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ABSTRACT

In simultaneous equation (SE) contexts, nuisance parameter, weak instruments and identifica-
tion problems severely complicate exact and asymptotic tests (except for very specific hypotheses).
In this paper, we propose exact likelihood based tests for possibly nonlinear hypotheses on the co-
efficients of SE systems. We discuss a number of bounds tests and Monte Carlo simulation based
tests. The latter involves maximizing a randomized p-value function over the relevant nuisance pa-
rameter space which is done numerically by using a simulated annealing algorithm. We consider
limited and full information models. We extend, to non-Gaussian contexts, the bound given in
Dufour (Econometrica, 1997) on the null distribution of the LR criterion, associated with possibly
non-linear- hypotheses on the coefficients of one Gaussian structural equation. We also propose
a tighter bound which will hold: (i) for the limited information (LI) Gaussian hypothesis consid-
ered in Dufour (1997) and for more general, possibly cross-equation restrictions in a non-Gaussian
multi-equation SE system. For the specific hypothesis which sets the value of the full vector of en-
dogenous variables coefficients in a limited information framework, we extend the Anderson-Rubin
test to the non-Gaussian framework. We also show that Wang and Zivot’s (Econometrica, 1998)
asymptotic bounds-test may be seen as an asymptotic version of the bound we propose here. In
addition, we introduce a multi-equation Anderson-Rubin-type test. Illustrative Monte Carlo experi-
ments show that: (i) bootstrapping standard instrumental variable (IV) based criteria fails to achieve
size control, especially (but not exclusively) under near non-identification conditions, and (ii) the
tests based on I'V estimates do not appear to be boundedly pivotal and so no size-correction may be
feasible. By contrast, likelihood ratio based tests work well in the experiments performed.
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1. Introduction

Hypotheses tests in simultaneous equation (SE) models are among the most enduring problems
in econometrics. With few exceptions, the distributions of standard test statistics are known only
asymptotically due to feedback from the dependent variables to the explanatory variables. Indeed,
exact procedures have been proposed only for a few highly special cases. Early in the development
of econometric theory relating to the SE model, Haavelmo (1947) constructed exact confidence re-
gions for OLS reduced form parameter estimates and corresponding structural parameter estimates.
Bartlett (1948) and Anderson and Rubin (1949, (AR)) proposed exact F'-tests for specific classes
of hypotheses in the context of a structural equation along with corresponding confidence sets; see
also Maddala (1974). Promising extensions of the AR test have recently been discussed in Dufour
and Jasiak (2001), Dufour and Taamouti (2003¢, 20035, 2003a) and Dufour (2003). Some exact
specification tests have also been suggested for SE. In particular, Durbin (1957) proposed a bounds
test against serial correlation in SE and Harvey and Phillips (1980, 1981a, 19815, 1989) have sug-
gested tests against serial correlation, heteroskedasticity and structural change in a single structural
equation; these tests are based on residuals from a regression of the estimated endogenous part of
an equation on all exogenous variables. An exact F'-test involving reduced form residuals was pro-
posed by Dufour (1987, Section 3), for the hypothesis of independence between the full vector of
stochastic explanatory variables and the disturbance term of a structural equation.! Beside these
exceptions, available and routinely applied inference procedures in SE are asymptotic. In particular,
instrumental variable (IV) methods are the most widely used in empirical practice.

The finite sample distributions of standard estimators and test statistics have received atten-
tion early on in this literature. Initial studies (for surveys, see Phillips (1983) and Taylor (1983))
have revealed that: (i) exact distributions are highly complex; (ii) nuisance parameter problems
severely hinder the development of exact tests (except for very specific hypotheses); (ii) asymptotic
distributions may provide poor approximations in several cases. However, the severity of these find-
ings and their implications on applied work were not recognized until the recent research on near-
identification or weak instruments. Published papers dealing with such problems include: Nelson
and Startz (1990a), Nelson and Startz (199050), Buse (1992), Choi and Phillips (1992), Maddala and
Jeong (1992), Angrist and Krueger (1994), McManus, Nankervis and Savin (1994), Bound, Jaeger
and Baker (1995), Cragg and Donald (1996), Hall, Rudebusch and Wilcox (1996), Dufour (1997),
Shea (1997), Staiger and Stock (1997), Wang and Zivot (1998), Zivot, Startz and Nelson (1998),
Stock and Wright (2000), Dufour and Jasiak (2001), Hahn and Hausman (2002, 2003), Kleibergen
(2002), Moreira (2003a, 2003b), Stock, Wright and Yogo (2002), Kleibergen and Zivot (2003),
Perron (2003), Wright (2003); several recent working papers are also cited in Dufour (2003) and
Stock et al. (2002). Studies on weak instruments convincingly demonstrate that standard asymptotic
procedures (i.e. procedure which impose identification away without correcting for local-almost-
identification (LAU)) are fundamentally flowed and lead to serious overrejections; these problems
are not small sample related and occur with fairly large sample sizes, since they are caused by
asymptotics failures. In particular Dufour (1997) shows that usual ¢-type tests, based on common
IV estimators, have significance levels that may deviate arbitrarily from their nominal levels since

!This procedure generalizes earlier tests suggested by Wu (1973) and Hausman (1978)



it is not possible to bound their null distributions.

To circumvent weak-instruments related difficulties, the above cited recent work on SE has
focused on three main directions (see the surveys of Dufour (2003) and Stock et al. (2002)): (i)
refinements in asymptotic analysis which include the local-to-zero or local-to-unity frameworks
(e.g. Staiger and Stock (1997), Wang and Zivot (1998)), (ii) asymptotic approximations which hold
whether instruments are weak or not (e.g. Kleibergen (2002), Moreira (20035)), and (iii) new finite-
sample-justified procedures based on proper pivots, i.e. statistics whose null distributions are either
nuisance parameter free or bounded by nuisance parameter free distribution [i.e. are boundedly
pivotal], (e.g. Dufour (1997), Dufour and Jasiak (2001), Dufour and Khalaf (2002), Dufour and
Taamouti (2003¢, 20035, 2003a)). So far, provably exact procedures are still in short supply, and
typically require normal errors.

With the declining cost of computing, a natural alternative to traditional inference are
simulation-based methods such as bootstrapping; for reviews, see Efron (1982), Efron and Tib-
shirani (1993), Hall (1992), Jeong and Maddala (1993), Vinod (1993), Shao and Tu (1995), Li and
Maddala (1996). These surveys suggest that bootstrapping can provide more reliable inference for
many problems. In connection with the SE model, examples in which the bootstrap outperforms
conventional asymptotics include: Freedman and Peters (1984a), Green, Hahn and Rocke (1987),
Hu, Lau, Fung and Ulveling (1986), Korajczyk (1985), Dagget and Freedman (1985), and Mor-
eira and Rothenberg (2003). Others however, find that the method leads to little improvement, e.g.
Freedman and Peters (1984b), Park (1985) and Beran and Srivastava (1985), Moreira and Rothen-
berg (2003). Clearly, there appears to be a conflict in the conclusions regarding the effectiveness of
the bootstrap in SE contexts.?

This paper addresses these issues and develops alternative simulation based test procedures
in limited and full information SE models. The tests we propose are motivated by finite sample
arguments. We focus on likelihood ratio (LR) based statistics. This choice is motivated by the
propositions in Dufour (1997) pertaining to LR’s boundedly pivotal characteristic, i.e. the fact that
LR admits nuisance-parameter-free bounds. Our contributions can be classified in five categories.

First, we extend, to non-Gaussian contexts, the bound given in Dufour (1997, (Theorem 5.1))
on the null distribution of the LR criterion, associated with possibly non-linear- hypotheses on the
coefficients of one Gaussian structural equation.> We also propose a tighter bound which will hold:
(1) for the limited information (LI) Gaussian hypothesis considered in Dufour (1997, (Theorem 5.1))
(i.e. in the context of the LR statistic based on limited information maximum likelihood (LIML)
estimation), and (ii) for more general, possibly cross-equation restrictions in a non-Gaussian multi-
equation SE system. Formally, we show that Dufour (1997)’s result may be obtained as a special -
although non-optimal - case of our proposed bound. To do this, we use the results of Dufour and
Khalaf (2002) on hypotheses tests in multivariate linear regression (MLR) models.*

2In fact, it is well known that bootstrapping may fail to achieve size control when the asymptotic distribution of the
underlying test statistic involves nuisance parameters [see Athreya (1987), Basawa, Mallik, McCormick, Reeves and
Taylor (1991) and Sriram (1994), and Dufour (2002).

3SE LR tests often involve non-linear hypotheses implied by the structure; in connection, see Bekker and Dijkstra
(1990) or Byron (1974)

“The relationship between the MLR and the SE model is readily seen: when all the predetermined variables of a SE
system are strictly exogenous, the reduced form is equivalent to a (restricted) MLR system.



Second, for the specific hypothesis which sets the value of the full vector of endogenous vari-
ables coefficients in a LI framework, we show that Wang and Zivot (1998)’s asymptotic bounds-test
may be seen as an asymptotic version of the bound we propose here. We use this result to extend
the validity of Wang and Zivot (1998)’s bound to the case of general linear hypotheses on structural
coefficients. To do this, we show that our general bound on the LIML is based on an AR-type
bounding pivotal statistic.

Third, we extend the AR-test to the non-Gaussian framework. Specifically, we show analytically
that the proof of its pivotality in finite samples does not require normal errors. This is achieved by
re-writing the AR statistic as an LR-type criterion (based on the LI reduced form). To date, available
exact AR-type tests require normality assumptions. In this regard, our results are noteworthy.

Fourth, our re-interpretation of the AR-test allows to re-write Kleibergen (2002)’s test as a
approximate generalized AR-test (see Dufour (2003) and Dufour and Taamouti (2003¢, 20035,
2003a)) obtained with a specific instrument substitution choice. Specifically, we prove analytically
that Kleibergen (2002)’s test can be obtained as an F-test for the exclusion of a specific instrument
matrix, based on a constrained estimate of the coefficient of the excluded regressors in the first stage
regression. To do this, we use the expression provided in Dufour (2003, Section 6.3 (d)) as well as
known results from the MLR literature (Berndt and Savin (1977), Dufour and Khalaf (2002)).

Fifth, we propose a multi-equation Anderson-Rubin-type test which also admits a pivotal bound
based on the results of Dufour and Khalaf (2003) relating to SURE models. In view of the renewed
interest in the Anderson-Rubin test (see Dufour (1997), Dufour and Jasiak (2001), Staiger and Stock
(1997), Wang and Zivot (1998) and Dufour and Taamouti(2003¢, 20035, 2003a)), extensions to a
systems context may prove useful.

It is important, at this stage, to emphasize that the distributional theory which underlies all
the above procedures holds whether identification constraints are imposed or not. Consequently,
identification problems are resolved without the need to introduce non-standard, e.g. local-to-zero,
asymptotics. Furthermore, although exactness is obtained under parametric assumptions (which are
duly defined in the paper), normality is not strictly required.

Sixth, this paper makes several contributions relevant to simulation-based tests. Indeed, the
null distribution of all statistics considered may be quite complex, particularly in non-Gaussian
contexts. In view of this, we propose, following Dufour and Khalaf (2002), to apply the Monte
Carlo (MC) test procedure [Dwass (1957), Barnard (1963), Dufour (2002)] to obtain simulation
based exact p-values. MC test procedures may be viewed as parametric bootstrap tests applied to
statistics whose null distribution does not involve nuisance parameters, with however a fundamental
additional observation: the associated randomized test procedure can easily be performed to control
test size exactly, for a given number of replications.

Here, recall that we consider two types of statistics, the pivotal ones (our extensions of the AR
test), and the boundedly pivotal ones (general LR-LIML and multi-equation AR test). The MC test
method easily yields exact p-values given pivotal statistics; to avoid confusion in what follows, we
will refer to MC tests based on exact pivots as pivotal MC tests (PMC). Boundedly pivotal statis-
tics are approached through two MC test procedures. First, we consider the bounds-MC technique
(BMC) (Dufour (2002), Dufour and Khalaf (2002)). This methods differs from the PMC one in the
fact that the null distribution of the bounding statistics (which is pivotal by construction) is consid-



ered. Second, we apply the maximized MC method (MMC) (Dufour (2002)); this method requires;
(1) defining a p-value function which gives a bootstrap-type MC p-value conditional on relevant nui-
sance parameters, (ii) maximizing the latter function (using global maximization algorithms) over
these nuisance parameters.’ The latter method may be viewed as a numerical search for the optimal
bound.

It is clear that such a search may be computationally expensive. So we propose to combine
the BMC with an MMC test, which can be run whenever the bounds test is not significant. To
understand this strategy, recall that the BMC test is exact in the sense that rejections (at level o) are
conclusive. Furthermore, we show that the MMC algorithm may be written in a way to include a
standard parametric bootstrap as a first step. Possibly expensive iterations - to obtain the maximal
MC p-value in question which underlies the MMC test - may thus be saved if the bootstrap p-value
exceeds a.

To illustrate the performance of these tests particularly given identification issues, we run a
small-scale simulation experiment. Our main findings are: (i) MC methods based on randomization
procedures where unknown parameters are replaced by estimators do not achieve size control, and
(i1)) MMC p-values for IV-based test are always one; in other words, it is does not appear possible
to find a non trivial bound on the rejection probabilities, so that standard asymptotic and bootstrap
procedures are deemed to fail when applied to such statistics. In contrast, LR-based MMC tests
allow one to control the level of the procedure.

The paper is organized as follows. Section 2 develops the notation and definitions. In Section
3 we discuss pivotal statistics in full and sub-systems; general hypotheses are considered in Section
4. The MC test procedures applied to pivotal and general hypotheses are presented in 5. Simulation
results are reported in Section 6 and Section 7 concludes the paper.

2. Framework

We consider a system of p simultaneous equations of the form

YB+ XI'=U, (2.1)
where Y = [y, ..., yp| is an n x p matrix of observations on p endogenous variables, X is an
n X k matrix of fixed (or strictly exogenous) variables and U = [uy , ..., up] = [U1, ..., Up]'isa

matrix of random disturbances. The coefficient matrix B is assumed to be invertible. The equations
in (2.1) give the structural form of the model. Post-multiplying both sides by B! leads to the
reduced form

Y =XII+V, Il =-TB™, 7 =vwec(l), (2.2)

where V = [v1, ..., vp] = [Vi, ..., V;,]' is the matrix of reduced form disturbances. Further, we
suppose the rows of U satisfy the following distributional assumptions:

U~ JWy, t=1, .., n, (2.3)

SMMC p-values are computed using a simulated annealing (SA) optimization algorithm; see Corana, Marchesi, Mar-
tini and Ridella (1987) or Goffe, Ferrier and Rogers (1994).



where the vector w = vec(W7 , ..., W,,) has a known distribution and .J is an unknown nonsingular
matrix; for further reference, let W = [W7 , ..., W,,]’ where (2.3) implies that

W =U(JY. (2.4)

When Var(Wy) = I, var(Uy) = JJ' = 2 andvar(V;) = (B~Y)Y2B~! = (B71)YJJ B! = X.
Of course, condition (2.3) will be satisfied when

Wy~ N(0,L), t=1, ..., n. 2.5)

A key feature of SE models is the imposition of identification conditions on the structural coeffi-
cients. Usually, these conditions are formulated in terms of zero restrictions on B and I". In addition,
a normalization constraint is imposed which is usually achieved by setting the diagonal elements of
B equal to one. We can rewrite model (2.1), given exclusion and normalization restrictions as

where Y; and X7; are n x m; and n x k; matrices which respectively contain the observations on the
included endogenous and exogenous variables of the model. Many problems are also formulated in
terms of limited-information (LI) models such as

yi = Yif; + X1iv1; + i = Zidi + wi, 2.7)

Y, = Xyl + Xoillo; +V;, '
where Z; = [Y;, X1i], 6 = (8,7);)" and Xy; refers to the excluded exogenous variables. The
associated LI reduced form is

mi 1l
mo; Il

w1 = 1B + vy, mo = I, (2.9)

[y Vi ] =Xﬂi+[vi‘/2],ﬂi=[ :|7XZ[X11' Xoi | (238)
which lead to the necessary and sufficient condition for identification
rank(Ilz;) = m;. (2.10)

Our LI-analogue of (2.3) can be stated as follows. Let Vj; refer to the ¢th row of V;, then the rows
of [ u; V; | satisfy the following distributional assumptions:

(u Vi )~IWE t=1, .., n, (2.11)
where vec(W;} , ..., W?) has a known distribution and .J; is an unknown non-singular matrix.
When Var(W}) = I, 11,

U(I’I“( uig  Vj ) = J;J| = $. (2.12)



For further reference, let W* = [W} , ..., W}]’ where (2.11) implies that
Wi=[uw V; ], (2.13)
In this context, LIML corresponds to maximizing, imposing (2.9), the likelihood function

1 1
L(yi, Vi X5, Xoi) = —% In(27) — gln 15| — §trE;1D§Di, (2.14)

where D; = [ y; Y; | — XII; and X; denotes the relevant reduced form error covariance. Numer-
ical maximization may be considered, yet it is well know that an equivalent solution obtains through
an eigenvalue/eigenvector problem based on the following determinantal equation

v Y Mulw Yi]=N[w ¥ My vi]|=0 2.15)

where M = I — X(X'X)"1X’, My; = I — X1,(X},;X1;) "1 X}, and ); refers to the eigen value in
question. Indeed, it can be shown (see, for example Davidson and MacKinnon (1993, Chapter 18),
Wang and Zivot (1998)) that the estimator of 3 is 3, = AR%MIN {\B;)}

lyi — YiB,)' Mui [yi — YiB,]
A8 = . 2.16
(8 ly; — YiB;) My; (I — My Xoi( X4, My; X2) =1 X5, My;) My [y — Vi3] (2.16)

Formally, the LIML estimator of 3, and v, is

B ~ , A7~~ ’ - / -1 /7~A /
{52. ]:[ym ! MY; YiX] |:Yi )‘IY;M:|yi 2.17)

oi=| L
V1 X'Y; X'X Xi

where )\; is the smallest root of (2.15), which corresponds to A(3;) [where A(83;) is given by (2.16)].
Correspondingly, expressions for the reduced form parameter estimates obtain as follows (see Theil
(1971), appendix B):

[ 7 Iy ] = (X1, X1) 1 XY, ([ yi Vi | — Xo [ Foi I ]) (2.18)
[ Toi Il ] = (X5 My X)) ' XMy [ i Y5 | (2.19)
(X MuiXa) T X M [ i Y5 ] [ 1 } [ 1 ]E

[ ] =[]

5 [y Yi| M[y Yi]+(A—1) (2.20)

n n




b v fw v ][ 4 (1w v ww w1 4 ])
o[ 5]

X

The derivations of Theil (1971) also imply that ‘E’Z satisfies

/

‘iz in

Ty Y] My Y]‘ 2.21)

For hypotheses of the form R;5; = r; on the coefficients of (2.7), where R; is a known ¢; X my;
matrix of rank ¢; and r; is known, Wald statistics are routinely applied and take the form

Ty = %(n—&&)’—[Ré(ZiR@/B)*lJ%’Zi)*RiJ (r; — Riby), (2.22)
S
s = %(yi_Zi8i>,(yi_Zi8i>,

where &; is a consistent asymptotically normal estimator such as (2.17) or the 2SLS
b = [Z{Pi(PIP) ' P Zi] T ZiP(P{P) " Plyi, Pi=[ X X(X'X)7'X'Y; ]

Imposing identification, the asymptotic null distribution of 7, is x?(q). For an asymptotic theory
conformable with under-identification, see Staiger and Stock (1997).

3. Pivotal Statistics in systems and subsystems

The recent literature on SE models has underscored the importance of proper pivots. This section
characterizes pivotal statistics in possibly non-Gaussian systems and subsystems, which include the
case of one single structural equation (the LI case). We first consider the LI context, since it is a
fundamental one, and because it may be used to explicate our multi-equation approach.

3.1. Non-Gaussian extensions of the Anderson-Rubin test

In the context of the LI model (2.7), consider hypotheses of the form:

Hag: B; =B, (3.1)

where (Y is a known vector. Let Y =y — Y;/3%; then (3.1) may be tested in the context of the
transformed structural system

wo o= Yi(B; — BY) + Xuivy; + wi, (32)
Y, = Xyilh;+ Xoillo; + 'V, (3.3)



with reduced form
[0 Y] = [ Xu Xoi JIL+[w+V(B—86)) V],
mi = (B = 87) + 1 mai = i B; — B7).
Let O(, ;) denotes a zero s X j matrix. In this context, (3.1) corresponds to testing
0 =0, C=|"
[ (k—ki, ki) I(k_ki)] 11;C; = 0, P Otmi1) | (3-4)

To simplify the presentation, note that since the hypothesis concerns solely the element of 3;, the
test may be recast in the context of:

My [ y? Y ]G = MyXoillap—+ My [ wi+ V(B —8)) Vi ]C;
Iar = [ 7 Iy |G

with null hypothesis I74r = 0. The QLR statistic in this case takes the form (see Dufour and Khalaf
(2002)) where PMliXZi =1—- Mlngi(XéiMh;XQi)*lXéiMu

129 Gl vi]' My Yi]C 3 Y My;y?

1Darl  Cl[y) Vi) MuPuyx Mul 30 Yi ]G 9 MiiPas,xo, Misyy

which is a monotonic transformation of the Anderson-Rubin statistic.

Theorem 3.1 DISTRIBUTION OF THE AR TEST STATISTIC. In the context of the LI model (2.7),
consider the problem of testing (3.1)

Har : B; = B}
imposing (2.11) where the first row of J; has zeros everywhere except for the first element. Let

[yi — Yiﬂoi]/ M [3/1 - Yzﬂm]
[yi - YiﬁOi]/ MUPMquiMM [yi - ngOz]

Aar = (3.5)

be the associated Anderson-Rubin statistic. Then under the null hypothesis

|w’-M17;wi|
PlApgp > x] =P ! >z|, Va,
Mar 24 |wi M1 Pay; o Miiw|
wherew; = ((wi why .. w} )/ gives the first column of W* as defined in (2.11)-(2.13).
PROOF. Under the null hypothesis,
1S9k _ wiMiu;

|Xar|  wWiMuiPar,xo, Maiu



Given assumption (2.11), u; = [ w; V; |C; = W*'J/C;. When the first row of J; in (2.11)
has zeros everywhere, except for the first element which equals o # 0, then JZ{ C; = oC; and
WIJZ/CI =0ow; = O’Wici, SO

1295l _ ocCIW" My;W'Cio B CIWY My;WC;
|£‘AR| a O—C’:W’LIMllPMlzXhMl'LMl’LWZC’LO— B Cz/W’L/Ml’LPMhXQ,Ml’LWZC’L

(3.6)

Then the result obtains on observing that w; = wic;. l

The latter result means that an exact test can be carried out in non-normal context without the
need to specify the distribution of the full W* matrix. If normality is further imposed, then it is
straightforward to see (see also Dufour and Khalaf (2002)) that

n—=k
k—k;

[AAR—l] NF(k—ki,n—k).

As usual, the AR procedure can be adapted to test hypotheses on «y;; (in addition to constraints on
B,;)- It is clear that our results will apply to this case as well. So consider now the problem of testing

Harx : B8; = 8%, v = (3.7)

where v1; = (Yi15, Y12:)s Y114 18 ki x 1, and Xy, = [ X11;  Xi2; ] is decomposed conformably.
The associated Anderson-Rubin statistic

[yi — YiBo; — Xlli'Y(l)li]/Mmi [yi — YiBo; — X173,
[yi — YiBo; — X117Yy;] " Mi2i Paryg, X0 Mi2i [yi — YiBo; — X117y
Mg = I — X12i(X19:X12:) " Xlgs, Xozi = [ X1 Xoi |
Phigixos, = 1 — Mi2iXogi(Xbo:Mi2i Xa2;) ™" X9 M1a;.

Then following the same arguments as in Theorem 3.1, we can show that under the null hypothesis

|w] Migiw;|
‘ng12iPM12iX22iM12iwi|

P[AARX > l‘] =P > ,V$, (38)

and if normality is further imposed,

n—=k

[Aarx — 1]m ~

F(k — ki — kyg,n — k). (3.9)

Finally, consider the hypothesis analyzed in Dufour and Jasiak (2001, Section 4):

Hargx : B = 82, Quivy = vo (3.10)



where (Q)1; is a qi; X k; matrix where q1; = rank(Q1;); Q1; can be treated as submatrix of an
invertible k; x k; matrix Q; = [ i Qb ], so that

= [ Q] [ ],

Q2ﬂzli Vi

Let Xg, = XliQ;l = [ X0 XQu ] where Xq,, and Xq,, are T' x qi; and T' x (k; — q1,)
matrices, so the LI equation can be re-written as

yi = YiB; + X, v1i + XQu,v2i + Ui,

in which case testing H 4rqx amounts to assessing 3; = B?, v1; = vo. The associated Anderson-
Rubin statistic
[yi — YiBy; — XQliVO]/ Mq,, [yl —YiBy — XQliVO]
[vi — YiBo; — XQI'LVO], MinPMinszMQm [yi — YiBo; — XQliVO]
Mq,, = I*Xin(sz,-Xin)leégw Xogi = [ Xq, Xai |
PMinXzzi = I- MinXQ%(XéZiMinX??i)_1X52iMQ2i'

The same arguments underlying (3.8) yield

/
PlAsrgx > 2] =P [wiMg, wil >zl ,Vz, (3.11)
w;MinPMQQinziMinwi
and imposing normality
n—k
— Ki — 415

It is also easy to show, using the same arguments as in the above Theorems, that all the roots of
the determinantal equation

y?/Miny? — M y?/MQZiPMQZiX22iMQ2iy? =0
[yi - YZﬂOz - XQliVO] = yio

are pivotal under the null hypothesis, which lead to alternative statistics, such as the Lawley-
Hotelling trace criterion, the Bartlett-Nanda-Pillai trace criterion and the maximum Root criterion.®

To conclude this section, it is useful to consider the test proposed by Kleibergen (2002) in the
context of (3.1). Dufour (2003) shows that the latter test corresponds to an AR-type test applied
with a specific instrument choice (denoted Z ). Specifically, equations 83-86 from Dufour (2003)

% For references, see Rao (1973, Chapter 8) or Anderson (1984, chapters 8 and 13) and Dufour and Khalaf (2002).
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rewritten in terms of the transformed model
My yi Y] =MuXoi| ma Iy |+Myu[w Vi (3.13)

lead to the instrument

Zx = Xoills, Iy = I —72(5;) SEV(ﬂO?) (3.14)
See(67)
Iy, = (Xb;MyiXo) ' X5 MY;, 7o(BY) = (X9 M1 Xos) ™t X5, My; [y — Vi8]
1 1
Sev (B7) = T % [yi — YiB?] MY;, S..(89) = T 7 [yi — Vi) M [y; — Vi3] .

Here we argue that the later expression is a constrained OLS estimator of I1»;, imposing the LIML
structure. Expressions for constrained OLS estimates of (3.13) can be derived using the formulae
from the general theory on MLR imposing uniform linear hypotheses (see Berndt and Savin (1977,
equations 5 and 6) and Dufour and Khalaf (2002)). In is context, the AR null hypothesis takes the
form (in the notation of Berndt and Savin (1977)) F’ [ mo;  Ilo; ] G = E,where F' = Ii,, E =0

and G = (1, — 5?/) ' Then applying equation (5) from Berndt and Savin (1977) which we reproduce
here for convenience (where Fy and P give the formula for the constrained and unconstrained
estimators of | mo; Il | in(3.13))

Py = P— (f(’)?) S [F (f(’)?) - F’] o (FPG—E)[G'SG] ' @'s,

~ ~\—1 ~ ~ ~
P = (XX) X, S=(-XR) (G- XR),
g = Myul[y Y], X=My;Xo,

yields the following expression for the constrained QMLE estimates:’

{ 9, 119, ] = (X9 My Xoi) ' Xo; My [ yi Y5 ]
(X5, M1 Xo:)) " XMy [ i Vi | [ 1 } [ 1 ]’A.

/ 30 _ 30
[_1&)} 275[_150} B; Bi

[%g 3 ] = (X5 M1 Xo:) ' XMy [ yi Y5 |

or alternatively

[yi—Yiﬂﬂ/M[ v Y ] .
[y — Vi) M [y — Vi3]

7 A similar expression for the constrained LIML estimator of IT»; obtains, replacing 3¢ by Bi; see (2.19).

— (X M1 Xoi) " X5, Mui [ys — Yif3y)
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O(1,m

Post-multiplying the latter expression by [ I
m

) ] leads to the estimator

[y — YiB?)' MY;
[yi — Yi9] M [yi — Vi)

which is exactly equal to ITo; as defined in (3.14). Recall that Dufour (2003) has shown that Wang
and Zivot (1998)’s LM s test obtains as an AR-type test with instrument Xo; I75;. We thus see
that Kleibergen (2002) is highly related to the latter, since it is obtained in a similar way, replacing
the unconstrained OLS estimator of I/2; by a constrained OLS estimator which imposes the struc-
ture. As mentioned in Dufour (2003), these tests are affected by the fact that instruments are not
independent from the error term u;, and thus are not pivotal in finite samples.

I19; = Io; — (X5 My; Xo) "1 X5, My [y — Yi3Y)]

3.2. Multi-equation non-Gaussian extensions of the Anderson-Rubin test

The results of the previous section provide the basis for extending the AR procedure to multi-
equation contexts. Consider a subset of the p-equation system (2.6),

where m < p. In this context, consider the problem of testing,
Hyag:8; =0, i=1,..m. (3.17)

Typically, when equations in (3.16) are viewed as a system, the first stage in an I'V-type procedure
consist in regressing each left-hand side endogenous variable on all the exogenous variables of the
full sub-system. Conformably, let Z, refer to the set of exogenous variables that are excluded from
all m equations, so that X = [ VAR ] ; then the first stage regression corresponds to

7221H1+ZQH2 +V, (3.18)

where Y includes all the distinct right-hand-side endogenous variables and the error term 1% i
defined conformably; suppose that Y is 7' x m and Z; is T' x k. By definition, postmultiplying Y
by a selection matrix (of zeros and ones) gives Y;, which allows to decompose (3.18) as follows:

Y = Z111; + Zo1lo; + Vi, o =1, ...,m,

where V; includes the relevant columns of V, and I1;; and IT; are the relevant sub-matrices of I7;
and 1. Transform the system setting y? =9 — Y;ﬁ?, i =1,...,m, as follows:

wo= YilBi— )+ Zvi+w (3.19)
Y = ZyIly; + Zolly; + 'V, (3.20)

12



where 7, may include zeros so that Z1y; = Xi;7,;. This leads to the reduced form

. - _ T11 . T1m Hl
[yl o Ym Y] - [Zl Z2][?T21 <o T2m HQ]

+[ur+Vi(By = B1) o tm At VialB = Bp) V],
mi = Ihi(B; — B7) + i 2 = Ii(B; — 37),
in which case (3.17) corresponds to testing:

I

o _ T11 -« T1m = = Im
Q-7 I(k*k)] [ Mol .. Tom IIa ] ¢=0 C= [ O, m) } ' (3.21)

These constraints do not consider the exclusions implied by the zeros in ;. Let Mz =
I —Z\(Z1Z) ' Zy and I gg = | ®21 ... 7am Ilo | C. Then the test amounts to assessing
1T 4r = 0 in the context of:

Mz, [ ) .. 95, Y |C = Mg ZoIlsg
+Mz, [ wr +Vi(By —BY) o um+ V(B —8%) V |C

Let PMZ1 7, =1—M, Zo(Z5 Mz, Xo) ™1 Z5 M 7, , then the LR statistic to test IT a4p = 0 is

Clyd o o Y Mz [ o oh, 7]5(
Avar = — — | E—
‘C [y? y?n Y] leplezzle[y? y% Y]C"
B [0 o Mz [ y%]‘
My(l) T ]/MZ1PMZ1Z2MZ1|:y? %Qa]‘

Theorem 3.2 DISTRIBUTION OF THE AR MULTIVARIATE TEST. In the context of the subsystem
(3.16) of the SE model (2.1), consider the problem of testing (3.17)

0 .
Hyar:8;,=0;,i=1,....m,

where, without loss of generality, the m-equations under test are the first m equations of the system
so that

1,
where U satisfies (2.3), with
J = , J11 :m x m, Ji1 is nonsingular (3.22)
Jo1 Ja2

13



and W is partitioned conformably as follows

I

W = [Wl W2]aI/Vi:[VVila-"aVVi]vi:172a (323)
_ | W .
Wt = |:W2t:|’W1t'mX1'
Let ,
(08 o wh Mz [0 o o ]
Avar = 0 o 1 0 0
‘[ yl oo Ym ] leplez2le [ yl o Ym ]‘

be the associated multivariate Anderson-Rubin statistic. Then under the null hypothesis

!
M
PlApar > 2] =P (Wi Mz, Wi >ax|, V.
‘W{leplezQleVVl‘
PROOF. Under the null hypothesis,
‘[m tm | Mz, [ wy um]‘
Ayar = p ;
“ UL eee Uy, ] MZlPlezZle [ UL ... Uy, ]‘
[w o um | = UC:WJ’C:W[ Jél ] = Wi Jy;.

Substituting W1 le_l for UC in Apsag leads to

‘JHW{MZlWth | Jia| W] Mz, WA | Ty
Avar = — = ;
‘JHW{MZlPMZl ZzMZ1W1J11‘ | J11] ‘W{leple Zzlewl‘ |11
_ [WiMz,Wh|
‘W{le Ple 7. Mz, W1‘

This completes the proof.l
In this case as well, it easy to show, using the same arguments as in the above Theorem, that all
the roots of the determinantal equation

=0

VIMz Y — y?/Mlele 2,Mz,Y)
(o) o oum ] = O

are pivotal under the null hypothesis, which lead to alternative statistics. The case where m = p
deserves a special attention, and leads to the full system approach.

14



3.3. Pivots in full systems

In the context of (2.1) with (2.3), consider testing Hp : B = By; recall that B includes normal-
ization and exclusion restrictions (since all endogenous variables do not appear in all equations).
These constraints may be tested by assessing the exclusion restrictions in the regression of Y By on
X. Indeed, if we examine the reduced form (2.1), we see that Hp implies that the coefficient of

Y By = XIIBy+ V DBy

should reflect the exclusion (identifying) restrictions in I'. Typically, these exclusions are of the
SURE type (i.e. they do not affect the coefficient of the same regressor for all equations), yet its is
possible to obtain a pivot if we focus on assessing the exclusion of the common instruments.® This
hypothesis takes the following form:

QI By, C' =0 (3.24)

where Q and C are full-row rank and full column rank selection matrices.” Without loss of gener-
ality, suppose that

C = [ {)C ] , J = [ j; J(2)2 } , J11 18 ¢ X ¢, nonsingular, (3.25)
_ | Wi .
Wy = [ Wa ] , Wig:ex 1. (3.26)
Then
UC=WwJC=W [ ‘%1 } =Widy, Wi= Wi, ..., Wi ,i=1,2 (3.27)

The LR statistic to test the latter hypothesis is:

‘C/B()(Y — XIo)(Y - Xﬁo)Boo(

Ap — N
‘C/B()(Y — Xy - XH)BOC(

where 17, o and IT are the constrained and unconstrained OLS estimates in the regression of Y ByC'
on X.Let M =1 — X(X'X)"1X', My = M + X(X'X)1Q[Q(X'X) QX' X))t X".
Then under the null hypothesis,

-1 / —1
(C"BIV' MV BoC| ‘C'Bé (By) U'MoU B3 BoC| U MUCY

A = =
B |C/B()V/MVB()C| ‘C/B(l) (Bal)/U/MUBalBoc‘ |C/U/MUC|

(3.28)

81f no common instruments are available, then exact bounds tests of the implied SURE constraints can be considered
as in Dufour and Khalaf (2003).

"The matrix C' allows to select-out the equations of the system that will not be subject to exclusion tests, e.g. the
equations which in the first place did not include endogenous regressors.
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‘JHW{MOWIJil‘ |J11| |W1/M0W1| ‘Jil‘ ‘W{M()Wﬂ
T [WIMWG | [l (WIMWAL] G| WML

(3.29)

No assumption on the distribution W5 is required and the matrix J in (2.3) only needs to be block
triangular. It is worth noting that hypotheses which test further common constraints on /" in addition
to fixing B = By can be accommodated in the same way, by adjusting ) and C' and allowing a
non-zero matrix of known constants on the right hand side of (3.24). Pivots can also be obtained for
such hypotheses, as is demonstrated in the following Theorem.

Theorem 3.3 CHARACTERIZATION OF PIVOTAL STATISTICS. In the context of the SE model
(2.1) consider the hypothesis which when written in terms of the reduced form (2.2) takes the form

Hyrp : QIIByC = D (3.30)

where Q) is a q¢ X k known matrix with rank q, D is known,

C = [ C(')n } , C11 is ¢ X ¢ nonsingular,

U satisfies (2.3) with

J = [ Ju 0 ] , J11 Is ¢ X ¢, nonsingular, (3.31)
Jo1 J2
and W is partitioned conformably
_ | W :
VVt_|:W2t :| s Wlt.cxl.

Let
C'BL(Y — XITo)(Y — Xﬁo)BgC‘

Ayrp = N =
(C/B()(Y — XY - XH)BOC‘

denote the LR statistic for testing the latter restrictions where ﬁo and II are the constrained and
unconstrained OLS estimates in the regression of Y BoC' on X. Then under the null hypothesis

| M
PlAyrp =z 2] =P [—|W1 oWl 37] » v,

(WIMWh| —

where M = I — X(X/X)le/, My =M + X(X/X)lel[Q(X’X)lel]le(X/X)le/ and
Wi=[Wia,...,W; ]/, =1, 2.
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PROOF. Following (2.21)-(3.29), we see that under the null hypothesis,

|C'U MyUC)|

J,C1
A — 11
ULE = orormuc)’

UC’:WJ'C’:W[ 0

] =W, J;,Cn

/ . .
where J;;C11 is nonsingular. So

‘011J11W{M0W1 JhCu‘ |Ci1J11||W{M0W1|‘J{1Cu‘ W MoWr |
|CL W MWy 3 Cu | [CJu | [WIMW | [T, Ca| — IWIMW|

Ayrp =

This completes the proof.H

The same arguments as in the above Theorem show that all the roots of the determinantal equa-
tion

!C'U’MOUC —u C'U’MUC" =0

are also pivotal under the null hypothesis. The above derivations show that pivotal statistics can be
obtained for all hypotheses of the form (3.30); these constraints are Uniform Linear; see Dufour and
Khalaf (2002) and Berndt and Savin (1977). Here we show that pivots obtain when the coefficients
of the left-hand side endogenous variables of the equations subject to test are all fixed. Indeed,
since the error term of the reduced form equals UB ™!, the framework differs from Dufour and

Khalaf (2002): invariance to J obtains when B is fixed (to allow the decomposition in (3.28)). One
exception is noteworthy, and is stated in the following Theorem.

Theorem 3.4 PIVOTAL STATISTICS: A SPECIAL CASE. Consider the MLR model (2.1) with (2.3)
and the hypothesis which when written in terms of (2.2) takes the form

Hyp, :QIIC =D (3.32)
where C'is an invertible p x p matrix, QQ is a q¢ X k known matrix with rank q and D is known. Let

B (C'(Y ~ XIp)(Y - X]AYO)C‘

Avr = —
(Cl(Y — XITY(Y - XH)C‘

be the LR statistic for testing the latter restrictions, where ﬁo and I are the constrained and
unconstrained OLS estimates in the regression of Y C on X. Then under the null hypothesis

' M
P[AUsz]:P[M>$:| s Vl‘,

W MW| =

where M = I — X(X'X)"'X", My = M + X(X'X)"'Q[Q(X'X)"' Q' Q(X'X) "' X" and
W is as defined in (2.3).
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PROOF. Under the null hypothesis,

|C/V,M0VC| ‘Cl (Bfl)/ U/MQUBflc‘

[CVMVC] ~ [C(B1) U'MUB-LC]

‘0/ (BN |UMU|[BC] oranu| | Iw MW |
\c"(B-Y||U'MU||B-C| — |[U'MU| — [JW'MW.J'|
|J[ W MW |J'|  [W' MW |

\J[WMW]|[J| — [WMW|

Ayr

This completes the proof. An example of the latter case in the LI context includes the problem
where I15; is tested in addition to 5,.l

We emphasize again that the above results do not require the normality assumption. Eventually,
when the normality hypothesis (2.5) holds, the distribution of the bounding statistic for special cases
of @ and C' is well known (see Rao (1973, chapter 8), Anderson (1984, chapters 8 and 13) and the
appendix of Dufour and Khalaf (2002)) and involves the product of p independent beta variables
with degrees of freedom that depend on the sample size, the number of restrictions and the number
of parameters involved in these restrictions. For example, when C' = I,

PlAyy > 2] = P[L > 2], Va, (3.33)

where L is distributed like the product of p independent beta variables with parameters (% (n—k—
p+i),4),i=1, .., p. Whenc=1,
n—=~k
[Avr = 1)== ~ F(g.n— k). (3:34)

4. General Hypotheses tests on structural coefficients

In this section, we consider hypotheses for which pivots are not available. These hypotheses may be
linear or non-linear, and may be approached from a full or sub-system approach. We first consider
the full system case which will lead to useful results for the single equation problem.

4.1. The full system approach

Consider the problem of testing arbitrary restrictions on the structural parameters of model (2.1),
under (2.3), which when expressed in terms of the reduced form coefficients, take the form

Hyp, : R € Ay, 4.1

where R is (r x kp) of rank r and Ay is a non-empty subset of R". This characterization of the
hypothesis allows for nonlinear as well as inequality constraints. The Gaussian QLR criterion to
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test Hy, is nln(Anp ),where

Anp = |7 4.2)

NL | E| )

with SNL and 3 being the restricted and unrestricted ML estimators of J; in the statistics literature,
AI\& corresponds to Wilks’ criterion. The discussion in the previous section does not lead to pivotal
statistics for these hypotheses, yet we will show that Ay, is boundedly pivotal, in the sense of
Dufour (1997), i.e. its null distribution can be bounded by a pivotal quantity; see Dufour and Khalaf
(2002). To do this, we first observe that the general hypothesis (4.1) always admits as a special case,
some hypothesis for which a pivot exists; indeed, the case where all the coefficients of the reduced
form equation are restricted provides a trivial case which always satisfies our purpose. To relate our
results with Dufour (1997), consider this special case

Hy . II =D, (4.3)

which obtains as in (3.32) with the further restriction that Q = I. Clearly, H; C Hyp. In
general, its is also possible to find a hypothesis of the form (3.30) which is special case of Hyr.
Let Hyrp € Hpyp denote the hypothesis of the latter form which obtains from Hy with the least
number of restrictions.

Theorem 4.1 BOUNDELDY PIVOTAL STATISTICS. Consider the MLR model (2.1) and let AN, be

the statistic defined by (4.2) for testing restrictions which, when written in terms of the reduced form
(2.2), take the form (4.1). Further, consider restrictions of the form (3.30) Hy, : QII BoC = D
where QQ is a ¢ X k known matrix with rank q, D is known,

C= [ C(')n } , C11 is ¢ X ¢ (nonsingular)

and Q), By and C1 are chosen such that Hy;, C Hyy. Then under the null hypothesis imposing
(2.3) with

J = [ S 0 ] , J111s ¢ X ¢ (nonsingular)

Jo1 Jao
| W )
and Wy = [W% ] , Wig :p1 x 1,
W MoWi|
PlAny; > 2| < P|li—=———|. V
[Ane = 2] < [\W{MWl\ T

where M = I — X(X'X)71X', My = M + X(X'X)'Q[Q(X'X) Q" 'Q(X'X) "' X" and
Wi=[Wi,...,Wir] ,i=1,2

PROOF. Let Ay be the reciprocal of Wilks’ criterion for testing Hyyrp. Since by construc-
tion Hyrp € Hyp, and since both Ay, and Ay, use the URF as the unconstrained hypothesis,
then it is straightforward to see that An; < Ayrp. The null distribution of Ay was established
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in Theorem 3.3, which leads to above bound.H
If we consider the bound associated with (3.32), and we further impose normality, then using
(3.34) leads to the results of Dufour (1997).

Theorem 4.2 BOUNDELDY PIVOTAL STATISTICS: A SPECIAL CASE. Consider the MLR model
(2.1) and let ANy, be the statistic defined by (4.2) for testing restrictions which, when written in
terms of the reduced form (2.2), take the form (4.1). Then under the null hypothesis imposing (2.3)
and normal errors
PlAYL > 2] < P[L > 1], Vo,

where L is distributed like the product of p independent beta variables with parameters (% (n—Fk—
p+i), 5y, i=1, .., p

PROOF. Consider restrictions of the form (4.3) Hy, : II = D, and let Ay, be the reciprocal of
Wilks’ criterion for testing Hy,. Following the arguments of Theorem 4.1, we see that Ay < Ap.
The null distribution of Azl obtains as a special case of (3.33) with ¢ = k, which leads to above
beta-based bound.H

Since Dufour (1997)’s bound was formally stated in the context of a LI model, let us turn the LI
context.

4.2. The LI context

Let us first consider the case of the LIML LR statistic associated with Hp : 3; = ﬁ?, in the
context of the LI model (2.7). Wang and Zivot (1998) have shown that this statistic is a monotonic
transformation of

Arrr = MB9) — \(B;)

where \(3;) is defined in (2.16) and BZ is the LIML estimate of § defined in (2.17). Recall that
AB;) = n%in {\(B;)} and A\(B3Y) = Ag as defined in (3.5). It is thus easy to see that Arry7 <

AR, SO un&er the null hypothesis, using Theorem 3.1, we have:

|wi Myw;|

PlApimr > 2] < P [ > x|, Ve, (4.4)

/
|w; M Pay o Maiw|

where w; = ((w! wh .. w? ) gives the first column of W as defined in (2.11)-(2.13). If the
normality hypothesis is further imposed, then

P | Apars — 11— >x} < P[F(k—ki,n—k) > 1], Va.

k—Fk —
Whereas n[In(Agrarz)] has a x?(m;) asymptotic distribution only under identification assumptions,
n[ln(A4g)] is asymptotically distributed as x2(k — k;) whether the rank condition holds or not. The
above inequality implies that the asymptotic distribution of the LR-LIML statistic is thus bounded
by a x2(k — k;) distribution independently of the conditions for identification. This result was
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derived under local-to-zero asymptotics in Wang and Zivot (1998). Our result also shows that using
the LR-LIML in this context will lead to power losses compared to the AR criterion.

Consider the problem of testing arbitrary restrictions on the parameters of model (2.7), under
(2.11), which when expressed in terms of the reduced form (2.8), take the form

Hpyy, : Rm; € Ao, (45)

where R is (r x km;) of rank r and Ap is a non-empty subset of " and m; = vec(II;). The
Gaussian QLR criterion to test Hz, is nln(Ayy),where

| ONL|
Ayp = — 1, (4.6)
| 2]

with ﬁfv L and EAI being the restricted and unrestricted ML estimators of X;; note that the denom-
inator is completely unconstrained, i.e. does not reflect the LIML exclusion restrictions. As in the
full system approach, we first observe that the general hypothesis (4.5) always admits as a special
case, some hypothesis for which a pivot exists; indeed, the case where all the coefficients of the LI
reduced form equation are restricted

Hp:1I; =D, 4.7)

provides such a trivial example: clearly, Hy, C Hyr.

Theorem 4.3 BOUNDELDY PIVOTAL LI STATISTICS: A SPECIAL CASE. Consider the MLR
model (2.7)-(2.8) and let ANy, be the statistic defined by (4.6) for testing restrictions which, when
written in terms of the reduced form (2.8), take the form (4.5). Then under the null hypothesis
imposing (2.11) and normal errors

PiA > <P|l——-
[ NL = $] — |W1,/MW1,

| >z|, Vr,

where M = I — X (X'X)"'X’, and W' is as defined in (2.3); imposing normal errors we further
obtain that
PlAY, > 2] < P[L > a], Va,

where L is distributed like the product of m; + 1 independent beta variables with parameters (% (n—
k—(mi+1)+4), %), i=1, ., m+1L

PROOF. Let A;, be the reciprocal of Wilks’ criterion for testing Hy, applied to the LI context.
Following the arguments of Theorem 4.1, we see that Ay;, < Ay. The null distribution of Aj,
obtains as in 3.4, applied to the LI context. The normal case also derives from (3.33) with ¢ = k
and p = m; which leads to above beta-based bound.l

The normal case is exactly the same result obtained in Dufour (1997). Following the reasoning
explicated for our full system approach, tighter bounds can be obtained by a proper choice of the
linear hypothesis which is a special case of (4.5). As an illustration, let us consider the important
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special case where restrictions in (4.5) only affect 8;, the coefficients of the structural equation. In
this case, it is possible to find a linear hypothesis of the form (3.10) which is a special case of the
hypothesis under test. Then using the same arguments underlying Theorem 4.1 and the distributional
result (3.11) yields the following bounds test procedure.

Theorem 4.4 BOUNDEDLY PIVOTAL LI STATISTICS. Consider the problem of testing arbitrary
restrictions on the structural parameters of model (2.7) under (2.11) of the form

HNLS : R(S@ S Ao, (48)

where R is r x (m;+k;) of rank r and A is a non-empty subset of R". The Gaussian QLR criterion
to test Hyps is nIn(Ayps),where
| ZNES]

12 1 (4.9)
| 2]

ANrs =

with ﬁfv LS and %; being the restricted and unrestricted ML estimators of X;. Consider a hypothesis
of the form (3.10) which is a special case of (4.8)

Harox : B; = B9, Quivi; = vo € Hni, (4.10)

where Q1; is a q1; X ki matrix with q1; = rank(Q1;), Q1; can be treated as submatrix of an
. . . /
invertible k; X k; matrix Q; = | Q}; Qb; | so that

= [ Q] [ ],

Q2ﬂzli Vi

Let Xq, = XMQ;I = [ X0 X ] where Xq,, and Xq,, are T x qi; and T x (k; — q1;)
matrices. Then imposing (2.11) where the first row of J; has zeros everywhere except for the first
element,

/
PlAnps > 2] < P [ Magy; il > x|, Va,
‘nginPMinxzziMQmwi
Mq,, = I*Xin(sz,-Xin)leégZi, Xogi = [ Xq, Xai |

PMinsz' = I- MinXQQi(XQZiMinX%ﬂ_1X52iMQ2i’
where w; = ( whowh L wh ), gives the first column of W* as defined in (2.11). Imposing
normality, we further obtain

n—=k

PlAnps — 1]713 Sy ——"

>xz| <P[F(k—k —qi,n—k)>x].

Note that the LR statistics considered use an unconstrained MLR as the alternative hypothesis.
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An alternative statistic which considers the exclusion constraints can also be considered and will
admit the same bound; see e.g. (4.4); indeed, by construction, the LIML-constrained statistic is
larger than its unconstrained-alternative counterpart. However, this also means that bounds-tests
should be based on the latter.

5. Simulation based pivotal and bounds tests

As is evident from the above results, the exact distributional results we have derived typically involve
non-standard distributions, even in some Gaussian based contexts. However, they can be easily
obtained using the MC method; see Dufour (2002), Dufour and Khalaf (2002). In the following, we
describe the methodology in full and LI systems. To facilitate the presentation, in what follows: (i)
S denotes the statistic considered, (ii) W refers to W in (2.3) or W in (2.11), (ii) X denotes the
exogenous variables used for the test including instruments, and (iv) the number of MC draws [V is
obtained so that «(N + 1) is an integer, where 0 < « < 1 is the level of the test.

Let us first consider the case where S is pivotal, i.e. S = S(W, X), where S(W, X)) refers
to the pivotal expression of S under the null hypothesis, as in Theorems 3.1 - 3.4. Let S(O) denote
the test statistic calculated from the observed sample; generate N of replications S @ ., 80
of S which satisfy the null hypothesis, using draws from the null distribution of YW and S(W, X).
Compute py[S] = pn (SO S), where

pr(e; §) = NGN]&? L G ) = =3 5(89 ), 5.1)

and s(r) = lifz > 0, and s(z) = 0if x < 0. In other words, pn (S0 §) = [NGn(5©) +
1]/(N + 1) where NGn(S©) is the number of simulated values which are greater than or
equal to S©. The MC critical region is pn (S 0.5 ) < a, where, under the null hypothesis,
P [p N (S (0) ;9) < oz] = «; see Dufour (2002). To avoid confusion, we refer to p-values based on
the latter method as Pivotal MC (PMC) p-values.

If S is nuisance parameter dependant but boundedly pivotal, let S(W, X) refer to the pivotal
expression of the relevant bound under the null hypothesis, as in Theorems 4.1 - 4.3. The associated
MC procedure applies as in the PMC case, where S, ..., S(V) are obtained using SOW, X);
here, (5.1) leads to a level correct MC p-value which we denote Bounds MC (BMC) p-value, such
that P[pn(S(©; S) < a] < a; see Dufour (2002) and Dufour and Khalaf (2002).

When S depends on nuisance parameters (say ¢), a MC p-value, conditional on 6 which we
will denote P (S|0) may be obtained as follows. Let S(°) denote the test statistic calculated from
the observed sample; generate N of replications SV, ..., S(N) of S given 6, using draws from
the simulated model under the null hypothesis. Applying (5.1) yields a conditional MC p-value
P [S]0]. The (standard) parametric bootstrap (denoted Local MC (LMC)) corresponds to the case
where a consistent estimate of 6 (compatible with the null hypothesis), say 0, is used in the latter
procedure. The MMC method involves maximizing py [S|6] over all values of § compatible with
the null hypothesis, which provides a numerical search for the tightest bound available.

It is evident that for all 0 < o < 1 and V0, if the LMC p-value exceeds «, then the MMC p-value
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will also exceed «. This means that non-rejections in the context of LMC tests may be interpreted
“exactly”, with reference to the MMC test. Furthermore, if the BMC p-value is less than «, then we
can be sure that the MMC p-value is also less than «.. Since the BMC procedure is numericall less
expensive than MMC, we recommend the following sequential procedure (with level ). Obtain a
BMC p-value first and reject the null hypothesis if the BMC p-value is < a. If not, obtain an LMC
p-value using the constrained QMLE of . If the LMC p-value exceeds a, then conclude the test is
not significant. Otherwise, run an MMC algorithm.

6. A Simulation study

This section reports an investigation, by simulation, of the performance of the various proposed test
procedures. We focus on the LI examples. In each case, we also study 2SLS-based Wald tests,
which are routinely computed in empirical practice. The asymptotic and MC test versions of the
latter tests are considered. Since a bound is not available for these tests, we focus on the LMC
and MMC tests. Each experiment was based on 1000 replications. We use Simulated Annealing to
obtain the maximal p-values. The MC tests are applied with 99 replications.

The experiments are based on the LI model (2.7). We consider three endogenous variables
(pi = 3and m; = 2) and k = 3, 4, 5 and 6 exogenous variables. In all cases, the structural
equation includes only one exogenous variable, the constant regressor. In the following tables,
d= (k—1)— (p— 1) refers to the degree of over-identification. The restrictions tested are of the
form precisely, we consider in turn: hypotheses which set the full vector of endogenous variables
coefficients i.e. of the the form: (3.1), and hypotheses which set a subset of endogenous variables
coefficients of the the form:

B = B 6.1)

where 8, = (8);, 85)" and By, is my; x 1, with my; = 1. The sample sizes are set to n = 25, 50,
100. The exogenous regressors are independently drawn from the normal distribution, with means
zero and unit variances. These were drawn only once. The errors were generated according to a
multinormal distribution with mean zero and covariance

1 95 —.95
Xy = .95 1 —-1.91 (6.2)
-.95 -1.091 12

The other coefficients were

1 =1, B; = (10,—1.5), II; = (1.5,2)', IIy; = [ i ] ) (6.3)
O-3.2)

The identification problem becomes mores serious as the determinant of 175175 gets closer to zero.
In view of this, we consider various choices for I7:

. 2 1] - 2 1.999
oy = [1 2]’]7(2)_[1.999 2 }
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. 5499 . .01 009
U = [.499 5 ] iy = [.009 01 }

We examine LR statistics which use an unconstrained MLR as the alternative hypothesis and their
counterpart which considers the LIML exclusion constraints. For convenience and clarity, the for-
mer are denoted LRp ¢ and the latter LR 73,7. We also consider Wald statistics of the form (2.22)
based on LIML and 2SLS estimators and denote these statistics Waldy;asr, and Waldogr, g respec-
tively. We report the probability of Type I error for the standard asymptotic x? test, and the LMC,
MMC and BMC based procedures. The subscripts asy, LMC, MMC and BMC which appear in
the subsequent Tables are used to identify these procedures respectively. In the case of the statistic
LRo1s under (3.1), the local MC test is denoted PMC to account for the fact that the test is exact
since the statistic is pivotal. We have also examined the generalized Wang and Zivot (1998) asymp-
totic bounds tests to which we refer as BND,. We perform a power study by varying the value of
(3, away from the null value of 10 and given I, (1) for the tests which size was adequate.

To generate the simulated samples in the LMC case, we consider the restricted LIML estimates
of the parameters that are not specified by the null, except for the Waldygr s statistic. In this case,
we use restricted 2SLS estimates for the structural equation and OLS based estimates for reduced
form equations which complement the system. From these estimates, sum-of-squared-residuals are
constructed which yield the usual estimate covariance estimate. Furthermore, to ensure the comple-
mentarity of the MMC and the bounds procedures, the exact bounds are obtained by simulation (we
do not use the F distribution). Tables 1-5 summarize our findings. Our results show the following.

1. Identification problems severely distort the sizes of standard asymptotic tests. While the
evidence of size distortions is notable even in identified models, the problem is far more severe
in near-unidentified situations. The results for the Wald test are especially striking: empirical
sizes exceeding 80 and 90% were observed! More importantly, increasing the sample size
does not correct the problem. This result substantiates so-called “weak instruments* effects.
The asymptotic LR behaves more smoothly in the sense that size distortions are not as severe;
still some form of size correction is most certainly called for.

2. The performance of the standard bootstrap is disappointing. In general, the empirical sizes of
LMC tests exceed 5% in most instances, even in identified models. In particular, bootstrap
Wald tests fail completely in near-unidentified conditions.

3. Whether the rank condition for identification is imposed or not, more serious size distortions
are observed in over-identified systems. This holds true for asymptotic and bootstrap proce-
dures. While the problems associated with the Wald tests conform to general expectations, it
is worth noting that the traditional bootstrap does not completely correct the size of LR tests.

4. In all cases, the Wald tests maximal randomized p-values are always one. This meant that
under the null and the alternative, MMC empirical rejections were always zero (this result,
for space considerations, is not reported in the Tables).

5. The bounds tests and the MMC tests achieve size control in all cases. The strategy of resorting
to MMC when the bounds test is not conclusive would certainly pay off, for the critical bound
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is easier to compute. However, it is worth noting that although the MMC are thought to be
computationally burdensome, the SA maximization routine was observed to converge quite
rapidly irrespective of the number of intervening nuisance parameters.

6. The LIML-LMC performs generally better than the generalized Wang and Zivot (1998)
asymptotic bounds tests. Observe however that the LMC test is not exactly size correct,
whereas Wang and Zivot (1998)’s tests sizes were not observed to exceed 5%. In situations
were size was adequate, the LMC test showed superior power.

7. The performance of the Wald-LIML LMC test may seem acceptable, although the above
remark in the case of the MMC p-value also holds in this case. As expected, power losses with
respect to the LR test are noted. It is worth noting that since constrained and unconstrained
MLE is done analytically, there seems to be arguments in favor of a Wald test if a LIML
approach is considered.

The above findings mean that 2SLS-based tests are inappropriate in the weak instrument case and
cannot be corrected by bootstrapping. Much more reliable tests will be obtained by applying the
proposed LR-based procedures. The usual arguments on computational inconveniences should not
be overemphasized. With the increasing availability of more powerful computers and improved
software packages, there is less incentive to prefer a procedure on the grounds of execution ease.

7. Conclusion

The serious inadequacy of standard asymptotic tests in finite samples is widely observed in the SE
context. Here, we have proposed alternative, simulation-based procedures and demonstrated their
feasibility in an extensive Monte Carlo experiment. Particular attention was given to the identifica-
tion problem. By exploiting MC methods and using these in combination with bounds procedures,
we have constructed provably exact tests for arbitrary, possibly nonlinear hypotheses on the sys-
tems coefficients. We have also investigated the ability of the conventional bootstrap to provide
more reliable inference in finite samples. The simulation results show that the latter fails when the
simulated statistic is IV-based. In the case of the LR criteria, although the bootstrap did reduce
the error in level, it did not achieve size control. In contrast, MMC LR tests perfectly controlled
levels. The exact randomized procedures are computer intensive; however, with modern computer
facilities, computational costs are no longer a hindrance.
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Table 1. Empirical P(Type I error): Testing a subset of endogenous variables coefficients, LR tests.
LRrrmrL LRors
d II n Asy LMC MMC BMC BDz Asy LMC MMC BMC BDgz

I IIgy 25 7.5 53 0.8 0.8 1.3 | 6.1 3.8 23 23 32
50| 79 53 0.4 0.2 0.1 | 49 52 1.7 1.7 2.2
100 | 6.3 5.1 0.8 0.8 0.7 58 4.9 24 2.5 24
2 251 10.2 59 0.4 0.4 0.8 59 53 1.1 1.1 1.6
50| 89 5.7 0.8 0.7 04| 58 4.7 2.6 2.6 2.9
100 | 6.4 4.5 0.3 0.2 04| 52 5.0 1.6 1.6 2.0
3 251 149 6.8 0.6 0.6 09| 82 4.5 23 23 52
501 9.8 5.0 0.2 0.2 0.1 63 3.9 1.9 1.9 3.1
100 | 7.4 5.1 0.2 0.1 00| 438 4.5 1.7 1.7 2.7

1 Il 25| 142 7.1 1.7 1.6 30 7.5 4.9 23 2.1 43
50 | 12.7 5.6 1.1 1.1 1.2 | 52 4.5 1.6 1.6 2.0
100 | 12.0 6.1 1.5 1.5 1.6 | 6.1 5.5 2.0 1.9 2.5

2 251 20.0 7.8 1.2 1.1 241 70 44 2.6 2.6 4.2
50 | 17.0 6.7 1.8 1.5 1.7 64 4.4 2.6 2.6 2.9
100 | 15.6 6.1 0.9 0.9 09| 5.1 4.5 1.6 1.6 2.1

3 251 223 8.9 1.4 1.0 24 | 88 5.7 3.3 3.3 59
50 | 23.6 8.6 0.9 0.8 14| 71 4.4 2.5 2.5 4.1
100 | 21.0 6.4 1.2 1.0 1.1 54 4.1 2.1 2.1 22

1 I3 25| 24 2.0 0.2 0.2 0.1 15 1.7 0.3 0.3 0.8
50| 34 3.9 0.4 04 04| 1.6 2.6 0.5 0.5 0.6
100 | 6.0 54 0.5 0.5 05| 28 3.7 7.0 7.0 0.8
2 251 43 3.9 0.0 0.0 00| 15 1.2 0.3 0.3 0.2
50| 6.6 52 0.3 0.3 00| 16 24 0.7 0.7 0.6
100 | 7.2 54 0.1 0.1 02| 1.8 24 0.4 0.4 0.5
3 25 6.4 3.8 0.0 0.0 00| 22 1.4 0.6 0.6 0.1
50 63 4.6 0.1 0.0 0.1 1.0 0.9 0.1 0.1 03
100 | 10.9 7.1 0.1 0.1 02| 14 2.1 0.7 0.7 0.7

1 Iy 25 2.1 1.3 0.1 0.1 0.1 | 0.6 1.0 0.3 0.3 04
50 1.8 1.3 0.0 0.0 00| 02 0.1 0.0 0.0 0.0
100 | 2.5 1.6 0.0 0.0 00| 0.1 0.1 0.0 0.0 0.0
2 25 54 1.8 0.0 0.0 00| 05 0.8 0.3 0.2 0.2
50| 04 1.1 0.0 0.0 00| 04 0.6 0.0 0.0 0.0
100 1.7 1.7 0.0 0.0 00| 0.1 0.5 0.0 0.0 0.0
3 25 9.0 2.6 1.0 1.0 0.1 14 1.0 0.3 0.3 0.8
50 5.8 2.0 0.0 0.0 00| 0.7 0.8 0.0 0.0 0.2
100 | 04 1.3 0.1 0.1 00| 04 0.5 0.2 0.2 0.1
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Table 2. Empirical P(Type I error): Testing a subset of endogenous variables coefficients, Wald
tests.

Wald - 2SLS | Wald - LIML Wald - 2SLS | Wald - LIML

d II  n |Asy LMC|Asy LMC [d II n |Asy LMC | Asy LMC
I Iy 25 [86 58 [83 39 I Iz 25 [109 58 [60 20
50 |64 59 |62 5.1 50 |72 56 |48 22

100 | 54 49 |55 49 10068 52 |59 29

2 25 | 110 68 |99 43 2 25 | 177 116 | 105 2.7
50 |80 58 |85 5.1 50 | 133 74 |67 24
10076 59 |72 47 100 | 110 68 |83 3.1

3 25 | 142 85 | 143 49 3 25 226 102 | 102 24
50 | 104 60 | 109 47 50 | 183 105 | 104 34
10081 61 |74 50 100 | 143 70 |63 27

I Iy 25 [82 53 |86 33 I Iz 25 |89 579 751 04
50 |46 49 |52 3.0 50 | 849 496 | 668 0.7

100 |42 43 |51 40 100 | 85.0 44.8 | 68.0 0.6

2 25 | 126 59 | 139 3.1 2 25 | 850 448 | 79.7 0.1
50 |83 51 | 104 38 50 | 555 210 | 769 0.5

100 | 7.6 37 | 117 3.5 100 | 953 587 | 743 0.6

3 25 | 147 73 | 187 41 3 25 993 823 | 844 1.0
50 | 134 79 | 188 45 50 | 989 764 | 816 0.6

100 | 11.6 51 | 17.1 3.7 100 | 989 70.0 | 778 0.5

28



Table 3. Empirical P(Type I error): Testing the full vector of endogenous variables coefficients.

Waldasr s LRrrmL LRoLs Waldrryr | AR

d ﬁ n Asy LMC | Asy LMC MMC BDgz | Asy LMC | Asy MC
1 H(l) 25 9.7 5.1 109 5.5 3.1 5.2 8.9 53 9.2 34 4.8
50 7.1 5.1 6.8 4.4 2.1 3.5 6.1 4. 6.7 4.1 4.7
100 | 6.5 4.8 6.6 4.7 2.2 2.4 6.3 4.3 6.3 4.7 53
2 25 114 6.2 13.3 6.5 1.6 3.5 8.6 5.0 12.1 4.0 4.6
50 9.5 5.6 10.1 6.8 2.3 2.5 6.9 5.9 8.9 5.0 49
100 | 8.2 5.9 6.2 4.1 0.8 1.2 5.2 4.2 7.9 5.6 4.2
3 25 148 7.2 16.0 7.5 1.4 2.6 114 63 155 5.0 4.4
50 11.8 54 102 438 1.2 1.7 7.5 5.2 13.0 42 5.6
100 | 8.4 6.4 7.4 5.2 0.6 0.2 5.0 4.7 8.0 59 43
I I 25 |81 50 [129 54 38 69 [89 53 |77 27 |48
50 |49 33 |97 57 34 43 |61 46 |44 19 |47
100 | 44 40 |11.1 55 36 48 |133 63 |40 41 |53
2 25 | 128 65 | 181 66 24 47 |86 50 |11.8 4.1 | 46
50 (99 52 |156 72 38 36 |69 59 |90 36 |49
100 |65 40 |132 57 27 25 |52 42 |60 32 |42
3 25 | 149 69 207 73 23 41 |114 63 | 148 33 | 44
50 [ 121 57 |208 73 24 37 |75 52 |142 36 |56
10092 50 [173 64 22 26 |50 47 |112 3.1 |43
1 ﬁ(g) 25 119 64 128 54 3.7 6.7 8.5 53 8.9 2.7 4.8
50 6.5 5.2 9.7 5.8 34 4.5 6.1 4.6 4.8 3.1 4.7
100 | 5.6 4.4 11.1 5.5 3.6 4.8 6.3 43 4.1 4.2 53
2 25 18.9 10.3 18.0 6.6 24 4.7 8.6 5.0 142 33 4.6
50 12.1 6.2 157 73 3.8 3.6 6.9 5.9 102 2.6 4.9
100 | 9.4 5.0 132 5.7 2.7 2.5 5.2 4.2 7.2 2.8 4.2
3 25 23.0 10.2 209 7.2 2.4 4.1 114 63 16.8 3.5 4.4
50 18.5 8.2 209 7.1 2.5 3.7 7.5 5.2 158 34 5.6
100 | 124 6.1 172 64 2.2 2.6 5.0 4.7 122 3.6 4.3
1 H(4) 25 925 72.6 143 6.1 49 7.6 8.9 53 79.0 3.8 4.8
50 91.1 66.5 109 6.0 4.1 4.9 6.1 4.6 73.1 39 4.7
100 | 90.2 61.3 11.3 5.1 3.7 5.0 6.3 43 7.11 3.2 53
2 25 98.9 85.3 21.8 64 3.1 5.8 8.6 5.0 823 2.8 4.6
50 98.4 79.4 18.1 6.1 4.4 4.6 6.9 4.6 73.1 3.9 4.9
100 | 97.5 71.5 147 54 3.1 2.9 5.2 4.2 76.9 3.2 4.2
3 25 99.6 90.7 265 7.7 3.1 53 114 63 849 2.5 4.4
50 99.3 87.2 23.6 6.5 3.0 53 7.5 5.2 822 38 5.6
100 | 99.1 81.9 20.7 6.2 2.8 3.0 5.0 4.7 78.5 2.7 4.3
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Table 4. Power: Testing the full vector of endogenous variables coefficients

Hy - 511 =10 LRrrvmL LRors | Waldrryr | AR
Sample Size d (;; | LMC MMC BMC BD, | PMC LMC

25 1 10.1 12.2 8.0 80 11.2 11.4 13.8 | 104

10.2 | 30.2 22.8 228 317 274 32.6 | 29.0

103 ] 55.0 444 443 558 504 51.1 | 51.5

10.5 | 88.6 80.8 80.8 89.6 84.8 73.8 | 86.6

11 99.9 994 994 999 99.6 83.6 | 99.7

2 10.1 14.6 5.5 54 9.3 10.5 12.6 | 10.7

102 | 359 19.0 18.8 29.0 29.4 299 | 29.7

103 ] 59.6 39.2 388 515 48.8 489 | 51.0

1051 91.5 770 76.8 87.6 84.5 69.8 | 86.6

11 1.0 99.2 99.2 99.8 99.5 80.1 | 99.6

3 10.1 15.0 4.7 4.2 8.2 9.9 12.6 | 10.5

10.2 | 359 14.2 13.7  23.1 24.6 309 | 25.7

103 ] 614 326  30.7 469 46.5 49.7 | 48.1

10.5 1 93.1 73.8 713 86.2 84.1 72.3 | 85.1

11 1.0 99.1 99.0 99.7 99.6 81.9 1.0

Hy: 811, =10 LRLIML LRors | Waldpryr | AR
Sample Size d (3;; | LMC MMC BMC BD, | PMC LMC

50 1 10.1 22.4 15.6 156 19.0 19.3 259 | 20.5

10.2 | 66.9 540 54.0 592 60.2 62.9 | 60.9

103 | 93.2 88.4 884 92.0 90.7 84.8 1 92.8

11.0 1.0 1.0 1.0 1.0 1.0 96.4 1.0

2 101 ] 243 11.9 11.8 155 20.1 24.1 | 20.4

10.2 | 67.6 464 458 53.1 57.5 59.0 | 59.8

103 ] 932 83.8 83.6 88.6 89.1 80.7 | 89.9

11.0 1.0 1.0 1.0 1.0 1.0 94.8 1.0

3 10.1 22.8 7.7 6.9 9.7 16.9 229 | 17.1

10.2 | 61.8 31.8 30.7 385 46.2 54.5 | 48.8

10.3 1 90.1 68.7 672 745 79.4 78.8 | 81.8

11.0 1.0 1.0 1.0 1.0 1.0 95.3 1.0

Hy - 511 =10 LRirvmL LRors | Waldrryr | AR
Sample Size d (;; | LMC MMC BMC BD, | PMC LMC

100 1 10.1 414 316 316 339 379 443 |1 45.9

10.2 93.8 87.0 87.0 89.0 90.3 89.9 | 914

10.5 1.0 1.0 1.0 1.0 1.0 99.1 1.0

2 10.1 40.7 19.4 189 23.2 314 41.6 | 33.6

10.2 95.1 770 76.6 81.0 84.3 88.6 | 87.1

10.3 99.6 984 984 98.7 98.8 98.9 |1 99.1

10.5 1.0 1.0 1.0 1.0 1.0 99.6 1.0

3 10.1 383 15.6 13.7 153 27.3 40.6 | 27.6

10.2 89.0 70.2  70.1 71.6 82.0 88.0 | 83.0

10.5 1.0 1.0 1.0 1.0 1.0 99.3 1.0
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Table 5. Power: Testing a subset of endogenous variables coefficients

Hy : 3y, =10 LR7IML LRoLS
Sample Size d 511 LMC MMC BMC BD, | LMC MMC BMC BD,
25 1 103 15.3 7.2 3.5 6.1 12.7 8.0 5.6 9.1
10.5 18.8 10.3 5.8 8.9 16.2 11.2 84 124
11.0 21.6 10.8 7.8 11.1 18.4 13.2 10.5 14.8
2 103 13.6 6.2 2.8 53 10.6 6.5 5.5 10.1
10.5 15.7 79 4.6 7.5 13.0 9.0 74 129
11.0 194 10.1 5.6 9.6 15.3 11.6 9.0 16.0
3 103 15.1 5.4 2.0 3.7 8.3 4.8 4.8 10.1
10.5 17.7 73 2.5 52 11.4 7.7 6.6 128
11.0 224 8.7 3.5 7.6 13.8 10.4 8.7 163
Hy: 8, =10 LR7IML LRoLS
Sample Size d 511 LMC MMC BMC BD, | LMC MMC BMC BD,
50 1 10.1 11.0 4.9 2.5 2.6 8.8 59 4.0 52
10.3 28.8 18.4 10.5 12.8 24.7 20.3 156 17.7
10.5 39.1 27.6 170 19.5 333 28.1 21.7 5.6
11.0 48.2 35.5 240 275 42.7 36.6 29.0 332
2 10.1 10.3 3.5 1.2 1.4 6.9 4.1 33 4.6
10.3 234 14.0 5.4 8.2 17.9 14.1 9.6 13.9
10.5 30.3 19.5 10.0 14.0 253 20.7 159 19.8
11.0 37.3 22.9 156 18.2 314 27.1 213  26.7
3 10.1 11.9 34 0.7 1.1 7.1 4.5 34 5.7
10.3 28.8 12.7 4.8 6.3 19.2 14.9 120 174
10.5 37.5 20.2 89 123 26.9 21.5 17.7 24.1
11.0 453 27.5 13.6 183 35.6 29.2 253 328
Hy: 81, =10 LR7IML LRoLS
Sample Size d 511 LMC MMC BMC BD, | LMC MMC BMC BD,
100 1 10.1 16.6 10.4 4.4 4.7 14.6 10.7 6.7 7.9
10.2 38.9 25.9 15.6 16.8 32.6 26.7 21.5 235
10.3 54.6 44.3 26.0 28.1 47.7 394 32.1 34.6
10.5 69.9 58.9 422 456 63.5 58.1 49.1 525
11.0 80.4 68.6 56.1 60.8 76.3 72.5 62.5 66.7
2 10.1 19.0 12.6 33 3.8 12.9 93 7.5 7.9
10.2 42.1 271 10.7 13.0 29.7 254 199 223
10.3 58.6 42.7 21.5 248 45.0 40.2 336 374
10.5 70.9 59.6 38.6 43.0 62.5 58.3 50.8 54.6
11.0 82.0 70.7 532 58.0 75.6 71.1 65.1 69.0
3 10.1 18.2 8.4 1.7 2.2 11.0 8.4 6.7 7.4
10.2 40.6 20.8 7.7 8.7 27.1 22.0 19.2 217
10.3 55.8 34.1 153 17.7 40.6 36.0 30.6 345
10.5 72.8 49.5 284 31.8 59.1 53.1 46.9 51.7
11.0 81.8 64.6 444  48.7 74.0 69.9 64.0 68.7
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