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Abstract

This paper develops a limiting theory for Wald tests of weak exo-
geneity in error correction models (ECMs). It is well known that Wald
statistics on cointegrated systems may involve nonstandard distribu-
tion and nuisance parameters, if I(1) variables are not negligible in
the statistics. To overcome this problem we construct a new statistic
that takes only the I(0) components of a Wald statistic into account
and thus results in a valid x? criterion. Applying this procedure to
test weak exogeneity in ECMs we obtain a simple and direct x? test.
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1 Introduction

Vector error correction models (VECM) have now become standard tools to
explore the relation among I(1) variables in econometrics. Research interest
has also been paid to partial systems of VECM! that are conditioned on a
subset of the variables. The motivation for such a partial model rather than
a full system is manifold: One can decrease the dimension of the system an-
alyzed; the results are sometimes easier to interpret; there are explicit struc-
tures in the partial system that helps to understand the data; and sometimes
economists are particularly interested in the parameters of a partial model
conditioned on some other variables. In these cases one would like to model
a partial system.

However, valid inference based on a partial system can only be conducted
when the conditioning variables are weakly exogenous? for the parameters of
the partial system. Standard procedures® to test weak exogeneity of the con-
ditioning variables have to be based on the estimated cointegration vectors.
This implies that cointegration analysis of the whole system has to be done
before weak exogeneity can be tested. 1. Habro (1998) suggest to carry out
the full system reduced rank regression first to get a valid estimate of the
cointegration vectors, and then test weak exogeneity.

In this paper we present two procedures to test weak exogeneity in a coin-
tegrated system without estimating the cointegration vectors. In section 2
we review weak exogeneity in VECM. In section 3 we develop the test pro-
cedures. In section 4 we outline some potential applications.

2 Weak Exogeneity in VECM

2.1 Condition for Weak Exogeneity of 1,

We present a cointegration system (CIS) of y; with A cointegration relations
in a VECM:

Ay = JiAy—1 + JoAy—o + T 1 Ays—igr + Jil—1 + (2.1)

where y; is an n x 1 vector of variables, J; (i = 1,..,k — 1) are n X n matrices
of parameters; J, = BA’, B and A are h X n vectors of parameters; u; is
n x 1 vector of residuals with u, ~ 7id N(0,%,).

see I. Habro (1998)
2For a detailed discussion about exogeneity see Engle, Hendry, and Richard (1983)
3see Johansen (1992)



2 WEAK EXOGENEITY IN VECM 3

Following I. Habro (1998) we partition y; into (v}, v5,)’, where yi; and ya;
are g X 1 and (n — g) x 1 vectors respectively, and g > h. Partitioning the
parameter matrices conformably we have:

Ayu Ji1 Je—11 B / Uy
= : Ay 1+... : Ay, Ay,
(Ay% ) ( Tio ) Yr—1+ +( Joo12 ) Yt k+1+( B, ) Yr—1+ gy )

(2.2)
Uy / Wi Wi
here = )
whnere ( Ug ) ( U Ut ) < W21 W22 )
We transform (2.2) by premultiplying it with
(1w o

and obtain:
Ay = J5 1 Ay + 71 Aypy + oo+ T Ay + BT Ay +ul, (24)
Ayy = J1oAy 1 + oo + T 1281 + BoAlyp 1 + ugy (2.5)

uy, " (Wi 0
E<u2t)<u1t UQt)_( 0 W22>7

* —1
JO,I - W12W22 ,

where

JZl = Ji1 — WmW{glJi,Q fori=1,..k—1,
Bik - Bl - W12W2_21BQ.

For weak exogeneity of yy; for the parameter in the partial system (2.4) we
have the following theorem:

Proposition 2.1 (Weak exogeneity of yy, for the partial VECM) The
variable yo; is weakly exogenous for the parameters in (2.4) if and only if
By =0.
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Proof: See Johansen (1992) O

Comments: B, = 0 implies that the cointegrated variables A’y;_; do not
appear in the regression equation of (2.5), i.e. we do not need to consider the
marginal process (2.5) to estimate the cointegration relations in (2.4). This
is essentially the meaning of weak exogeneity.

Testing weak exogeneity of y9; results in testing Hy : By = 0 in the regression
equation (2.5). A standard procedure is to estimate first the cointegration
matrix A by applying reduced rank regression in (2.1), then carry out a
F — test to (2.5) using A’yt,l as regressors.

2.2 Implication of Weak Exogeneity of 15, in the VECM

Comparing (2.1) with (2.2) we have

7. Ju Jie\ [ BiA Y\ [ BiA] BiA,
T\ Ju Jw )T\ B ) T\ Byl ByAL )
where A; and Ay are h x h and (n — h) x h matrices; By and By are g X h

and (n — g) x h matrices respectively. By = 0 implies Jo. = (Ja1, J22) = 0.
And Jo. = 0 implies By = 0. Hence we can test By = 0 by testing J,. = 0.

On the other hand if A} is invertible, we have By = ngAl_ll, then Jy; =0
implies By = 0. In this case we can test By = 0 by testing Jo; = 0. In
following we present two procedure to test the hypothesis Hy : Jo. = 0 and
Hy : Jo1 = 0 respectively.

3 Test of Weak Exogeneity

3.1 Test of J5; = 0 in case of invertable A;

The technique used here is basically adopted from Toda and Phillips (1993),
where they look at the Wald statistic for the null hypothesis on the parameter
of the VAR in level. Following Toda and Phillips (1993) it is not difficult
to conclude that the Wald statistic for testing Hy : Jo; = 0 is x*((n — g)h)
distributed. Following are the technical details:

Aye_q
Lot @ = (J1, Jo, . J), @ = :

A1 ’
Yi—1
AY' = (Ayy, Ay, ...Ayr), X' = (z1,29,...x7), and U = (uy, ug,...up) we

can write the VECM (2.1):
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Ayt = q).ft + Ut (36)

The OLS of (3.6) is:

d=AY'X(X'X)™! (3.7)
The hypothesis Jy; = 0 can be formulated as

Hy: S19S =0 or (S] ® S")vec(®) =0 (3.8)

with S; = ( Og;;";g) ) is a nx (n—g) matrix, S = (e, ®52), e}, = (0, ...,0,1)
is a k x 1 vector with only the last element equal to one, Ss is an n x h matrix

I o
Sy = g ).4 vec(®P) stack rows of matrix ® into a column vector. We have

0
vec(Jar) = (51 @ S )vec(®). S;® S’ is an (n — g)h X nnk matrix, i.e. we are
testing (n — g)h restrictions on the parameter matrix &.

I
0 1 :|®Inaek®Aaek®AJ_>a
1x(k—1)

where A is an n x (n — h) matrix with full column rank and A’A; = 0. Let
2z = H'z; and Z/ = H'X'. We obtain for z:

Define an invertible nk xnk matrix H = ( [

Ay

= Aygn
Alyy

A/J_yt—l

Let z; denote the I(0) part of z; and z9; denote the I(1) part. Then
210 = (Ay, 1,y Ayppy1, (A'ye1)') and 29y = A yi—1. Following Lemma 2
in Toda and Phillips (1993) we have:

48; and S pick out the rows and columns of the parameters in ® that are to be tested
under Hy.
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T
1
7D A — S (3.9)
t=1
1 T
_T Z thug L N() (310)
t=1
1 < 1
T Z thuz i> / thdB(/)t (311)
t=1 0
1 < 1
L
T Z ZQtZ1t — / BgtdBit + 221 + Agl (312)
t=1 0
1 & 1
=Yz, / By, B, dt (3.13)
t=1 0
1 1 <& o -1
L
- >z (T > z2tu;) — / By d B}, ( / BQtBétdt> (3.14)
t=1 t=1

where 31,391, Ay are matrices of constants; Ny is a (n(k — 1) + h) X n
normally distributed random matrix; By, ¢ = 1,2, 3 are Brownian motions.®

We have the Wald statistic for the hypothesis Hy in (3.8):

FI = [((51 ® §)vec(®))' (8] @ 5) (S @ (X'X) (S @ 9)] (8] ® S)wec(d)

S [(5;@5)(5’(X’X)—15)—1(s’é’sl)(sgiusl)—l} ,

where f]u is the consistent OLS estimator of the covariance matrix of the
residuals. Using (3.7) we have under Hy:

SIDS = SIUX(X'X)7S.

Inserting this into (3.15) we get:

Fl=tr S{U’X(X/X)‘1S(S/(X’X)‘15)‘15’(X’X)‘1X’U51(ijlusl)‘l]
(3.16)

See Lemma 2 in Toda and Phillips (1993) for details. The last equation is not listed
in the Lemma 2 of Toda and Phillips (1993). It can be easily conducted from the third
and the fifth equations above.

(3.15)
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Replacing X’ = H™"Z" in (3.16) we get:

Fl=tr [S{U’Z(Z’Z)*H’S(S’H(Z’Z)—1H’S)—1S’H(Z’Z)—IZ’USI(sgiusl)—l} :
(3.17)

For any full rank h x h matrix Kp we have:

Fl=tr [S{U’Z(Z’Z)*lH’SKT(K’TS’H(Z’Z)”H’SKT)”K’TS’H(Z’Z)”Z’USl(Siiusl)*l}
(3.18)

We choose the scaling matrix Yr:

T, = VTLg—1yn 0
0 TI, 4

Inserting the scaling matrix into (3.18) we get:

Fl = tr(SYU'ZY (Y 2" 20 ' Y H SKp (KR S"HY 2N (Y 2/ 20 ) T Y H S Kop)
Ky HYZH Y Z' ZY ) 7 Z2'U S, (S 8,51) 7Y (3.19)

To see the asymptotical distribution of F'l we have the following proposition.
Proposition 3.1

T2/ 275 L ( o fBOQBg >

[ BydB;,

where X1 is an m X m constant matriz, m = n(k — 1) + h.

Tle'UL( No )

Proof: These results follow directly from Lemma 2 of Toda and Phillips
(1993).

Notice that

S'H = (e;{;® ( I, 0 )h><n> (( ]ko_l ) ®In>6k®Aaek®AL>
kx(k—1)

= (O® ( I, 0 )71®Ah71®ALh)
= (Onx(n(k-1)), An, A1n)
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where Aj, and A}, are the first h rows of A and A, respectively.

Choosing K7 = (v/T1;,) we have

KpS'HY R — (0, A, 0) = (45,0),
where A} denotes the h x (n(k — 1) + h) matrix (0, Ay).

Taking limit and inserting the results above into (3.19) we get:

> 0 oA
FI 2 (S, (Né,(/BgdB(’])')( 0 fBng) ( oh) (3.20)

50 N\ -
o | o ree ()
S0 - No
(4;,00 | 0 [ BB, [ B2dBy | S1(S12.51)7)

tr(SINGST A (AR AL ) T AL ST NG S (S12051) )
tr(vec(ALSTINGS)) ((ALSTIAD) @ (S12451)) wec( AL STINGS)).

We have

vec(A; ST NSy) = AiST! @ Slvec(Ny) ~ N(0, AL AY @ §1%,5:)

Therefore, for the asymptotic distribution of the Wald statistic in (3.20) we
have the following theorem.

Theorem 3.2 If Rank(A;) = h then the Wald statistic in (3.15) has asymp-
totically a x*((n — g)h) distribution.

Proof: See the discussion above. O

Comments: Rank(A;) = h means that the first i elements in y; should be
sufficiently cointegrated such that the h x h matrix A; has full rank. Then
the Wald test statistic will have a x*((n — g)h) distribution. A similar result
is obtained in Toda and Phillips (1993) for testing of Granger causality in
levels vector autoregressions (VAR’s) with cointegrated relations. If the first
h elements of y; are insufficiently cointegrated such that A; is not invertable,
then the inverse matrix in the second line of (3.20) does not exist. conse-
quently we may not be able to apply this theorem to test weak exogeneity of
yo:. We turn to these cases in the next section.
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3.2 Testing Jo. =0

The basic problem in testing J,. = 0 is that the corresponding Wald statistic
has a nonstandard distribution and depends on nuisance parameters in gen-
eral®, therefore it is difficulty to conduct a reliable statistic to test Jp. = 0.
Our situation does not seem so hopeless, because we do not actually want to
test Jo. = 0 but to test weak exogeneity of ;.

Under the assumption that the cointegration system has h cointegrating re-
lations and y; is weakly exogenous, we have J,. = By A’ and rank(A) = h
i.e. there exits a h x h submatrix in A" with rank h. Hence there exits a
corresponding (n — g) X h submatrix in J;. whose Wald statistic will have
a standard x%((n — g)h) distribution, as shown in the last subsection. We
could test weak exogeneity of y9; by looking at the Wald statistics of a certain
(n — g) x h submatrix of Js., if we knew that the corresponding submatrix
of A would have rank h. This gives us a hint that we do not need to look
at every component of Js., it is sufficient to look at those components of Js.
that correspond to I(0) combinations of y;. In other words, we need only to
look at the Wald statistic of J. in its I(0) directions but not the I(1) direc-
tion that would have resulted in a nonstandard distribution. In following we
construct a statistic that modifies the Wald statistic of J,. by looking only
at its 1(0) directions.

To prepare the main presentation we provide two auxiliary lemmas first.

Lemma 3.3 Let X, be an hx h full rank positive definite matrix and A be an
n x h matriz with rank(A) = h (n > h). Let ¥, = AY, A, P, is the matriz
of eigenvectors of ¥, and Ay, is the diagonal matriz of non-zero eigenvalues
of Xy. Then:
Ao
-1
X, :A’Py< 8 O>P;A.

Proof: Using the definition of eigenvector and eigenvalue we have:

Ap 0
P/%,P, = P/AS,A'P, = \, = ( Oh 0 ) :

AD O ) ANYON (O
(0 O)PyAExAPy o o0 /) 0 0 ’
) . Then

nxh

P Py AN A'PY 0 I, 0
yh / * — yh T yh —
(O)WAEIA (P 0) ( : O) (0 O)

6See ? for detailed discussion.

Now we define P, := P, ( Ag ’
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Note that P;};A is a h x h matrix with rank h. Thus we can invert it and get
S = (PR A) AP,

Therefore

[NIE

1
-1 * ¥ /\_5 —
X, = A/PyhPyhA = A/Py ( 8 ) (Ah O)hxn P;A
nxh

AL O
— A’Py(g o> P)A.

Lemma 3.4 Let 3, L, 5., and P, is the matriz of the eigenvectors of .
Ay, is the matriz of the h largest eigenvalues of iy. Then Py =L, P, and
Ap -5 Ay

Proof:

Because eigenvalues are continuous function of the corresponding matrix, we
have:

S & r P
Yy — Yy = By — P,

&P AP AP
Y, — X, =>AN — AN =N — Ay
O

For the further calculations we introduce the following notations. We write

{Xi}i=0 = 0p(T7) if plim2Z = 0 for the random sequence {X;}s~o. And
T—o0

we write {X;}i=0 = O,(T~%) if there exists a random variable X such that

L
% — X for the random sequence {X;};~o-

Lemma 3.5
0p(1)O0p(1) = 0,(1).
Especially, for a > 0, we have

T=20,(1) = 0,(1).
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Proof:

The first equality follows directly from Slutzky theorem. The second equality
is a special case of the first with T7* —- 0= T—¢ L,0.0

Example 1:

From Proposition 3.1 we have:

T
! 2z, %
= E 1t 1-
T — 1t

We can rewrite this equation as follows:
1 X
T Zzltzit — 21 = Op(l).
t=1

Example 2

l T T -1
1 T / 1 / 1 /
JT D i1 A1y ( T D i1 21431 3 D i1 Z1tZ;

1 T / 1 T / 1 T /
T thl ZotUy —z Zt:1 RotRlt T2 Zt:l Rt %ot
/

T3
-3 A <zl+op<1> 0,(1) )

T
% Zf:l Z2tu:‘, Op(l) 7% thl ZZtZét

T ! _
DI ( (S + 0,(1) o) )
% Zle Zo1Uy op(1) (% Doty Z2e2) Tt op(1)

= (((GrXlia) S 40,1, (3 X ) (F Ty 2ah) ™ +0,(1) )
= (((FZL 2= +0,(1), 0,(1) +0,1) )

The second equality follows from Lemma 2 of Toda and Phillips (1993). The
third equality follows from the fact that:

(o st )oY e s ) = e

The last equality follows from Lemma 2 of Toda and Phillips (1993).
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For the OLS estimation of the VECM (3.6) we have:
-
= UX(X'X)™"!
= U'(ZH YHYZzH )™
= UZ(Z'72)'H
= UZY (Y220 ' HY
/ T T -1 L]n
_ ( \%Zle 211U ) ( %Zt:l 217y, TL%Zt:l 2147, ) VT (g D+h

1 T / AT 1 5T !
thzl ZotUy T3 Zt:l RotRlt T2 Zt:l Rt %ot

\/LT[n(k—l)—‘rh 0

= (F I waAST +o,(1), Op(1) +0,(1) ) 0 A
0 14,

T
1 1 1
— - - / E—l _|_ —),
7 (ﬁ; et )n(m o 77
T
1 (1 R 1 . 1
+ﬁ <\/T E utzltEI 1>hA + Op(ﬁ) + OP(T)AL + OP(T)AL]

Here (\/LT ST utzitEl_l) o and (\/LT ST utzitEl_l)h are the first
(n(k—1)) and last h columns of the matrix (\/LT Zthl utzit2f1> respectively.

For testing weak exogeneity we are only interested in J;, — J i.c. the last n
columns of ® — ®. Looking at the last n columns of the last equation only,
we have:

Jo—Ji=|—=

T
1 1
( Z wzy 1_1> A+ Op(T_l/Z) + OP(T)A,L + OP(T>A/L
=1 h

It follows that

VT (Je—Ji) =

Then,

T o

S

e~
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Now we look only at some A columns of VT (jk. — Ji) denoted by
VT (Jes — Jip). Similar to (3.21) we have

T
T 1 /N — / 1 / 1 /
ﬁ(Jk,h_Jk,h) = [(ﬁ Z U220 1> Apy +0p(1) + Op(_T)AJ_h* + Op(ﬁ)AJ_h*
t=1 h
(3.23)

where A, and A, denote the h selected rows of the A and A; matrix
respectively. Because A has rank h there exists at least one submatrix Ay,
that is invertible. From now on we denote such invertible submatrix by Ay,
and the corresponding h columns of Ji by Ji . According to this definition
we have:

7 =1 _ 1 a ) w1 1 1
\/T(J]@h—g]k’h)A hx — [(ﬁ tzz; utzltZl )h + 0p(1> + Op(ﬁ) + Op(ﬁ>

(3.24)

For simplicity of presentation but without loss of generality we consider test-
ing the weak exogeneity of the last variable Y,,;. In this case i.e. n —g = 1.
We have the following hypothesis:

Hy: Jypn» =0 Hy: Jgpn #0

where Jj .+ denotes a 1 x h submatrix of of the last row of .J,. The problem
of carrying out the test is that we do not know A, henceforth we do not
know the position of the Jj ,,+ that corresponds to an invertible Aj-. Conse-
quently we can not calculate the Wald statistic, although we know that this
Wald statistic would have a x?(h) distribution. We solve this problem by
calculating a statistic that is asymptotically equivalent to the Wald statistic
of jknh For this reason we look at the Wald statistic of jk’nh* — Jinhe-
Under H, we have:
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Wazd(j he — Jomne)

= Wald(Jy )

= Wald(\/_(jkn )

= VT (Jemne)Var ™ (VT (Jimn ) )VT (Jimne)

= \/_(Jknh*)Ah*Var_l< 1/2Zutzlt nh) P T(jk,nh*)’
+VT(Jr, nh*)OP(l)\/T(Jk nh)

= T_1/2 Z U 27, 2 1 Jnh + 0p(1)) <Va7’ ( e Z Lz nh))

T_1/2 Z wZ X7 o 0p(1)) + 0p(1)

-1

(3.25)

= (T wz,% (Var ((T_l/2 > UtzitEfl)nh»_ (T2 iz, 1) + 0p(1)

Here (T2 w2t 57" )n denotes the last row of (T2 w2, 37 ).

Let 3 Jun' be a consistent estimator of VT times the covariance matrix of

the OLS estimator of the last row of Jj: Var(ﬁ(jk,n — Jgn)) and ijyn be
the matrix of the eigenvectors such that

A, A A 3
PJ]C‘.,LZJIC,TLPJIC,’VL - A

We choose the h greatest eigenvalues of A and denote it as Ay. Let

. (i

According to (3.21) we have:

Var(NT(Jyn—Jin)) = A Var ((% ;ut%g]f)nh) A'+0,(1) (3.26)

Using Lemma 3.3 and Lemma 3.4 we have:

- AL o) & B 1 « )
APy ( h )Pj, A=Var™ ((—Zutzgtzll> ) +0,(1)
0 0 k VT &= .
(3.27)

A ready candidate of the consistent estlmator isT62(X'X), L, where (X' X))} denoted
the low right n x n block of (X’X)~! and 62 is the OLS estimator of the variance of the
residual in the last equation of the VECM.
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Now we look at following statistic:
VT (Jkn = Jen) P3Py VT (i = T

A A A _1 A
= VT(Jin — Jin) Py, ( Ay 0 ) P NT(Jew = Jin)

0

0
(1 &, 1 1
<ﬁzut21tzl > +0p(1>70p(ﬁ)+0p(_)

i =1
~1
(T2 Z w2, 57 (Va'r’ ((Tﬁl/2 Z Utzitzfl)nh)> (712 Z w21, 57 o + 0p(1)

Comparing the equation above with (3.25) we get:

~

Wald(j;%k - Jh,k) - ﬁ(jk,n - ka”)pjknp;;nﬁ(‘]kv" - Jk,n) L 0 (328)

This implies that although we cannot calculate the Wald statistic for jk’nh*
we are able to calculate an asymptotically equivalent statistic:

VT (Jin = Ten) P Pr NT(Jeg = Jin)-

Using this statistic we can test weak exogeneity of y,;. We summarize this
result in the following theorem.

Theorem 3.6 For the Hy : Jy - = 0, the Wald statistic s asymptotically
equivalent to the statistic \/T(Jkn — Jin) P, nP}‘; n\/T(Jkn — Jkn); and they
have asymptotic x*(h) distribution.

For the general case of testing of weak exogeneity of the (n — g) x 1 variable
yo; we have the hypothesis:

Hoijgh*zo H11J2h*7é0
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where Jy,+ is an (n—g) x h submatrix of J;. Let 3, be a consistent estimator
of /T times the covariance matrix of the OLS estimator of Jo: Var(v/T.Js).
Let Pj, be the matrix of eigenvectors such that

P} %5, Py, = A

We choose the h(n — g) greatest eigenvalues of A and denote it as Ah(n —9).

~_ 1

2
Ah(g—g) 0 . Similar to the case of testing weak exogeneity

0

of one variable we have the following theorem:

LetPiz:sz

Theorem 3.7 For the Hy : Jop» = 0, the Wald statistic s asymptotically
equivalent to the statisticy/Tvec(Jo — Jo) P, Pyv/Tvec(Jy — Jo), and they
have asymptotically x*(h(n — g)) distribution.

4 Concluding Remarks

In this paper we present two alternative procedures to test for weak exo-
geneity in a cointegrated system. This procedure can be applied to test the
weak exogeneity before the cointegration analysis and thus makes it possible
to reduce the dimension of the problem in cointegration analysis. For future
research it is planed to explore the performance of this test procedures and
to study its relevance for empirical research.
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