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Devwudfw
Wklv sdshu ghyhorsv d vw|olvhg vpdoo rshq hfrqrp| prgho zlwk d forvhg irup vroxwlrq
wr vwxg| wkh ehkdylrxu ri wkh h{fkdqjh udwh1 H{fkdqjh udwh yrodwlolw| lv d ihdwxuh ri wkh
prgho zkhq wkhuh lv krph0eldv lq frqvxpswlrq1 Lq sduwlfxodu/ zkhq prqh| ghpdqg
lv qrw uhvsrqvlyh wr fkdqjhv lq frqvxpswlrq wkh h{fkdqjh udwh ryhuvkrrwv lq uhvsrqvh
wr dq lqfuhdvh lq wkh prqh| vxsso|1 Rxu uhvxowv vxjjhvw wkdw frqvxpswlrq krph0eldv
lv dq lpsruwdqw ihdwxuh zklfk vkrxog eh lqfrusrudwhg lqwr wkh prghuq dssurdfk wr
lqwhuqdwlrqdo �qdqfh1
MHO Fodvvl�fdwlrq= H85/ I74
Nh|zrugv= Vpdoo rshq hfrqrp|> frqvxpswlrq krph0eldv> h{fkdqjh udwh yrodwlolw|1

4 Lqwurgxfwlrq
Wklv sdshu xvhv d jhqhudo htxloleulxp iudphzrun wr vwxg| wkh h{fkdqjh udwh lq d vpdoo rshq
hfrqrp|1 Wkh lghd wkdw lq d vpdoo rshq hfrqrp| wkhuh lv qhfhvvdulo| vrph ghjuhh ri krph0
eldv lq frqvxpswlrq surylghv wkh prwlydwlrq1 Vxusulvlqjo|/ wklv lv qrw d ihdwxuh vwuhvvhg lq
wkh lqwhuqdwlrqdo �qdqfh olwhudwxuh zklfk/ lq jhqhudo pdnhv xvh ri d frqvxpswlrq cqr krph0
eldv* frqglwlrq wr hqkdqfh wudfwdelolw|1 � Dq lpsruwdqw uhvxow khuh lv wkdw krph0eldv grhv
qrw lqyroyh dq| orvv lq wudfwdelolw| dqg ohdgv wr wkh vdph frqfoxvlrqv dv Gruqexvfk +4<:9,1
Wklv ohdgv wr d pruh jhqhudo srlqw wkdw krph0eldv vkrxog eh lqfoxghg lq dq| vpdoo rshq

� L zrxog olnh wr wkdqn Qhlo Udqnlq dqg vhplqdu sduwlflsdqwv dw Zduzlfn iru khosixo frpphqwv dqg
vxjjhvwlrqv1

� Dgguhvv= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zduzlfn/ Fryhqwu| FY7 :DO/ Xqlwhg Nlqjgrp1 H0
pdlo= g1n1frrnhCzduzlfn1df1xn

� Fodulgd hw do1 +5334, doorz iru krph0eldv/ exw wkh| gr qrw irfxv wkh h{fkdqjh udwh1 Wkh h{srvlwlrq zh
suhvhqw lv wkhuhiruh forvhvw wr Jdol dqg Prqdfhool +5335, dqg Sduudgr dqg Ydohvfr +5335,1
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hfrqrp| dqdo|vlv1 Dv dq looxvwudwlrq zh frqvlghu wkh Pxqghoo0Iohplqj prgho dqg frqwudvw
wklv zlwk wkh qhz jhqhudwlrq ri vwlfn| sulfh prghov1 �

Wkh edvlf dvvxpswlrqv ri wkh Pxqghoo0Iohplqj prgho duh= +l, wkh grphvwlf hfrqrp| surgxfhv
rqh jrrg> +ll, wkh iruhljq hfrqrp| surgxfhv rqh jrrg> +lll, wkh sulfh ri wkh iruhljq jrrg lq
wkh grphvwlf hfrqrp| lv wdnhq dv jlyhq dqg +ly, wkh udwh ri lqwhuhvw lq wkh iruhljq hfrqrp|
lv dovr wdnhq dv jlyhq e| wkh grphvwlf hfrqrp|1 Dvvxpswlrqv +l,0+ly, lqglfdwh wkdw wkh
grphvwlf hfrqrp| lv vpdoo uhodwlyh wr wkh iruhljq hfrqrp|1 Wkh �qdo lpsolflw dvvxpswlrq lv
+y, wkdw grphvwlf krxvhkrogv suhihu grphvwlfdoo| surgxfhg jrrgv> khqfh wkhuh lv frqvxpswlrq
krph0eldv1 Wr vhh zk| frqvlghu zkdw wkh vpdoo rshq hfrqrp| dvvxpswlrq uhsuhvhqwv1 Li
wkh dvvxpswlrq lv wdnhq olwhudoo| wkhq zh fdq wklqn ri lw dv phdqlqj wkdw wkh vkduh ri wkh
grphvwlf jrrg lq wkh iruhljq hfrqrp|*v frqvxpswlrq edvnhw lv qhjoljleoh1 Li wkh frqvxpswlrq
edvnhw lv lghqwlfdo lq erwk frxqwulhv wkhq wkh vpdoo rshq hfrqrp| rqo| frqvxphv wkh iruhljq
jrrg dqg h{sruwv doo ri lw*v rxwsxw1 Wkhuhiruh doorzlqj iru qrq0lghqwlfdo suhihuhqfhv lv d
qhfhvvdu| sduw ri prghoolqj d vpdoo rshq hfrqrp|1 Dv d uhdo zruog h{dpsoh frqvlghu wkh
XV hfrqrp|> ylv0ã0ylv wkh pdmrulw| ri hfrqrplhv lpsruwhg jrrgv iurp lqglylgxdo frxqwulhv
irup d qhjoljleoh frpsrqhqw ri wkh XV frqvxpswlrq edvnhw1 Wkh frqyhuvh lv qrw wuxh lq wkh
vdph frxqwulhv dv XV lpsruwv gr qrw irup d pdmrulw| ri wkhlu frqvxpswlrq edvnhwv1 Khqfh
wkh frqvxpswlrq krph0eldv dvvxpswlrq pdnhv vhqvh1 �

Wkh qhz jhqhudwlrq ri vwlfn| sulfh prghov duh dw rggv zlwk wkh Pxqghoo0Iohplqj prgho iru
wzr uhdvrqv1 Iluvw/ wkh| whqg wr irfxv rq lqwhughshqghqw hfrqrplhv> wkdw lv/ hfrqrplhv
zkhuh wkh whupv ri wudgh dqg lqwhuhvw udwhv fdq eh d�hfwhg e| hlwkhu wkh grphvwlf ru iruhljq
hfrqrp|/ vlplodu wr Pxqghoo*v +4<9;, wzr frxqwu| prgho1 Wklv sureohp lv hdvlo| uhphglhg/
dqg prghoolqj d vpdoo rshq hfrqrp| dfwxdoo| suhvhqwv ohvv ri d whfkqlfdo fkdoohqjh ehfdxvh
lw lv srvvleoh wr pdnh xvh ri d vhw ri h{rjhqhlw| dvvxpswlrqv1 Wkhuhiruh/ dvvxpswlrqv +l,0+ly,
gr qrw suhvhqw d vxevwdqwldo sureohp1 Wkh vhfrqg lpsruwdqw ihdwxuh ri wkhvh prghov lv wkdw
frqvxphuv lq wkh grphvwlf dqg wkh iruhljq hfrqrp| kdyh lghqwlfdo suhihuhqfhv/ l1h1 wkhuh lv
qr krph0eldv lq frqvxpswlrq1 Li dvvxpswlrqv +l,0+ly, duh wdnhq dv jlyhq wkhq wkh rplvvlrq
ri +y, kdv wkh h�hfw ghvfulehg deryh1 Dv |hw/ wkh prghuq dssurdfk wr lqwhuqdwlrqdo �qdqfh
grhv qrw doorz iru krph0eldv/ exw zh kdyh dujxhg lw lv lpsolflw lq wkh Pxqghoo0Iohplqj
prgho dqg qhfhvvdu| lq d vpdoo rshq hfrqrp| prgho zlwk plfurirxqgdwlrqv1 Li zh zdqw wr
uhdolvwlfdoo| prgho d vpdoo rshq hfrqrp| dqg vshfli| suhihuhqfhv zh kdyh wr wdnh wklv lqwr

� Wkh vwuxfwxuh ri wkh qhz pdfur prghov lv htxdoo| frpsdudeoh zlwk wkh Iohplqj +4<95, dqgPxqghoo +4<96/
4<9;, prghov ghvslwh wkh odfn ri udwlrqdo h{shfwdwlrqv dqg g|qdplfv zklfk Gruqexvfk +4<:9, lqfoxghv1

� Sxvklqj wklv d olwwoh ixuwkhu zh fdq dovr xvh d wudghg yv1 qrq0wudghg jrrgv dujxphqw/ zlwk wkh XV kdylqj
d odujh qrq0wudghg vhfwru1
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dffrxqw1 � Wklv lv hvshfldoo| fulwlfdo jlyhq rxu h{dpsoh ri wkh XV1 Wr ixuwkhu xqghuvwdqg
wkh vljql�fdqfh ri wklv zh h{dplqh d zhoo nqrzq lpsolfdwlrq ri wkhvh dvvxpswlrqv1
Xvlqj d qr krph0eldv frqglwlrq wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg grhv qrw dowhu wkh
yrodwlolw| ri wkh h{fkdqjh udwh dv lw zrxog lq Gruqexvfk +4<:9,1 Wkh nh| srlqw lv wkdw
wkh vkruw uxq qrplqdo h{fkdqjh udwh grhv qrw ryhuvkrrw lwv orqj uxq ohyho lq uhvsrqvh wr
dq xqdqwlflsdwhg shupdqhqw prqh| vkrfn1 Uhjdugohvv ri wkh lqwhuhvw hodvwlflw| ri prqh|
ghpdqg wkh vkruw0uxq fkdqjh lq wkh qrplqdo h{fkdqjh udwh pdwfkhv suhflvho| wkh fkdqjh
lq wkh qrplqdo prqh| vxsso|1 Wklv �qglqj dulvhv ehfdxvh ri wkh uhvwulfwlrq ri lghqwlfdo
suhihuhqfhv dfurvv frxqwulhv1 Dv wkh odz ri rqh sulfh +ORRS, lv dvvxphg wr krog lw lv
vwudljkwiruzdug wr ghprqvwudwh wkdw frqvxpswlrq edvhg sxufkdvlqj srzhu sdulw| +SSS, dovr
krogv1 Wkxv hdfk frxqwu| idfhv dq lghqwlfdo uhdo lqwhuhvw udwh dqg frqvxpswlrq jurzwk udwh1
Li zh dvvxph dq xqfryhuhg lqwhuhvw sdulw| +XLS, frqglwlrq krogv wkhq d gluhfw lpsolfdwlrq
lv wkdw h{fkdqjh udwh ryhuvkrrwlqj fdqqrw rffxu diwhu d prqh| vkrfn/ dqg wkh fkdqjh lq
wkh qrplqdo h{fkdqjh udwh lv mxvw htxdo wr wkh pdjqlwxgh ri wkh vkrfn1 Iurp wklv vlpsoh
h{dpsoh d qdwxudo txhvwlrq dulvhv> grhv wkh qr krph0eldv dvvxpswlrq uxoh rxw ryhuvkrrwlqj
ã od GruqexvfkB �

Dowkrxjk krph0eldv lv pruh uhohydqw wr vpdoo rshq hfrqrp| dqdo|vlv wkhuh kdyh ehhq dw0
whpswv wr uhod{ wkh dvvxpswlrq ri lghqwlfdo suhihuhqfhv dqg doorz iru frqvxpswlrq krph0eldv
lq d wzr frxqwu| prgho1 Zduqrfn +4<<;, xvhv d prgl�hg frqvxpswlrq vxe0lqgh{/ wkdw qhvwv
wkh Gl{lw0Vwljolw} +4<::, lqgh{ xvhg lq wkh uhgx{ prgho ri Revwihog dqg Urjr� +4<<8,1 H{0
fhsw iru wklv dowhudwlrq wkh prghov duh lghqwlfdo1 Xqghu Zduqrfn*v irupxodwlrq frqvxpswlrq
edvhg SSS grhv qrw krog/ dqg wklv kdv lpsolfdwlrqv iru wkh h{fkdqjh udwh1 Zduqrfn �qgv
wkdw li krph0eldv h{lvwv/ dqg wkh frqvxpswlrq hodvwlflw| ri prqh| ghpdqg lv ohvv wkdq rqh/
wkhq wkh vkruw uxq h{fkdqjh udwh ryhuvkrrwv lwv orqj uxq ohyho lq uhvsrqvh wr d shupdqhqw
xqdqwlflsdwhg prqh| vkrfn1 Wkxv lw vhhpv krph0eldv kdv vljql�fdqw h�hfwv1 Wkhuh duh vrph
fohdu sureohpv zlwk wklv dssurdfk1 Iluvw/ Zduqrfn lv irufhg wr uhvruw wr vrph fxpehuvrph
orj0olqhdulvdwlrqv/ dqg khqfh wkh xvxdo fdyhdw dssolhv wkdw wkh vroxwlrqv rewdlqhg duh rqo|
dssur{lpdwh1 Vhfrqg/ rqo| wkh vshfldo fdvh ri pluuru lpdjhv lv frqvlghuhg> zkhuh wkh ghjuhh

� Vxwkhuodqg +5335, lv d jrrg h{dpsoh ri d vpdoo rshq hfrqrp| prgho zkhuh krph0eldv lv qrw dffrxqwhg
iru1 Dowkrxjk wkh dlpv ri wklv zrun duh vljql�fdqwo| gl�huhqw iurp wkrvh suhvhqwhg khuh1

� Rwkhu prghov kdyh ehhq ghyhorshg wkdw doorz iru ryhuvkrrwlqj1 Wzr h{dpsohv duh Odqh +5334, zkr
ghyhorshv d vpdoo rshq hfrqrp| prgho zlwk dq h{solflw glvwlqfwlrq ehwzhq wudghg dqg qrq0wudghg jrrgv1 Wkh
ghjuhh ri ryhuvkrrwlqj lv vkrzq wr ghshqg rq wkh ghjuhh ri qrq0wudghg jrrgv lq wkh grphvwlf frqvxpswlrq
edvnhw1 Ehwwv dqg Ghyhuhx{ +5333, frqvlghu d wzr frxqwu| prgho zlwk sulflqj wr pdunhw/ dqg lq wklv fdvh
wkh ghjuhh ri sulflqj wr pdunhw ghwhuplqhv wkh ghjuhh ri ryhuvkrrwlqj1 Qhlwkhu prgho dvvxphv frqvxpswlrq
krph0eldv/ dqg qhlwkhu lv/ vwulfwo| vshdnlqj/ frqvlvwhqw zlwk Gruqexvfk +4<:9,1
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ri krph0eldv dqg wkh vl}h ri wkh hfrqrplhv duh lghqwlfdo1 Zlwkrxw wklv vhw ri vlpsoli|lqj
dvvxpswlrqv wkh prgho lv qrw wudfwdeoh dqg qxphulfdo vlpxodwlrqv duh uhtxluhg1 Khqfh wkhuh
lv d qhhg wr ghyhors d vlpsoh vpdoo rshq hfrqrp| prgho zlwk d forvhg irup vroxwlrq wkdw
fdq khos ghwhuplqh zkhwkhu vxfk h{fkdqjh udwh g|qdplfv duh d qhfhvvdu| frqvhtxhqfh ri
frqvxpswlrq krph0eldv1
Wr xqghuvwdqg wkh prgho zh ghyhors frqvlghu vrph ri wkh rwkhu lpsolfdwlrqv ri wkh Pxqghoo0
Iohplqj prgho1 Wkh Pxqghoo0Iohplqj dssurdfk dvvxphv wkdw zdjh uljlglwlhv doorzprqhwdu|
srolf| wr d�hfw rxwsxw lq olqh zlwk wkh vwdqgdug LV0OP prgho/ exw zlwk reylrxv gl�huhqfhv
lq wkh rshq hfrqrp|1 Wr ehjlq zlwk/ lq dq rshq hfrqrp| wkh frqvxphu sulfh lqgh{ +FSL,
lv d ixqfwlrq ri erwk grphvwlf dqg iruhljq sulfhv/ dqg wkxv wkh FSL zloo fkdqjh hyhq zkhq
grphvwlf sulfhv gr qrw1 Wkhuhiruh prqhwdu| srolf| kdv d gluhfw olqn wr sulfhv yld fkdqjhv
lq wkh h{fkdqjh udwh +sdvv0wkurxjk,1 Vhfrqgo|/ lq d forvhg hfrqrp| wkhuh lv d rqh0iru0rqh
uhodwlrqvkls ehwzhhq wkh uhdo zdjh +qrplqdo zdjh ryhu FSL, dqg djjuhjdwh vxsso|1 Wklv
lv qrw qhfhvvdulo| wuxh lq dq rshq hfrqrp| dv wkh rxwsxw ri grphvwlf �upv lv ghwhuplqhg
e| wkh qrplqdo zdjh gh dwhg e| wkh grphvwlf sulfh1 Vlqfh wkh whupv ri wudgh fkdqjh/
gl�huhqw djjuhjdwh rxwsxw ohyhov duh frqvlvwhqw zlwk wkh vdph uhdo zdjh1 Ilqdoo|/ lq wkh
forvhg hfrqrp| dq lqfuhdvhg prqh| vxsso| uhgxfhv wkh qrplqdo lqwhuhvw udwh> lw dovr udlvhv
sulfhv orzhulqj wkh uhdo zdjh/ ohdglqj wr dq lqfuhdvh lq rxwsxw1 Lq d vpdoo rshq hfrqrp|/
wkh iruhljq udwh ri lqwhuhvw lv wdnhq dv jlyhq/ wkxv lqfuhdvhv lq rxwsxw frph derxw wkurxjk
fkdqjhv lq wkh h{fkdqjh udwh dqg wkh phfkdqlvp e| zklfk rxwsxw lqfuhdvhv lv gl�huhqw1 Lq
wkh prgho zh suhvhqw doo wkuhh ri wkhvh h�hfwv duh fohdu ehfdxvh zh dvvxph d suhghwhuplqhg
qrplqdo zdjh dqg gr qrw uhvruw wr orj0olqhdulvdwlrqv frpprq lq pxfk ri wkh olwhudwxuh1 Zh
qhhg qrw dvvxph wkdw wkh jlyhq iruhljq lqwhuhvw udwh lv pdwfkhg e| wkh grphvwlf lqwhuhvw udwh1
Wkh lpsruwdqw srlqw ri rxu dssurdfk wkhuhiruh olhv lq wkh h{solflw prghoolqj ri qrq0lghqwlfdo
suhihuhqfhv1 Wr gr wklv zh dvvxph wkdw frqvxpswlrq ri wkh grphvwlf jrrg irupv d qhjoljleoh
iudfwlrq ri wkh iruhljq hfrqrp|*v frqvxpswlrq edvnhw1 Wkh frqyhuvh lv qrw wuxh lq wkh
grphvwlf hfrqrp|1 Wkxv/ zh uhihu wr rxu prgho dv d prgho zlwk frqvxpswlrq krph0
eldv dv zh lqfrusrudwh dvvxpswlrqv +l,0+y, frqvlvwhqw zlwk wkh Pxqghoo0Iohplqj0Gruqexvfk
dssurdfk1 Gxh wr wkh h{rjhqhlw| uhvwulfwlrqv zh duh deoh wr rewdlq vlpsoh forvhg irup
vroxwlrqv dqg vkrz fohduo| wkh frqvhtxhqfhv ri fkdqjhv lq prqhwdu| srolf| xqghu  rdwlqj
h{fkdqjh udwhv1
Wkh sdshu lv rujdqlvhg dv iroorzv1 Lq Vhfwlrq 5 zh ghvfuleh wkh suhihuhqfhv dqg ehkdylrxu
ri �upv/ wkh uhsuhvhqwdwlyh djhqw/ wkh jryhuqphqw dqg wkh pdfurhfrqrplf frqvwudlqwv1 Vhf0

7



wlrq 6 frqvlghuv wkh pdfurhfrqrplf htxloleulxp dqg vhfwlrq 7 h{dplqhv wkh uhdfwlrq ri wkh
h{fkdqjh udwh dqg grphvwlf rxwsxw wr h{rjhqrxv prqh| vkrfnv1 Vhfwlrq 8 frqfoxghv1

5 Wkh Prgho
Wkh prgho vkduhv d qxpehu ri ihdwxuhv lq frpprq zlwk wkh uhfhqw lqwhuqdwlrqdo �qdqfh
olwhudwxuh wkdw dvvxphv rswlplvlqj djhqwv dqg qrplqdo uljlglwlhv1 Wkhuh lv d grphvwlf frxq0
wu| dqg d iruhljq frxqwu|> wkh grphvwlf frxqwu| lv qhjoljleoh lq vl}h uhodwlyh wr wkh iruhljq
frxqwu|1 Ehkdylrxu lq wkh grphvwlf frxqwu| dqg iruhljq frxqwu| lv lghqwlfdo/ h{fhsw zkhuh
vwdwhg1 Wkh grphvwlf hfrqrp| lv fkdudfwhulvhg e| d frqwlqxxp ri krxvhkrogv � 5 Efc ��/
zklfk vxsso| oderxu zlwk xqlrq srzhu1 Oderxu lv wkh rqo| idfwru ri surgxfwlrq1 Gr0
phvwlf krxvhkrogv ghulyh xwlolw| iurp d edvnhw ri jrrgv frqvlvwlqj ri wkrvh jrrgv surgxfhg
grphvwlfdoo| dqg wkrvh lpsruwhg/ iurp kroglqj prqh| edodqfhv dqg iurp ohlvxuh wlph1 � Wkh
grphvwlf frqvxpswlrq edvnhw qhhg qrw eh pdwfkhg e| wkh frqvxpswlrq edvnhw lq wkh iruhljq
hfrqrp|/ doorzlqj xv wr h{solflwo| prgho krph0eldv1 Wkh wlplqj ri ghflvlrqv lv vxfk wkdw wkh
prqh| zdjh lv qhjrwldwhg lq shulrg |� � dqg wkh ohyhov ri surgxfwlrq/ frqvxpswlrq/ oderxu
vxsso| dqg qrplqdo prqh| duh vhw lq shulrg |1

514 Ilupv
Zh dgrsw wkh Eodqfkdug dqg Nl|rwdnl +4<;:, iudphzrun vr wkdw lq wkh oderxu pdunhw xqlrq
srzhu uhgxfhv surgxfwlrq ehorz wkh frpshwlwlyh ohyho1 Wkh surgxfwlrq whfkqrorj| ri �upv
lv ghvfulehg e| d krprjhqhrxv FHV ixqfwlrq/

+ ��� � E�� '
�] �

� , � E�� � �
	 ����
 � _�
� � 
�� � �
	 ���

c +4,

zkhuh , � E�� lv wkh � ��� lqglylgxdov oderxu vxsso|/ k : � lpsolhv ghfuhdvlqj uhwxuqv wr vfdoh
lq surgxfwlrq dqg j : � phdvxuhv wkh hodvwlflw| ri lqsxw vxevwlwxwlrq/ zlwk kljkhu vxevwl0
wxwlrq uhsuhvhqwlqj orzhu pdunhw srzhu iru zrunhuv dqg dq lqfuhdvlqj ohyho ri frpshwlwlrq1
Ilupv pd{lplvh qrplqdo sur�wv vxemhfw wr wkh surgxfwlrq frqvwudlqw1 Iurp wkh �upv
frvw plqlplvdwlrq surfhvv wkh frqglwlrqdo oderxu ghpdqg lv/ , �� E�� ' d� � E��*` � o 	�� + ���� � / zkhuh
` � '

kU �� � � E�� � 	�� _�
l ��
 � � 	�� �

lv wkh zdjh lqgh{ dqg j qrz phdvxuhv wkh hodvwlflw| ri ghpdqg
� Sodflqj prqh| lq wkh xwlolw| ixqfwlrq lv d vljql�fdqw ghsduwxuh iurp Jdol dqg Prqdfhool +5335, zkr

vshfli| d Wd|oru uxoh1
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zlwk uhvshfw wr wkh uhodwlyh zdjh1 Vxevwlwxwlqj wklv lqwr wkh h{suhvvlrq iru qrplqdo sur�wv/
qrwlqj wkdw v|pphwu| lpsolhv d xqlwdu| uhodwlyh zdjh/ dqg pd{lplvlqj |lhogv dq h{suhvvlrq
iru wkh vxsso| ri jrrgv wkdw ghshqgv rq wkh qrplqdo zdjh/ wkh grphvwlf sulfh ohyho dqg
uhwxuqv wr vfdoh lq surgxfwlrq/

+ ��� � ' dk` � *� ��� � o ��
 � � 	 � � � +5,
D vwdqgdug frpshwlwlyh oderxu ghpdqg frqglwlrq lv jlyhq e| vxevwlwxwlqj +5, lqwr wkh sur0
gxfwlrq ixqfwlrq +4,1 Iru vlpsolflw| lw lv srvvleoh wr vhw k ' �/ exw zlwk suhghwhuplqhg
qrplqdo zdjhv/ wkh sulfh ri wkh grphvwlfdoo| surgxfhg jrrg zloo dovr eh suhghwhuplqhg vxfk
wkdw wkh grphvwlf frpsrqhqw ri wkh lq dwlrq udwh zloo eh lqghshqghqw ri prqhwdu| vxusulvhv1
Wklv vhw ri uhodwlrqv ixoo| ghvfulehv wkh ehkdylrxu ri �upv1

515 Krxvhkrogv
Wkh uhsuhvhqwdwlyh djhqw ghulyhv xwlolw| iurp wkh frqvxpswlrq ri grphvwlf dqg iruhljq
surgxfhg jrrgv/ uhdo prqh| edodqfhv dqg ohlvxuh1 Wkh krxvhkrogv xwlolw| ixqfwlrq lv
L � ' S �

��� � q � � E� � c 6 � c , � � c zkhuh q 5 Efc �� lv wkh glvfrxqw udwh dqg doo lqglfhv duh vxs0
suhvvhg iru euhylw|1 Xwlolw| ghshqgv srvlwlyho| rq wkh �uvw wzr dujxphqwv= � � / frqvxpswlrq
dqg 6 � / uhdo prqh| edodqfhv/ gh�qhg e| wkh udwlr ri � � / qrplqdo prqh| kroglqjv lq shulrg
|/ dqg � � : f/ wkh ryhudoo sulfh ohyho1 Xwlolw| ghshqgv qhjdwlyho| rq zrun h�ruw/ , � / zklfk lv
uhodwhg srvlwlyho| wr rxwsxw1
Xqwlo wklv srlqw zh kdyh qrw h{solflwo| glvfxvvhg wkh suhihuhqfhv iru grphvwlf dqg iruhljq
jrrgv1 Zh dvvxph wkh grphvwlf krxvhkrogv frqvxpswlrq suhihuhqfhv duh Free0Grxjodv
dqg khqfh wkh frqvxpswlrq lqgh{ lv jlyhq e| � � � � ��� � � � � � � �

	 � *? � E� � ?� � 	 � / zkhuh � ��� �
dqg � � � � duh frqvxpswlrq ri wkh grphvwlf dqg iruhljq jrrg lq wkh grphvwlf hfrqrp|/ dqg
? 5 Efc �� lv d phdvxuh ri wkh ghjuhh ri rshqqhvv1 Wklv irupxodwlrq lpsrvhv d xqlwdu|
lqwudwhpsrudo frqvxpswlrq hodvwlflw| ehwzhhq grphvwlf dqg iruhljq jrrgv/ dqg lv lqwurgxfhg
wr vlpsoli| wkh fxuuhqw dffrxqw g|qdplfv/ doorzlqj xv wr irfxv rq wkh h{fkdqjh udwh1 Wkh
fruuhvsrqglqj frqvxpswlrq edvhg sulfh lqgh{ +xvhg dv wkh qrplqdo prqh| gh dwru, lv jlyhq
e| � � � � ���� � � � 	 �

� � � 1 Free0Grxjodv suhihuhqfhv dovr h{lvwv lq wkh iruhljq hfrqrp|/ exw wdvwhv
duh qrw lghqwlfdo/ khqfh zh vxssrvh wkdw ? qhhg qrw htxdo ? � +dq dvwhulvn ghqrwhv wkh iruhljq
hfrqrp| yduldeoh,1 Zh glvfxvv wklv ehorz1
Wkh odz ri rqh sulfh +ORRS, lv dvvxphg wr krog iru hdfk jrrg/ zkhuh wkh sulfh ri wkh iruhljq
jrrg lv jlyhq e| � � � � ' r � � �� � � / zlwk r � wkh qrplqdo h{fkdqjh udwh dqg � �� � � wkh h{rjhqrxv

9



iruhljq fxuuhqf| sulfh1 Ehfdxvh zh doorz iru qrq0lghqwlfdo suhihuhqfhv SSS/ zklfk olqnv FSL*v
qhhg qrw krog/ dqg ixuwkhupruh wkh uhdo h{fkdqjh udwh qhhg qrw htxdo xqlw|1 � Lqwurgxflqj
vrph ixuwkhu qrwdwlrq zh fdq gh�qh ^ � ' r � � �� *� � dv wkh uhdo h{fkdqjh udwh/ | � ' � � � � *� ��� � dv
wkh lqyhuvh whupv ri wudgh/ dqg wkh sulfh udwlr dv s � ' � ��� � *� � 1 Dv gh�qhg/ dq lqfuhdvh lq ^ �
lv d uhdo ghsuhfldwlrq lq wkh krph fxuuhqf| dqg d uhgxfwlrq lq | � uhsuhvhqwv dq lpsuryhphqw
lq d frxqwu|*v whupv ri wudgh1 Zh ixuwkhu pdnh wkh dvvxpswlrq wkdw wkh vkduh ri lpsruwv lq
wkh iruhljq hfrqrp|*v FSL lv qhjoljleoh +khqfh wkh iruhljq hfrqrp| lv h�hfwlyho| forvhg,/ ru
udwkhu wkdw ? � $ f vxfk wkdw � �� $ � �� � � 1 Zh fdq wkhuhiruh zulwh wkh uhdo h{fkdqjh udwh dv d
ixqfwlrq ri wkh whupv ri wudgh dqg sulfh udwlr/ ^ � ' | � s � / ru d ixqfwlrq ri wkh whupv ri wudgh
dorqh/ ^ � ' E� � � � *� ��� � � � 1 �

Grphvwlf uhvlghqwv doorfdwh zhdowk dprqj wzr dvvhwv> uhdo prqh| edodqfhv dqg� � / dq lqwhuqd0
wlrqdoo| wudghg erqg1 Wkh doorfdwlrq ri zhdowk lv vxfk wkdw wkhuh lv d qrplqdo XLS frqglwlrq
zklfk xqghu shuihfw iruhvljkw uholhv rq d vlpsoh duelwudjh dujxphqw/ wkxv � � *� �� ' r ��� � *r � /
zkhuh � � lv wkh jurvv qrplqdo lqwhuhvw udwh1 Djdlq dq dvwhulvn ghqrwhv wkh fruuhvsrqglqj
yduldeoh lq wkh iruhljq hfrqrp|1 Lw lv dovr srvvleoh wr gh�qh d fruuhvsrqglqj uhdo xqfry0
huhg lqwhuhvw sdulw| +uXLS, frqglwlrq xvlqj wkh uhdo h{fkdqjh udwh dqg uhdo lqwhuhvw udwh/
o � *o �� ' ^ ��� � *^ � � 1 Erwk XLS dqg uXLS krog lq wklv prgho1 Dv d vlpsol�fdwlrq lw lv dvvxphg
wkdw wkh grphvwlf jryhuqphqw lvvxhv qr lqwhuhvw ehdulqj ghew dqg krogv qr lqwhuhvw ehdulqj
dvvhwv1 Wklv lpsolhv wkdw wkh uhsuhvhqwdwlyh djhqw lv frq�qhg wr kroglqj grphvwlf prqh|
dqg lqwhuhvw ehdulqj fodlpv rq iruhljqhuv1
Jlyhq doo ri wkh deryh wkh lqglylgxdo  rz exgjhw frqvwudlqw iru | ' f�����4 fdq eh zulwwhq
dv/

� � n� � n � � � � ' � � 	 � � � 	 � n� � 	 � n � � , � � � � n ) � / +6,
zkhuh � � lv wkh ohyho ri qrplqdo prqh| kroglqjv lq shulrg |/ zlwk � � 	 � : f jlyhq1 � �
duh wkh kroglqjv ri rqh0shulrg qrplqdo erqgv zklfk sd| lqwhuhvw � � / zkhuh wkh lqlwldo vwrfn
ri erqgv lv dovr jlyhq1 � � lv vhljqlrudjh uhyhqxh zklfk lv uhedwhg oxps0vxp wr wkh uhsuh0
vhqwdwlyh djhqw dqg ) � duh prqrsro| sur�wv1 Krxvhkrogv pd{lplvh xwlolw| vxemhfw wr wkh

� Wkh gl�huhqwldov lq SSS ghulyh gluhfwo| iurp suhihuhqfhv1
� Wkh frpsohwh vhw ri uhodwlrqv lqfoxghv w � @ i �
	��
�
������ dqg t � @ i ��	�� �������� 1 Wkh juhdwhu wkh ghjuhh ri krph0

eldv iru wkh grphvwlf hfrqrp| +l1h1 wkh odujhu q,/ wkhq d jlyhq ghwhulrudwlrq lq wkh whupv wudgh lpsolhv d
juhdwhu ghsuhfldwlrq lq wkh uhdo h{fkdqjh udwh1 Ehqljqr dqg Wkrhqlvvhq +5335, uhihu wr wklv dv wkh krph0eldv
fkdqqho1� E| vxevwlwxwlqj wkh Ilvkhu sdulw| frqglwlrq/ l � @u � @ +S ��� � @S � ,/ lqwr wkh XLS frqglwlrq zh �qg u � @u �

� @
+v ��� � @v � ,+S �

��� � @S �
� ,+S � @S ��� � ,1 Zlwk t � @ v � S �

� @S � gh�qhg dv wkh uhdo h{fkdqjh wkh uhdo XLS frqglwlrq iroorzv1

:



 rz exgjhw frqvwudlqw +6,/ dqg wkh frqglwlrqdo oderxu ghpdqg frqvwudlqw1 Wkh krxvhkrogv*
xwlolw| ixqfwlrq lv dvvxphg wr kdyh wkh iroorzlqj vhpl0FUUD irup/ ���

L � '
�[
� � �

q � �*?� � n @6 � 	��� * E�� "�� _, �� *V� c +7,

zkhuh @ : f/ _ : f lv wkh pdujlqdo glvxwlolw| ri h�ruw/ V : � dqg �* E�� V� lv wkh vxevwlwxwlrq
hodvwlflw| ri oderxu dqg " : f ghwhuplqhv wkh pdjqlwxgh ri erwk wkh frqvxpswlrq dqg wkh
lqwhuhvw hodvwlflw| ri prqh| ghpdqg1 Wkh lqwhuwhpsrudo hodvwlflw| ri frqvxpswlrq lv rqh
xqghu orjdulwkplf suhihuhqfhv1 Wkh �uvw rughu frqglwlrqv duh=

� � � � � ��� � ' � � � � q� � +8,

6 �

� ' @� � � � * E� � � �� +9,

` � ' j_
j � �� � � � , � 	 �� � +:,

Htxdwlrq +8, lv wkh frqvxpswlrq Hxohu htxdwlrq> wkh rswlpdo frqvxpswlrq sdwk vxfk wkdw
dq lqglylgxdo lv lqgl�huhqw ehwzhhq frqvxplqj dq dgglwlrqdo xqlw dw wlph | ru qrw frqvxplqj
dqg xvlqj wkh lqwhuhvw pdgh rq wkh vdylqj wr frqvxph jrrgv lq shulrg |n�1 Htxdwlrq +9, lv
wkh prqh| ghpdqg ixqfwlrq jlylqj wkh wudgh0r� ehwzhhq qrw frqvxplqj dq dgglwlrqdo xqlw ri
rxwsxw wr dftxluh qrplqdo prqh| yhuvxv lpphgldwh frqvxpswlrq1 Rswlpdolw| uhtxluhv wkh
jdlq lq xwlolw| iurp kroglqj prqh| eh htxdo wr wkh orvv lq lqwhuhvw iurp qrw kroglqj iruhljq
erqgv1 Lw lv zruwk uhvwdwlqj khuh wkdw " ghwhuplqhv erwk wkh lqwhuhvw dqg frqvxpswlrq
hodvwlflw| ri prqh| ghpdqg zkhq xwlolw| lv vshfl�hg dv +7,/ d srlqw zklfk lv lpsruwdqw lq wkh
odwhu glvfxvvlrq1 Wkh zdjh htxdwlrq +:, ghprqvwudwhv wkdw wkh rswlpdo zdjh lv d ixqfwlrq ri
wkh prqrsrolvwlf glvwruwlrq j/ phdvxuhg e| wkh ghvluhg pdun0xs ri krxvhkrogv ryhu pdujlqdo
frvw/ dqg wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dqg ohlvxuh1 Wklv frqglwlrq
jlyhv xv d qdwxudo zd| ri lqfrusrudwlqj qrplqdo uljlglw| lqwr wkh prgho/ dv wkh prqh| zdjh
lv qhjrwldwhg rqh shulrg lq dgydqfh1 Wkhvh wkuhh frqglwlrqv gr qrw ixoo| fkdudfwhulvh wkh
htxloleulxp dv zh qhhg dovr wr dvvxph d qr0Srq}l jdph frqglwlrq1 Wklv ghvfulehv wkh
ehkdylrxu ri krxvhkrogv1

��� Wklv fodvv ri xwlolw| ixqfwlrq lv frpprq lq wkh cqhz rshq hfrqrp| pdfur* olwhudwxuh/ vhh iru h{dpsoh
Revwihog dqg Urjr� +4<<8,1

;



516 Jryhuqphqw
Wkh jryhuqphqw lvvxhv prqh| e| d oxps0vxp wudqvihu wr krxvhkrogv1 Lq djjuhjdwh zh zulwh
wkh jryhuqphqw exgjhw frqvwudlqw dv/

� � ' � � 	 � �� � 1 +;,
Wklv ehkdylrxu ohdgv wr d prqh| jurzwk udwh ri E� n > � � � � � *� � 	 � / dqg wkhuhiruh wkh
wudqvihu lv htxdo wr �> � � � 	 � 1 Dv wkh frxqwhusduw ri dq lqfuhdvh +ghfuhdvh, lq wkh prqh|
vwrfn lv d oxps vxp wudqvihu +wd{, ri htxdo vl}h wr doo krxvhkrogv wkhuh h{lvwv qr pdujlqdo
uhglvwulexwlrq dvvrfldwhg zlwk jryhuqphqw wudqvihuv1 Zlwk wkh uhsuhvhqwdwlyh djhqw wdnlqj
qrplqdo sulfhv dv jlyhq zkhq fkrrvlqj d ghvluhg sdwk ri qrplqdo prqh| kroglqjv dqg wkh
jryhuqphqw uhedwlqj uhyhqxhv oxps vxp wr wkh sxeolf lq dwlrq vwloo glvfrxudjhv kroglqj
qrplqdo edodqfhv dv wkh prqh| wudqvihu lv xquhodwhg wr wkh rswlpdo prqh| ghpdqg ghflvlrq1

517 Pdfurhfrqrplf Frqvwudlqwv
Lq htxloleulxp erwk wkh lqglylgxdo dqg jryhuqphqw exgjhw frqvwudlqwv qhhg wr eh vdwlv�hg1
Wkh lqglylgxdo dqg jryhuqphqw exgjhw frqvwudlqwv/ surgxfwlrq ixqfwlrq dqg oderxu ghpdqg
frqglwlrq jlyh dq h{suhvvlrq iru wkh vkruw uxq fxuuhqw dffrxqw ^qdwlrqdo exgjhw frqvwudlqw`/

� � ' � ��� � + ��� � � � � � � n � � 	 � � � 	 � � +<,
Lq zrugv/ wkh hqg ri shulrg erqg ohyho lv htxdo wr grphvwlf rxwsxw/ plqxv wkh udwh ri de0
vruswlrq soxv lqwhuhvw iurp fodlpv rq iruhljq erqgv1 Lq dq rshq hfrqrp| rxwsxw dqg
frqvxpswlrq duh dovr uhodwhg wr wkh qhw h{sruw ohyho1 Wkh pdunhw fohdulqj frqglwlrq lv
wkhuhiruh fkdudfwhulvhg e| d vlpsoh dffrxqwlqj lghqwlw|^uhvrxufh frqvwudlqw`/

+ ��� � ' � ��� � n � ���� � c +43,
zkhuh � ���� � lv gh�qhg dv djjuhjdwh frqvxpswlrq ri wkh grphvwlf jrrg lq wkh iruhljq hfrqrp|1
Wkh �qdo wklqj wr frqvlghu lv wkh vkruw0uxq htxloleulxp ghpdqg iru jrrgv1 Htxdwlrq +43, lv
dq dffrxqwlqj lghqwlw|/ dqg wkhuhiruh wr ghulyh dq htxloleulxp frqglwlrq lw lv dovr qhfhvvdu|
wr wdnh dffrxqw ri wkh ghpdqg iru grphvwlf dqg iruhljq jrrgv dw wkh plfur ohyho1 Uhwxuqlqj
wr wkh sulfh dqg frqvxpswlrq lqglfhv lw lv srvvleoh wr uh0zulwh frqvxpswlrq dv/

<



� � � � ' � ��� � � ��� � n 0 � � �� � � � � � � ' E�*?�� ��� � � ��� � ' �* E�� ?� 0 � � �� � � � � � � 1 +44,
Htxdwlrq +44, pdnhv fohduhu wkh frqvhtxhqfhv ri wkh dvvxpswlrqv pdgh vr idu1 Iluvw/
zh fdq h{suhvv wkh uhodwlyh ghpdqg ri wkh grphvwlf frqvxphu iru wkh grphvwlf jrrg dv
� ��� � *� � � � ' | � ?*E� � ?�> vhfrqg wkh lqwudwhpsrudo hodvwlflw| ri vxevwlwxwlrq ehwzhhq wkh
grphvwlf dqg wkh iruhljq jrrg lv lqghshqghqw ri wkh ghjuhh ri prqrsrolvwlf frpshwlwlrq1
Wkh fruuhvsrqglqj h{suhvvlrq lq wkh iruhljq hfrqrp| lv � ���� � *� �� � � ' f dv ? � $ f1 Wdnlqj wkh
uhvrxufh frqvwudlqw dqg uhduudqjlqj +44, doorzv xv wr ghvfuleh htxloleulxp ghpdqg iru jrrgv
lq wkh grphvwlf hfrqrp|1 Xvlqj/ � ���� � ' } �� r � *� ��� � dqg � ��� � ' ?K � *� ��� � / zkhuh K � ' � � � �
dqg } �� ' ? � K �� / zh rewdlq dq h{suhvvlrq iru wkh vkruw0uxq htxloleulxp frqglwlrq lq wkh jrrgv
pdunhw/ � �

+ ��� � ' E?K � n } �� r � � *� ��� � � +45,
Xqolnh d forvhg hfrqrp| prgho djjuhjdwh rxwsxw qhhg qrw htxdo djjuhjdwh frqvxpswlrq dv
d wudgh gh�flw +vxusoxv, lv srvvleoh zklfk vdwlv�hv h{fhvv ghpdqg +vxsso|, lq wkh grphvwlf
hfrqrp|1 Wklv lv fdswxuhg e| wkh vhfrqg whup lq wkh eudfnhwv rq wkh uljkw kdqg vlgh ri
htxdwlrq +45,/ dv } �� r � uhsuhvhqwv h{sruwv ri wkh grphvwlf jrrg1 � � Wkhuh lv qr gluhfw dqdorj|
ehwzhhq htxdwlrqv +<, dqg +45, dv +<, lv d exgjhw frqvwudlqw dqg +45, lv d fohdulqj frqglwlrq/
exw +45, doorzv xv wr vroyh iru wkh uhdo vlgh ri wkh hfrqrp| dv lw frqqhfwv wkh vxsso| ri
jrrgv dqg wkh uhdo h{fkdqjh udwh/ zkhuhdv +<, doorzv xv wr vroyh iru wkh prqhwdu| vhfwru1
Htxdwlrqv +5,/ +8,0+<, dqg +45, duh qhfhvvdu| frqglwlrqv iru dq htxloleulxp dv zh qhhg wr wdnh
dffrxqw ri wkh rswlpdo ehkdylrxu ri wkh lqglylgxdo/ �upv/ wkh jryhuqphqw/ dqg wkh pdunhw
fohdulqj frqglwlrqv1 Zh wxuq wr wklv qh{w1

6 Pdfurhfrqrplf Htxloleulxp
Zh vroyh iru wkh pdfurhfrqrplf htxloleulxp lq wzr vwdjhv1 Iluvw/ dv d frqvhtxhqfh ri krph0
eldv dqg wkh vshfl�fdwlrq ri wkh xwlolw| ixqfwlrq zh mrlqwo| dffrxqw iru wkh ehkdylrxu ri wkh

� � Qrwlfh wkdw dowkrxjk q � lv h�hfwlyho| }hur/ lw lv dovr qhfhvvdu| wkdw 
 �
� lv odujh1 Wkhuhiruh j �

� uhsuhvhqwv
ghpdqg lq wkh iruhljq hfrqrp| iru wkh grphvwlf jrrg lq whupv ri grphvwlf fxuuhqf|1 Pruh h{solflwo| zh
dovr dvvxph wkdw dv q � $ 3/ 
 �

� $ 4 lq vxfk d zd| wkdw j �
� @ q � 
 �

� uhpdlqv qrq0}hur dqg �qlwh1
� � Dq htxlydohqw h{suhvvlrq iru jrrgv pdunhw fohdulqj pruh frpprq lq wkh olwhudwxuh lv | ��� � i � @ q � F �

� .qF � /
zkhuh i � lv wkh sulfh udwlr gh�qhg deryh1 Wkh vdph fdyhdw dssolhv iru q � F �

� 1
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uhdo dqg prqhwdu| vhfwruv1 Vhfrqg/ e| xvlqj wkh qdwlrqdo lqwhuwhpsrudo exgjhw frqvwudlqw
zh ghvfuleh wkh ehkdylrxu ri wkh fxuuhqw dffrxqw dqg duh wkxv deoh wr h{suhvv wkh prgho lq
d idploldu djjuhjdwh ghpdqg0djjuhjdwh vxsso| irup1

614 Wkh Uhodwlrqvkls Ehwzhhq wkh Uhdo dqg Prqhwdu| Vhfwruv
Ehiruh vroylqj iru wkh pdfurhfrqrplf htxloleulxp lw lv lpsruwdqw wr uhwxuq wr wkh vshfl�fdwlrq
ri suhihuhqfhv dv wklv ghwhuplqhv wkh vroxwlrq phwkrg1 Fuxfldoo| zh kdyh dvvxphg FUUD
suhihuhqfhv iru prqh| edodqfhv lq wkh xwlolw| ixqfwlrq/ zkhuhdv lq d pruh uhvwulfwhg prgho
zlwk d xqlw lqwhuhvw hodvwlflw| ri prqh| ghpdqg E" ' �� suhihuhqfhv zrxog eh orjdulwkplf1
Dq lpsruwdqw srlqw lv wkdw e| uhvwulfwlqj wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg wr htxdo
xqlw| lw lv srvvleoh wr h{sorlw d vhsdudelolw| surshuw| ehwzhhq wkh uhdo dqg prqhwdu| vhfwruv1 � �

Wkxv/ zh zrxog rqo| qhhg wr frqvlghu wkh prqhwdu| vhfwru ri wkh hfrqrp| zkhq vroylqj wkh
prgho1 Dowhuqdwlyho|/ zlwk wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg qrw htxdo wr xqlw| wkh
grphvwlf uhdo lqwhuhvw udwh lq xhqfhv wkh qrplqdo lqwhuhvw udwh dqg wkh vhsdudelolw| surshuw|
grhv qrw krog> khqfh zlwk d qrq0xqlw lqwhuhvw hodvwlflw| zh qhhg wr dffrxqw iru erwk uhdo
dqg prqhwdu| vhfwruv vlpxowdqhrxvo| lq wkh vroxwlrq phwkrg1 Wkh vhsdudelolw| surshuw| lv
glvfxvvhg lq pruh ghwdlo lq vhfwlrq 6151 Wkh rwkhu uhdvrq zh duh irufhg wr h{solflwo| frqvlghu
wkh uhdo dqg prqhwdu| vhfwruv ri wkh hfrqrp| wrjhwkhu lv ehfdxvh zh doorz iru frqvxpswlrq
krph0eldv1 Xqghu frqvxpswlrq krph0eldv wkh frqglwlrq wkdw wkh grphvwlf dqg iruhljq
uhdo lqwhuhvw udwhv duh htxdo grhv qrw krog1 � � Wklv fuhdwhv d ixuwkhu sureohp zkhq orrnlqj
dw wkh prqhwdu| vhfwru ehfdxvh zh fdqqrw vlpso| dsshdo wr wkh h{rjhqrxv iruhljq lqwhuhvw
udwh/ o �� wr khos vroyh wkh prgho1 Hyhq zlwk d qrq0xqlw lqwhuhvw hodvwlflw| li wkhuh zhuh qr
krph0eldv Eo � ' o �� � wkh vroxwlrq phwkrg zrxog eh juhdwo| vlpsol�hg dv zh frxog h�hfwlyho|
ljqruh wkh uhdo vlgh ri wkh grphvwlf hfrqrp| zkhq vroylqj wkh prqhwdu| vlgh ehfdxvh wkh
fxuuhqw qrplqdo lqwhuhvw udwh zrxog rqo| ghshqg rq wkh ixwxuh qrplqdo udwh dqg h{rjhqrxv
sdudphwhuv1 Wkhuhiruh wr vroyh iru wkh pdfurhfrqrplf htxloleulxp zh �uvw ghvfuleh wkh
g|qdplf surshuwlhv ri wkh grphvwlf uhdo vhfwru dqg ghprqvwudwh lw*v lqwhudfwlrq zlwk wkh
prqhwdu| vhfwru1 Zkdw zh uhtxluh lqlwldoo| lv dq h{sodqdwlrq ri frqvxpswlrq/ wkh uhdo
lqwhuhvw udwh/ dqg wkh uhdo h{fkdqjh udwh lq wkh grphvwlf hfrqrp|/ lqghshqghqw ri prqhwdu|
idfwruv1 Zh wkhq frqqhfw wklv wr wkh fxuuhqw shulrg dffrxqwlqj iru wkh qrplqdo uljlglw|1
Dowkrxjk zh fdqqrw dsshdo wr wkh h{rjhqrxv iruhljq udwh ri lqwhuhvw lq dq| vroxwlrq wr wkh
prqhwdu| vhfwru wkh dqdo|vlv ri wkh uhdo vhfwru lv vlpsol�hg e| wklv h{rjhqhlw| frqglwlrq1

� � Wklv surshuw| lv dovr qrwhg lq Dvfdul dqg Udqnlq +5335,1
� � Vhh Gruqexvfk +4<;6, iru d uhodwhg glvfxvvlrq1
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61414 Uhdo Vhfwru
Dq djjuhjdwh vxsso| uhodwlrq dqg d jrrgv pdunhw uhodwlrq fkdudfwhulvh wkh uhdo vlgh ri wkh
prgho1 Zh �uvw frqvlghu wkhvh uhodwlrqvklsv xqghu  h{leoh zdjhv1 Wklv lv htxlydohqw wr
frqvlghulqj shulrgv | � � li zh dvvxph d rqh shulrg qrplqdo zdjh frqwudfw qhjrwldwhg lq
shulrg | ' ��/ dqg odvwlqj xqwlo wkh hqg ri shulrg | ' f1 Zh wkhq wxuq wr frqvlghu wkhvh
uhodwlrqvklsv xqghu �{hg zdjhv/ l1h1 wkrvh lq shulrg | ' f1 Wklv vroxwlrq phwkrg zloo hqdeoh
xv wr frqqhfw erwk shulrgv vr wkdw zh fdq vhh wkh h�hfw ri glvwxuedqfhv klwwlqj wkh hfrqrp|
lq wkh fxuuhqw shulrg1 Lq wkh iroorzlqj h{srvlwlrq lw wkhuhiruh khosv wr nhhs lq plqg wkh
lghd wkdw h{rjhqrxv glvwxuedqfhv klw wkh hfrqrp| lq wkh ehjlqqlqj ri wkh fxuuhqw shulrg1
Vroxwlrqv zlwk erwk  h{leoh dqg �{hg zdjhv iroorz d vlplodu phwkrgrorj|1
Lq wkh iroorzlqj h{srvlwlrq zh rqo| suhvhqw d olplwhg qxpehu ri h{suhvvlrqv dqg irfxv rq
lqwxlwlrq ohdylqj d pruh ghwdlohg dojheudlf ghulydwlrq lq Dsshqgl{ D1 Wkh �uvw vwhs lv wr
vroyh iru wkh uhdo h{fkdqjh udwh dv d ixqfwlrq ri frqvxpswlrq/ e| htxdwlqj wkh vroxwlrqv iru
oderxu vxsso| dqg oderxu ghpdqg1 Xqghu  h{leoh zdjhv zh fdq dvvxph wkdw pdunhwv fohdu
dqg wkxv wkh djjuhjdwh vxsso| uhodwlrq lv jlyhq e| frpelqlqj wkh rswlpdo zdjh frqglwlrq iru
wkh lqglylgxdo +:, dqg wkh �upv oderxu ghpdqg frqglwlrq +5,1 Wkh jrrgv pdunhw fohdulqj
uhodwlrq lv mxvw wkh vkruw0uxq htxloleulxp frqglwlrq iru wkh krph jrrg jlyhq e| htxdwlrq
+45,1 Wklv fdq eh h{suhvvhg qrw rqo| dv d ixqfwlrq ri sulfhv/ exw dovr dv d ixqfwlrq ri wkh
uhdo h{fkdqjh udwh dv wkh sulfh udwlr dqg wkh uhdo h{fkdqjh udwh duh xqltxho| uhodwhg1 Wkh
lqwhuvhfwlrq ri wkhvh wzr frqglwlrqv jlyhv wkh qdwxudo udwh ri rxwsxw dqg uhdo h{fkdqjh udwh/
frqglwlrqdo rq � � 1 Zh fdq zulwh wklv v|vwhp frpsdfwo| dv/

^ � ' ^E� � �c +46,
+ ��� � ' + � E� � � � +47,

Wkh �uvw vwhs ri wkh vroxwlrq phwkrg ghprqvwudwhv wkh vlplodulwlhv dqg gl�huhqfhv ri wkh
plfurirxqghg dqg dg0krf dssurdfkhv1 Lq pdq| uhvshfwv wkh vxsso| vlgh ri wkh prgho zh
suhvhqw lv vlplodu wr wkh Vdfkv +4<;3, prgho ri d vpdoo rshq hfrqrp|/ zklfk lq wxuq lv edvhg
rq wkh Pxqghoo0Iohplqj dvvxpswlrqv1 Vroylqj wkh dg0krf prgho lv pruh vwudljkwiruzdug
ehfdxvh wkh djjuhjdwh vxsso| dqg pdunhw fohdulqj frqglwlrqv fdq eh vroyhg vlpxowdqhrxvo| wr
ghwhuplqh wkh qdwxudo udwh ri rxwsxw dqg wkh uhdo h{fkdqjh udwh1 Khuh zh �qg wkdw wkh uhdo
h{fkdqjh udwh lv dq lpsolflw ixqfwlrq ri frqvxpswlrq/ dqg wkhuhiruh vr lv rxwsxw1 Fohduo|
frqvxpswlrq dsshduv lq wklv v|vwhp iru wkh vdph uhdvrq lw dsshduv lq prqh| ghpdqg dv
djhqwv duh rswlplvlqj1 Dowkrxjk frqvxpswlrq sod|v dq dgglwlrqdo uroh frpsduhg wr pruh
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wudglwlrqdo prghov wkhuh lv vwloo d wudfwdeoh vroxwlrq/ dqg zh fdq xvh +46, dqg +47, wr frqvlghu
wkh g|qdplf sdwk ri wkh uhdo vlgh ri wkh hfrqrp| lq shulrgv | � � rqzdug1 Wkh vhfrqg
vwhs lv wkhuhiruh wr vroyh iru o � c ^ � dqg � � jlyhq wkh uhodwlrqv +46, dqg +47,1 Iurp wkh uXLS
frqglwlrq zh kdyh o � *o � ' ^ � � � *^ � / zkhuh wkh iruhljq yduldeoh lv dvvxphg frqvwdqw/ vxfk wkdw
o �� ' o � ;|1 Ehfdxvh ^ � ' ^E� � � zh fdq zulwh wkh uXLS frqglwlrq lq whupv ri frqvxpswlrq/

o � *o � ' ^ E� � � *^ E� ��� � � � +48,
Ixuwkhu vxssrvh wkdw wkh uhvw ri wkh zruog lv lq d vwhdg| vwdwh/ vxfk wkdw iurp wkh iruhljq
frqvxpswlrq Hxohu htxdwlrq zh kdyh o � ' �*q � 1 Wr doorz iru wkh srvvlelolw| ri d zruog
vwhdg| vwdwh zh dovr uhtxluh q ' q � / dqg khqfh zh fdq zulwh o � ' �*q1 Xvlqj wkh grphvwlf
uhdo frqvxpswlrq Hxohu htxdwlrq dqg uhduudqjlqj wkh uhvxowlqj h{suhvvlrq zh rewdlq d �uvw
rughu gl�huhqfh htxdwlrq lq � � 1 Wkh h{suhvvlrq iru wkh gl�huhqfh htxdwlrq lq � � fdq eh
zulwwhq yhu| vlpso| dv/

� ��� � *^ E� ��� � � ' � � *^ E� � � ;| � �� +49,
Htxdwlrq +49, lv vhoi0frqwdlqhg/ dqg wkhuhiruh zlwkrxw d glvwxuedqfh wkdw dowhuv wkh ^ E� � �
ixqfwlrq lw iroorzv wkdw/ � � ' � � � � ;| � �1 Wkhuhiruh wkh frqvxpswlrq sur�oh ri wkh
grphvwlf hfrqrp| lv  dw1 Iurp wklv zh frqfoxgh wkdw ^ � ' ^ ��� � ;| � � vlqfh ^ � ' ^ E� � �/
wkdw + ��� � ' + ��� ��� � ;| � � vlqfh + ��� � ' + � E� � �/ dqg �qdoo| wkdw o � ' �*q ;| � � vlqfh
o � *o � ' ^ � � � *^ � 1 Wkxv wkh uhdo vlgh ri wkh hfrqrp| mxpsv lpphgldwho| wr wkh vwhdg| vwdwh
iru doo shulrgv | � �1 Lpsruwdqwo|/ wklv uhvxow grhv qrw lpsrvh wkh frqglwlrq wkdw wkh
grphvwlf hfrqrp| lv dozd|v lq wkh vwhdg| vwdwh1 � � Zh qrz wxuq wr wkh fxuuhqw shulrg1
Lq wkh fxuuhqw shulrg wkh prqh| zdjh lv �{hg dw ` � / dqg zlwk lqglylgxdov r� wkh oderxu
vxsso| fxuyh zh fdq rqo| dsshdo wr wkh oderxu ghpdqg frqglwlrq +5, dv d vroxwlrq wr wklv
vhfwru1 Wklv frqglwlrq lv qrw vx!flhqw dorqh ehfdxvh lw frqwdlqv wkh grphvwlf sulfh ohyho/
zklfk lv hqgrjhqrxv1 Iurp wkh gh�qlwlrqv ri wkh uhdo h{fkdqjh udwh dqg frqvxphu sulfh
lqgh{ zh fdq h{suhvv wkh grphvwlf sulfh dv d frpelqdwlrq ri wkh uhdo dqg qrplqdo h{fkdqjh
udwhv zklfk zloo eh ghwhuplqhg ehorz/ wkxv whpsrudulo| vroylqj wkh hqgrjhqhlw| sureohp1
Wkh jrrgv pdunhw fohdulqj uhodwlrq vwloo krogv dv wklv lv qrw vxemhfw wr wkh zdjh uljlglw| dqg
wkxv zh kdyh dq htxlydohqw v|vwhp iru wkh fxuuhqw shulrg/ � �

� � Wklv dujxphqw wlhv grzq wkh udwh ri fkdqjh ri frqvxpswlrq/ exw qrw wkh lqlwldo ydoxh/ zklfk lv ghshqghqw
rq wkh lqlwldo ohyho ri zhdowk1

� � Vhh Dsshqgl{ D iru pruh ghwdlov1
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^ � ' êE� � ( r � c` � �c +4:,
+ ��� � ' e+ � �� � ( r � c` � � � +4;,

Zh ghqrwh wkh fxuuhqw shulrg ixqfwlrqv zlwk d flufxp h{1 Qrwlfh wkh gl�huhqfh ehwzhhq wkh
qhz v|vwhp dqg wkh rog v|vwhp1 Wkh iruphu lv frqglwlrqhg rq frqvxpswlrq dorqh/ wkh odwwhu
lv frqglwlrqhg rq frqvxpswlrq/ wkh �{hg prqh| zdjh dqg qrplqdo h{fkdqjh udwh1 Wkh
vhfrqg vwdjh lv wr vroyh iru o � c ^ � dqg � � / dqg wkhuhiruh zh fdq uhshdw wkh suhylrxv vwhsv1
Iurp wkh uXLS frqglwlrq zh kdyh o � ' ^ � *q^ � dqg iurp wkh �uvw v|vwhp ^ � ' ^E� � �1 Wkxv
zh fdq �qg dq h{suhvvlrq iru wkh fxuuhqw uhdo lqwhuhvw udwh/

o � ' ^ E� � � *q ê�� � ( r � c` � � � +4<,
Lq ghulylqj +4<, zh kdyh vwloo rqo| dvvxphg wkh iruhljq hfrqrp| lv lq d vwhdg|0vwdwh dqg
wkdw wkhuh lv wkh srvvlelolw| ri d zruog vwhdg| vwdwh1 Frpelqlqj +4<, zlwk wkh grphvwlf
frqvxpswlrq Hxohu htxdwlrq +8, dqg uhduudqjlqj wkh uhvxowlqj h{suhvvlrq zh duh deoh wr
ghulyh d vhfrqg �uvw rughu gl�huhqfh htxdwlrq lq frqvxpswlrq1 Wkxv/

� � *^ E� � � ' � � *^ �� � ( r � c` � � � +53,
Ehfdxvh ri wkh dvvxpswlrq ri zdjh frqwudfwv lq wkh fxuuhqw shulrg wkh uhdo vhfwru ri wkh
grphvwlf hfrqrp| zloo qrw eh lq d vwhdg| vwdwh/ dqg zh fdq rqo| dsshdo wr +4<, wr h{suhvv
wkh fxuuhqw shulrg uhdo lqwhuhvw udwh1 Ehfdxvh wkh fxuuhqw uhdo lqwhuhvw udwh lv qrw lqyduldqw
wr wkh prqh| vkrfn zh fdqqrw vd| wkdw lq wkh fxuuhqw shulrg wkh uhdo vhfwru lv lq d vwhdg|
vwdwh/ dqg wkxv zh fdq rqo| eh fhuwdlq zh duh lq d vwhdg| vwdwh iru shulrgv | � �1 Wklv
frpsohwhv wkh ghvfulswlrq ri wkh uhdo vhfwru dqg zh fdq qrz frqvlghu wkh prqhwdu| vhfwru1

61415 Prqhwdu| Vhfwru
Lq wkh prqhwdu| vhfwru zh gh�qh wkh htxloleulxp iru d jlyhq vshfl�fdwlrq ri prqhwdu| srolf|
lq whupv ri wkh prqh| jurzwk udwh/ �n> � 1 Wr ghvfuleh wkh ehkdylrxu ri wkh prqhwdu| vhfwru
zh frpelqh wkh prqh| ghpdqg +9, dqg frqvxpswlrq Hxohu +8, htxdwlrqv wr h{suhvv wkh
shulrg | qrplqdo lqwhuhvw udwh dv d ixqfwlrq ri wkh ixwxuh qrplqdo lqwhuhvw udwh/ wkh fxuuhqw
grphvwlf uhdo lqwhuhvw udwh/ ixwxuh prqh| jurzwk dqg wkh glvfrxqw udwh1 Wkxv/
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E� � � �� � � 	 �� ' �� n > ��� �
� � o � 	 �� E� ��� � � �� *q� � � � c +54,

zkhuh � n > ��� � � � ��� � *� � lv h{rjhqrxv1 Wkh srolf| uhjlph iru prqh| jurzwk lv vxfk
wkdw > � ' > ;| � � exw > � pd| gl�hu iurp > vr wkh frpsohwh wlph sdwk iru > � lv ghvfulehg
e| wzr sdudphwhuv E> � c >�1 Zkdw lv lpphgldwho| reylrxv iurp htxdwlrq +54, lv wkdw li
wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg lv xqlw| +" ' �,/ wkh fxuuhqw uhdo lqwhuhvw udwh
grhv qrw lq xhqfh wkh fxuuhqw qrplqdo lqwhuhvw udwh1 Wklv lv d fohdu ghprqvwudwlrq ri wkh
uhdo0prqhwdu| vhsdudelolw| surshuw| ghvfulehg deryh1 Ixuwkhupruh uhphpehu wkdw zlwkrxw
frqvxpswlrq krph0eldv o � ' o �� dqg vr hyhq li " 9' �/ wkh dqdo|vlv ri vhfwlrq 614 zrxog
eh xqqhfhvvdu| lq rughu wr vroyh +54, gxh wr wkh h{rjhqhlw| ri o � 1 Khuh krzhyhu zh kdyh
dffrxqwhg iru krph0eldv dqg wkh zdjh uljlglw|/ dv wkh g|qdplfv ri wkh qrplqdo lqwhuhvw udwh
zlwk d qrq0xqlw lqwhuhvw hodvwlflw| zloo ghshqg rq wklv uljlglw|1 Wr vroyh +54, uhphpehu
wkdw dowkrxjk wkh uhdo lqwhuhvw udwh lv hqgrjhqrxv zh kdyh h{suhvvlrqv iru wkh uhdo vlgh ri
wkh grphvwlf hfrqrp| lq doo shulrgv1 Wkhuhiruh/ vlqfh o � ' �*q ;| � �/ zh fdq h{suhvv wkh
qrplqdo lqwhuhvw udwh iru | � � dv d ixqfwlrq ri wkh ixwxuh qrplqdo lqwhuhvw udwh dqg h{rjhqrxv
yduldeohv dorqh1 Dv wkh qrplqdo lqwhuhvw udwh lv qrq0suhghwhuplqhg zh qhhg wkh v|vwhp wr eh
xqvwdeoh lq lwv iruzdug g|qdplfv/ dqg wkhuhiruh wr vdwlvi| wkh vdggoh sdwk surshuw|1 Wkxv/
surylghg wklv krogv iru doo shulrgv diwhu wkh fxuuhqw shulrg zh zulwh wkh qrplqdo lqwhuhvw udwh
dv lw*v vwhdg| vwdwh ydoxh/

� � ' E� n >� *q ;| � �� +55,
Vroylqj +54, uhfxuvlyho| iru wkh fxuuhqw shulrg zh wkhq kdyh vlpso|/

E� � � ��� � 	 �� ' o � 	 �� E� n >� q�*q E� n >� � 	 � � +56,
Wkhuhiruh wr vroyh iru wkh prqhwdu| vhfwru zh dovr qhhg wr xvh wkh fxuuhqw shulrg uhdo lqwhuhvw
udwh jlyhq e| htxdwlrq +4<,/ dqg wkxv lw ehfrphv fohdu krz uljlg zdjhv lq xhqfh wkh h�hfwv
ri prqhwdu| srolf| lq wkh fxuuhqw shulrg1 Dv zlwk wkh uhdo vhfwru zh fdqqrw vd| wkdw wkh
prqhwdu| vhfwru lv lq d vwhdg| vwdwh lq wkh fxuuhqw shulrg/ exw zh duh qrz lq d srvlwlrq wr
frqvlghu w|lqj grzq wkh fxuuhqw ohyho ri doo wkh yduldeohv1

615 Dsshdolqj wr wkh Qdwlrqdo Exgjhw Frqvwudlqw
Iroorzlqj wkh orjlf ri wkh suhylrxv vhfwlrqv zh qhhg wr frqvlghu wkh shulrgv zlwk dqg zlwkrxw
wkh qrplqdo zdjh uljlglw|1 Wkh nh| srlqw qrz lv wkdw zh frqqhfw wkh wzr shulrgv e|
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lwhudwlqj wkh qdwlrqdo exgjhw frqvwudlqw iruzdug wr rewdlq wkh qdwlrqdo lqwhuwhpsrudo exgjhw
frqvwudlqw1 Wkhuhiruh wkh �uvw vwhs lq vroylqj wkh prgho lqyroyhv orrnlqj dw wkh fxuuhqw
dffrxqw dqg h{fkdqjh udwh1 Wkh vhfrqg vwhs lqyroyhv dsshdolqj wr wkh lpsolflw v|vwhpv
ghyhorshg deryh/ dqg vroylqj wkhp lq whupv ri h{rjhqrxv yduldeohv vr wkdw/ +46,/ +47,/ +4:,
dqg +4;, fdq eh h{suhvvhg dv d vlqjoh/ vlpsohu v|vwhp/ zlwk doo hqgrjhqrxv yduldeohv wlhg
grzq1

61514 Fxuuhqw Dffrxqw
Wkh �uvw wklqj wr gr lv wr frqvlghu wkh ehkdylrxu ri wkh fxuuhqw dffrxqw1 Wkh lghd wkdw lq
dq rshq hfrqrp| d wudgh vxusoxv +gh�flw, lv vdwlv�hg e| dq h{fhvv vxsso| +ghpdqg, ri jrrgv
lv fdswxuhg e| htxdwlrq +43, zkhuh � � ' [ � n � � 	 � � � 	 � lv wkh fxuuhqw dffrxqw h{suhvvlrq
dqg [ � ' � ��� � + ��� � � K � lv wkh wudgh vxusoxv1 Zh fdq wkhq h{suhvv wkh qdwlrqdo lqwhuwhpsrudo
exgjhw frqvwudlqw dv/ � �

� 	 � � 	 � ' �
�[
��� �

E� � � � ������ � 	 � � 	 � [ � c +57,

zkhuh � 	 � lv wkh lqlwldo erqg vwrfn dqg zh gh�qh � � � � ������ � 	 � � � zkhq | ' f1 Wkh �uvw whup
rq wkh uljkw kdqg vlgh ri +57, lv doo ixwxuh lqwhuhvw udwhv> wkh vhfrqg whup lv wkh wudgh vxusoxv
zklfk qrz wdnhv wkh irup [ � ' K � E?� �� n } �� r � gxh wr wkh dvvxpswlrq ri Free0Grxjodv
frqvxpswlrq suhihuhqfhv1 Wkh g|qdplfv ri wkh prqhwdu| vhfwru ghvfuleh wkh ehkdylrxu ri wkh
grphvwlf qrplqdo lqwhuhvw udwh zlwk vwduuhg yduldeohv h{rjhqrxv1 Vsolwwlqj wkh lqwhuwhpsrudo
exgjhw frqvwudlqw lqwr wzr hohphqwv> rqh zkhuh wkh qrplqdo uljlglw| wdnhv h�hfw/ dqg rqh
zkhuh lw grhv qrw/ zh fdq �qg wkh fxuuhqw shulrg h{fkdqjh udwh1 Xvlqj wkh idfw wkdw � � lv
frqvwdqw iru shulrgv | � � lw lv vwudljkwiruzdug wr ghprqvwudwh wkdw K � � � E� n >� ' K � ;| � �
dqg dv d frqvhtxhqfh [ ��� � E� n >� ' [ � ;| � �> ru lq zrugv/ wkdw lq doo shulrgv diwhu wkh
fxuuhqw shulrg wkh wudgh vxusoxv jurzv dw d frqvwdqw udwh1 Iurp wklv zh fdq uh0zulwh +57,
dv/

f ' [ � n � 	 �� dE� n >� * E� n >� q�o[ � c +58,
zkhuh zh vhw � 	 � ' f1 Htxdwlrq +58, iroorzv iurp +57, dv [ � uhsuhvhqwv doo ixwxuh ohyhov
ri wkh wudgh vxusoxv dqg wkh lq�qlwh vxp/ jlyhq wkh frqvwdqw ixwxuh lqwhuhvw udwh/ lv mxvw d

��� Wklv lv dovr ghulyhg xvlqj d qr0Srq}l jdph frqglwlrq1
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jhrphwulf vhulhv/ zkhuh � � ;| � � lv d ixqfwlrq ri h{rjhqrxv sdudphwhuv1 E| vxevwlwxwlqj
rxw K � dqg r � zh �qg [ � lv d srvlwlyh pxowlsoh ri [ � dqg khqfh zh fdq zulwh/

f ' d�� q E� n >� * E� n >� q�o [ � � +59,
Iurp wklv lw iroorzv wkdw [ � ' [ � ' f dqg wkhuhiruh pruh jhqhudoo| [ � ' f ;|1 Wkxv
lq wklv prgho d }hur fxuuhqw dffrxqw frqglwlrq dozd|v krogv/ hyhq zlwkrxw d qr krph0eldv
dvvxpswlrq1 � � Wklv lv d nh| uhvxow zklfk doorzv iru dq dqdo|wlfdo vroxwlrq1 Iurp wklv zh
fdq ghulyh d frqglwlrq iru wkh qrplqdo h{fkdqjh udwh/

r � ' K � E�� ?� *} � ;|� +5:,
Dv deryh/ zh dovr nqrz r � � � E� n >� ' r � ;| � � dqg dv vxfk zh fdq uhodwh wkh qrplqdo
h{fkdqjh udwh wr wkh prqhwdu| srolf| yduldeoh/ � � e| xvlqj wkh shulrg | � � prqh| ghpdqg
ixqfwlrq1 Grlqj wklv zh kdyh vlpso|/

r � ' %� � ;| � �c +5;,
zkhuh % lv jlyhq e|/

% ' EE� n >� q� *@E� n >�� ��
 � + � � 	 ����
 ���� � dE�� ?� *} � o � � � � 	 ��� � ����
 � ;| � ��
Wkh �qdo wklqj wr eh ghwhuplqhg lv wkh ohyho ri wkh uhdo h{fkdqjh udwh1 Iurp rxu dvvxps0
wlrqv ryhu suhihuhqfhv zh zulwh � �� � � ' � �� / zklfk zh qrupdolvh htxdo wr rqh ehfdxvh � �� � � lv
frpsohwho| h{rjhqrxv1 Wkxv zh kdyh ^ � ' r � � �� *� � ' r � *� � dqg iurp wkh }hur wudgh edodqfh
uhvxow ^ � ' � � E�� ?� *} � 1 Wkhvh frqglwlrqv iru wkh qrplqdo dqg uhdo h{fkdqjh udwhv gr qrw
ixoo| wlh grzq wkh prgho dqg wkxv zh qhhg wr jr edfn dqg uhfrqvlghu wkh lpsolflw v|vwhpv
iru wkh fxuuhqw shulrg dqg iru doo ixwxuh shulrgv xvlqj wkh uhvxowv deryh1

61515 W|lqj Grzq Htxloleulxp
Wr wlh grzq htxloleulxp lq wkh fxuuhqw shulrg zh ehjlq e| frqvlghulqj htxloleulxp lq shulrgv
| � �1 Wr r�hu d ixoo vroxwlrq wr wklv prgho wkh nh| lqvljkw lv wkh ehkdylrxu ri wkh fxuuhqw

� � Xvlqj wkh uhvwulfwlrq ri d xqlw lqwudwhpsrudo hodvwlflw| ri vxevwlwxwlrq ehwzhhq grphvwlf dqg iruhljq
surgxfwlrq wr holplqdwh dq| fxuuhqw dffrxqw g|qdplfv zdv �uvw ghprqvwudwhg lq Fruvhwwl dqg Shvhqwl +5334,1
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dffrxqw1 Uhphpehulqj wkdw [ � ' f lpsolhv � � ' + ��� � ^ � � 	 ����
 �� dqg e| xvlqj wklv lq wkh
lpsolflw v|vwhp +46,0+47, zlwk  h{leoh zdjhv zh duulyh dw dq dqdorjrxv v|vwhp/

^ � ' ^E+ ��� � ^ � � 	 ����
 �� �c +5<,
+ ��� � ' + � E+ ��� � ^ � � 	 ����
 �� �� +63,

Wkxv e| wkh vxevwlwxwlrq ri [ � ' f ;| lqwr +46, dqg +47, zh kdyh wlhg grzq ^ � / + ��� � dqg � �
;| � �1 Wkhuhiruh/ dowkrxjk dw wkh �uvw vwdjh zh frxog qrw vroyh iru grphvwlf rxwsxw dqg wkh
uhdo h{fkdqjh udwh vlpxowdqhrxvo| ehfdxvh hdfk zdv lpsolflwo| ghshqghqw rq frqvxpswlrq/
lq doo shulrgv diwhu wkh fxuuhqw shulrg lw lv srvvleoh wr vroyh iru grphvwlf rxwsxw/ wkh uhdo
h{fkdqjh udwh dqg frqvxpswlrq vlpxowdqhrxvo| ehfdxvh zh nqrz wkh fxuuhqw dffrxqw grhv
qrw uhdfw wr h{rjhqrxv vkrfnv1 Deryh zh vxjjhvwhg wkhvh htxdwlrqv ghvfuleh wkh qdwxudo udwh
ri rxwsxw dqg wkh uhdo h{fkdqjh udwh> wkhuhiruh iru shulrgv | � � zh zulwh ^ � ' ^c + ��� � ' + �
dqg � � ' �/ zkhuh xsshu0edu qrz ghqrwhv wkh yduldeohv qdwxudo udwhv1 Iurp +5<,0+63, zh
fdq hdvlo| vkrz wkdw wkh qdwxudo udwh ri rxwsxw ghshqgv rqo| rq suhihuhqfh sdudphwhuv dqg
whfkqrorj|/

+ � ' dEj � �� *jk_o ��
 � � � +64,
Dv wkh prqrsro| glvwruwlrq idoov> wkdw lv dv j $ 4/ hpsor|phqw uhdfkhv wkh frpshwlwlyh
ohyho , ' E�*_k� ��
 � 1 Htxdwlrq +64, lv lqghshqghqw ri prqhwdu| srolf|1 Iurp +5<,0+63, zh
fdq dovr vkrz ^ ' � E�� ?� *} � / dqg wkhq xvlqj wkh }hur fxuuhqw dffrxqw frqglwlrq/ [ ' f/zh
fdq uhodwh + � c ^ dqg � wr rqh dqrwkhu xqltxho|1
W|lqj grzq frqvxpswlrq iru ixwxuh shulrgv wxuqv rxw wr eh wkh lpsruwdqw vwhs lq w|lqj grzq
doo uhpdlqlqj hqgrjhqrxv yduldeohv lq wkh prgho1 Zh qrz wxuq wr wkh fxuuhqw shulrg1 E|
vxevwlwxwlqj [ � ' f lqwr +4:,0+4;, lw lv djdlq srvvleoh wr vroyh iru + ��� � c ^ � dqg � � / exw wklv
wlph frqglwlrqdo rq r � 1 Wkhuhiruh zh fdq uhodwh rxwsxw dqg wkh qrplqdo h{fkdqjh udwh yld
uhdo vhfwru uhodwlrqv dorqh dqg rewdlq d forvhg0irup vroxwlrq/

+ ���� � ' �r � } � * E�� ?�k` � � c +65,
zklfk ghvfulehv wkh djjuhjdwh vxsso| uhodwlrq1 Wkh qh{w vwhs lv wr wklqn derxw xvlqj wklv
uhodwlrqvkls lq wkh prqhwdu| vhfwru1 Xvlqj wkh prqhwdu| uhodwlrqv �uvw lqyroyhv uhduudqjlqj
wkh fxuuhqw shulrg gl�huhqfh htxdwlrq +56,/ wkhq xvlqj wkh uXLS frqglwlrq/ o � ' ^ � *^ � q/ wr

4;



vxevwlwxwh rxw wkh uhdo lqwhuhvw udwh dqg qrwlqj wkdw rxwsxw dqg wkh uhdo h{fkdqjh udwh duh
xqltxho| uhodwhg dv deryh wr ghwhuplqh d uhodwlrq ehwzhhq rxwsxw dqg wkh qrplqdo lqwhuhvw
udwh1 Vxevwlwxwlqj lq wkh XLS frqglwlrq/ � � ' r � *r � q/ �qdoo| |lhogv d uhodwlrq ehwzhhq
rxwsxw/ wkh qrplqdo h{fkdqjh udwh dqg wkh prqhwdu| srolf| yduldeoh/ � � / wkxv/

+ � � � 	�� �
��� � ' E�*��

�%� �
r � q � �

��%� �
r � q

� � 	 �
c +66,

zkhuh %� � ' r � / dqg � lv jlyhq e|/

� ' �E� n >� q� *q � E� n >� � 	�� � + � � � 	 ���
� c

zkhuh + � lv wkh qdwxudo udwh ri rxwsxw vr wkdw erwk % +deryh, dqg � frqwdlq rqo| h{rjhqrxv
sdudphwhuv1 Htxdwlrq +66, ghvfulehv wkh djjuhjdwh ghpdqg uhodwlrq1 Wklv phwkrg wkhuhiruh
wudqvirupv wkh fxuuhqw shulrg lpsolflw v|vwhp iru + ��� � c ^ � dqg � � lqwr d vlpsoh sdlu ri lpsolflw
htxdwlrqv iru + ��� � dqg r � 1 Lw dovr wlhv grzq wkh fxuuhqw shulrg/ dqg lq doo ixwxuh shulrgv
yduldeohv duh dw wkhlu qdwxudo udwh ohyhov vr wkdw zh duh qrz lq d srvlwlrq wr frqvlghu wkh
h�hfwv wkdw h{rjhqrxv prqh| vkrfnv kdyh rq rxwsxw dqg wkh h{fkdqjh udwh1

7 Uhvxowv
Lq wkh dqdo|vlv zh olplw rxuvhoyhv wr frqvlghulqj shupdqhqw xqdqwlflsdwhg fkdqjhv lq wkh
prqh| vxsso|1 Zh duh lqwhuhvwhg lq h{sodlqlqj wzr wklqjv> wkh vkruw0uxq fkdqjh lq wkh
qrplqdo h{fkdqjh udwh dqg wkh ehkdylrxu ri grphvwlf rxwsxw1 Zh glvfxvv wkh uhvxowv lq
wzr sduwv1 Iluvw/ vlqfh zh kdyh dq djjuhjdwh ghpdqg dqg vxsso| v|vwhp zh fdq vkrz
gldjudppdwlfdoo| wkh h�hfwv ri dq h{rjhqrxv lqfuhdvh lq wkh prqh| vxsso|1 Vhfrqg/ zh vkrz
krz wkh uhdfwlrq ri wkh h{fkdqjh udwh wr d prqh| vkrfn fkdqjhv dv wkh lqwhuhvw hodvwlflw| ri
prqh| ghpdqg fkdqjhv1
Ehiruh grlqj wklv zh uhylhz vrph ri wkh edfnjurxqg wr wkh prgho suhvhqwhg lq vhfwlrq wzr
lq whupv ri suhylrxv olwhudwxuh/ qrwlqj vljql�fdqw uhvxowv1 Wkh prvw reylrxv vwduwlqj srlqw
lv wkh vlpsoh ryhuvkrrwlqj prgho sursrvhg e| Gruqexvfk +4<:9,1 Wkh nh| �qglqjv duh
wkdw wkh ghjuhh ri h{fkdqjh udwh ryhuvkrrwlqj lv dowhuhg e| wkh lqwhuhvw hodvwlflw| ri prqh|
ghpdqg/ dqg ryhuvkrrwlqj lwvhoi uhvwv rq wkh gl�huhqwldo vshhg ri dgmxvwphqw ri sulfhv lq wkh
jrrgv dqg dvvhw pdunhwv1 Rxu prgho pdlqwdlqv wkh Nh|qhvldq ihdwxuhv/ dowkrxjk wkh uljlg
sulfh lv wkh sulfh ri oderxu1 Wkh vhfrqg qdwxudo ehqfkpdun lv wkh Vdfkv +4<;3, prgho ri
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d vpdoo rshq hfrqrp|1 Olnh wkh ryhuvkrrwlqj prgho wkh Vdfkv prgho vxjjhvwv wkdw wkhuh
zloo eh vrph yrodwlolw| lq wkh vkruw0uxq qrplqdo h{fkdqjh udwh lq uhvsrqvh wr xqdqwlflsdwhg
prqh| vkrfnv1 Olnh wkh ryhuvkrrwlqj prgho wkh Vdfkv prgho dovr lpsolhv wkdw iroorzlqj
dq h{rjhqrxv vkrfn wkh grphvwlf hfrqrp| pd| uxq d fxuuhqw dffrxqw lpedodqfh/ dowkrxjk
lw lv lpsruwdqw wr uhdolvh wkh ryhuvkrrwlqj prgho grhv qrw lqfrusrudwh wkh zhdowk h�hfwv
zklfk zrxog uhvxow iurp wkh fkdqjlqj vwrfnv ri qhw iruhljq dvvhwv ryhu wlph1 Wkh vljql�fdqw
gl�huhqfh ehwzhhq wkh wzr prghov lv wkdw Vdfkv vshfl�hv d vxsso| vlgh wr vwxg| wkh h�hfwv
ri qrplqdo zdjh uljlglwlhv dqg zdjh lqgh{dwlrq dqg Gruqexvfk grhv qrw1 Lq rxu prgho rqh
wklqj lv douhdg| fohdu> wkhuh zloo eh qr fxuuhqw dffrxqw h�hfw1 Wkh qdwxudo plfurirxqghg
h{whqvlrq ri wkh Vdfkv +4<;3, prgho lv wkh Uhgx{ prgho glvfxvvhg lq wkh lqwurgxfwlrq1 Lw
nhhsv wkh Gruqexvfk dvvxpswlrq ri vwlfn| sulfhv dqg lqfoxghv d vxsso| vlgh/ exw vshfl�hv
doo uhodwlrqvklsv frqvlvwhqw zlwk pd{lplvlqj ehkdylrxu1 Wkh nh| uhvxow ri lqwhuhvw lv wkdw
diwhu d shupdqhqw xqdqwlflsdwhg prqh| vkrfn wkh h{fkdqjh udwh grhv qrw ryhuvkrrw lwv orqj
uxq ydoxh1 Wklv lv h{sodlqhg e| wkh XLS frqglwlrq dqg frqvxpswlrq edvhg SSS zklfk wlh
grzq frqvxpswlrq gl�huhqwldov1 Lq wklv fdvh wkh plfurirxqgdwlrqv dsshdu wr eh uhvwulfwlyh1
Wkhuhiruh e| uhod{lqj wkh qr krph0eldv dvvxpswlrq zkdw kdsshqv wr wkh h{fkdqjh udwh diwhu
d prqh| vkrfnB

714 Prqh| Vkrfnv zkhq " ' �
Ehfdxvh zh kdyh d wzr yduldeoh v|vwhp lw lv uhdvrqdeo| vlpsoh wr sorw wkh orfl lq Er � c + ��� � �
vsdfh1 Wkh prvw lpsruwdqw ihdwxuh zh qhhg wr wdnh lqwr dffrxqw lv wkh lqwhuhvw hodvwlflw|
ri prqh| ghpdqg dv wklv ghwhuplqhv wkh vorsh ri wkh prqhwdu| uhodwlrq/ +66,1 Wr vlpsoh
wklqjv zh ehjlq e| vhwwlqj " ' �/ zklfk zrxog eh htxlydohqw wr d xwlolw| ixqfwlrq zkhuh wkh
orjdulwkp ri uhdo prqh| edodqfhv hqwhuv1 Wkh �uvw wklqj wr qrwh lv wkdw wkh vorsh ri +65, lv
xqdpeljxrxvo| srvlwlyh lq Er � c + ��� � � vsdfh/ dv wkh djjuhjdwh vxsso| uhodwlrq grhv qrw ghshqg
rq "/ dqg k : � dqg ? 5 Efc ��1 Wkh vhfrqg srlqw lv wkdw li zh vhw " ' � wkhq +66,/ wkh
djjuhjdwh ghpdqg uhodwlrq lv krul}rqwdo1 Gudzlqj wklv rxw zh kdyh1
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H�hfwv ri d Prqh| Vkrfn zkhq " ' �1
Wr xqghuvwdqg wkh h�hfwv ri vkrfnv rq wkh v|vwhp dv d zkroh lw lv vwudljkwiruzdug wr vhh
wkdw dq h{rjhqrxv lqfuhdvh lq wkh prqh| vxsso|/ l1h1 � �� wr � � / vkliwv wkh prqhwdu| uhodwlrq
xs dqg wklv ohdgv wr dq lqfuhdvh lq rxwsxw dqg d ghsuhfldwlrq ri wkh qrplqdo h{fkdqjh udwh1
Lqwxlwlyho|/ rxwsxw lqfuhdvhv ehfdxvh lqfuhdvhv lq wkh prqh| vxsso| fdxvh sulfhv wr ulvh/ zklfk
ohdgv wr d orzhu uhdo zdjh1 Dv oderxu lv ghpdqg ghwhuplqhg lq wkh vkruw0uxq wkhuh lv dq
lqfuhdvh lq wkh oderxu vxsso|/ dqg xowlpdwho| dq lqfuhdvh lq rxwsxw1
Wr xqghuvwdqg pruh suhflvho| krz wkh h{fkdqjh udwh ehkdyhv zh fdq dsshdo wr htxdwlrqv +65,
dqg +66, dqg lpsolflwo| gl�huhqwldwh wkhp wr ghwhuplqh wkh vljq ri Y+ ��� � *Y� � dqg Yr � *Y� � 1
Wkh fdofxodwlrqv duh suhvhqwhg lq wkh Dsshqgl{ E1 Khuh zh zrun wkurxjk wkh lqwxlwlrq1
Gl�huhqwldwlqj dqg dsso|lqj Fudphu*v uxoh wr wkh dssursuldwh ghulydwlyhv zh �qg wkdw zkhq
wkhuh lv d shupdqhqw xqdqwlflsdwhg lqfuhdvh lq wkh prqh| vxsso| rxwsxw dozd|v lqfuhdvhv dqg
wkh h{fkdqjh udwh dozd|v ghsuhfldwhv +wklv lv dozd|v wuxh zkhq " : f,1 Wkh prvw vwulnlqj
wklqj lv wkdw zkhq wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg htxdov xqlw| d fkdqjh lq wkh
prqh| vwrfn jhqhudwhv d sursruwlrqdo fkdqjh lq wkh h{fkdqjh udwh 1 Wkhuhiruh wkh uhdfwlrq
ri wkh hfrqrp| wr d prqh| vkrfn zkhq " ' � fdq eh vxppdulvhg e| wzr htxdwlrqv=

Y+ ��� � *Y� � ' } � ` � r � *� �
+ � 	 ���� � E�� ?� c +67,
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Yr � *Y� � ' r � *� � � +68,
Vrph reylrxv frqfoxvlrqv iroorz iurp wklv1 Iluvw/ EYr � *Y� � � E� � *r � � ' �> wkh vkruw uxq
fkdqjh lq wkh h{fkdqjh udwh lv sursruwlrqdo wr wkh lqfuhdvh lq wkh prqh| vxsso|1 Wr vrph
h{whqw wklv uhvxow lv wr eh h{shfwhg1 Li zh vhw wkh lqwhuhvw hodvwlflw| wr xqlw| lq wkh gl�huhqfh
htxdwlrq +56, wkhq lw lv vwudljkwiruzdug wr ghprqvwudwh � � ' E� n >�*q vr wkdw wkh fxuuhqw
uhdo lqwhuhvw udwh grhv qrw d�hfw wkh fxuuhqw qrplqdo lqwhuhvw udwh/ dqg wkhuhiruh wkh lqwhuhvw
udwh mxpsv gluhfwo| wr lw*v vwhdg| vwdwh ydoxh1 Wkxv d fkdqjh lq wkh prqh| vwrfn kdv qr h�hfw
rq wkh qrplqdo lqwhuhvw udwh dqg wkhuhiruh wkh qrplqdo h{fkdqjh udwh lqfuhdvhv hdfk shulrg
e| wkh prqh| jurzwk udwh> ru udwkhu/ r E� n >� ' r � 1 Wkh fuxfldo ihdwxuh ri d xqlw lqwhuhvw
hodvwlflw| lv wkdw wkh krph0eldv dvvxpswlrq sod|v qr uroh lq wkh prqhwdu| vhfwru ehfdxvh ri
lw*v vhsdudwlrq iurp wkh uhdo vhfwru/ dv zh glvfxvv deryh1 Wkh phfkdqlvp xqghuo|lqj wkh
uhvxow lv wkdw prqh| ghpdqg uhvsrqgv rqh0iru0rqh zlwk wkh fkdqjh lq frqvxpswlrq zkhq
" ' �/ dqg wklv lv zk| wkh lqwhuhvw udwh grhv qrw fkdqjh1 Wklv fruuhvsrqgv wr wkh w|sh ri
h�hfw zh vhh lq wkh uhgx{ prgho e| yluwxh ri wkh holplqdwlrq ri krph0eldv iurp wkh prqhwdu|
vhfwru1 D vhfrqg uhvxow lv wkdw zkhq wkh hfrqrp| lv pruh rshq/ l1h1 zkhq ? lv orzhu/
prqhwdu| srolf| lv ohvv h�hfwlyh dw lqfuhdvlqj rxwsxw1

715 Prqh| Vkrfnv zkhq " 9' �
Wkh qdwxudo h{whqvlrq lv wr dvn zkdw kdsshqv zkhq wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg
grhv qrw htxdo xqlw|1 Zlwk d qrq0xqlw lqwhuhvw hodvwlflw| zh duh irufhg wr h{solflwo| frqvlghu
wkh h�hfw ri wkh uljlglw| lq wkh zdjh ohyho rq wkh prqhwdu| vhfwru1 Djdlq wkh ehvw zd| wr
xqghuvwdqg krz wkh hfrqrp| ehkdyhv lv wr gudz wkh orfl lq Er � c + ��� � � vsdfh1 Wkh vorsh ri
+65, lv xqdpeljxrxvo| srvlwlyh/ exw wkh vorsh ri +66, lv hlwkhu srvlwlyh ru qhjdwlyh ghshqglqj
rq zkhwkhu " : � ru " : �/ uhvshfwlyho|1 Zh gudz wkh gldjudp iru wkh " : � fdvh dv wklv lv
hpslulfdoo| wkh pruh sodxvleoh1 � �

��� Hpslulfdo hvwlpdwhv vxjjhvw d ydoxh ri � ehwzhhq < dqg 531 Vhh Pdqnlz dqg Vxpphuv +4<;9, dqg
Nhrqlj +4<<3,1

55



0s

,0hy

O
vershooting

AS

1( )AD M

’
1( )AD M

H{fkdqjh Udwh Ryhuvkrrwlqj zkhq " : �1
Zlwk d prqh| vkrfn +djdlq � �� : � � , zh fdq vhh wkh h�hfw wkdw d uhgxfwlrq lq wkh lqwhuhvw
hodvwlflw| kdv rq wkh ehkdylrxu ri wkh h{fkdqjh udwh1 Dq xszdug vkliw lq wkh prqhwdu| orfxv
ohdgv wr dq lqfuhdvh lq rxwsxw iru wkh vdph uhdvrqv dv ehiruh exw wkh h{fkdqjh udwh qrz
lqfuhdvhv pruh wkdq sursruwlrqdoo| wr wkh vkrfn1 Wkh ghjuhh ri ryhuvkrrwlqj fdq eh fohduo|
vhhq lq �jxuh wzr1 Wkxv zh �qg wkdw wkh vkruw uxq h{fkdqjh udwh ryhuvkrrwv lq uhvsrqvh
wr wkh prqh| vkrfn/ jlyhq " : �1 � � Wkh uhdvrqv duh yhu| vlplodu wr Gruqexvfk +4<:9,> �uvw/
wkhuh lv d gl�huhqwldo vshhg ri dgmxvwphqw lq wkh surgxfw dqg dvvhw pdunhwv> vhfrqg/ prqh|
ghpdqg lv qrw kljko| vhqvlwlyh wr fkdqjhv lq frqvxpswlrq1 Ryhuvkrrwlqj lv juhdwhu wkh orzhu
wkh vhqvlwlylw| +l1h1 kljkhu ", ri prqh| ghpdqg wr fkdqjhv lq wkh lqwhuhvw udwh1 Wkxv wkh
dvvhw pdunhw frpshqvdwhv pruh dqg pruh iru wkh glvwruwlrq surgxfhg e| wkh uljlg prqh|
zdjh1
Wkh Gruqexvfk prgho lv dovr fdsdeoh ri jhqhudwlqj dq xqghuvkrrwlqj uhvxow/ ri zklfk d
qhfhvvdu| frqglwlrq lv wkdw wkh prqh| ghpdqg lv vhqvlwlyh wr fkdqjhv lq rxwsxw1 Dv Urjr�
+5335, qrwhv wklv lv txlwh xquhdolvwlf/ exw wkh ryhuulglqj gl�huhqfh ehwzhhq wkh prgho zh
suhvhqw +dqg wklv fodvv ri prghov lq jhqhudo, dqg wkh ruljlqdo ryhuvkrrwlqj prgho lv wkdw wkh
lqwhuhvw hodvwlflw| ghwhuplqhv wkh uhodwlrqvkls ehwzhhq prqh| ghpdqg dqg frqvxpswlrq/ qrw
prqh| ghpdqg dqg rxwsxw1 Wkxv d txlfnhu uhvsrqvh pd| eh ohvv xquhdolvwlf1 Wr h{dplqh

� � Dv dq dvlgh wr rxu ghvfulswlrq wkh lqwhuhvw hodvwlflw| ri prqh| ghpdqg lv dovr wkh nh| sdudphwhu jhqhudwlqj
ryhuvkrrwlqj lq Ehwwv dqg Ghyhuhx{ +5333, dqg Odqh +5334,/ dowkrxjk wkh iruphu dovr uhtxluhv d SWP
dvvxpswlrq/ dqg wkh odwwhu d wudghg/ qrq0wudghg jrrgv glvwlqfwlrq wr jhqhudwh wkh ryhuvkrrwlqj h�hfw1 Rxu
dqdo|vlv uhvwv rq wkh vlpsoh/ exw dsshdolqj ghvfulswlrq ri krph0eldv1
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wklv txhvwlrq lq Dsshqgl{ E zh ghulyh d jhqhudo h{suhvvlrq iru wkh ghjuhh ri h{fkdqjh udwh
yrodwlolw|/ exw wr ehwwhu xqghuvwdqg zkdw kdsshqv zh fdq dsshdo wr htxdwlrq +66, gluhfwo|1
Wr h{sodlq wkh nh| ihdwxuhv ri wkh h{fkdqjh udwh pruh lqwxlwlyho| zh wkhuhiruh zulwh grzq wkh
prqhwdu| htxdwlrq lq whupv ri wkh fxuuhqw qrplqdo lqwhuhvw udwh dqg fxuuhqw ohyho ri rxwsxw1
Iurp htxdwlrq +66, zh kdyh/

+ � � � 	�� �
��� � ' E�*�� E� � � �� � � 	 �� c +69,

zkhuh � lv �{hg1 Zkdw zh zdqw wr ghwhuplqh lv wkh h�hfw rq wkh qrplqdo lqwhuhvw udwh
iurp dq lqfuhdvh lq wkh prqh| vxsso| dv zh fdq wkhq ghwhuplqh wkh h�hfw rq wkh qrplqdo
h{fkdqjh udwh1 Li wkh lqwhuhvw udwh fkdqjhv zkhq wkhuh lv d prqh| vkrfn/ dv lw pxvw gr xqohvv
" ' �/ wkh h{fkdqjh udwh zloo hlwkhu xqghu ru ryhuvkrrw lwv orqj uxq ohyho> zh kdyh douhdg|
ghprqvwudwhg wkdw zkhq wkhuh lv dq lqfuhdvh lq wkh prqh| vxsso| wkh qrplqdo h{fkdqjh udwh
zloo ghsuhfldwh1 Wkhuhiruh wr ghwhuplqh wkh fkdqjh lq wkh h{fkdqjh udwh doo zh kdyh wr gr
lv ghwhuplqh krz wkh lqwhuhvw udwh fkdqjhv/ dqg wklv ghshqgv rq wkh rxwsxw ohyho zklfk zh
nqrz dozd|v lqfuhdvhv lq uhvsrqvh wr dq lqfuhdvh lq � � 1 Zh zrxog h{shfw wkh pdjqlwxgh
ri wkh fkdqjh lq wkh lqwhuhvw udwh wr ghshqg rq wkh lqwhuhvw hodvwlflw|1 Gl�huhqwldwlqj erwk
vlghv ri +69, zlwk uhvshfw wr + ��� � dqg uhduudqjlqj zh �qg/

Y� � *Y+ ��� � ' �? E�� "� � � 	��� + � � � 	�� � 	 �
��� � * d"� E"� �� *� � o � +6:,

Zh nqrz wkdw wkh �qdo whup rq ohiw kdqg vlgh ri +6:, lv srvlwlyh dv � � : E"���*" ;" : f/ dqg
wkh vljq ri wkh ghulydwlyh wkhuhiruh rqo| ghshqgv rq wkh pdjqlwxgh ri wkh lqwhuhvw hodvwlflw|
ri prqh| ghpdqg1 Dv d fkhfn li wklv lv xqlw| zh vkrxog kdyh wkh qr ryhuvkrrwlqj uhvxow lq
wkh suhylrxv vhfwlrq dv wkhuh lv qr h�hfw rq wkh qrplqdo lqwhuhvw udwh/ l1h1 Y� � *Y+ ��� � ' f1 Zh
�qg/ li " : �/ wkhq Y� � *Y+ ��� � 	 f/ vr wkdw wkh qrplqdo lqwhuhvw udwh idoov dqg wkh fxuuhqw ohyho
ri wkh h{fkdqjh udwh ryhuvkrrwv lw*v orqj uxq ohyho1 Zh dovr �qg wkh lqyhuvh lv wuxh> zkhq
" 	 � wkh h{fkdqjh udwh xqghuvkrrwv1 Qrwlfh dovr wkdw wkh fkdqjh lq wkh h{fkdqjh udwh zloo
ghshqg rq doo ri wkh xqghuo|lqj sdudphwhuv1
Iurp wklv zh fdq r�hu d whqwdwlyh frqfoxvlrq dv wkh uhvxowv dsshdu wr vxjjhvw wkdw frq0
vxpswlrq krph0eldv lv dq dvvxpswlrq lqkhuhqwo| olqnhg wr wkh dg0krf prghov ri Pxqghoo/
Iohplqj dqg Gruqexvfk/ dowkrxjk wkh| qhhg qhyhu vshfli| lw1 Wklv lv lpsruwdqw ehfdxvh
lw lv uduho| dvvxphg lq wkh w|sh ri dqdo|vlv srsxodulvhg e| Revwihog dqg Urjr� +4<<8,/ d
prgho zklfk kdv ehfrph wkh zrunkruvh ri wkh prghuq dssurdfk wr lqwhuqdwlrqdo �qdqfh1
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Wr uhlwhudwh/ zkhq wkhuh lv dq lqfuhdvh lq wkh prqh| vxsso|/ wkh fxuuhqw uhdo lqwhuhvw udwh
idoov1 Zlwk " : � wklv fkdqjh kdv d qhjdwlyh h�hfw rq wkh qrplqdo lqwhuhvw udwh1 Li " 	 �
wkh uhvxow lv uhyhuvhg dqg zh �qg wkdw d orzhu uhdo lqwhuhvw udwh lqgxfhv d kljkhu qrplqdo
lqwhuhvw udwh1 Uhwxuqlqj wr wkh fxuuhqw shulrg XLS frqglwlrq � � ' r*r � q/ zkhq wkh qrplqdo
lqwhuhvw udwh ulvhv lw uhtxluhv wkdw wkh fxuuhqw shulrg qrplqdo h{fkdqjh udwh ulvh e| ohvv wkdq
wkh orqj uxq qrplqdo h{fkdqjh udwh/ ru udwkhu lw xqghuvkrrwv1 Wkh ghjuhh ri xqghuvkrrwlqj
lqfuhdvhv dv wkh lqwhuhvw hodvwlflw| ulvhv1 Wkhuhiruh zh �qg wkdw zkhq wkhuh lv d shupdqhqw
xqdqwlflsdwhg lqfuhdvh lq wkh prqh| vxsso| dq lqwhuhvw hodvwlflw| juhdwhu wkdq rqh lqgxfhv
xqghuvkrrwlqj/ dq lqwhuhvw hodvwlflw| ohvv wkdq rqh lqgxfhv xqghuvkrrwlqj/ dqg d xqlw lqwhuhvw
hodvwlflw| lqgxfhv qr dgglwlrqdo h�hfw1

8 Frqfoxvlrqv
Zh kdyh ghyhorshg d vw|olvhg vpdoo rshq hfrqrp| prgho zlwk frqvxpswlrq krph0eldv1 Wkh
prgho lv vlpsoh hqrxjk wr eh vroyhg dqdo|wlfdoo|/ exw vkrzv vrph ri wkh vdolhqw ihdwxuhv zh
zrxog h{shfw iurp dq| prgho ri dq rshq hfrqrp|1 Lq sduwlfxodu/ zlwk d orz +ru kljk, hodv0
wlflw| ri prqh| ghpdqg/ wkh qrplqdo h{fkdqjh udwh lv lqfuhdvlqjo| yrodwloh zkhq h{rjhqrxv
prqh| vkrfnv rffxu1 Li prqh| ghpdqg lv vhqvlwlyh wr fkdqjhv lq wkh lqwhuhvw udwh wkhq wkh
h{fkdqjh udwh xqghuvkrrwv lwv orqj uxq ohyho lq uhvsrqvh wr dq lqfuhdvh lq wkh prqh| vwrfn>
li prqh| ghpdqg lv qrw yhu| vhqvlwlyh wr fkdqjhv lq wkh lqwhuhvw udwh wkh vkruw uxq h{fkdqjh
udwh ryhuvkrrwv1 Wklv lv lq olqh zlwk pdq| ri wkh dg0krf prghov vlqfh Gruqexvfk +4<:9,/ exw
uxqv frqwudu| wr wkh qhzhu jhqhudwlrq ri prghov zlwk ixoo| vshfl�hg suhihuhqfhv1 Wkh uhdvrq
ehfrphv dssduhqw zkhq zh uhdolvh wkdw ydvw pdmrulw| ri plfurirxqghg prghov gr qrw lqfru0
srudwh frqvxpswlrq krph0eldv1 Zh dujxh wklv lv dq lpsolflw dvvxpswlrq lq wkh ryhuvkrrwlqj
prgho1 Wkh rqh ihdwxuh wklv prgho grhv vkduh zlwk pdq| rwkhu plfurirxqghg prghov lv wkdw
wkh fxuuhqw dffrxqw lv }hur> zkhq dq h{rjhqrxv vkrfn rffxuv wkhuh lv qr fkdqjh lq wkh qhw
dvvhw srvlwlrq ri wkh grphvwlf hfrqrp|1 Lw lv srvvleoh wr jhqhudolvh d qxpehu ri ihdwxuhv ri
wklv prgho/ iru h{dpsoh wr h{solflwo| doorz iru wkh surgxfwlrq ri qrq0wudghg jrrgv ru pruh
frpsoh{ zdjh vhwwlqj ehkdylrxu> wklv zrxog qrw dowhu wkh edvlf uhvxow1

D Uhdo Vhfwru
Khuh zh r�hu d pruh ghwdlohg ghulydwlrq ri wkh vfkhpdwlf dqdo|vlv suhvhqwhg lq wkh wh{w1 Wr
ghwhuplqh wkh lpsolflw v|vwhp iru wkh uhdo vhfwru zkhq zdjhv duh  h{leoh �uvw htxdwh wkh
vroxwlrqv iru oderxu vxsso| dqg oderxu ghpdqg1 Frpelqlqj wkh rswlpdo zdjh frqglwlrq iru
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wkh lqglylgxdo +:, dqg wkh �upv ghpdqg frqglwlrq +5, |lhogv dq djjuhjdwh vxsso| uhodwlrq/

+ ��� � '
� k_j
j � �� � ^ � � 	 � ��
 �

�
� ��
 � � 	 � �
�

;| � �� +D4,

Dv ? 5 Efc �� dqg k : �/ htxdwlrq +D4, lv srvlwlyho| vorshg lq E�*^ � c + ��� � � vsdfh1 Wr ghulyh wkh
jrrgv pdunhw htxloleulxp frqglwlrq wdnh wkh vkruw0uxq htxloleulxp frqglwlrq iru wkh krph
jrrg jlyhq e| htxdwlrq +45,1 Wklv fdq eh h{suhvvhg qrw rqo| dv d ixqfwlrq ri sulfhv/ iru
h{dpsoh ?K � *� ��� � ' ?� � *s � / exw dovr dv d ixqfwlrq ri uhdo h{fkdqjh udwh dv wkh sulfh udwlr s �
dqg wkh uhdo h{fkdqjh udwh ^ � duh xqltxho| uhodwhg> wkxv ?� � *s � ' ?^ � � 	 � ��
 �

� � � 1 Dv vxfk zh
zulwh/

+ ��� � ' ?^ � � 	 � ��
 �
� � � n } � ^ ��
 �� ;|1 +D5,

Zh dvvxph iruhljq frqvxpswlrq ohyhov gr qrw ydu| ryhu wlph/ vxfk wkdw � �� ' � � ;| dqg
khqfh } �� ' } � ;|1 Jlyhq wkh vdph frqglwlrqv/ lq E�*^ � c + ��� � � vsdfh/ +D5, lv qhjdwlyho| vorshg1
Wkh lqwhuvhfwlrq ri +D4, dqg +D5, jlyh wkh qdwxudo udwh ri rxwsxw dqg uhdo h{fkdqjh udwh1
Wklv v|vwhp fdqqrw eh vroyhg h{solflwo| iru ^ � / exw fdq eh ghvfulehg e| wzr lpsolflw ixqfwlrqv
jlyhq lq wkh wh{w dv +46, dqg +47,1 Wkh idfw wkdw wkh v|vwhp fdqqrw eh vroyhg h{solflwo| lv d
gluhfw uhvxow ri wkh ixqfwlrqdo irup ri xwlolw| dqg wkh dvvxpswlrq ri frqvxpswlrq krph0eldv1
Qrz frqvlghu wkh fxuuhqw shulrg1 Lqwxlwlyho|/ lq wkh oderxu pdunhw li wkhuh lv vrph glvwxu0
edqfh wkh lqglylgxdo lv r� wkh oderxu vxsso| fxuyh dqg wkxv wkh pdunhw fohdulqj frqglwlrq
lpsolflw lq +D4, grhv qrw krog1 Wkhuhiruh lq wkh fxuuhqw shulrg zh fdq rqo| dsshdo wr wkh
oderxu ghpdqg frqglwlrq +7, dv d vroxwlrq wr wkh uhdo vlgh ri wkh hfrqrp|1 Wklv frqglwlrq
lv qrw vx!flhqw dorqh ehfdxvh lw frqwdlqv � ��� � / zklfk lv hqgrjhqrxv1 Iurp wkh gh�qlwlrqv ri
wkh uhdo h{fkdqjh udwh dqg wkh FSL zh fdq h{suhvv wkh grphvwlf sulfh dv d ixqfwlrq ri wkh
uhdo dqg qrplqdo h{fkdqjh udwhv/ wkxv � ��� � ' r � *^ ��
 �� zklfk vroyhv wkh hqgrjhqhlw| sureohp1
Wkh frxqwhusduw wr +D4, xqghu �{hg zdjhv lv wkhuhiruh/

+ ��� � '
k
k` � ^ ��
 �� *r �

l ��
 � � 	 � �
� +D6,

Dowkrxjk zh duh dvvxplqj �{hg zdjhv/ htxdwlrq +D5, lv qrw ghshqghqw rq wklv dvvxpswlrq
dv lw ghulyhv iurp wkh plfur0ghpdqgv dqg wkh uhvrxufh frqvwudlqw1 Dv wkh jrrgv pdunhw
frqglwlrq dozd|v krogv xvlqj +D5, dqg +D6, zh kdyh dq htxlydohqw lpsolflw v|vwhp iru wkh
fxuuhqw shulrg/ jlyhq e| +4:, dqg +4;, lq wkh wh{w1
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E Frpsdudwlyh vwdwlfv
Wr ghwhuplqh wkh h�hfw ri d shupdqhqw xqdqwlflsdwhg prqh| vkrfn zh dsshdo wr wkh lpsolflw
ixqfwlrq wkhruhp dqg gl�huhqwldwh +65, dqg +66,1 Wr pdnh wkh h{srvlwlrq fohduhu zh ghqrwh
wkh v|vwhp dv

f ' 8 � E+ ��� � c r � �c +E4,
f ' 8 � E+ ��� � c r � (� � �c +E5,

zkhuh 8 � ghvfulehv wkh htxloleulxp uhdo vlgh uhodwlrqv/ dqg 8 � wkh htxloleulxp prqhwdu| vlgh
uhodwlrqv1 Wkxv wkh uhdfwlrq ri wkh hfrqrp| wr d prqh| vkrfn/ l1h1 Y+ ��� � *Y� � dqg Yr � *Y� �
lv fdswxuhg e|=

% Y8 � *Y+ ��� � Y8 � *Yr �
Y8 � *Y+ ��� � Y8 � *Yr �

&% Y+ ��� � *Y� �
Yr � *Y� �

&
' �

% f
Y8 � *Y� �

&
1 +E6,

Wkh ghulydwlyhv duh=

Y8 � *Y+ ��� � ' k+ � 	 ���� � +E7,

Y8 � *Yr � ' } � * E?� ��k` � +E8,

Y8 � *Y� � ' f +E9,

Y8 � *Y+ ��� � ' �?E�� "�+ � � � 	�� � 	 �
��� � +E:,

Y8 � *Yr � ' E%� � � � 	 � Er � q� 	�� r 	 �� iE%� � � "n r � q E�� 0�j +E;,

Y8 � *Y� � ' E%� � � � 	�� Er � q� 	�� % ir � q E0� ��� E%� � � "j � +E<,
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Zh fdq vljq doo ri wkhvh ghulydwlyhv> +E7, lv srvlwlyh dqg +E8, lv qhjdwlyh1 Dv wkh jurvv
qrplqdo lqwhuhvw udwh � � ' E%� � *r � q� : E" � ��*" ;" : f zh dovr �qg +E;, lv srvlwlyh dqg
+E<, lv qhjdwlyh1 Htxdwlrq +E:, lv srvlwlyh li " 	 �/ dqg qhjdwlyh li " : �1 Dsso|lqj
Fudphu*v Uxoh zh fdq h{suhvv wkh ghulydwlyhv ri lqwhuhvw dv/

Y+ ��� � *Y� � ' EY8 � *Yr � � EY8 � *Y� � �
EY8 � *Y+ ��� � � EY8 � *Yr � �� EY8 � *Y+ ��� � � EY8 � *Yr � � c +E43,

Yr � *Y� � ' � EY8 � *Y+ ��� � � EY8 � *Y� � �
EY8 � *Y+ ��� � � EY8 � *Yr � �� EY8 � *Y+ ��� � � EY8 � *Yr � � 1 +E44,

Dowkrxjk wkhvh h{suhvvlrqv duh d olwwoh frpsolfdwhg zh fdq dovr vljq wkhp1 Wkh| lpso|
wkdw lq uhvsrqvh wr d srvlwlyh prqh| vkrfn rxwsxw dozd|v lqfuhdvhv dqg wkh h{fkdqjh udwh
dozd|v ghsuhfldwhv iru " : f/ dv zh zrxog h{shfw1 Wr ghprqvwudwh wklv lw lv qhfhvvdu| wr
uhdolvh wkdw wkh qxphudwruv lq +E43, dqg +E44, duh srvlwlyh dqg qhjdwlyh uhvshfwlyho|1 Wkh
ghqrplqdwruv duh frpprq dqg wkhuhiruh dq lqfuhdvh +ghfuhdvh, lq rxwsxw lv dozd|v frqvlvwhqw
zlwk d ghsuhfldwlrq +dssuhfldwlrq, lq wkh qrplqdo h{fkdqjh udwh1 Wr ghprqvwudwh wkh lpsdfw
ri wkh vkrfn dvvxph/

EY8 � *Y+ ��� � � EY8 � *Yr � � : EY8 � *Y+ ��� � � EY8 � *Yr � � c +E45,
qrwlqj +65, dqg +66,> ru udwkhu/ f ' 8 � E+ ��� � c r � � dqg f ' 8 � E+ ��� � c r � (� � �/ zh fdq uhzulwh
frqglwlrq +E45, lq whupv ri h{rjhqrxv sdudphwhuv dqg wkh qrplqdo lqwhuhvw udwh1 Iru +E45,
wr krog zh wkhuhiruh uhtxluh/

� � : �� ?*k
"*E"� ��� ?*kc +E46,

zklfk lv wulyldoo| vdwlv�hg dv ?*k 	 � dqg "*E"� �� : � iru 0 : f1 Wkh uljkw kdqg vlgh ri
+E46, lv dozd|v ohvv wkdw rqh/ zkhuhdv wkh ohiw kdqg vlgh/ zklfk lv wkh jurvv qrplqdo lqwhuhvw
udwh/ lv dozd|v juhdwhu wkdq rqh1 Khqfh/ erwk Y+ ��� � *Y� � dqg Yr � *Y� � duh srvlwlyh iru " : f1
Wr ghprqvwudwh wkh pdlq uhvxow ri wkh sdshu d olwwoh pruh irupdoo| gl�huhqwldwh +E44, zlwk
uhvshfw wr " dqg hydoxdwh wkh ghulydwlyh dw " ' �1 Wklv jlyhv=

Y
Y"

� Yr �
Y� �

�
� � � '

� r �
� �

� � %} � ?@E� n >�r � ` �
E�� ?�+ ���� �

&
: f1 +E45,

Wkxv/ zkhq " lqfuhdvhv +ghfuhdvhv, voljkwo| wkh h{fkdqjh udwhv* uhdfwlrq wr d prqh| vkrfn
lqfuhdvhv +ghfuhdvhv, dqg wkxv wkhuh lv ryhuvkrrwlqj +xqghuvkrrwlqj, lq wkh vkruw uxq1
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^44` Jdol/ M1/ Prqdfhool/ W1/ 53351 Rswlpdo Prqhwdu| Srolf| dqg H{fkdqjh Udwh Yrodwlolw|

lq d Vpdoo Rshq Hfrqrp|/ Dphulfdq Hfrqrplf Uhylhz <4/ 57;05851
^45` Nrhqlj/ H1/ 4<<31 Uhdo Prqh| Edodqfhv dqg wkh Wlplqj ri Frqvxpswlrq= Dq Hpslulfdo

Lqyhvwljdwlrq/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438/ 6<<07581
^46` Odqh/ S1 U1/ 53341 Prqh| Vkrfnv dqg wkh Fxuuhqw Dffrxqw/ lq Fdoyr/ J1/ Gruqexvfk/

U1/ Revwihog/ P1 +hgv1,/ Prqh|/ Idfwru Prelolw| dqg Wudgh= Hvvd|v lq Krqrxu ri Urehuw
Pxqghoo/ Fdpeulgjh/ PD1/ PLW Suhvv1
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^47` Pdqnlz/ J1/ Vxpphuv/ O1/ 4<;91 Prqh| Ghpdqg dqg wkh H�hfwv ri Ilvfdo Srolflhv/
Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 4;/ 748075<1

^48` Pxqghoo/ U1 D1/ 4<961 Fdslwdo Prelolw| dqg Vwdelolvdwlrq Srolf| xqghu Il{hg dqg Iordw0
lqj H{fkdqjh Udwhv/ Fdqdgldq Mrxuqdo ri Hfrqrplfv 5</ 748075<1

^49` Pxqghoo/ U1 D1/ 4<9;1 Lqwhuqdwlrqdo Hfrqrplfv/ Pdfploodq/ Qhz \run1
^4:` Revwihog/ P1/ Urjr�/ N1/ 4<<81 H{fkdqjh Udwh G|qdplfv Uhgx{/ Mrxuqdo ri Srolwlfdo

Hfrqrp| 436/ 95709931
^4;` Sduudgr/ H1/ Ydohvfr/ D1/ 53351 Rswlpdo Lqwhuhvw Udwh Srolf| lq d Vpdoo Rshq Hfrqrp|/

QEHU Zrunlqj Sdshu qr1 ;:541
^4<` Urjr�/ N1/ 53351 Gruqexvfk*v RyhuvkrrwlqjPrgho diwhu Wzhqw|0Ilyh \hduv/ LPIZrun0

lqj Sdshu qr1 3526<1
^53` Vdfkv/ M1/ 4<;31 Zdjhv/ Ioh{leoh H{fkdqjh Udwhv/ dqg Pdfurhfrqrplf Srolf|/ Txduwhuo|

Mrxuqdo ri Hfrqrplfv <7/ :640:7:1
^54` Vxwkhuodqg/ D1/ 53351 Lq dwlrq Wdujhwlqj lq d Vpdoo Rshq Hfrqrp|/ plphr/ Xqlyhuvlw|

ri Vw1 Dqguhzv1
^55` Zduqrfn/ I1 H1/ 53351 H{fkdqjh Udwh G|qdplfv dqg Wkh Zhoiduh H�hfwv ri Prqh0

wdu| Srolf| lq d Wzr Frxqwu| Prgho zlwk Krph Surgxfw Eldv/ Lqwhuqdwlrqdo Ilqdqfldo
Glvfxvvlrq Sdshu qr1 99:/ Ihghudo Uhvhuyh Erdug1 Iruwkfrplqj lq wkh Mrxuqdo ri Lqwhu0
qdwlrqdo Prqh| dqg Ilqdqfh1
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