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Abstract
We compute the optimal monetary policy in an economy with price
stickiness.

1. Introduction

7

...since fluctuations about the system’s equilibrium represented dis-
equilibrium behavior, standard welfare propositions could be applied
only to the average behavior of the system, and not to fluctuations
about the average. This left one free to apply other criteria in eval-
uating stabilization policies: ”gaps” instead of "triangles”, as James
Tobin [?] puts it. The general idea was to use policy tools to keep the
actual path of the system ”close” in one sense or another to its equi-
librium path. Proponents of various stabilization policies were thus
free of the burden under which the ordinary welfare economist labors
- of ”justifying” intervention by some specific "market failure” and
tailoring the nature of the intervention to the nature of the failure.”
Robert E. Lucas, Jr (1980)

*Preliminary and incomplete. We thank Jordi Gali for very helpful discussions.



We consider a world where firms operate in a monopolistic competition frame-
work and prices are sticky. Under commitment the government takes account
of the fact that the price level can be adjusted in response to monetary policy.
However, this response is a response for a single price and therefore the solution
with sticky prices and commitment does not need to coincide with the solution
with flexible prices. The solution with sticky prices gives an additional degree of
freedom that can be used by a benevolent government.

Nonetheless, for a broad class of preferences, all those that are time-separable
and simultaneously consistent with balanced growth and Gorman agregable, the
flexible prices solution is the optimal solution. Thus, gaps and distortions have
to be treated in the same way. The arguments are public finance arguments. You
want to set the same markup over all states of the world if in the optimal taxation
problem is optimal to set the same tax across goods. If the interest rates are equal
across states, then the optimal allocation is the flexible prices one.

2. An economy with flexible prices and portfolio choices

Our model economy follows closely the structures in Christiano, Eichenbaum and
Evans (1997), Ireland (1996) and Carlstrom and Fuerst (1998). The economy
consists of a representative household, a continuum of firms indexed by ¢ € [0, 1],
financial intermediaries and a government or central bank. Each firm produces a
distinct, perishable consumption good, indexed by 2.

The government makes a lump-sum monetary transfer X; = (G, — 1)M} 4
to the representative financial intermediary at each date ¢t = 0,1, 2, .., where M}/
represents the money supply per household at date t. The money supply evolves
according to My = GyM; ;. If M;;, denotes the money carried by the household
into period t + 1, market clearing requires that M = M;.4, for all t =0,1,2, ....

The financial intermediaries receive loans L; from the households and lend it
out to the firms. The gross nominal interest rate on both the deposits and the
loans is R;. The financial intermediaries receive from the monetary authority the
transfer of money X, that is also lent out to the firms.



2.1. The households

The preferences are over composite consumption C;, and leisure 1 — N;, and
described by the expected utility function:

U = E() {iﬂtu (Ct, 1 — Nt)}
t=0

where [ is a discount factor and the composite C; is

P L
Ct = |:/ Ct(Z)TdZ] ,0 > 1.
0

where 6 is the elasticity of substitution between any two goods.

The households start period ¢ with outstanding money balances, M;, decide
to lend out L; in the credit market to the financial intermediaries and buy state
contingent nominal securities S;;. Each security pays one unit of money at the
beginning of period ¢ + 1 in a particular state and costs (); 41 in the beginning
of period t. The expenditure in securities is E;Q; ¢415:+1. The households receive
the labor income, W;N; where W; is the nominal wage rate, that can be used to
purchase consumption in the same period. The purchases of consumption goods
have to be made with M; — L, + Wi N; — EiQ¢ +411St4+1 + St, so,

1
/0 P,(i)er(i)di < My + WiNy — Ly — EiQt 1115111 + St (2.1)

At the end of the period, the households receive the gross returns on the loans
R;L,, the dividends from the financial intermediaries, R; X}, and profits from firms,

Jo T, () di.
The households face the budget constraints

1 1
Miys < [My + Wi, — L — ExQusprSoss +S) — /0 Pt(z')ct(i)dz} FR Lo+ X))+ /0 I, (i)di

(2.2)
The households’ problem is defined as
V(Mt, St) = Max {U (Ct, 1-— Nt) + /GEtV(MtJrl, St+1)}
subject to
1
/O P(i)ci(i)di < My + WiN; — Ly — ErQ1401S01 + St (2.3)

3



1 1
M, < [Mt + Wi N; — Ly — EQy 415141 + Sp — /0 Pt(l)ct(l)dl} +R¢ [Li + Xt]+/0 I (3)di
(2.4)
Let A, and p,, be the multipliers of the budget constraint, (2.4), and the c.i.a.
constraint, (2.3). For R, > 1,t =0, 1,2, ..., the following are first order conditions
of this problem

1 R = _
ucr | [} el di] " i) = -+ ) Pli) = 0 (2:5)
—ty-ng + (A + p) Wy =0 (2.6)
Rt>\t = >\t + My (27&)
=Mt + BEVarey1 =0 (2.8a)
BPr(s™ /s"YWVer1 — (M + ) Pr(s™ /8" Quiv1 =0 (2.9a)
Using the envelope theorem
Vare = A+ 1y (2.10)
and
Vgt = >\t + M (211)
Therefore, using (2.8a) and (2.10)
A = BE, P\Hl + Mt+1} (2.12a)

and using (2.9a) and (2.11),
BAer1 + tyq) — (Ao + 1) Qrer1 =0 (2.13a)
Equation (2.5) can be written as

ucCr (i) = (A + ) Bi(i) (2.14)

1

Let P, = [f Pt(i)l_edi} ?. Then, using conditions (2.14) for all i,

& uged [ e T
P 19d} 7 UcC? [/ . %d}
[ Pty ai] T = 20 | [y a
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and so
uct = (Ao + 1) Py (2.15)

From (2.5) and (2.14) we obtain
ali) (PG
o = < ) ) (2.16)

To summarize we have the following marginal conditions

ucy = (A + ) Py
ur-ne = (A + p) Wy
py = (Re — 1A,
At = BE; P\tﬂ + /*Lt-i,-l]

5()‘t+1 + :U't+1) - (/\t + Mt)Qt,tH =0

and therefore

uct = BA (2.21)

uy_ne = R AW, (2.22a)

N = BE; [Rey1Aiid] (2.23a)
BRy1Ms1 — ReNQriir =0 (2.24a)

Using (2.15) and (2.6) we have

Ul-Nt W,

= — 2.25
Uct B ( )
From (2.21) and (2.23a), we have that
vo_ g, [—5““*1] (226)
B Fia



and from (2.21) and (2.24a), we have

Py Puce
P, Uct

Q41 (2.27)

From (2.26) and (2.27) we obtain

1

Ey [Qt,t+1] = E

Condition (2.16) defines the demand for each of the intermediate goods i and
condition (2.25) sets the intratemporal marginal rate of substitution between con-
sumption and leisure equal to the real wage. Notice that the household can use
the labor income to consume the good in the same period. Condition (2.26) is a
requirement for the optimal savings decision. One additional unit of L; implies
the marginal cost of Tj;:, and the benefit of R,FE; {’Bg%ﬁl}, since the returns can
only be used for consumption the following period.

2.2. Firms

The firms need to borrow the wage bill from the financial intermediaries. Define
By (i) as the demand for loans by firm 4, y; as the production of firm i and n,(7)
as the labor demanded by firm . Flexible price monopolistic competitive firms
maximize the stock market value. This is equivalent to choosing prices every
period so that profits are maximized. Notice that the cash flow of the firm obeys

By(i) = Bi-1(i) Re-1 — Bio1(d)ye-1(4) + Wana (i) + L1 (4)

At the beginning of period ¢ the firm decides on the loans B;(i) in order to pay
the loans made last period and pay the wage bill in period ¢t. The revenue from
selling the output of period ¢ — 1 is received at the end of the period which is
equivalent to being received at the beginning of period ¢t. The same applies for
profits.

The problem of the firm is to choose the price in order to maximize profits
that can be used for consumption in period ¢ 4+ 1 taking the demand function
as given.The value of profits in units of utility is Etﬁ%fﬁ'—lﬂt(i). Alternatively
could have E;Q;111;(7) in units of money at the beginning of the period ¢, or
yet E; Qtptt“ I1;(¢) in units of consumption in period ¢t. Maximizing any of these
functions is equivalent to maximizing




1L (i) = Fi(0)ye (1) — Wine(i) — (Re — 1) By(i)

satisfying the demand function

yg:) - (%é“)e (2.28)

obtained from the households problem(2.16), the technology
(i) < sema(t)
where s; is the level of technology, and the cash-in-advance restriction
Win (i) < By(i).

If the technology and cash-in-advance restrictions are both satisfied with equal-
ity, the profits can be written as

yt(z)

1L (7) = Pi(i)ye(i) — RW,

where P, (i) satisfies the demand function (2.28). The first order condition of this
problem is

, dIn P,(7) RW,
P, 1 — =
4 [ " dlnyt@)] P
where ‘;1125:8)) = —%, since @ is the demand elasticity. Therefore, it must be that
. 0 W.R
P =P(i) = —
t t(Z) 6 — 1 St

The firms set a common price, which is a constant mark-up over marginal cost.
As the elasticity of demand 6 gets larger, the mark-up converges down to 1.
Then we have
M/t (9 — 1)8,5
IR =t
P, 0
So when R; increases, costs increase so that the firms will set a higher price
relative to the wage. Anf if the labor supply is a positive function of the wage
rate a reduction of the real wage induces a reduction in labor.

(2.29)
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2.3. Market clearing:

Lt+Xt:Bt

where B; = [} B;(i)di

2.4. Equilibrium allocations:

The equilibrium allocations in this environment with flexible prices and portfolios
decisions can be summarized by the following equations that determine in every

period C*(St, Rt), N* (St, Rt> and (%>* (St, Rt>1

U n(C,1-N) Wi

= 2.30
U(Crl-N) R (2:30)
Ct = StNt (231)
and (2.29). This system can be solved for N,
UlfN(StNt, 1-— Nt) _ (0 — 1)St (2 32)

Uc(StNt7 1-— Nt) 9Rt

3. When prices are set in advance

We consider now an environment where firms set the prices one period in advance
and sell the output on demand in period t at the previously chosen price. These
prices are P;(i).

When firm ¢ sets prices one period in advance it solves the problem of choosing
the price P;(i) that maximizes

By [ﬂﬂm“yt(i) (PG - RtWt)] (3.1)

Pt+1 St
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where ucyyq is the marginal valuation of consumption at period ¢ + 1 when the
profits can be used for consumption. Alternatively could have profits as

. N RW
Ei Qt—l,tQt,tJrlyt(l) <Pt(2> - —; t> (3.2)
¢
in units of money at ¢t — 1. Since
Buciyr B
= —_— 3.3
Quui = Pt L (33

we obtain the expression for profits above.
The expression results from

P
s.t.

wli) _ <Pt_<z'>>‘9

Cy I

yi(i) < sm(i)

Expression (3.1) can be written as

vou <Pt(z'>>‘9pt <Pt(i) - RM)

E,_
R T P, P, sP,

The first order conditions are

. —0—1 . . —0
Uci1 Py(i) P(i) RW; > Uci1 (B (1) )

Cy(—0 — + C =0
Py ! )< B) <B siP ) Pya

By

or, dividing through by P;(i)~°

UCt+1 P(i)* (P(i) RW, ucty1 G
E, —0 — =
“l GO\ R ) T a7

uci1 C(1-0)  uo -, ,P(1)"' RW,
E;_ + Ci0 =0
- [Rﬁ—i—l P? Py ! P s
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The solution is given by

_ eEt—l |:UCt+1 CtPtORtWt}

P,(i) L
ORI ey
This can be written as
) 0 R, W,
Pt(l) =P = mEpl ['Ut ;t t]
"gtj:l C,
where v, = —FHL——+.
By | S|

4. The Ramsey problem

4.1. Flexible prices

The following are first order conditions of the private problem:

Ul-Nt W,

=t 4.1
Uct P, ( )
Uy Buciia
— = RE, | ——— 4.2
" l P ] (4.2)
M/t . (6 — ].)St
5 B ; (4.3)
Ct == StNt (44)

Conditions (4.1), (4.3) and (4.4) determine the allocations for C; and N; as
functions of s; and R;. Can define the problem

Max Ejy {Zﬁtu (Cy, 1 — Nt)}
t=0
s.t. (4.4) and

U1—Nt (0 — ].)St

= 4.
Uct OR, ( 5)
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obtained from (4.1) and (4.3). Let

0—1)
= 4.6
T (4.6)
Then we have the problem
Max FEj {Zﬁtu (Cy, 1 — Nt)}
=0
s.t.
Ct = StNt (47)
and u
IV — s (4.8)
Uct

and we can determine the marginal distortions from the multipliers of the restric-
tions (4.8). These multipliers are not necessarilly the same across states. This
will leave room to improve upon the allocations in the sticky prices solution.

4.2. Sticky prices

The following are first order conditions of the private problem:

Ul-Nt W,

— 4.9
Uct P, ( )
Uy ﬁuotﬂ
— =R,FE 4.1
B [ P ] (4.10)
6 RW,
E, 4.11
tl[vt(l_e) StPt‘| ( )
where
uCtj:lC
vy = Py
E, 1 [ty
Cy = 5Ny (4.12)
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Can define the problem

Max E {iﬂtu (Cy,1— Nt)}

=0
s.t.
Ct = StNt (413)
and
1wy
B, [ut—ul N’f] —1 (4.14)
St Uct
uCtJrl Ct
obtained from (4.9) and (4.11), where v, = —?—;—}
Bi_1 —_Lptzrl Cy
If we set
Rt == R
where R is a constant then we can write (4.14) as
1
By o —2=8 = (4.15)
St Uct

We can determine the marginal distortion from the multiplier of the restrictions
(4.14).

Can replace the P,;; using the intertemporal condition. The constraints will
be functions of the quantities and the interest rates.

Uct+1
By |G L) (4.16)
E,_4 {&"—C}HSt Uct

Using the law of iterated expectations, we have

Uct+1
E . |E PGt Lmw) | (4.17)
B [t poe o
and therefore
o E(ES)G 1w ~1 (4.18)
By [E, (%) ] e uce
From
Uct 5U0t+1
= RE, | ——— 4.19
P, ’f[ P ] (4.19)
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can replace Ej {%ﬁl} = % and so
AL 1w
E,_, fu by = =1 (4.20)
Et,1 [gf];t Ct:| ZRi St Uct
Therefore
G 1w
Ei4 o - =1 (4.21)
Et—l {%Cf/] KZ_R?S': Uct
This can be rewritten as
Ucy 1 wine  ue
E_,|=—Ci——————0C| =0 4.22
o R, t—l(gl_%i S Uct Ry ! ( )
or
1 U
Et—l _ul—NtCt — W?Ct =0 (423)
5 (=)

We can now compare the two problems, with flexible prices and with sticky
prices. The problem with flexible prices is

Max Ejy {iﬁtu (Ci, 1 — Nt)}

t=0
s.t.
Ct = StNt (4:24)
and ]
U
9—]25075 - S_U17Nt0t =0 (425)
0-1) ¢
or e
O—Rttct — UlthNt =0 (426)

(0-1)
This looks like a standard implementability condition. One must apply the stan-

dard optimal taxation rules. In the problem with fixed prices the implementability
condition is replaced for its expected value

Uct 1
Q—tht — —u_ntCy

0—1) t

E, 1 =0 (4.27)
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Let A, Pr and ¢, Pr be the multipliers of the resources constraint (4.24) and the

implementability condition (4.25). Pr are the probabilities of the the real shocks.
The first order conditions of the Ramsey problem are

-1

1 1
Ucy — A\ + @y R (uet + ucicrCr) — p—ur—ny — pp—ur-ni,ciCp = 0 (4.28)
t St St
— 1
—Ur_nt + NS — @thCt,l—NtCt + @ —u1_ne1-ni:Cr =0 (4.29)
t S
o | | 6—1)
At = —Ui_nt — Spt_ul—Nt,l—NtNt + SOt—UCt,l—NtCt (4~30)
St St 6’Rtst
1 1 0—-1
0 = ucr — —w—nt + Qp—Ur—ne,1—neNV; — %uucm—mct +
St St 6’Rtst
(0—1) ( UCtCtCt> 1 1
1+ ——— ) — o, —Uuj_n; — ©,—Uj_ C 4.31
2 R, Uct wer Py S Ur-Nt — Py stul Nt,ctLt ( )
where o = —%ﬁ. Dividing through by uq_y;
Uct 1 1 U1-Nt,1-Nt (9 - 1) Uct,1—Nt
0 = — — TN, — Cy +
Ui—Nt St St Ul-Nt ORis;  ui_ny
f—1 C 1 1w
SOt( = ) uct <1 n Uctot t) one — p,— — SOt_UI Nt,Ct C, (4.32)
t Ul-Nt Uct St St U1-Nt
Using ulu;cf;” = ﬁeg—étﬁ and multiplying through by s;
R, U1-Nt,1- Nt (9 - 1) Uct1—-Nt ucorCy U1—Nt,Ct
—14+p,—————N,— : Ci+ <1+—>— —p,—=—=C, =0
(9 - 1) s U1-Nt e OR, Ur-Nt ks Uct e U1-Nt !
(4.33)
and so
0R:
(6-1)
Yr = u C UI_N¢,1—Nt (0-1) UCt,1—Nt (434)
- C&Zﬁ - 1u11V711wN Ny + ( om, T 1) Zl,lNiV 51Ny

The problem with sticky prices is

t=0

Max Ejy {iﬁtu (Cy, 1 — Nt)}
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s.t.

Ct = StNt (435)
and
U, 1
Et,1 Q—gC’t — —’U,lthCt =0 (436)
0-1) 5t

Let \;Pr and §; be the multipliers of the resources constraint and the imple-
mentability condition. The first order conditions of the Ramsey problem

-1 1 1
Uct — A+ @( ) (uct + uctctCr) — Pr—uw—nt — Pr—ui—nt,c:Cr = 0 (4.37)
eRt St St
_0-1) 1
—Ui_nt + NSy — Sote—uCt,l—NtCt + SOts—Ul—Nt,l—NtCt =0 (4.38)
t t

When the multipliers are identical across states the two problems, with flexible
and fixed prices coincide.

5. Characterizing the rule

We have seen that the mark ups should be constant across states, that is, the
flexible price allocation should be replicated through policy when the expresion
of the marginal distortion in the flexible price allocation, given by

ey — 1

—1

(Ipt = u [oA wy_ B (9_1 m B (51)
—ucanlh 1u‘jj;tNtNt+(—29Rt +1) CLLNg, N,

is constant across states. The characterization of this policy rule requires the
discussion of the cases in which this is true. As R, is by definition constant for
each period, this implies the study of the conditions under which the denominator
does not depend on the state, that is it does not depend on the allocation, or the
allocation is constant across states. Let us rewrite the denominator as

D— _UCtCtCt i UCt,l—NtN U1—Nt,1—NtN

t — ¢+
Uct Ucy U1—Nt Ur-nNt

UCt1-Nt C
t

Let us concentrate on the class of “reasonable” preferences as the ones that
qualify for being able of representing the aggregation of heterogeneous agents,
that is being Gorman aggregable, and the ones consistent with balanced growth.
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For time separable preferences we are left with the following classes, defined
by the momentary utility function:

Hu = C"7/1—0—aN
(1= Ny

Nu = 1
) u T , 0>0
C — 4 (NP
3) u, ( 17550) —1,0>0,3>1

We can prove that for every one of these functions the denominator is constant
across states:
1) D=o.

N D = UCt1-Nt _ U1-Nt1-Nt __
) Uct U1-Nt 1- N
these preferences, the denominator is constant.

3) Because D is invariant for monotonic transformation of preferences, we
prove that D is constant for the function C' — ~,( N®. In this case it is immediate
to see that D =1 — (.

There are some functions that satisfy the constancy of D but that we dismiss
for not being "reasonable” such as

4) u = log C' — (NP, that is non aggregable.

5) u = F(C, N), where F is homogeneous in C' and N, that is compatible with
equilibria with N =0 or N = .

Because N is constant across states for

6. Monetary Policy

In this section we show that any allocation that satisfies the solution of the social
planner problem as defined in the previous section can be decentralized through a
suitable monetary policy. We also charactherize the appropriate monetary policy.
We start by decentralizing the optimal solution to the social planner’s problem
using the monetary policy. Take an allocation (cf(s'), Nj(s')) that satisfies the
primal problem of the social planner. Money balances M} (s') that satisfy

p;(s")ei(s') = M (s")
and imply prices such that ﬂct(s—sl =k , for k > 0, and for all s'|s'™! can
be chosen. In that case the 1ntertemporal foc of households can be written as

U (1), NE(s)) el (571, Ny (1)
P I I P} B
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Now we want to verify if the allocation (¢} (s"), N;(s')) can satisfy the intertem-
poral foc of households with a different price vector such that,

pi(s)v(s) _
pt(st|8t—1) =1,

t—1 t—1

for all s'|s*~! and with p;(s’|s™!) a constant for all s*|s*"!. The equation shows
that the values for 7v(s') depend only on p;(s'|s"!). Observe that this price,
pe(st|st™1), is the price firms will choose at date ¢ — 1 since the allocation is
consistent with the firms’ foc.

Next, we compute the value for p;(s'|s'™!). We know that when state (s'|s'~!)
happens prices, p;(s'), get multiplied by ~(s*). This can be achieved by chang-
ing the money level according to the cash-in-advance. The intertemporal foc of
households is

U (C?(St%Nt*(St)) — 3R, Z W(stﬂ\st)uc(CZH( ) Nt*+1( tH))

Yspi(sh) T A (s )i (st
TGN e (8D, N (5Y) e (s
e ) R S PSS R O N AN

) 71_(St+1|8t> -1
v(s") [; —7(St+1)] :

and that the price vector

Pl ) = pi(s) [ 5 %} ,

stt1|st

or

—1
pe(s'ls*Y) = pi (s praa (st s [Z o Cak mrs”l |

sttl]gt

There is freedom in the choice of the first price level in the economy, and thus
we may choose py = pg, for instance. Given the initial price level, the remaining
price levels are obtained according to the equation above.
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Next we characterize the monetary policy that implements the allocation
(cr(s'), Nf(s")) and the price system p;(s'|s'~1). From the equation above we get

pra(stHst) [Zs“rl\st pf+1(3t+1)7(5t+1|3t>}
pe(st]s*1) p(s') ’

using the cash-in-advance conditions we can rewrite it as

M (s4Y) oy (s741) [Saringyr Dl () m(s'1 [ 1)

My(s') ci(s") p(s) ’

_ o o eleEey (5, N (57))
a2 T TG N )

The value of My = pjcj, and M, for t > 0 given by the equation above.

7. Concluding Remarks
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