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1 Introduction

Interdependency between the financial and the real decisions of a firm is a phe-
nomenon that has been studied in a number of empirical works and many theorists
by now are convinced of the existence of this interdependency. However, the models
used to explain this interdependency can neither replicate the observed debt-ratios
in practice, which are rather modest compared to the substantial tax benefits of
debt,! nor do they generate a non-monotone influence of leverage ratios on invest-
ment.? This paper attempts to explain both these empirical findings by the strategic
situation of indebted firms in a duopolistic real options model of investment. More-
over, it models predatory behavior without defining predatory behavior as deviation
from tacit collusion, without relying on learning or network effects, and without re-
lying on Folk theorem alike reputational arguments. It rather builds upon a real
options approach that understands predatory investment as the attempt of one firm
driving a competitor out of the market if the early exercise of the investment option

is more than compensated by the expected earlier exit of this competitor.

1.1 Imperfect competition and debt

Since the seminal paper of Brander and Lewis (1986), economists have drawn atten-
tion to the strategic effects of debt on competition.? Most of the empirical literature
on the link between financial situation and investment decisions suggests that in-
creasing debt reduces investment. In Brander and Lewis’ contribution however,
larger debt leads to fiercer competition, so that firms invest and produce more. In a
monopolistic setting in which equity but not debt is the marginal source of finance
one can easily build a model that replicates the general empirical findings (Jou,
2001). In a duopoly with equity being the marginal source of finance, however,
endogenous bankruptcy decisions render predatory investment-strategies possible.
Although Brander and Lewis (1988) describe how predatory behavior may emerge
in a two period setting with bankruptcy, a dynamic model of finance, investment
timing, and predatory behavior has not been formulated yet. In this sense the
present paper extends the Brander and Lewis contribution to cases in which invest-
ment is subject to non-convex costs of adjustment. In contrast to the Brander and
Lewis (1988) model however, declaring bancruptcy is a truely endogenous decision,

as the owners of the firm are allowed to pay for the firm’s obligations with private

IE.g. Schowalter (1999, p. 327) finds in a sample of 1641 manufacturing firms, that the average
debt to asset ratio is about 0.25, whereas Fischer et al. (1989) obtain debt ratios somewhat between
0.3 and 0.7 as optimal debt ratios in their capital choice model.

2See e.g. figure 1, taken from Bayer (2002) or Busse (2001), who reports that price wars between
airlines are predicted best as non-linear (threshold functions) in flow measures of liquidity.

Brander and Lewis (1988) provide an explanation for this finding in cases when there are
bankruptcy costs which are proportional to the ”magnitude” of bankruptcy. However, their model
is a static one and cannot explain periods of predatory behavior triggered by changes in the
environment.

3See e.g. Maksimovic (1990), Maksimovic and Zechner (1991) and Fries et al. (1997).



INVESTMENT TIMING AND PREDATORY BEHAVIOR IN DUOPOLY WITH DEBT 2

1e1 JuBW)SOAUL
o
L~

o\

0.11

0.1—L L L L L L L L
-1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2

equity-ratio

Figure 1: Investment rates conditional on the equity ratio, from Bayer (2002)

funds, if this is advantageous for them. Therefore, bancruptcy is declared only when
”optimal” and not neccessarily once the firm itself has insufficient funds.

In this (general) setting, changes in market conditions may trigger predatory
behavior in highly leveraged industries, but debt does not necessarily make output
market competition fiercer in general. This is also a central difference to Brander
and Lewis’ contributions, where predatory behavior is simply defined as fiercer
competition in all states of nature and not a different policy regime triggered by
exogenous changes in the environment.

Moreover, the model of the present paper can also be read as a contribution
to the debt-in-industry-equilibrium literature. This literature typically has either
ruled out the possibility of predatory investment by assuming free market entry—
which makes predatory investment unprofitable—or assumed myopic behavior from

the outset.*

1.2 Imperfect competition, real options and predatory be-

havior

Our model also extends the literature on real options in oligopoly to cases with
predatory investment. So far, most of this literature has ignored the strategic effects
of debt.® Nevertheless, debt can have important strategic effects and, especially in
the irreversible investment framework, influences investment decisions substantially:
If a firm has only limited liability, its owners have to decide to finance negative cash
flows from private funds or to default on the firms obligations in adverse states,

i.e. to declare bankruptcy. As declaring bankruptcy often is followed by an ir-

4See for instance Fries et al. (1997) or Maksimovic and Zechner (1991).
%See for example Huisman and Kort (1999), Sparla (2001), or Weeds (2001).



INVESTMENT TIMING AND PREDATORY BEHAVIOR IN DUOPOLY WITH DEBT 3

reversible and complete exit of that firm from the market, a bankruptcy decision
influences the payoff of the competitor and thus the value of the competitor s in-
vestment. Therefore, the option to declare bankruptcy and the possibility of driving
a competitor to bankruptcy (and thereby out of the market) may alter the prices
of investment options significantly. The decision to declare bankruptcy obviously
depends on the relative debt-burden a firm faces. Thus, investment not only can
be used to drive the competitor into bankruptcy by lowering prices, but can also
serve as a commitment device to not declare bankruptcy by altering the relative
debt-obligation.

Therefore, allowing for predatory investment yields new insights and clearly
distinguishes our model from existing work on exit decisions in duopoly in a real
options framework: Sparla (2001) discusses partial but irreversible capacity reduc-
tions, only. Depending on the parameters of aggregate demand firms may end up
in a war of attrition or a preemption game. However, as firms are assumed to be
unable to increase capacity, predatory behavior does not emerge.

Joaquin and Khanna (2001) allow for both irreversible investment and exit de-
cisions in their model of potential competition. Yet, predatory investment cannot
occur due to their assumptions on revenues and costs: (rational) exit of the com-
petitor imposes a loss on the remaining firm.

Our paper combines the real options approach with the strategic effects of debt
literature. The basic setting is similar to the one of Jou (2001), who models a
potential monopolist (or myopic investor) that enters the market and at the same
time issues debt to finance investment.

In contrast to Jou, we model a duopoly. Both firms are assumed to operate with a
given capacity and are indebted from the very beginning. Both firms can irreversibly
increase capacity, but do not have any possibility of raising or lowering debt-levels.
Therfore, debt is taken to be exogenous. The corporate tax-system is assumed to
be classical, i.e. there is no shareholder’s relief for corporate taxes, whereas interest
payments are completely tax-deductible. This gives a tax-advantage of debt.

Although throughout this paper ”debt” will be interpreted as a special financial
obligation, by the way ”debt” is to be modelled, all results equally apply to any
fixed running cost (e.g. overhead costs) on which a firm may default. As a result,
the model of this paper gives an explanation for predatory behavior itself in a wide
class of situations, and is thus a contribution to the literature on predatory behavior,
too. In contrast to existing models, that relate the financial situation of firms to
predatory behavior (e.g. Bolton and Scharfstein, 1990, or Glazer, 1994), predatory
outcomes in our model can be described as regimes that depend on the fluctuating
state of demand. Insofar, predatory behavior emerges from time to time, triggered
by changes in market conditions. As predatory investment emerges as a policy
triggered by adverse market conditions, the present paper is especially related to

and extends the results of Grenadier’s (1996) real options-model on investment-
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cascades to a non-collusive setting.

6 predatory

In contrast to contributions in this field which study price wars,
behavior is not defined as a deviation from tacit collusion, but as investment at
market conditions which yield negative net-present value for investment unless the
endogenous nature of the exit decision of the competitor is taken into account. Our
model also does not rely on the assumption that information is asymmetric among
competitors, but only on the imperfectness of information.

As inFershtman and Pakes’ (2000) model, heterogeneity of firms with respect
to their fixed costs is one of the driving factors in the presented model. Other
models of predatory behavior that do not rely on asymmetric information typically
build upon network” or learning-curve effects (Cabral and Riordan, 1994 and 1997).
Besides the work of Fershtman and Pakes, the empirical paper of Busse (2002) is
most closely related. Busse finds for the airline industry that leverage is one of
the main determinants for starting a price war in. Moreover, he finds that the
probability of starting a price war reacts in a non-linear fashion to changes in the

financial situation of a firm.

1.3 DMain results

Our model will partly consist of equations that cannot be solved analytically, and
so numerical simulations are presented where analytical solutions are not available.
Nevertheless, it will be shown analytically as well as numerically that parameter
constellations exist which lead to predatory behavior, i.e. firms invest not because
investment itself has a positive present value, but to drive the competitor out of the
market. However, the occurence of predatory behavior in equilibrium depends on
the ”competitiveness” of the market: When adjustment costs are high or demand
is sufficiently elastic (low degree of competitiveness), predatory investment never
occurs.

The numerical analysis yields furthermore that already a credible threat of
predatory behavior lowers price triggers for investment substantially. However,
predatory behavior only emerges in highly indebted industries. If predatory be-
havior does not occur in equilibrium, increasing debt increases the price trigger
for investment of the firm increasing its debt. The price trigger for the other firm
decreases. Therefore, only if the firm that changes its debt is the follower in equi-
librium, increasing debt delays investment. Furthermore, competition and the pos-
sibility of predatory investment generally lowers the value of debt and therefore
might explain the lower leverage ratios observed in practice, when compared with

those predicted by the contingent claims literature.®

6See Ordover and Saloner (1989) for a summary or for more recent contributions Fershtman
and Pakes (2000) or Busse (2002).

"See Athey and Schmutzler (2001) for a fairly general model of investment and increasing
dominance, that includes network-industries as a special case.

8See e.g. Fischer et al. (1989).
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The paper will proceeds as follows: Section 2 outlines the model and presents
the basic assumptions. Section 3 presents the expressions that determine the value
of equity and price triggers for bankruptcy when both firms have already exercised
their investment option. Section 4 derives the value of equity and the price-triggers
for investment and bankruptcy when firms may invest. Section 5 shortly states the
conditions which determine debt-value. Section 6 presents our numerical results

and section 7 concludes. Detailed proofs are available in the appendix.

2 Model setup

We model a duopoly with quantity-competition and stochastic demand fluctuations
in continuous time ¢, ¢ € [0, 00[. Total production given, the price process (P;)i>0

is assumed to be a geometric Brownian motion and shall be given by

Py
dYy

D(Qy)Y: (1)
Y, (ndt + odBy) . (2)

B; denotes a standard Brownian motion and @); denotes aggregate industry pro-

duction, such that

Qi =qit+ a2

with ¢;; denoting production of firm ¢ at time ¢. For the sake of simplicity, we
assume that output is solely produced by a capital good which does not depreciate.
Moreover, we assume that both firms already operate in the market with some initial
production g,. However, both firms may irreversibly invest and increase production
to g; at cost Ci. This increase in production is assumed to be instantaneous. At
time ¢ = 0 each firm issues debt of unstated maturity with associated coupon
payments bi. Thereafter, a firm may not change its debt. Since we want to model
heterogenous firms, we assume the ”flow leverage” of the two firms to differ. ”Flow
leverage” is the ratio I; (¢;) := qi_Db%q_i) of debt payments to monopoly earnings at
Y; = 1. Without loss of generality assume firm 2 is the firm with the higher leverage

once both firms have invested.
Assumption 1: I: (§1) <2 (G2).

For notational convenience, we define a function A for the relative price-change
induced by a change in aggregate supply.
P (Q2) _ D(Q2)

The following assumption ensures, that price levels always exist, so that investment

is profitable:
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Assumption 2: Investment increases revenues of the investing firm, regardless if

the other firm has invested or not, i.e.
D(g; +q-i)g, < D(@; + ¢-4)Tq; (4)

As the tax-system is assumed to be classical, losses are fully offset. Therefore,
there is a tax advantage of debt, and at tax-rate 7 instantaneous net earnings of

firm ¢ are given by
(1- T)(Qi7tpt(Qta Yi) —bi) - (5)

However, firms may default and declare bankruptcy at any point in time, as
they are assumed to have limited liability. If bankruptcy is declared, the firm stops
coupon payments, leaves the market, and its assets are transferred to the creditors
and sold at price Ag:. Although in a more general context A may well be determined
endogenously, here it will be treated as exogenous. Moreover, A will only matter
for determining the market value of debt and thus will not influence any decisions
of the equityholders after debt has been issued.

Furthermore, we assume that the firm is unable to temporarily suspend produc-
tion. Finally, the equityholders are assumed to have unlimited external resources.
The risk-adjusted discount rate is p, which shall be larger than p, i.e. p > pu.

As Sparla (2001) argues, if the drift u is strong compared to the variance o2,
the probability that firms will not exit in finite time is strictly positive. However,
this causes notational inconvenience as one root of the ”fundamental quadratic
equation” (see below) has to be "adjusted” to derive the correct value functions,
see Sparla (2001) for details. To avoid this difficulty the drift is assumed to be not
excessively large, i.e. |u| < "72

Under these assumptions, the roots of the so called ”fundamental quadratic

equation” (see e.g. Dixit and Pindyck, 1994) are given by

1 p 1w 2 2p
5172_2—02i\/{2—02] =5 (6)

which implies 3; > 1 and 3, <0 and 3; + 3, =124 > 0.
Therefore, just as in Jou (2001, p. 72), the general solutions for the value of

equity Ei(P,b,q;,q—;) and the value of debt Bi(P,b,q;,q—;) for firm ¢ are given by
9

the following equations:

Ei(P.biygisq-0) = (1= 7) |ai7Es = B] + (g 0-) P™ + aialai ) PP, (7)

+ ctl(QM )Pﬁl + CzZ(Qza i)Pﬁ:)' (8)

(1-

b;
P bu‘]za —i) — —
Bi( ) 5

9See appendix for details. As usual, we denote by firm —i the competitor of firm i.
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Figure 2: Examples of possible sequences of events

One firm after another invests A firm invests after the other one left the market
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2 n goe:
T . T
=0
P(1) P(t)
| |

P
t t

For notational convenience, b is dropped from the list of arguments of the value

function, as it will remain constant throughout the subsequent analysis.

3 Value and bankruptcy without investment option

The derived formula for the value of equity still contains two unknowns a;; and a;o.
These have to be solved for by deriving further conditions that reflect the optimality
of investment plans. Therefore, strategic considerations have an important influence
on these parameters. This means, the parameters a;; and a;o will in general vary
with the state of production (g;, q—;).

We should hence discuss in a bit more detail the timing structure of the game.
At each point in time an active firm may chose to

(1) invest and increase capacity to g; if it has not invested yet,

(2) declare bancruptcy and become inactive from then on,

(3) or do nothing and wait.

As a result, the number of possible states of production (g1, ¢2) complicate the
analysis a lot. The following two sections will derive and specify equity-value at the
various states (¢;,q—;), which also index subgames.

Figure 2 displays some of the possible sequences of action that may occur de-
pending on the realization of the Brownian motion.

We do not assume which firm invests first, but let this be determined in equi-
librium. Therefore, at the time the first firm invests the other firm must be at least
indifferent between investing somewhat earlier or becoming the second firm that
invests. We first discuss the behavior of both firms as second-mover. This allows us

to obtain the valuation of the second-mover’s position for both competitors. This
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valuation is crucial to the competition for the position of the first-mover.
To some extent, this discussion cannot avoid some technical complexity. Most

technical proofs are presented in the appendix.

3.1 The monopolist’s case

Once one of the firms declares bankruptcy, the other firm becomes a monopolist.
Therefore, we also have to consider the monopoly situation, although we want to
model a duopoly. We start with determining the value functions of a monopolist
who has already exercised its investment option. As our model is—for the case of
a monopolist that has already invested—similar to Jou’s (2001) investment and

financing model, we can primarily rely on his result to obtain the value functions.

Proposition 1 Having invested, the monopolist s value of equity and debt is given

B
N A I AR T L N
BPa0) = (-7 (10 )+ 2h = (P_E%ﬁ> , 9

q,

B
b P
:) (Pf%“) | 1o
q,

Here, we denote by ngé“ = %ip_;ﬁg% the trigger price to declare bankruptcy.

Proof. Denote the revenues process by P = GP. This process has exactly the

=
)
<
=2
Il
Tl
+
VR
|
|
|

same properties as the price process in Jou (2001). The proposition then follows

straightforward from Jou s Proposition 1. m

3.2 The duopolists’ case

When both firms have invested, so that we are in state (g1, g2) , both firm still have to
decide whether and when to declare bankruptcy. However, a priori it is not obvious
which firm will declare bankruptcy first. But since we assumed the two firms to
be differently leveraged, the only Markov-perfect equilibrium of the resulting exit
game is the one in which the higher leveraged firm exits at its monopoly exit price.

This is shown by the proposition below:

Proposition 2 In all Markov-perfect equilibria in pure strategies of the (q1,q2)-
subgame (exit after investment), the firm with the higher leverage (firm 2) chooses
its monopoly exit price as the price trigger for bankruptcy Pg;%tl’z = Pg;ét’z, whereas
firm 1 chooses as exit-price trigger some
Pt € | Aqia B A B

Proof. See appendiz. m

With the equilibrium exit strategies given by Proposition 2, which determine

who stays in the market, we can now compute the equilibrium value functions
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for equity and debt in a duopoly when both firms have exercised their investment
option. As firm 2 behaves myopic, its value functions are the same as the monopo-
list’s ones. However, the possible exit of firm 2 changes firm 1°s value. Therefore,
the value functions of firm 1 need to be determined anew and the ”option values”
a1, a12,c11 and c1o of (7) and (8) have to be calculated.

Firstly, when prices tend to infinity, the bankruptcy option becomes worthless.
This leads to a1; = c11 = 0.!° Secondly, when the price tends towards the exit price

of firm 2, the following value-matching conditions must hold:

I (Pexzt 2761762) — E(A51+52,§1ng%t’2 5175170) (11)
B (Pexzt 27617q2) = D(Aq1+q2 ql‘Pe‘LLt2 b17q17 ) (12)

92,

This now yields for ¢12 and a2 after some simple algebraic calculations:

B2
—_ — —_ b A(_l (_2’_1
012(Q17Q2) = <)\Q1 - %) <#> ) (13)

exit,l
qu 0
B2
_ (1—7)b ( 1
a12(q17 q2) = g DN it 1 ) (14)
L=0y p \ PEy

with g being defined as

7201

L Ba ale =5
9= (Aq43,3,) " P2 (Agg,0, — 1) | = > 1

<1 >0

The stated inequalities are shown to hold in the appendix. With these terms at

hand, we obtain for the value of equity and debt of firm 1 the following expressions

Ba
E\(P,qy,75) <_ P bl) b1 P
1 _ N = q - Jr : exTl ? 15
(1-7) Yn ) T T B0 \ Bl 15)
B

_ b _ b P By

Bl (Pa ql? q2) = ?1 + (/\ql - _1> (Pemlt 1> (AE1+§27§1) : (16)
q1,0

As one can now easily see, the presence of a competitor who leaves the market at a
higher trigger price adds a factor g in (9) to the price of the exit-option. This factor
is composed of the costs of postponed exit (Aqlﬁ%ql)ﬁ * and the gain, when firm
2 exits, which is a "hedge” against bad states. This hedge outweighs the cost of
waiting and in total increases equity-value. Moreover, value of firm 1°s equity now
exhibits a kink where firm 2 exits and it does not necessarily increase monotonously

increases in P anymore(see figures 3(a),(b) and appendix for details).

10Gee e.g. Jou (2001) for details.
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Figure 3: Equity-value of firm 1

E E
80 700]
600
60 500
400
40 300
200
20
100
P 0.5 1 1.5 2P
0.5 1 1.5 2 2.5 3
b b
(a) both Zr and Az 72 7 large (b) both Zr and Agi 72 1 small

4 Value, optimal investment and bankruptcy

To describe the investment behavior in the model presented here, some assumptions
are necessary to keep the model tractable. Some of them were mentioned above.
However, further discussion of these assumptions is still open.

First of all, as debt payments are fixed, investment—financed by external equity—
is the only way to decrease leverage. Although this seems too great a constraint
at first glance, it is very much in line with the findings of Fries et al. (1997), who
find that a small equityholder finds only extramarginal changes in leverage advan-
tageous. Therefore, if only marginal changes are feasible by issuing or buying back
marginal debt, investment—as an extramarginal change—is the only possibility to
lower leverage.

Moreover, as leverage is changed by investment, the order of leverage ratios and
therefore the order of exit prices may be reversed by investment. Furthermore, as
we have made no assumptions about the sizes of the investment projects, the order
of leverage ratios may differ before and after investment anyway. Therefore, we have
to consider a number of sub-cases which depend on the parameters of the model.

A further issue concerns predatory behavior, i.e. firms might invest just to drive
the price down to increase the probability of the other firm defaulting. Obviously,
the possibility of profitable predatory investment again depends on the parameter-
values and the order of leverage-ratios.

As no assumptions shall be made about which firm invests first, the two possible
asymmetric orders of movement have to be considered. The order of movement
will later be determined endogenously in equilibrium. However, as with ruling out
equal leverage ratios, we assume simultaneous investment of both firms (or collusive

strategies) to be ruled out by prohibitive costs of simultaneity.'!

Hnstead we could as well assume firm sales to be decreasing if both firms invest simultaneously,
ie. Agl+22 q1+3.9: < g,- However, such assumption would be stronger.
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In order to obtain the sequence of price triggers for bankruptcy by the same
reasoning used in Proposition 2 and to obtain a benchmark case, we start with the
investment and bankruptcy decisions of a monopolist. We will leave the calculation

of debt-values for a later section.

4.1 Investment- and bankruptcy-decisions of a monopolist

For a monopolist holding an investment and a bankruptcy option, we will label

its bankruptcy trigger price as P;’%“ and its investment price-trigger as P(%” The

following two value-matching conditions must hold for the equity-value function:

E(P4",q,0) =0, (17)

E(P,q,0) = E(AgzPi%’,b,7,0) — C. (18)
Together with the following smooth-pasting conditions these equations fully deter-
mine equity-value and price triggers. The two smooth-pasting conditions are:

OE(Pg§", q,0)

oP = 0, | (19)
OE(PY,q.0)  OE(AggPii',7.0) o)
oP N oP ‘

Now, combining (7),(17) and (19), an algebraic expression for the value of equity
can be derived after some calculations:

P b

E(Pg0) = (=72

p—p P

ext B B
L7 abin’ b 5 (L 2_ﬁ r\"
By=B\p—n ») | "\ Pei" S\ Peh

exi €] B8
L7 aPrg" PN [P\
Bo—=B1 p—p P;éit Pgﬁit

But the trigger prices P;’f)” and P;ﬁ”, have to be calculated numerically from equa-
tions (18) and (20).

(21)

4.2 Investment- and bankruptcy-decisions in duopoly when

one firm has invested

As mentioned above, both the case where firm 1 invests first and firm 2 invests
second and the reversed one have to be considered before one is able to determine
which firm invests first in equilibrium. The firm investing first will be called ”leader”
while the other firm will be called ”follower”. We begin with discussing the behavior
of the follower. As the case where firm 2 is the follower is the simpler one, we start

with discussing this case.
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Firm 2 as follower

Proposition 3 As a follower, firm 2 behaves myopically, i.e. just as a monopolist
would behave that faces the same demand function as firm 2.

Proof. As investment induces only costls at the point of time where the firm
invests, equity value before investment must be smaller than equity value after in-
vestment. (The investment option must be worth less than the increase in revenues
after investment (A, +q,.q1+q. "2 — 4,) ). Thus, we obtain P;:’;%tf > Pg’;g’Q. More-
over, proposition 2 yields that firm 2 leaves first after investment and behaves just
as a monopolist would do. Thus, firm 2 can also not credibly threaten to exit second
before investing, i.e. firm 2 leaves first and therefore cannot influence the (exit)

behavior of firm 1. m

So, as follower and just like in other games with preemption (e.g. Weeds, 2001),
firm 2, the higher leveraged firm, does not need to take into account the strategic
situation. Therefore, we obtain equations similar to the situation of a monopolist,

determining the investment and bankruptcy price-triggers.

Firm 1 as follower
If firm 1 is the follower the strategic situation changes: In contrast to the sim-

pler situation of firm 2, firm 1’s actions affect the probability of firm 2 declaring
bankruptcy. Hence, the strategic situation of firm 1 is much richer and firm 1 may
invest not because it is ”fundamentally” profitable but because this makes the exit
of firm 2 more likely. As we have seen, firm 2 does not have this opportunity.

Taking into account the potential exit of firm 2, a couple of different cases have
to be considered. For the moment, take Pg:’Z’Q as given. Of course Pg;;tf will be
later endogenously determined in equilibrium. The two cases differ with respect
to the number of price-triggers for investment. In the first case, there is a unique
(high) price-trigger so that firm 1 invests if and only if the price gets larger than
this trigger. In the other case there are two trigger prices: a high and a low one.
Investment at the low price-trigger is predatory.

However, in order to calculate the price-trigger(s) it is necessary to determine in
a first step if predatory investment is profitable. To do so, we define two auxiliary
”equity-value” functions. The first function to be defined is the equity value firm
1 would have if it could not invest. This is similar to the case in which both firms
have already invested but . is replaced with ¢, and the exit-price trigger of firm
2 is replaced with Pg;gf. E:i(P, 4,,72) will denote this function. Given the exit
price-trigger of firm 2 P;;ZQ, one can easily decide if o (P, gl,ﬁz) is similar to firm
1’s or firm 2’s value when both firms have invested. This function obviously defines
a lower bound for E1 (P, q,,7,).

For predatory investment to be profitable it hence is necessary that

Ei(P.4,,0,) + O = Bv(Agigp g P00 To)
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has more than one solution in P. The largest solution to this equation also defines

a lower bound for the non-predatory investment price-trigger.'?

Lemma 1 (i) Other things equal

Ex (P721762) + G = EI(A21+E2761+62Pa61762) (22)

q2
with P*(< P*)(< P**) respectively and the set of solutions by S. Moreover, if P

is large the following inequality holds:

has at most three solutions in P > maX{Pg;fIt’z, Pqem_t’l}. We denote the solutions
4, 4y

EI(P7217§2) + Cl < Ex (A21+E2761+62P761762)~ (23)
Proof. See appendiz. m

Although equilibrium exit-price-triggers will at first be derived in the next sub-
section, individual optimality already puts a restriction to the exit-price-triggers, as
the following Lemma shows. This Lemma proves useful in discussing the existence

of predatory investment in our model.

Lemma 2 (i) If firm 2 leaves the market first, ngg’z < Pg:f;’z holds.
; 4,

exit,2 —1 exit,2
Paz g

(i) Moreover, in all cases PRTIE TN &

Proof. See appendix. m

The second auxiliary equity-value function to be defined, is the value that eq-
uity would have, if investment was not allowed for prices below max (S). Not al-
lowing investment at prices below max (S) precludes predatory investment as long
as P* > AglJrq?@lJrqz_ng;g’Q. We will denote this second auxiliary function by
E. (P, gl,qz). Note that—given the exit strategy of firm 2—this function is well
defined by the usual smooth-pasting and value-matching conditions.'3
With these auxiliary functions at hand, three possible investment schemes can

now be distinguished:

1. A situation may occur, where firm 2 exits at quite high prices in situation
(44, T5), the demand is very inelastic,'* and the costs of investing are low, so
that the value-gain of equity of firm 1 in situation (g,,q,) is always larger

than the costs of investing. This however means that firm 1 would invest at

12A remark to notation is necessary at this point: The solution to an equation of the form
lhs(P(Y)) = rhs(P(Y)), like equation (22), is noted as a ”price level” for which the equation is
solved. However, this is slightly incorrect, as we rather obtain solutions in Y. E.g. the solution
might be at a price-level, lower than the exit-price of one of the firms. Therefore, the exit-decision
has to be taken into account, since it causes prices to rise. So we normalize for induced changes
in price. Nevertheless we stick to the notion as ”price level”, as it is easier to interpret.

13See appendix for details.

14This means prices react strongly to changes in total output.
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any price. This is the case if for all P > ng;t’Q
£ (A21+§2 ai+a: b 71,02) > C + Ex (Pyﬂlqu)'
Therefore, in this case

Ex (P»QI@Q) =FE (Agﬁrﬁzﬁﬂrﬁz Pﬁl,ﬁz) - Ch. (24)

2. If #5 =1 or #S > 1 but

~

E: (Pv 21762) = Ex (Agl 492,91 +q2 Pv 61762) - Cl (25)

. . it,2
has one and only one solution in [PEC:Z , 00 [, we have
21

El(PaglaaQ) = EI(P721762)

This will usually be the non-predatory behavior case. However, if ngff’z <
21

— it,2 : " -1 wit,2 T

Aq 19,7, 47, 'PIT)", we may obtain P* < Ail ‘,.3,43, Laa0 » Which is
predatory, though we will not refer to this case as predatory investment.

. If #S > 1 and (25) has more than one solution in [P;;?’z,oo[, firm 1 will
21

predatory invest, i.e. firm 1 invests at low prices to crowd firm 2 out of the

market. However, the exact structure of the value-function of firm 1 depends

on the number of solutions to (25):

(a) If (25) has two solutions, we will get an Investment/ No-Investment/ In-
vestment scheme, i.e. a low price-trigger for which investment occurs and
a high price-trigger for investment and a region of inactivity in between.
See figure 4(a). We can then obtain both price-triggers and the equity

value by applying standard boundary and smooth-pasting conditions for

pred,1
Pgl ,62

(low price-trigger) the smooth-pasting condition does not need to hold

investment. However, for the predatory-investment price-trigger

. pred,l __ _ _  _ —1pewit,2
and the border solution Pglﬁ2 = A21+q2’q1+‘12 P 0" may well be

obtained.

(b) If (25) has three solutions, the situation gets even more complex: If
occasionally P is very low, firm 1 will not invest, but will invest as prices
rise. However, smooth-pasting conditions do not need to hold in this
situation. See figure 4(b). Starting between P** and P***, we obtain the
same Investment/ No-Investment/ Investment scheme obtained under
(a). Again note the possibility of a border-solution for the predatory-

investment price-triggers.

To simplify the following analysis we shall rule out the latter case by assumption:
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Figure 4: Solutions to (22)

E
1“ E

AN )
B LU

p* Px* Pk prk Pk

\__

(a) two solutions (b) three solutions

Assumption 3: The costs of investment shall be such that firm 2 will never invest
at a price level that would lead to a type 3(b) predatory investment case with

very low prices, where firm 1 would predatorily invest as soon as prices rise.

The following proposition discusses the general possibility of predatory invest-
ment. The exact equations describing equity value and determining price-triggers

will be derived afterwards.

Proposition 4 (i) If demand is sufficiently elastic, i.e. YQ1,Q2 : Ag, 0, = 1, or
if demand is not too inelastic and the costs of investment Cy are sufficiently high,

then predatory investment never occurs.
= 1-8,
- G, b1
(ii) If g > (i@) and
(a) if firm 1 exits first when it would have no investment option and if
Sewit,1 —1 pewit,2
P;ﬁ%2 < AQI +72,91 192 PEE;B ’ (26)
then there exist investment-costs C1, so that (22) has multiple solutions.

(b) if firm 2 exits first and if for the right-hand partial derivative 8—5&

OF, L vemits OF, 2~
37 (Basman PV 00m) > 55t (PG 008) Ay sman

holds, then there exist cost of investment Cy so that predatory investment

0CCUTS.
Proof. See appendix. m

In case, predatory investment does occur, the exit value-matching condition for
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firm 1 has to be modified to
Epred(ppriil,ql,qz,) Ei(Agiiqeg Pyl SL0L,T) - O (27)

Let OP% denote the right-hand partial-derivative. Due to Lemma 2 (and since we
have to allow for a corner solution) we obtain for the necessary (smooth pasting)

condition the following generalized expression:

—1 pexit,2
VP > Agl‘fﬁzﬁﬁ‘ﬁz PEQ,O :

8Epred . OF c pr
(—;P (P4, T) ~ 557 (P”reilaﬁlqu)ﬁg%??) (" - P) <o

(28)

Corollary 1 The predatory investment-price trigger Pp ’"e‘i Lis always strictly larger

exit,2 pred,l exit,2
than Pq2 q, qu > Pq27q .
P'roof Follows straightforward from Lemma 5.2 and the definition of the preda-

tory investment-price trigger. M

Equilibrium exit-strategies
The exit strategy of firm 2 was taken to be given so far. However, exit strategies
have to be determined as an equilibrium of both firms competing to monopolize the
market.
Independently from the (g;, g—;)-state, equilibrium exit strategies can be char-

acterized as follows:

Definition 1 A vector of (gi, q—i)-state-contingent price-triggers ]5,-# is a Markov-
perfect best-response in pure strategies of firm i given the vector of price-
triggers Pﬁ» of firm —i, if for all (¢;,q—;) not exiting before the declared price-trigger

18 credible
pexit,i . . # 1mi 1 i
VP > Periti . |, (P, g, q-i| P, ) > 0. (limited liability)

Secondly, it also must be credible not to preempt on the own proposed price triggers

for investment, i.e.

VP < Bl B (Pog,a il PF PR > B (P, a il PF, ) -
VP> Pyett: By (Pog,a-ilPF PY) = B, (Pl PF, PE) — C.
(no preemption)

For all price-triggers Pi# (which may include predatory investment-triggers) that

fulfill the above credibility constraints, the proposed price-triggers need to be optimal,
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i.€.

qi,q—

E; (Perini, i, q-i| P¥, Pﬁ.) > B <P;ffltj7qi’q_i|]3i#’ Pﬁ)

qi,d—i

Definition 2 A Markov-perfect equilibrium in pure strategies is a pair of
vectors (PZ-#,Pﬁ) , so that each is a best response to the other.

Thus, a firm that defaults first, uses the value-matching and smooth pasting
condition

_OE
~op

(PEiti g q ) =0 (29)

qiq—i

Ei(Pynt qiy i)
to determine its own exit price-trigger. If a firm expects to leave second, its value
function flat in its own exit price-trigger. Thus, this firm is indifferent about the level
of its own exit price-trigger on the margin. Therefore, there always is a multiplicity
of equilibria which only differ with respect to the (virtual) exit price-trigger of the
firm which exits second.

Now denote by P;l"gjl the largest exit-price-trigger of firm ¢ that lets the limited
liability constraint of firm —i hold with equality for some P’. If firm ¢ chooses an
exit price trigger below Pi"%%  firm —i cannot credibly threaten to exit later as the
limited liability constraint would bind. Thus firm (—%) exiting at the myopic price-
trigger and the other firm choosing an exit price-trigger smaller than P(;"gf will
be an equilibrium, if P(;anfz fulfills the other equilibrium conditions of firm i. Note

that P"d’ > A;‘iq%q%}’;ff%ﬂ always holds since firm —i would immediately

exit in state (g_;,0) at a price below A} exit,—i

qit+q-i,9—i~ q—4,0
The following proposition describes all equilibria of the exit-game depending on

the parameters of the actual environment.

Proposition 5 (i) If for firm i the myopic exit price-trigger P;in,gffit’i, obtained
Jrom (29), is smaller than Pi"®' then firm —i choosing P07 and firm i

choosing a lower price-trigger is an equilibrium of the (q;,q—;) stage.

.. _ xit.i ; . it,i .
(i) If [Aqﬁqd,qi lP;f;(’)Z,Péi’fng = (), then firm i chooses Py 5 """ as the exit-

price-trigger in all equilibria of the (¢;,q—;) stage.

m_ exit,—1 ind,i —1 pexit,i ind,i
(iii) If Py_7q > Pt and |Agiq_ g Py Py

} £ 0, then firm i

; exit,i —1 pexit,i pind,i ; ; m_ exit,—i
choosing some Pg% " € [Aqﬁq%qi P70 ’Pqi,qﬂ} and firm —i choosing Py_7 4

is an equilibrium of the (q;,q—:) stage, if this yields no incentive to predatorily invest

i

for firm —i.

(iv) If both firms have an incentive to predatorily invest, instead of choosing their
myopic exit price-trigger, then both firm preempt on predatory investment.

(v) If firm i predatorily invests, firm —i cannot credibly threaten to deviate from

choosing the myopic exit price-trigger to hinder i in investing predatorily.
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Proof. See appendix. m

Remark 1 Part (iii) of the last proposition gives rise to the problem of multiplic-
ity of equilibria. For the numerical simulations the firm with the larger P;’fgfi 1S
selected as the one, who leaves second.

This selection can be motivated by the following idea: Suppose firm —i chooses an
exit price-trigger marginally larger than Pg"gj Is the choice of Pg"gj still credible
then? Of course not for the firm with the lower P& .

Conwversely, this rule can be interpreted as a notion of conservativeness in the fol-
lowing sense: Suppose the shareholders of firm i imagine the worst case, i.e. firm
—i defaults just one logical second before i's (proposed) trigger price is reached.
Then only if the proposed exit price trigger is larger than the own indifference price
trigger, i has no incentive to exit before.

Another motivation for this rule would be that firms step by step and sequentially

undercut each other’s exit price-triggers before the actual game commences.

4.3 Investment- and bankruptcy-decisions in duopoly when

no firm has invested yet

We shall now turn to the investment decision of the leader. Here however, the
problem becomes more complex, as there may be a preemption game for both,
predatory investment and ”fundamental” investment decisions. However, if second
mover advantages are not too strong, one can obtain a relatively simple rationale
for the investment trigger prices.

To avoid further complication, we will make the following assumption according

to the price-level (and investment costs) in ¢ =0 :

Assumption 4: At the initial price-level Py at least one firm finds it unprofitable
to invest and both firms find it unprofitable to declare bankruptcy. More-
over, Py lies between the preemption thresholds (ngjd’i,PZﬁ?gi), which will
be defined below, i.e.

min {PTet} < Py < max{ P}

Non-predatory investment

To disentangle the interrelated decisions at the early stage of the game (when both
firms still do not have invested) non-predatory investment is analyzed separately
in a first-step. The exit and investment strategy of the respective other firm are
assumed to be given for the moment. Just as we did when firm 1 was the follower, we
construct a hypothetical value-function for the leading firm 4. For this hypothetical
value-function we again assume firm ¢ would not have any investment option. Hence,

this function exhibits a kink at the price-trigger where the follower, firm —i, invests.
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Non-predatory investment of the leader (with the leader’s role preassigned) is
again defined as investment that occurs at prices larger than the largest price-level
P* for which this hypothetical value function intersects with the value at output
(Gi,gﬂ_) less investment costs.'® However, if this intersection is at a higher price
than the investment price of firm —i, then firm ¢ cannot profitably invest in a non-
predatorily before firm —i invests. Therefore, under the assumption that firm —i
does not predatorily invest, we obtain the following value-matching conditions for
our second hypothetical value-function:

Ei(Pem't,fi’gi’qii) _ Ei(Agi+27 Pem’t,fiygi’ 0) (30)

4-i:; S o4 40

if firm 4 chooses an exit price-trigger larger than the one of firm —i and

Ei(Pexit7i qwg—i) =0 (31)

9;-9—;° L

otherwise. If firm ¢ non-predatorily invests, we obtain

EZ(PQZZZL ) ql"gfi) = E’(Aql +g,iﬁi+g,ip(;;n72fi’ai7271‘) - Cl (32)
and if firm —i invests first, we obtain
EZ(PQL:LZJZQ_ZL’QHQ—J = L (Agﬁ-g,i,gﬁﬁﬂ‘ Péﬁj:g_fvgmqﬂ) (33)

The investment price-trigger P:™* is then determined as the solution Pi™' ¢

0= [ng?fé’fi, pinv.- ’} to the generalized smooth-pasting condition

6E inv,i aEt inv,i —

99—

x (P - P) <0. (34)

Proposition 5 can be used to find an exit-equilibrium, given the investment
strategies of firm —i. Whether predatory investment at the early stage of the game
is possible, can be checked by expressions analogous to those obtained in the case

when firm 1 is the follower.

Equilibrium investment

The investment strategies of firm —i obviously cannot be taken as given, i.e. we
have to determine the exit- and investment-equilibrium at the early stage of the
game simultaneously. Remember that we were merely interested in competitive

outcomes. Thus, we assumed that collusive investment strategies are not feasible.

15 Again a case where investment is profitable at any price may occur. However, we will not
further comment on this possible case.
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We define as Huisman and Kort (1999) a function ®;(P) which represents the
advantage of taking the role of the leader and investing at P instead of becoming

the follower, when the other firm invests at price P.

®;(P) := E (Agﬁg,i@-&-g,ipa @‘7271) -C-E (Agﬁg,i,gﬁmiRQm@J (35)

Value as leader Value as follower

Note that this expression is independent of exit decisions in the early stage of the
game and is thus well defined, although we have not identified the exit equilibrium,
yet.
To describe the root-behavior of ®;(P) a bit more notation has to be introduced.

We denote the state- (g, g) price at which firm i invests as follower by P;, i.e.

D A1 inv,i

Pi= Agi +4-i:4 7L ;9
analogously we define P, as the price at which firm i quits as follower, invests

predatorily, or firm —i quits, whichever happens first.

Proposition 6 (i) On M := [max{P;}, min {P;}]
7=1,2 7j=1,2

®;(P) =0 (36)

has at most three solutions.
(i) If P; < P_;, then ®,;(P) = 0 has at most two solution on M and only one
additional one for P; < P < P_;, namely P_; with @;(ﬁ,i) <0.
(ii) If P; > P_; , then ®;(P;) =0 and ®;(P) <0 for all P; > P > P_,.
(i) If ®;(P) = 0 has two solutions on M in case (ii) or three solutions in case
(i11), then ®;(max{P;}) > 0. Moreover, there can only exist an additional solution
on anlinz{ﬂﬂ} <P< szalwé{ﬂj} if P, < P_,.

Proof. See appendiz. m

If there are two solutions to ®;(P) = 0 in case (ii) (respectively three solutions
in case (iii)) we will call the smaller one the preemption-threshold for predatory
investment and the larger one preemption-threshold for non-predatory investment.
They define a threshold at which firm i is just indifferent between being the leader
and being the follower. We will denote these thresholds by Pé’[fd’i and P

pre

respectively. If there are less solutions, we only define a non-predatory preemption
threshold.

If in case (ii) there is no solution to (36) on M then there is a solution for smaller
P since the payoff of the leader’s role is —C; < 0 at its (effective) exit price, while

it is zero for the same firm being follower. We then denote this solution by P,

pred,i _ D ta : : iU, pred,i
Moreover, we set PIIe%* = P;. This is the only case in which P 72" > PITed!,

If in case (iii) ®;(P) <0 for all P < P;, we set PV = P_,.

pre
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A typical problem that arises in timing games of (dis-)investment is the multi-
plicity of equilibria associated with Fudenberg and Tirole “s (1985) notion of perfect
timing game equilibria. The non-uniqueness typically arises if none of the firms
has an unilateral incentive to invest, while both firms have an incentive to pre-
empt each other.'® However, this non-uniqueness disappears when we look at the

renegotiation-proof equilibria only and make the following additional assumption.

Assumption 5: Let i be the firm with the larger P;, then the largest solution to
(36) for firm —i shall be larger, than the optimal unconstrained!” investment
price trigger of firm i. Moreover, at least for one firm there exists an (interior)

solution for P on M.

This assumption assures that second-mover advantages not being ”too strong”.

Proposition 7 Under Assumption 5 the only Markov-perfect equilibrium for the
preemption game for mon-predatory investment is that the firm with the smaller

Pg;‘g’i takes the lead, and chooses an investment-price trigger, which is a solution

to (34), where Pt = Pg;ﬁ‘g’_’,ng%i—z = Pyrit. We denote this investment
inv,L
PgL’giL.

Proof. First note that at PQZZUQEL firm L indeed prefers to be the leader, more-

price trigger by

over because of assumption 5 we have a preemption game for non-predatory invest-
ment: Suppose T denotes the stopping-time associated with the optimal investment-
price trigger of firm i. Then firm —i has an incentive to invest at time T — €,
as long as the price is above its preemption threshold. Therefore, when P, €
[Ppred-—L pinv=L] firm —L prefers to be the follower, while at Pyt firm L

profitable invests. M

However, an existing preemption threshold for predatory investment does not
necessary imply predatory investment to occur in a renegotiation-proof Markov-

perfect equilibrium:

Proposition 8 There can only occur predatory investment in a renegotiation-proof
Markov-perfect equilibrium, if at least one firm can profitably invest predatorily,
without assuming that the other firm invests predatorily, i.e. a P'< Péff’g’i exists,
such that

Ei(Agi-‘rg,i,ﬁr‘rg,iP;aiagfi) -C> EZ(P; ngﬂ‘); (37)

16See e.g. Weeds (2001) or Sparla (2001).

Indeed, in some numerical simulations (not reported) we found non-renegotiation-proof preda-
tory equilibria. Renegotiation-prooveness is but a strong assumption on rationality.

Therefore, we might in reality observe a circular situation of the following form: One agent takes
pre-emptive, predatory action in threat of a predatory action of the other agent. This other agent
however has no incentive to undertake that action as long as the first agent does not take action.
The first agent however takes action as she is threatened. Triggered off by a sunspot, the situation
escalates.

17This means P;"%:;" is set to infinity in calculating the price-triggers.
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where EZ denotes the equity value without the possibility of predatory investment. If
(37) has indeed such a solution, we will call predatory investment for firm i to be
”fundamentally profitable”.

Proof. (37) defines a kind of net-present value rule to predatory investment:
The option to predatorily invest exists if and only if predatory investment can give
a net-present-value gain. If therefore predatory investment is not profitable for both
firms unless the other firm predatorily invests, then both firms can renegotiate not

to invest predatorily. m

Proposition 9 A solution to (37) implies that a predatory investment preemption
threshold for firm i exists, i.e. there cannot be second-mover advantages for prof-
itable predatory investment independent of how low P gets.

Proof. See appendiz. ®

Therefore, if both firms have a predatory-investment preemption-threshold price,
or if the non-predatory investment threshold of one firm is smaller than the preda-
tory one of the other firm, we have a preemption game for predatory investment.
However, both firms only enter this game, if at least one firm finds predatory in-
vestment fundamentally profitable. If only for one firm a predatory-investment
preemption threshold is defined, and if this firm finds predatory investment fun-
damentally profitable, then it will predatorily invest, indeed. In this case it sets
the predatory investment-price trigger according to a generalized smooth pasting

condition analogous the one derived for firm 1 as follower.

Proposition 10 (i) If there is a preemption game for predatory investment and

Pﬁfd’i < Pé?g*i for both firms, the only Markov-perfect equilibrium (outcome) is

that the firm with the higher Pg,’."fd7i, takes the lead for predatory investment and
invests at a price-trigger which is a solution to a version of (34) that is modified by

defining P(’I""?”;i = Pg[’jd’i, Pg"’%ﬂ = Pé’[gd’_i and by using the appropriate value
L—1242 —1711

matching conditions.

(i) If there is a preemption game for predatory investment, and Pg{jw > P;?,?g’*i

Jor firm i, and one of the firms has an unilateral incentive to invest in [Bine-—, ppred:i] 18
then in all Markov-perfect equilibria firm —i invests predatorily at Pf,’[jd’i.

(iii) If there is a preemption game for predatory investment and Pé’[gd’i > P;[;,‘e”?_i

for one of the firms, and none of the firms have an unilateral incentive to invest

on [Pinv-=t prredi] then in all renegotiation-proof Markov-perfect equilibria firm

i predatorily invests at its unconstrained optimal predatory investment price-trigger

or at Pg,’f’eed’_i, whichever is the higher price.

Proof. See appendix. m

Corollary 2 If both firms wish to predatorily invest, then the equilibrium predatory

18 This means the unconstrained optimal investment price-trigger falls in this interval.
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investment price-trigger s strictly smaller than the equilibrium normal investment

price-trigger.

The equilibrium exit strategies are determined analogously to the follower case.
Therefore, we now have all equations that determine the equilibrium price-triggers
of our model and so we can obtain numerical results and numerically check the

importance of the strategic situation modelled in this paper.

5 Value of debt

For completeness, we briefly state the two value-matching conditions which generally

characterized the value of debt:

Bl(Pziath;i?bUQUQ’l) - /\QL ; (38)
BZ‘(PT”g, bi, qit, Q—il) = Di(Aq“ +q_i1,qi2+q_i2 PT”g, bi, qi2, Q—i2). (39)

PT7i9 denotes an arbitrary decision price trigger that does not lead to an immediate
exit of firm ¢ and at which capacities are changed from (gi1,q-i1) to (qiz,q—;2).
However, as we do not aim at deriving optimal leverage strategies, debt values are

not reported in the numerical results.

6 Numerical results

Numerical solutions have been calculated for different parameter values. Table 1
contains the parameter-values for the non firm-specific parameters. In all calcula-
tions an isoelastic specification for the inverse demand-function has been used. Two
base cases are considered. One to discuss the impact of changes in the leverage,

and one to study the influences of the elasticity of demand and the tax rate.

Table 1: General Parameter Values,
Base Cases

Tax Rate 7 0.3
Discount Rate p  0.05
Drift p 0.03
Variance o2 0.1

Inverse-Demand Q¢

Tables 2, 3 and 4 report the results for those two base cases. First of all, invest-
ment price-triggers for the duopoly and the monopoly differ very significantly.'’

For the follower, this is just the standard result of Cournot competition. For the
preemption threshold of the leader, this is the usual effect of the strong first-mover

advantages of the Stackelberg-leader. These first-mover advantages are additionally

9 This is also true for the trigger values of Y, which can be obtained by rescaling the price
triggers by 1.86607 for the leader and 1.95912 for the follower, setting D (g) = 1.
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amplified in the presence of predatory behavior or if the order of exit is reversed by
investment. These first-mover advantages drive the results of our base cases.?’ The
(tax adjusted) net-present-value price triggers for investment in duopoly in the two
base cases were (according to rule 1 below) 5.7 (8.2) and 7.6 (10.9) respectively.?!
If one assumes the other firm would invest, unless firm ¢ invests (rule 2), then the
net-present-value rule yields a tax-adjusted price trigger of 4.5 in base case I (a),
which is only slightly below the equilibrium investment-price trigger of firm 1.

Moreover, in calculating the adjusted net-present value price-trigger of 4.5, the
investment of firm 2 when the price-process reaches the follower’s price-trigger is
ignored. Therefore the "true” net-present-value rule investment-price trigger is
larger than 4.5. In that sense, we can conclude that in some cases the threat of
being forced to exit first outweighs the gains from waiting.

Comparing the results for the three sub-cases of Base Case I,

(a) Firm 1 has lower leverage before and after investment,
(b) Firm 1 has a higher leverage before, but lower leverage after investment and
(c) the size of the investment projects differs between Firm 1 and 2,

shows that the firm with the higher initial, the firm with the higher post-
investment leverage, and the firm with the lower leverage in both states can prey
in equilibrium. Therefore, our model includes not only the cases studied by Busse
(2001) but also cases in which the financially healthier firm preys.

Table 5 now reports the effects of a change in leverage of firm 1 (relative to Base
Case I(a)). In states, in which investment does neither change the ordering of exit
price triggers, nor predatory investment would occur on the second stage, the effect
of debt on investment-price triggers are rather minor.

Moreover, as firm 1 becomes leader in equilibrium, the probability of investment
in duopoly shrinks with larger debt levels as long as debt levels stay intermediate.

However, if both firms become more similarly leveraged, debt starkly influences
investment decisions. If firm 2 can expect that firm 1 leaves the market first (in
case firm 2 becomes the leader) then—as we have seen—first-mover advantages
become very strong. The first-mover advantages can be even as strong as firm 1 in

equilibrium invests below the simple net-present-value price trigger.

20Note, that although interior solutions for the non-predatory investment price-trigger were
allowed for, in the cases reported, the leader always invested at the preemption threshold of the

follower.
21

NPVRul67 1 = (40)

NPVRul672 = (41)
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Table 2: Base Case I (a), (b): £ =10.9

Firm 1 (a) Firm 1 (b) Firm 2
Production before Investment 18 17.9 18
Production after Investment 20 20 20
Investment-Costs 120 120 120
Coupon-Payment [Debt] 49.9 49.9 50
MONOPOLY
Exit-Price Trigger after investment 0.4496 0.4496 0.4505
Exit-Price Trigger before investment 0.4980 0.4980 0.4990
Investment-Price Trigger 99.844 95.337 99.844
DUOPOLY
Both Invested, Exit-Price Trigger Firm 2 exits Firm 2 exits  0.45049
Firm 1 Follower: Exit-Price Trigger 0.4867 0.4888 Firm 1 exits
Firm 1 Follower: Investment-Price Trigger 15.872 15.061 Firm 1 inv.
Firm 2 Follower: Exit-Price Trigger Firm 2 exits Firm 2 exits 0.4881
Firm 2 Follower: Investment-Price Trigger Firm 2 inv. Firm 2 inv. 17.48
Preemption Threshold Non-Predatory Investment 4.57881 4.36741 4.895 (4.873)
Unilateral Incentive to predatorily Invest as Leader ~ NoO No Yes
Firm 1: Predatory Investment-Price Trigger  0.611624 0.6206 Firm 1 inv.
Table 3: Base Case I (¢): £ =10.8
Firm 1 Firm 2
Production before Investment 17 18
Production after Investment 21 20
Investment-Costs 160 120
Coupon-Payment [Debt] 70 70
MONOPOLY
Exit-Price Trigger after investment 0.601 0.631
Exit-Price Trigger before investment 0.7296 0.695
Investment-Price Trigger 34.75 49.77
DUOPOLY
Both Invested, Exit-Price Trigger Firm 2 exits 0.631

Firm 1 Follower: Exit-Price Trigger 0.693 Firm 1 exits
Firm 1 Follower: Investment-Price Trigger 9.293 Firm 1 inv.
Firm 2 Follower: Exit-Price Trigger Firm 2 exits 0.680

Firm 2 Follower: Investment-Price Trigger Firm 2 inv. 15.924
Preemption Threshold Non-Predatory Investment 3.579 3.109
Unilateral Incentive to predatorily Invest as Leader No Yes

Firm 1: Predatory Investment-Price Trigger Firm 2 inv. 0.786
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Table 4: Base Case II: £ = 0.7

Firm 1 Firm 2
Production before Investment 18 18
Production after Investment 20 20
Investment-Costs 160 160
Coupon-Payment [Debt] 40 50
MONOPOLY
Exit-Price Trigger after investment 0.3604 0.4505
Exit-Price Trigger before investment 0.3963 0.4951
Investment-Price Trigger 43.9427 43.9679
DUOPOLY
Both Invested, Exit-Price Trigger Firm 2 exits  0.4505
Firm 1 Follower: Exit-Price Trigger Firm 2 exits 0.4584
Firm 1 Follower: Investment-Price Trigger 19.59 Firm 1 inv.
Firm 2 Follower: Exit-Price Trigger Firm 2 exits 0.4863
Firm 2 Follower: Investment-Price Trigger Firm 2 inv. 19.73
Preemption Threshold Non-Predatory Investment 9.055 9.4218
Unilateral Incentive to predatorily Invest as Leader ~No No
Firm 2: Exit-Price Trigger before Investment Firm 2 exits 0.4974

Table 5: Effects of firm 1’s debt on investment-price triggers

debt Py P Pyt B?

49.9*  99.8436 15.8715 4.57881 4.89525
49 99.8422  17.2948 6.0871 6.52665
48 99.8407 17.2942 6.08645 6.52679
47 99.8392 17.2935 6.08581 6.52694
40 99.8294 17.2894 6.08161 6.5279

35 99.8232 17.2868 6.07892  6.52851

* Firm 1 exits first as follower and also predatorily invests as leader.

Table 6: Effects of firm 2’s debt on investment-price triggers

debt P P P’ Pyt
50 133.102  23.2316 8.57345 8.20269
55 133.108  23.2526 8.61058 8.1743
60 133.115  23.2749  8.64987  8.14432
70 133.13 23.3233 8.73448  8.07987
80 133.147 23.3762  8.8266 8.00988

Table 7: Effects of the elasticity of demand on investment-price triggers

elasticity Péi%’l (_;;”62 2‘1"%21 EZZ%’IQ pinel pino.2

—0.5 26.1318  26.1671 17.0162 17.1305 9.98429 10.3272
—0.6 32.8083 32.8389 18.2142 18.34 9.50913  9.86668
—0.7 43.9427 43.9679 19.5916  19.729 9.05488  9.42182
—0.8 66.2228 66.2419 21.1916 21.3402 8.61981 8.99124
—-0.9 133.09 133.102  23.0725 23.2316  8.20269 8.57345

26
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Figure 5: Gain, ®;, from becoming the leader, Base Case I (a)

Therefore, the model presented in this paper might indeed explain the U-shaped
investment-debt relation found in figure 1 taken from Bayer (2002). Figure 5 shows
the ®; functions for both firms corresponding to the first base case.

Table 6 reports the investment price triggers for different debt-levels of firm 2
(with the base case II specifications). For firm 2, investment becomes more likely
for lower debt levels. This is in line with Jou’s (2001) findings for monopolists and
empirical evidence. Interestingly, different debt levels influence firm 2 ’s investment
decision much stronger in a duopoly than in monopoly.

Unlike in a static model of Cournot-competition, here, increasing the elasticity
of demand make investment of the leader more likely, whereas the investment of the
follower becomes less likely, as shown in table 7. Here again, the strong first-mover
advantages drive the result.

Although only results for firms that are relatively symmetric were reported, solu-
tions have been calculated for cases more asymmetric in production or investment
costs. Yet, in the asymmetric cases the results do not change much, except for
predatory outcomes to be more likely, i.e. we obtain predatory equilibria also for
cases with a greater difference in leverage ratios or more elastic demands.

Generally, predatory outcomes are likely if firm 1 is small compared to firm 2

and both are heavily leveraged.

7 Conclusions

In this paper the real options in duopoly literature was extended to allow for si-
multaneous irreversible investment and exit decisions. The duopoly was modelled
in continuous time and firms were assumed to hold debt because of tax advan-
tages. The firms were allowed to default on their obligations at no costs for the
equityholders.

It was shown that allowing for endogenous bankruptcy decisions alters the strate-
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gic situation significantly. Firms may invest, not because investment is fundamen-
tally profitable, but because this makes the exit of the competitor more likely. This
however, affects the option value of the investment options themselves. Therefore,
in the model presented debt not only induces an agency problem, but also has a
negative strategic effect, which reduces the value of debt. This might explain the
low debt-ratios found in practice compared to the substantial tax benefits of debt.

Moreover, a discontinuous effect on debt on investment incentives was found: For
moderate debt-levels investment tends to decrease with increasing debt. However,
if debt levels get large enough, investment-incentives become very strong, as both
firms seek to become leader and monopolize the market when revenues decrease in
the presence of adverse shocks. This strategic effect of debt might explain the non-
monotone influence of debt on investment as shown in figure 1. Moreover, this gives
an explanation for predatory behavior in a dynamic setting neither relying on the
asymmetry of information among competitors, nor on learning-curve or network-
effects. Our numerical examples show that in equilibrium both the firm with the
higher and the firm with the lower debt may invest predatory.

As a further result and in stark contrast to Sparla (2001), who considers partly
reduction of capacity, it was shown that even small heterogeneity with respect to th
induce an asymmetric exit equilibrium, if only bankruptcy decisions are considered.

For further research several extensions can be made: First of all the choice of
debt may be endogenised. Moreover, collusive behavior and symmetry of the firms
could be allowed for as in Weeds (2001). Glazer (1994) finds in a two period version
of the Brander Lewis (1986) model, that debt can make collusive behavior more
likely in the first period. As a special case of the present model, market entry as
in Jou (2001) could be studied. Moreover, welfare issues and issues of competition
policy are open for research.

Finally one might allow firms to have multiple options to adjust leverage and

capacity.
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8 Appendix

In the following appendix, we first derive the functional form of the value function
involved in our model. Thereafter, the proofs which were omitted in the main text

are presented.

8.1 Deriving the value functions

Treating FEi(P,bi,q:,7-:) as an asset value and using (2) yields according to It6 s

Lemma for its expected capital gain:

dEl(*val?ql?q*l) _ 10_2]328 E1<P7b17q17q*1) P8E1<P7b17q17q*1)

B dt 2 P2 H P

(42)

This expected capital gain plus the dividend (1 — 7) [¢; P — b;] should be equal to
the normal return pFi (P, bi,q:,q-i) to prevent any arbitrage profits from arising.

This yields the differential equation

pEi(P,bi,Qi,Q—i) =
82Ei(P7bi7qi7q*i) PaEl(P7b”ql7q71)
oP? K opP

%2132 (=) [P —b] (43)

A particular solution to this equation is
BPbgog) = (1=7) [gm = 2] (1)

The complementary solution involves terms in the form PP, for each solution 3 to

the fundamental quadratic equation

2 2
ﬁ2%+ﬁ<u—%>—p=0 (45)

as given in (6). (See Dixit and Pindyck (1994) for details.)

8.2 Proofs of the propositions of the main text

8.2.1 Proof of Proposition 2

Lemma 3 Under the assumptions of our model

— 1-8,
3 7102 -(1-8
g = h = (A61+62a51) P - ﬁQ (Aal+a2aal - 1> <@) Aﬁf‘i‘ﬁz%i} 21 (46)

holds for all Ag,4g,7, > 1> Az (=02

- q1+G42,02"
Proof. For notational convenience we denote a := Ag 1g,3, —1; b:=—F5 >0
b2 iy ) lo Ag 90,3
and r = % By definition of flow leverage, we obtain r = fAZ j:f =2 Therefore,
417T42,91
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la T
we have ———(a + 1) = = > 1 by assumption, so0 ~——— >
A(11+(12 T2 ( + ) b y P Agy 472,70 a+1

Rewriting h yields:

follows.

1\’ 1\’
h(a)< ) +bar' TP A GE0 g( ) +bar'tt =g(a)  (47)

a+1 a+1
and
Oh(a) oy [acoen e 1 1+b » 1 1+b l_2 1+b e
Oa T+12:% a+1 a+1 ls

(48)
Now, note that h(0) = 1 which completes the proof. m

exit,2 exit,2 -1 exit,2
Lemma 4 For any P- 7 (md P> R 7 2 Aaﬁ%@ Pq2 > 0 equity value of

firm 1 is positive.

Proof. To obtain negative equity values dependent on choosing P”Zf, a nec-
essary condition would be that IPL4* > 0 : gu% {E1(P,b1,74,7,)} <0.
>
Using (11) we obtain as a general solution for the equity-value of firm 1:
1 qP b
—EB(Pb,7,7) = —— — = + 0pV PP (49)

-7 p—p P

. E pexit,2 1-6, 1 b —1 exit,l —B2
OpV == (Aar‘rﬁz#_h - 1) (PE2761 ) + 1— ﬂZ; (A§1+§2ﬁ1 Pﬁl,o ) :

pP—H
(50)
Therefore, we obtain for the price Punin which minimizes value:
1 1 g 1-5
Puin = OpvlilﬁQ [_L] 2 ’ (51)
Bap— p
Note that this price may be smaller than Pe“t 2 Using Ppin to calculate the minimal

equity-value Eni, of firm 1 yields.

1
Emin

TEI(Pmina b1761762)

= 1 —
. — B2
= 1 = -3 b 14 B2 = T—03
- g 57 |_1_9 z_ 0 +22- 7 1 g 2
- p*quVl v [ Ba p*u} p—i—OpV S [ B p*u}
By

8 q - L’Q b
= o+ o] | o -2 e

p—p p

>0

Since OpV is increasing in Pqex;t 2 50 i Emin. Therefore, the smallest minimal equity
value is obtained at P“ZQ = Aa_ll_ﬁ?@ P(—Ie;g’z = A(‘;ll-i-ﬁg,ﬁzr P (with v defined

as in the Lemma 8). Substituting this back in (50) we obtain (makzng further use
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of the definition of ng’;g’l)

—1 pexit,l
; B2 P—l ' 1-8, B2
exit,l _ q',0 -1 1 b
OpVinin (qu,o ) = (A7, 43,3, — 1) e (Aaﬁaz,az ’") T (Aaﬁam)
=—Ba2(p—1) b
TT0=60p 7 (A1 =0 Pz
= (Mg 42,3, — 1) P ju (AmﬁQ,aJ) T a5, (A61+62,61)
1-5, B
— ~1 1 b
= |:_52 (AEH*E%% - 1) (A§1+§2,§2r) + (A%Jrﬁ%ﬁl) :| -8, p
1 b
=h —. 53
1—=PByp (53)
This now yields for P&t
1
. 1 1+é L ; 71_5%_
e e (Peyt) (54)
Bs p—p

1 B2
1 . - . — = 1 .
— t,1|1-P2 exit,1 1-62 — pexit,1
= -5 | PS*% pere = Q182 P&
h [ 71,0 41,0 h 7,0 -

Thus, the global minimum of the equity value is

1 min - = L 61 Pﬁef,g?l b 1 b exit,1 —Bs L exit,l Ba
1—TE1(Pm'n7b17q17q2) = hT® pP—H 7_’}+h1—52_91- [Pﬁl’d } [hliﬁzpﬁhc, ]
- exit,l b
_ = 173,,0 b 1 b 5 1
= hTE [ﬁ——purl_ﬁ?—,} + (hem _1);

= (h=m -1) b,
o
The last equality follows from the definition of Pg’ig’l, whereas the inequality is

result of Lemma 8. This completes the proof. m

Proposition 11 (Proposition 2 main text) In all Markov-perfect equilibria in
pure strategies of the (q1,qs)-subgame (exit after investment), the firm with the
higher leverage (firm 2) chooses its monopoly exit price as the price trigger for
bankruptcy P;;gf = Pg;gt’Q, whereas firm 1 chooses any price Pgﬁ%l, such that
Pt € Pi=]AG + T2, G) T B0 AT + T, T) T P

Proof. First note that under the proposed equilibrium strategy firm 2 never
becomes a monopolist. Therefore, only the actual price and not the quantity of the
competitor matter for firm 2. Thus firm 2 behaves myopic. Therefore, the value
of firm 2 under the proposed strategy is zero at Pgﬁgf, which then is indeed the
optimal trigger price.
Secondly, we have to show that firm 2 cannot profitably choose an exit price trigger
smaller than P;:g;l. To see this, suppose firm 2 chooses a lower price trigger. Then
firm 2 becomes a monopolist after firm 1 exits. However, as the price after firm 1

has left the market is still below firm 2°s monopoly exit price-trigger, the value

(55)
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associated with this strateqgy must be negative.

To see that Pgﬁgj is indeed an equilibrium trigger price, first note that, if firm
2 chooses Pgﬁ%z, all trigger prices below nggf yield the same payoff given P.
Because of the above Lemmata this payoff must be positive. Moreover, it cannot be
rational to exit earlier than firm 2 as firm 1 would then forego monopoly profits, i.e.
the positive payoffs.

Choosing any price-trigger outside P for firm 1, however, cannot be part of an
equilibrium strategy as firm 2 could profitably deviate and set a price slightly smaller
and obtain monopoly profits.

Last, we have to show, that Pis non-empty. This now follows straightforward from

assumption 1, our assumption regarding the leverage ratios.

8.2.2 Proof of Lemma 5.1

Lemma 5 (Lemma 5.1 main text) (i) Other things equal

Ev(Pb1,g,,T2) + Cr = B (Ag s 1492 P b1, 01, T) (56)

it,1
P
with P*(< P*)(< P**) respectively and the set of solutions by S.

. . 0| E1(Pb1,g,,82)—E1(A 1 z2 71 72 P,b1,G132)
(i) The sign of { =L g1 |

to the next.

has at most three solutions in P > maX{ngf;’z, P07} We denote the solutions
a4, 't

changes from one solution

(iii) If the number of solutions is odd, we have

0 |:E1 (P7 blvglvaZ) - Ex (A21+E2,61+E2P7 b1761762):|

0.
apP <Y
P=p+
(iv) if there are two solutions, we have
0 [Bu(P.b1, 4, %) = B (Dgr i 7472 P 0T )| .
9P > 0.
p=p~

Proof. (i) Due to Lemma 8, if firm 2 exits first, E: (P,b1,4,,>) exhibits a kink,
and this kink must be at a smaller P than the kink in

Ei(Apiyz2 71472 P 01,71, o). Define the continuous function
f(P):= E: (P, bl,gl,@) +Ci — Ex (Ag1+62ﬁl+ﬁ2pv b1,G1,Ts)- (57)

exit,l exit,2 - . .
In case AglJrqzﬁlJﬁngl@ < PEQ,O it has the following functional form (for P >
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exit,2 exit,1 3
max{Pq2 a Pglﬁg 1):
F(P) = { P+ x0P% +C if A dea+p P < Pexzt 2

q2,0
B exit,2 (58)
To1 P + x99 PP2 + C Zqu 1132 +q2P2PEQ,O

Otherwise
f(P) :$31P+$32P52. (59)

Hence, f must be either concave or convex on each subset. Consequently f(P) =0
can have at most four solutions.

Now note that as sales are increasing with investment Plirilmf(P) = —o00. More-
over, consider that f keeps its functional form until firm 1 exits in monopoly. As
E: (P, bl’ﬂva?) > 0, we can conclude f(P) > 0 at the normalized price where
firm 1 exits in monopoly. Therefore, the number of solutions to f(P) = 0 must
be odd on the set of price-levels larger than the monopoly exit-price. Howewver,
{P ‘P > max{PgZ’Q, Pgﬁgj} } is subset of this set. This completes the proof.
(ii)-(iv) follow trivially. m

8.2.3 Proof of Lemma 2

Lemma 6 (Lemma 2 main text) (i) If firm 2 leaves the market first ngﬂ <
PE"™2 holds.

92,9,

: it,2 - it,2
(i1) Moreover, in all cases Ps™" ! ot

42,4, 4, 42,91 +32" G2,0
Proof. (i) The first inequality follows from the fact that the possible investment

of firm 1 lowers equity-value of firm 2. Thus, ngg 2 < Pg;ff 2
; 4,

(ii) We firstly show that
1 - -

VP < P”w EQ(Aq +q27q1+q2py QQ721) > EQ(Py QQ7QI)'

Aq 1+q2,q1+q P maps situation (3, qy) to (32, q,) prices and situation (qy,q,) differs
rom (Qy, Q) for firm 2 only in the different prices which correspond to the same Y;.
201 2 only in the di t hich d to th Y,
Therefore, the decrease in equity value of firm 2 that is caused by the existence

of an investment option of firm 1 is always smaller than the decrease caused by

investment itself. Thus, the stated inequality follows. This inequality itself implies

Pexzt ,2

that the equity-value of firm 2 at price Aq T3, +3 5,0

must be positive, because

1 it,2 — it,2 —
(Aq +q2,q1+q2Pqe;,L 42,4 ) > EQ(P%L 7QQ>Q1) 0.

Thus, Pem 2 < Aq 1+q2 q1+q2P;;‘t 2 which concludes the proof. m
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8.2.4 Proof of Proposition 4

Proposition 12 (Proposition 4 main text) (i) If demand is sufficiently elastic,
i.e. YQ1,Q2 1 Ag, .0, — 1, respectively if demand is not too inelastic and the costs

of investment Cy are sufficiently high, then predatory investment never occurs.
_ L \1-8,
. G101
(i) If g > <§;b2) and

(a) if firm 1 exits first when it had no investment option and if

pexit,l -1 pexit,2 *
Pgl,62 <Ag vga+a Pgo (*)

then there exists an investment-cost Cy, so that (22) has multiple solutions.

(b) if firm 2 exits first and if for the right-hand partial derivative %

8E1 0F, (

—1 pexit,2 — exit,2
57 (Buman P 40%) > gpr (P

Tp,0 qy, q2) Ag1+§2761+§2

holds, then there exists the cost of investing C1, so that predatory investment

OCCUrTs.

Proof. (i) As Ag 4q,q, — 1 the value of a monopolist and of the value a
duopolist (after investment) converge and firm 1 cannot gain anything by firm 2°s
exit. Therefore, predatory investment must become unprofitable.

— . \1-8
i1) First note from the proof of Lemma 4 that, if g > L * and if P e
Q2b2

(Pg;g’Q, Pmin) , then %% (P',q,,T,) < 0. Moreover, Pg:g’z corresponds to the same

Y as Agﬁ%gﬁq?’ng’;g’Q does in situation (gl,§2) .
(a) If firm 1 exits first if not predatorily investing in situation (gl,ﬁg) , equity value
is upward sloping and ﬁ;f%;l < A21+52751+52_1Pg§g’2 by assumption (). Thus,
shifting Eqn 4+ C1 by altering C1 yields a solution of (22) on

A _ _—1Pem't,2 _ —_1P'

4,192,919 Gp,0 174,142,912 min

and another one on } Aﬂl +7,3,47, Panins +00 [
(b) If firm 2 would exit first, due to Lemma 2, the peak in Ei (P,q,,qy) lies at

_ _ _ —1pe=xit,2 exit,2 : 1 ;
TAVIRE A AT A P%’gl . Consider the costs C' that give

El (P7 21762) + C/ < El (Agl+62a§1+52P761762) (60)

for all P > Azﬁ%@ﬁaz—l%@;g’z ezcept for one point P'. At this point either both
functions are tangentially or P' = Agl+52,§1+52_1P§;g’2. The assumption on the

derivative rules out the latter case.
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Therefore, at costs C' firm 1 invests for all prices P > Aqlﬁmgﬁgz’l}’gg’z and

El (Pa21a62) = El (Agl+ﬁzva1+agp7ql762) - C/'

Now take costs to be equal to C' + ¢, € > 0. Assuming that there is only one price
trigger for investment P™V, will lead to a contradiction: For this trigger P! < P
holds. However, defining the stopping-time 7 (p) := inf{t € R|P; = p} the difference

‘ _ it,2
in value for Ng sg,7,43, Pgo~ <P <P evaluates as

El <P721762|C/) 7EA‘1 <P721’62‘C/ +6)

(P _
E l/ (E1 (Ag1+62,61+agpt,§1’§2) -C'-E (Ptﬁhaz)) e Pdt| Py =P
0

vV

T(P/) o , - _ o
B / (El (A21+§2751+62Pt7q17q2) -0 -F (Pt>QI7q2))e Pldt| Py = P| > 0.
0

Both inequalities follow from (60) (and 7(P™) < 7 (P') ). Thus, a marginal change
in costs would lead to a non-marginal drop in value (the last integral does not depent
on g), whereas this would not be true for a system of two price-triggers of investment

depending on €. Thus for € small enough two price-triggers are optimal.

8.2.5 Proof of Proposition 5

Proposition 13 (Proposition 5 main text) (i) If for firm i the myopic exit
price-trigger P;in,gffit’i obtained from (29) is smaller than Pq‘”gf, then firm —i
choosing P;" ;Zf“’*i and firm i choosing a lower price-trigger is an equilibrium of
the (gi,q—;) stage.

(i) If [Aqﬁqd,qi_lP;ff’tg,Pé;fgfi} = 0, then firm i chooses Pyz"™"" as the exit-
price-trigger in all equilibria of the (¢;,q—;) stage.
(iii) If Pa™ ™" > Pyt and [Dgorq_q PN PR | £ 0, then firm i
choosing some P it e [Aqﬁq%qi*l}’;ffféi, P;l”gfl} and firm —i choosing P "
is an equilibrium of the (q;,q—:) stage, if this yields no incentive to predatorily invest
for firm —i.

(iv) If both firms have an incentive to predatorily invest, instead of choosing their
myopic exit price-trigger, then both firm preempt on predatory investment.

(v) If firm i predatorily invests, firm —i cannot credibly threaten to deviate from
choosing the myopic exit price-trigger to hinder i in investing predatorily.

Proof. (i) Firm value is increasing in the exit price of the competitor. If un-
dercutting the price-trigger of firm i is not credible even when i chooses the myopic
price-trigger, then —i cannot threaten to exit second.

(i) [Aqﬁqd,qi_lP;ﬁ’tg, Pé"gf} = () implies that leaving second always yields pos-
itive equity value for all credible exit price triggers of the competitor i. Therefore,
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in this case firm —i will leave second, as this increases value at the myopic exit
-1

Y ,
dita g i Pyio s the interval can never

price-trigger. Note that since Pin® > A
be empty for both firms.

(iii) This was largely discussed in the main text. It remains to be mentioned that
if firm —i invests predatorily, this decreases equity value below the value obtained
by behaving myopically, since the competitor will only invest predatorily (if not pre-
empting) if she expects to leave second after investment.

(iv) See main text.

(v) If firm -i would exit earlier it would forgo profits. Therefore, this is not credible.
Exiting later is also not credible. If firm -i exits later, payoff would become mega-
tive. Thus, firm -i cannot credible threaten to set an exit price different to the one

determined by the smooth-pasting conditions if firm i predatorily invests. m

8.2.6 Proof of Proposition 6

Lemma 7 Let f(P) = 2o+ 1P+ xo2P5% +23P%; P> 0 and x1 > 0, x5 < 0, then
f has at most three roots. Moreover if at P' f(P') > 0, there can only be two roots
of f for P < P'.

Proof. We have to consider two cases:
Case 1: 3 <0, then f is concave and therefore has at most two roots.
Case 2: x3 > 0. We firstly show that the second derivative changes its sign at most

once:
Suppose f"(P*) = P*72 [, (8; — 1) 22 P*P1 + B, (By — 1) 23 P*F2] = 0. Then

F(P*) = —2P* 2 (B (By — 1) 22P*P1 + By (B, — 1) 23 P02
+ P2 (8 (By — 1) Braa PPt + By (By — 1) BozaP*P2] . (61)

However, the first term is zero and therefore:

F"(PF) = Pr2(By (B — 1) Bixa P+ By (80 — 1) BywaPP2] <0 . (62)

>0 <0 <0 >0

This implies that the second derivative changes its sign at most once, dividing the
function in a convex and a concave part. Now suppose f (P*) < 0, then there may
be two roots larger than P*. However, as f (P*) < 0, at the next smallest root f' (P)
must be negative, but as f is convex , there are no more roots. The case f (P*) >0

follows analogously. m

Lemma 8 ®;(P) can be represented by ®;(P) = xq; + x1; P + 19, PP + x3,P% for
PeM:= [malué{ﬂj}, milnz{ﬁj}]; with x1; > 0, x9; < 0. Moreover, ®;(P) is also
j=1, J=1,

continuous on [jrgglz{ﬂj}’jm:{i}é{f)j H
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Proof. First note that ®;(P) has the stated functional form since it is a differ-
ence of functions of the type given in (6) (which are analytic on M). It is clear, that
the followers equity value must be a convex function. Moreover, the leader s value
decreases by the potential entry of the follower, therefore xo < 0. That sales are in-
creased by investment implies x1 > 0. Continuity follows from the value-matching

conditions W

Proposition 14 (Proposition 6 main text) (i) On M := [mzlué{ﬂj}, minz{?JH
7=1, J=1,

®;(P) =0 (63)

has at most three solutions.
(i) If P; < P_;, then ®;(P) = 0 has at most two solution on M and only one
additional one for P; < P < P_;, namely P_; with ®,(P_;) <0.
(iii) If P; > P_;, ®;(P;) = 0 and ®;(P) < 0 for all P; > P > P_,.
(i) If ®;(P) = 0 has two solutions in case (ii) or three solutions in case (iii)
on M then ®;(max{P;}) > 0. There may only exist an additional solution for
min{P;} <P < max{P;} f B, <P

Proof. (i) follows straightforward from the last two Lemmata.

(ii) At P; firm i invests as follower, therefore

E: (Agi-i-g,i,gi-ﬁ-ﬁfi P7 biagwa*i) = FE (Agi-i-g,i,ﬁi-‘rﬁfi P7 biaaﬁa*i) -C VP> ?L
(64)

This implies ®;(P) > 0 if P; < P < P_; and ®;(P_;) = 0, since sales of the leader

are larger before the follower has invested and

El(Agl +g,i@+g,iﬁ—i» bivaﬂgﬂ‘) -C=E (Agﬁ‘g,iﬁriﬁﬂ‘ﬁ—iv bivqivqﬂ') -C.
(65)

(iii) At P_; firm —i invests as follower, therefore

VP > ﬁ_i : Ei (Agﬁ-g,iﬁri—g,ipv bi,@-,gﬂv) -C
=F; (Agﬁ-g,iﬁﬁﬁﬁpﬂ bi,ai,q—i) - C. (66)

Therefore, as long as P < P; firm i finds it unprofitable to invest as follower
and obtain Ei(Ag, +q_, 5,47 bi,qi,q-i) — C. Hence, the right-hand term must be
smaller than the equity value of i being the follower when P < P;.

(iv) @z(jnzlalué{ﬂj}) > 0 follows from the continuity of ®; and in case (i) from
P, (PZ) > b, respectively ®; (P_;) < 0 in case (iii). Define f(P) as stated in
Lemma 7. Now suppose that firm i exits at P, > P_,, then ®;(P) > f(P) for

P < P,, since the value of firm i as follower is a convex function with derivative
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zero at P;. Therefore, for ®;(P) to have an additional root, f(P) must have an
additional root, too. However, due to Lemma 7, f (P) cannot have that additional
T00%.

If firm i predatorily invests at P;. Then for all milr12{£j} <P< m&lué{ﬂj}
7=1, i=1,

(I)Z(P) = E (AgiJrg,i,EH*g,i P, biaaﬁgfi) — L (Agi+g,i7§i+ﬁ—ipa biyaiaa*i) >0
(67)

because the sales of the follower are lower, and firm —i exits later. W

8.2.7 Proof of Proposition 9

Lemma 9 If firm i invests predatorily as follower, then ® (P;) > 0.

Proof. At the price at which firm —i exits after firm i has predatorily invested
as follower ® = 0 must hold. However, in state (Gi,G-:) firm —i will exit later than
in state (@,gﬂ,) . Moreover, prices are lower before —i exits if i is the follower.
Therefore, firm i’s value as leader must be larger than firm i’s value as follower at

the price at which firm i predatorily invests as follower, i.e.

E: (Agi+g,iﬁi+g,i£i’bivaivg—i) —C>FE: (Agi+gii7§i+§ﬂ.£i,bi,@,qﬂ‘) -C .
(68)

Lemma 10 Only a firm i that effectively stays in the market longer than its com-
petitor in state (gi,qﬂ-) could have second mover advantages of profitable predatory
mvestment.

Proof. Suppose that firm i leaves the market first in state (gi,ﬁ_i) . Further-
more, suppose firm —i invests at P' and at P’ predatory investment would be prof-

itable for firm i, too, i.e.
Ei(Dgtq  gi4q , PLbi g ) —C > E(Pbi,g.q.,) - (69)

Investment of firm —i will lower prices and therefore decrease the revenues of firm i
compared to the situation (gi, gﬂ.) . Then, as firm i leaves first, it cannot gain of any
investment-induced change in the probability of firm —i exiting. Therefore, its value
as follower must be less than E (P',bi,q,,q_,), so that there cannot be any second

mover advantages, i.e. E(P’,bi,gi,gfi) > Ei(Ag+q ;g +7-i+P0i,4,,7-:). ®

Lemma 11 If firm i does not predatorily invest as follower, then

Ei(Agi+g,iygi+§4P’ bi’givaﬂ') < Ei(P7 bivgﬂg—i)

Proof. The option of firm —i investing decreases firm i°s value to a lesser

extent than the drop in revenues caused by investment itself does. Because of that,
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Ei(P, bisq,q ) < Ei(Ag4q ;9,47 P2 0i,4,,q-:) can only hold, if firm i would
have to expect some costs not included in E. for low P or if there would be any
expected gain in revenues associated with investment of firm —i. However, as firm i
as follower was assumed to not predatorily invest, there cannot be any expected gain,
since firm —i’s investment decreases the probability of firm —i leaving the market.
Moreover, there are no costs ignored in deriving E (except for the cost of possible
predatory investment, which - if profitable - increases value). Therefore, the stated

inequality follows. W

Proposition 15 (Proposition 9 main text) A solution to (37) implies that a
predatory investment preemption threshold for firm i exists, i.e. there cannot be
second-mover advantages for profitable predatory investment independent of how
low P gets.

Proof. In case firm i exits first or exists last, but does not predatorily invest, the
proposition follows straightforward from the last two lemmata. Hence, we only need
to discuss the case where firm i would predatorily invest as follower. However, due to
Lemma 10 ® (P;) > 0. Therefore, and because of Proposition 14(iv) we either have
first-mover advantages of investment for all P, or we have an preemption threshold

price for predatory investment which is larger than P,. |

8.2.8 Proof of Proposition 10

Proposition 16 (Proposition 10 main text) (i) If there is a preemption game
for predatory investment and Pg’,,’f’fd’i < Pgﬁg’_i for both firms, the only Markov-

perfect equilibrium (outcome) is that the firm with the higher P})’,,T.’fd’i takes the lead

for predatory investment and invests at a price-trigger which is a solution to a ver-

sion of (34) that is modified by defining Pi": " = Ppredi prred.—i . ppred.—i

and by using the appropriate value matching conditions.

(i) If there is a preemption game for predatory investment, and Pg{jw > P;?,?g’*i

Jor firm i, and one of the firms has an unilateral incentive to invest on [Pire-—", Ppred:i]
then in all Markov-perfect equilibria firm —i invests predatorily at Pf,’[jd’i.
(iii) If there is a preemption game for predatory investment and Pé’[gd’i > P;[;,‘e”?_i

for one of the firms, and none of the firms have an unilateral incentive to invest

on [Pim-=i Prredi] then in all renegotiation-proof Markov-perfect equilibria firm

i predatorily invests at its unconstrained optimal predatory investment price-trigger
or at Pz{)feed’_i, whichever is the higher price.

Proof. (i) Suppose firm i wishes to invest at a price P' < nggd’*i. Define T

to be the corresponding stopping time. Then firm —i would have an incentive to
preempt and invest at a smaller price at time T — . Therefore, predatorily invest-

ing below P;,’r”':d’_i cannot be part of an equilibrium. However, at prices between

Pg’,,’.“fd*i and Pé?gﬁi firm —i wishes to become follower and will therefore not pre-
empt. Moreover at prices below Plf’,,’."fd’i firm i wishes to become leader, so that the



INVESTMENT TIMING AND PREDATORY BEHAVIOR IN DUOPOLY WITH DEBT 40

described solution P* to the generalized smooth pasting condition (34) (allowing for
border and non-border solutions) is indeed optimal for firm i, given firm —i would
invest as soon as prices hit the preemption thresholds. Hence, this is indeed an
optimal strategy for firm given that firm i would invest at all prices lower than P*.
(ii) If one of the unconstrained investment price triggers—say for firm j—lies be-
tween PEre®iand Pirvd, then not only threatening to invest is for firm j credible,
but also threatening to mot invest is not credible. Thus, the firms wish to preempt
until Pé’[gd’i is reached, where firm i is indifferent between becoming leader or fol-
lower. As investment-price trigger, firm —i will choose its unconstrained-optimal
predatory-investment price trigger (if this is possible). The unconstrained price-
trigger is then determined by a smooth-pasting condition. If the constraint binds,
ngjd’i is chosen as investment price-trigger.

(iii) We only need to argue that investing on [PEr¢%, Pinv-=1] cannot be renegotiation-
proof. Suppose one firm would invest at P* € [Pg’[jdvi, Pg?gv’i]. Then, since neither
firm has an unilateral incentive to invest at some price P € [Pzﬁ’r"'eed”', Pzﬁff;”_i], both
firms would find it profitable to renegotiate and sign an incentive compatible contract
that investment should be carried out at the proposed price-triggers for predatory and

non-predatory investment. &
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