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\begin{abstract}
The paper considers tests for structural change in time series regression
models where both regressors and residuals may exhibit long range
dependence. The limiting distribution of the test statistic depends on
unknown parameters and is approximated by a bootstrap procedure. The
asymptotic validity of bootstrap is shown and performance of the testing
procedure is examined in a simple Monte Carlo experiment.
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\section{Introduction}

Parameter instability and structural change have been a subject of a large
body of statistical and econometric literature. The maintained hypothesis of
parameter stability has been tested both against specified and unspecified
forms of alternative hypothesis. When employed as a model-diagnostic tool,
stability tests are constructed against all possible functions describing
the evolution of parameters over time. Such tests are based on the behaviour
of regression residuals, as in CUSUM tests of Brown et al. (1975) and
Ploberger and Kr\"{a}mer (1990, 1992), or on the behaviour of parameter
estimates, as in the fluctuation tests of Sen (1980) or Ploberger, Kr\"{a}%
mer and Kontrus (1989).

Alternatively, parameter stability tests can be designed against a specified
alternative. Example of specific alternatives are one-time change in
parameters, as in the papers by Quandt (1960) or Andrews (1993), or
parameters following random walk (Nyblom (1989)). Though constructed to
detect specific parameter behaviour, these tests are usually shown to have
power against a broader range of departures from the null of parameter
constancy.

This paper considers tests for a break in slope coefficients at an unknown
date in linear regression model where both regressors and errors are allowed
to be long-range dependent. The purpose of the paper is twofold. First, the
limiting distribution of the test statistics considered in the literature is
typically a functional of Brownian motion. We show that this remains true
for stationary long-memory series in the linear model. Secondly, as an
alternative to computing the critical values for the test statistics, we
propose a first-order bootstrap approximation of the asymptotic distribution
of the test statistic and show the validity of the procedure.

The paper is organized as follows: Section \ref{Model and main results}
describes the model and the hypotheses of interest and states distributional
results for the test statistics. Section \ref{Bootstrap procedure} proposes
a bootstrap approximation of the testing procedure and shows its validity
and Section \ref{Monte Carlo} offers a Monte Carlo study of the small sample
performance of the bootstrap testing procedure. Section \ref{Conclusions}
concludes. The proofs for the results stated in the texts are gathered in
Section \ref{Proofs}.

Throughout the paper, $B$ denotes a vector of independent standard Brownian
motions on $\left[ 0,1\right] $, $\left[ \cdot \right] $ signifies integer
part, ''$\Longrightarrow $'' denotes weak convergence in the Skorohod space D%
$\left( \Lambda \right) $, endowed with the uniform topology. Starred
notation in $E^{\ast }$, $\func{var}^{\ast }$, $\Longrightarrow ^{\ast }$, $%
\overset{d^{\ast }}{\longrightarrow }$ and similar refers to statements
conditional on data.

\section{Model and main results\label{Model and main results}}

We are interested in testing for structural change in regression models with
processes that may possess long memory. We consider the following model:%
\begin{equation*}
y_{t}=\beta _{t}^{\prime }x_{t}+u_{t}\text{.}
\end{equation*}%
Our hypothesis of interest is whether the parameter $\beta _{t}$ stays
constant, 
\begin{equation*}
\text{H}_{0}\text{:}\quad \beta _{t}=\beta \quad \text{for some }\beta \text{%
, for all }t=1,\ldots ,T.
\end{equation*}%
The general alternative is 
\begin{equation*}
H_{1}:\quad \beta _{t}\neq \beta _{s}\quad \text{for some }t,s\in \Lambda T
\end{equation*}%
where $\Lambda $ is a subset of $\left( 0,1\right) $.

We base our testing procedure on the OLS estimators of the following model: 
\begin{equation}
y_{t}=\beta x_{t}+\gamma z_{t}+u_{t}  \label{linear model}
\end{equation}%
where 
\begin{equation*}
z_{t}=\left\{ 
\begin{array}{cl}
x_{t} & \quad t\leq \left[ \tau T\right] \text{,} \\ 
0 & \quad \text{otherwise.}%
\end{array}%
\right.
\end{equation*}

Model (\ref{linear model}) in the frequency domain becomes%
\begin{equation}
w_{y}(\lambda _{j})=\beta w_{x}(\lambda _{j})+\gamma w_{z}(\lambda
_{j})+w_{u}(\lambda _{j}),\quad j=1,\ldots ,T-1\text{,}
\label{frequency model}
\end{equation}%
where%
\begin{equation*}
w_{d}(\lambda )=\frac{1}{\sqrt{2\pi T}}\sum_{t=1}^{T}d_{t}e^{it\lambda }
\end{equation*}%
is the discrete Fourier transform of a vector $d=(d_{1,}\ldots
,d_{T})^{\prime }$.

For any fixed $\tau \in \Lambda $, the OLS estimator of the parameters $%
\beta $ and $\gamma $ in (\ref{frequency model}) is%
\begin{equation*}
\left( 
\begin{array}{c}
\hat{\beta}\left( \tau \right) \\ 
\hat{\gamma}(\tau )%
\end{array}%
\right) =\left( 
\begin{array}{cc}
\sum_{j=1}^{T-1}I_{xx}(\lambda _{j}) & \sum_{j=1}^{T-1}I_{xz}(\lambda _{j})
\\ 
\sum_{j=1}^{T-1}I_{zx}(\lambda _{j}) & \sum_{j=1}^{T-1}I_{zz}(\lambda _{j})%
\end{array}%
\right) ^{-1}\left( 
\begin{array}{c}
\sum_{j=1}^{T-1}I_{xy}(\lambda _{j}) \\ 
\sum_{j=1}^{T-1}I_{zy}(\lambda _{j})%
\end{array}%
\right) \text{,}
\end{equation*}%
where for any processes $u_{t}$, $v_{t}$, 
\begin{equation*}
I_{uv}(\lambda _{j})=w_{u}\left( \lambda _{j}\right) \bar{w}_{v}\left(
\lambda _{j}\right)
\end{equation*}%
is the cross-periodogram.

Under the null hypothesis, the estimate $\hat{\gamma}(\tau )$ should be
close to zero for all $\tau \in \Lambda $, whereas under the alternative, $%
\hat{\gamma}(\tau )$ will significantly differ from zero for some $\tau \in
\Lambda _{1}\subset \Lambda $ with Lebesgue measure greater than zero. We
therefore expect that under the null, the statistic $\hat{\gamma}(\tau )$ is
distributed with mean zero and variance $V\left( \tau \right) $ for each $%
\tau \in \Lambda $. The random step-function $\hat{\gamma}$ is a random
element of the space $D\left( \Lambda \right) $ of cadlag functions on the
set $\Lambda $. We obtain the limiting distribution of the process $\hat{%
\gamma}(\tau )$ in $D\left( \Lambda \right) $. We can then use functionals
of this process as statistics for testing the maintained hypothesis. Two of
the frequently used statistics are the Kolmogorov-Smirnov statistic%
\begin{equation*}
\sup_{\tau \in \Lambda }\sqrt{T}\left| \left| \hat{\gamma}(\tau )\right|
\right|
\end{equation*}%
and the Cram\'{e}r-von Mises statistic%
\begin{equation*}
\int_{\Lambda }T\hat{\gamma}(\tau )^{\prime }V^{-1}(\tau )\hat{\gamma}(\tau
)d\tau \text{.}
\end{equation*}%
It could be expected that the test procedure based on model (\ref{linear
model}) has power mainly against the one-time break alternatives of the form 
\begin{equation}
\text{H}_{1}\text{:\quad }\beta _{t}=\left\{ 
\begin{array}{cl}
\beta +\gamma & \quad t=1,\ldots ,\left[ \tau _{0}T\right] \\ 
\beta & \quad t=\left[ \tau _{0}T\right] +1,\ldots ,T%
\end{array}%
\right.
\end{equation}%
for some $\tau _{0}\in \Lambda $ and some constants $\beta $, $\gamma \neq 0$%
, but we show that our test procedure has power under a broader range of
alternatives.

To establish the limiting distribution of the process $\left( \hat{\beta}%
\left( \tau \right) ^{\prime },\hat{\gamma}\left( \tau \right) ^{\prime
}\right) ^{\prime }$ on $D\left( \Lambda \right) $, we assume that $\left\{
x_{t}\right\} $ and $\left\{ u_{t}\right\} $ are covariance stationary
linear processes that satisfy the following conditions:

\begin{condition}
\label{linear processes}%
\begin{equation*}
x_{t}=\sum_{j=0}^{\infty }a_{j}\xi _{t-j},\quad \sum_{j=0}^{\infty
}a_{j}{}^{2}<\infty \text{,}
\end{equation*}%
\begin{equation*}
u_{t}=\sum_{j=0}^{\infty }b_{j}\varepsilon _{t-j},\quad \sum_{j=0}^{\infty
}b_{j}{}^{2}<\infty \text{.}
\end{equation*}
\end{condition}

Let $\mathcal{F}_{t}$ and $\mathcal{G}_{t}$ be the $\sigma $-algebras of
events generated by $\xi _{s}$, $s\leq t$, and $\varepsilon _{s}$, $s\leq t$%
, respectively.

\begin{condition}
\label{martingale eps}$\left\{ x_{t}\right\} $ is a stochastic process that
satisfies

\begin{enumerate}
\item $E\left( \varepsilon _{t}|\mathcal{F}_{t}\vee \mathcal{G}_{t-1}\right)
=0$ \textit{a.s.},

\item $E\left( \varepsilon _{t}^{2}|\mathcal{F}_{t}\vee \mathcal{G}%
_{t-1}\right) =E\left( \varepsilon _{t}^{2}\right) =\sigma _{\varepsilon
}^{2}$ a.s., and

\item the joint fourth cumulant of $\varepsilon _{t_{i}}$, $i=1,\ldots 4$
satisfies%
\begin{equation*}
\text{cum}\left( \varepsilon _{t_{1}},\varepsilon _{t_{2}},\varepsilon
_{t_{3}},\varepsilon _{t_{4}}\right) =\left\{ 
\begin{array}{lll}
\kappa &  & t_{1}=t_{2}=t_{3}=t_{4}\text{,} \\ 
0 &  & \text{otherwise,}%
\end{array}%
\right.
\end{equation*}%
with $\left| \kappa \right| <\infty $.
\end{enumerate}
\end{condition}

\begin{condition}
\label{martingale ksi}$\left\{ \xi _{t}\right\} $ is a stochastic process
that satisfies

\begin{enumerate}
\item $E\left( \xi _{t}|\mathcal{F}_{t-1}\vee \mathcal{G}_{t}\right) =0$ 
\textit{a.s.},

\item $E\left( \xi _{t}^{2}|\mathcal{F}_{t-1}\vee \mathcal{G}_{t}\right)
=E\left( \xi _{t}^{2}\right) =\sigma _{\xi }^{2}$ a.s., and

\item the joint fourth cumulant of $\varepsilon _{t_{i}}$, $i=1,\ldots 4$
satisfies%
\begin{equation*}
\text{cum}\left( \xi _{t_{1}},\xi _{t_{2}},\xi _{t_{3}},\xi _{t_{4}}\right)
=\left\{ 
\begin{array}{lll}
\kappa _{\xi } &  & t_{1}=t_{2}=t_{3}=t_{4}\text{,} \\ 
0 &  & \text{otherwise,}%
\end{array}%
\right.
\end{equation*}%
with $\left| \kappa _{\xi }\right| <\infty $.
\end{enumerate}
\end{condition}

\begin{condition}
\label{transfer functions}The functions 
\begin{equation*}
A\left( \lambda \right) =\sum_{j=0}^{\infty }a_{j}e^{ij\lambda }\text{ and }%
B\left( \lambda \right) =\sum_{j=0}^{\infty }b_{j}e^{ij\lambda }
\end{equation*}%
satisfy the following:

\begin{enumerate}
\item $\left| \frac{dA\left( \lambda \right) }{d\lambda }\right| =O\left( 
\frac{\left| A\left( \lambda \right) \right| }{\lambda }\right) $ and $%
\left| \frac{dB\left( \lambda \right) }{d\lambda }\right| =O\left( \frac{%
\left| B\left( \lambda \right) \right| }{\lambda }\right) $ as $\lambda
\rightarrow 0+$,

\item $\left| A\left( \lambda \right) \right| >0$ and $\left| B\left(
\lambda \right) \right| >0$ for all $\lambda \in \left[ 0,\pi \right] $,

\item $A$ and $B\,$are twice continuously differentiable in any open set
outside the origin.
\end{enumerate}
\end{condition}

\begin{condition}
\label{covariance matrices}%
\begin{equation*}
\Omega =2\pi \int_{-\pi }^{\pi }f_{xx}(\lambda )f_{uu}(\lambda )d\lambda
<\infty \text{,\quad \quad }\Sigma =E(x_{t}^{2})>0\text{.}
\end{equation*}
\end{condition}

\begin{condition}
$\tau _{0}\in \Lambda \subset (0,1),$ $\Lambda $ a compact set.
\end{condition}

We can now state the main result of this section. Let $\Omega =2\pi
\int_{-\pi }^{\pi }f_{xx}\left( \lambda \right) f_{uu}(\lambda )d\lambda $
and let $B$ be a standard Brownian motion restricted to $\Lambda $.

\begin{theorem}
\label{gamma}Under conditions \ref{linear processes}-\ref{covariance
matrices} and under the null hypothesis, 
\begin{equation*}
\sqrt{T}\left( 
\begin{array}{c}
\hat{\beta}\left( \tau \right) -\beta \\ 
\hat{\gamma}(\tau )%
\end{array}%
\right) \Longrightarrow \frac{1}{\tau \left( 1-\tau \right) }\left( 
\begin{array}{l}
\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( \tau B\left( 1\right) -\tau B\left(
\tau \right) \right) \\ 
\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( B\left( \tau \right) -\tau B\left(
1\right) \right)%
\end{array}%
\right)
\end{equation*}%
on $\Lambda $, where ''$\Longrightarrow $'' stands for the weak convergence
in the Skorohod space $D\left( \Lambda \right) $, endowed with the uniform
topology.
\end{theorem}

\begin{proof}
Deferred to Section \ref{Proofs}.
\end{proof}

Theorem \ref{gamma} implies in particular that%
\begin{equation*}
\sqrt{T}\hat{\gamma}(\tau )\Longrightarrow \frac{1}{\tau \left( 1-\tau
\right) }\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( B\left( \tau \right) -\tau
B\left( 1\right) \right)
\end{equation*}%
so that for each $\tau \in \Lambda $,%
\begin{equation}
\sqrt{T}\hat{\gamma}(\tau )\overset{d}{\rightarrow }N\left( 0,V\left( \tau
\right) \right)  \label{gammahat}
\end{equation}%
where%
\begin{equation*}
V\left( \tau \right) =\frac{1}{\tau \left( 1-\tau \right) }\Sigma
^{-1}\Omega \Sigma ^{-1}\text{.}
\end{equation*}

\begin{corollary}
Let $\phi $ be a continuous functional. Under the conditions of the Theorem %
\ref{gamma}, 
\begin{equation*}
\phi \left( \sqrt{T}\hat{\gamma}\left( \tau \right) \right) \overset{d}{%
\rightarrow }\phi \left( \frac{1}{\tau \left( 1-\tau \right) }\Sigma
^{-1}\Omega ^{\frac{1}{2}}\left( B\left( \tau \right) -\tau B\left( 1\right)
\right) \right) \text{.}
\end{equation*}
\end{corollary}

To assess the power of the test porcedure , we examine the limiting
behaviour of the process $\left( \hat{\beta}\left( \tau \right) ^{\prime },%
\hat{\gamma}\left( \tau \right) ^{\prime }\right) ^{\prime }$ under
alternatives. We restrict ourselves to the local alternatives where 
\begin{equation}
\beta _{t}=\beta _{0}+\frac{1}{\sqrt{T}}g\left( \frac{t}{T}\right) \quad 
\text{for some }\beta _{0}\text{,}  \label{local alternative}
\end{equation}%
where $g$ is a bounded and Riemann integrable function on $\Lambda $. We
have the following result:

\begin{theorem}
Under conditions \ref{linear processes}-\ref{covariance matrices} and under
the alternative hypothesis (\ref{local alternative}), 
\begin{eqnarray*}
\sqrt{T}\left( 
\begin{array}{c}
\hat{\beta}\left( \tau \right) -\beta \\ 
\hat{\gamma}(\tau )%
\end{array}%
\right) &\Longrightarrow &\frac{1}{\tau \left( 1-\tau \right) }\left( 
\begin{array}{l}
\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( \tau B\left( 1\right) -\tau B\left(
\tau \right) \right) \\ 
\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( B\left( \tau \right) -\tau B\left(
1\right) \right)%
\end{array}%
\right) \\
&&+\frac{1}{\tau \left( 1-\tau \right) }\left( 
\begin{array}{l}
\tau \int_{\tau }^{1}g\left( u\right) du \\ 
\left( \int_{0}^{\tau }g\left( u\right) du-\tau \int_{0}^{1}g\left( u\right)
du\right)%
\end{array}%
\right)
\end{eqnarray*}%
on $\Lambda $.\bigskip
\end{theorem}

\section{Bootstrap procedure\label{Bootstrap procedure}}

The limiting distribution of $\hat{\gamma}$ in (\ref{gammahat}) depends on
unknown matrices $\Omega $ and $\Sigma $. The process $\hat{\gamma}$ can be
normalized by consistent estimates $\hat{\Omega}$, $\hat{\Sigma}$ of these
matrices. Such consistent estimates are for example 
\begin{equation*}
\hat{\Omega}=\frac{4\pi ^{2}}{T}\sum_{j=1}^{T-1}I_{xx}\left( \lambda
_{j}\right) I_{\hat{u}\hat{u}}\left( \lambda _{j}\right)
\end{equation*}%
as proposed by Robinson (1998), and 
\begin{equation*}
\hat{\Sigma}=\frac{1}{T}\sum_{t=1}^{T}x_{t}x_{t}^{\prime }\text{.}
\end{equation*}%
The normalized process $\tilde{\gamma}\left( \tau \right) =\hat{\Sigma}\hat{%
\Omega}^{-\frac{1}{2}}\hat{\gamma}\left( \tau \right) $ has a limiting
distribution that is free of nuisance parameters, 
\begin{equation*}
\tilde{\gamma}\left( \tau \right) \Longrightarrow \frac{B\left( \tau \right)
-\tau B\left( 1\right) }{\tau \left( 1-\tau \right) }\text{.}
\end{equation*}

In special cases, distributions of functional of Brownian motion are known
analytically and the quantiles of the distributions can be easily computed
or has been tabulated. Examples are supremum of the Brownian motion and
supremum of the Brownian bridge. In some other instances, critical values
have been computed by simulation and tabulated, as in case of the supremum
of a standardized tied-down Bessel process in Andrews (1993). However, in
majority of cases, the critical values of the test statistics need to be
simulated by the researcher. (When the functional chosen by the researcher
is different from the functional covered by literature, critical values need
to be simulated.)

An alternative to computing asymptotical critical values (by simulation) is
to employ a bootstrap procedure. The core idea if bootstrap is to replace
the unknown distribution of a random variable by the empirical distribution
of a random sample drawn from that distribution. However, when the data are
not independent and identically distributed, simple bootstrap is not valid.
In the time series context, an early adaptation of the basic bootstrap
method rested on the assumption that the data were generated by a
finite-order stationary ARMA process with iid innovations (Efron and
Tibshirani (1986)).

STEP 1: Compute $\hat{\tau}=\arg \max \left| \hat{\gamma}\left( \tau \right)
\right| $, the OLS estimates $\hat{\beta}=\hat{\beta}\left( \hat{\tau}%
\right) $ and $\hat{\gamma}=\hat{\gamma}\left( \hat{\tau}\right) $ and the
OLS residuals%
\begin{equation*}
\hat{u}_{t}=y_{t}-\hat{\beta}x_{t}-\hat{\gamma}z_{t}\text{.}
\end{equation*}

STEP 2: Compute 
\begin{equation*}
w_{\hat{u}}\left( \lambda _{j}\right) =\frac{1}{\sqrt{2\pi T}}\sum_{t=1}^{T}%
\hat{u}_{t}e^{it\lambda _{j}}\text{\quad for\quad }j=1,\ldots ,T-1
\end{equation*}%
and 
\begin{equation*}
\tilde{w}_{\hat{u}}(\lambda _{j})=\frac{w_{\hat{u}}\left( \lambda
_{j}\right) -\frac{1}{T-1}\sum_{k=1}^{T-1}w_{\hat{u}}\left( \lambda
_{k}\right) }{\frac{1}{T-1}\sum_{j=1}^{T-1}\left| w_{\hat{u}}\left( \lambda
_{j}\right) -\frac{1}{T-1}\sum_{k=1}^{T-1}w_{\hat{u}}\left( \lambda
_{k}\right) \right| ^{2}}\text{.}
\end{equation*}%
STEP 3: Draw a random sample $\eta _{1}^{\ast },\ldots ,\eta _{T-1}^{\ast }$
from the distribution $P\left( \eta _{j}^{\ast }=\tilde{w}_{\hat{u}}(\lambda
_{k})\right) =\frac{1}{T-1}$ for all $k$ and generate bootstrap sample 
\begin{equation*}
w_{y}^{\ast }\left( \lambda _{j}\right) =\hat{\beta}_{0}w_{x}(\lambda
_{j})+|w_{\hat{u}}(\lambda _{j})|\eta _{j}^{\ast },\quad \quad j=1,\ldots
,T-1
\end{equation*}%
where $\hat{\beta}_{0}$ is the estimate from the null regression.

STEP 4: Compute $(\hat{\beta}^{\ast }\left( \tau \right) ,\hat{\gamma}^{\ast
}(\tau ))^{\prime }$ as 
\begin{equation*}
\left( 
\begin{array}{c}
\hat{\beta}^{\ast }(\tau ) \\ 
\hat{\gamma}^{\ast }(\tau )%
\end{array}%
\right) =\left( 
\begin{array}{cc}
\sum_{j=1}^{T-1}I_{xx}(\lambda _{j}) & \sum_{j=1}^{T-1}I_{xz}(\lambda _{j})
\\ 
\sum_{j=1}^{T-1}I_{zx}(\lambda _{j}) & \sum_{j=1}^{T-1}I_{zz}(\lambda _{j})%
\end{array}%
\right) ^{-1}\left( 
\begin{array}{c}
\frac{1}{T}\sum_{j=1}^{T-1}I_{y^{\ast }x}(\lambda _{j}) \\ 
\frac{1}{T}\sum_{j=1}^{T-1}I_{y^{\ast }z}(\lambda _{j})%
\end{array}%
\right) \text{.}
\end{equation*}%
STEP 5: Compute the functional used for the original data.

To show the validity of the bootstrap procedure, we need to prove that the
bootstrap process%
\begin{equation*}
\left( 
\begin{array}{c}
\hat{\beta}^{\ast }(\tau )-\hat{\beta}_{0} \\ 
\hat{\gamma}^{\ast }(\tau )%
\end{array}%
\right) =\left( 
\begin{array}{cc}
\sum_{j=1}^{\left[ \frac{T}{2}\right] }I_{xx}(\lambda _{j}) & \sum_{j=1}^{ 
\left[ \frac{T}{2}\right] }I_{xz}(\lambda _{j}) \\ 
\sum_{j=1}^{\left[ \frac{T}{2}\right] }I_{zx}(\lambda _{j}) & \sum_{j=1}^{ 
\left[ \frac{T}{2}\right] }I_{zz}(\lambda _{j})%
\end{array}%
\right) ^{-1}\left( 
\begin{array}{c}
\frac{1}{T}\sum_{j=1}^{T-1}w_{x,j}\left| w_{\hat{u},j}\right| \eta
_{j}^{\ast } \\ 
\frac{1}{T}\sum_{j=1}^{T-1}w_{z\left( \tau \right) ,j}\left| w_{\hat{u}%
,j}\right| \eta _{j}^{\ast }%
\end{array}%
\right)
\end{equation*}%
is consistent. It must be shown that the process $Y_{T}=\frac{1}{\sqrt{T}}%
\sum_{j=1}^{T-1}w_{z\left( \tau \right) ,j}\left| w_{\hat{u},j}\right| \eta
_{j}^{\ast }$, given the data, converges weakly in probability to the same
process as $\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}I_{zu}\left( \lambda
_{j}\right) $, that is to $\frac{1}{2\pi }\Omega ^{\frac{1}{2}}B\left( \tau
\right) ,$%
\begin{equation*}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}w_{z\left( \tau \right) ,j}\left| w_{\hat{u%
},j}\right| \eta _{j}^{\ast }\overset{p^{\ast }}{\Longrightarrow }\frac{1}{%
2\pi }\Omega ^{\frac{1}{2}}B\left( \tau \right) \text{.}
\end{equation*}%
To prove the consistency of the bootstrap, we need to strengthen the
condition \ref{covariance matrices} slightly. We replace it by the following
condition:

\begin{condition}
\label{bootstrap integrability}$\int_{-\pi }^{\pi }f_{xx}(\lambda
)f_{uu}(\lambda )\left| \log \lambda \right| d\lambda <\infty $.
\end{condition}

\begin{theorem}
\label{Bootstrap CLT}Under conditions \ref{linear processes}-\ref{transfer
functions} and \ref{bootstrap integrability}, 
\begin{equation*}
\sqrt{T}\left( 
\begin{array}{c}
\hat{\beta}^{\ast }\left( \tau \right) -\hat{\beta} \\ 
\hat{\gamma}^{\ast }(\tau )%
\end{array}%
\right) \Longrightarrow ^{\ast }\frac{1}{\tau \left( 1-\tau \right) }\left( 
\begin{array}{l}
\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( \tau B\left( 1\right) -\tau B\left(
\tau \right) \right) \\ 
\Sigma ^{-1}\Omega ^{\frac{1}{2}}\left( B\left( \tau \right) -\tau B\left(
1\right) \right)%
\end{array}%
\right)
\end{equation*}%
in probability.
\end{theorem}

In a later stage one can try to relax the condition \ref{covariance matrices}%
, so that a GLS\ estimator should be used to obtain $\sqrt{T}$-consistency
and asymptotic normality.

\section{Monte Carlo\label{Monte Carlo}}

In order to assess the performance of the bootstrap procedure in finite
samples, a small Monte Carlo study has been conducted. Data are generated
according to a simple linear model 
\begin{equation*}
y_{t}=\beta _{t}x_{t}+u_{t}
\end{equation*}%
where scalars series $\left\{ x_{t}\right\} $ and $\left\{ u_{t}\right\} $
follow a FARIMA$\left( 0,d,0\right) $ process. The long memory parameters $%
d_{x}$ and $d_{u}$ for the regressor $x_{t}$ and errors $u_{t}$ are either $%
0 $ (short memory) or $0.2$ (stationary long memory). The series $x_{t}$ and 
$u_{t}$ are computed using the Davies-Harte (1987) algorithm. The set $%
\Lambda $ of feasible break dates is taken to be the interval $\left[
\varepsilon T,\left( 1-\varepsilon \right) T\right] $ where $\varepsilon =%
\frac{3}{64}$, so that approximately 5\% of dates are discarded from each
side of the $1,\ldots ,T$ range. The sample sizes considered are 32, 64,
128, 256. We choose two functionals on which to base our test procedure: a
Kolmogorov-Smirnov (or Bartlett) -type statistics, whose discrete version is 
\begin{equation*}
KS=\sup_{\left[ \varepsilon T\right] \leq j\leq \left[ \left( 1-\varepsilon
\right) T\right] }\sqrt{T}\left| \hat{\gamma}\left( \frac{j}{T}\right)
\right| \text{,}
\end{equation*}%
and Cram\'{e}r-von Mises-type statistics based on $L_{2}$ distance, with a
dicrete version 
\begin{equation*}
CvM=\frac{1}{T}\sum_{j=\left[ \varepsilon T\right] }^{\left[ \left(
1-\varepsilon \right) T\right] }\left( \sqrt{T}\hat{\gamma}\left( \frac{j}{T}%
\right) \right) ^{2}\frac{T}{j\left( T-j\right) }\text{.}
\end{equation*}

The results in each of the tables are all obtained conditionally on a set of
5000 replications of a $256\times 2$ matrix of iid $N\left( 0,1\right) $
elements. Within each replication, 200 bootstrap samples have been
generated. The rejection probabilities are based on 5\% and 10\% nominal
significance level.

For the examination of the level of the bootstrap test, the results are
given in Table 1. The bootstrap test is non-conservative, with level
approaching the nominal value from above as the sample size increases.
Overall, neither of the two tests can be said to generate better test as far
as level is concerned. The actual level is closest to the nominal value when
the memory of the regressor is of longer range than that of error. The
latter result is quite intuitive.

For exploration of the power of the test, we set up the alternative as a
break in the middle of the sample, $\tau _{0}=1/2$, with unit size of the
jump. In one experiment, we leave the alternative as fixed. In another
experiment, we normalize the alternative as local, multiplying the piecewise
linear function by the factor of $\sqrt{32/T}$, so that behaviour of
rejection probabilities in samples of size 32 upwards is indicative of the
difference in local and global power of of the test.
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\begin{center}
\textbf{Level of the bootstrap test}
\end{center}

\begin{tabular}{|l|l|c|c|c|c|}
\hline
\multicolumn{2}{|c|}{} & \textbf{KS} & \textbf{KS} & \textbf{CvM} & \textbf{%
CvM} \\ \hline
$d_{x}$ & $d_{u}$ & \multicolumn{1}{|l|}{$\alpha =5\%$} & 
\multicolumn{1}{|l|}{$\alpha =10\%$} & \multicolumn{1}{|l|}{$\alpha =5\%$} & 
\multicolumn{1}{|l|}{$\alpha =10\%$} \\ \hline
\multicolumn{6}{|l|}{\textbf{T=32}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.7 & 
9.7 & 6.6 & 13.2 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.8
& 11.3 & 7.0 & 12.3 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.9
& 9.5 & 6.3 & 11.9 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 6.3
& 11.6 & 6.8 & 12.7 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=64}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.9 & 
11.3 & 6.3 & 12.6 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 6.8
& 13.0 & 6.5 & 12.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.5
& 10.9 & 6.0 & 12.3 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 6.5
& 11.9 & 6.6 & 12.6 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=128}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.7 & 
10.8 & 5.0 & 10.5 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.8
& 11.9 & 5.7 & 10.2 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.8
& 10.4 & 5.4 & 11.1 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.7
& 10.7 & 5.5 & 10.9 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=256}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.3 & 
10.4 & 5.1 & 10.6 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.8
& 10.7 & 5.0 & 10.8 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.1
& 10.2 & 4.9 & 10.0 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.4
& 10.7 & 4.3 & 10.4 \\ \hline
\end{tabular}

MC=5000, B=200%
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\begin{center}
Power of the bootstrap test
\end{center}

\begin{tabular}{|l|l|c|c|c|c|}
\hline
\multicolumn{2}{|c|}{} & \textbf{KS} & \textbf{KS} & \textbf{CvM} & \textbf{%
CvM} \\ \hline
$d_{x}$ & $d_{u}$ & \multicolumn{1}{|l|}{$\alpha =5\%$} & 
\multicolumn{1}{|l|}{$\alpha =10\%$} & \multicolumn{1}{|l|}{$\alpha =5\%$} & 
\multicolumn{1}{|l|}{$\alpha =10\%$} \\ \hline
\multicolumn{6}{|l|}{\textbf{T=32}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.1 & 
9.4 & 10.8 & 18.9 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.3
& 11.0 & 10.5 & 19.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.1
& 10.9 & 11.0 & 18.2 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.7
& 11.1 & 10.8 & 19.1 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=64}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.8 & 
11.2 & 32.0 & 46.4 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.9
& 13.1 & 31.4 & 45.5 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.4
& 11.9 & 30.7 & 46.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 6.1
& 13.1 & 29.8 & 45.2 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=128}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 9.4 & 
18.2 & 78.0 & 88.4 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 10.1
& 19.1 & 75.3 & 86.0 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 10.1
& 19.5 & 79.3 & 89.1 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 9.8
& 18.9 & 73.0 & 84.8 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=256}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 32.0 & 
52.1 & 99.6 & 99.9 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 29.3
& 49.1 & 99.1 & 99.8 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 33.0
& 52.8 & 99.6 & 100.0 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 
26.3 & 46.8 & 98.3 & 99.6 \\ \hline
\end{tabular}

MC=5000, B=200
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\begin{center}
Local power of the bootstrap test
\end{center}

\begin{tabular}{|l|l|c|c|c|c|}
\hline
\multicolumn{2}{|c|}{} & \textbf{KS} & \textbf{KS} & \textbf{CvM} & \textbf{%
CvM} \\ \hline
$d_{x}$ & $d_{u}$ & \multicolumn{1}{|l|}{$\alpha =5\%$} & 
\multicolumn{1}{|l|}{$\alpha =10\%$} & \multicolumn{1}{|l|}{$\alpha =5\%$} & 
\multicolumn{1}{|l|}{$\alpha =10\%$} \\ \hline
\multicolumn{6}{|l|}{\textbf{T=32}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 4.8 & 
9.6 & 10.9 & 19.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.6
& 11.3 & 12.1 & 20.3 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 5.0
& 9.7 & 11.7 & 20.0 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 5.8
& 11.4 & 11.9 & 20.4 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=64}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 6.5 & 
11.8 & 18.4 & 29.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 6.9
& 12.8 & 17.9 & 29.3 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 6.5
& 11.2 & 19.0 & 30.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 7.0
& 11.9 & 18.9 & 30.1 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=128}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 6.4 & 
12.0 & 26.9 & 39.3 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 6.9
& 13.0 & 23.6 & 38.5 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 6.7
& 12.2 & 27.6 & 40.7 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 7.0
& 13.7 & 24.7 & 37.5 \\ \hline
\multicolumn{6}{|l|}{\textbf{T=256}} \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0}} & 6.8 & 
12.9 & 31.5 & 44.5 \\ \hline
\multicolumn{1}{|c|}{\textbf{0}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 7.1
& 13.5 & 29.9 & 43.4 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0}} & 6.5
& 13.0 & 34.0 & 45.9 \\ \hline
\multicolumn{1}{|c|}{\textbf{0.2}} & \multicolumn{1}{|c|}{\textbf{0.2}} & 7.2
& 13.0 & 27.5 & 40.6 \\ \hline
\end{tabular}

MC=5000, B=200%
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\section{Conclusions\label{Conclusions}}

There are several natural directions in which the current work can be
extended. First, the condition that $\Omega <\infty $ could be relaxed and a
GLS-type procedure used in estimation. Second, partial structural change
could be considered, and gains in efficiency from allowing partial change
could be evaluated. Third, a higher-order bootstrap approximation could be
constructed and finite sample iprovements potentially achieved.

Finally, under the assumptions that the alternative hypothesis holds, the
date of break could be estimated and, based on the distribution of the break
date estimator, inference conducted.

\section{Proofs\label{Proofs}}

\subsection{Proof of the Theorem \protect\ref{gamma}}

The proof consists of two parts. In the first part, a functional central
limit theorem is given for the weighted cross-periodogram of innovations $%
\xi _{t}$ and $\varepsilon _{t}$ with weights sharing with function $%
f_{xx}(\lambda )f_{uu}(\lambda )$ the properties required in condition \ref%
{transfer functions}. Once this result is established, weak convergence of
average cross-periodogram of $z_{t}$ and $u_{t}$ is obtained provided the
weak uniform convergence of the two quantities is shown.

Both parts are essentially slight modifications of proofs of Hidalgo (2002)
for the case of convergence in distribution of an OLS regression estimator
in a similar setting.

\begin{proposition}
\label{weighted periodogram}Let $g$ be a symmetric integrable function in $%
\left[ -\pi ,\pi \right] $ satisfying condition \ for the function $%
f_{xx}f_{uu}$. Under conditions \ref{linear processes}-\ref{martingale ksi},
as $T\rightarrow \infty $,%
\begin{equation}
\frac{2\pi }{\sqrt{T}}\sum_{j=1}^{T-1}g^{1/2}\left( \lambda _{j}\right)
w_{\zeta \left( \tau \right) }\left( \lambda _{j}\right) w_{\varepsilon
}\left( -\lambda _{j}\right) \Longrightarrow \left( \frac{1}{2\pi }\sigma
_{\xi }^{2}\sigma _{\varepsilon }^{2}\int_{-\pi }^{\pi }g\left( \lambda
\right) d\lambda \right) ^{\frac{1}{2}}B\left( \tau \right)
\label{weighted weak convergence}
\end{equation}%
on $\left[ 0,1\right] $, where $B$ is a standard Brownian motion and where
the sequence $\left\{ \zeta _{t}\left( \tau \right) \right\} $ is defined as 
$\left\{ \zeta _{t}\left( \tau \right) \right\} =\left\{ \xi _{t}I\left(
t\leq \left[ \tau T\right] \right) ,t=1,\ldots ,T\right\} $.
\end{proposition}

\begin{proof}
Denote%
\begin{equation*}
G_{T}=\frac{2\pi }{\sqrt{T}}\sum_{j=1}^{T-1}g^{1/2}\left( \lambda
_{j}\right) w_{\xi }\left( \lambda _{j}\right) w_{\varepsilon }\left(
-\lambda _{j}\right) \text{.}
\end{equation*}%
We have%
\begin{equation*}
G_{T}=\frac{1}{\sqrt{T}}\sum_{t=1}^{T}\varepsilon _{t}\left(
\sum_{s=1}^{T}\xi _{s}h_{t-s}\right) =\frac{1}{\sqrt{T}}\sum_{t=1}^{T}\xi
_{t}\left( \sum_{s=1}^{T}\varepsilon _{s}h_{t-s}\right) \text{,}
\end{equation*}%
where%
\begin{equation*}
h_{t}=\frac{1}{T}\sum_{j=1}^{T-1}g^{1/2}\left( \lambda _{j}\right)
e^{it\lambda _{j}}\text{.}
\end{equation*}%
The left-hand side of (\ref{weighted weak convergence}) can then be written
as%
\begin{equation*}
G\left( \tau \right) =G_{\left[ \tau T\right] }=\frac{1}{\sqrt{T}}%
\sum_{t=1}^{_{\left[ \tau T\right] }}\xi _{t}\left(
\sum_{s=1}^{T}\varepsilon _{s}h_{t-s}\right) \text{.}
\end{equation*}%
The first two moments moments of $G_{T}$ and $G_{\left[ \tau T\right] }$ are%
\begin{equation*}
EG_{T}=0\text{,}\quad EG_{T}^{2}=\sigma _{\varepsilon }^{2}\sigma _{\xi }^{2}%
\frac{1}{T}\sum_{j=1}^{T-1}g^{1/2}\left( \lambda _{j}\right)
\end{equation*}%
and%
\begin{equation*}
EG_{\left[ \tau T\right] }=0\text{,}\quad EG_{\left[ \tau T\right]
}^{2}=\sigma _{\varepsilon }^{2}\sigma _{\xi }^{2}\frac{\left[ \tau T\right] 
}{T}\sum_{j=1}^{T-1}g^{1/2}\left( \lambda _{j}\right) =\frac{\left[ \tau T%
\right] }{T}EG_{T}^{2}\text{.}
\end{equation*}%
The variance of the process $G$ therefore increases asymptotically linearly
and the weak convergence of the process $G$ in (\ref{weighted weak
convergence}) holds if the following two conditions of Scott (1973) are
satisfied:

\begin{enumerate}
\item $\sum_{t=1}^{T}E\left( \left| d_{t}\varepsilon _{t}\right| ^{2}|%
\mathcal{F}_{T}\vee \mathcal{G}_{t-1}\right) \overset{p}{\rightarrow }\frac{1%
}{2\pi }\sigma _{\xi }^{2}\sigma _{\varepsilon }^{2}\int_{-\pi }^{\pi
}g\left( \lambda \right) d\lambda \quad $as $T\rightarrow \infty $\quad and

\item $\sum_{t=1}^{T}E\left( \left| d_{t}\varepsilon _{t}\right| ^{2}I\left(
\left| d_{t}\varepsilon _{t}\right| >\delta \right) |\mathcal{F}_{T}\vee 
\mathcal{G}_{t-1}\right) \overset{p}{\rightarrow }0\quad $as $T\rightarrow
\infty ,$ for each $\delta >0$,
\end{enumerate}

where%
\begin{equation*}
d_{t}=\frac{1}{\sqrt{T}}\sum_{s=1}^{T}\xi _{s}h_{t-s}\text{.}
\end{equation*}%
But these two conditions have been proved by Hidalgo (2002). The proposition
is established.
\end{proof}

\begin{proposition}
\label{FCLT}Under conditions \ref{linear processes}-\ref{covariance matrices}%
,%
\begin{equation*}
\left( 
\begin{array}{l}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}I_{xu}(\lambda _{j}) \\ 
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}I_{zu}(\lambda _{j})%
\end{array}%
\right) \Longrightarrow \left( 
\begin{array}{l}
\frac{1}{2\pi }\Omega ^{\frac{1}{2}}B\left( 1\right) \\ 
\frac{1}{2\pi }\Omega ^{\frac{1}{2}}B\left( \tau \right)%
\end{array}%
\right)
\end{equation*}%
on $\Lambda $ as $T\rightarrow \infty $.
\end{proposition}

\begin{proof}
It suffices to show that $\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}I_{zu}(\lambda
_{j})\Longrightarrow \frac{1}{2\pi }\Omega ^{\frac{1}{2}}B\left( \tau
\right) $ on $\left[ 0,1\right] $ as $T\rightarrow \infty $. The function%
\begin{equation*}
g\left( \lambda \right) =\frac{f_{xx}(\lambda )f_{uu}(\lambda )}{\sigma
_{\varepsilon }^{2}\sigma _{\xi }^{2}}
\end{equation*}%
satisfies the condition of the Proposition \ref{weighted periodogram}. The
present proposition then will be proved if%
\begin{equation}
\sup_{\tau \in \Lambda }\left| \frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}f_{xx}^{%
\frac{1}{2}}(\lambda _{j})f_{uu}^{\frac{1}{2}}(\lambda _{j})\left( \frac{%
w_{z}\left( \lambda _{j}\right) w_{u}\left( -\lambda _{j}\right) }{f_{xx}^{%
\frac{1}{2}}(\lambda _{j})f_{uu}^{\frac{1}{2}}(\lambda _{j})}-2\pi \frac{%
w_{\zeta }\left( \lambda _{j}\right) w_{\varepsilon }\left( -\lambda
_{j}\right) }{\sigma _{\xi }\sigma _{\varepsilon }}\right) \right| \overset{p%
}{\rightarrow }0\text{.}  \label{ULLN1}
\end{equation}%
Denoting $h_{j}=h\left( \lambda _{j}\right) $ for any function $h$, the
expression inside the absolute value bracket can be written as%
\begin{eqnarray}
&&\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{\frac{1}{%
2}}\left( \frac{w_{z,j}}{f_{xx,j}^{\frac{1}{2}}}-\sqrt{2\pi }\frac{w_{\zeta
,j}}{\sigma _{\xi }}\right) \left( \frac{w_{u,-j}}{f_{uu,j}^{\frac{1}{2}}}-%
\sqrt{2\pi }\frac{w_{\varepsilon ,-j}}{\sigma _{e}}\right) +  \label{ULLN2}
\\
&&+\sqrt{\frac{2\pi }{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{%
\frac{1}{2}}\left( \frac{w_{z,j}}{f_{xx,j}^{\frac{1}{2}}}-\sqrt{2\pi }\frac{%
w_{\zeta ,j}}{\sigma _{\xi }}\right) \frac{w_{\varepsilon ,-j}}{\sigma _{e}}+
\notag \\
&&+\sqrt{\frac{2\pi }{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{%
\frac{1}{2}}\frac{w_{\zeta ,j}}{\sigma _{\xi }}\left( \frac{w_{u,-j}}{%
f_{uu,j}^{\frac{1}{2}}}-\sqrt{2\pi }\frac{w_{\varepsilon ,-j}}{\sigma _{e}}%
\right) \text{.}
\end{eqnarray}%
We can bound the terms in the expression (\ref{ULLN2}) in the same way as in
Hidalgo (2002), using the Theorem 2 of Robinson (1995) and its extension to $%
\left[ 0,\pi \right] $ by Giraitis et al. (2001), 
\begin{equation}
E\left| \frac{w_{u,j}}{f_{uu,j}^{\frac{1}{2}}}-\sqrt{2\pi }\frac{%
w_{\varepsilon ,j}}{\sigma _{e}}\right| ^{2}\leq \frac{D\log j}{j}
\end{equation}%
and%
\begin{equation*}
E\left| \frac{w_{x,j}}{f_{xx,j}^{\frac{1}{2}}}-\sqrt{2\pi }\frac{w_{\xi ,j}}{%
\sigma _{\xi }}\right| ^{2}\leq \frac{D\log j}{j}
\end{equation*}%
as $T\rightarrow \infty $. By Lemma \ref{supEw} the latter inequality
implies that 
\begin{equation*}
\sup_{\tau \in \Lambda }E\left| \frac{w_{z,j}}{f_{xx,j}^{\frac{1}{2}}}-\sqrt{%
2\pi }\frac{w_{\zeta ,j}}{\sigma _{\xi }}\right| ^{2}\leq \frac{D\log j}{j}%
\text{.}
\end{equation*}%
This proves the uniform convergence in (\ref{ULLN1}) and the proposition is
established.
\end{proof}

\begin{proposition}
\label{inv variance}Assuming conditions \ref{linear processes}-\ref%
{martingale ksi} are satisfied, 
\begin{equation}
\left( 
\begin{array}{cc}
\frac{1}{T}\sum_{j=1}^{T-1}I_{xx}(\lambda _{j}) & \frac{1}{T}%
\sum_{j=1}^{T-1}I_{xz}(\lambda _{j}) \\ 
\frac{1}{T}\sum_{j=1}^{T-1}I_{xz}(\lambda _{j}) & \frac{1}{T}%
\sum_{j=1}^{T-1}I_{zz}(\lambda _{j})%
\end{array}%
\right) ^{-1}\Longrightarrow \left( 
\begin{array}{ll}
1 & \tau \\ 
\tau & \tau%
\end{array}%
\right) ^{-1}\otimes 2\pi \Sigma ^{-1}  \label{variance}
\end{equation}%
over $\Lambda $ as $T\rightarrow \infty $.
\end{proposition}

\begin{proof}
Using conditions \ref{linear processes}-\ref{martingale ksi}, we have%
\begin{equation*}
\frac{1}{T}\sum_{j=1}^{T-1}I_{xx}(\lambda _{j})=\frac{1}{2\pi T}\frac{T-1}{T}%
\sum_{j=1}^{T}x_{t}^{2}\overset{p}{\rightarrow }\frac{1}{2\pi }\Sigma >0%
\text{.}
\end{equation*}%
Further, 
\begin{equation*}
\frac{1}{T}\sum_{j=1}^{T-1}I_{xz}(\lambda _{j})=\frac{1}{2\pi T}\frac{T-1}{T}%
\sum_{j=1}^{T}x_{t}z_{t}=\frac{1}{2\pi T}\frac{T-1}{T}\sum_{j=1}^{\left%
\lfloor \tau T\right\rfloor }x_{t}^{2}\Longrightarrow \frac{1}{2\pi }\tau
\Sigma >0
\end{equation*}%
on $\tau \in \left[ 0,1\right] $, with the same result for $%
1/T\sum_{j=1}^{T-1}I_{zz}(\lambda _{j})$. As the matrix inverse is a
continuous function for $\tau \in \Lambda $, the uniform convergence over $%
\Lambda $ in (\ref{variance}) is established.
\end{proof}

\subsection{Proof of the Theorem \protect\ref{Bootstrap CLT}}

By Proposition \ref{inv variance}, 
\begin{equation*}
\left( 
\begin{array}{cc}
\frac{1}{T}\sum_{j=1}^{T-1}I_{xx}(\lambda _{j}) & \frac{1}{T}%
\sum_{j=1}^{T-1}I_{xz}(\lambda _{j}) \\ 
\frac{1}{T}\sum_{j=1}^{T-1}I_{xz}(\lambda _{j}) & \frac{1}{T}%
\sum_{j=1}^{T-1}I_{zz}(\lambda _{j})%
\end{array}%
\right) ^{-1}\Longrightarrow \left( 
\begin{array}{ll}
1 & \tau \\ 
\tau & \tau%
\end{array}%
\right) ^{-1}\otimes 2\pi \Sigma ^{-1}\text{.}
\end{equation*}%
We have to prove that 
\begin{equation*}
\left( 
\begin{array}{l}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}w_{x,j}\left| w_{\hat{u},j}\right| \eta
_{j}^{\ast } \\ 
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}w_{z\left( \tau \right) ,j}\left| w_{\hat{u%
},j}\right| \eta _{j}^{\ast }%
\end{array}%
\right) \overset{p}{\Longrightarrow ^{\ast }}\left( 
\begin{array}{l}
\frac{1}{2\pi }\Omega ^{\frac{1}{2}}B\left( 1\right) \\ 
\frac{1}{2\pi }\Omega ^{\frac{1}{2}}B\left( \tau \right)%
\end{array}%
\right)
\end{equation*}%
for which it is enough to show that 
\begin{equation*}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}w_{z\left( \tau \right) ,j}\left| w_{\hat{u%
},j}\right| \eta _{j}^{\ast }\overset{p}{\Longrightarrow ^{\ast }}\frac{1}{%
2\pi }\frac{\sigma _{\xi }\sigma _{\varepsilon }}{2\pi }\Omega ^{\frac{1}{2}%
}B\left( \tau \right) \text{.}
\end{equation*}%
We will prove that
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(a) 
\begin{equation}
Y_{T}\left( \tau \right) =\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}g_{j}^{\frac{1}{2%
}}w_{\zeta \left( \tau \right) ,j}\left| w_{\varepsilon ,j}\right| \eta
_{j}^{\ast }\overset{p}{\Longrightarrow ^{\ast }}\frac{1}{2\pi }\Omega ^{%
\frac{1}{2}}B\left( \tau \right) ,  \label{innovation bootstrap CLT}
\end{equation}%
(b) 
\begin{equation}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}\left( g_{j}^{\frac{1}{2}}w_{\zeta \left(
\tau \right) ,j}\left| w_{\varepsilon ,j}\right| \eta _{j}^{\ast
}-w_{z\left( \tau \right) ,j}\left| w_{u,j}\right| \eta _{j}^{\ast }\right) 
\overset{p}{\Longrightarrow ^{\ast }}0\quad \text{and}  \label{eps-u}
\end{equation}%
(c) 
\begin{equation}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}\left( w_{z\left( \tau \right) ,j}\left|
w_{u,j}\right| \eta _{j}^{\ast }-w_{z\left( \tau \right) ,j}\left| w_{\hat{u}%
,j}\right| \eta _{j}^{\ast }\right) \overset{p\text{ \ \ \ \ }}{%
\Longrightarrow ^{\ast }}0  \label{u-u^}
\end{equation}%
uniformly in $\tau \in \left[ \varepsilon ,1\right] $ for any $\varepsilon
>0 $ where $g_{j}=f_{xx,j}f_{uu,j}$.

To prove the convergence in the part (a), we need to show that finite
dimensional distributions of the process $Y_{T}$ converge in probability to
the finite dimensional distributions of a centered Gaussian process with
covariance function $K\left( \tau ,\sigma \right) =\left( \tau \wedge \sigma
\right) \frac{\sigma _{\xi }^{2}\sigma _{\varepsilon }^{2}}{16\pi ^{4}}%
\Omega $ and that the process $Y_{T}$ is tight. First, 
\begin{equation*}
\func{var}^{\ast }Y_{T}=\frac{1}{T}\sum_{j=1}^{T-1}g_{j}\left| w_{\zeta
\left( \tau \right) ,j}\right| ^{2}\left| w_{\varepsilon ,j}\right| ^{2}%
\text{.}
\end{equation*}%
According to the Proposition \ref{second moment}, the last expression
converges in probability to 
\begin{equation*}
\tau \frac{1}{2\pi }\frac{\sigma _{\xi }^{2}\sigma _{\varepsilon }^{2}}{4\pi
^{2}}\int_{-\pi }^{\pi }g\left( \lambda \right) d\lambda =\tau \frac{\sigma
_{\xi }^{2}\sigma _{\varepsilon }^{2}}{16\pi ^{4}}\Omega \text{. }
\end{equation*}%
Second, we need to show that the Lindeberg condition is satisfied, 
\begin{equation}
\sum_{j=1}^{T-1}\text{E}^{\ast }\left| \frac{1}{\sqrt{T}}f_{xx,j}^{\frac{1}{2%
}}f_{uu,j}^{\frac{1}{2}}w_{\zeta \left( \tau \right) ,j}\left|
w_{\varepsilon ,j}\right| \eta _{j}^{\ast }\right| ^{2}\mathbb{I}\left(
\left| \frac{1}{\sqrt{T}}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{\frac{1}{2}%
}w_{\zeta \left( \tau \right) ,j}\left| w_{\varepsilon ,j}\right| \eta
_{j}^{\ast }\right| ^{2}>\varepsilon \right) \overset{p}{\rightarrow }0
\label{LindFell}
\end{equation}%
for each $\varepsilon >0$.

We examine $\sup_{\tau }\frac{1}{T}\left| f_{xx,j}f_{uu,j}I_{\zeta \zeta
,j}I_{\varepsilon \varepsilon ,j}\right| $. From An et al. (1983), we have 
\begin{equation*}
\sup_{j=1,\ldots ,\left[ T/2\right] }\left( \frac{2\pi }{\sigma
_{\varepsilon }^{2}}\frac{1}{\log T}\left| w_{\varepsilon ,j}\right|
^{2}\right) \leq 1\quad \text{a.s.}
\end{equation*}%
Therefore 
\begin{equation*}
\sup_{j=1,\ldots ,T-1}\frac{1}{T}\left| f_{xx,j}f_{uu,j}I_{\zeta \zeta
,j}I_{\varepsilon \varepsilon ,j}\right| \leq D\sup_{j}\frac{1}{T}\left|
f_{xx,j}f_{uu,j}\right| \log ^{2}T
\end{equation*}%
The integrability of $f_{xx}f_{uu}\left| \log \lambda \right| $ implies that
for any $\delta >0$, $f_{xx,j}f_{uu,j}\left| \log \lambda _{j}\right| \leq 
\frac{D}{\lambda _{j}}\left| \log \lambda _{j}\right| ^{-1-\delta }$ and $%
f_{xx,j}f_{uu,j}\leq \frac{D}{\lambda _{j}}\left| \log \lambda _{j}\right|
^{-2-\delta }$. Thus 
\begin{equation*}
\sup_{j=1,\ldots ,T-1}\frac{1}{T}f_{xx,j}f_{uu,j}\leq \frac{D}{T}%
\sup_{j=1,\ldots ,T-1}\frac{1}{\lambda _{j}}\left| \log \lambda _{j}\right|
^{-2-\delta }=\frac{D}{T}\frac{\left| \log \lambda _{1}\right| ^{-2-\delta }%
}{\lambda _{1}}\leq D\log ^{-2-\delta }T
\end{equation*}%
and 
\begin{equation*}
\sup_{j=1,\ldots ,T-1}\frac{1}{T}\left| \left| f_{xx,j}f_{uu,j}I_{\zeta
\zeta ,j}I_{\varepsilon \varepsilon ,j}\right| \right| \leq D\log ^{-\delta
}T\text{.}
\end{equation*}

As $\eta _{j}^{\ast }$, given the data, is an iid variable, the sum in (\ref%
{LindFell}) is bounded by 
\begin{equation*}
E^{\ast }\left| \eta _{j}^{\ast }\right| ^{2}\mathbb{I}\left( \left| \eta
_{j}^{\ast }\right| ^{2}>\varepsilon \log ^{\delta }T\right) \frac{1}{T}%
\sum_{j=1}^{T-1}f_{xx,j}f_{uu,j}I_{\zeta \left( \tau \right) \zeta \left(
\tau \right) ,j}I_{\varepsilon \varepsilon ,j}.
\end{equation*}%
The first factor converges to zero as $T\rightarrow \infty $ since $\eta
_{j}^{\ast }$ has finite moments. The second factor\ is $O_{p}\left(
1\right) $ by Proposition \ref{second moment}. Therefore the left-hand side
of the expression (\ref{LindFell}) is $o_{p}\left( 1\right) $ and by the
Lindeberg-Feller central limit theorem, the pointwise convergence 
\begin{equation*}
\frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}g_{j}^{\frac{1}{2}}w_{\zeta \left( \tau
\right) ,j}\left| w_{\varepsilon ,j}\right| \eta _{j}^{\ast }\overset{d}{%
\rightarrow }_{\ast }N\left( 0,\tau \frac{\sigma _{\xi }^{2}\sigma
_{\varepsilon }^{2}}{16\pi ^{4}}\Omega \right)
\end{equation*}%
is proved.

Further, 
\begin{equation*}
\func{cov}^{\ast }\left( Y_{T}\left( \tau \right) ,Y_{T}\left( \sigma
\right) \right) =\frac{1}{T}\sum_{j=1}^{T-1}g_{j}w_{\zeta \left( \tau
\right) ,j}\bar{w}_{\zeta \left( \sigma \right) ,j}\left| w_{\varepsilon
,j}\right| ^{2}
\end{equation*}%
which converges in probability to $\left( \tau \wedge \sigma \right) \frac{%
\sigma _{\xi }^{2}\sigma _{\varepsilon }^{2}}{16\pi ^{4}}\Omega $ by
Proposition \ref{second moment}. The proof of convergence of the finite
dimensional distributions in part (a) is completed by using Cram\'{e}r-Wold
device.

Tightness of the process $Y_{T}\left( \tau \right) $: By Theorem 13.5 in
Billingsley (1999) it is sufficient to check the moment condition 
\begin{equation}
E^{\ast }\left| Y_{T}\left( \rho \right) -Y_{T}\left( \sigma \right) \right|
^{2}\left| Y_{T}\left( \tau \right) -Y_{T}\left( \rho \right) \right|
^{2}\leq \left( 1+o_{p}\left( 1\right) \right) \left( F\left( \tau \right)
-F\left( \sigma \right) \right) ^{\alpha }  \label{moment condition}
\end{equation}
where $\alpha >\frac{1}{2}$, $\sigma \leq \rho \leq \tau $, $F$ is a
nondecreasing, continuous function on $\Lambda $ and $o_{p}\left( 1\right) $
is uniform over $\left( \tau ,\sigma \right) \in \Lambda ^{2}$. Denoting $%
w_{j}=w_{\zeta \left( \tau \right) ,j}-w_{\zeta \left( \sigma \right) ,j}$,
we have 
\begin{eqnarray*}
E^{\ast }\left| Y_{T}\left( \tau \right) -Y_{T}\left( \sigma \right) \right|
^{4} &=&\frac{1}{T^{2}}\sum_{j=1}^{T-1}g_{j}^{2}\left| w_{j}\right|
^{4}\left| w_{\varepsilon ,j}\right| ^{4}E^{\ast }\left| \eta _{j}^{\ast
}\right| ^{4} \\
&&+\frac{2}{T^{2}}\sum_{j=1}^{T-1}\sum_{\substack{ k=1  \\ k\neq j}}%
^{T-1}g_{j}g_{k}\left| w_{j}\right| ^{2}\left| w_{k}\right| ^{2}\left|
w_{\varepsilon ,j}\right| ^{2}\left| w_{\varepsilon ,k}\right| ^{2}E^{\ast
}\left| \eta _{j}^{\ast }\right| ^{2}\left| \eta _{k}^{\ast }\right| ^{2} \\
&&+\frac{1}{T^{2}}\sum_{j=1}^{T-1}\sum_{\substack{ k=1  \\ k\neq j}}%
^{T-1}g_{j}g_{k}w_{j}w_{j}\bar{w}_{k}\bar{w}_{k}\left| w_{\varepsilon
,j}\right| ^{2}\left| w_{\varepsilon ,k}\right| ^{2}E^{\ast }\eta _{j}^{\ast
2}\bar{\eta}_{k}^{\ast 2}
\end{eqnarray*}

\begin{equation*}
\leq \frac{C}{T^{2}}\sum_{j=1}^{T-1}\sum_{k=1}^{T-1}g_{j}g_{k}\left|
w_{j}\right| ^{2}\left| w_{k}\right| ^{2}\left| w_{\varepsilon ,j}\right|
^{2}\left| w_{\varepsilon ,k}\right| ^{2}=C\left( \frac{1}{T}%
\sum_{j=1}^{T-1}g_{j}\left| w_{j}\right| ^{2}\left| w_{\varepsilon
,j}\right| ^{2}\right) ^{2}\text{.}
\end{equation*}

By Proposition \ref{second moment}, 
\begin{equation*}
\left( \frac{1}{T}\sum_{j=1}^{T-1}g_{j}\left| w_{j}\right| ^{2}\left|
w_{\varepsilon ,j}\right| ^{2}\right) ^{2}\overset{p}{\rightarrow }\left(
\tau -\sigma \right) ^{2}\frac{\sigma _{\xi }^{2}\sigma _{\varepsilon }^{2}}{%
16\pi ^{4}}\Omega
\end{equation*}%
uniformly over $\left( \tau ,\sigma \right) \in \Lambda ^{2}$. Therefore by
Schwarz inequality, the left-hand side of inequality (\ref{moment condition}%
) is bounded by $D^{2}\left( \tau -\sigma \right) ^{2}\left( 1+o_{p}\left(
1\right) \right) $ since $\left( \tau -\rho \right) \left( \rho -\sigma
\right) \leq \left( \tau -\sigma \right) ^{2}$. The moment condition (\ref%
{moment condition}) is thus verified with $F\left( \tau \right) =D\tau $ and 
$\alpha =2$. This establishes tightness in probability of the process $Y_{T}$
and completes the proof of the uniform convergence in the part (a).

For the convergence in part (b), we have 
\begin{eqnarray*}
&&E^{\ast }\left| \frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}%
}f_{uu,j}^{\frac{1}{2}}\left( w_{\zeta \left( \tau \right) ,j}\left|
w_{\varepsilon ,j}\right| -w_{z\left( \tau \right) ,j}\left| w_{u,j}\right|
\right) \eta _{j}^{\ast }\right| \\
&\leq &\frac{D}{\sqrt{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{%
\frac{1}{2}}\left| \sqrt{2\pi }\frac{w_{\zeta \left( \tau \right) ,j}}{%
\sigma _{\xi }}-\frac{w_{z\left( \tau \right) ,j}}{f_{xx,j}^{\frac{1}{2}}}%
\right| \left| \sqrt{2\pi }\frac{w_{\varepsilon ,j}}{\sigma _{\varepsilon }}-%
\frac{w_{u,j}}{f_{uu,j}^{\frac{1}{2}}}\right| \\
&&+D\sqrt{\frac{2\pi }{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{%
\frac{1}{2}}\left| \sqrt{2\pi }\frac{w_{\zeta \left( \tau \right) ,j}}{%
\sigma _{\xi }}-\frac{w_{z\left( \tau \right) ,j}}{f_{xx,j}^{\frac{1}{2}}}%
\right| \frac{\left| w_{\varepsilon ,j}\right| }{\sigma _{\varepsilon }} \\
&&+D\sqrt{\frac{2\pi }{T}}\sum_{j=1}^{T-1}f_{xx,j}^{\frac{1}{2}}f_{uu,j}^{%
\frac{1}{2}}\frac{w_{\zeta \left( \tau \right) ,j}}{\sigma _{\xi }}\left| 
\sqrt{2\pi }\frac{w_{\varepsilon ,j}}{\sigma _{\varepsilon }}-\frac{w_{u,j}}{%
f_{uu,j}^{\frac{1}{2}}}\right|
\end{eqnarray*}%
and proceeding as in the proof of the proposition \ref{FCLT} above and the
proposition 5.2 in Hidalgo (2002) it can be shown that the last expression
is $o_{p}\left( 1\right) $ uniformly over $\tau \in \left[ \varepsilon ,1%
\right] $.

For the last part, the convergence in\ part (c), we have 
\begin{equation*}
u_{t}-\hat{u}_{t}=\left( \hat{\beta}-\beta \right) ^{\prime }x_{t}+\hat{%
\gamma}^{\prime }z_{t}
\end{equation*}%
where $z_{t}=x_{t}\mathbb{I}\left( t<\hat{\tau}T\right) $, so 
\begin{equation*}
w_{u,j}-w_{\hat{u},j}=\left( \hat{\beta}-\beta \right) ^{\prime }w_{x,j}+%
\hat{\gamma}^{\prime }w_{z\left( \hat{\tau}\right) ,j}\text{. }
\end{equation*}%
As $\left| \left| w_{u,j}\right| -\left| w_{\hat{u},j}\right| \right|
^{2}\leq \left| w_{u,j}-w_{\hat{u},j}\right| ^{2}$, it is 
\begin{equation*}
E^{\ast }\left| \frac{1}{\sqrt{T}}\sum_{j=1}^{T-1}w_{z\left( \tau \right)
,j}\left( \left| w_{u,j}\right| -\left| w_{\hat{u},j}\right| \right) \eta
_{j}^{\ast }\right| ^{2}=\frac{1}{T}\sum_{j=1}^{T-1}\left| w_{z\left( \tau
\right) ,j}\right| ^{2}\left| \left| w_{u,j}\right| -\left| w_{\hat{u}%
,j}\right| \right| ^{2}E^{\ast }\left| \eta _{j}^{\ast }\right| ^{2}
\end{equation*}

\begin{eqnarray*}
&\leq &\left( \hat{\beta}-\beta \right) ^{2}\frac{1}{T}\sum_{j=1}^{T-1}%
\left| w_{z\left( \tau \right) ,j}\right| ^{2}\left| w_{x,j}\right|
^{2}+\left( \hat{\beta}-\beta \right) \hat{\gamma}\frac{1}{T}%
\sum_{j=1}^{T-1}\left| w_{z\left( \tau \right) ,j}\right| ^{2}w_{x,j}\bar{w}%
_{z\left( \hat{\tau}\right) ,j} \\
&&+\hat{\gamma}\left( \hat{\beta}-\beta \right) \frac{1}{T}%
\sum_{j=1}^{T-1}\left| w_{z\left( \tau \right) ,j}\right| ^{2}w_{z\left( 
\hat{\tau}\right) ,j}\bar{w}_{x,j}+\hat{\gamma}^{2}\frac{1}{T}%
\sum_{j=1}^{T-1}\left| w_{z\left( \tau \right) ,j}\right| ^{2}\left|
w_{z\left( \hat{\tau}\right) ,j}\right| ^{2}\text{. }
\end{eqnarray*}%
By Theorem \ref{gamma}, $\hat{\beta}-\beta =O_{p}\left( \frac{1}{\sqrt{T}}%
\right) $ and $\hat{\gamma}=O_{p}\left( \frac{1}{\sqrt{T}}\right) $. Also,
by Lemma \ref{IzzIzz}, 
\begin{equation*}
\frac{1}{T}\sum_{j=1}^{T-1}\left| w_{z\left( \tau \right) ,j}\right|
^{2}w_{x,j}\bar{w}_{z\left( \hat{\tau}\right) ,j}=o_{p}\left( T\right)
\end{equation*}%
uniformly over $\tau \in \left[ \varepsilon ,1\right] $. Therefore the
second term on the right-hand side of the last displayed inequality is $%
o_{p}(1)$ uniformly over $\left[ \varepsilon ,1\right] $. Similarly, the
other three terms are also $o_{p}(1)$. The uniform convergence in (\ref{u-u^}%
) is established.

\begin{proposition}
\label{second moment}Under conditions \ref{linear processes}-\ref{covariance
matrices}, 
\begin{equation*}
\frac{1}{T}\sum_{j=1}^{T}g_{j}w_{\xi \left( \tau \right) ,j}\bar{w}_{\xi
\left( \sigma \right) ,j}\left| w_{\varepsilon ,j}\right| ^{2}\overset{p}{%
\rightarrow }\left( \tau \wedge \sigma \right) \frac{\sigma _{\varepsilon
}^{2}\sigma _{\xi }^{2}}{16\pi ^{4}}\Omega
\end{equation*}%
uniformly in $\left( \tau ,\sigma \right) \in \left[ \varepsilon ,T\right]
^{2}$.
\end{proposition}

\begin{proof}
First moment: 
\begin{eqnarray*}
E\frac{1}{T}\sum_{j=1}^{T}g_{j}w_{\xi \left( \tau \right) ,j}\bar{w}_{\xi
\left( \sigma \right) ,j}\left| w_{\varepsilon ,j}\right| ^{2} &=&\frac{1}{T}%
\sum_{j=1}^{T}g_{j}Ew_{\xi \left( \tau \right) ,j}\bar{w}_{\xi \left( \sigma
\right) ,j}E\left| w_{\varepsilon ,j}\right| ^{2} \\
&=&\frac{\left[ \left( \tau \wedge \sigma \right) T\right] }{T}\frac{\sigma
_{\varepsilon }^{2}\sigma _{\xi }^{2}}{4\pi ^{2}}\frac{1}{T}%
\sum_{j=1}^{T}g_{j}\rightarrow \left( \tau \wedge \sigma \right) \frac{%
\sigma _{\varepsilon }^{2}\sigma _{\xi }^{2}}{4\pi ^{2}}\Omega
\end{eqnarray*}%
since 
\begin{equation*}
Ew_{\xi \left( \tau \right) ,j}\bar{w}_{\xi \left( \sigma \right) ,j}=\frac{1%
}{2\pi T}\sum_{t=1}^{\left[ \tau T\right] }\sum_{s=1}^{\left[ \sigma T\right]
}E\xi _{t}\xi _{s}e^{i\left( t-s\right) \lambda _{j}}=\frac{\left[ \left(
\tau \wedge \sigma \right) T\right] }{T}\frac{\sigma _{\xi }^{2}}{2\pi }%
\text{.}
\end{equation*}%
Second moment: 
\begin{multline*}
E\left| \frac{1}{T}\sum_{j=1}^{T}g_{j}w_{\xi \left( \tau \right) ,j}\bar{w}%
_{\xi \left( \sigma \right) ,j}\left| w_{\varepsilon ,j}\right| ^{2}\right|
^{2} \\
=\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}Ew_{\xi \left( \tau
\right) ,j}\bar{w}_{\xi \left( \sigma \right) ,j}\bar{w}_{\xi \left( \tau
\right) ,k}w_{\xi \left( \sigma \right) ,k}E\left| w_{\varepsilon ,j}\right|
^{2}\left| w_{\varepsilon ,k}\right| ^{2}
\end{multline*}%
\begin{eqnarray*}
&=&\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}\func{cum}\left(
w_{\xi \left( \tau \right) ,j},\bar{w}_{\xi \left( \sigma \right) ,j},\bar{w}%
_{\xi \left( \tau \right) ,k},w_{\xi \left( \sigma \right) ,k}\right)
E\left| w_{\varepsilon ,j}\right| ^{2}\left| w_{\varepsilon ,k}\right| ^{2}
\\
&&+\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}Ew_{\xi \left( \tau
\right) ,j}\bar{w}_{\xi \left( \sigma \right) ,j}E\bar{w}_{\xi \left( \tau
\right) ,k}w_{\xi \left( \sigma \right) ,k}E\left| w_{\varepsilon ,j}\right|
^{2}\left| w_{\varepsilon ,k}\right| ^{2} \\
&&+\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}Ew_{\xi \left( \tau
\right) ,j}\bar{w}_{\xi \left( \tau \right) ,k}E\bar{w}_{\xi \left( \sigma
\right) ,j}w_{\xi \left( \sigma \right) ,k}E\left| w_{\varepsilon ,j}\right|
^{2}\left| w_{\varepsilon ,k}\right| ^{2} \\
&&+\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}Ew_{\xi \left( \tau
\right) ,j}w_{\xi \left( \sigma \right) ,k}E\bar{w}_{\xi \left( \tau \right)
,k}\bar{w}_{\xi \left( \sigma \right) ,j}E\left| w_{\varepsilon ,j}\right|
^{2}\left| w_{\varepsilon ,k}\right| ^{2}\text{.}
\end{eqnarray*}%
Now 
\begin{multline*}
\func{cum}\left( w_{\xi \left( \tau \right) ,j},\bar{w}_{\xi \left( \sigma
\right) ,j},\bar{w}_{\xi \left( \tau \right) ,k},w_{\xi \left( \sigma
\right) ,k}\right) = \\
=\frac{1}{4\pi ^{2}T^{2}}\sum_{t=1}^{\left[ \left( \tau \wedge \sigma
\right) T\right] }\func{cum}\left( \xi _{t},\xi _{t},\xi _{t},\xi
_{t}\right) =\frac{\kappa _{\xi }}{4\pi ^{2}}\frac{1}{T}\frac{\left[ \left(
\tau \wedge \sigma \right) T\right] }{T}=O\left( \frac{1}{T}\right) \text{. }
\end{multline*}%
The fourth moments of $\varepsilon _{t}$ are finite so the first term is
bounded by $\frac{D}{T}\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}$
which is $O\left( \frac{1}{T}\right) $ by the Lemma \ref{phi function}.
Further, for $j\neq k$, 
\begin{equation*}
Ew_{\xi \left( \tau \right) ,j}\bar{w}_{\xi \left( \sigma \right) ,k}=\frac{1%
}{2\pi T}\sum_{t=1}^{\left[ \tau T\right] }\sum_{s=1}^{\left[ \sigma T\right]
}E\xi _{t}\xi _{s}e^{it\lambda _{j}-is\lambda _{k}}=\frac{\sigma _{\xi }^{2}%
}{2\pi }\frac{1}{T}\sum_{t=1}^{\left[ \left( \tau \wedge \sigma \right) T%
\right] }e^{it\left( \lambda _{j}-\lambda _{k}\right) }
\end{equation*}%
and%
\begin{eqnarray*}
\frac{1}{T}\left| \sum_{t=1}^{\left[ \left( \tau \wedge \sigma \right) T%
\right] }e^{it\left( \lambda _{j}-\lambda _{k}\right) }\right| &=&\frac{1}{T}%
\left| \frac{\sin \left( \left[ \left( \tau \wedge \sigma \right) T\right] 
\frac{\lambda _{j}-\lambda _{k}}{2}\right) }{\sin \left( \frac{\lambda
_{j}-\lambda _{k}}{2}\right) }\right| \leq \frac{1}{T}\frac{1}{\left| \sin
\left( \frac{\lambda _{j}-\lambda _{k}}{2}\right) \right| } \\
&\leq &\frac{1}{T}\frac{\pi }{\left| \lambda _{j}-\lambda _{k}\right| }=%
\frac{1}{2\left| j-k\right| }\text{.}
\end{eqnarray*}%
By Lemma \ref{crosscovariances} the third term is bounded by $\frac{D}{T^{2}}%
\sum_{j=1}^{T}g_{j}^{2}$ which is $o\left( 1\right) $. Similarly, the fourth
term is bounded by $\frac{D}{T^{2}}\sum_{j=1}^{T-1}g_{j}g_{T-j}$ which is
also $o\left( 1\right) $ because 
\begin{equation*}
\frac{1}{T^{2}}\sum_{j=1}^{T-1}g_{j}g_{T-j}\leq \frac{1}{2T^{2}}%
\sum_{j=1}^{T-1}\left( g_{j}^{2}+g_{T-j}^{2}\right) =\frac{1}{T^{2}}%
\sum_{j=1}^{T-1}g_{j}^{2}\text{. }
\end{equation*}%
Therefore we are left with the dominant second term, 
\begin{equation*}
E\left| \frac{1}{T}\sum_{j=1}^{T}g_{j}w_{\xi \left( \tau \right) ,j}\bar{w}%
_{\xi \left( \sigma \right) ,j}\left| w_{\varepsilon ,j}\right| ^{2}\right|
^{2}=\left( \tau \wedge \sigma \right) ^{2}\frac{\sigma _{\xi }^{4}}{4\pi
^{2}}\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}E\left|
w_{\varepsilon ,j}\right| ^{2}\left| w_{\varepsilon ,k}\right| ^{2}+o\left(
1\right) .
\end{equation*}%
It is 
\begin{equation*}
\func{cum}\left( w_{\varepsilon ,j},\bar{w}_{\varepsilon ,j},w_{\varepsilon
,k},\bar{w}_{\varepsilon ,k}\right) =\frac{1}{4\pi ^{2}T^{2}}\sum_{t=1}^{T}%
\func{cum}\left( \varepsilon _{t},\varepsilon _{t},\varepsilon
_{t},\varepsilon _{t}\right) =\frac{\kappa }{4\pi ^{2}T}
\end{equation*}%
and $Ew_{\varepsilon ,j}\bar{w}_{\varepsilon ,k}=\frac{\sigma _{\varepsilon
}^{2}}{2\pi ^{2}}\mathbb{I}\left( j=k\right) $. Therefore 
\begin{eqnarray*}
\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}E\left| w_{\varepsilon
,j}\right| ^{2}\left| w_{\varepsilon ,k}\right| ^{2} &=&\frac{\kappa }{4\pi
^{2}T}\frac{1}{T^{2}}\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}+\frac{\sigma
_{\varepsilon }^{4}}{4\pi ^{4}}\frac{1}{T^{2}}\sum_{j=1}^{T}%
\sum_{k=1}^{T}g_{j}g_{k}+ \\
+ &&\frac{\sigma _{\varepsilon }^{4}}{4\pi ^{4}}\frac{1}{T^{2}}%
\sum_{j=1}^{T}g_{j}g_{T-j}+\frac{\sigma _{\varepsilon }^{4}}{4\pi ^{4}}\frac{%
1}{T^{2}}\sum_{j=1}^{T}g_{j}^{2}= \\
&=&\frac{\sigma _{\varepsilon }^{4}}{4\pi ^{4}}\frac{1}{T^{2}}%
\sum_{j=1}^{T}\sum_{k=1}^{T}g_{j}g_{k}+o\left( 1\right) \text{.}
\end{eqnarray*}%
That means that 
\begin{equation*}
E\left| \frac{1}{T}\sum_{j=1}^{T}g_{j}w_{\xi \left( \tau \right) ,j}\bar{w}%
_{\xi \left( \sigma \right) ,j}\left| w_{\varepsilon ,j}\right| ^{2}\right|
^{2}\rightarrow \left( \tau \wedge \sigma \right) ^{2}\frac{\sigma _{\xi
}^{4}\sigma _{\varepsilon }^{4}}{16\pi ^{4}}\Omega ^{2}
\end{equation*}%
and the proposition is proved.
\end{proof}

\begin{lemma}
\label{IzzIzz}For any $\tau _{1}$, $\tau _{2}$, $\tau _{3}$, $\tau _{4}$
such that $\left( \tau _{1},\tau _{2},\tau _{3},\tau _{4}\right) \in \left[
\varepsilon ,1\right] ^{4}$, for some $\varepsilon >0$, 
\begin{equation*}
\frac{1}{T}\sum_{j=1}^{T-1}I_{z\left( \tau _{1}\right) z\left( \tau
_{2}\right) ,j}I_{z\left( \tau _{3}\right) z\left( \tau _{4}\right)
,j}=o_{p}\left( T\right)
\end{equation*}%
uniformly over $\left[ \varepsilon ,1\right] ^{4}$.
\end{lemma}

\begin{proof}
We have 
\begin{equation}
\frac{1}{T}\sum_{j=1}^{T-1}I_{z\left( \tau _{1}\right) z\left( \tau
_{2}\right) ,j}I_{z\left( \tau _{3}\right) z\left( \tau _{4}\right) ,j}=%
\frac{1}{T}\sum_{j=1}^{T-1}f_{xx,j}^{2}\left( a_{j}+b_{j}+c_{j}+d_{j}\right) 
\text{,}  \label{periodogram1234}
\end{equation}%
where 
\begin{eqnarray*}
a_{j} &=&\left( \frac{I_{z\left( \tau _{1}\right) z\left( \tau _{2}\right)
,j}}{f_{xx,j}}-2\pi \frac{I_{\zeta \left( \tau _{1}\right) \zeta \left( \tau
_{2}\right) ,j}}{\sigma _{\xi }^{2}}\right) \left( \frac{I_{z\left( \tau
_{3}\right) z\left( \tau _{4}\right) ,j}}{f_{xx,j}}-2\pi \frac{I_{\zeta
\left( \tau _{3}\right) \zeta \left( \tau _{4}\right) ,j}}{\sigma _{\xi }^{2}%
}\right) , \\
b_{j} &=&\left( \frac{I_{z\left( \tau _{1}\right) z\left( \tau _{2}\right)
,j}}{f_{xx,j}}-2\pi \frac{I_{\zeta \left( \tau _{1}\right) \zeta \left( \tau
_{2}\right) ,j}}{\sigma _{\xi }^{2}}\right) 2\pi \frac{I_{\zeta \left( \tau
_{3}\right) \zeta \left( \tau _{4}\right) ,j}}{\sigma _{\xi }^{2}}, \\
c_{j} &=&2\pi \frac{I_{\zeta \left( \tau _{1}\right) \zeta \left( \tau
_{2}\right) ,j}}{\sigma _{\xi }^{2}}\left( \frac{I_{z\left( \tau _{3}\right)
z\left( \tau _{4}\right) ,j}}{f_{xx,j}}-2\pi \frac{I_{\zeta \left( \tau
_{3}\right) \zeta \left( \tau _{4}\right) ,j}}{\sigma _{\xi }^{2}}\right) 
\text{ and } \\
d_{j} &=&\frac{4\pi ^{2}}{\sigma _{\xi }^{4}}I_{\zeta \left( \tau
_{1}\right) \zeta \left( \tau _{2}\right) ,j}I_{\zeta \left( \tau
_{3}\right) \zeta \left( \tau _{4}\right) ,j}\text{. }
\end{eqnarray*}%
Proceeding as in the proof of (4.8) in Robinson (1995b), we get 
\begin{eqnarray*}
Ea_{j} &=&O\left( \frac{1}{j^{2}}+\frac{1}{j^{\frac{3}{2}}}+\frac{1}{\sqrt{T}%
}\frac{1}{j}+\frac{\log j}{j}\right) , \\
Eb_{j} &=&O\left( \frac{1}{\sqrt{T}}\frac{1}{j}+\frac{1}{T}\frac{1}{\sqrt{j}}%
+\frac{\log j}{j}\right) , \\
Ec_{j} &=&O\left( \frac{1}{\sqrt{T}}\frac{1}{j}+\frac{1}{T}\frac{1}{\sqrt{j}}%
+\frac{\log j}{j}\right) ,
\end{eqnarray*}%
uniformly over $\tau \in \left[ \varepsilon ,1\right] $. We use the fact
that for $D_{\left[ \tau T\right] }\left( \lambda \right) =\sum_{t=1}^{\left[
\tau T\right] }e^{it\lambda }$, 
\begin{equation*}
P_{\tau ,j}=\frac{1}{2\pi T}\int_{-\pi }^{\pi }\left| \frac{A\left( \lambda
\right) }{A\left( \lambda _{j}\right) }-1\right| ^{2}\left| D_{\left[ \tau T%
\right] }\left( \lambda -\lambda _{j}\right) \right| ^{2}d\lambda =O\left( 
\frac{1}{j}\right)
\end{equation*}%
as $T\rightarrow \infty ,$ uniformly in $\tau \ $over $\left[ \varepsilon ,1%
\right] $, 
\begin{equation*}
\int_{-\pi }^{\pi }\left| D_{\left[ \tau T\right] }\left( \lambda \right)
\right| ^{2}d\lambda =2\pi \left[ \tau T\right]
\end{equation*}%
and 
\begin{equation*}
\int_{-\pi }^{\pi }D_{\left[ \tau T\right] }\left( u+\lambda \right) D_{%
\left[ \sigma T\right] }\left( v-\lambda \right) d\lambda =2\pi D_{\left[
\left( \tau \wedge \sigma \right) T\right] }\left( u+v\right) \text{.}
\end{equation*}%
Furthermore, the fourth moments of $\xi _{t}$ are finite, so 
\begin{equation*}
Ed_{j}=O\left( 1\right) \text{.}
\end{equation*}%
Therefore the expected value of the expectation of the last term in the
equation (\ref{periodogram1234}) dominates and we have 
\begin{equation*}
E\frac{1}{T}\sum_{j=1}^{T-1}I_{z\left( \tau _{1}\right) z\left( \tau
_{2}\right) ,j}I_{z\left( \tau _{3}\right) z\left( \tau _{4}\right) ,j}\leq 
\frac{D}{T}\sum_{j=1}^{T-1}f_{xx,j}^{2}\text{. }
\end{equation*}%
Because of the integrability of $f_{xx,j}$, $\left| \left| f_{xx,j}\right|
\right| \leq \frac{1}{\lambda _{j}\left| \log \lambda _{j}\right| ^{1+\delta
}}$for some $\delta >0$, and 
\begin{equation*}
\frac{D}{T}\sum_{j=1}^{T-1}f_{xx,j}^{2}\leq \frac{D}{T}\sum_{j=1}^{T-1}\frac{%
1}{\lambda _{j}^{2}\left| \log \lambda _{j}\right| ^{2+2\delta }}=o\left(
T\right) \text{.}
\end{equation*}%
The lemma is established.
\end{proof}

\begin{lemma}
\label{crosscovariances}If $a_{1},\ldots ,a_{T}$ are random variables such
that 
\begin{equation*}
Ea_{j}\bar{a}_{k}=\left\{ 
\begin{array}{cc}
O\left( 1\right) & j=k, \\ 
O\left( \frac{1}{\left| j-k\right| ^{\alpha }}\right) & j\neq k,%
\end{array}%
\right.
\end{equation*}%
then for any constants $h_{1},\ldots ,h_{T}$ 
\begin{equation*}
E\left| \sum_{j=1}^{T}h_{j}a_{j}\right| ^{2}\leq \left\{ 
\begin{array}{cc}
D\log T\sum_{j=1}^{T}h_{j}^{2} & \text{for }\alpha =1\text{,} \\ 
D\sum_{j=1}^{T}h_{j}^{2} & \text{for }\alpha >1\text{.}%
\end{array}%
\right.
\end{equation*}
\end{lemma}

\begin{proof}
We have 
\begin{equation*}
E\left| \sum_{j=1}^{T}h_{j}a_{j}\right|
^{2}=\sum_{j=1}^{T}\sum_{k=1}^{T}h_{j}h_{k}Ea_{j}\bar{a}_{k}\leq
\sum_{j=1}^{T}h_{j}^{2}\sum_{k=1}^{T}\left| Ea_{j}\bar{a}_{k}\right|
\end{equation*}%
since $\left| a\right| \left| b\right| \leq \frac{1}{2}\left( \left|
a\right| ^{2}+\left| b\right| ^{2}\right) $ for any complex numbers $a$, $b$%
. But 
\begin{equation*}
\sum_{k=1}^{T}\left| Ea_{j}\bar{a}_{k}\right| \leq D\left( 1+\sum_{\substack{
k=1  \\ k\neq j}}^{T}\frac{1}{\left| j-k\right| ^{\alpha }}\right) \leq
D\left( 1+2\sum_{k=1}^{T}\frac{1}{k^{\alpha }}\right)
\end{equation*}%
which is $O\left( \log T\right) $ for $\alpha =1$ and $O\left( 1\right) $
for $\alpha >1$, as required.
\end{proof}

\begin{lemma}
\label{supEw}Let $c_{t}$ be a process with the spectral density function $%
f_{c}$. Let $w_{c\left( \tau \right) }$ be the DFT of a truncated sample, 
\begin{equation*}
w_{c\left( \tau \right) ,j}=w_{c\left( \tau \right) }\left( \lambda
_{j}\right) =\frac{1}{\sqrt{2\pi T}}\sum_{t=1}^{\left[ \tau T\right]
}c_{t}e^{it\lambda _{j}}\text{.}
\end{equation*}%
If $E\left| w_{c\left( 1\right) ,j}\right| =O\left( \left( \log j\right)
/j\right) $ for any sequence of positive integers $j=j\left( T\right) $ such
that $\frac{j}{T}\rightarrow 0$ as $T\rightarrow \infty $, then also 
\begin{equation*}
\sup_{\tau \in \left[ \varepsilon ,1\right] }\frac{1}{\tau }E\left|
w_{c\left( \tau \right) ,j}\right| ^{2}=O\left( \frac{\log j}{j}\right)
\end{equation*}%
for any small $\varepsilon >0$.
\end{lemma}

\begin{proof}
We have 
\begin{equation*}
E\left| w_{c\left( \tau \right) ,j}\right| ^{2}=\frac{\left[ \tau T\right] }{%
T}\int\limits_{-\pi }^{\pi }f_{c}\left( \omega \right) K_{\left[ \tau T%
\right] }\left( \lambda _{j}-\omega \right) d\omega
\end{equation*}%
where $K_{T}\left( \lambda \right) =\frac{1}{2\pi T}\left|
\sum_{t=1}^{T}e^{it\lambda }\right| ^{2}$. Denote 
\begin{equation*}
h\left( \tau T,j\left( T\right) \right) =\int\limits_{-\pi }^{\pi
}f_{c}\left( \omega \right) K_{\left[ \tau T\right] }\left( \lambda
_{j}-\omega \right) d\omega \text{.}
\end{equation*}%
Then $h\left( T,j\left( T\right) \right) =O\left( \left( \log j\right)
/j\right) $ by assumption. Therefore, for any $\tau \in \left[ \varepsilon ,1%
\right] $, constants $T_{\tau }$ and $M_{\tau }$ can be found such that for
every $T>T_{\tau }$, 
\begin{equation*}
h\left( T,j\left( \left[ \frac{1}{\tau }T\right] \right) \right) \leq
M_{\tau }\frac{\log j\left( \left[ \frac{1}{\tau }T\right] \right) }{j\left( %
\left[ \frac{1}{\tau }T\right] \right) }\text{. }
\end{equation*}%
Putting $M=\sup_{\tau \in \left[ \varepsilon ,1\right] }M_{\tau }$ and $%
T_{0}=\sup_{\tau \in \left[ \varepsilon ,1\right] }T_{\tau }$, the last
inequality indicates that for every $T>T_{0}$, 
\begin{equation*}
\sup_{\tau \in \left[ \varepsilon ,1\right] }\left[ h\left( T,j\left( \left[ 
\frac{1}{\tau }T\right] \right) \right) \frac{j\left( \left[ \frac{1}{\tau }T%
\right] \right) }{\log j\left( \left[ \frac{1}{\tau }T\right] \right) }%
\right] \leq M
\end{equation*}%
and also that for every $T>\frac{1}{\varepsilon }T_{0}$, 
\begin{equation*}
\sup_{\tau \in \left[ \varepsilon ,1\right] }h\left( \tau T,j\left( T\right)
\right) \leq M\frac{\log j\left( T\right) }{j\left( T\right) }\text{. }
\end{equation*}%
Therefore 
\begin{equation*}
\sup_{\tau \in \left[ \varepsilon ,1\right] }\frac{1}{\tau }E\left|
w_{c\left( \tau \right) ,j}\right| ^{2}=\sup_{\tau \in \left[ \varepsilon ,1%
\right] }\frac{\left[ \tau T\right] }{\tau T}h\left( \tau T,j\left( T\right)
\right) =O\left( \frac{\log j}{j}\right)
\end{equation*}%
as required.
\end{proof}

\begin{lemma}[Hidalgo (2002)]
\label{phi function}Let $\varphi \left( \lambda \right) $ be an integrable
function which satisfies (a) $\varphi \left( \lambda \right) >0$ for all $%
\lambda \in \left[ 0,\pi \right] $, (b) $\left| \left( \partial /\partial
\lambda \right) \varphi \left( \lambda \right) \right| =O\left( \varphi
\left( \lambda \right) /\lambda \right) $ as $\lambda \rightarrow 0+$ and
(c) it is continuously differentiable in any open set outside the origin.
Then, as $T\rightarrow \infty $, 
\begin{equation*}
\frac{1}{T}\sum_{j=1}^{\left[ \frac{T}{2}\right] }\varphi \left( \lambda
_{j}\right) -\frac{1}{2\pi }\int_{0}^{\pi }\varphi \left( \lambda \right)
d\lambda =o\left( 1\right) \text{. }
\end{equation*}
\end{lemma}
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