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Devwudfw

Wklv sdshu h{dplqhv d qrqsdudphwulf whvw iru Judqjhu0fdxvdolw| iru d yhfwru
fryduldqfh vwdwlrqdu| olqhdu surfhvv xqghu/ srvvleo|/ wkh suhvhqfh ri orqj0udqjh
ghshqghqfh1 Zh vkrz wkdw wkh whvw frqyhujhv wr d qrq0glvwulexwlrq iuhh pxo0
wlyduldwh Jdxvvldq surfhvv/ vd| ñeS

í hî E>äì lqgh{hg e| > M dfc �o1 Vlqfh/ lq

frqwudvw wr wkh vfdodu vlwxdwlrq/ lw lv qrw hdv|/ li dw doo srvvleoh/ wr ?qg d wlph
ghirupdwlrq } E>ä vxfk wkdw ñeS

í hî E} E>ääì lv d yhfwru zlwk lqghshqghqw Eurzq0

ldq prwlrqv frpsrqhqwv/ lqihuhqfhv edvhg rq ñeS
í hî E>äì zrxog eh gl!fxow wr

lpsohphqw1 Zh wkxv sursrvh/ wr flufxpyhqw wklv sureohp/ wr errwvwuds wkh whvw
e| d frpelqdwlrq ri Zlog dqg Prylqj Eorfn Errwvwudsv/ vkrzlqj lwv ydolglw|1

41 LQWURGXFWLRQ

Lq hfrqrplfv dqg rwkhu duhdv ri vrfldo vflhqfhv/ rqh vxemhfw urxwlqho| lqyrnhg lv wkh
frqfhsw ri fdxvdolw|1 Wklv lv sulpdulo| gxh wr wkh lpsolfdwlrq dqg lqwhusuhwdwlrq
wkdw vxfk d frqfhsw kdv rq wkh gdwd1 Whvwv iru fdxvdolw| duh riwhq shuiruphg lq
wkh frqwh{w ri xquhvwulfwhg yhfwru dxwruhjuhvvlyh +Y DU +S ,, prghov zlwk S d ?qlwh
nqrzq srvlwlyh qxpehu1 Vhh dprqj rwkhuv/ Judqjhu +4<9<, ru Jhzhnh +4<;5, zkhq
wkh gdwd lv vkruw0udqjh ghshqghqw/ ru iru yduldeohv vkrzlqj vwrfkdvwlf0wuhqg ehkdylrxu/
vhh Vlpv hw do1 +4<<3, ru Wrgd dqg Skloolsv +4<<6,1 Vrph h{whqvlrqv duh lq Krvr|d
+4<<4, zkr dqdo|}hv fdxvdolw| iru vwdwlrqdu| vkruw0udqjh ghshqghqw surfhvvhv zklfk
gr qrw qhfhvvdulo| kdyh d Y DU uhsuhvhqwdwlrq ru Oÿwnhsrko dqg Srvnlww +4<<9,/ dqg
uhihuhqfhv wkhuhlq/ zkr doorz iru d Y DU +4, prgho1

Pruh uhfhqwo|/ Klgdojr +4<<<, kdv sursrvhg dqg h{dplqhg d whvw iru fdxvdolw|
zklfk/ xqolnh wkh diruhphqwlrqhg sdshuv/ fryhuv orqj0udqjh ghshqghqfh zklfk kdv
dwwudfwhg lpphqvh dwwhqwlrq lq uhfhqw |hduv1 Wkh pdlq dwwulexwhv ri klv whvw duh> 4,

WNh| zrugv dqg skudvhv1 Errwvwuds/ Fdxvdolw| whvw/ Vshfwudo Dqdo|vlv1
_Wklv duwlfoh lv edvhg rq uhvhdufk ixqghg e| wkh Hfrqrplf dqg Vrfldo Uhvhdufk Frxqflo +HVUF,

uhihuhqfh qxpehu= U33356;5451



lw lv qrqsdudphwulf/ 5, lw lv frqvlvwhqw/ dqg 6, lw kdv srzhu djdlqvw Wý4@5 frqwljxrxv
dowhuqdwlyhv1 Wkxv/ Klgdojr +4<<<, h{whqghg suhylrxv zrun lq wzr pdlq gluhfwlrqv1
Iluvw/ e| doorzlqj d +jhqhudo, fryduldqfh vwdwlrqdu| olqhdu surfhvv dqg vhfrqgo|/ vlqfh
wkh whvw lv qrqsdudphwulf/ kh dyrlghg wkh gdqjhu wkdw d edg vshfl?fdwlrq ri wkh prgho
pd| lqgxfh rq wkh rxwfrph ri wkh whvw1

Qrz zh eulh | glvfxvv wkh pdlq lghd ri wkh whvw1 Frqvlghu wkh s @ s4 . s5
glphqvlrqdo fryduldqfh vwdwlrqdu| yhfwru zw @ +|3w> {3w,

3 dgplwwlqj wkh Y DU +4, uhs0
uhvhqwdwlrq

D +O,zw @
4[
m@3

Dmzwým @ %w/ w @ 4> 5===> W / +414,

zkhuh %w lv d sýglphqvlrqdo pduwlqjdoh gl>huhqfh vhtxhqfh +pruh suhflvh frqglwlrqv
rq %w duh jlyhq lq F7 ehorz, dqg D3 lv wkh lghqwlw| pdwul{1 Wkh remhfwlyh lv wr whvw
wkh qxoo k|srwkhvlv K3= |w > {w/ wkdw lv |w grhv qrw fdxvh {w/ djdlqvw wkh dowhuqdwlyh
k|srwkhvlv K4 = |w @, {w/ wkdw lv |w fdxvhv {w1

Iroorzlqj Vlpv +4<:5, ru Krvr|d +4<::,/ d whvw iru K3 lv htxlydohqw wr whvwlqj
zkhwkhu wkh s4 û s5 pdwulfhv f +m, duh vlpxowdqhrxvo| htxdo wr }hur iru doo m ? 3 lq

|w @
4[

m@ý4
f +m,{wým . xw/ +415,

zkhuh/ e| frqvwuxfwlrq/ H ^xw m{v>ý4 ? v ?4 ` @ 3/ dqg {w dqg xw duh/ srvvleo|/
orqj0udqjh ghshqghqw surfhvvhv1 Dowhuqdwlyho|/ K3 lv htxlydohqw wr

yhf

3C 3[
m@ý4

f +m ý 4, frv +ämè,
4D @3å

;è 5 ^3> 4` /

zkhuh 3å
lv wkh s4s5ýglphqvlrqdo qxoo yhfwru/ ru

Vú +ç, @ Uh

3C] ç

3

yhf

3C 3[
m@ý4

f +m ý 4, hýlämè
4Dgè

4D @3å
;ç 5 ^3> 4` /

zkhuh Uh +d, ghqrwhv wkh uhdo sduw ri d frpsoh{ qxpehu + ru yhfwru, d1 Wkxv/ zh fdq
?qdoo| zulwh wkh k|srwkhvlv whvwlqj dv

K3 = V
ú +ç, @ 3 ;ç 5 ^3> 4` djdlqvw K4 = Vú +ç, 9@ 3 lq ü ã ^3> 4` +416,

zkhuh ü kdv Ohehvjxh phdvxuh juhdwhu wkdq }hur1
Jlyhq hvwlpdwhv ri f +m,/ iru h{dpsoh ef +m,/ dqg xvlqj Ulhpdqq*v glvfuhwh dssur{l0

pdwlrq ri lqwhjudov e| vxpv/ Vú +ç, fdq eh hvwlpdwhg e|

VW +ç, @ Uh

3C 4

P

^Pç`[
s@4

yhf

3C 3[
m@ýP.4

ef +m ý 4, hýlmè5ps

4D4D +417,

zkhuh èc @ 5äc@W / c @ 3>÷4> ===>÷ ^W@5`/ dqgP @ ^W@7p` zlwk p @ p +W , d qxpehu
zklfk lqfuhdvhv vorzo| zlwk W / wkdw lv pý4.pWý4 $ 31 Wkh whvw fdq wkxv eh edvhg
rq zkhwkhu ru qrw VW +ç, lv vljql?fdqwo| gl>huhqw wkdq }hur iru doo ç 5 ^3> 4` e| wkh
lpsohphqwdwlrq ri d ixqfwlrqdo ri VW +ç,/ iru h{dpsoh d Nroprjrury0Vpluqry whvw1
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Pruh vshfl?fdoo|/ xvlqj dq h{whqvlrq ri Klgdojr*v +4<<<, Fruroodu| 4/ zh vkrz lq

Wkhruhp 615 wkdw W 4@5VW +ç,
zhdno|
@, yhf

í hE +ç,ì/ zkhuh hE +ç, lv d s4 û s5 Jdxvvldq
surfhvv zlwk fryduldqfh vwuxfwxuh jlyhq e|

N +ç4> ç5, @
4

7ä

] äplq+ç4>ç5,

3

ý
iý4{{ +ýè,ó ixx +è,

ü
gè1 +418,

Krzhyhu/ dv lw fdq vwudljkwiruzdugo| eh revhuyhg iurp +4=8,/ wkh frpsrqhqwv ri wkh

s4s5ýglphqvlrqdo Jdxvvldq surfhvv yhf
í hE +ç,ì duh qrw jhqhudoo| lqghshqghqw1 Wklv

revhuydwlrq kdv vrph frqvhtxhqfhv uhjduglqj wkh lpsohphqwdwlrq ri wkh whvw1 Lq
sduwlfxodu/ lw zloo lpso| wkdw wr ?qg d wlph wudqvirupdwlrq/ vd| j +ç,/ vxfk wkdw

yhf
í hE +j +ç,,ì lv d s4s5ýglphqvlrqdo yhfwru ri lqghshqghqw Eurzqldq surfhvvhv lv

qrw hdv|/ li dw doo srvvleoh1 Dowkrxjk/ wzr vlwxdwlrqv zkhuh d wudqvirupdwlrq j +ç, fdq
eh irxqg duh d, N +ç4> ç5, lv d gldjrqdo pdwul{ dqg e, N +ç4> ç5, @ plq +ç4> ç5,ó iru
vrph srvlwlyh gh?qlwh pdwul{ ó/ wkhvh vlwxdwlrqv duh h{fhswlrqv udwkhu wkdq wkh uxoh1

Wkh deryh frpphqwv lqglfdwh wkdw wkh uhvxowv ri Wkhruhp 615 ehorz pd| jhqhudoo|
eh ri olplwhg xvh lq rughu wr lpsohphqw wkh whvw iru K3 zkhq s4 dqg2ru s5 duh juhdwhu
wkdq rqh1 Dowkrxjk lw pd| eh srvvleoh wr vlpxodwh wkh olplwlqj glvwulexwlrq/ wklv
dssurdfk fdq eh yhu| ghpdqglqj dqg lq dgglwlrq lw zloo uhtxluh wkh frpsxwdwlrq ri
qhz fulwlfdo ydoxhv hyhu|wlph d qhz prgho lv xqghu frqvlghudwlrq1 Wkhuhiruh/ wkh
pdlq remhfwlyh ri wkh sdshu lv wr h{dplqh krz wr flufxpyhqw wkh sureohp e| xvlqj
d errwvwuds dssurdfk wr whvw K31 Lq sduwlfxodu/ zh vkrz wkdw d frpelqdwlrq ri Zx*v
+4<;9, Zlog ru h{whuqdo Errwvwuds dqg Nÿqvfk*v +4<;<, Prylqj Eorfn Errwvwuds
+PEE, lv frqvlvwhqw1 Wklv zloo mxvwli| dqg shuplw xv wr rewdlq hvwlpdwhv ri wkh
fulwlfdo ydoxhv ri dq| frqwlqxrxv ixqfwlrqdo ri W 4@5VW +ç, hpsor|hg wr whvw K31

Wkh uhpdlqghu ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh ghvfuleh wkh hvwlpdwlrq
whfkqltxh iru wkh pdwulfhv f +m,1 Lq vhfwlrq 6/ zh gholplw rxu vwdwlvwlfdo iudphzrun
dqg suhvhqw wkh dv|pswrwlf ehkdylrxu ri W 4@5VW +ç,1 Lq vhfwlrq 7 zh ghvfuleh wkh
errwvwuds dqg zh h{dplqh lwv dv|pswrwlf surshuwlhv1 Lq vhfwlrq 8 zh jlyh wkh surriv
ri rxu uhvxowv lq vhfwlrqv 6 dqg 7 zklfk xvh vrph whfkqlfdo ohppdv surylghg lq vhfwlrq
91

51 WKH HVWLPDWLRQ RI S Eæä

Lq wklv vhfwlrq zh ghvfuleh wkh hvwlpdwlrq ri wkh pdwulfhv f +m, lq +4=5, dqg glvfxvv
zk| lw lv pruh ghvludeoh wkdq rwkhu dssurdfkhv/ vxfk dv wkh ohdvw vtxduhv +OVH,
hvwlpdwhv/ lq wkh suhvhqfh ri orqj0udqjh ghshqghqfh1 Lq wkh iuhtxhqf| grpdlq/ wkh
odj vwuxfwxuh jlyhq lq +4=5, lv ghvfulehg e| wkh iuhtxhqf| uhvsrqvh ixqfwlrq F +è, @S4

m@ý4 f +m, h
ýlmè1 Vr f +m, lv lqwhusuhwhg dv wkh mwk Irxulhu frh!flhqw ri F +è, @

i|{ +è, i
ý4
{{ +è,/ wkdw lv/

f +m, @ +5ä,ý4
] 5ä

3

F +è, hlmègè/ +514,

zkhuh i|{ +è, dqg i{{ +è, duh wkh lqglfdwhg hohphqwv ri wkh vshfwudo ghqvlw| pdwul{/
izz +è,/ ri zw gh?qhg iurp wkh uhodwlrqvkls

H
ý
+z4 ýHz4, +zm.4 ýHz4,3

ü
@

] ä

ýä
izz +è, h

ýlmègè m @ 3>÷4>÷5> ===1
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Gxh wr wkh lqwhusuhwdwlrq ri f +m, lq +5=4,/ Kdqqdq +4<96> 4<9:,/ vhh dovr Euloolqjhu
+4<;4,/ sursrvhg wr hvwlpdwh f +m, e| wkh vdpsoh +glvfuhwh, dqdorjxh ri +5=4,/

hf +m, @ 4

5P

5Pý4[
s@3

eF5pshlmè5ps/ +515,

zkhuh eF5ps @ ei|{>5ps eiý4{{>5ps/ dqg ei|{>5ps dqg ei{{>5ps duh hvwlpdwhv ri i|{>5ps dqg
i{{>5ps uhvshfwlyho| jlyhq dv wkh lqglfdwhg hohphqwv ri +5=6, ehorz/ dqg zkhuh khqfh0
iruwk zh kdyh deeuhyldwhg j +ès, e| js iru d jhqhulf ixqfwlrq j +è,1 Wkh hvwlpdwruhf +m, lq +5=5, zdv frlqhg e| Vlpv +4<:7, dv wkh KL +Kdqqdq*v lqh!flhqw, hvwlpdwru1

Zh hvwlpdwh izz e|

eizz +è, @ 4

5p. 4

p[
m@ýp

Lzz +èm . è, / +516,

zkhuh Lzz +è, @ +5äW ,
ý4 íSW

w@4 zwh
lwè
ìíSW

w@4zwh
ýlwè

ì3
lv wkh shulrgrjudp ri izwj

dqg zkhuh p lv dv gh?qhg lq Vhfwlrq 41
Zkhq dqdo|}lqj wkh KL hvwlpdwru lq +5=5,/ dqg vlplodu wr whfkqlfdo sureohpv hq0

frxqwhuhg lq pdq| rwkhu qrq2vhpl0sdudphwulf hvwlpdwruv/ dv ei{{ +3, wulhv wr hvwlpdwh
i{{ +3, zklfk pd| eh lq?qlw|/ dv lq Klgdojr +4<<<, zh prgli| +5=5, e|

ef +m, @ 4

5P

5Pý4[
s@4

3 eF5pshlmè5ps / +517,

zkhuh
S5Pý4

s@4

3
!5psh

lmè5ps ghqrwhv
S5Pý4

s@4 !5psh
lmè5ps . !5p1 Lqwxlwlyho|/ zh kdyh

uhsodfhg wkh hvwlpdwru ri F3 e| wkdw ri F5p/ wkdw lv ei|{>5p eiý4{{>5p1
Wkh prwlydwlrq ri wkh hvwlpdwru lq +5=7, lv wkuhhirog1 Iluvw/ wkh vwdwlvwlfdo surs0

huwlhv krog wkh vdph luuhvshfwlyh ri wkh qxpehu ri odjv vshfl?hg lq +4=5,/ zklfk kdyh
lpsruwdqw frqvhtxhqfhv zkhq dqdo|}lqj wkh surshuwlhv ri VW +ç, gh?qhg lq +4=7,1 Vhf0
rqg/ vlqfh wkhuh lv qr jdlq e| h{sorlwlqj wkh lqirupdwlrq rq wkh fryduldqfh vwuxfwxuh
ri wkh huuruv xw/ dv Vlpv +4<:7, vkrzhg/ wkh KL hvwlpdwru ehfrphv dv h!flhqw dv wkh
jhqhudol}hg ohdvw vtxduhv +JOV, hvwlpdwru1 Wklv prwlydwhv wkh OVH ri f +m, jlyhq lq
Urelqvrq +4<:<,/ dowkrxjk xqghu vwurqjhu dvvxpswlrqv wkdq wkrvh zh zdqw wr lpsrvh
lq wklv sdshu1

Ilqdoo|/ wkh wklug prwlydwlrq/ zklfk pdnhv wkh hvwlpdwh lq +5=7, pruh dsshdo0
lqj zkhq wkh gdwd pd| h{klelw orqj0udqjh ghshqghqfh/ lv dv iroorzv1 Dvvxph/ iru
h{srvlwlrqdo vlpsolflw|/ wkdw s4 @ s5 @ 4 dqg wkdw prgho +4=5, lv

|w @

t[
m@ýu

f +m,{wým . xw/ w @ 4> ===> W / +518,

zkhuh erwk t dqg u duh ?qlwh dqg nqrzq d sulru|1 Zkhq wkh gdwd lv vkruw0udqjh
ghshqghqw/ lw lv nqrzq wkdw/ xqghu vxlwdeoh frqglwlrqv/ wkh OVH lv urrw0W frqvlvwhqw
dqg dv|pswrwlfdoo| qrupdo1 Krzhyhu/ xqghu orqj0udqjh ghshqghqfh/ dv Urelqvrq
+4<<7, revhuyhg/ zkhq wkh mrlqw orqj0udqjh ghshqghqfh lq wkh uhjuhvvru {w dqg huuru
xw lv vx!flhqwo| vwurqj/ wkdw lv wkh surgxfw ri wkh vshfwudo ghqvlw| ixqfwlrqv ri {w
dqg xw lv qrw lqwhjudeoh/ wkh OVH lv qr orqjhu urrw0W frqvlvwhqw dqg dv|pswrwlfdoo|
qrupdo1
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Prwlydwhg e| wklv revhuydwlrq/ Urelqvrq dqg Klgdojr +4<<:, vkrzhg wkdw d fodvv
ri iuhtxhqf|0grpdlq zhljkwhg OVH/ lqfoxglqj JOV +zlwk sdudphwulf huuru vshfwudo
ghqvlw| ixqfwlrq, dv d vshfldo fdvh/ lv urrw0W frqvlvwhqw/ dv|pswrwlfdoo| qrupdo dqg
Jdxvv0Pdunry h!flhqw lq prgho +5=8,1 Pruh jhqhudoo|/ wkhlu uhvxowv duh dovr ydolg zkhq
f +m, lv nqrzq xs wr d vhw ri sdudphwhuv ë/ wkdw lv f +m, @ f +m> ë, iru doo m/ lq +4=5,1 Wkh
lqwxlwlrq zk| wkh hvwlpdwru lq Urelqvrq dqg Klgdojr +4<<:, lv urrw0W frqvlvwhqw dqg
dv|pswrwlfdoo| qrupdo lv ehfdxvh wkh zhljkwhg ixqfwlrq srvvhvvhv d }hur vx!flhqwo|
vwurqj wr frpshqvdwh iru wkh vlqjxodulw| ri wkh vshfwudo ghqvlw| ixqfwlrq lqgxfhg e|
wkh froohfwlyh orqj0udqjh ghshqghqfh ri {w dqg xw1 Vr dvvxplqj wkdw i{{ +è, kdv d
vlqjxodulw| dw wkh ruljlq/ iý4{{ +è, zloo srvvhvv d }hur dw è @ 3/ dqg zh fdq h{shfw
wkdw eiý4{{>s ehfrphv +dv|pswrwlfdoo|, d zhljkwhg ixqfwlrq vdwlvi|lqj wkh frqglwlrqv ri
Urelqvrq dqg Klgdojr +4<<:,1 Lq idfw/ lq Wkhruhp 614 ehorz/ zh vkrz wkdw wkh KL
hvwlpdwru lq +5=7, dfklhyhv wkh urrw0W frqvlvwhqf| dqg dv|pswrwlf qrupdolw|/ vr wkdw
wkh KL hvwlpdwru lv lqghhg d ghvludeoh hvwlpdwru1

61 WKH DV\PSWRWLF SURSHUWLHV RI E2éeä DQG E�éeä

Ohw }w @ +z3w> x3w,
3 dqg iru j> k @ 4> ===> s.s4/ ghqrwh e| ijk +è, wkh +j> k, wk frpsrqhqw

ri wkh vshfwudo ghqvlw| pdwul{ ri }w/ gh?qhg iurp wkh uhodwlrq

H
ý
+}4 ý H}4, +}m.4 ýH}4,3

ü
@

] ä

ýä
i}} +è, h

ýlmègè m @ 3>÷4>÷5> ===1

Ohw xv lqwurgxfh wkh iroorzlqj frqglwlrqv=

Frqglwlrq F4 Iru doo j @ 4> ===> s . s4/ wkhuh h{lvw Fj 5 +3>4,/ gj 5 ^3> 4@5, dqg
ò 5 +3> 5`/ vxfk wkdw

ijj +è, @ Fjè
ý5gj +4 .R +èò,, dv è$ 3.

dqg mijj +è,m A 3 iru doo è 5 ^3> ä`1

Ohw xv gh?qh wkh frkhuhqfh ehwzhhq }wj dqg }wk dvUjk +è, @ ijk +è, @
í
i
4@5
jj +è, i

4@5
kk +è,

ì
1

Frqglwlrq F5 Iru doo j ? k @ 5> ===> s. s4/ mUjk +è,m lv wzlfh frqwlqxrxvo| gl>huhq0
wldeoh lq dq| rshq vhw rxwvlgh wkh ruljlq dqg iru vrph ñ 5 +4> 5`/

mUjk +è,ýUjk +3,m @ R
í
èñ
ì
dv è$ 3 . 1

Frqglwlrq F6 izwj @ i|3w> {3wj3 dqg ixwj duh fryduldqfh vwdwlrqdu| olqhdu surfhvvhv
gh?qhg dv

zw @
4[
m@3

õm%wým /
4[
m@3

nõmn5 ?4 dqg xw @
4[
m@3

õxm %x>wým/
4[
m@3

ððõxm ðð5 ?4/

zkhuh õ3 dqg õx3 duh wkh lghqwlw| pdwulfhv dqg nGn vwdqgv iru wkh qrup ri wkh
pdwul{ G1 Ilqdoo| i{wj dqg ixwj duh pxwxdoo| lqghshqghqw1
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Frqglwlrq F7 i%wj lv d vwrfkdvwlf surfhvv wkdw vdwlv?hv H +%w mIwý4 , @ 3/
H +%w%3w mIwý4 , @ H +%w%3w, @ ù d1v1/ H +%wm4%wm5%wm6 mIwý4 , @ ç6>m4>m5>m6 vxfk wkdwññç6>m4>m5>m6ññ ? 4 iru doo m4> m5> m6 zkhuh Iw lv wkh â0dojheud ri hyhqwv jhqhudwhg
e| %v> v é w/ dqg wkh mrlqw irxuwk fxpxodqw ri %wlml > ml @ 4> ===> s dqg l @ 4> ===>7
vdwlv?hv

fxp +%w4m4 > %w5m5 > %w6m6 > %w7m7, @

ã
ém4>m5>m6>m7 / w4 @ w5 @ w6 @ w7/
3/ rwkhuzlvh/

zlwk é @ pd{ml@4>===>s>l@4>===>7 mém4>m5>m6>m7 m ?41

Frqglwlrq F8 i%x>wj lv d vwrfkdvwlf surfhvv wkdw vdwlv?hv H +%x>w mIwý4 , @ 3/
H
ý
%x>w%

3
x>w mIwý4

ü
@ H

ý
%x>w%

3
x>w

ü
@ ùx d1v1/H +%x>wm4%x>wm5%x>wm6 mIwý4 , @ çx>6>m4>m5>m6

vxfk wkdw
ññçx>6>m4>m5>m6ññ ?4 iru doo m4> m5> m6 zkhuh Iw lv wkh â0dojheud ri hyhqwv

jhqhudwhg e| %x>v> v é w/ dqg wkh mrlqw irxuwk fxpxodqw ri %x>wlml > ml @ 4> ===> s4
dqg l @ 4> ===> 7 vdwlv?hv

fxp +%x>w4m4 > %x>w5m5 > %x>w6m6 > %x>w7m7, @

ã
éx>m4>m5>m6>m7 / w4 @ w5 @ w6 @ w7/
3/ rwkhuzlvh/

zlwk éx @ pd{ml@4>===>s4>l@4>===>7 méx>m4>m5>m6>m7 m ?41

Frqglwlrq F9 n+C@Cè,õ +è,n @ R +nõ+è,n @è, dqg
n+C@Cè,õx +è,n @ R +nõx +è,n@è, dv è$ 3./ zkhuh

õ+è, @
4[
m@3

õmh
lmè dqg õx +è, @

4[
m@3

õxm h
lmè/

vxfk wkdw nõ+è,n A 3 dqg nõx +è,n A 3 iru doo è 5 ^3> ä` dqg wzlfh frqwlqxrxvo|
gl>huhqwldeoh lq dq| rshq vhw rxwvlgh wkh ruljlq1 Lq dgglwlrq/ iru doo j @ 4> ===> s.
s4/ i

ý4@5
jj +è, ìj +è, lv d qrq0}hur ?qlwh yhfwru/ zkhuh ìj +è, ghqrwhv wkh jwk urz

ri gldj +õ +è, >õx +è,,1

Frqglwlrq F: nf +mmm,n @ R
í
mmmý6.á@5

ì
iru vrph 3 ? á ? 41

Frqglwlrq F; P5Wý4 .Páý7W $ 3 zlwk á dv lq F:1

Frqglwlrqv F40F5 ghdo zlwk wkh ehkdylrxu ri i}} +è, dqg wkh| duh wkh vdph dv lq
Urelqvrq +4<<8d> e,/ vr klv frpphqwv dsso| khuh1 Frqglwlrqv F60F8 duh uhvwulfwlyh
lq wkh olqhdulw| wkh| lpsrvh/ exw qrw rwkhuzlvh1 Wkh uhtxluhphqw ri lqghshqghqfh
ehwzhhq {w dqg xw lq F6/ dv lq Urelqvrq dqg Klgdojr +4<<:,/ lv qhfhvvdu| iru wkh
surri ri dv|pswrwlf qrupdolw| ri +5=7,1 Zh eholhyh wkdw lw pljkw eh srvvleoh wr uh0
od{ wklv frqglwlrq wr vrph h{whqw/ exw wkdw zloo hqruprxvo| frpsolfdwh wkh douhdg|
whfkqlfdo surri jlyhq lq Urelqvrq dqg Klgdojr +4<<:,1 Frqglwlrq F9 lv vlplodu wr
wkdw lq Urelqvrq +4<<8d> e,1 Wkh vhfrqg sduw ri wkh frqglwlrq lv qrw vwurqj/ vhh iru
lqvwdqfh wkh frpphqwv pdgh diwhu +6=4, ehorz/ rqfh ègj lv lghqwl?hg dv iý4@5jj xs wr
frqvwdqwv wkhuh1 Frqglwlrq F: lpsolhv wkdw wkh ?uvw ghulydwlyh ri nF +è,n lv Olswfklw}
frqwlqxrxv zlwk Olswfklw} sdudphwhu lq wkh lqwhuydo +3> 4ý á@5,1 Frqglwlrq F; jlyhv
wkh dgplvvleoh ydoxhv ri P 1 Vshfl?fdoo|/ wkh udwh ri lqfuhdvh ri P wr lq?qlw| fdqqrw
eh vorzhu wkdq W ï.4@+7ýá, ru idvwhu wkdq W 4@5ýï iru duelwudulo| vpdoo ï A 31

9



H{dpsohv ri surfhvvhv vdwlvi|lqj F40F9 duh dv iroorzv1 Ohw åw eh d sýglphqvlrqdo
xqrevhuydeoh fryduldqfh vwdwlrqdu| olqhdu surfhvv zklfk srvvhvvhv d frqwlqxrxv dqg
erxqghg dzd| iurp }hur vshfwudo ghqvlw| pdwul{ dqg frqvlghu wkh ?owhu

zw @
4[
m@3

J +m, åwým 1 +614,

Ohw Jj +è, ghqrwh wkh jwk urz ri wkh pdwul{ J +è, @
S4

m@3J +m, h
lmè vxfk wkdw

Jj +è,è
gj whqgv wr d qrq0}hur ?qlwh yhfwru dv è$ 3./ iru j @ 4> ===> s1 Iru lqvwdqfh/ ohw

åw eh d vwdwlrqdu| lqyhuwleoh yhfwru dxwruhjuhvvlyh prylqj dyhudjh +Y DUPD, surfhvv
zlwk llg lqqrydwlrqv dqg ohw hdfk zwj eh iruphg e| vhsdudwh iudfwlrqdo lqwhjudwlrq ri
wkh fruuhvsrqglqj åw hohphqw/ vr wkdw

J +è, @ gldj
íý
4ý hlèüýg4 > ===> ý4ý hlèüýgsì 1

Wkhq F40F9 krog1 Wklv prgho lv dq h{whqvlrq wr wkh yhfwru fdvh ri wkh idploldu
iudfwlrqdo dxwruhjuhvvlyh prylqj dyhudjh +DUILPD, prgho/ vhh iru lqvwdqfh Judqjhu
dqg Mr|hx{ +4<;3, ru Krvnlqj +4<;4,1 Dqrwkhu prgho zklfk h{klelwv orqj0udqjh
ghshqghqfh lv wkh iudfwlrqdo Jdxvvldq qrlvh +ijq, surfhvv lqwurgxfhg e| Pdqghoeurw
dqg Ydq Qhvv +4<9;,/ zkrvh vshfwudo ghqvlw| ixqfwlrq/ vhh Vlqdl +4<:9,/ lv

i +è, @
7â5zý +5g,

+5ä,6.5g
frv +äg, vlq5 +è@5,

4[
m@ý4

ññññm . è

5ä

ññññý5ý5g
zkhuh â5z @ H +zw ý H +zw,,5 ?4 dqg ý+ü, ghqrwhv wkh jdppd ixqfwlrq1

Wkhruhp 6141 Dvvxplqj F40F;/ iru dq| ?qlwh froohfwlrq m� > ===> m ^ /

+l, W �@2 +yhf +ef +m� ,ýf +m� ,, > ===> yhf +ef +m^,ýf +m^ ,,,3 _$ Q
í
3 >ó @ ióéh écjh >c@� >==>^

ì
zkhuh

óéh éc@+5ä,
ý�
] ä

ýä

ý
i ý�
  +ýè,ói ýý +è,

ü
hð+éhýé c,ègè

zklfk fruuhvsrqgv wr wkh dv|pswrwlf fryduldqfh pdwul{ ehwzhhq yhf +ef +mh ,, dqg yhf +ef +mc,,1
+ll, Ohw eiýý>24T@ei))>24Týei) >24T

ei ý�  >24T
ei )>ý24T 1 D frqvlvwhqw hvwlpdwru ri óéh éc/

u > c @ 4 > ===> t/ lv

eóéh éc@
4

5P

2�ý�[
T@�

íei ý�
  >ý24Tó eiýý>24T

ì
hð+éhýé c,è24T 1

Wkh dv|pswrwlf surshuwlhv ri wkh hvwlpdwru jlyhq lq +5=5, zhuh ?uvw hvwdeolvkhg
e| Kdqqdq +4<9:, iru d ?qlwh/ srvvleo| ri xqnqrzq rughu/ glvwulexwhg odj prgho dqg
Euloolqjhu +4<;4, iru wkh lq?qlwh glvwulexwhg odj uhjuhvvlrq prgho/ zkhq erwk i{{ +è,
dqg ixx +è, duh erxqghg dqg erxqghg dzd| iurp }hur/ zkhuhdv Klgdojr +4<<<, xqghu/
srvvleo|/ wkh suhvhqfh ri orqj0udqjh ghshqghqfh glg wkh vdph iru wkdw lq +5=7,1

Ohw xv lqwurgxfh dq dgglwlrqdo frqglwlrq1

Frqglwlrq F< n{wn7 dqg nxwn7 duh xqlirupo| lqwhjudeoh1

:



Revhuyh wkdw d vx!flhqw frqglwlrq iru Frqglwlrq F< lv wkdw iru vrph ï A 3/
vxsw

í
H n{wn7.ï . H nxwn7.ï

ì
?41

Ohw

VW +ç, @ Uh

3C 4

P

^Pç`[
s@4

yhf

3C 3[
m@ýP.4

ef +m ý 4, hýlmè5ps

4D4D 1

Wkhruhp 6151 Dvvxplqj F40F< dqg ef +m , jlyhq lq +5 =7 ,/ xqghu Kf /

W �@2VA +ç,
êi@!*)
@, yhf

íhE +ç,ì
lq GT�T2 ^3 > 4 ` hqgrzhg zlwk wkh Vnrurkrg phwulf/ zkhuh yhf

íhE +ç,ì lv d s� s2 0
Jdxvvldq surfhvv zlwk fryduldqfh vwuxfwxuh jlyhq lq +4 =8 ,1

Qrz zh hoderudwh rq wkh uhvxowv ri Wkhruhp 6151 Zkhq s4 @ s5 @ 4/ dqg ehfdxvh
wkh ixqfwlrq N +ç>ç, jlyhq lq +4=8, lv qrqghfuhdvlqj dqg qrqqhjdwlyh/ hE +ç, dgplwv
wkh uhsuhvhqwdwlrq E +N +ç> ç,, lq glvwulexwlrq/ zkhuh E +ç, lv wkh vwdqgdug Eurzqldq
prwlrq lq ^3> 4`1 Wklv revhuydwlrq/ Wkhruhp 615 dqg wkh frqwlqxrxv pdsslqj wkhruhp
|lhog

vxs
ç5^3>4`

ñññW 4@5VW +ç,ñññ @, vxs
ç5^3>N+4>4,`

mE +ç,m @N4@5 +4> 4, vxs
ç5^3>4`

mE +ç,m lq odz1

Ohw eN +ç> ç, eh wkh frqvlvwhqw hvwlpdwh ri N +ç> ç, gh?qhg dv

eN +ç> ç, @ 4

7P

^Pç`[
s@4

í eiý4{{>ý5ps ó eixx>5psì 1
Wkhq/ iru h{dpsoh/ wkh Nroprjrury0Vpluqry whvw edvhg rq W 4@5VW +ç, zrxog uhmhfw

wkh qxoo li vxs
q eNý4@5 +4> 4,

ññW 4@5VW +ç,ññ / ç 5 ^3> 4`r h{fhhghg dq dssursuldwh fulwlfdo
ydoxh rewdlqhg iurp wkh erxqgdu| furvvlqj suredelolwlhv ri d Eurzqldq prwlrq/ zklfk
duh uhdglo| dydlodeoh rq wkh xqlw lqwhuydo1 Pruh jhqhudoo|/ vhh iru h{dpsoh Nrxo dqg
Vwxwh +4<<<,/ dv

eNý4@5 +4> 4,W 4@5VW

ëí eN +ç>ç,ìý4 +w,ê zhdno|
@, E +ç,

zkhuh
í eN +ç> ç,ìý4 +w, @ lqi

q
ç 5 ^3> 4` / eN +ç>ç, è wr/ wkh olplwlqj glvwulexwlrq ri

dq| frqwlqxrxv ixqfwlrqdo ri eNý4@5 +4> 4,W 4@5VW

ëí eN +ç> ç,ìý4 +w,ê fdq eh rewdlqhg

iurp wkh glvwulexwlrq ri wkh fruuhvsrqglqj ixqfwlrqdo ri E +ç, rq ^3> 4`1
Krzhyhu zkhq s4 dqg2ru s5 duh juhdwhu wkdq rqh/ d wlph wudqvirupdwlrq j +ç,

vxfk wkdw yhf
í hE +ç,ì dgplwv wkh uhsuhvhqwdwlrq yhf +E +j +ç,,,/ zkhuh E +ç, kdv lq0

ghshqghqw Eurzqldq prwlrqv frpsrqhqwv/ lv qrw jhqhudoo| dydlodeoh1 Wzr vlwxdwlrqv
zkhuh wklv wudqvirupdwlrq lv srvvleoh zhuh ghvfulehg lq wkh lqwurgxfwlrq1 Qdpho|/ 4,
zkhq N +ç4> ç5, @ plq +ç4> ç5,ó zkhuh ó lv d srvlwlyh gh?qlwh pdwul{/ dqg 5, zkhq
N +ç4> ç5, lv d gldjrqdo pdwul{1 Iru wkh odwwhu/ vhh iru h{dpsoh Ndudw}dv dqg Vkuhyh

;



+4<<4, Wkhruhp 61714 iru wkh frqvwuxfwlrq ri vxfk d wudqvirupdwlrq1 Krzhyhu/ wkhvh
wzr vlwxdwlrqv duh h{fhswlrqv udwkhu wkdq wkh uxoh1 Wkxv/ wkh uhvxowv ri Wkhruhp 615
duh vrphkrz ri olplwhg xvh iru wkh sxusrvh ri vwdwlvwlfdo lqihuhqfh1 Dowkrxjk/ lq sulq0
flsoh/ wkh olplwlqj glvwulexwlrq frxog eh vlpxodwhg/ vlqfh lw lv qrq0glvwulexwlrq iuhh/ lw
zrxog lpso| wkdw d sudfwlfwlrqhu zrxog qhhg wr frpsxwh fulwlfdo ydoxhv hyhu|wlph d
qhz prgho lv xqghu frqvlghudwlrq1 Zh sursrvh wr errwvwuds W 4@5VW +ç, wr flufxpyhqw
wkh srwhqwldo sureohp ri krz wr lpsohphqw wkh whvw lq hpslulfdo h{dpsohv1

71 D ERRWVWUDS DSSURDFK WR A �*27A E>ä

Vlqfh Hiurq*v +4<:<, vhplqdo sdshu rq wkh errwvwuds/ dq lpphqvh h>ruw kdv ehhq
ghyrwhg wr lwv ghyhorsphqw1 Wkh sulpdu| prwlydwlrq iru wklv h>ruw lv wkdw lw kdv
suryhg wr eh d yhu| xvhixo vwdwlvwlfdo wrro1 Zh fdq flwh wkuhh pdlq uhdvrqv1 Iluvw/
errwvwuds phwkrgv duh fdsdeoh ri dssur{lpdwlqj wkh ?qlwh vdpsoh glvwulexwlrq ri
vwdwlvwlfv ehwwhu wkdq wkrvh edvhg rq wkhlu dv|pswrwlf frxqwhusduwv1 Vhfrqg/ lw lv
lwv delolw| wr zrun lq frpsoh{ vlwxdwlrqv zlwkrxw lpsrvlqj vwurqj dvvxpswlrqv rq
wkh gdwd phfkdqlvp surfhvv1 Dqg wklug/ dqg shukdsv wkh prvw lpsruwdqw/ lw doorzv
frpsxwlqj ydolg dv|pswrwlf txdqwlohv ri wkh olplwlqj glvwulexwlrq lq vlwxdwlrqv zkhuh
4, wkh olplwlqj glvwulexwlrq lv xqnqrzq ru 5, hyhq nqrzq/ wkh sudfwlwlrqhu lv xqdeoh
wr frpsxwh lwv txdqwlohv1

Lq wkh suhvhqw sdshu zh dgguhvv wkh odwwhu vlwxdwlrq1 Iroorzlqj rxu frpphqwv
dw wkh hqg ri wkh suhylrxv vhfwlrq/ wkh dlp ri wklv vhfwlrq lv wr sursrvh d errwvwuds
surfhgxuh iru W 4@5VW +ç, edvhg rq d frpelqdwlrq ri Zx*v +4<;9, Zlog ru H{whuqdo
errwvwuds dqg Nÿqvfk*v +4<;<, Prylqj Eorfn Errwvwuds +PEE,1

Zh qrz ghvfuleh wkh errwvwuds1 Ohw efW +m, ghqrwh wkh hvwlpdwru ri f +m, lq +5=7,
dqg ohw q @ q +W , eh d qxpehu zklfk lqfuhdvhv vorzo| zlwk W 1 Frqvlghu O @ W ýq.4
jurxsv ri vl}h q/ zkhuh wkh cwk jurxs kdv revhuydwlrqv zå +c, @

ý
z3c> ===> z

3
q.cý4

ü3
1

Ohw xv lqwurgxfh wkh shulrgrjudp ri zå +c,/ iru c @ 4> ===> O/

Lzz +è> c, @ kz +è> c,k
ú
z +è> c, /

zkhuh

kz +è> c, @
4

+5äq,
4@5

c.qý4[
w@c

zwh
lwè/ +714,

lv wkh glvfuhwh Irxulhu wudqvirup dqg 4ú4 phdqv wudqvsrvh frpelqhg zlwk frpsoh{
frqmxjdwlrq1 Wkhq/ wkh vshfwudo ghqvlw| pdwul{ hvwlpdwru ri izz xvlqj zå +c,/ iru

c @ 4> ===> O/ lv gh?qhg e|

eizz +è> c, @ 4

5p. 4

p[
m@ýp

Lzz +èm . è> c, / +715,

zkhuhp @ ^q@7P +q,` zlwkP +q, d srvlwlyh qxpehu vxfk wkdwP +q,ý4.qý4P +q,$
3 dqg èm @ +5äm, @q/ m @ 3>÷4> ===>÷ ^q@5`1

Wkh errwvwuds frqvlvwv ri wkuhh vwhsv1

VWHS 4 Frpsxwh efq +m> c, dv lq +5=7, xvlqj zå +c,/ iru c @ 4> ===> O1 Wkdw lv/
efq +m> c, @ 4

5P +q,

5P+q,ý4[
s@4

3 eF5ps +c, hlmè5ps / +716,

<



zkhuh eF5ps +c, @ ei|{>5ps +c, eiý4{{>5ps +c,/ dqg ei|{>5ps +c, dqg ei{{>5ps +c, ghqrwh
wkh hvwlpdwhv ri i|{>5ps dqg i{{>5ps uhvshfwlyho| jlyhq e| wkh lqglfdwhg frp0
srqhqwv ri +7=5,/ dqg zkhuh zh kdyh deeuhyldwhg j +è5ps> c, e| j5ps +c, iru d
jhqhulf ixqfwlrq j +ü,1

VWHS 5 Iru doo c @ 4> ===> O/ ohw xv frpsxwh

& +ç> c, @ Uh

3C q4@5

P +q,

^P+q,ç`[
s@4

yhf

3C 3[
m@ýP+q,.4

+efq +m ý 4> c,ý efW +m ý 4,, hýlmè5ps

4D4D 1

+717,
Dqg ?qdoo|/

VWHS 6 Frpsxwh wkh errwvwuds vwdwlvwlf dv

VúW +ç, @
4

O4@5

O[
c@4

& +ç> c, ìc/ ç 5 ^3> 4` +718,

zkhuh ìc lv dq llg +3> 4, vhtxhqfh ri erxqghg udqgrp yduldeohv1

Uhpdun 41 Lw lv zruwk qrwlqj wkdw zh kdyh xvhg wkh vdph udqgrp yduldeoh ìc iru

hyhu| frruglqdwh ri yhf
íS3

m@ýP+q,.4 +efq +m ý 4> c,ý efW +m ý 4> c,, hýlmè5ps

ì
1 Wklv lv

fuxfldo iru wkh ydolglw| ri wkh errwvwuds1 Wkh uhdvrq frphv iurp wkh revhuydwlrq wkdw
li gl>huhqw udqgrp yduldeohv ìc zhuh xvhg iru hdfk frruglqdwh/ xqohvv yhf

í hE +ç,ì kdg
lqghshqghqw frpsrqhqwv/ wkh odwwhu errwvwuds dssurdfk zrxog ghvwur| wkh frydul0
dqfh vwuxfwxuh ri yhf

í hE +ç,ì dqg wkxv wkh ydolglw| ri wkdw errwvwuds1 Lq sduwlfxodu/
iru c @ 4> ===> O/ ohw ìúc @

ý
ìc>4> ===> ìc>s

ü3
dq llg vhtxhqfh zlwk pxwxdoo| lqghshqghqw

frpsrqhqwv/ dqg frqvlghu

VúúW +ç, @
4

O

O[
c@4

Vq +ç> c,� ìúc / ç 5 ^3> 4`

zkhuh iru wzr yhfwruv d dqg e/ d� e ghqrwhv pxowlsolfdwlrq ri d dqg e frruglqdwh e|
frruglqdwh1 Wkhq/ surfhhglqj dv lq wkh surri ri Sursrvlwlrq 914/ lw lv hdvlo| vkrzq
wkdw

H
í
O
ý
VúúW +ç,VúúW +ç,

3ü ñññ+z34> ===> z3W ,3ì
@
4

O

O[
c@4

H
í
+Vq +ç> c,� ìúc , +Vq +ç> c,� ìúc ,

3
ñññ+z34> ===> z3W ,3ì

@
4

O

O[
c@4

gldj
í
V5q +ç> c,4 > ===> V

5
q +ç> c,s4s5

ì
< N +ç>ç, /

zkhuh jt ghqrwhv wkh twk frpsrqhqw ri d yhfwru j1 Pruhryhu/ surfhhglqj dv lq wkh

surri ri Wkhruhp 714 ehorz/ O4@5VúúW +ç,
zhdno|
@, yhf

ý
E +ç,

ü
/ zkhuh yhf

ý
E +ç,

ü
kdv

lqghshqghqw frpsrqhqwv/ zklfk lpsolhv wkdw yhf
ý
E +ç,

ü 9@ yhfí hE +ç,ì1
43



Wkh uhvdpsolqj phwkrg pxvw eh vxfk wkdw wkh frqglwlrqdo glvwulexwlrq/ jlyhq wkh
gdwd/ ri wkh errwvwuds whvw/ vd| * +VúW +ç,,/ frqvlvwhqwo| hvwlpdwhv wkh glvwulexwlrq ri

*
í
yhf

í hE +ç,ìì xqghu K31 Wkdw lv/ * +VúW +ç,, $gú *
í
yhf

í hE +ç,ìì lq suredelolw|
xqghu K3/ zkhuh 3$gú4 ghqrwhv

olp
q$4Su

k
* +VúW +ç,, é }m {å

l
s$ J +}, /

dw hdfk frqwlqxlw| srlqw } ri J +}, @ Su
í
*
í
yhf

í hE +ç,ìì é }ì dv gh?qhg lq Jlqh

dqg ]lqq +4<<3,1 Pruhryhu/ xqghu frqwljxrxv dowhuqdwlyhv Kd/ * +VúW +ç,, pxvw dovr

frqyhujh/ lq errwvwuds glvwulexwlrq wr *
í
yhf

í hE +ç,ìì/ zkhuhdv xqghu wkh dowhuqdwlyh
K4 * +VúW +ç,, vkrxog eh erxqghg lq suredelolw|1

Ehiruh zh vwxg| wkh vwdwlvwlfdo surshuwlhv ri wkh errwvwuds vwdwlvwlf VúW +ç, jlyhq
lq +BB,/ ohw xv lqwurgxfh dq dgglwlrqdo frqglwlrq1

F143 qý4 . Wý4q orj5 W . qý4P5 +q,$ 31

Wkhruhp 7141 ohw * +ü, eh d frqwlqxrxv ixqfwlrqdo1 Dvvxplqj F140F143/ xqghu wkh
pdlqwdlqhg k|srwkhvlv K @ K f^K � /

*
í
O�@2VúA +ç,

ì
_ú$ *

í
yhf

íhE +ç,ìì lq suredelow|/
zkhuh yhf

íhE +ç,ì lv d s� s2 0Jdxvvldq surfhvv zlwk fryduldqfh vwuxfwxuh jlyhq lq
+4 =8 ,1

Wkh ?uvw frqfoxvlrq wkdw zh fdq gudz iurp Wkhruhp 714 lv wkdw wkh errwvwuds
frqyhujhv lq suredelolw| wr wkh vdph surfhvv zkhwkhu ru qrw wkh qxoo k|srwkhvlv krogv1
Lq dgglwlrq/ lw dovr lqglfdwhv wkdw wkh errwvwuds vwdwlvwlf jlyhq lq +7=8, lv frqvlvwhqw1
Vr/ zh fdq qrz mxvwli| wkh frqvwuxfwlrq ri frq?ghqfh lqwhuydov wr whvw K31

Wr wkdw hqg/ ohw * +ü, ghqrwh d frqwlqxrxv ixqfwlrqdo ghvljqhg wr whvw K3/ dqg ohw
fiq>+4ýò, dqg f

d
+4ýò, eh vxfk wkdw

Su
qñññ*íW 4@5VW +ç,ìñññ A fiq>+4ýò,r @ ò

dqg
olp
q$4Su

qñññ*íW 4@5VW +ç,ìñññ A fd+4ýò,r @ ò/
uhvshfwlyho|1 Wkhq/ Wkhruhp 615 dqg wkh frqwlqxrxv pdsslqj wkhruhp lqglfdwh wkdw
fiq>+4ýò, $ fd+4ýò,/ zkhuhdv Wkhruhp 714 lqglfdwhv wkdw fú+4ýò, vdwlvi| f

ú
+4ýò,

s$ fd+4ýò,
zkhuh

Su
qñññ*íO4@5VúW +ç,ìñññ A fú+4ýò,r @ ò1

Vlqfh wkh ?qlwh vdpsoh glvwulexwlrq ri *
ý
O4@5VúW +ç,

ü
lv qrw dydlodeoh/ fú+4ýò, lv

dssur{lpdwhg/ dv dffxudwho| dv ghvluhg/ e| d vwdqgdug Prqwh0Fduor vlpxodwlrq dojr0
ulwkp1 Wkdw lv/ ohw ì+m, @

í
ì
+m,
4 > ===> ì

+m,
O

ì
iru m @ 4> ===>E/ dqg iru hdfk m/ frpsxwh

V
ú+m,
W dv lq VWHS 61 Wkhq/ fú+4ýò, lv dssur{lpdwhg e| wkh ydoxh fúE+4ýò, wkdw vdwlv?hv

4

E

E[
m@4

4
íñññ*íO4@5Vú+m,W +ç,

ìñññ è fúE+4ýò,ì @ ò1
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81 SURRIV

8141 Surri ri Wkhruhp 615

Xvlqj wkh fkdqjh ri vxelqgh{ ým e| m/ zh fdq zulwh W 4@5VW +ç, dv

Uh

3CPý4[
m@3

yhf

3CW 4@5ef +ým ý 4, 4
P

^Pç`[
s@4

hlmè5ps

4D4D +814,

@ yhf

3CW 4@5ef +ý4,ç.Pý4[
m@4

W 4@5ef +ým ý 4, vlq +äçm,
äm

4D +4 . r +4,,
vlqfh Uh

í
Pý4S^Pç`

s@4 h
lmè5ps

ì
$

P$4
+äm,ý4 vlq +äçm, xqlirupo| lq ç 5 ^3> 4`1

Zulwlqj

dm ý f +m, @ 4

5P

5Pý4[
s@4

eix{>5psiý4{{>ý5pshlmè5ps/ m @ 3>÷> ===>÷P /

ohw ef +m, @ dm .K +m,1 Vr wkh uljkw vlgh ri +8=4, lv
yhf

3CW 4@5dý4ç.Pý4[
m@4

W 4@5dýmý4
vlq +äçm,

äm

4D +4 . r +4,, +815,

.yhf

3CW 4@5K +ý4,ç.Pý4[
m@4

W 4@5K +ým ý 4, vlq +äçm,
äm

4D +4 . r +4,, 1
Wkh vhfrqg whup ri +8=5, lv rs +4, xqlirupo| lq ç/ dv zh qrz vkrz1 Iurp wkh surri ri
Wkhruhp 4 ri Klgdojr +4<<<,/ xqlirupo| lq m/ W 4@5K +m, @ Rs

ý
Pý4@5 orjP

ü
1 Vr/ e|

wkh wuldqjoh lqhtxdolw|

vxs
ç5^3>4`

ððððððW 4@5K +ý4, .
Pý4[
m@4

W 4@5K +ým ý 4, vlq +äçm,
äm

ðððððð +816,

é Rs

ë
orjP

P4@5

ê
.N

Pý4[
m@4

4

m

ðððW 4@5K +ým ý 4,ððð @ Rs íPý4@5 orj5P
ì
1

Vr/ wr frpsohwh wkh surri lw vx!fhv wr vkrz wkdw wkh ?uvw whup ri +8=5,/ wkdw lv/

yhf

3CW 4@5dý4ç.Pý4[
m@4

W 4@5dýmý4
vlq +äçm,

äm

4D
frqyhujhv zhdno| wr yhf

í hE +ç,ì1 Exw/ vlqfh xqghu K3/ f +m, @ 3 iru doo m ? 3/ wkh

surri iroorzv surfhhglqj dv wkdw ri Klgdojr*v +4<<<, Fruroodu| 4/ dqg wkxv lv rplwwhg1ù
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8151 Surri ri Wkhruhp 714

Wkh surri lv vsolw lqwr wkuhh sursrvlwlrqv1 Lq Sursrvlwlrq 814 zh vkrz wkdw wkh frydul0
dqfh vwuxfwxuh ri wkh errwvwuds surfhvv VúW +ç, frqyhujhv lq suredelolw| wr +4=8,1 Lq
Sursrvlwlrq 815 zh vkrz wkdw wkh ?qlwh glphqvlrqdo glvwulexwlrqv frqyhujh wr wkrvh ri
yhf

í hE +ç,ì/ zkhuhdv lq Sursrvlwlrq 816 zh vkrz wkh wljkwqhvv frqglwlrq1 Wkhq dsso|
wkh frqwlqxrxv pdsslqj wkhruhp wr frqfoxgh1

Khqfhiruwk/ zh vkdoo ghqrwh Hú +ü, dv wkh errwvwuds h{shfwdwlrq/ wkdw lv/ iru dq|
udqgrp yduldeoh \ / Hú +\ , @ H +\ mz4> ===> zW ,1
Sursrvlwlrq 8141 Xqghu F40F43/ iru doo 3 é ç�é ç2é 4 /

Hú
#

4

O�@2

w[
c@�

& +ç� > c, ìc
4

O�@2

w[
c@�

& +ç2 > c,
3
ìc

$
è$ N +ç� > ç2 , 1 +817,

Surri1 Ehfdxvh ìc lv d vhtxhqfh ri llg +3> 4, udqgrp yduldeohv/ wkh ohiw vlgh ri +8=7, lv

4

O

O[
c@4

& +ç4> c,& +ç5> c,
3 1 +818,

Vr/ lw vx!fhv wr vkrz wkdw +8=8, frqyhujhv lq suredelolw| wr N +ç4> ç5,1
Iluvw/ surfhhglqj dv lq wkh surri ri Klgdojr*v +4<<<, Wkhruhp 4/

+efq +ým ý 4> c,ý efW +ým ý 4,, @ edq +ým ý 4> c,ý edW +ým ý 4, +819,

.+Kq +ým ý 4> c,ýKW +ým ý 4,, /
zkhuh

edq +ým ý 4> c,ý f +ým ý 4, @ 4

5P +q,

5P+q,ý4[
s@4

eix{>5psiý4{{>5pshlmè5ps /

edW +ým ý 4,ý f +ým ý 4, @ 4

5P

5Pý4[
s@4

eix{ +äs@P, iý4{{ +äs@P, hlmäs@P
dqg vxfk wkdw xqlirupo| m/

q4@5 +Kq +ým ý 4> c,ýKW +ým ý 4,, @ Rs
í
Pý4@5 +q, orjP +q,

ì
1 +81:,

Xvlqj +8=9,/ +8=:, dqg wkh frqyhqwlrq wkdw {ý4 vlq +ç{, @ ç iru { @ 3/ vlqfh xqlirupo|

lq ç 5 ^3> 4`/ Uh
í
Pý4 +q,

S^P+q,ç`
s@4 hlmè5ps

ì
$

P+q,$4
+äm,

ý4
vlq +ämç,/ zh frqfoxgh

wkdw wkh uljkw vlgh ri +7=7,/ surfhhglqj dv lq wkh surri ri wkh vhfrqg whup ri +8=5,/ lv

P+q,ý4[
m@3

q4@5yhf +edq +ým ý 4> c,ý edW +ým ý 4,, vlq +ämç,
äm

. rs +4,

@

P+q,ý4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, vlq +ämç,
äm

. rs +4, +81;,

ý +q@W ,4@5
P+q,ý4[
m@3

W 4@5yhf +edW +ým ý 4,ý f +ým ý 4,, vlq +ämç,
äm

. rs +4, 1
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Wkh vhfrqg whup rq wkh uljkw ri +8=;, lv rs +4, xqlirupo| lq ç dv zh qrz vkrz1
Iluvw/ surfhhglqj dv lq wkh surri ri Wkhruhp 4 ri Klgdojr +4<<<, dqg wkh xqlirup
lqwhjudelolw| ri n{wn7 dqg nxwn7 zh jhw wkdw H

ððW 4@5 +edW +ým ý 4,ý f +ým ý 4,,ðð ? G
e| Wkhruhp D ri Vhu lqj +4<;4/ s165,/ zkhuh khqfhiruwk/ G ghqrwhv d ?qlwh srvlwlyh
frqvwdqw1 Vr wkh ?uvw devroxwh prphqw ri wkdw whup lv erxqghg e|

G
q4@5

W 4@5

P+q,ý4[
m@3

mý4 é Gq
4@5

W 4@5
orjP +q, @ r +4,

e| F431 Rq wkh rwkhu kdqg/ surfhhglqj dv lq wkh surri ri Fruroodu| 4 ri Klgdojr
+4<<<,/ wkh ?uvw whup rq wkh uljkw ri +8=;, lv

ný4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, vlq +ämç,
äm

.

P+q,ý4[
m@n

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, vlq +ämç,
äm

@
ný4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, vlq +ämç,
äm

. rs +4,

zkhuh wkh rs +4, lv xqlirup lq ç1 +Lq idfw/ lw zdv vkrzq wkhuh wkdw

H vxs
ç

ññññññ
P+q,ý4[
m@n

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,,v vlq +ämç,äm

ññññññ @ r +4, /
iru v @ 4> ===> s4s5/ zkhuh jv ghqrwhv wkh vwk frruglqdwh ri d yhfwru j1,

Vr zh frqfoxgh wkdw +8=8, lv

4

O

O[
c@4

ec +ç4, ec +ç5,
3
. rs +4, / +81<,

zkhuh

ec +ç, @
ný4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, vlq +ämç,
äm

1

Wr frpsohwh wkh surri/ lw vx!fhv wr vkrz wkdw wkh ?uvw whup ri +8=<, frqyhujhv lq
suredelolw| wr N +ç4> ç5,1 Wr wkdw hqg/ zlwkrxw orvv ri jhqhudolw|/ zh irfxv rq rqh ri
wkh frpsrqhqwv ri ec +ç4, ec +ç5,

3/ iru h{dpsoh wkh +4> 4, wk1
OhwN4>4 +ç4> ç5, ghqrwh wkh +4> 4, wk hohphqw riN +ç4> ç5, dqg ec>4 +ç, wkh ?uvw hoh0

phqw ri ec +ç,1 Iluvw/ vlqfh q4@5 +edq +ým ý 4> c,ý f +ým ý 4,, frqyhujhv lq glvwulexwlrq
e| Wkhruhp 4 ri Klgdojr +4<<<,/ dqg e| F< lv d xqlirupo| lqwhjudeoh vhtxhqfh wkhq
H
ððq4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,,ðð5 ? G e| Wkhruhp D ri Vhu lqj +4<;4/ s165,1

Wkxv surfhhglqj dv lq Fruroodu| 4 ri Klgdojr +4<<<,/

H +ec>4 +ç4, ec>4 +ç5,,$ N4>4 +ç4> ç5, /
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zklfk lpsolhv e| vwdwlrqdulw| ri +{3w> x3w,
3 wkdw

H

#
4

O

O[
c@4

ec>4 +ç4, ec>4 +ç5,

$
$ N4>4 +ç4> ç5, 1

Qh{w/

H

#
4

O

O[
c@4

ec>4 +ç4, ec>4 +ç5,

$5
@
4

O5

O[
c@4

H
ý
e5c>4 +ç4, e

5
c>4 +ç5,

ü
+8143,

.
5

O5

O[
c4@4?c5

H +ec4>4 +ç4, ec4>4 +ç5, ec5>4 +ç4, ec5>4 +ç5,, 1

Wkh ?uvw whup rq wkh uljkw ri +8=43, lv

4

O5

O[
c@4

q
5 +H +ec>4 +ç4, ec>4 +ç5,,,

5
. H

ý
e5c>4 +ç4,

ü
H
ý
e5c>4 +ç5,

ü
.fxp +ec>4 +ç4, > ec>4 +ç4, > ec>4 +ç5, > ec>4 +ç5,,j @ R

ý
Oý4

ü
e| Fdxfk| lqhtxdolw|/ dqg ehfdxvh

ñññH íe5c>4 +ç,ìñññ éG dqg

mfxp +ec>4 +ç4, > ec>4 +ç4, > ec>4 +ç5, > ec>4 +ç5,,m $ 3 vlqfh e| wkh xqlirup lqwhjudelolw|

ri n{wn7 dqg nxwn7 e| F< H
ððq4@5 +edq +ým ý 4> c,ý f +ým ý 4,,ðð7 frqyhujhv wr wkdw

ri lwv olplwlqj glvwulexwlrq/ +d qrupdo udqgrp yduldeoh,/ e| Wkhruhp D ri Vhu lqj
+4<;4/ s165,1

Wr ?qlvk wkh surri ri wkh sursrvlwlrq/ lw wkxv uhpdlqv wr vkrz wkdw wkh vhfrqg
whup rq wkh uljkw ri +8=43, frqyhujhv wr N5

4>4 +ç4> ç5,1 Exw wklv whup lv

5

O5

O[
c4@4?c5

iH +ec4>4 +ç4, ec4>4 +ç5,,H +ec5>4 +ç4, ec5>4 +ç5,,

.H +ec4>4 +ç4, ec5>4 +ç5,,H +ec4>4 +ç5, ec5>4 +ç4,, +8144,

.H +ec4>4 +ç4, ec5>4 +ç4,,H +ec4>4 +ç5, ec5>4 +ç5,,

.fxp +ec4>4 +ç4, > ec5>4 +ç4, > ec4>4 +ç5, > ec5>4 +ç5,,j 1
Wkh ?uvw whup ri +8=44, lv#

4

O

O[
c@4

H +ec>4 +ç4, ec>4 +ç5,,

$5
ý 4

O5

O[
c@4

+H +ec>4 +ç4, ec>4 +ç5,,,
5 $ N5

4>4 +ç4> ç5, /

vlqfh e| vwdwlrqdulw| ri {w dqg xw/

4

O

O[
c@4

H +ec>4 +ç4, ec>4 +ç5,, @ H +e4>4 +ç4, e4>4 +ç5,,$ N4>4 +ç4> ç5,

surfhhglqj dv lq wkh surri ri Fruroodu| 4 ri Klgdojr +4<<<,1 Wkh uhpdlqlqj wkuhh
whupv ri +8=44, duh r +4, vlqfh e| Ohppdv 915 dqg 916 mH +ec4>4 +ç4, ec5>4 +ç5,,m $ 3
li mc4 ý c5m A q dqg fxp +ec4>4 +ç4, > ec5>4 +ç4, > ec4>4 +ç5, > ec5>4 +ç5,, $ 3 iru doo c4 dqg
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c5/ xvlqj wkh vdph dujxphqwv dv lq wkh surri ri wkh ?uvw whup rq wkh uljkw ri +8=43,1
Wkxv/ wkh vhfrqg prphqw ri wkh ?uvw whup ri +8=<, frqyhujhv wr wkh vtxduh ri lwv
?uvw prphqw/ zklfk lpsolhv wkdw +8=<, frqyhujhv lq suredelolw| wr N4>4 +ç4> ç5,1 Wklv
frqfoxghv wkh surri ri wkh sursrvlwlrq1 ù

Sursrvlwlrq 8151 Xqghu F40F43/ wkh ?qlwh glphqvlrqdo glvwulexwlrqv ri V úA +ç, jlyhq
lq +7 =8, frqyhujh wr wkrvh ri yhf

íhE +ç,ì1
Surri1 Il{hg !4> ===> !t dqg ç4> ===> çt1 E| Fuãphu0Zrog ghylfh lw vx!fhv wr h{dplqh
wkh olplwlqj glvwulexwlrq ri

t[
s@4

!s
4

O4@5

O[
c@4

å3&
ý
çs> c

ü
ìc @

4

O4@5

O[
c@4

#
t[
s@4

!så
3&
ý
çs> c

ü$
ìc/

zkhuh å lv d s4s5ýglphqvlrqdo ?qlwh yhfwru1 Ehfdxvh/ frqglwlrqdo rq wkh gdwd/
Zq +c, @

íSt
s@4 !så

3&
ý
çs> c

üì
ìc lv d vhtxhqfh ri }hur phdq lqghshqghqw udqgrp

yduldeohv/ e| Sursrvlwlrq 814

Hú
#

4

O4@5

O[
c@4

#
t[
s@4

!så
3&
ý
çs> c

ü$
ìc

$5
@
4

O

O[
c@4

#
t[

s@4

!så
3&
ý
çs> c

ü$5
S$

t[
s4>s5@4

!s4
ý
å3N

ý
çs4 > çs5

ü
å
ü
!s5 1

Vr wr frpsohwh wkh surri/ zh qhhg wr yhuli| wkh Olqghehuj*v frqglwlrq/ wkdw lv/ iru doo
ï A 3

4

O

O[
c@4

Hú
í
Z5
q +c,L

í
mZq +c,m A ïO4@5

ìì
S$ 31 +8145,

Dvvxplqj wkdw mìcm é G/ wkh ohiw vlgh ri +8=45, lv erxqghg e|

G5

O

O[
c@4

ñññññ
t[
s@4

!så
3&
ý
çs> c

üñññññ
5

L
#ñññññ

t[
s@4

!så
3&
ý
çs> c

üñññññ A Gý4ïO4@5
$

é G5

O

O[
c@4

ñññññ
t[
s@4

!så
3&
ý
çs> c

üñññññ
5

L
#ñññññ

t[
s@4

!så
3&
ý
çs> c

üñññññ A n
$

S$ H

57ñññññ
t[
s@4

!så
3&
ý
çs> c

üñññññ
5

L
#ñññññ

t[
s@4

!så
3&
ý
çs> c

üñññññ A n
$68

surfhhglqj dv lq wkh surri ri Sursrvlwlrq 8141 Wkhq/ ohw n $ 4 wr frpsohwh wkh
surri1 ù
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Sursrvlwlrq 8161 Xqghu wkh vdph frqglwlrqv ri Sursrvlwlrq 815/ wkh surfhvv

]? +ç, @
4

O�@2

w[
c@�

å3& +ç> c, ìc

lv wljkw lq suredelolw|1

Surri1 Ehfdxvh wkh surfhvv ehorqjv wr wkh vsdfh G ^3> 4`/ wr vkrz wljkwqhvv lw vx!fhv
wr fkhfn wkh prphqw frqglwlrq

Hú
í
m]q +ç5,ý]q +ç4,m7

ì
é ^Jq +ç5> ç4,` . rs +4,

zkhuh
Jq +ç5> ç4, @ +J +ç5,ýJ +ç4,,5 . rs +4,

zkhuh J +ç, duh qrqghfuhdvlqj ixqfwlrqv rq ^3> 4` dqg zkhuh 3 é ç4 ? ç5 é 41
Ehfdxvh ìc lv d vhtxhqfh ri erxqghg llg udqgrp yduldeohv zlwk phdq }hur dqg

yduldqfh 4

Hú
í
m]q +ç5,ý]q +ç4,m7

ì
@
4

O5

O[
c@4

ýý
å3 +& +ç5> c,ý & +ç4> c,,

üü7
+8146,

.
4

O5

O[
c4 9@c5

ýý
å3 +& +ç5> c4,ý & +ç4> c4,,

üü5 ýý
å3 +& +ç5> c5,ý & +ç4> c5,,

üü5
1

Wkh ?uvw whup rq wkh uljkw ri +8=46, lv rs +4, xqlirupo| lq ç 5 ^3> 4` dv zh qrz vkrz1
Iluvw iroorzlqj +8=5, dqg +8=6,/ lw lv

4

O5

O[
c@4

3CP+q,ý4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, +vlq +ämç5,ý vlq +ämç4,,
äm

4D7

.rs +4,

zkhuh wkh rs +4, lv xqlirup lq ç1 Qh{w/ surfhhglqj dv lq wkh surri ri Sursrvlwlrq 814
lq wkh xvxdo zd|/

H

3CP+q,ý4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, +vlq +ämç5,ý vlq +ämç4,,
äm

4D7

é G

vr wkdw/ dv zh fdq irfxv rq ç4 dqg ç5 ri wkh w|sh tP
ý4 +q,/ t @ 3> 4> ===>P +q,/ iurp

wkh gh?qlwlrq ri & +ç> c,/

H vxs
ç4>ç5

4

O5

O[
c@4

3CP+q,ý4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, +vlq +ämç5,ý vlq +ämç4,,
äm

4D7

é H

P+q,[
l>n@4

4

O5

O[
c@4

3CP+q,ý4[
m@3

q4@5yhf +edq +ým ý 4> c,ý f +ým ý 4,, +vlq +ämç5,ý vlq +ämç4,,
äm

4D7

é P +q,5 Oý4G @ r +4,

4:



vlqfh e| F; P5 +q,qý4 @ r +4, dqg Oqý4 $ 41 Vr/ wkh ?uvw whup rq wkh uljkw ri
+8=46, lv rs +4, xqlirupo| lq ç 5 ^3> 4`1

Vr wr frqfoxgh lw vx!fhv wr vkrz wkdw wkh vhfrqg whup rq wkh uljkw ri +8=46, @
Jq +ç5> ç4, @ +J +ç5,ýJ +ç4,,5 . rs +4,1 Exw wklv lv wkh fdvh vlqfh wkdw whup lv
erxqghg e| #

4

O

O[
c@4

ýý
å3 +& +ç5> c,ý & +ç4> c,,

üü5$5
1

E| Sursrvlwlrq 814/

H
4

O

O[
c@4

ýý
å3 +& +ç5> c,ý & +ç4> c,,

üü5 $ å3
#
4

7ä

] ç5ä

ç4ä

ý
iý4{{ +ýè,ó ixx +è,

ü
gè

$
å

@ J +ç5,ýJ +ç4,
dqg lw lv vwudljkwiruzdug wr vkrz wkdw#

4

O

O[
c@4

ýý
å3 +& +ç5> c,ý & +ç4> c,,

üü5 ý +J +ç5,ýJ +ç4,,
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Qrz surfhhg dv lq wkh surri ri Wkhruhp 5 sduw +d, ri Urelqvrq +4<<8, wr frqfoxgh
wkh surri ri sduw +d,1 Revhuyh wkdw wkh whup +m@W ,

ò zklfk dsshduv lq wkdw wkhruhp
lv gxh wr wkh dssur{lpdwlrq jlyhq lq F4 ri/ iru lqvwdqfh/ izszs +è, e| Fzsè

ý5gzs /
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Sduwv +e, dqg +f, iroorz vwudljkwiruzdugo|/ surfhhglqj dv lq wkh surri ri Wkhruhp
5 sduwv +d, dqg +f, ri Urelqvrq +4<<8, uhvshfwlyho|1 ù

Uhpdun 51 Revhuyh wkdw sduw +d, ri Ohppd 914 h{dplqhv wkh ehkdylrxu ri wkh ?qlwh
glvfuhwh Irxulhu wudqvirup iru wzr vdpsohv zlwk qr frpprq revhuydwlrqv1

Iru qrwdwlrqdo vlpsolflw|/ lq wkh qh{w wzr ohppdv zh zloo dvvxph wkdw erwk {w dqg
xw duh vfdoduv1
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E| Ohppd 914/ wkh ?uvw whup ri +9=6, lv erxqghg e| qý4 wlphv
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Qh{w/ wkh vhfrqg whup ri +9=6,1 E| Ohppd 914 sduw +d, dqg lqghshqghqfh ehwzhhq
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vlqfh g{ ? 4@51 Wkh vhfrqg whup ri +9=7, lv e| Ohppd 914 sduw +f,/ erxqghg lq
devroxwh ydoxh e|

[
v4?v5é5v4

iý4@5{{>v4i
ý4@5
{{>v5i

4@5
xx>v4i

4@5
xx>v5

orj5 v5
v54

.
[

5v4?v5

iý4@5{{>v4i
ý4@5
{{>v5i

4@5
xx>v4i

4@5
xx>v5

orj5 v5
v55

é Nq5+gxýg{,L +gx A g{, . L +gx é g{, orj5 q

vlqfh iý4@5{{>v4 é Niý4@5{{>v5 dqg i
4@5
xx>v5 é Ni4@5xx>v4 e| F4 dqg F91 ù

Uhpdun 61 Ohppdv 915 dqg 916 lpsolhv wkdw hvwlpdwruv ri f +m, jlyhq lq +7=6, duh dv0
|pswrwlfdoo| lqghshqghqw li wkh| hpsor| wzr jurxsv ri revhuydwlrqv zlwk qr frpprq
hohphqwv1
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Uhpdun 71 Djdlq/ dv lq sduw +d, ri Ohppd 914/ wkh odvw ohppd lqglfdwhv wkdw wkhKL
hvwlpdwruv ri f +m, xvlqj wzr vdpsohv zlwk qr frpprq revhuydwlrqv duh dv|pswrwlfdoo|
xqfruuhodwhg1
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Uhihuhqfhv

^4` Eloolqjvoh|/ S1 +4<9;,/ Frqyhujhqfh ri Suredelolw| Phdvxuhv1 Mrkq Zloh|/ Qhz
\run1

^5` Euloolqjhu/ G1U1 +4<;4,/ Wlph Vhulhv/ Gdwd Dqdo|vlv dqg Wkhru|1 Vdq Iudqflvfr=
Kroghq0Gd|1

^6` Hiurq/ E1 +4<:<,/ Errwvwuds phwkrgv= Dqrwkhu orrn dw wkh Mdfnnqlih1 Dqqdov ri
Vwdwlvwlfv/ :/ ss1 40591

^7` Jhzhnh/ M1 +4<;5,/ Phdvxuhphqw iru olqhdu ghshqghqfh dqg ihhgedfn ehwzhhq
pxowlsoh wlph vhulhv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ::/ ss1
63606561

^8` Jlqh/ H1 dqg V1 ]lqq +4<<3,/ Errwvwudsslqj jhqhudo hpslulfdo phdvxuhv1 Dqqdov
ri Suredelolw|/ 4;/ ;840;9<1

^9` Judqjhu/ F1Z1M1 +4<9<,/ Lqyhvwljdwlqj fdxvdo uhodwlrqv e| hfrqrphwulf prghov
dqg furvv0vshfwudo phwkrgv1 Hfrqrphwulfd/ 6:/ ss1 757076;1

^:` Judqjhu/ F1Z1M1 dqg U1 Mr|hx{ +4<;3,/ Dq lqwurgxfwlrq wr orqj phpru| wlph
vhulhv dqg iudfwlrqdo gl>huhqflqj1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4/ ss1 480631

^;` Kdqqdq/ H1M1 +4<96,/ Uhjuhvvlrq iru wlph vhulhv1 Lq P1 Urvhqeodww +hg1,/ Wlph
Vhulhv Dqdo|vlv/ ss1 4:06:1 Qhz \run= Zloh|1

^<` Kdqqdq/ H1M1 +4<9:,/ Wkh hvwlpdwlrq ri d odjjhg uhjuhvvlrq uhodwlrq1 Elrphwulnd/
87/ ss1 73<074;1

^43` Klgdojr/ M1 +4<<<,/ Qrqsdudphwulf whvw iru fdxvdolw| zlwk orqj0udqjh ghshqghqfh1
Iruwkfrplqj lq Hfrqrphwulfd1

^44` Krvnlqj/ M1 +4<;4,/ Iudfwlrqdo gl>huhqflqj1 Elrphwulnd/ 9;/ ss1 49804:91

^45` Krvr|d/ \1 +4<::,/ Rq wkh Judqjhu frqglwlrq iru qrq0fdxvdolw|1 Hfrqrphwulfd/
78/ ss1 4:6804:691

^46` Krvr|d/ \1 +4<<4,/ Wkh ghfrpsrvlwlrq dqg phdvxuhphqw ri wkh lqwhughshq0
ghqf| ehwzhhq vhfrqg0rughu vwdwlrqdu| surfhvvhv1 Suredelolw| Wkhru| dqg Uh0
odwhg Ilhogv/ ;;/ ss1 75<07771

^47` Ndudw}dv/ L1 dqg Vkuhyh/ V1H1 +4<<4,/ Eurzqldq prwlrq dqg vwrfkdvwlf fdofxoxv1
Vsulqjhu Yhuodj1

^48` Nrxo/ K1O1 dqg Z1 Vwxwh +4<<<,/ Qrqsdudphwulf prgho fkhfnv iru wlph vhulhv1
Dqqdov ri Vwdwlvwlfv/ 5:/ ss153705691

^49` Nÿqvfk/ K10U1 +4<;<,/ Wkh mdfnnqlih dqg wkh errwvwuds iru jhqhudo vwdwlrqdu|
revhuydwlrqv1 Dqqdov ri Vwdwlvwlfv/ 4:/ ss1 454:045741

^4:` Oÿwnhsrko/ K1 dqg G1V1 Srvnlww +4<<9,/ Whvwlqj iru fdxvdwlrq xvlqj lq?qlwh rughu
yhfwru dxwruhjuhvvlyh surfhvvhv1 Hfrqrphwulf Wkhru|/ 45/ ss1 940;:1

^4;` Pdqghoeurw/ E1E1 dqg M1Z1 Ydq Qhvv +4<9;,/ Iudfwlrqdo Eurzqldq prwlrqv/ iudf0
wlrqdo qrlvhv dqg dssolfdwlrqv1 VLDP Uhylhz/ 43/ ss1 755076:1
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^4<` Urelqvrq/ S1P1 +4<:<,/ Glvwulexwhg odj dssur{lpdwlrq wr olqhdu0lqyduldqw v|v0
whpv1 Dqqdov ri Vwdwlvwlfv/ :/ ss1 83:08481

^53` Urelqvrq/ S1P1 +4<<7,/ Wlph vhulhv zlwk vwurqj ghshqghqfh1 Lq F1D1 Vlpv/ hg1/
Dgydqfhv lq Hfrqrphwulfv= Vl{wk Zruog Frqjuhvv/ Yro1 4/ ss1 7:0<81 Fdpeulgjh
Xqlyhuvlw| Suhvv/ Fdpeulgjh1

^54` Urelqvrq/ S1P1 +4<<8d,/ Orj0shulrgrjudp uhjuhvvlrq iru wlph vhulhv zlwk orqj
udqjh ghshqghqfh1 Dqqdov ri Vwdwlvwlfv/ 56/ ss1 437;043:51

^55` Urelqvrq/ S1P1 +4<<8e,/ Jdxvvldq vhplsdudphwulf hvwlpdwlrq ri orqj0udqjh gh0
shqghqfh1 Dqqdov ri Vwdwlvwlfv/ 56/ ss1 4963049941

^56` Urelqvrq/ S1P1 dqg M1 Klgdojr +4<<:,/ Wlph vhulhv uhjuhvvlrq zlwk orqj udqjh
ghshqghqfh1 Dqqdov ri Vwdwlvwlfv/ 58/ ss1 ::04371

^57` Vlpv/ F1D1 +4<:5,/ Prqh|/ lqfrph dqg fdxvdolw|1 Dphulfdq Hfrqrplf Uhylhz/
95/ ss1 87308851

^58` Vlpv/ F1D1 +4<:7,/ Glvwulexwhg odjv1 Lq Iurqwlhuv ri Txdqwlwdwlyh Hfrqrplfv/ Yro1
LL +P1G1 Lqwulooljdwru dqg G1D1 Nhqgulfn/ hgv1,1 Qruwk Kroodqg= Dpvwhugdp1

^59` Vlpv/ F1D1/ M1K1 Vwrfn/ dqg P1Z1 Zdwvrq +4<<3,/ Lqihuhqfh lq olqhdu wlph vhulhv
prghov zlwk vrph xqlw urrwv1 Hfrqrphwulfd/ 8;/ ss1 44604771

^5:` Vlqdl/ \1J1 +4<:9,/ Vhoi0vlplodu suredelolw| glvwulexwlrq1 Wkhr1 Suredelolw| dqg
lwv Dssolfdwlrqv/ 54/ ss1 970;31

^5;` Wrgd/ K1\1 dqg S1F1E1 Skloolsv +4<<6,/ Yhfwru dxwruhjuhvvlrq dqg fdxvdolw|1
Hfrqrphwulfd/ 94/ ss1 469:046<61

^5<` Zx/ F1I1M1 +4<;9,/ Mdfnnqlih/ errwvwuds dqg rwkhu uhvdpsolqj phwkrgv lq uhjuhv0
vlrq dqdo|vlv1 Dqqdov ri Vwdwlvwlfv/ 47/ ss1 4594045<81
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