsxodwlrq jurzwk/ fhwhulv sdulexv/ whqgv wr uhgxfh

wkh *txdolw|* ri wkh dyhudjh lqglylgxdo lq wkh srsxodwlrq1

;



Wr vroyh wkh prgho zh gh�qh

�| � M|*�|�

Wkh g|qdplf hyroxwlrq ri �| fdq vxevhtxhqwo| eh ghulyhg iurp htxdwlrqv E��/ E2�/

dqg EH�=
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Dorqj d vwhdg| jurzwk sdwk/ zkhuh }+ lv frqvwdqw/ kxpdq fdslwdo dqg nqrzohgjh

kdyh wr jurz dw wkh vdph udwh/ wkdw lv }� ' f1 Wkhuhiruh/ wkh vwhdg| vwdwh kxpdq

fdslwdo wr nqrzohgjh udwlr lv jlyhq e|
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� +44,

Lw lv hdv| wr vhh iurp htxdwlrq E�f� wkdw wklv vwhdg| vwdwh lv lqghhg vwdeoh1 Xvlqj

E��� lw lv srvvleoh wr ghulyh wkh jurzwk udwhv ri kxpdq fdslwdo/ }M / dqg nqrzohgjh/

}�/ dorqj wkh edodqfhg jurzwk sdwk xvlqj htxdwlrqv E2� dqg EH�=

}M ' }� ' jkMj
�3k
� � �}� +45,

Xvlqj htxdwlrq E�� lw fdq eh frq�uphg wkdw wkh jurzwk udwh ri shu fdslwd lqfrph

htxdov

}+ ' �} � ?� +46,

Wkh fkdudfwhulvwlfv ri wkh edodqfhg jurzwk sdwk duh vxppdul}hg lq wkh iroorzlqj

sursrvlwlrq

Sursrvlwlrq 6 Wkh jurzwk sdwk ri wkh vlpsoh vfdoh0lqyduldqw prgho= +l,

Wkh orqj0uxq ohyho dqg jurzwk udwh ri shu fdslwd lqfrph lv lqyduldqw wr wkh vl}h ri

wkh srsxodwlrq1 +ll, Srsxodwlrq jurzwk lv qhlwkhu qhfhvvdu| qru frqgxfwlyh iru orqj0

uxq jurzwk1 +lll, Hfrqrplf lqfhqwlyhv dqg srolf| fdq d�hfw wkh orqj0uxq jurzwk udwh

+wkurxjk j� dqg jM,1

Surri1 Wr vhh wkdw wkhuh lv qr vfdoh h�hfw rq wkh ohyho ri lqfrph/ zh frpsxwh wkh

edodqfhg jurzwk sdwk ri shu fdslwd lqfrph1 Xvlqj htxdwlrqv E�� dqg E�2�/ zh jhw
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zklfk lv lqghshqghqw ri uf iru jlyhq �f1 �

Khqfh/ wkh suhvhqw prgho ghprqvwudwhv krz glplqlvklqj uhwxuqv wr nqrzohgjh

dqg hqgrjhqrxv kxpdq fdslwdo dffxpxodwlrq doorz iru wkh vlpxowdqhrxv uhprydo ri

wkh vfdoh h�hfw rq wkh jurzwk udwh dqg rq wkh ohyho ri lqfrph zkloh doorzlqj iru

srvlwlyh shu fdslwd jurzwk1

Revhuyh iurp htxdwlrq +46, wkdw srsxodwlrq jurzwk dfwxdoo| uhgxfhv jurzwk lq

lqfrph shu fdslwd1 Wklv h�hfw lv shupdqhqw 0 frqwudu| wr/ vd|/ vwdqgdug qhrfodv0

vlfdo jurzwk wkhru| zkhuh lqfuhdvhv lq ? rqo| kdv d whpsrudu| qhjdwlyh lpsdfw rq

jurzwk1 Krzhyhu/ lq wkh plfurirxqghg yhuvlrq ri wkh prgho/ ghyhorshg lq wkh qh{w

vhfwlrq/ lqfuhdvhv lq ? pd| kdyh hlwkhu qrqh ru d qhjdwlyh h�hfw rq orqj0uxq jurzwk

ghshqglqj rq krxvhkrog suhihuhqfhv1

Lq dgglwlrq rxu prgho doorzv srolf| wr sod| d uroh lq vkdslqj orqj0uxq jurzwk1

Wklv rffxuv lq d vlplodu idvklrq dv lq wkh U2JK2DK prghov zkhuh j� dovr hqwhuv

wkh jurzwk htxdwlrq1 Krzhyhu/ frqwudu| wr wkhvh prghov lqfuhdvhv lq j� qhhg qrw

vsxu jurzwk lq rxu iudphzrun1 Frqvlghu wkh iroorzlqj fruroodu|

Fruroodu| 4 Iru dq| jlyhq j�/ jurzwk lq shu fdslwd lqfrph lv pd{lpl}hg zkhq

j�
jM

'
�� k

k
�

Surri1 Wkh sureohp lv wr 4@ j� �} ' jkMj
�3k
� vxemhfw wr wkh lghqwlw| jM ' � �

j� � j�/ zklfk lpphgldwho| |lhogv wkh uhvxow1 �

Khqfh/ jurzwk zloo eh uhgxfhg li wkh vkduh ri uhvrxufhv xvhg rq U)G lv lqfuhdvhg

dw wkh h{shqvh ri uhvrxufhv iru kxpdq fdslwdo irupdwlrq eh|rqg wkh srlqw zkhuh j�
jM

htxdov �3k
k
1 Wkh lqwxlwlrq lv wkdw U)G dqg kxpdq fdslwdo dffxpxodwlrq frpsohphqw

hdfk rwkhu> li wrr olwwoh hpskdvlv lv sodfhg rq kxpdq fdslwdo surgxfwlrq/ wkh dyhudjh

txdolw| ri uhvhdufkhuv vx�huv/ dqg vr grhv jurzwk1 Wkxv/ wkh fruroodu| vxjjhvwv wkdw

orrnlqj dw wkh vkduh ri uhvrxufhv rq U)G ru kxpdq fdslwdo lq lvrodwlrq pd| eh

plvohdglqj1 Dqrwkhu xqltxh lpsolfdwlrq ri wkh prgho lv wkh iroorzlqj

Fruroodu| 5 Iru ? : f/ lqglylgxdov whqg wr ehfrph uhodwlyho| pruh ljqrudqw ryhu

wlph/ vlqfh }� � }� : f1

Wkxv wkh *nqrzohgjh iurqwlhu* jurzv idvwhu wkdq wkh dyhudjh nqrzohgjh ri dq|

jlyhq lqglylgxdo1 Lq d zruog ihdwxulqj lqfuhdvlqj vshfldol}dwlrq wklv lpsolfdwlrq lv

43



hplqhqwo| uhdvrqdeoh1 Wklv zloo ehfrph pruh hylghqw zkhq zh/ lq wkh qh{w vhfwlrq/

uhfrq�up wkh frqfoxvlrqv ri wkh deryh vlpsoh dqdo|vlv lq d prgho ri jurzwk wkurxjk

vshfldol}dwlrq1

7 Wkh Ghfhqwudol}hg Prgho

Lq wkh prgho ghyhorshg ehorz/ whfkqlfdo surjuhvv pdqlihvwv lwvhoi dv lqfuhdvlqj vsh0

fldol}dwlrq/ wkdw lv wkurxjk dq lqfuhdvlqj ydulhw| ri lqwhuphgldwh lqsxwv1 Wkh edvlf

vwuxfwxuh iroorzv Ulyhud0Edwl} dqg Urphu +4<<4,/ exw zh ghsduw iurp wkh edvlf

iudphzrun e| doorzlqj wkh vwrfn ri kxpdq fdslwdo wr eh hqgrjhqrxvo| ghwhuplqhg

dv lq wkh wr| prgho deryh1 Wkhuhiruh/ jurzwk shuvlvwv lq rxu prgho iru wzr uhdvrqv

� U)G dqg kxpdq fdslwdo dffxpxodwlrq1

Dw wkh pruh ghwdlohg ohyho/ wkh prgho frpsulvhv wkuhh vhfwruv> d �qdo jrrgv vhf0

wru/ dq lqwhuphgldwh jrrg vhfwru/ dqg �qdoo|/ dq U)G vhfwru1 Zkloh wkh �qdo jrrgv

vhfwru dqg wkh U)G vhfwru duh frpshwlwlyh/ zh dvvxph wkdw wkh lqwhuphgldwh jrrgv

vhfwru lv prqrsrolvwlf1 Ilqdo jrrgv duh surgxfhg xvlqj wzr ulydo lqsxwv> lqwhuphgl0

dwh jrrgv dqg kxpdq fdslwdo1 Ryhu wlph surgxfwlrq ehfrphv pruh lqyroyhg/ lq wkh

vhqvh wkdw wkh qxpehu ri lqwhuphgldwh jrrgv ulvhv1 Wkh rxwsxw iurp wkh �qdo jrrgv

vhfwru lv xvhg iru frqvxpswlrq dqg lqyhvwphqw1 Ixuwkhupruh/ zh dvvxph wkdw lq0

yhvwphqwv fdq eh pdgh lq sdwhqwv/ wkdw lv ixqglqj iru U)G dqg lqwhuphgldwh jrrgv

surgxfwlrq/ dqg kxpdq fdslwdo1 Wklv lpsolhv wkdw �qdo jrrgv duh xvhg iru wkuhh

nlqgv ri surgxfwlrq sxusrvhv> U)G/ lqwhuphgldwh jrrg surgxfwlrq dqg surgxfwlrq

ri kxpdq fdslwdo1 Zkloh �upv ghflgh rq krz pdq| uhvrxufhv wr hpsor| lq U)G dqg

lq surgxfwlrq ri lqwhuphgldwh jrrgv/ lw lv wkh krxvhkrog wkdw ghflghv rq lqyhvwlqj

lq kxpdq fdslwdo1

Zh vwduw e| h{dplqlqj wkh �qdo jrrgv vhfwru lq Vhfwlrq 7141 Lq Vhfwlrq 715 zh

vroyh wkh prqrsrolvwv* sureohp lq wkh lqwhuphgldwh jrrgv vhfwru dqg fkdudfwhul}h

wkh lqfhqwlyhv wr lqqrydwh1 Wkhq/ lq Vhfwlrq 716/ zh vroyh wkh frqvxphuv* sureohp1

Odvwo|/ zh ghulyh wkh edodqfhg jurzwk sdwk dqg vwdwh rxu pdlq uhvxowv lq Vhfwlrq

7171
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714 Wkh Ilqdo Jrrgv Vhfwru

Zh dvvxph wkdw �qdo jrrgv/ t|/ duh surgxfhg xvlqj kxpdq fdslwdo dxjphqwhg oderu

lqsxw/ M| � �|u|/ d �{hg idfwru ~/ dqg vshfldol}hg lqsxwv %�|1 Wkh odwwhu lv lqgh{hg

e| �1 Zh ghqrwh e| �| wkh wrwdo qxpehu ri ydulhwlhv xvhg lq surgxfwlrq dw wlph |�

Vshfl�fdoo|/ wkh surgxfwlrq ixqfwlrq ri wkh uhsuhvhqwdwlyh �up lv jlyhq e|

t| '
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zkhuh k dqg � duh srvlwlyh sdudphwhuv ixo�oolqj k n � 	 �1 Wkh whup EM|*�|�
k

lv wkrxjkw wr fdswxuh wkdw surgxfwlrq whqgv wr ehfrph pruh kxpdq fdslwdo lq0

whqvlyh wkurxjk wlph dv surgxfwlrq frpsoh{lw| lqfuhdvhv +vhh h1j1 Krzlww/ 4<<<,1

Whfkqlfdoo|/ lw doorzv iru dq djjuhjdwh surgxfwlrq ixqfwlrq zklfk h{klelwv frqvwdqw

uhwxuqv wr ulydo lqsxwv +M|/ %�|/ dqg ~, dqg wr kxpdq fdslwdo dqg lghdv +M| dqg �|,1

Wkh iruphu surshuw| hqvxuhv wkdw wkh djjuhjdwh surgxfwlrq ixqfwlrq lv frqvlvwhqw

zlwk wkh zhoo0nqrzq uhsolfdwlrq dujxphqw zkhuhdv wkh odwwhu uhsuhvhqw d vx!flhqw

frqglwlrq iru hqgrjhqrxv jurzwk1 Olnh lq wkh wr| prgho zh qrupdol}h ~ wr rqh1

Wkh uhsuhvhqwdwlyh �up pd{lpl}hv sur�wv1 Wkh sulfh ri �qdo jrrgv dfw dv qx0

phudluh1 Wkhuhiruh/ wkh �up hpsor| lqwhuphgldwh jrrgv dqg kxpdq fdslwdo wr wkh

srlqw zkhuh pdujlqdo surgxfwlylw| htxdov wkh sulfh/ ghqrwhg e| R�| dqg oM| / uhvshf0

wlyho|1 Wkxv/
Yt|
Y%�|

' �
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%�3��| ' R�|c +48,
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715 Wkh Lqwhuphgldwh Jrrgv Vhfwru

Wkh lqwhuphgldwh jrrgv vhfwru rshudwhv xqghu prqrsro|1 Zh dvvxph wkdw rqfh

prqrsro| vwdwxv lv dftxluhg/ e| sxufkdvlqj d eoxhsulqw iurp wkh U)G vhfwru/ lw

odvwv lqgh�qlwho|1 Dgglwlrqdoo|/ lw lv dvvxphg wkdw wkh surgxfwlrq ri rqh xqlw ri lq0

whuphgldu| lqsxw frvwv rqh xqlw ri �qdo rxwsxw1 Wkxv/ wkh �wk prqrsrolvwv sureohp

ri pd{lpl}lqj sur�wv/ Z�|c fdq eh vwdwhg dv

4@ 
%�|

Z�| ' ER�| � �� %�|c +4:,
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vxemhfw wr wkh ghpdqg vfkhgxoh/ htxdwlrq E�D� � Rq wklv edvlv lw fdq uhdglo| eh

vkrzq wkdw wkh sur�w pd{lpl}lqj sulfh dqg rxwsxw ohyho duh jlyhq e|

R�| ' R| � �*�c %�| ' %| � �
2

�3�

�
M|

�|

� k
�3�

� +4;,

Qrwlfh wkdw wkh surgxfwlrq ri hdfk lqwhuphgldu| lqsxw lv dq lqfuhdvlqj ixqfwlrq ri

wkh vxsso| ri kxpdq fdslwdo1 Wklv iroorzv iurp wkh frpsohphqwdulw| ehwzhhq %|

dqg M| lq wkh surgxfwlrq ri �qdo jrrgv1 Dv rxwsxw dqg sulfhv duh lghqwlfdo iru doo

�c lw iroorzv wkdw sur�wv duh wkh vdph iru doo � G

Z�| ' Z| � E�*� � �� �
2

�3�

�
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� k
�3�

� +4<,

Qrwlfh wkdw lqvridu dv M|*�| lv frqvwdqw/ dv lw zloo eh lq htxloleulxp/ %|/ R|/ dqg Z|

zloo eh frqvwdqw1

Wkh ghflvlrq wr hqjdjh lq lqqrydwlyh dfwlylwlhv lv ghwhuplqhg e| frpsdulqj

pdujlqdo frvwv wr pdujlqdo ehqh�wv1 Dvvxplqj wkdw vshqglqj rqh xqlw ri rxwsxw +gh0

whuplqlvwlfdoo|, ohdgv wr wkh glvfryhu| ri d qhz ydulhw|/ rqh fdq vwdwh wkh duelwudjh

frqglwlrq dv

� ' T| '
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o�r _r_|c +53,

zkhuh T| lv pdujlqdo ehqh�w iurp hqjdjlqj lq surgxfwlrq ri lqwhuphgldu| lqsxwv

dqg o�| lv wkh udwh ri uhwxuq rq uhvhdufk dqg ghyhorsphqw1 Gl�huhqwldwlqj E2f� rqh

fdq ghulyh wkh frqglwlrq rq  rz irup=

� '
Z|
o�|

� +54,

716 Wkh Krxvhkrogv

Wkh wrwdo qxpehu ri krxvhkrogv lv frqvwdqw wkurxjk wlph/ dqg qrupdol}hg wr xqlw|1

Krzhyhu/ wkh vl}h ri wkh krxvhkrog lqfuhdvhv wkurxjk wlph dw wkh udwh ri srsxodwlrq

jurzwk/ ?� Wkh uhsuhvhqwdwlyh krxvhkrog pd{lpl}hv

Lf '

]
"

|'f

S�30| � �

�� 0
e3w|_|c +55,

zkhuh S| lv wkh frqvxpswlrq ohyho ri hdfk lqglylgxdo lq wkh krxvhkrog dqg zkhuh w

dqg 0 duh wkh udwh ri wlph suhihuhqfh dqg wkh frh!flhqw ri uhodwlyh ulvn dyhuvlrq/
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uhvshfwlyho|144 Wkh rswlpl}dwlrq sureohp ri wkh uhsuhvhqwdwlyh krxvhkrog frqvlvwv ri

glylglqj lqfrph/ '|/ ehwzhhq frqvxpswlrq/ S|u|/ dqg lqyhvwphqwv/ dqg ixuwkhupruh/

lq doorfdwlqj lqyhvwphqwv ehwzhhq kxpdq fdslwdo/ UM| / dqg sdwhqwv/ U�| 1 Wkxv/

'| ' UM| n U�| n S|u|c +56,

zkhuh UM| � �M| dqg U�| � ��|1

Wrwdo krxvhkrog lqfrph ghulyhv iurp wkh uhwxuq iurp kxpdq fdslwdo oM| M| dqg

iurp lqyhvwlqj lq wkh surgxfwlrq ri lghdv/ wkh surfhhgv ri zklfk lv uhwxuqhg wr

wkh krxvhkrogv lq wkh vkdsh ri glylghqgv/ o�| �|� Lq rughu wr sdudphwhul}h srolf|/

zh doorz iru vxevlglhv wr kxpdq fdslwdo dqg U)G lqyhvwphqwv dw wkh sursruwlrqdo

udwhv �M dqg �� +zklfk pd| eh qhjdwlyh fruuhvsrqglqj wr d wd{,1 Wkh vxevlglhv duh

�qdqfhg wurxjk d oxps vxp wd{/ A|/ dqg zh dvvxph wkdw wkh jryhuqphqw edodqfhv

wkh exgjhw dw doo wlphv1 Khqfh/

'| '
�
� n �M

�
oM| M| n

�
� n ��

�
o�| �| � A|� +57,

Wkh uhsuhvhqwdwlyh krxvhkrog fkrrvhv
�
S|c U

�
| c U

M
|

�
"

|'f
lq rughu wr pd{lpl}h +55,

vxemhfw wr +56,/ +57,/ dqg wkh qrq0qhjdwlylw| frqvwudlqwv S| � f/ U�| � f/ dqg

UM| � f1 Wkh vroxwlrq wr wklv sureohp lv surylghg lq Dsshqgl{ D1

717 Wkh Edodqfhg Jurzwk Htxloleulxp

Wkh deryh qrq0qhjdwlylw| frqvwudlqwv rq wkh krxvhkrog pd| jlyh ulvh wr wudqvlwlrqdo

g|qdplfv/ wkdw lv wkh krxvhkrog pd| fkrrvh whpsrudu| wr lqyhvw lq rqo| rqh ri wkh

wzr dvvhwv1 Krzhyhu/ wkh hfrqrp| frqyhujhv wr d xqltxh edodqfhg jurzwk sdwk lq

�qlwh wlph +vhh Dsshqgl{ E,1 Rq wklv sdwk wkh krxvhkrog lqyhvwv lq erwk kxpdq

fdslwdo dqg sdwhqwv dqg wkh uhwxuqv rq wkhvh wzr lqyhvwphqwv duh htxdol}hg/ wkdw lv

�
� n �M

�
oM| '

�
� n ��

�
o�| � oc +58,

zklfk fruuhvsrqgv wr d vwdqgdug qr0duelwudjh frqglwlrq1 Dgglwlrqdoo|/ wkh sdwk lv

fkdudfwhul}hg e| wkh Nh|qhv0Udpvh| uxoh

�S|
S|

' }S '
�

0
Eo � w � ?� � +59,

44
Dv xvxdo zh dvvxph wkdw glvfrxqwhg xwlolw| lv erxqghg/ lpso|lqj wkdw � A +4� %, j|> zkhuh

j| lv wkh orqj0uxq jurzwk udwh lq shu fdslwd lqfrph/ ghulyhg ehorz1
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Wkh uhvhdufk duelwudjh htxdwlrq E2��/ wkh htxloleulxp frqglwlrq iru wkh dvvhw pdunhw

E2D�/ dorqj zlwk wkh h{suhvvlrq iru wkh uhqwdo udwh ri kxpdq fdslwdo E�S�/ dqg wkh

h{suhvvlrq iru sur�wv E�b�/ slq grzq wkh M|*�| udwlr dorqj wkh edodqfhg jurzwk

sdwk=
�|

M|

' x �
� E�� ��

k

� n ��

� n �M
� +5:,

Wkh lpphgldwh lpsolfdwlrq ri wklv htxdwlrq lv wkdw }� ' }M dorqj wkh edodqfhg

jurzwk sdwk1 Iurp wkh dffrxqwlqj htxdwlrqv E2�� dqg E2e�/ lw fdq uhdglo| eh frq0

�uphg wkdw djjuhjdwh rxwsxw dqg frqvxpswlrq jurz dw wkh vdph udwh1 Khqfh/ wkh

Nh|qhv0Udpvh| uxoh slqv grzq jurzwk lq wrwdo +dqg shu fdslwd, lqfrph1 Qrwlfh/

wkdw wkh udwlr ri U)G h{shqglwxuhv wr JGS zloo eh frqvwdqw wkurxjk wlph/ dv

}� ' }t > dq lpsolfdwlrq zklfk frqirupv zlwk wkh dydlodeoh hpslulfdo hylghqfh +vhh

h1j1 Krzlww/ 4<<<,1

Wr vroyh iru wkh jurzwk udwh lq shu fdslwd lqfrph/ zh ghulyh wkh htxloleulxp

lqwhuhvw udwh/ o/ iurp htxdwlrqv +49, dqg +4;,/ dqg lqvhuw wkh h{suhvvlrq lqwr htxdwlrq

+59,1 Wklv |lhogv

}+ '
�

0

��
� n �M

�
kx

�3k3�

�3� �
2�

�3� � w � ?
�
c +5;,

zklfk zh dvvxph lv srvlwlyh1 Wkh hqwluh edodqfhg jurzwk sdwk ri shu fdslwd lqfrph

fdq qrz eh ghulyhg iurp htxdwlrq E�e� dqg wkh htxloleulxp h{suhvvlrqv iru %| dqg

M|*�|/ zklfk jlyhv

+| ' +fe
}+| '

�
�f

Mf

��3k

%�
f
�fe

}+| ' �
2�

�3�x
�3k3�

�3� �fe
}+|� +5<,

Wkh surshuwlhv ri wkh edodqfhg jurzwk sdwk ri wkh prgho duh vxppdul}hg lq wkh

iroorzlqj sursrvlwlrq

Sursrvlwlrq 7 +l, Wkh orqj0uxq ohyho dqg jurzwk udwh ri shu fdslwd lqfrph duh

lqyduldqw wr wkh vl}h ri wkh srsxodwlrq1 +ll, Srsxodwlrq jurzwk lv qhlwkhu qhfhvvdu|

qru frqgxfwlyh iru orqj0uxq jurzwk1 +lll, Srolf| d�hfwv wkh orqj0uxq jurzwk udwh ri

lqfrph shu fdslwd +wkurxjk �� dqg �M,1

Wkh sursrvlwlrq vkrzv wkdw lw lv srvvleoh wr frqvwuxfw d plfurirxqghg wkhru| ri

vfdoh0lqyduldqw hqgrjhqrxv jurzwk1
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Revhuyh iurp htxdwlrq +5;, wkdw lqfuhdvhv lq srsxodwlrq jurzwk/ ?/ ghfuhdvhv shu

fdslwd lqfrph jurzwk olnh lq wkh wr| prgho ri Vhfwlrq 61 Krzhyhu/ wklv uhvxow lv qrw

urexvw dv lw ghshqgv fuxfldoo| rq wkh vshfl�fdwlrq ri suhihuhqfhv1 Vxssrvh wkdw wkh

krxvhkrog/ lqvwhdg ri xvlqj wkh fxuuhqw zhoiduh fulwhuld/ kdg xvhg wkh Ehqwkdplwh

zhoiduh fulwhuld145 Xqghu vxfk flufxpvwdqfhv w zrxog eh uhsodfhg e| 4 � ?c zkhuh

4 uh hfwv wkh �sxuh� udwh ri wlph suhihuhqfh1 Lw lv hdv| wr vhh iurp htxdwlrq E2H�

wkdw jurzwk ri shu fdslwd lqfrph lq wklv fdvh zrxog eh lqghshqghqw ri ?� Wkh

lqwxlwlrq lv vlpso| wkdw/ xqghu wrwdo xwlolw| pd{lpl}dwlrq +wkh Ehqwkdp fulwhuld,/

wkh krxvhkrog ehfrphv pruh sdwlhqw/ ehfdxvh wkh vl}h ri wkh idplo| lq wkh ixwxuh lv

wdnhq lqwr dffrxqw1 Wklv whqgv wr lqfuhdvh wkh surshqvlw| wr vdyh/ dqg dv d uhvxow/

h{dfwo| fdqfhov wkh ghwulphqwdo h�hfw ri srsxodwlrq jurzwk rq wkh udwh ri lqfrph

h{sdqvlrq zklfk lv suhvhqw lq htxdwlrq E2H� � Wklv lv/ krzhyhu/ wkh rqo| gl�huhqfh

lq uhvxowv ehwzhhq wkh jhqhudo prgho dqg wkh wr| prgho glvfxvvhg deryh1

Wkh ghfhqwudol}hg prgho dovr ihdwxuhv wkh uhvxow wkdw wkhuh h{lvwv d qrq0olqhdu

uhodwlrqvkls ehwzhhq jurzwk dqg wkh vkduh ri rxwsxw xvhg iru U)G/ fi1 Fruroodu|

41 Wr vhh wklv frqvlghu wkh vshfldo fdvh ri wkh prgho zkhuh oxps vxp wd{hv/ A|/ duh

}hur lpso|lqj wkdw wkh vxevlglhv2wd{hv/ �M dqg ��/ ixo�oo

oM
|
M|

t|
�M n

o�
|
�|

t|
�� ' k�M n E�� �� ��� ' fc +63,

zkhuh wkh �uvw htxdolw| iroorzv iurp htxdwlrqv +47,/ +49,/ +4<,/ +54,/ dqg +5:,1

Pd{lpl}lqj jurzwk/ htxdwlrq +5;,/ zlwk uhvshfw wr �M dqg �� vxemhfw wr +63, |lhogv

	�M '
k

�� �
� E�� �� 5 E��c �� c

	�� '
k

�

�
��

k

E�� ��2

�
5 E��c4� c

zkhuh zh kdyh xvhg wkh sdudphwhu uhvwulfwlrq kn� 	 �1 Qrz/ li wkh vkduh ri rxwsxw

xvhg iru U)G/ ��|*t|/ lv lqfuhdvhg e| udlvlqj �� +dqg orzhulqj �M fruuhvsrqglqjo|,

wkhq wklv rqo| lqfuhdvhv jurzwk li �� 	 	��1 Lqfuhdvlqj �� eh|rqg 	�� lv ghwulphq0

wdo wr jurzwk/ dqg wkh lqwxlwlrq lv h{dfwo| dv lq wkh wr| prgho= li wkh txdolw| ri

uhvhdufkhuv grhv qrw lqfuhdvh vx!flhqwo| ryhu wlph lqfrph jurzwk zloo vx�hu1

45Wkdw lv/ li zh kdg xvhg Ow

�
f4�%

w
� 4

�
@ +4� %, dv lqvwdqwdqhrxv xwlolw| ixqfwlrq lq htxdwlrq

+55, =
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Wkh uhvxow ri �lqfuhdvlqj uhodwlyh ljqrudqfh�/ fi1 Fruroodu| 5/ fdq dovr eh frq0

�uphg zlwklq wkh suhvhqw prgho/ vlqfh wkh iroorzlqj krogv=

}� ' }M ' }� n ?�

Wkxv/ }� : }�� Wklv uhvxow lv d surgxfw ri wkh edodqfhg jurzwk surshuw|/ wkdw

nqrzohgjh lv lqfuhdvhg dv wkh h�hfwlyh dprxqw ri oderu lqsxw ulvhv1 Wkxv/ lq d

uhodwlyh vhqvh/ hdfk shuvrq lq wkh hfrqrp| ehfrphv lqfuhdvlqjo| ljqrudqw dv wlph

sdvvhv e|1

8 Frqfoxglqj Uhpdunv

Lq wklv sdshu/ zh r�hu d qryho h{sodqdwlrq iru wkh devhqfh ri wkh vfdoh h�hfw rq

jurzwk zklfk/ olnh uhfhqw frqwulexwlrqv/ suhvhuyhv d uroh iru srolf| lq vkdslqj hfr0

qrplf jurzwk dqg doorzv iru shushwxdo jurzwk zkhq wkh srsxodwlrq vl}h lv �{hg1 Lq

frqwudvw/ krzhyhu/ rxu h{sodqdwlrq grhv qrw lpso| wkdw wkh srsxodwlrq vl}h pdwwhuv

iru wkh orqj0uxq ohyho ri lqfrph shu fdslwd dqg wkdw srsxodwlrq jurzwk lv frqgxfwlyh

iru jurzwk lq shu fdslwd lqfrph1 Khqfh/ wkh suhvhqw sdshu ghprqvwudwhv wkdw wkh

holplqdwlrq ri doo vfdoh h�hfwv iurp srsxodwlrq vl}h lq qr zd| pdnhv hqgrjhqrxv

jurzwk lpsrvvleoh1

Wkhvh uhvxowv dulvh qdwxudoo| zkhq doorzlqj iru hqgrjhqrxv dffxpxodwlrq ri erwk

lghdv dqg kxpdq fdslwdo1 Kxpdq fdslwdo surgxfwlrq lv/ frqwudu| wr wkh surgxfwlrq

ri lghdv/ dvvrfldwhg zlwk dq lpsruwdqw frqjhvwlrq h�hfw= dq lqfuhdvh lq wkh qxpehu

ri vwxghqwv zloo/ fhwhulv sdulexv/ whqg wr furzg rxw wkh txdolw| ri wkh dyhudjh vwxghqw1

Wklv vlpsoh frqjhvwlrq h�hfw lv fuxfldo iru holplqdwlqj wkh vfdoh h�hfwv1

Vhyhudo hpslulfdo txhvwlrqv uhpdlq1 Iluvw/ grhv srsxodwlrq vl}h pdwwhu iru orqj0

uxq lqfrphB Lw vhhpv wr eh dq lpsruwdqw wrslf iru ixwxuh hpslulfdo zrun wr dvvhv

zkhwkhu d vfdoh h�hfw rq lqfrph ohyhov lv vxssruwhg e| wkh hylghqfh1 Vhfrqg/ lv

srsxodwlrq jurzwk frqgxfwlyh iru orqj0uxq jurzwk lq lqfrph shu fdslwdB Dffrug0

lqj wr uhfhqw wkhruhwlfdo frqwulexwlrqv wkh whqwdwlyh dqvzhu lv d!updwlyh � rq wkh

frqwudu|/ rxu wkhru| vxjjhvwv wkdw wkh dqvzhu lv lq wkh qhjdwlyh1

D Wkh Krxvhkrogv* Sureohp

Wkh krxvhkrogv* sureohp lv wr

4:



4@ 
iS|cU�| cUM| j

"

|'f

Lf '

]
"

|'f

S�30| � �

�� 0
e3w|_|c

vxemhfw wr wkh iroorzlqj vhw ri frqvwudlqwv=

�M| ' UM| � fc Mf � �fuf jlyhq/

��| ' U�| � fc �f jlyhq/

S| � f/

UM| n U�| '
�
� n �M

�
oM| M| n

�
� n ��

�
o�| �| � A| � S|u|/

�| : f iru doo |/

M| : f iru doo |1

Wkh glvfrxqwhg ydoxh Kdplowrqldq/ a|/ diwhu lqvhuwlrq ri S|/ lv jlyhq e|

a| '

�
E�n�M�oM| M|nE�n���o�| �|3A|3UM| 3U�|

u|

�
�30

� �

�� 0
e3w| n bM|U

M
| n b�|U

�
| �

Gxh wr wkh lqhtxdolwlhv U�| � f dqg UM| � f/ wkh �uvw rughu frqglwlrqv zlwk uhvshfw

wr U�| dqg UM| duh
Ya|
YU�|

� U�| ' fc +64,

Ya|
YUM|

� UM| ' fc +65,

dqg
Ya|
YU�|

' b�| � S30| � u3�| � e3w| � fc +66,

Ya|
YUM|

' bM| � u3�| S30| e3w| � f� +67,

Wkh �uvw rughu frqglwlrqv zlwk uhvshfw wr wkh vwdwh yduldeohv duh

Ya|
Y�|

' u3�| S30| e3w|
�
� n ��

�
o�| ' � �b�|c +68,

Ya|
YM|

' u3�| S30| e3w|
�
� n �M

�
oM| ' � �bM|� +69,

Ilqdoo|/ wkh vroxwlrq kdv wr ixo�oo wkh wzr wudqvyhuvdolw| frqglwlrqv=

*�4
|<"

b�|�| � fc

*�4
|<"

bM|M| � f�

4;



D14 Krxvhkrog ehkdylru zkhq
�
� n �K

�
oKw '

�
� n �D

�
oDw

Li wkh uhwxuq rq wkh wzr dvvhwv duh lghqwlfdo/ lw iroorzv iurp htxdwlrqv +49,/ +4;,/

+4<,/ dqg +54, wkdw

�
� n �M

�
oM| '

�
� n ��

�
o�| ' o �

�
� n �M

�
kx

�3k3�
�3� �

2�
�3� c

zkhuh x lv d frqvwdqw jlyhq e| htxdwlrq +5:,1 Zh qrz uxoh rxw wkdw +d, U�| : f a

UM| ' f/ +e, U�| ' f a UM| : f/ dqg +f, U�| ' UM| ' f/ wkxv lpso|lqj wkdw wkh vroxwlrq

lv fkdudfwhul}hg e| U�| : f a UM| : f1

Iluvw/ qrwh wkdw wkh wudqvyhuvdolw| frqglwlrqv dqg �f : f dqgMf : f dqg U�| � f

dqg UM| � f lpso|

*�4
A<"

b�A ' fc +6:,

*�4
A<"

bMA ' f� +6;,

Qh{w/ lqwhjudwh htxdwlrqv E�D� dqg E�S� iurp wlph f wr wlph A wr |lhog

] A

|'f

�b�|_| ' b�A � b�f ' �

] A

|'f

u3�| S30|
�
� n ��

�
o�| e

3w|_|c +6<,

] A

|'f

�bM|_| ' bMA � bMf ' �

] A

|'f

u3�| S30|
�
� n �M

�
oM| e

3w|_|� +73,

Zh qh{w vxewudfw htxdwlrq Eef� iurp E�b� dqg ohw A $ 41 Diwhu xvlqj htxdwlrqv

E�.� dqg E�H�/ zh rewdlq

b�f � bMf '

]
"

|'f

u3�| S30|
��
� n ��

�
o�| �

�
� n �M

�
oM|

�
e3w|_|� +74,

Zkhq
�
� n ��

�
o�| dqg

�
� n �M

�
oM| duh lghqwlfdo/ vr duh b�f dqg bMf1 Wklv lpsolhv

iurp htxdwlrqv +66, dqg +67, wkdw Ya|
YU�|

' Ya|
YUM|

/ zklfk uxohv rxw fdvh +d, dqg +e,1

Wkh dvvxpswlrq ri srvlwlyh jurzwk/ wkdw lv o : w n ?/ lpsolhv wkdw wkh krxvhkrog

kdv dq lqfhqwlyh wr lqyhvw wkhuhe| uxolqj rxw fdvh +f, gluhfwo|1 Khqfh/ U�| : f dqg

UM| : f1 Lw lv qrz vwudljkwiruzdug wr ghulyh wkh Nh|qhv0Udpvh|0uxoh/ htxdwlrq +59,/

iurp wkh htxdwlrqv E��� wr E�S�1

D15 Krxvhkrog ehkdylru zkhq
�
� n �K

�
oK
w
9'

�
� n �D

�
oD
w

Frqvlghu wkh fdvh zkhuh
�
� n ��

�
o�
f
:

�
� n �M

�
oM
f
dw wlph }hur1 Zh zlvk wr uxoh

rxw +d, UM
f

: f a U�
f
' f/ +e, UM

f
: f a U�

f
: f/ dqg +f, UM

f
' f a U�

f
' f/ wkxv

ghprqvwudwlqj wkdw U�
f
: f dqg UM

f
' f krogv1

4<



Frqvlghu/ �uvw fdvh +d,1 Zkhq UM| : f htxdwlrq E�e� krogv zlwk htxdolw| dffrug0

lqj wr htxdwlrq +65,/ wkdw lv

u3�| S30| e3w| ' bM| : f�

Xvlqj wklv htxdwlrq dqg htxdwlrq E���/ lw iroorzv wkdw

b�| � u3�| S30| e3w| ' b�| � bM| � f� +75,

Li UM| : f dqg U�| ' f wkhq wkh surgxfwlrq whfkqrorj| lpsolhv wkdw
�
� n �M

�
oM| zloo

eh ghfuhdvlqj wkurxjk wlph zkhuhdv
�
� n ��

�
o�| zloo eh lqfuhdvlqj wkurxjk wlph1

Khqfh/ li
�
� n ��

�
o�
f
:

�
� n �M

�
oM
f
lpsolhv UM

f
: f a U�

f
' f wkhq

�
� n ��

�
o�| :�

� n �M
�
oM| iru doo | : f1 Lq wkhq iroorzv iurp htxdwlrq Ee�� wkdw b�| � bM| : f/

zklfk frqwudglfwv htxdwlrq Ee2�1

Frqvlghu fdvh +e,1 Htxdwlrq +64, dqg +65, lpsolhv wkdw Ya|
YU�|

' Ya|
YUM|

' f1 Khqfh/

htxdwlrqv E��� dqg E�e� lpso| wkdw

b�| ' bM| iru doo |c

iurp zklfk lw iroorzv wkdw �b�| ' �bM| iru doo |1 Lw wkhq iroorzv iurp htxdwlrqv

+68, dqg +69, wkdw
�
� n ��

�
o�| '

�
� n �M

�
oM| ;| frqwudglfwlqj wkdw

�
� n ��

�
o�
f
:�

� n �M
�
oM
f
1

Ilqdoo|/ frqvlghu fdvh +f,1 Li U�| ' UM| ' f wkhq wrwdo lqfrph lv frqvwdqw dqg

htxdo wr wrwdo frqvxpswlrq/ wkdw lv t| ' 7t ' S|u|/ lpso|lqj wkdw

�S|
S|

' �?�

Dovr/ li U�| ' UM| ' f/ wkhq �|*M| lv frqvwdqw lpso|lqj wkdw wkh uhwxuqv wr wkh wzr

dvvhwv duh frqvwdqw/ wkdw lv o�| ' 7o� dqg oM| ' 7oM 1 Xvlqj wklv/ htxdwlrq E�b�/ dqg

wkh wudqvyhuvdolw| frqglwlrq/ zh kdyh

b�f '

]
"

|'f

u3�| S30|
�
� n ��

�
7o�e3w|_| ' u3�

f
S30
f

�
� n ��

�
7o�

]
"

|'f

e3Ew3?E03���|_|�

+76,

Iru wkh sdudphwhu frqvwhoodwlrq w � ? E0� �� 	 f wklv htxdwlrq lpsolhv wkdw b�f '

41 Wklv ohdgv wr d frqwudglfwlrq vlqfh htxdwlrq E��� lpsolhv wkdw

b�f � S30
f

� u3�
f

+77,
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lq fdvh +f,1 Frqvlghu lqvwhdg wkh sdudphwhu frqvwhoodwlrq w � ? E0� �� : f� Wkhq

htxdwlrq Ee�� |lhogv

b�f '
u3�
f
S30
f

�
� n ��

�
7o�

w � ? E0� ��
� +78,

Wr vhh wkdw wklv frqwudglfwv Eee�/ lqvhuw EeD� lqwr Eee�1 Wklv jlyhv

u3�
f
S30
f

�
� n ��

�
7o�

w � ? E0� ��
� S30

f
� u3�

f
c

ru/ htxlydohqwo|/ �
� n ��

�
7o� � w � ? � �0?� +79,

Qrwh wkdw
�
� n ��

�
7o� :

�
� n �M

�
7oM lpsolhv wkdw

�
� n ��

�
7o� : o :

�
� n �M

�
7oM

zkhuh o fruuhvsrqgv wr wkh ydoxh ri �|*M| zkhuh
�
� n ��

�
o�| '

�
� n �M

�
oM| � o1

Khqfh/ �
� n ��

�
7o� � w � ? : o � w � ? : fc

zkhuh wkh odvw lqhtxdolw| iroorzv iurp wkh dvvxpswlrq ri srvlwlyh vwhdg| vwdwh

jurzwk1 Wkh deryh lqhtxdolw| frqwudglfwv wkh lqhtxdolw| EeS�/ wkhuhe| uxolqj rxw

fdvh +f,1

Wkxv/ li
�
� n ��

�
o�
f
:

�
� n �M

�
oM
f
wkhq U�

f
: f dqg UM

f
' f1 D vlplodu dujxphqw

dv deryh fdq eh xvhg wr vkrz wkdw
�
� n ��

�
o�
f
	

�
� n �M

�
oM
f
lpsolhv U�

f
' f dqg

UM
f

: f1

E Wkh Wudqvlwlrq wr wkh Edodqfhg Jurzwk Sdwk

Li �|*M| ' x/ zkhuh x lv jlyhq e| htxdwlrq +5:,/ lw iroorzv iurp htxdwlrqv +49,/ +4;,/

+4<,/ dqg +54, wkdw
�
� n ��

�
o�| '

�
� n �M

�
oM| ' o1 Lq wklv fdvh wkh hfrqrp| iroorzv

wkh edodqfhg jurzwk sdwk zklfk h{klelwv wkh surshuwlhv vxppdul}hg lq Sursrvlwlrq

71 Zh qrz vkrz wkdw wkh hfrqrp| frqyhujhv wr wklv sdwk li �|*M| 9' x1 Frqvlghu

�uvw wkh fdvh zkhuh �|*M| 	 x1 Lw wkhq iroorzv iurp htxdwlrqv +49,/ +4;,/ +4<,/ dqg

+54, wkdw
�
� n ��

�
o�| : o :

�
� n �M

�
oM| 1 Lq Dsshqgl{ D zh kdyh hvwdeolvkhg wkdw

wklv lpsolhv wkdw U�| : f dqg UM| ' f hqvxulqj wkdw �|*M| lv ulvlqj1 Wklv surfhvv zloo

frqwlqxh xqwlo �|*M| ' x fruuhvsrqglqj wr wkh edodqfhg jurzwk sdwk1 D vlplodu

dujxphqw dssolhv wr wkh fdvh zkhq �|*M| : x1

Wkh hfrqrp| uhdfkhv wkh edodqfhg jurzwk sdwk lq �qlwh wlph1 Wr vhh wklv/

uhphpehu wkdw wkh krxvhkrogv rqo| lqyhvw lq �|/ dv orqj dv �|*M| 	 x/ dqg wkdw
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wkh dprxqw ri lqyhvwphqw qhhghg wr uhdfk wkh vwhdg| vwdwh udwlr x htxdov xMf��f

zklfk lv �qlwh1 Wkxv/ wkh hfrqrp| zloo hyhqwxdoo| uhdfk wkh edodqfhg jurzwk sdwk

dqg frqwlqxh dorqj wklv sdwk diwhuzdugv1

Uhihuhqfhv

^4` Djklrq/ S1 dqg S1 Krzlww/ 4<<5/ *D Prgho ri Jurzwk Wkurxjk Fuhdwlyh Gh0

vwuxfwlrq*1 Hfrqrphwulfd 93/ ss1 6560841

^5` Djklrq/ S1 dqg S1 Krzlww/ 4<<;1 Hqgrjhqrxv Jurzwk Wkhru|1 PLW Suhvv1

^6` Eduur/ U1/ 4<<4/ *Hfrqrplf Jurzwk lq d Furvv Vhfwlrq ri Frxqwulhv*/ Txduwhuo|

Mrxuqdo ri Hfrqrplfv 439/ ss1 73:0761

^7` Glqrsrxorv/ H1 dqg S1 Wkrpvhq/ 4<<;/ *Vfkxpshwhuldq Jurzwk zlwkrxw Vfdoh

H�hfwv*/ Mrxuqdo ri Hfrqrplf Jurzwk 6/ ss1 6460681

^8` Glqrsrxorv/ H1 dqg S1 Wkrpvhq/ 4<<</ *Vfdoh H�hfwv lq Vfkxpshwhuldq Prghov

ri Hfrqrplf Jurzwk*/ Mrxuqdo ri Hyroxwlrqdu| Hfrqrplfv/ 5/ ss1 48:04;81

^9` Hlfkhu/ W1 V1 dqg V1 M1 Wxuqryvn|/ 4<<</ *Qrq0vfdoh Prghov ri Hfrqrplf

Jurzwk*/ Hfrqrplf Mrxuqdo 43</ ss1 6<707481

^:` Jurwk/ F1/ 4<<5/ *Hqgrjhq whnqrorjlvn xgylnolqj*/ Qdwlrqdoûnrqrplvn

Wlgvvnuliw 463/ ss1 68308<1

^;` Jurwk/ F1/ 4<<:1 *U)G/ Kxpdq Fdslwdo/ dqg Hfrqrplf Jurzwk*1 Zrunlqj Sd0

shu/ Xqlyhuvlw| ri Frshqkdjhq1

^<` Kdoo/ U1H1 dqg F1 L1 Mrqhv/ 4<<<1 *Zk| gr vrph frxqwulhv surgxfh vr pxfk

pruh rxwsxw shu zrunhu wkdq rwkhuvB*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 447/

ss1 ;604491

^43` Krzlww/ S1/ 4<<</ *Vwhdg| Hqgrjhqrxv Jurzwk zlwk Srsxodwlrq dqg U)G Lq0

sxwv Jurzlqj*/ Mrxuqdo ri Srolwlfdo Hfrqrp| 43:+7,/ ss1 :480:631

^44` Mrqhv/ F1 L1/ 4<<8d/ *Wlph Vhulhv Whvwv ri Hqgrjhqrxv Jurzwk Prghov*/ Txdu0

whuo| Mrxuqdo ri Hfrqrplfv 443/ ss1 7<808581
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^45` Mrqhv/ F1 L1/ 4<<8e/ *U)G0edvhg Prghov ri Hfrqrplf Jurzwk*/ Mrxuqdo ri

Srolwlfdo Hfrqrp| 436/ ss1 :8<0;61

^46` Mrqhv/ F1 L1/ 4<<:/ *Srsxodwlrq dqg Lghdv= D Wkhru| ri Hqgrjhqrxv Jurzwk*/

QEHU zrunlqj sdshu qr1 95;81

^47` Mrqhv/ F1 L1/ 4<<</ *Jurzwk= Zlwk ru Zlwkrxw Vfdoh H�hfwvB*/ Dphulfdq Hfr0

qrplf Uhylhz Sdshuv dqg Surfhhglqjv ;</ ss1 46<04771

^48` Mrqhv/ F1 dqg M1 F1 Zlooldpvrq/ 4<<</ *Wrr Pxfk ri d Jrrg WklqjB Wkh Hfr0

qrplfv ri Lqyhvwphqw lq U)G*/ iruwkfrplqj lq Mrxuqdo ri Hfrqrplf Jurzwk1

^49` Nruwxp/ V1/ 4<<:/ *Uhvhdufk/ Sdwhqwlqj dqg Whfkqrorjlfdo Fkdqjh*/ Hfrqrphw0

ulfd 98/ ss1 46;<0474<1

^4:` Nuhphu/ P1/ 4<<6/ *Srsxodwlrq Jurzwk dqg Whfkqrorjlfdo Fkdqjh= Rqh Ploolrq

E1F1 wr 4<<3*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 43;/ ss1 9;40:491

^4;` Pdqnlz/ J1/ G1 Urphu dqg G1 Zhlo1/ 4<<5/ *D Frqwulexwlrq wr wkh Hpslulfv ri

Hfrqrplf Jurzwk*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 43:/ 73:0681

^4<` Shuhwwr/ S1 I1/ 4<<;/ *Whfkqrorjlfdo Fkdqjh dqg Srsxodwlrq Jurzwk*/ Mrxuqdo

ri Hfrqrplf Jurzwk 6/ ss1 5;606441

^53` Ulyhud0Edwl}/ O1 dqg S1 Urphu/ 4<<4/ *Hfrqrplf Lqwhjudwlrq dqg Hqgrjhqrxv

Jurzwk*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv 439/ ss1 8640881

^54` Urphu/ S1/ 4<<31 *Hqgrjhqrxv Whfkqlfdo Fkdqjh*/ Mrxuqdo ri Srolwlfdo Hfrqrp|

<;/ :404351

^55` Vhjhuvwuùp/ S1 V1/ 4<<</ *Hqgrjhqrxv JurzwkZlwkrxw Vfdoh H�hfwv*/ Dphulfdq

Hfrqrplf Uhylhz ;;/ ss1 45<3046431

^56` \rxqj/ D1/ 4<<;/ *Jurzwk zlwkrxw Vfdoh H�hfwv*/ Mrxuqdo ri Srolwlfdo Hfrqrp|

439/ ss1 740961
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