
Jdsv dqg Wuldqjohv�

Ehuqduglqr Dgær
Edqfr gh Sruwxjdo dqg LVW

Lvdeho Fruuhld
Edqfr gh Sruwxjdo dqg Xqlyhuvlgdgh Fdwrolfd Sruwxjxhvd

Shgur Whohv
Edqfr gh Sruwxjdo dqg Xqlyhuvlgdgh Fdwrolfd Sruwxjxhvd

Mdqxdu|/ 4<<<

Devwudfw

Zh frpsxwh wkh rswlpdo prqhwdu| srolf| lq dq hfrqrp| zlwk sulfh

vwlfnlqhvv1

41 Lqwurgxfwlrq

� 111vlqfh  xfwxdwlrqv derxw wkh v|vwhp*v htxloleulxp uhsuhvhqwhg glv0
htxloleulxp ehkdylru/ vwdqgdug zhoiduh sursrvlwlrqv frxog eh dssolhg
rqo| wr wkh dyhudjh ehkdylru ri wkh v|vwhp/ dqg qrw wr  xfwxdwlrqv
derxw wkh dyhudjh1 Wklv ohiw rqh iuhh wr dsso| rwkhu fulwhuld lq hydo0
xdwlqj vwdelol}dwlrq srolflhv= �jdsv� lqvwhdg ri �wuldqjohv�/ dv Mdphv
Wrelq ^B` sxwv lw1 Wkh jhqhudo lghd zdv wr xvh srolf| wrrov wr nhhs wkh
dfwxdo sdwk ri wkh v|vwhp �forvh� lq rqh vhqvh ru dqrwkhu wr lwv htxl0
oleulxp sdwk1 Sursrqhqwv ri ydulrxv vwdelol}dwlrq srolflhv zhuh wkxv
iuhh ri wkh exughq xqghu zklfk wkh ruglqdu| zhoiduh hfrqrplvw oderuv
0 ri �mxvwli|lqj� lqwhuyhqwlrq e| vrph vshfl�f �pdunhw idloxuh� dqg
wdlorulqj wkh qdwxuh ri wkh lqwhuyhqwlrq wr wkh qdwxuh ri wkh idloxuh1�
Urehuw H1 Oxfdv/ Mu +4<;3,

�Suholplqdu| dqg lqfrpsohwh1 Zh wkdqn Mrugl Jdol iru yhu| khosixo glvfxvvlrqv1



Zh frqvlghu d zruog zkhuh �upv rshudwh lq d prqrsrolvwlf frpshwlwlrq iudph0
zrun dqg sulfhv duh vwlfn|1 Xqghu frpplwphqw wkh jryhuqphqw wdnhv dffrxqw
ri wkh idfw wkdw wkh sulfh ohyho fdq eh dgmxvwhg lq uhvsrqvh wr prqhwdu| srolf|1
Krzhyhu/ wklv uhvsrqvh lv d uhvsrqvh iru d vlqjoh sulfh dqg wkhuhiruh wkh vroxwlrq
zlwk vwlfn| sulfhv dqg frpplwphqw grhv qrw qhhg wr frlqflgh zlwk wkh vroxwlrq
zlwk  h{leoh sulfhv1 Wkh vroxwlrq zlwk vwlfn| sulfhv jlyhv dq dgglwlrqdo ghjuhh ri
iuhhgrp wkdw fdq eh xvhg e| d ehqhyrohqw jryhuqphqw1

Qrqhwkhohvv/ iru d eurdg fodvv ri suhihuhqfhv/ doo wkrvh wkdw duh wlph0vhsdudeoh
dqg vlpxowdqhrxvo| frqvlvwhqw zlwk edodqfhg jurzwk dqg Jrupdq djuhjdeoh/ wkh
 h{leoh sulfhv vroxwlrq lv wkh rswlpdo vroxwlrq1 Wkxv/ jdsv dqg glvwruwlrqv kdyh
wr eh wuhdwhg lq wkh vdph zd|1 Wkh dujxphqwv duh sxeolf �qdqfh dujxphqwv1 \rx
zdqw wr vhw wkh vdph pdunxs ryhu doo vwdwhv ri wkh zruog li lq wkh rswlpdo wd{dwlrq
sureohp lv rswlpdo wr vhw wkh vdph wd{ dfurvv jrrgv1 Li wkh lqwhuhvw udwhv duh htxdo
dfurvv vwdwhv/ wkhq wkh rswlpdo doorfdwlrq lv wkh  h{leoh sulfhv rqh1

51 Dq hfrqrp| zlwk  h{leoh sulfhv dqg sruwirolr fkrlfhv

Rxu prgho hfrqrp| iroorzv forvho| wkh vwuxfwxuhv lq Fkulvwldqr/ Hlfkhqedxp dqg
Hydqv +4<<:,/ Luhodqg +4<<9, dqg Fduovwurp dqg Ixhuvw +4<<;,1 Wkh hfrqrp|
frqvlvwv ri d uhsuhvhqwdwlyh krxvhkrog/ d frqwlqxxp ri �upv lqgh{hg e| � 5 dfc �o/
�qdqfldo lqwhuphgldulhv dqg d jryhuqphqw ru fhqwudo edqn1 Hdfk �up surgxfhv d
glvwlqfw/ shulvkdeoh frqvxpswlrq jrrg/ lqgh{hg e| ��

Wkh jryhuqphqw pdnhv d oxps0vxp prqhwdu| wudqvihu f| ' EC| � ���r

|3�

wr wkh uhsuhvhqwdwlyh �qdqfldo lqwhuphgldu| dw hdfk gdwh | ' fc �c 2c ��/ zkhuh �r

|

uhsuhvhqwv wkh prqh| vxsso| shu krxvhkrog dw gdwh |� Wkh prqh| vxsso| hyroyhv
dffruglqj wr �r

|
' C|�

r

|3�1 Li �|n� ghqrwhv wkh prqh| fduulhg e| wkh krxvhkrog
lqwr shulrg |n �c pdunhw fohdulqj uhtxluhv wkdw �r

|
' �|n�c iru doo | ' fc �c 2c ����

Wkh �qdqfldo lqwhuphgldulhv uhfhlyh ordqv u| iurp wkh krxvhkrogv dqg ohqg lw
rxw wr wkh �upv1 Wkh jurvv qrplqdo lqwhuhvw udwh rq erwk wkh ghsrvlwv dqg wkh
ordqv lv -|1 Wkh �qdqfldo lqwhuphgldulhv uhfhlyh iurp wkh prqhwdu| dxwkrulw| wkh
wudqvihu ri prqh| f|/ wkdw lv dovr ohqw rxw wr wkh �upv1
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5141 Wkh krxvhkrogv

Wkh suhihuhqfhv duh ryhu frpsrvlwh frqvxpswlrq �|/ dqg ohlvxuh � � �|/ dqg
ghvfulehg e| wkh h{shfwhg xwlolw| ixqfwlrq=

L ' .f

+
"[
|'f

q|� E�|c ���|�

,

zkhuh q lv d glvfrxqw idfwru dqg wkh frpsrvlwh �| lv

�| '
�] �

f

S|E��
w3�

w _�
� w

w3�

c w : ��

zkhuh w lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq dq| wzr jrrgv1
Wkh krxvhkrogv vwduw shulrg | zlwk rxwvwdqglqj prqh| edodqfhv/ �|/ ghflgh

wr ohqg rxw u| lq wkh fuhglw pdunhw wr wkh �qdqfldo lqwhuphgldulhv dqg ex| vwdwh
frqwlqjhqw qrplqdo vhfxulwlhv 7|n�1 Hdfk vhfxulw| sd|v rqh xqlw ri prqh| dw wkh
ehjlqqlqj ri shulrg | n � lq d sduwlfxodu vwdwh dqg frvwv '|c|n� lq wkh ehjlqqlqj
ri shulrg |1 Wkh h{shqglwxuh lq vhfxulwlhv lv .|'|c|n�7|n�� Wkh krxvhkrogv uhfhlyh
wkh oderu lqfrph/ `|�| zkhuh `| lv wkh qrplqdo zdjh udwh/ wkdw fdq eh xvhg wr
sxufkdvh frqvxpswlrq lq wkh vdph shulrg1 Wkh sxufkdvhv ri frqvxpswlrq jrrgv
kdyh wr eh pdgh zlwk �| � u| n`|�| �.|'|c|n�7|n� n 7|/ vr/

] �

f
�|E��S|E��_� � �| n`|�| � u| � .|'|c|n�7|n� n 7| +514,

Dw wkh hqg ri wkh shulrg/ wkh krxvhkrogv uhfhlyh wkh jurvv uhwxuqv rq wkh ordqv
-|u|/ wkh glylghqgv iurp wkh �qdqfldo lqwhuphgldulhv/ -|f|/ dqg sur�wv iurp �upv/U �
f �|E��_�1
Wkh krxvhkrogv idfh wkh exgjhw frqvwudlqwv

�|n� �
�
�| n`|�| � u| �.|'|c|n�7|n� n 7| �

] �

f
�|E��S|E��_�

�
n-| du| nf|on

] �

f
�|E��_�

+515,
Wkh krxvhkrogv* sureohp lv gh�qhg dv

T E�|c 7|� ' Pd{ i� E�|c ���|� n q.|T E�|n�c 7|n��j

vxemhfw wr ] �

f
�|E��S|E��_� � �| n`|�| � u| � .|'|c|n�7|n� n 7| +516,
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�|n� �
�
�| n`|�| � u| �.|'|c|n�7|n� n 7| �

] �

f
�|E��S|E��_�

�
n-| du| nf|on

] �

f
�|E��_�

+517,
Ohw b| dqg >|/ eh wkh pxowlsolhuv ri wkh exgjhw frqvwudlqw/ +517,/ dqg wkh f1l1d1

frqvwudlqw/ +516,1 Iru -| : �c | ' fc �c 2c ��1/ wkh iroorzlqj duh �uvw rughu frqglwlrqv
ri wklv sureohp

��|

�] �

f
S|E��

w3�

w _�
� �

w3�

S|E��
3�

w � Eb| n >|��|E�� ' f +518,

���3�| n Eb| n >|�`| ' f +519,

-|b| ' b| n >| +51:d,

�b| n q.|T�|n� ' f +51;d,

q �hEr|n�*r|�T7|n� � Eb| n >|� �hEr
|n�*r|�'|c|n� ' f +51<d,

Xvlqj wkh hqyhorsh wkhruhp
T�| ' b| n >| +5143,

dqg
T7| ' b| n >| +5144,

Wkhuhiruh/ xvlqj +51;d, dqg +5143,

b| ' q.|

k
b|n� n >|n�

l
+5145d,

dqg xvlqj +51<d, dqg +5144,/

qEb|n� n >|n��� Eb| n >|�'|c|n� ' f +5146d,

Htxdwlrq +518, fdq eh zulwwhq dv

��|�|

�

w S|E��
3�

w ' Eb| n >|��|E�� +5147,

Ohw �| '
kU

�|E��
�3w_�

l �

�3w 1 Wkhq/ xvlqj frqglwlrqv +5147, iru doo �/

�]
�|E��

�3w_�
� �

�3w

'
��|S|

�

w

b| n >|

�] �

f
S|E��

w3�

w _�
�3 �

w3�
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dqg vr
��| ' Eb| n >|��| +5148,

Iurp +518, dqg +5147, zh rewdlq

S|E��

�|

'

#
�|E��

�|

$
3w

+5149,

Wr vxppdul}h zh kdyh wkh iroorzlqj pdujlqdo frqglwlrqv

��| ' Eb| n >|��|

��3�| ' Eb| n >|�`|

>| ' E-| � ��b|

b| ' q.|

k
b|n� n >|n�

l

qEb|n� n >|n��� Eb| n >|�'|c|n� ' f

dqg wkhuhiruh
��| ' -|b|�| +5154,

��3�| ' -|b|`| +5155d,

b| ' q.| d-|n�b|n�o +5156d,

q-|n�b|n� �-|b|'|c|n� ' f +5157d,

Xvlqj +5148, dqg +519, zh kdyh

��3�|
��|

'
`|

�|
+5158,

Iurp +5154, dqg +5156d,/ zh kdyh wkdw

��|
�|

' -|.|

%
q��|n�

�|n�

&
+5159,

8



dqg iurp +5154, dqg +5157d,/ zh kdyh

'|c|n�
�|n�

�|
'

q��|n�

��|
+515:,

Iurp +5159, dqg +515:, zh rewdlq

.| d'|c|n�o '
�

-|

Frqglwlrq +5149, gh�qhv wkh ghpdqg iru hdfk ri wkh lqwhuphgldwh jrrgv � dqg
frqglwlrq +5158, vhwv wkh lqwudwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frq0
vxpswlrq dqg ohlvxuh htxdo wr wkh uhdo zdjh1 Qrwlfh wkdw wkh krxvhkrog fdq xvh
wkh oderu lqfrph wr frqvxph wkh jrrg lq wkh vdph shulrg1 Frqglwlrq +5159, lv d
uhtxluhphqw iru wkh rswlpdo vdylqjv ghflvlrq1 Rqh dgglwlrqdo xqlw ri u| lpsolhv
wkh pdujlqdo frvw ri LS|

�|
/ dqg wkh ehqh�w ri -|.|

k
qLS|n�

�|n�

l
/ vlqfh wkh uhwxuqv fdq

rqo| eh xvhg iru frqvxpswlrq wkh iroorzlqj shulrg1

5151 Ilupv

Wkh �upv qhhg wr eruurz wkh zdjh eloo iurp wkh �qdqfldo lqwhuphgldulhv1 Gh�qh
�|E�� dv wkh ghpdqg iru ordqv e| �up �/ +| dv wkh surgxfwlrq ri �up � dqg ?|E��
dv wkh oderu ghpdqghg e| �up �� Ioh{leoh sulfh prqrsrolvwlf frpshwlwlyh �upv
pd{lpl}h wkh vwrfn pdunhw ydoxh1 Wklv lv htxlydohqw wr fkrrvlqj sulfhv hyhu|
shulrg vr wkdw sur�wv duh pd{lpl}hg1 Qrwlfh wkdw wkh fdvk  rz ri wkh �up reh|v

�|E�� ' �|3�E��-|3� � �|3�E��+|3�E�� n`|?|E�� n �|3�E��

Dw wkh ehjlqqlqj ri shulrg | wkh �up ghflghv rq wkh ordqv �|E�� lq rughu wr sd|
wkh ordqv pdgh odvw shulrg dqg sd| wkh zdjh eloo lq shulrg |1 Wkh uhyhqxh iurp
vhoolqj wkh rxwsxw ri shulrg | � � lv uhfhlyhg dw wkh hqg ri wkh shulrg zklfk lv
htxlydohqw wr ehlqj uhfhlyhg dw wkh ehjlqqlqj ri shulrg |1 Wkh vdph dssolhv iru
sur�wv1

Wkh sureohp ri wkh �up lv wr fkrrvh wkh sulfh lq rughu wr pd{lpl}h sur�wv
wkdw fdq eh xvhg iru frqvxpswlrq lq shulrg | n � wdnlqj wkh ghpdqg ixqfwlrq
dv jlyhq�Wkh ydoxh ri sur�wv lq xqlwv ri xwlolw| lv .|

q��|n�

�|n�
�|E��1 Dowhuqdwlyho|

frxog kdyh .|'|c|n��|E�� lq xqlwv ri prqh| dw wkh ehjlqqlqj ri wkh shulrg |/ ru

|hw .|
'|c|n�

�|
�|E�� lq xqlwv ri frqvxpswlrq lq shulrg |1 Pd{lpl}lqj dq| ri wkhvh

ixqfwlrqv lv htxlydohqw wr pd{lpl}lqj

9



�|E�� � �|E��+|E���`|?|E��� E-| � ���|E��

vdwlvi|lqj wkh ghpdqg ixqfwlrq

+|E��

�|

'

#
�|E��

�|

$
3w

+515;,

rewdlqhg iurp wkh krxvhkrogv sureohp+5149,/ wkh whfkqrorj|

+|E�� � r|?|E��

zkhuh r| lv wkh ohyho ri whfkqrorj|/ dqg wkh fdvk0lq0dgydqfh uhvwulfwlrq

`|?|E�� � �|E���

Li wkh whfkqrorj| dqg fdvk0lq0dgydqfh uhvwulfwlrqv duh erwk vdwlv�hg zlwk htxdo0
lw|/ wkh sur�wv fdq eh zulwwhq dv

�|E�� ' �|E��+|E���-|`|

+|E��

r|

zkhuh �|E�� vdwlv�hv wkh ghpdqg ixqfwlrq +515;,1 Wkh �uvw rughu frqglwlrq ri wklv
sureohp lv

�|E��

%
� n

_ *?�|E��

_ *? +|E��

&
�

-|`|

r|
' f

zkhuh _ *?�|E��
_ *? +|E��

' ��
w
/ vlqfh w lv wkh ghpdqg hodvwlflw|1 Wkhuhiruh/ lw pxvw eh wkdw

�| ' �|E�� '
w

w � �

`|-|

r|

Wkh �upv vhw d frpprq sulfh/ zklfk lv d frqvwdqw pdun0xs ryhu pdujlqdo frvw1
Dv wkh hodvwlflw| ri ghpdqg w jhwv odujhu/ wkh pdun0xs frqyhujhv grzq wr �1

Wkhq zh kdyh
`|

�|
-| '

Ew � ��r|
w

+515<,

Vr zkhq -| lqfuhdvhv/ frvwv lqfuhdvh vr wkdw wkh �upv zloo vhw d kljkhu sulfh
uhodwlyh wr wkh zdjh1 Dqi li wkh oderu vxsso| lv d srvlwlyh ixqfwlrq ri wkh zdjh
udwh d uhgxfwlrq ri wkh uhdo zdjh lqgxfhv d uhgxfwlrq lq oderu�

:



5161 Pdunhw fohdulqj=

u| nf| ' �|

zkhuh �| '
U �
f �|E��_�

S|E�� ' +|E��

�| '
] �

f
?|E�� _�

7| ' f

5171 Htxloleulxp doorfdwlrqv=

Wkh htxloleulxp doorfdwlrqv lq wklv hqylurqphqw zlwk  h{leoh sulfhv dqg sruwirolrv
ghflvlrqv fdq eh vxppdul}hg e| wkh iroorzlqj htxdwlrqv wkdw ghwhuplqh lq hyhu|

shulrg �WEr|c -|�c �
WEr|c -|� dqg

�
`|

�|

�
W

Er|c -|�=

L�3� E�|c ���|�

LSE�|c ���|�
'

`|

�|
+5163,

�| ' r|�| +5164,

dqg +515<,1 Wklv v|vwhp fdq eh vroyhg iru �|

L�3�Er|�|c ���|�

LSEr|�|c ���|�
'

Ew � ��r|
w-|

+5165,

61 Zkhq sulfhv duh vhw lq dgydqfh

Zh frqvlghu qrz dq hqylurqphqw zkhuh �upv vhw wkh sulfhv rqh shulrg lq dgydqfh
dqg vhoo wkh rxwsxw rq ghpdqg lq shulrg | dw wkh suhylrxvo| fkrvhq sulfh1 Wkhvh
sulfhv duh �|E���

Zkhq �up � vhwv sulfhv rqh shulrg lq dgydqfh lw vroyhv wkh sureohp ri fkrrvlqj
wkh sulfh �|E�� wkdw pd{lpl}hv

.|3�

%
q2��|n�

�|n�
+|E��

�
�|E���

-|`|

r|

�&
+614,

;



zkhuh ��|n� lv wkh pdujlqdo ydoxdwlrq ri frqvxpswlrq dw shulrg | n � zkhq wkh
sur�wv fdq eh xvhg iru frqvxpswlrq1 Dowhuqdwlyho| frxog kdyh sur�wv dv

.|3�

�
'|3�c|'|c|n�+|E��

�
�|E���

-|`|

r|

��
+615,

lq xqlwv ri prqh| dw |� �1 Vlqfh

'|c|n� '
q��|n�

��|

�|
�|n�

+616,

zh rewdlq wkh h{suhvvlrq iru sur�wv deryh1
Wkh h{suhvvlrq uhvxowv iurp

Pd{ .|3�

%
��|n�

�|n�

E�|E��+|E��� -|`|?|E���

&

v1w1 G

+|E��

�|

'

#
�|E��

�|

$
3w

+|E�� � r?|E��

H{suhvvlrq +614, fdq eh zulwwhq dv

.|3�

5
7��|n�

�|n�
�|

#
�|E��

�|

$
3w

�|

#
�|E��

�|
�

-|`|

r|�|

$68

Wkh �uvw rughu frqglwlrqv duh

.|3�

5
7��|n�
�|n�

�|E�w�

#
�|E��

�|

$
3w3�#

�|E��

�|
�

-|`|

r|�|

$
n

��|n�
�|n�

�|

#
�|E��

�|

$
3w
6
8 ' f

ru/ glylglqj wkurxjk e| �|E��
3w

.|3�

%
��|n�
�|n�

�|E�w�
�|E��

3�

�3w3�|

#
�|E��

�|
�

-|`|

r|�|

$
n

��|n�
�|n�

�|

�3w|

&
' f

ru/ |hw/

.|3�

%
��|n�
�|n�

�|E�� w�

�3w|

n
��|n�
�|n�

�|w
�|E��

3�

�3w|

-|`|

r|

&
' f

<



Wkh vroxwlrq lv jlyhq e|

�|E�� '
w.|3�

k
��|n�

�|n�
�|�

w
|

-|`|

r|

l
Ew � ��.|3�

k
��|n�

�|n�
�|� w

|

l

Wklv fdq eh zulwwhq dv

�|E�� ' �| '
w

Ew � ��
.|3�

�
v|
-|`|

r|

�

zkhuh v| '
��|n�

�|n�
�|

.|3�

k
��|n�

�|n�
�|

l 1

71 Wkh Udpvh| sureohp

7141 Ioh{leoh sulfhv

Wkh iroorzlqj duh �uvw rughu frqglwlrqv ri wkh sulydwh sureohp=

��3�|
��|

'
`|

�|
+714,

��|
�|

' -|.|

%
q��|n�
�|n�

&
+715,

`|

�|
-| '

Ew � ��r|
w

+716,

�| ' r|�| +717,

Frqglwlrqv +714,/ +716, dqg +717, ghwhuplqh wkh doorfdwlrqv iru �| dqg �| dv
ixqfwlrqv ri r| dqg -|1 Fdq gh�qh wkh sureohp

Pd{ .f

+
"[
|'f

q|� E�|c ���|�

,

v1w1 +717, dqg
��3�|
��|

'
Ew � ��r|

w-|

+718,
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rewdlqhg iurp +714, dqg +716,1 Ohw

> �
Ew � ��

w-|

+719,

Wkhq zh kdyh wkh sureohp

Pd{ .f

+
"[
|'f

q|� E�|c ���|�

,

v1w1
�| ' r|�| +71:,

dqg
��3�|
��|

' >r| +71;,

dqg zh fdq ghwhuplqh wkh pdujlqdo glvwruwlrqv iurp wkh pxowlsolhuv ri wkh uhvwulf0
wlrqv +71;,1 Wkhvh pxowlsolhuv duh qrw qhfhvvduloo| wkh vdph dfurvv vwdwhv1 Wklv
zloo ohdyh urrp wr lpsuryh xsrq wkh doorfdwlrqv lq wkh vwlfn| sulfhv vroxwlrq1

7151 Vwlfn| sulfhv

Wkh iroorzlqj duh �uvw rughu frqglwlrqv ri wkh sulydwh sureohp=

��3�|
��|

'
`|

�|
+71<,

��|
�|

' -|.|

%
q��|n�
�|n�

&
+7143,

.|3�

%
v|

w

E�� w�

-|`|

r|�|

&
' � +7144,

zkhuh

v| '

��|n�

�|n�
�|

.|3�

k
��|n�

�|n�
�|

l
1

�| ' r|�| +7145,
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Fdq gh�qh wkh sureohp

Pd{ .f

+
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|'f

q|� E�|c ���|�

,

v1w1
�| ' r|�| +7146,

dqg

.|3�

%
v|

�

>r|

��3�|
��|

&
' � +7147,

rewdlqhg iurp +71<, dqg +7144,/ zkhuh v| '
��|n�

�|n�
�|

.|3�

k
��|n�

�|n�
�|

l 1
Li zh vhw

-| ' -

zkhuh - lv d frqvwdqw wkhq zh fdq zulwh +7147, dv

.|3�

�
v|

�

r|

��3�|
��|

�
' > +7148,

Zh fdq ghwhuplqh wkh pdujlqdo glvwruwlrq iurp wkh pxowlsolhu ri wkh uhvwulfwlrqv
+7147,1

Fdq uhsodfh wkh �|n� xvlqj wkh lqwhuwhpsrudo frqglwlrq1 Wkh frqvwudlqwv zloo
eh ixqfwlrqv ri wkh txdqwlwlhv dqg wkh lqwhuhvw udwhv1
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5
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k
��|n�
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l �
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��3�|
��|

6
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Xvlqj wkh odz ri lwhudwhg h{shfwdwlrqv/ zh kdyh
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5
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6
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dqg wkhuhiruh
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%
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�|n�

&
+714<,

45



fdq uhsodfh .|

k
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�|n�

l
' ��|

-|�|
dqg vr

.|3�

5
7 ��|

-|�|
�|

.|3�

k
��|
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�|

l �
Ew3��
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��3�|

��|

6
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Wkhuhiruh
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5
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-|
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k
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Ew3��
w-|

r|

��3�|

��|

6
8 ' � +7154,

Wklv fdq eh uhzulwwhq dv

.|3�

5
7��|
-|

�|

�
Ew3��
w-|

r|

��3�|

��|
�

��|
-|

�|

6
8 ' f +7155,

ru

.|3�

5
7 �

r|
��3�|�| �

��|
w-|

Ew3��

�|

6
8 ' f +7156,

Zh fdq qrz frpsduh wkh wzr sureohpv/ zlwk  h{leoh sulfhv dqg zlwk vwlfn|
sulfhv1 Wkh sureohp zlwk  h{leoh sulfhv lv

Pd{ .f

+
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q|� E�|c ���|�

,

v1w1
�| ' r|�| +7157,

dqg
��|
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�| �
�
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��3�|�| ' f +7158,
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��|
w-|

Ew3��

�| � ��3�|�| ' f +7159,

Wklv orrnv olnh d vwdqgdug lpsohphqwdelolw| frqglwlrq1 Rqh pxvw dsso| wkh vwdq0
gdug rswlpdo wd{dwlrq uxohv1 Lq wkh sureohp zlwk �{hg sulfhv wkh lpsohphqwdelolw|
frqglwlrq lv uhsodfhg iru lwv h{shfwhg ydoxh

.|3�

5
7 ��|

w-|

Ew3��

�| �
�

r|
��3�|�|

6
8 ' f +715:,
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Ohw b| �h dqg )| �h eh wkh pxowlsolhuv ri wkh uhvrxufhv frqvwudlqw +7157, dqg wkh
lpsohphqwdelolw| frqglwlrq +7158,1 �h duh wkh suredelolwlhv ri wkh wkh uhdo vkrfnv1
Wkh �uvw rughu frqglwlrqv ri wkh Udpvh| sureohp duh

��| � b| n )|

Ew � ��

w-|

E��| n ��|�|�|�� )|
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Xvlqj ��3�|
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' Ew3��r|

w-|
dqg pxowlso|lqj wkurxjk e| r|

w-|

Ew � ��
��n)|

��3�|c�3�|

��3�|

�|�)|

Ew � ��

w-|

��|c�3�|

��3�|
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Wkh sureohp zlwk vwlfn| sulfhv lv
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v1w1
�| ' r|�| +7168,

dqg

.|3�

5
7 ��|

w-|

Ew3��

�| �
�

r|
��3�|�|

6
8 ' f +7169,

Ohw b| �h dqg )| eh wkh pxowlsolhuv ri wkh uhvrxufhv frqvwudlqw dqg wkh lpsoh0
phqwdelolw| frqglwlrq1 Wkh �uvw rughu frqglwlrqv ri wkh Udpvh| sureohp

��| � b| n )|

Ew � ��

w-|

E��| n ��|�|�|�� )|

�

r|
��3�| � )|

�

r|
��3�|c�|�| ' f +716:,

���3�| n b|r| � )|

Ew � ��

w-|

��|c�3�|�| n )|

�

r|
��3�|c�3�|�| ' f +716;,

Zkhq wkh pxowlsolhuv duh lghqwlfdo dfurvv vwdwhv wkh wzr sureohpv/ zlwk  h{leoh
dqg �{hg sulfhv frlqflgh1

81 Fkdudfwhul}lqj wkh uxoh

Zh kdyh vhhq wkdw wkh pdun xsv vkrxog eh frqvwdqw dfurvv vwdwhv/ wkdw lv/ wkh
 h{leoh sulfh doorfdwlrq vkrxog eh uhsolfdwhg wkurxjk srolf| zkhq wkh h{suhvlrq
ri wkh pdujlqdo glvwruwlrq lq wkh  h{leoh sulfh doorfdwlrq/ jlyhq e|

)| '

w-|

Ew3��
� �

���|�|�|
��|

�
��3�|c�3�|

��3�|
�| n

�
Ew3��
w-|

n �
�
��|c�3�|

��3�|
r|�|

+814,

lv frqvwdqw dfurvv vwdwhv1 Wkh fkdudfwhul}dwlrq ri wklv srolf| uxoh uhtxluhv wkh
glvfxvvlrq ri wkh fdvhv lq zklfk wklv lv wuxh1 Dv -| lv e| gh�qlwlrq frqvwdqw iru
hdfk shulrg/ wklv lpsolhv wkh vwxg| ri wkh frqglwlrqv xqghu zklfk wkh ghqrplqdwru
grhv qrw ghshqg rq wkh vwdwh/ wkdw lv lw grhv qrw ghshqg rq wkh doorfdwlrq/ ru wkh
doorfdwlrq lv frqvwdqw dfurvv vwdwhv1 Ohw xv uhzulwh wkh ghqrplqdwru dv

( ' �
��|�|�|

��|
n

��|c�3�|

��|
�| �

��3�|c�3�|

��3�|

�| n
��|c�3�|

��3�|

�|

Ohw xv frqfhqwudwh rq wkh fodvv ri �uhdvrqdeoh� suhihuhqfhv dv wkh rqhv wkdw
txdoli| iru ehlqj deoh ri uhsuhvhqwlqj wkh djjuhjdwlrq ri khwhurjhqhrxv djhqwv/
wkdw lv ehlqj Jrupdq djjuhjdeoh/ dqg wkh rqhv frqvlvwhqw zlwk edodqfhg jurzwk1
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Iru wlph vhsdudeoh suhihuhqfhv zh duh ohiw zlwk wkh iroorzlqj fodvvhv/ gh�qhg
e| wkh prphqwdu| xwlolw| ixqfwlrq=

�� � ' ��3j*�� j � k�

2� � '
E�kE����q��3j

�� j
� �c j : f

�� �| '
E� � �rl�

q��3j

�� j
� �c j : fc q : �

Zh fdq suryh wkdw iru hyhu| rqh ri wkhvh ixqfwlrqv wkh ghqrplqdwru lv frqvwdqw
dfurvv vwdwhv=

4, ( ' j�
5, ( '

��|c�3�|

��|
�

��3�|c�3�|

��3�|
' �

�3�
� Ehfdxvh � lv frqvwdqw dfurvv vwdwhv iru

wkhvh suhihuhqfhv/ wkh ghqrplqdwru lv frqvwdqw1
6, Ehfdxvh ( lv lqyduldqw iru prqrwrqlf wudqvirupdwlrq ri suhihuhqfhv/ zh

suryh wkdw ( lv frqvwdqw iru wkh ixqfwlrq � � �rl�
q� Lq wklv fdvh lw lv lpphgldwh

wr vhh wkdw ( ' �� q�
Wkhuh duh vrph ixqfwlrqv wkdw vdwlvi| wkh frqvwdqf| ri ( exw wkdw zh glvplvv

iru qrw ehlqj �uhdvrqdeoh� vxfk dv
7, � ' *L}� � l�qc wkdw lv qrq djjuhjdeoh1
8, � ' 8 E�c��/ zkhuh I lv krprjhqhrxv lq � dqg �c wkdw lv frpsdwleoh zlwk

htxloleuld zlwk � ' f ru � ' 41

91 Prqhwdu| Srolf|

Lq wklv vhfwlrq zh vkrz wkdw dq| doorfdwlrq wkdw vdwlv�hv wkh vroxwlrq ri wkh vrfldo
sodqqhu sureohp dv gh�qhg lq wkh suhylrxv vhfwlrq fdq eh ghfhqwudol}hg wkurxjk d
vxlwdeoh prqhwdu| srolf|1 Zh dovr fkdudfwkhul}h wkh dssursuldwh prqhwdu| srolf|1

Zh vwduw e| ghfhqwudol}lqj wkh rswlpdo vroxwlrq wr wkh vrfldo sodqqhu*v sureohp
xvlqj wkh prqhwdu| srolf|1 Wdnh dq doorfdwlrq ESW| Er

|�c �W
| Er

|�� wkdw vdwlv�hv wkh
sulpdo sureohp ri wkh vrfldo sodqqhu1 Prqh| edodqfhv �W

| Er
|� wkdw vdwlvi|

RW| Er
|�SW| Er

|� ' �W
| Er

|�

dqg lpso| sulfhv vxfk wkdw
�SESW| Er|�c�W

| Er
|��

RW| Er
|�

' & / iru & � fc dqg iru doo r|mr|3� fdq

eh fkrvhq1 Lq wkdw fdvh wkh lqwhuwhpsrudo irf ri krxvhkrogv fdq eh zulwwhq dv

�S ES
W
| Er

|�c �W
| Er

|��

RW| Er|�
' q-|

�SES
W
|n�Er

|n��c�W
|n�Er

|n���

RW|n�Er|n��
�
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Qrz zh zdqw wr yhuli| li wkh doorfdwlrq ESW| Er
|�c �W

| Er
|�� fdq vdwlvi| wkh lqwhuwhp0

srudo irf ri krxvhkrogv zlwk d gl�huhqw sulfh yhfwru vxfk wkdw/

RW| Er
|��Er|�

R|Er|mr|3��
' �c

iru doo r|mr|3� dqg zlwk R|Er
|mr|3�� d frqvwdqw iru doo r|mr|3�� Wkh htxdwlrq vkrzv

wkdw wkh ydoxhv iru �Er|� ghshqg rqo| rq R|Er
|mr|3��� Revhuyh wkdw wklv sulfh/

R|Er
|mr|3��c lv wkh sulfh �upv zloo fkrrvh dw gdwh | � � vlqfh wkh doorfdwlrq lv

frqvlvwhqw zlwk wkh �upv* irf1
Qh{w/ zh frpsxwh wkh ydoxh iru R|Er

|mr|3��� Zh nqrz wkdw zkhq vwdwh Er|mr|3��
kdsshqv sulfhv/ RW| Er

|�c jhw pxowlsolhg e| �Er|�� Wklv fdq eh dfklhyhg e| fkdqj0
lqj wkh prqh| ohyho dffruglqj wr wkh fdvk0lq0dgydqfh1 Wkh lqwhuwhpsrudo irf ri
krxvhkrogv lv

�S ES
W
| Er

|�c �W
| Er

|��

�Er|�RW| Er|�
' q-|
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�SES
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[
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�Er|n��
�

Wklv lpsolhv wkdw/

�Er|� '

5
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r|n��r|

ZEr|n�mr|�

�Er|n��

6
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c

dqg wkdw wkh sulfh yhfwru

R|Er
|mr|3�� ' RW| Er

|�

5
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r|n��r|

ZEr|n�mr|�

�Er|n��

6
8
3�

c

ru

R|Er
|mr|3�� ' RW| Er

|�R|n�Er
|n�mr|�

5
7 [
r|n��r|

RW|n�Er
|n��ZEr|n�mr|�

6
8
3�

�

Wkhuh lv iuhhgrp lq wkh fkrlfh ri wkh �uvw sulfh ohyho lq wkh hfrqrp|/ dqg wkxv
zh pd| fkrrvh Rf ' RWf/ iru lqvwdqfh� Jlyhq wkh lqlwldo sulfh ohyho/ wkh uhpdlqlqj
sulfh ohyhov duh rewdlqhg dffruglqj wr wkh htxdwlrq deryh1
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Qh{w zh fkdudfwhul}h wkh prqhwdu| srolf| wkdw lpsohphqwv wkh doorfdwlrq
ESW| Er

|�c �W
| Er

|�� dqg wkh sulfh v|vwhp R|Er
|mr|3��� Iurp wkh htxdwlrq deryh zh jhw

R|n�Er
|n�mr|�

R|Er|mr|3��
'

kS
r|n��r| R

W
|n�Er

|n��ZEr|n�mr|�
l

RW| Er|�
c

xvlqj wkh fdvk0lq0dgydqfh frqglwlrqv zh fdq uhzulwh lw dv

�|n�Er
|n��

�|Er|�
'

SW|n�Er
|n��

SW| Er|�

kS
r|n��r| R

W
|n�Er

|n��ZEr|n�mr|�
l

RW| Er|�
c

ru dv

�|n�Er
|n��

�|Er|�
'

SW|n�Er
|n��

SW| Er|�

5
7q-|

[
r|n��r|

ZEr|n�mr|�
�SES

W
|n�Er

|n��c �W
|n�Er

|n���

�S ESW| Er|�c �
W
| Er|��

6
8 �

Wkh ydoxh ri �f ' RWfS
W
fc dqg �| iru | : f jlyhq e| wkh htxdwlrq deryh1

:1 Frqfoxglqj Uhpdunv

Uhihuhqfhv

^4` Dl|djdul V1 U1 dqg D1 Eudxq/ 4<<9/ Vrph H{sorudwlrqv lqwr Rswlpdo F|folfdo
Prqhwdu| Srolf|/ Zrunlqj sdshu 898/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv1

^5` Fduovwurp/ F1 W1 dqg W1 Ixhuvw/ 4<<8/ Lqwhuhvw Udwh Uxohv yv Prqh| Jurzwk
Uxohv1 D Zhoiduh Frpsdulvrq lq d Fdvk0lq0dgydqfh Hfrqrp|/ Mrxuqdo ri

Prqhwdu| Hfrqrplfv1

^6` Fduovwurp F1 W1 dqg W1 Ixhuvw/ 4<<;/ Sulfh Ohyho dqg Lqwhuhvw Udwh Wdujhwlqj
lq d prgho zlwk Vwlfn| Sulfhv/ plphr/ Ihghudo Uhvhuyh Edqn ri Fohyhodqg1

^7` Fkdul/ Y1Y1 dqg S1 Nhkrh/ 4<<3/ �Vxvwdlqdeoh Sodqv�/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ <;/ :;6�;351

^8` Fkdul/ Y1Y1/ S1M1 Nhkrh dqg H1 U1 PfJudwwdq/ 4<<91 �Vwlfn| Sulfh Prghov
ri wkh Exvlqhvv F|foh= Fdq wkh Frqwudfw Pxowlsolhu Vroyh wkh Shuvlvwhqfh
SureohpB�/ Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Vwd� Uhsruw 54:1
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^9` Fkulvwldqr/ O1 dqg P1 Hlfkhqedxp/ 4<<5/ Oltxlglw| H�hfwv dqg wkh Prqhwdu|
Wudqvplvvlrq Phfkdqlvp/ Dphulfdq Hfrqrplf Uhylhz/ ;5 +5,/ 67906861

^:` Fkulvwldqr/ O1 dqg P1 Hlfkhqedxp/ 4<<8/ Oltxlglw| H�hfwv/ Prqhwdu| Srolf|/
dqg wkh Exvlqhvv F|foh/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 5: +7,/ 44460
44691

^;` Fkulvwldqr/ O1/ P1 Hlfkhqedxp dqg F1 O1 Hydqv/ 4<<:/ Vwlfn| Sulfh dqg
Olplwhg Sduwlflsdwlrq prghov ri Prqh|= D Frpsdulvrq/ Hxurshdq Hfrqrplf

Uhylhz/ yro1 74/ qJ 9/ 45340457<1

^<` Fruuhld/ L1 dqg S1 Whohv/ 4<<9/ Lv wkh Iulhgpdq Uxoh Rswlpdo zkhq Prqh| lv
dq Lqwhuphgldwh JrrgB/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 6;/ 55605771

^43` Fruuhld/ L1 dqg S1 Whohv/ 4<<</ Wkh Rswlpdo Lq dwlrq Wd{/ iruwkfrplqjUhylhz
ri Hfrqrplf G|qdplfv/ yro 5/ qu 5/ 65806791

^44` Ixhuvw/ Wlprwk|/ 4<<5/ Oltxlglw|/ Ordqdeoh Ixqgv/ dqg Uhdo Dfwlylw|/ Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ yro1 5</ ss160571

^45` Jrrgiulhqg/ P1/ dqg U1 J1 Nlqj/ 4<<:/ Wkh Qhz Qhrfodvvlfdo V|qwkhvlv dqg
wkh Uroh ri Prqhwdu| Srolf|/ QEHU Pdfurdqqxdo1

^46` Luhodqg/ Shwhu Q1/ 4<<7/ �Vxvwdlqdeoh Prqhwdu| Srolflhv�/ plphr/ Ihghudo
Uhvhuyh Edqn ri Ulfkprqg1

^47` Luhodqg/ S1/ 4<<9/ Wkh Uroh ri Frxqwhuf|folfdo Prqhwdu| Srolf|/ Mrxuqdo ri
Srolwlfdo hfrqrp|/ yro1 437/ q1 71

^48` Nlqj/ Urehuw J1 dqg Doh{dqghu O1Zropdq/ 4<<;/ Zkdw Vkrxog wkh Prqhwdu|
Dxwkrulw| gr Zkhq Sulfhv duh Vwlfn|B/ plphr/ Xqlyhuvlw| ri Ylujlqld1

^49` Oxfdv/ Urehuw H1 Mu1/ 4<<3/ Oltxlglw| dqg Lqwhuhvw Udwhv/ Mrxuqdo ri Hfrqrplf

Wkhru|/ yro1 83 ss156:05971

^4:` Pf Fdooxp/ E1 W1/ 4<;;/ Urexvwqhvv Surshuwlhv ri d Uxoh iru Prqhwdu| Srolf|/
Fduqhjlh Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ yro1 5</ s1 4:605371

^4;` I1 S1 Udpvh|/ 4<5:/ D Frqwulexwlrq wr wkh Wkhru| ri Wd{dwlrq/ Hfrqrplf

Mrxuqdo 6:/ 7:0941

4<



^4<` Urwhpehuj M1 dqg P1 Zrrgirug/ 4<<;/ Lqwhuhvw Udwh Uxohv lq dq Hvwlpdwhg
Vwlfn| Sulfh Prgho/ plphr/ Sulqfhwrq Xqlyhuvlw|1

^53` Wd|oru/ M1 E1/ 4<<6/ �Glvfuhwlrq yhuvxv Srolf| Uxohv lq Sudfwlfh�/ Fduqhjlh
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ yro1 6</ s1 4<805471
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