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Abstract

This paper investigates the properties of optimal monetary and fis-
cal policy in a two sector small open economy. If the government can
optimally select all possible distorting tax rates, then it can implement
Pareto efficient outcomes and the Friedman Rule is found to be a neces-
sary condition for this. If the government can select only some of these
tax rates, then second best policies may also display the Friedman rule as
a feature. However, this last result depends on the set of tax instruments
the government can choose from.
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1 Introduction

In a seminal essay, Friedman [9] suggested that a government should set the
nominal interest rate equal to zero to lead the economy to an efficient out-
come. He argued that only such a policy would lead to the maximization of the
consumer surplus associated to the money demand. That policy prescription
became known in the literature as the Friedman rule.

Friedman’s argument was a partial equilibrium one. Lucas and Stokey [11]
were the first to show that the Friedman rule could also hold in a general equi-
librium context. After Lucas and Stokey’s paper, a large body of literature was
dedicated to the question of whether the Friedman rule is optimal or not. Recent
papers on that subject are Carlstrom and Fuerst [1]; Cavalcanti and Villamil
[2]; Chari, Christiano and Kehoe [3]; Cole and Kocherlakota [4]; Correia and
Teles [5] and [6]; De Fiore and Teles [8]; Ireland [10]; and Schmitt-Grohé and
Uribe [14].

*The author acknowledges financial support from the Brazilian Council of Science and
Technology (CNPq).



A main lesson that emerges from Chari, Christiano and Kehoe [3]; Correia
and Teles [5] and [6]; and De Fiore and Teles [8] is that the optimality of the
Friedman rule does not critically rely on any specific type of monetary friction.
For standard preferences and technologies, the Friedman rule is optimal in cash-
in-advance, money in the utility function and shopping time economies. Correia
and Teles [5] also showed that in some models in which a zero nominal interest
rate policy was not an efficient choice, the deviations from it were quantitatively
small.

The findings listed in the above paragraph apparently make a strong case
for the Friedman rule. However, as we shall see, those findings depend on the
implicit hypothesis that the government has access to a sufficiently large set of
distorting tax instruments.

Cavalcanti and Villamil [2] studied the problem of selecting the optimal
monetary and fiscal policy in an economy with an informal (untaxed) sector.
They concluded that in such a context the Friedman rule fails to be optimal.
Additionally, the deviations from it can be quantitatively large.

A venue to clarify the contradictory findings concerning the optimality of the
Friedman rule is to take a deeper look at the set of distorting taxes available
to the government. This issue was obscured in other papers because of the
simplicity of the models. In more sophisticated economies, the relevance of the
number of tax instruments available becomes obvious.

To better understand this point, consider the cash-credit model in Chari,
Christiano and Kehoe [3]. In that simple single sector, single input and con-
stant return to scale economy, there exist only two possible distorting taxes: on
consumption (7¢) and on labor income (7). So, when it comes to fiscal policy,
either the government can select both or just one of them. If the government
can select both 7¢ and 7!, then it can implement the unique Pareto efficient
allocation. Whenever the government can pick only one of the two, the second
best solution displays the Friedman rule as one of its features.

Consider now a situation in which there exist three possible generic distorting
taxes (7!, 72 and 73). Clearly, there exist many more cases to be studied. In
fact, there are seven cases to be looked into. Each of these cases is a non-empty
subset of {7!,72,73}. One can think of the non optimality of the Friedman
rule in Cavalcanti and Villamil [2] simply as its non optimality for a particular
subset of all conceivable distorting taxes that could be possibly implemented in
their economy.

The above discussion naturally guides us to inquire about the optimality of
the Friedman rule when the government is constrained to choose some, but not
all, of several possible distorting taxes. This is one of the problems we study in
this paper. We investigate the properties of optimal monetary and fiscal policies
in a two sector (tradable and non tradable) small open economy. Consumers
face a cash-in-advance constraint on fraction of their purchases of non tradables.
There exist distorting taxation on labor income, private consumption of each
type of good and foreign interest income. As usual, government consumption
is exogenous. We performed several exercises in which the government cannot
choose all of these taxes. This allows for a deeper understanding of the rela-



tion between the optimality of the Friedman rule and the availability of tax
instruments.

Of course, not only open economies have many sectors, goods and tax rates.
We chose to consider an open economy for two reasons. First, actual economies
are open economies. Hence, this choice brings us closer to the actual decisions
that policy makers face in the real world. Second, there exist already some
papers that studied the optimality of the Friedman rule in open economies, as
Carlstrom and Fuerst [1] and Schmitt-Grohé¢ and Uribe [14] and we want to
relate our findings to theirs.

Our main findings are the following. If the government can select all possible
distorting taxes, it can implement the unique Pareto efficient allocation and the
Friedman rule is a feature of any policy associated to that allocation. If the
government cannot select all available tax rates, then the Friedman rule may be
or not optimal. Its optimality depends on which subset of distorting taxes the
planner can choose from.

This paper is organized as follows. Section 2 describes the model economy.
Section 3 is devoted to the characterization of the set of competitive equilibria.
Section 4 characterizes the Pareto efficient allocations and discuss their imple-
mentation. Section 5 discusses the optimal policies when the first best Pareto
allocations cannot be implemented. Concluding remarks are found in Section
6. Proofs and some other technical issues are found in the appendix.

2 The economy

Consider a small country populated by a continuum of identical infinitely lived
households with Lebesgue measure one and a government. A household is com-
posed by a shopper and a worker, who is endowed with one unit of time.

The country produces two non tradable goods. The first is consumed by
households (c¥). The second is consumed by households (c2') and government
(g™). The country also produces a tradable good, which is consumed by house-
holds (c¢T') and a government (g7). This last good can also be exported (z) or
imported (—z).

Markets operate in a particular way. At a first stage of each date ¢, a spot
market for goods and labor services operates. At a second stage, after the market
for goods and labor service closes, a security and currency market operates.

A domestic currency M circulates in this economy. Two types of securities
are traded: a claim B that pays (1 + i) units of M and a claim B that pays
(1 + 4f") units of some foreign currency. Both claims have maturity of one
period. Foreigners do not sell or buy claims to the domestic currency and if is
exogenous.

Workers cannot sell their services outside the country. Shoppers face a cash-
in-advance constraint. The purchases of c¢i¥ must be paid for with the domestic
currency. Except for the purchases of that good, all other transactions are
liquidated during the security and currency trading session. The date ¢ price,
in terms of the foreign currency, of the tradable good is exogenous and equal to



one.

Technology is described by 0 < y7 < (17)*" and 0 < yN < (IN)*"  where y7
is the tradable output and I7 is the amount of labor allocated to the production
of that good. Similar meanings are assigned to y™¥ and [V. Both o’ and a? lie
in the set (0, 1].

The sequence {gf, gi¥,if'}22, is contained in the finite set GT x GV x IF.
Additionally, GT c Ry, GN Cc Ry and IF C R,.

Each good is produced by a single competitive firm. Let [; denote the amount
of labor supplied by each household at date t. Other variables indexed by t have
analogous meaning. Feasibility requires

TN =t <t e+ +g¥ =" e +gl +a, =0 . ()

The government finances the sequence {g/ , gV }£2, by issuing and withdraw-
ing the domestic currency; by issuing and redeeming claims B of maturity of
one period to 1 + ¢ units of the domestic currency; by purchasing and selling
B and by taxing profits, labor income, consumption and interest income on
foreign assets. The government budget constraint is

Ewgl +pYN gl + EBE i + (1 4i)By + M, =

Et(l + Zf)Bgt + Mt+1 + Bt+1 + Tiwtlt + TtTEtCtT+

TEDY (e + ) + Bedi if Bip, + 6, 0 + 6007 (2)
where E; is the nominal exchange rate; p)¥ and w, are the respective date ¢
monetary prices (in terms of the domestic currency) of the non tradable good
and labor services; B, 41 stands for the foreign assets held by the government
at the end of date ¢, while BL, is people’s foreign assets at the beginning of the
same period; M1 and By are the amount of domestic currency and public
debt held by the households at the end of date t; i; is the domestic nominal
interest rate; wgp and wiv are the date t profits; 7!, 77 and 7V are tax rates
on labor income and consumption; 65 is the tax rate on households’ foreign
assets income; and 6] and 67 are the tax rates on profits. A negative value for
Bgt 41 means that the government is borrowing abroad, while a negative value
for By11 means that the government is lending to domestic residents. At ¢t =0
the government holds an initial amount BZ of foreign assets. To avoid Ponzi
schemes, a standard boundedness constraint |Bg7t +1| < A < oo is imposed on
government foreign assets.

The function w: R} x [0,1] — RU{—o0},

U= u(cT, c{v, cév, ), 3)

is the typical household period utility function. It displays local non-satiability
and satisfies standard differentiability and Inada conditions. As usual, intertem-
poral preferences are described by

[e's)
Zﬁtu(czvcﬁvcévtvlt) ’ (4)

t=0



where 8 € (0,1). The date t budget constraint of the typical household is
(14 78)Eeci + 1+ 7)Y (el + eby) + Mg+

Bt+1 + EtB]F{t+1 S (1 - Ti)wtlt + Mt + (1 + T:t)Bt

EifL+ (1= 67)if |Big + (L= 60)w7 + (1= 8 )y . (5)
The constraint g:i ,|B§,t +1| < A prevents Ponzi games. People face the

cash-in-advance constraint
(47 ety < My (6)

Given initial cash and bond holdings (Mo, By, Bf), a household chooses a
sequence {cf, e, el 1, Myyq, Biyq, Bflt“ 1920 to maximize (4) subject to the
constraints (5), (6), and [; < 1. Additionally, the sequences{c] }5°,, {c}¥}52,,

o0
{el}122, and {% }t—O are required to be bounded.
At each date t, the firm that produces the non tradable good chooses I} to
a _ wellY. In a similar fashion, the other firm chooses
T
[e%

maximize ¢ = pN (1)

IT to maximize ] = pI (IT)* — w,iF.

3 Competitive equilibrium

A date t policy (Et,piv,wt,itH,Ti,Tiv,Tgp,65;_1,6?7,6?) is denoted by ¢,. A
policy is an object ¢ = {¢;}72,. End of period ¢ nominal cash and asset holdings
(Myy1, Biy1, Bl 1, BE, 1) and period ¢ allocations (I)¥,1],zy, ¢, cf}, b, i)
are denoted, respectively, by ¢, and x,. Additionally, x = {x;}2 and ¢ =
{Ceq1tiZo-

Definition 1 A competitive equilibrium is an object (¢, x, () satisfying: (i)
given ¢, (x,¢) provides a solution for the household problem; (ii) given p,, 1N
and I mazimize the respective firm’s profit; (iii) (1) and (2) hold. An allocation
X is attainable if there exist sequences ¢ and ¢ such that (¢, x, ¢) is a competitive
equilibrium.

Two points in the above definition should be emphasized. Ttem (ii) is
equivalent to wy = pNaN (V)" ~1 = EaT(I7)*"~1. Adding the identities
b +wdd =pN (el + b+ g) and o] +w,l] = E/(c] +x:+ g]') to (2) and
(5) taken as equality, one obtains

r+ (1 + Zf)(Bgt + Bgt) - Bgt+1 - Bflt+1 =0, (7)

which is the balance-of-payments identity for this economy. So, it is not neces-
sary to spell this condition out when defining competitive equilibrium.

Next we characterize the set of competitive equilibrium allocations. We
express that characterization in terms of some constraints. As previously men-
tioned, we will want to study the problem of selecting optimal monetary policy



and tax rates when some others tax rates are exogenous. Thus, our characteri-
zation will depend on the tax rates.

To simplify the notation, w(t), up(t), ui(t), us(t), and u;(t) will denote,
respectively, the value of u and its partial derivatives du/dc?, du/dcY, Ou/dck,
and Qu /0l evaluated at the point (¢}, e, e, ;). The sum urp(t)el +uy (t)ed) +
u (t)ed) + uy(t)l; will be denoted by W (t).

There exist six conditions with obvious economic meaning that must hold in
any competitive equilibrium. A trivial condition is (1). The second requirement,
ensuring that people’s intertemporal marginal rate of substitution is consistent
with 7/ and tax rates, could be expressed as

ur(t+1) _ 1478, 1 ()
up(t) Lerf 1+ (1 —60,)if,
However, for future convenience, we write that constraint as
N ur(0)
ur(t) = Bt — (9)
1+TOH [ (1_55)25]

where the empty product Hs:l is defined to be equal to one. The third con-
straint is that households’ marginal rate of substitution between tradables and
non tradables must match the marginal rate of transformation between those
types of goods, i.e., ;

ur(t) 1477 o)
us(t) 17 ol ()=

(10)

The fourth
w(t) 1—-7t ¥

_uQ(t) - 1+ 7] (IN)t=a 7 (11)

is an implementability constraint for real wage. The fifth is

(1 + io)B() My _ N :| n
A+70py " A+r )y P

ul(O)cf{O + u2(0) [

1478
>t {wrs s [ -an®

o 1—a

e a-atisen ] a2
which consolidates all date ¢ budget constraints of the households. The sixth is
a balance-of-payment constraint

—Z o T~ (0 (Bl + Bho) (13)

which requires imports to be financed by country’s initial wealth.



The above constraints are not enough to characterize a competitive equilib-
rium. The inequalities
(1+79)pg el < Mo (14)

ug(t) < un(t) (15)

are needed to ensure that cash-in-advance constraints hold. Finally, an imple-
mentability constraint for a transversality condition is

- Brug(t)ely

1 B et A 16
t2oe (1+7F) (16)
Proposition 1 Let My > 0. A bounded sequence x and a price py > 0 satisfy
(1) and (9)-(16) if and only if they are components of a competitive equilibrium
(. x:€)-

Proof. See appendix.

The proof of Proposition 1 is a long but straightforward exercise. It is enough
to modify the techniques discussed by other authors (for instance, Lucas and
Stokey [11] or Chari, Christiano and Kehoe [3]) to the model discussed in this
essay.

The above set of constraints does not include an implementability condition
for the government budget constraint. However, there are implementability
conditions for people’s budget constraint, resource constraints and balance-of-
payments. The government budget constraint is a linear combination of those
other constraints.

Let’s now consider the constraints the Friedman rule places on the path of
the money supply. The Friedman rule specifies that, for all ¢,

i41=0. (17)

From people’s first order conditions, it is easy to conclude that i;,; = 0 if and
only if ug(t +1) = uq(t +1).

As pointed out by Cole and Kocherlakota [4], Ireland [10] and Wilson [16],
(17) has some implications for the money supply in the long run. In the economy
considered in this paper, it implies the following two conditions:

Jim M =05 (18)

M, _ ()

gt T ue(0)
Condition (18) simply states that the nominal quantity of money has to vanish
in the long run, while (19) places a bound on its decay rate. Observe that if
uy (t)ed, is bounded away from zero, then (19) implies inf; M;3~" > 0, which
is exactly a condition that shows up in Cole and Kocherlakota [4] and Ireland
[10]. The next proposition formalizes the above discussion.

up (t)ed, . (19)



Proposition 2 If a competitive equilibrium (p, x,C) satisfies (17), then it sat-
isfies (18) and (19).

Proof. See appendix.

Cole and Kocherlakota [4] and Ireland [10] argue that the implementation
of the Friedman rule leaves the path of nominal balances undetermined over
any finite horizon. The next proposition establishes that the same holds in the
economy we consider in this paper.

Proposition 3 If a competitive equilibrium (o, x, () satisfies (17), then there
exist uncountable many ¢’ such that (¢, x,¢’) is a competitive equilibrium.

Proof. See appendix.

The intuition for the aforementioned indeterminacy is extremely simple. If
the nominal interest rate is zero, people will be indifferent between domestic
bonds and money, provided they carry enough balances to purchase the desired
amount of ¢;. Thus, the government can carry out open market operations that
increase the amount of nominal balances and decrease the domestic public debt
by the same amount.

In Cole and Kocherlakota [4] and Ireland [10], the government has access to
lump-sum taxation and inflation is the only distorting tax available. Hence, the
Friedman rule is a necessary and a sufficient condition for Pareto optimality. So,
in those papers, the aforementioned indeterminacy is uniquely associated with
the unique Pareto efficient allocation. Proposition 3 shows that the indetermi-
nacy of the quantity of money is not necessarily linked to the efficiency of the
underlying allocations. The indeterminacy will arise regardless of the optimality
of the policy rule (17).

4 Pareto efficiency

This section discusses the properties and implementation of policies that lead
to Pareto efficient outcomes. The first step consists in defining Pareto efficiency
for the economy being considered.

Definition 2 An allocation x* is Pareto efficient if it satisfies (1) and (13) and
there is mo other allocation x that satisfies these constraints and

o0 o0

t T N N t, ( Tx N+ N
Z/B u(cy ey, ey, le) > Z/B uley " ey, e 1)
t=0 t=0

An obvious consequence of the above definition is that an allocation x* is
Pareto efficient if and only if it maximizes (4) subject to (1) and (13).

Under standard assumptions on u, there exists a unique Pareto efficient
allocation. This allocation is characterized by the following set of conditions:
(1), (13) plus

w(t) = us(t) ; (20)



ur(t) N

wll) T 2y
w(t) N )
Twt) O (22)
ur(t+1) 1
B ur(t) 1 —l—i,ﬂ_l ’ (23)

The above equalities are first order necessary and sufficient conditions of the
problem of maximizing (4) subject to (1) and (13).

Example 1 Suppose that period preferences are given by u = log ¢’ +log ¢l +
log ¢l +1og(1 — 1). Foreign interest rate and preference discount factor satisfy
1+if, | = . Technology is described by y” = VIT and y™ = [N. Government
consumption of the tradable good satisfies g7 = 0. Condition (23) implies that
¢l is constant. Simple algebra shows that conditions (1), (20), (21), (22) can
be reduced to

N _ T N .
ey =1—1; =1 ;

2 + 9 =11 ;

e =2cT4\ 1T .

Schmitt-Grohé and Uribe [14] studied the problem of selecting optimal monetary
and fiscal policies in an one sector small open economy. They concluded that
innovations on government consumption will have no impact on the optimal
levels of consumption and labor. This is not the case here. If ¢} were constant,
both ] and 1Y would also be constant. That would violate the second equality
above. In a multi-sector economy, efficiency requires that innovations on a non-
tradable sector not to be fully smoothed out. Similar result shows up in Cunha
[7].

The characterization of the policies that are associated with Pareto efficient
allocations is discussed next. It will be shown that some necessary and sufficient
conditions are

N =77 = 4 (24)

and
1 147y 1

Lify, 147l 1+ (-6 )il

(25)

The first condition is a standard uniform commodity taxation requirement. It
requires consumption and leisure to be taxed at the same rate (recall that a
subsidy on labor is a tax on leisure). The second constraint requires that no
wedge exists between the prevailing international interest rates and the rate that
people can borrow and lend abroad.



Proposition 4 Let (¢, x,() be a competitive equilibrium. Then, x is Pareto
efficient if and only if (¢, x,C) satisfies (17), (24), (25) and u1(0) = uz(0).

Proof. See appendix.

Proposition 4 yields a simple way to test the Pareto efficiency of a given
competitive equilibrium. However, it does not bring any insight into the issue
of implementing a Pareto efficient allocation. Closing the present section, this
particular problem is discussed next.

Proposition 5 If x is a Pareto efficient allocation, then, there exist sequences
@ and ¢ such that (v, x,C) is a competitive equilibrium.

Proof. See appendix.

Even if some taxes were exogenous, it could still be possible to decentralize
a Pareto efficient allocation. For instance, suppose that 7 = 7] = —7! = 0.
If the government manages to raise enough tax revenues to balance its budget
with the lump sum taxes on profits, then a Pareto efficient allocation can be

implemented by setting 5f =0.

5 Ramsey efficiency

This section considers situations in which a first best Pareto efficient allocation
cannot be, for some reason, implemented. For instance, (10) must hold in any
competitive equilibrium. If taxes rates on consumption are exogenous and do
not satisfy (24), then a competitive equilibrium will not respect (21).

Following the tradition started with the seminal paper of Ramsey [13], the
problem of selecting a second best allocation will be considered. That is, an
allocation that yields the highest utility among the competitive equilibrium
allocations. It turns out that for some class of period utility functions, in several
situations the Friedman rule 741 = 0 is still optimal.

Let h be a homogeneous function. Suppose that the period utility function
u can be expressed as

u(ch, e ey 1) = F(h(c" el e3'), 1) - (26)

Lemma 1, which is found in the appendix, presents some convenient properties
of utilities functions that satisfy (26). Most of the period utility functions found
in the macroeconomic literature can be expressed as in (26).

The next proposition shows that the Friedman Rule is optimal even if the
government cannot optimally select one tax rate.

Proposition 6 Assume that u satisfies (26). If the government can choose
at least three of the four sequences of tawves {TN}52,, {71122, {71182, and
(671220, as well as {6712, and {67}52,, then the optimal policy specifies
i1 =0.

10



Proof. See appendix.

Carlstrom and Fuerst [1] argued that in an open economy, the existence of
a given international interest rate will impact the behavior of domestic agents
in a way that the Friedman rule may fail to be optimal. An obvious way to
circumvent such constraint is to tax the income on foreign assets. This pos-
sibility is encompassed in Proposition 6. However, the same proposition also
shows that even if 5f = 0, the Friedman rule may still be optimal. All that is
needed is that the government has access to a sufficient large set of alternative
tax instruments.

The proof of the above proposition makes clear that, under some conditions,
even if the government cannot select the taxation on profits the Friedman rule
is optimal.

Corollary 1 Assume that u satisfies (26). If {74120, {67120 and {67 152,
are exogenous and the government can choose {TN 122, {71182, and {65152,
then the optimal policy specifies i;41 = 0.

Proof. See appendix.
The next proposition shows that even under more strict restrictions, the
Friedman Rule is optimal.

Proposition 7 Assume that u satisfies (26). If {65152, is exogenous and the
government can choose at least one of the two sequences of tazes {T1}3°, and
{riyo, and each of the sequences {TN}32,, {6N1o2, and {67}, then the
optimal policy specifies i111 = 0.

Proof. See appendix.
The assumption that the Ramsey planner can choose {7V }9° is essential.
The example that follows illustrates this fact.

Example 2 As in the previous proposition, assume that v satisfies (26). Fur-
ther, suppose that {7 }22, and {61152, are exogenous. Let the government
select both {77192, and {71}22,. In such a context, the Friedman rule may fail
to be optimal. Further details are provided in the appendix.

There is an intuitive explanation to the above finding. The exogeneity of
{rN}22, will prevent the government from taxing the consumption of non trad-
ables in an optimal fashion. A tax on consumption of the cash good distinct from
Friedman’s prescription will partially offset that inability of the government to
select {7V 152,.

Next we show that even if consumption taxes are exogenous but satisfy

T{V = TtT , the Friedman rule is still optimal.

Proposition 8 Assume that u satisfies (26). If consumption tax rates are ex-

ogenous and satisfy TN = 11 and the government can select {TL}2°, {6f 1205
{6,{\[}@0 and {6?};’20, then the optimal policy specifies izy1 = 0.

11



Proof. See appendix.

Clearly, the above proposition encompasses the case in which 7¥ = 7' = 0.
Schmitt-Grohé and Uribe [14] studied the optimality of the Friedman rule in
an one sector small open economy. They concluded that if the Ramsey planner
does not have access to consumption taxes (i.e., such taxes are necessarily equal
to zero) but has to labor income taxes, the Friedman rule is not optimal. Our
conclusion is different from theirs because we allowed the Ramsey planner to
pick {6}22, in an optimal fashion.

The assumption that 7V = 77 is essential in the above proposition. Had it
not been imposed, the Friedman rule would not be optimal. The next example
discusses this case.

Example 3 Consider now the situation in which tax rates satisfy all hypothesis
of Proposition 8, except that now 7V # 7/. This non-uniform taxation of
consumption goods will prevent the Friedman Rule from being optimal. Further
details are provided in the appendix.

6 Conclusion

The Friedman rule (i.e., zero nominal interest rates) has been the focus of a large
body of literature on optimal monetary and fiscal policy. This paper investigated
the optimality of that policy prescription in a two sector small open economy.

We showed that if the government can choose all possible distorting tax rates
in an efficient manner, then it can implement Pareto efficient allocations. Any
policy that implements a Pareto efficient allocation will satisfy the Friedman
rule.

We considered the case in which not all distorting tax rates can be selected
in an efficient manner. In such a context, the second best solution may respect
or not the Friedman rule. It turns out that the optimality of that prescription
will depend on the set of constraints the government faces when selecting the
distorting tax rates.

7 Appendix

7.1 Households’ first order conditions

If My is positive, the first order necessary and sufficient conditions for a
typical household are
Brur(t) = N1+ 718 E; ; 27

(27)
Blur(t) = (e + ) (L+70)pY (28)
Blus(t) = (L +70)p7 5 (29)
—Btu(t) = M (1 — Thwy ; (30)

At = A1+ My s (31)

12



At = M1 (14 deq1) (32)

ME; =My B 1+ (1 - 5f+1)if+1] ; (33)
My > (L+70)pl ety & py[My — (1+ 7 )pey] =0 (34)

(1+7)Eee] + 1+ 7)pr () + e3) + Myy1 + Beyr + BBl y =
(1=7hwels+ My+ (1+i¢) Be+ Ey[1+ (187 )if | B+ (1= 80 )0 +(1=6 )by

(35)

lim A\¢Myy1 = lim A\ By = lim ME: By, =0; (36)
t—00 t—o0 t—o0

C$7cﬁ7cé\i7lt7Mt7)‘t7,ut ZO ) lt S 1 5 (37)

where A\; and p, are Lagrange multipliers for, respectively, budget and cash-in-
advance constraints. The notation up(t), uy(t), us(t) and wu;(t) was introduced
on page 6.

7.2 Proofs

Proof of Proposition 1: For the ‘if part’, suppose that (¢, x, () is a compet-
itive equilibrium. It is needed to show that (1) and (9)-(16) hold. Constraint
(1) is trivially satisfied.

We will now show that (9) holds. Forward (27) by one period and divide it
by itself. Then, combine the resulting equation with (33). This yields (8), from
which (9) can be trivially obtained.

To obtain (10), divide (27) by (29) and combine the resulting equation with
firms’ first order conditions. For (11), divide (30) by (29) and again combine
the resulting equation with firms’ first order conditions..

Consider now (12). Multiplying (35) by A, using (27)-(34) and the equalities
Yl = 1;%T wyll and Y = 1;%N wlN one obtains

BW(t) + (M1 + Hypq) M1 + AN B+
MEiBeiy = (M + 1) My + Ae(1+80) By + M E[1+ (1= 67)i{ | By, —

ﬁtul(t)

(1—7i)
Adding up from date 0 to some date k and using (32) and (33) to cancel the
identical terms out one gets

1—al 1—aV
0= el (- ]

iﬁt {W(t) 1) [(1 —oT)2 ;TathT L1 ;;"Nng] } N

t=0
AMeMpy41 + A Br+1 + AkEkalk+1 =

oMo+ o { Mo + (1 +i0)Bo + Fol + (1 - 8§)ig|Bfio} . (38)
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But oMo = po(1 4 78)pd o = u1(0)efy — Mo(1 + 70 )py ¢y Plug this last

equality into (38). Then, use the fact that A\g = (11;0))}30 = (1f;1(\?)p1\, to
0 0 0

eliminate Ao from (38). Make k& — oo and use the transversality condition in
(36) to obtain (12).

Equation (7) has to hold in a competitive equilibrium. Divide it by the
factor [J4_, (1 +4"). Then, add up from date 0 to some date k to obtain

. By + Bbiia
+ (141§ )(Bfzo + B&o) = il Gkl (39)
purdl | 11+@F) [Tey (1+iF)

Mw

Recall that both Bf;, and B, are bounded and if" belongs to a finite set of
positive numbers. Thus as k — oo the right hand side of (39) vanishes and (13)
holds.

Constraint (14) is obviously satisfied. Concerning (15), divide (28) by (29)
to obtain ZJ;(% =1+5>1

The ‘if part’ of the proof will be concluded by showing that (16) is satisfied.
From (28), (31), (34) and (36),

ﬁtul( ) > ﬁ ul( )Clt >0. (40)

At—le[t:(/\t+ﬂt)Mt:(1+T )p = A+ =
t )Pt t

Now make ¢ — oo and apply (36) to obtain (16).

For the ‘only if part’, take an initial price p)Y > 0 and an object y satisfying
(1) and (9)-(16). It must be shown that there exist sequences ¢ and ¢ such that
(¢, X, ) satisfies all conditions of a competitive equilibrium.

Recall that pj) is given. Thus, it is possible to define the sequence {p}}2°,
recursively. Set those prices according to the kernel

1+7Y ui(t+1)
1+ T,{Yl_l ua(t)

Py =P (41)
Set A\ as in (29), p, as in (28), E; as in (27), i; as in (32) and w; as in (30).
Define cash holdings as M; = (1 + 7{¥)pNcfl. Let Bf, ., = 0. Define By to
balance household’s budget constraint at date 1. The entire sequence { By1}72,
is constructed in this recursive way, while {Bgt +11i20 is defined recursively to
balance the budget constraint of the government.

It remains to show that the proposed (¢, X, () is a competitive equilibrium.
Item (iii) of definition 1 is clearly satisfied. For item (i) it is enough to prove
that (27)-(37) are satisfied. The variables were defined so that (27)-(30) hold.
Concerning (31), (41) implies that

Blug(t) B Mua(t+1)
A+7mV)pY A +mN)pN

This last equality, combined to (28) and (29), yields (31). The sequence {i:4+1}52
was defined in such a way that (32) is satisfied. Observe that (9) implies (8).
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Combine this last equation to (27) to obtain (33). Money balances were defined
so that (34) holds, while the definition of {B11}72, ensures that (35) is sat-
isfied. The last transversality condition in (36) is trivially satisfied. To verify
that the other two also hold, observe that (38) can be obtained exactly as in
the first part of the proof. Plus, (12) ensures that the series in (38) converges
in R. So, making & — oo, one concludes that Ay Myy1 + A\ Bri1 — 0. Thus, it
remains to show that either A\ M1 or A\ Bj41 goes to zero. Observe that (40)
holds as an equality. So, (16) ensures that A\ My; — 0. With the exception
of p, > 0, all inequalities in (37) are trivially true. To show that p, > 0, divide
(28) by (29) and use (15).

To finish the ‘only if part’, it remains to show that each firm is maximizing
its respective date ¢ profit. Combine (29), (30) and (11) to conclude that w, =
inaN(liv)aN_l. Finally, combine this last equality to (27), (29) and (10) to
obtain wy = Byl (I7)" -1, A
Proof of Proposition 2: Let (p, x, () be a competitive equilibrium that sat-
isfies (17). This equation and (32) implies \; = A4+1. So, (36) implies (18).
First order conditions (28), (29) and (31) yield (41) and w1 (t + 1) = ua(t + 1).
Therefore,

t

Uq t
My > pY (L+7{)efy = py (L +70)8" lH ua(t (_‘)1)
s=1

N
1t -

Use the fact that u(t 4+ 1) = u2(t 4+ 1) to obtain (19). B

Proof of Proposition 3: Let (@, x, () be a competitive equilibrium that sat-
isfies (17). Let {M{,,}$2y be any sequence satisfying M/, , > M, and (18).
Define By, | = M1+ Bep1 — M{yq and Gy = (M{yy, By, Biygyr, Béeya)- Tt
is a straightforward exercise to show that (¢, x,¢’) satisfies all conditions of a
competitive equilibrium. l

Proof of Proposition 4: For the ‘if part’, assume that a competitive equi-
librium (¢, x, ¢) satisfies (17), (24), (25) and u;(0) = u2(0). It is needed to
show that it also respects (1), (13), (20), (21), (22), and (23). The first two are
trivially satisfied. It was shown in the previous proof that

Te41 :0:>U1(t+ 1) :UQ(t+1) .

Since it was assumed that u;(0) = u2(0), (20) is satisfied. Equations (10) and
(24) imply (21). Similarly, (11) and (24) imply (22), while (23) can be obtained
from (9) and (25).

For the ‘only if part’, let (¢, x, () be a competitive equilibrium and assume
that y is Pareto efficient. We need to show that (17), (24), (25) and u;(0) =
u2(0) hold. The last condition follows directly from (20). Concerning (17), (20)
and people’s first order conditions imply p, = 0. This last equality leads to
At = Aty1, which in its turn implies ;11 = 0. Equalities (10), (11), (21), and
(22) yield (24). Finally, (9) and (23) imply that (25) holds. H
Proof of Proposition 5: Let x be a Pareto efficient allocation. From Proposi-

tion 1, it suffices to show that there exist an initial price level p{} and a sequence
{it+1,7'i,7'£V,TtT,6f+1, 6N 6T y90, that satisfy (1) and (9)-(16).
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There are several such p} and {iz41, 7%, 7, 77, 811,61 5T}t:0. Of course,
it suffices to establish that there exists one. Set i;11, 7V, 71, 7t and ;' to be
constant and to satisfy (17), (24) and (25). Note that this implies §; = 0. Set
6 = 67 and constant too. It will soon become clear how to pin down these
constant values of §" and 7. Set p}’ so that My = p} (1 + 7)c}y. It remains
to show that (1) and (9)-(16) hold.

Feasibility constraint (1) is trivially satisfied. Since x is Pareto efficient, it
satisfies (21), (22) and (23). Combine these three constraints with (24) and the
fact that tax rates are constant to obtain (9), (10) and (11).

Given the chosen tax rates and price levels, (12) can be written as

(1+ io)BOC{YO

(1+7N ZﬁtW — u1(0)eqy — u2(0) M,

P\ pF N - ¢ (11— ol r, 1= o N
ur(0)(1 +ig ) B — (1 =0 )Zﬁ ol ly + aN )
t=0

Thus, it is enough to pick values for 7V and 6" that satisfy the above equa-
tion. Definition 2 ensures that (13) holds. The initial price level and taxes
rates were chosen so that (14) holds, while (15) follows from (20). Concerning
(16), it is enough to recall that ¢} is bounded and Pareto efficiency requires
limsup,_, ., u1(t) < co. A

Lemma 1 If the period utility function u satisfies (26), then it satisfies the

following conditions:
uy U U1 UT2

= —_— , —— = —; (42)
Uy U2 Uy U2
o D = N:u” Y N (43)
7j=1,2 7=1,2
ECTJF N TN ““l—uT2 D A (44)
5 = .
Uq =12 Uq (5] j=1.2 u9 U9

Proof. Differentiate both sides of (26) with respect to [ and ¢¥. This yields

8*F
U1 _ piok
w5

Then, differentiate (26) with respect to | and . This establishes the first
equality in (42). Moreover,

3*F
UTi_ahth+hTi P19
w | oF h, 0 T
(2 ah (2

On the other hand, the homogeneity of h ensures that there exists a function f
that satisfies

¥ ey hri  hyo
hi =haf = hpr1 = hrof =>—_—=—-,
Q Q hl h2
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and the second equality in (42) is established. Concerning (43), we closely
follow Chari, Christiano and Kehoe [3]. If a is any positive real number, the
homogeneity of h implies

uy(act acy acl 1) B us(act ac ach 1)

up (cT e, eV 1) B us (T, e el 1)

Differentiate each fraction in the above expression with respect to a and set
a =1 to obtain (43). Equality (43) follows directly from (42) and (43). B

All proofs that follow are very similar. They built on the arguments of Chari,

Christiano and Kehoe [3] and rely on the previous lemma.
Proof of Proposition 6: Suppose that {7}}2°, is exogenous and {7}V }22,
{77392, and {65}22, are endogenous. Thus, given some allocation Y, the
government can pick {7V}, so that (11) is satisfied, {77 }22, so that (10)
holds and {67}22, to satisfy (9). Thus, these constraints can be disregarded
when choosing a second best allocation. Of course, the same is true regardless
of which sequence is exogenous.

Consider the problem of selecting a best competitive equilibrium allocation.
Observe that if such an allocation can be implemented by policies that satisfy
Mo > (14 7§")pg ey or 6N <1 or 67 <1 for some t or §4 < 1, that amounts
to say that the available lump-sum tax revenues have not been fully used up.
Then, the allocation in question must be Pareto efficient and the proposition is
established. So, in what follows, it will be assumed that Mo = (14 70" )p ¢’y
and &) =6/ =65 =1.

Plug the above equalities into (12). This procedure yields

> 1 +ig)Bo BE
t t) = N ( 0 N HO . 4
;6 W) = (O)eo +ua(0) = =cto +urO) 7 - (1)

Consider the problem of maximizing (4) subject to (1), (45) and (13). If it
were not for constraints (16) and (15), the solution to this problem would be
a best competitive equilibrium allocation. The argument used in the proof of
Proposition 5 establishes that the solution will satisfy (16). So, if the solution
respects (15), such a solution will yield the highest attainable utility level. This
turns out to be exactly the case.

Let T" and ,Btfiv be Lagrange multipliers for, respectively, (45) and the re-
source constraint for the non-tradable sector. For ¢ > 1, the respective first
order conditions for ¢ and ¢} are

& UTl(t)CT Ull(t)CN U12(t)CN uy(t)

0@ ‘“*””[ul(w Cn® T e 2w “]
and

& urs(t) o ua(t) N uga(t) N ug (t)

() ‘“*””[mw o A ) 2 T lt]

Apply Lemma 1 to conclude that wuq(t) = ua(t), which implies i;41 = 0. H
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Proof of Corollary 1: Except for the fact that constraint (45) should be
replaced by

S {wo+ U Ja-sn i s a- et -
t=0 t

(1 + iO)Bo N BZO
Y 0
M, Cl,O+uT( )1 +T(j;

the same argument used in the previous proof applies. l

Proof of Proposition 7: Again, there is no loss of generality in assuming
that 6] = 6 = 1. Consider first the case in which {77 }22, is exogenous and
{rl12°, is not. Given any allocation, it is always possible to choose {T] 12,
and {71}£2, so that (10) and (11) hold. The Ramsey problem is to maximize
(4) subject to (1), (9),(12) and (13). As in Proposition 6, its solution will satisfy
(16). Tt remains to show that it satisfies u;(t) = ug(t). Let T' and 8¢ be as
previously defined and §°¢}" be a Lagrange multiplier for (9). The first order
conditions with respect ¢ and ¢} can be written as

ul(O)c{\fo + u2(0)

)

& uri(t) p  un(t) y , wi2(t) y , un(?) ruri(t)
m@ DT [ T AETIO RO lt] IR
and
& ura(t) | wia(t) n | uge(t) y , uall) rur2(t)
() ‘(”F)”[uw) ) T ) 2 T ) “] T

Then, apply Lemma 1 to conclude that ui(t) = wua(t). A similar reasoning
is used for the case in which {7L}2°, is exogenous and {77 }$°, is not. First,
combine (9), (10) and (11) to obtain

it (E) ()
W= r) T o "

Then, maximize (4) subject to (1), (46),(12) and (13). Except for the factors

“IL and L2 being replaced by - and ‘%%, this procedure leads to the same
1 Uz, . L wm U2 .

pair of equalities as in the previous case. Hence, uq(t) = us(t) again. l

Details of Example 2: We repeat the steps of the second part of the last

proof. A competitive equilibrium must satisfy

us(t) = L TE (ﬁ )”“T (@)“‘“N u2(0)
TP Ty \Ir 1y T 1+ (1 —65iF)

s=1

Then, maximize (4) subject to the above equality, (1), (12) and (13). Simple
manipulation of the first order conditions shows that

& & F[uu(t)_um(ﬂ]
ur(t)  ug(t) ol u(t) ug(t) | °
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Clearly, for several utilities functions we may have wu;(t) # us(t). For instance,
this will happen whenever w12 > 0 and ugg < 0.

Proof of Proposition 8: Given the hypothesis on the tax rates, the govern-
ment can decentralize any attainable allocation by setting 6f and 7! to satisfy
(9) and (11). Consider now the problem of maximizing (4) subject to (1), (45)
and (13). As in Proposition 6, its solution will satisfy (16) and w;(t) = us(t).
Hence, it remains to show that it satisfies (10). Let T and §°¢Y be as previously
defined and 6%{ and 3¢ i be Lagrange multipliers for, respectively, the resource
constraint in the tradable sector and labor resource constraint. The reasoning
used in the proof of Proposition 6 shows that

ur(t) &
us(t) €N

The first order conditions for [¥ and [} imply

& Ny

¥ AT
Since 77 = 7Y, these two equalities yield (10). ll
Details of Example 3: From the previous proof, it should be clear that
constraint (10) cannot be omitted from the maximization problem. Write that
constraint as

L+ 7)) up(t) = (L + 7)™ ()= ua(t) (47)

Now, maximize (4) subject to (45), (13) and (47). Denote the Lagrange multi-
plier of this last constraint by ﬁtnt, while I" and ﬁtgiv have the previous meaning.
The first order conditions for ¢} and ¢l can be written as

“ﬁt?’f) A [uqu(g) @t Zlfést)) it ffg)) ot lel((g lt] )
e an e I e 2]
and
“;Z” B [“J;“’ ff)) o 1;1225;)) et f((tt)) at Z“;’fff lt] )
M [(1 +rM)a ()" “uf(g) — (1 +75)aN ()" 2222(%)]

Apply Lemma 1 to obtain

&g Ty N1t [U12(t)  us(t)
w@  wm et [um m)]

As in Example 2, there can be several circumstances in which uq(t) # ua(t).
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