
Dvvhw sulfh dqg zhdowk g|qdplfvlq d �qdqfldo pdunhw zlwk khwhurjhqhrxv djhqwv
Fduo Fklduhood +fduo1fklduhoodCxwv1hgx1dx,Vfkrro ri Ilqdqfh dqg HfrqrplfvXqlyhuvlw| ri Whfkqrorj|/ V|gqh|
Urehuwr Glhfl +uglhflCulplql1xqler1lw,Glsduwlphqwr gl Pdwhpdwlfd shu ohVflhq}h Hfrqrplfkh h VrfldolXqlyhuvlwã ghjol Vwxgl gl Erorjqd
Odxud Jduglql +jduglqlChfrq1xqlxue1lw,Lvwlwxwr gl Vflhq}h HfrqrplfkhXqlyhuvlwã ghjol Vwxgl gl Xuelqr
DevwudfwWklv sdshu frqvlghuv d glvfuhwh0wlph prgho ri d �qdqfldo pdunhw zlwk rqhulvn| dvvhw dqg rqh ulvn0iuhh dvvhw/ zkhuh wkh dvvhw sulfh dqg zhdowk g|qdplfvlv ghwhuplqhg e| wkh lqwhudfwlrq ri wzr jurxsv ri djhqwv/ ixqgdphqwdolvwv dqgfkduwlvwv1 Lq hdfk shulrg hdfk jurxs doorfdwhv lwv zhdowk ehwzhhq wkh ulvn| dv0vhw dqg wkh vdih dvvhw dffruglqj wr p|rslf h{shfwhg xwlolw| pd{lpl}dwlrq/ exwwkh wzr jurxsv kdyh khwhurjhqhrxv eholhiv derxw wkh sulfh fkdqjh ryhu wkh qh{wshulrg= wkh fkduwlvwv duh wuhqg h{wudsrodwruv/ zkloh wkh ixqgdphqwdolvwv h{shfwwkdw wkh sulfh zloo uhwxuq wr wkh ixqgdphqwdo1 Zh dvvxph wkdw lqyhvwruv kdyhFUUD xwlolw|/ vr wkdw wkhlu rswlpdo ghpdqg iru hdfk dvvhw ghshqgv rq zhdowk1D pdunhw pdnhu lv dvvxphg wr dgmxvw wkh sulfh dw wkh hqg ri hdfk wudglqjshulrg/ rq wkh edvlv ri wkh h{fhvv ghpdqg dqg dffruglqj wr sduwlfxodu vwdelol}0lqj srolflhv1 Wkh prgho uhvxowv lq d wkuhh0glphqvlrqdo qrqolqhdu glvfuhwh0wlphg|qdplfdo v|vwhp/ zlwk jurzlqj sulfh dqg zhdowk surfhvvhv/ exw lw lv uhgxfhgwr d vwdwlrqdu| v|vwhp lq whupv ri dvvhw uhwxuqv dqg zhdowk vkduhv ri wkh wzrjurxsv1 Lw lv vkrzq wkdw wkh orqj0uxq pdunhw g|qdplfv lv kljko| ghshqghqwrq wkh sdudphwhuv zklfk fkdudfwhul}h djhqwv* ehkdylru +lq sduwlfxodu wkh ulvndyhuvlrq frh!flhqw dqg wkh fkduwlvw h{wudsrodwlrq sdudphwhu, dv zhoo dv rq wkhlqlwldo frqglwlrq +lq sduwlfxodu wkh lqlwldo zhdowk vkduhv ri ixqgdphqwdolvwv dqgfkduwlvwv,1 Lw lv dovr vkrzq wkdw iru zlgh udqjhv ri wkh sdudphwhuv d +orfdoo|,vwdeoh ixqgdphqwdo vwhdg| vwdwh pd| frh{lvw zlwk d vwdeoh �qrqixqgdphqwdo�vwhdg| vwdwh/ zkhuh sulfh jurzv idvwhu wkdq ixqgdphqwdo dqg rqo| fkduwlvwv vxu0ylyh lq wkh orqj0uxq1 Lq vxfk fdvhv/ wkh uroh sod|hg e| wkh lqlwldo frqglwlrq lvdqdo|}hg e| phdqv ri qxphulfdo lqyhvwljdwlrq dqg judsklfdo uhsuhvhqwdwlrq riwkh edvlqv ri dwwudfwlrq1 Rwkhu g|qdplf vfhqdulrv lqfoxgh olplw f|fohv/ shulrglfruelwv ru pruh frpsoh{ dwwudfwruv/ zkhuh lq jhqhudo erwk w|shv ri djhqwv vxuylyhlq wkh orqj uxq/ zlwk wlph ydu|lqj zhdowk iudfwlrqv1
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4 LqwurgxfwlrqLq uhfhqw |hduv vhyhudo prghov ri dvvhw sulfh g|qdplfv edvhg rq wkh lqwhudfwlrqri khwhurjhqhrxv djhqwv kdyh ehhq sursrvhg +Gd| dqg Kxdqj +4<<3,/ Nlupdq+4<<4,/ Eurfn dqg Krpphv +4<<;,/ Ox{ +4<<;,/ Jdxqhuvgruihu +5333,/ Fklduhooddqg Kh +5334d,/ +5336,1 Wkhvh prghov dvvxph d rqh ulvn|2rqh ulvnohvv dvvhwpdunhw/ dqg irfxv rq wkh h�hfw ri khwhurjhqhrxv eholhiv dqg wudglqj uxohv rqwkh g|qdplfv ri wkh sulfh ri wkh ulvn| dvvhw1 Prvw ri wkhvh prghov/ vrph rizklfk doorz wkh vl}h ri wkh gl�huhqw jurxsv ri djhqwv wr ydu| dffruglqj wr wkhuhodwlyh sur�wdelolw| ri wkh dgrswhg wudglqj uxohv/ duh ri qhfhvvlw| qrw yhu| pdwk0hpdwlfdoo| wudfwdeoh1 Lq Fklduhood hw do +5335,/ zkrvh dqwhfhghqwv duh Fklduhood+4<<5,/ Ehmd dqg Jrogpdq +4<;3,/ dqg ]hhpdq +4<:7,/ d wzr0glphqvlrqdo glv0fuhwh wlph prgho ri dvvhw sulfh g|qdplfv kdv ehhq ghyhorshg/ zklfk frqwdlqvwkh hvvhqwldo hohphqwv ri wkh khwhurjhqhrxv djhqwv sdudgljp zklovw vwloo uhpdlq0lqj pdwkhpdwlfdoo| wudfwdeoh1 Lq wkdw sdshu/ d �qdqfldo pdunhw zlwk d ulvn|dvvhw dqg dq dowhuqdwlyh ulvnohvv dvvhw kdv ehhq dvvxphg/ frqvlvwlqj ri wzr w|shvri wudghuv/ ixqgdphqwdolvwv dqg fkduwlvwv/ dqg ri d pdunhw pdnhu/ zkr dgmxvwvsulfhv lq hdfk shulrg ghshqglqj rq h{fhvv ghpdqg1 Lq Fklduhood hw do +5335,/dv zhoo dv lq prvw vwxglhv rq khwhurjhqhrxv djhqwv* lqwhudfwlrq/ wkh hyroxwlrq ridjhqwv* zhdowk dqg lwv h�hfw rq sulfh g|qdplfv lv ohiw lq wkh edfnjurxqg> lqghhg/lq wkrvh sdshuv wkh xqghuo|lqj dvvxpswlrqv derxw djhqwv* sruwirolr doorfdwlrqiroorz wkh iudphzrun ri Eurfn dqg Krpphv +4<<;,/ zkhuh rswlpdo ghpdqg iruwkh ulvn| dvvhw lv lqghshqghqw rq djhqwv* zhdowk/ dv d uhvxow ri wkh xqghuo|lqjFDUD xwlolw| ixqfwlrqv1Lq jhqhudo wkhvh dvvxpswlrqv duh xquhdolvwlf= d pruh uhdolvwlf iudphzrun/zkhuh lqyhvwruv* rswlpdo ghflvlrqv ghshqg rq wkhlu zhdowk/ kdv ehhq sursrvhgdqg dqdo|}hg wkurxjk qxphulfdo vlpxodwlrq e| Ohy| hw do +4<<7/ 4<<8,1 Wklviudphzrun lv frqvlvwhqw zlwk wkh dvvxpswlrq ri FUUD xwlolw| ixqfwlrqv1 Pruhuhfhqwo|/ Fklduhood dqg Kh +5334e,/ +5335, kdyh suryhg dqdo|wlfdoo| wkh h{lvwhqfhri pxowlsoh vwhdg| vwdwhv/ dv zhoo dv ri pruh frpsoh{ g|qdplf vfhqdulrv/ lqkhwhurjhqhrxv djhqwv prghov zlwk zhdowk g|qdplfv1Wkh suhvhqw sdshu dlpv wr frqwulexwh wr wkh ghyhorsphqw dqg dqdo|vlv ri vxfkprghov/ e| dqdo|}lqj wkh g|qdplfv ri dvvhw sulfh dqg djhqwv* zhdowk zlwklq dixqgdphqwdolvwv2fkduwlvwv iudphzrun vlplodu wr wkh rqh ghyhorshg lq Fklduhoodhw do 53351 Lq dgglwlrq/ zh doorz iru d wuhqg lq wkh ixqgdphqwdo sulfh ri wkh ulvn|dvvhw/ gxh wr dq dvvxphg jurzlqj glylghqg surfhvv1 Dv d frqvhtxhqfh/ wkh prghowkdw zh ghyhors uhvxowv lq sulfh dqg zhdowk ehlqj ghwhuplqhg vlpxowdqhrxvo| ryhuwlph/ dv lq uhdo pdunhwv/ zklfk jlyhv ulvh wr lqwhughshqghqw jurzlqj zhdowk dqgsulfh surfhvvhv1 Lq rughu wr rewdlq dqdo|wlfdo uhvxowv derxw wkh g|qdplfv ri wkhjurzlqj v|vwhp/ wr ixoo| xqghuvwdqg wkh udqjh ri g|qdplf vfhqdulrv jhqhudwhg e|wkh prgho/ dqg wr glvfxvv wkh uroh sod|hg e| wkh nh| sdudphwhuv dqg e| wkh lqlwldofrqglwlrqv lq wkh orqj0uxq hyroxwlrq/ wkh qrqvwdwlrqdu| prgho lv uhirupxodwhglq whupv ri uhwxuqv dqg zhdowk vkduhv dqg uhgxfhg wr d vwdwlrqdu| v|vwhp1Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Vhfwlrq +5, suhvhqwv wkh jhqhudoiudphzrun ri wkh prgho1 Lq sduwlfxodu Vhfwlrq +514, ghulyhv wkh rswlpdo djhqwv*ghpdqg iru wkh ulvn| dvvhw lq d jhqhudo vhwwlqj/ dv d ixqfwlrq ri djhqwv* eholhiv
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derxw wkh ulvn| uhwxuq/ xqghu wkh dvvxpswlrq ri p|rslf h{shfwhg xwlolw| pd{l0pl}dwlrq zlwk FUUD +srzhu, xwlolw| ri zhdowk ixqfwlrq1 Vhfwlrq +515, ghulyhv dehqfkpdun qrwlrq ri ixqgdphqwdo vroxwlrq/ zklfk sod|v d uroh lq ixqgdphqwdo0lvw h{shfwdwlrqv irupdwlrq1 Vhfwlrq +516, ghvfulehv wkh vfkhphv xvhg e| ixqgd0phqwdolvwv dqg fkduwlvwv wr uhylvh wkhlu h{shfwdwlrqv1Vhfwlrq +517, ghvfulehv krzghpdqgv duh djjuhjdwhg e| d pdunhw pdnhu/ zkr vhwv wkh sulfh ghshqglqj rq h{0fhvv ghpdqg dqg zlwk d ylhz wr orqj0uxq pdunhw vwdelolw|1 Vhfwlrq +6, suhvhqwvwkh uhvxowlqj +jurzlqj, qrqolqhdu g|qdplfdo v|vwhp iru wkh g|qdplf hyroxwlrqri ixqgdphqwdo ydoxh dqg sulfh/ djhqwv* h{shfwhg uhwxuqv/ dqg zhdowk ri wkh wzrjurxsv> wklv lv uhgxfhg wr d vwdwlrqdu| pds +Vhfwlrq +614,, lq whupv ri dfwxdodqg h{shfwhg fdslwdo jdlq ri wkh ulvn| dvvhw/ ixqgdphqwdo wr sulfh udwlr/ dqgzhdowk vkduhv ri wkh wzr jurxsv1 Wkh vwhdg| vwdwhv duh ghwhuplqhg dqg wkhlusurshuwlhv duh glvfxvvhg lq Vhfwlrq +615,1 Qxphulfdo vlpxodwlrq ri wkh joredoehkdylru dqg glvfxvvlrq ri wkh pdlq g|qdplf vfhqdulrv lv frqwdlqhg lq Vhfwlrq+7,1 Vhfwlrq +8, frqwdlqv vrph frqfoxvlrqv dqg glvfxvvlrq ri ixwxuh uhvhdufk1
5 Wkh prghoZh frqvlghu d glvfuhwh0wlph prgho ri d �qdqfldo pdunhw zlwk rqh ulvn| dvvhw dqgrqh ulvnohvv dvvhw/ wzr w|shv ri lqwhudfwlqj djhqwv/ ixqgdphqwdolvwv dqg fkduwlvwv+ghqrwhg e| m 5 ii> fj,/ dqg d pdunhw pdnhu1 Hdfk jurxs kdv FUUD xwlolw| rizhdowk ixqfwlrq1Wkh vwduwlqj srlqw lv Fklduhood/ Glhfl dqg Jduglql +5335,/ zkrvh dqwhfhghqwvduh Fklduhood +4<<5,/ Ehmd dqg Jrogpdq +4<;3,/ dqg ]hhpdq +4<:7,1Zh ghqrwh/ dw wlph w/ e| Sw dqg \w wkh pdunhw sulfh dqg wkh ixqgdphqwdosulfh ri wkh ulvn| dvvhw/ uhvshfwlyho|/ e| 
+m,w dqg ]+m,w wkh zhdowk ri djhqw w|shm dqg wkh iudfwlrq ri zhdowk lqyhvwhg lq wkh ulvn| dvvhw/ e| u wkh +frqvwdqw, ulvn0iuhh udwh/ e| Gw wkh +udqgrp, glylghqg/ zkloh Gw.4@Sw lv wkh glylghqg |lhog lq+w> w.4,1 Wkh ixqgdphqwdo sulfh lv dvvxphg wr eh nqrzq wr wkh ixqgdphqwdolvwvdqg wr wkh pdunhw pdnhu1Zh ghqrwh e| H+m,w / Y du+m,w wkh �eholhiv� ri lqyhvwru w|sh m derxw h{shfwdwlrqdqg yduldqfh1Zhdowk ri djhqw m hyroyhv dffruglqj wr


+m,w.4 @ 
+m,w .
+m,w ]+m,w
�Sw.4 .Gw.4 � SwSw

�.
+m,w +4� ]+m,w ,u @
@ 
+m,w

�4 . u . ]+m,w
�Sw.4 .Gw.4 � +4 . u,SwSw

�� +4,
zkhuh +Sw.4 .Gw.4 � +4 . u,Sw,@Sw uhsuhvhqwv wkh h{fhvv uhwxuq lq +w> w. 4,1
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514 Dvvhw ghpdqgHdfk djhqw lv dvvxphg wr kdyh d FUUD srzhu xwlolw| ri zhdowk ixqfwlrq ri wkhw|sh
x+m,+{, @ + 44��+m,{4��+m, +�+m, 9@ 4,oq+{, +�+m, @ 4,

zkhuh { A 3 dqg wkh sdudphwhu �+m, A 3 uhsuhvhqwv wkh uhodwlyh ulvn dyhuvlrqfrh!flhqw1Hdfk djhqw vhhnv wkh lqyhvwphqw iudfwlrq ]+m,w pd{lpl}lqj wkh h{shfwhg xwlo0lw| ri zhdowk dw wlph w. 4=
pd{]+m,w H+m,w ^x+
+m,w.4,`

Xqghu vlpsoli|lqj dvvxpswlrqv +vhh h1j1 Fklduhood dqg Kh +5334e, wkh rswl0pdo lqyhvwphqw iudfwlrq lq wkh ulvn| dvvhw lv dssur{lpdwho| jlyhq e|=
]+m,w @ H+m,w ^+Sw.4 .Gw.4 � Sw,@Sw � u`�+m,Y du+m,w ^+Sw.4 .Gw.4 � Sw,@Sw`ru

]+m,w @ H+m,w ^�w.4 . �w.4 � u`�+m,Y du+m,w ^�w.4 . �w.4 � u`zkhuh �w.4 � +Sw.4 � Sw,@Sw dqg �w.4 � Gw.4@Sw ghqrwh wkh fdslwdo jdlq dqgwkh glylghqg |lhog/ uhvshfwlyho|1 Wkhuhiruh/ ]+m,w lv sursruwlrqdo wr djhqw m*v�ulvn0dgmxvwhg� h{shfwhg h{fhvv uhwxuq
515 Pdunhw fohdulqj sulfh dqg ixqgdphqwdo vroxwlrqIroorzlqj wkh iudphzrun ri Eurfn dqg Krpphv +4<<;,/ wkh frqfhsw ri ixq0gdphqwdo vroxwlrq zklfk zh xvh uhihuv wr wkh sulfh wkdw zrxog eh rewdlqhg liwkh djhqwv zhuh krprjhqhrxv zlwk uhjdug wr wkhlu h{shfwdwlrq ri wkh h{fhvv uh0wxuq1 Ixuwkhupruh wklv sulfh lv dvvxphg wr vdwlvi| d orqj0uxq vwdelolw| frqglwlrq/qdpho| wkh �qr exeeohv� frqglwlrq1Wr jhw d ehqfkpdun qrwlrq ri ixqgdphqwdo vroxwlrq lq wklv iudphzrun/ ghqrwhe| Q +m,w � 
+m,w ]+m,w @Sw wkh qxpehu ri vkduhv ghpdqghg e| djhqw w|sh m dw wlphw dqg e| Qvw wkh vxsso| ri vkduhv dw w1 Ohw xv frqvlghu wkh pdunhw htxloleulxpfrqglwlrq dw wlph w Qw @ Qvw

7



zkhuh Qw @ Sm Q +m,w 1 Uhzulwh wkh deryh htxloleulxp frqglwlrq dv[
m 
+m,w H+m,w ^Sw.4 .Gw.4 � +4 . u,Sw`�+m,Y du+m,w ^�w.4 . �w.4 � u` @ Qvw S 5w +5,

Qrz dvvxph iru vlpsolflw| wkdw djhqwv kdyh frqvwdqw +qrw qhfhvvdulo| krprjh0qhrxv, eholhiv derxw wkh yduldqfh ri wkh h{fhvv uhwxuq lq +w> w . 4, dqg ghqrwhe| �5+m, � Y du+m,w ^�w.4 . �w.4 � u` wkhvh eholhiv +m @ i> f,1 Ghqrwh dovr e|
w @ Sm 
+m,w wkh wrwdo zhdowk dqg e| z+m,w @ 
+m,w @
w wkh zhdowk sursruwlrq ridjhqw m/ zlwk z+f,w @ 4�z+i,w 1 Dvvxph wkdw doo djhqwv kdyh krprjhqhrxv eholhivderxw wkh h{shfwhg h{fhvv uhwxuq1 Wkhq ht1 +5, fdq eh uhzulwwhq dv
Hw^Sw.4 .Gw.4 � +4 . u,Sw`[m z+m,w 4�+m,�5+m, @ TwSw +6,

zkhuh Tw � Qvw Sw@
w uhsuhvhqwv wkh ydoxh ri wkh vxsso| ri vkduhv ryhu wrwdodjhqwv* zhdowk1 Ilqdoo|Hw^Sw.4 .Gw.4 � +4 . u,Sw` @ Tw�wSw +7,zkhuh
�w @

3C[
m z+m,w 4�+m,�5+m,

4D�4 @ �z+i,w 4�+i,�5+i, . +4�z+i,w , 4�+f,�5+f,
��4

Wkhuhiruh ht1 +7, fdq eh uhzulwwhq dvHw^Sw.4 .Gw.4` @ +4 . u�w ,Sw +8,zkhuh u�w � u . Tw�w uhsuhvhqwv wkh h{shfwhg uhwxuq wkdw zrxog eh uhtxluhglq +w> w . 4, xqghu krprjhqhrxv eholhiv derxw wrpruurz*v h{shfwhg sulfh dqgglylghqg1 Lq rwkhu zrugv wkh txdqwlw|
�w � Tw�w @ Qvw Sw
w

�z+i,w 4�+i,�5+i, . +4�z+i,w , 4�+f,�5+f,
��4

uhsuhvhqwv wkh uhtxluhg ulvn0suhplxp lq +w> w. 4,/ xqghu wkh vdph dvvxpswlrq1Khuh zh irfxv rq wkh sduwlfxodu fdvh ri }hur vxsso| ri vkduhv +vlploduo| wrEurfn dqg Krpphv +4<<;,/ Fklduhood dqg Kh +5334d, ,/ dqg zh ohdyh wkh jhqhudofdvh wr wkh Dsshqgl{1 Iru Qvw @ 3/ ; w/ ht1 +7, ehfrphvHw^Sw.4 .Gw.4` @ +4 . u,Sw +9,zkhuh wkh uhtxluhg h{shfwhg uhwxuq lv htxdo wr wkh ulvn0iuhh udwh1 Dv lw lv zhoonqrzq/ wkh xqltxh �ixqgdphqwdo� vroxwlrq wr wkh h{shfwdwlrqdo htxdwlrq +9,zklfk vdwlv�hv wkh �qr0exeeohv� wudqvyhuvdolw| frqglwlrq
olpn$.4 Hw^Sw.n`+4 . u,n @ 3
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lv jlyhq e|
Sw @ \w � 4[

n@4
Hw^Gw.n`+4 . u,n +:,

Lq sduwlfxodu/ lq wkh fdvh ri dq l1l1g1 glylghqg surfhvv iGwj zlwk Hw^Gw.n` @ G/n @ 4> 5> ===/ wkh ixqgdphqwdo vroxwlrq +:, lv frqvwdqw/ jlyhq e| \w @ \ @ G@u/zkloh lq wkh fdvh ri d glylghqg surfhvv ghvfulehg e| Hw^Gw.n` @ +4 . !,nGwn @ 4> 5> ===/ ! � 3 +Jrugrq jurzwk prgho, wkh ixqgdphqwdo vroxwlrq lv jlyhq e|\w @ +4 . !,Gw@+u � !, +;,Zh zloo xvh wkh odwwhu vshfl�fdwlrq ri wkh glylghqg surfhvv= dv rqh fdq hdvlo|fkhfn wklv lpsolhv wkdw wkh ixqgdphqwdo hyroyhv ryhu wlph dffruglqj wrHw^\w.4` @ +4 . !,\w +<,dqg wkdw dorqj wkh ixqgdphqwdo sdwk wkh h{shfwhg glylghqg |lhog dqg wkh fdslwdojdlq duh jlyhq uhvshfwlyho| e|
Hw^�w.4` � Hw

�Gw.4\w
� @ u � ! � �

Hw^�w.4` � Hw
�\w.4 � \w\w

� @ !
zkloh wkh h{shfwhg uhwxuq lv wkh ulvn iuhh udwh u @ Hw^�w.4` .Hw^�w.4`1Wkurxjkrxw wklv sdshu lw zloo eh dvvxphg wkdw djhqwv vkduh wkh vdph eholhivderxw wkh glylghqg surfhvv/ zkloh wkh| irup gl�huhqw eholhiv derxw wkh �sulfh�frpsrqhqw ri wkh uhwxuq1
516 H{shfwdwlrq irupdwlrqWkh wzr jurxsv gl�hu lq wkh zd| wkh| xsgdwh wkhlu �eholhiv� derxw wkh sulfhfkdqjh ryhu wkh qh{w shulrg1Wkh ixqgdphqwdolvwv eholhyh wkdw wkh sulfh zloo uhwxuq wr wkh +nqrzq, ixq0gdphqwdo lq wkh ixwxuh/ vr wkdw wkhlu h{shfwhg sulfh fkdqjh lv jlyhq e|

H+i,w ^Sw.4 � Sw` @ �+\w � Sw, .H+i,w ^\w.4 � \w` @@ �+\w � Sw, . !\wWkh ixqgdphqwdolvw uxoh lv edvhg rq wkh h{shfwhg fkdqjh lq wkh xqghuo|lqjixqgdphqwdo dqg lqfoxghv d fruuhfwlrq whup/ sursruwlrqdo wr wkh gl�huhqfh eh0wzhhq ixqgdphqwdo dqg fxuuhqw sulfh/ zklfk ghshqgv rq wkhlu eholhiv derxwwkh vshhg ri phdq uhyhuvlrq +fdswxuhg e| wkh sdudphwhu �/ 3 � � � 4,1 Zhdovr dvvxph wkdw ixqgdphqwdolvw frqglwlrqdo yduldqfh lv frqvwdqw ryhu wlph/Y du+i,w ^�w.4 . �w.4` @ �5+i,
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Wkh ixqgdphqwdolvw ghpdqg ixqfwlrq ehfrphv
]+i,w @ 4Sw �+\w � Sw, . !\w . +4 . !,Gw � uSw�+i,�5+i, +43,

Wkh fkduwlvwv* frqglwlrqdo h{shfwhg sulfh fkdqjh hyroyhv ryhu wlph dffruglqjwr d zhljkwhg dyhudjh +zlwk jhrphwulfdoo| ghfolqlqj zhljkwv, ri sdvw fdslwdojdlqv/ zklfk uhvxowv lq wkh dgdswlyh uxoh
p+f,w � H+f,w ��w.4� @ H+f,w

�Sw.4 � SwSw
� @

@ +4� f,p+f,w�4 . f�Sw � Sw�4Sw�4
� @

@ +4� f,p+f,w�4 . f�wzkhuh wkh sdudphwhu f/ 3 � f � 4/ uhsuhvhqwv wkh zhljkw jlyhq wr wkh prvwuhfhqw sulfh fkdqjh1Lq rughu wr vhw dq xsshu erxqg wr fkduwlvwv* wuhqg h{wudsrodwlrq/ zh dvvxph+vlploduo| wr Fklduhood hw do +5335,, wkdw fkduwlvwv dovr lqfuhdvh wkhlu hvwlpdwh riwkh yduldqfh dffruglqj wr wkh pdjqlwxgh ri wkh h{shfwhg h{fhvv uhwxuq/ �5w +f, @y+f,+m{wm, zkhuh {w � H+f,w ^�w.4. �w.4� u` @ H+f,w ^+Sw.4.Gw.4� +4. u,Sw,@Sw`/vr wkdw wkhlu ghpdqg iru wkh ulvn| dvvhw uhvxowv lq d qrqolqhdu vljprlg ixqfwlrqri wkh h{shfwhg ulvn suhplxp1Lq rxu vlpxodwlrqv zh xvh wkh iroorzlqj vshfl�fdwlrq/ vlplodu wr Fklduhood hwdo +5335,1
]+f,w @ �� Wdqkq�H+f,w ^�w.4 . �w.4 � u`r +44,

@ �� Wdqkq�^p+f,w . +4 . !,Gw@Sw � u`r
zkhuh wkh sdudphwhu � � 4@+�+f,y+f,+3,, uhsuhvhqwv wkh vwuhqjwk ri fkduwlvw gh0pdqg zkhq wkh h{shfwhg h{fhvv uhwxuq lv }hur +vorsh ri wkh fkduwlvw ghpdqgixqfwlrq frpsxwhg dw wkh ruljlq,1

Uhpdun
Xvlqj ht1 +;, zh jhw +4 . !,Gw @ +u � !,\w/ dqg wkh ghpdqg ixqfwlrqv +43,dqg +44, fdq eh uhzulwwhq dv

]+i,w @ +� . u,+\w � Sw,@Sw�+i,�5+i, +45,
]+f,w @ �� Wdqkq�^p+f,w . +u � !,\w@Sw � u`r +46,

:



517 Sulfh vhwwlqj uxohvSulfh dgmxvwphqw duh rshudwhg e| d pdunhw pdnhu/ zkr lv dvvxphg wr nqrz wkhxqghuo|lqj ixqgdphqwdo1Wkh pdunhw pdnhu fohduv wkh pdunhw dw wkh hqg ri shulrg w e| wdnlqj dq r�0vhwwlqj orqj ru vkruw srvlwlrq dqg dqqrxqfhv wkh qh{w shulrg sulfh ghshqglqjrq djhqwv* h{fhvv ghpdqg1 Zh dvvxph wkdw pdunhw pdnhu sulfh vhwwlqj uxoh dovrlqfoxghv d fruuhfwlrq whup dlphg dw hqvxulqj orqj0uxq pdunhw vwdelolw|1Wkh dvvxphg sulfh vhwwlqj uxoh lv jlyhq lq jhqhudo e|
Sw.4 � Sw @ �+\w � Sw, .H+p,w ^\w.4 � \w` . Sw Kw+Q +g,w �Q +v,w , +47,

zkhuh H+p,w ^\w.4 � \w` @ H+i,w ^\w.4 � \w` @ !\w lv wkh pdunhw pdnhu*v h{shfwhgfkdqjh lq wkh xqghuo|lqj ixqgdphqwdo/ Q+g,w @ +
+i,w ]+i,w .
+f,w ]+f,w ,@Sw lv wkhwrwdo djhqwv* ghpdqg dw wlph w +qxpehu ri vkduhv,/ Q+v,w lv wkh vxsso| ri vkduhvdw wlph w/ dqg Kw+�, lv d vwulfwo| lqfuhdvlqj ixqfwlrq/ zlwk Kw+3, @ 31 Lq ht1 +47,wkh whup SwKw+Q +g,w �Q +v,w , uhsuhvhqwv wkh sulfh fkdqjh gxh wr h{fhvv ghpdqg/zkloh �+\w�Sw,.H+p,w ^\w.4�\w` lv d fruuhfwlyh whup wr suhyhqw wkh sulfh iurpprylqj wrr idu dzd| iurp wkh ixqgdphqwdo sdwk1Qrwlfh wkdw wrwdo djhqwv* ghpdqg Q +g,w +qxpehu ri vkduhv, fdq eh uhzulwwhqdv Q +g,w @ ]w
w@Sw/ zkhuh 
w @ 
+i,w . 
+f,w lv wkh wrwdo zhdowk dqg ]w �+
+i,w ]+i,w . 
+f,w ]+f,w ,@
w lv wkh iudfwlrq ri wrwdo zhdowk lqyhvwhg lq wkh ulvn|dvvhw dw wlph w1 Ghqrwlqj e| Tw � Q +v,w Sw@
w wkh ydoxh ri wkh vxsso| ri vkduhvdv d iudfwlrq ri wrwdo djhqwv* zhdowk/ zh dovr rewdlq Q +v,w @ Tw
w@Sw/ vr wkdw
Q +g,w �Q +v,w @ +]w �Tw,
wSwZh dvvxph wkdw wkh pdunhw pdnhu uhdfwlrq wr wkh h{fhvv ghpdqg lv lqyduldqwxqghu fkdqjhv lq wkh ohyho ri 
w@Sw +�uhdo� zhdowk,/ l1h1 zh dvvxph

Kw +Q +g,w �Q +v,w , @ K k+Q +g,w �Q +v,w ,@+
w@Sw,l @ K+]w �Tw,
zkhuh K lv vwulfwo| lqfuhdvlqj zlwk K+3, @ 31 Zh zloo dvvxph d olqhdu vshfl�0fdwlrq lq rxu qxphulfdo vlpxodwlrqvK+]w �Tw, @ �+]w �Tw, +� A 3,Lq sduwlfxodu/ lq wkh fdvh ri }hur vxsso| zh jhw K+]w �Tw, @ K+]w, @ �]w1
6 Wkh g|qdplfdo v|vwhpXqghu wkh dvvxpswlrq ri qrlv| glylghqg dqg ixqgdphqwdo surfhvvhv/ wkh g|0qdplfv ri wkh prgho zloo eh jlyhq lq jhqhudo e| d udqgrp qrqolqhdu g|qdplfdo

;



v|vwhp1 Lq wklv sdshu zh h{soruh wkh g|qdplfv ri wkh �ghwhuplqlvwlf vnhohwrq� riwkh prgho/ l1h1 zh dvvxph wkdw glylghqgv hyroyh lq d ghwhuplqlvwlf zd| dffruglqjwr wkhlu +frpprqo| vkduhg, h{shfwhg ydoxh1 Wkh g|qdplfv fdq eh vxppdul}hgdv=
Sw.4 @ Sw . �+\w � Sw, . !\w . Sw�]wp+f,w.4 @ +4� f,p+f,w . f^+Sw.4 � Sw,@Sw`\w.4 @ +4 . !,\w
+m,w.4 @ 
+m,w

�4 . u . ]+m,w
�Sw.4 .Gw.4 � +4 . u,SwSw

�� m 5 ii> fj
zkhuh= 
w @ 
+i,w .
+f,w]w @ +
+i,w ]+i,w .
+f,w ]+f,w ,@
w]+i,w @ +� . u,+\w � Sw,@Sw�+i,�5+i,]+f,w @ �� Wdqkq�^p+f,w . +u � !,\w@Sw � u`r

Dowkrxjk wkh v|vwhp uhvxowv lq jurzlqj sulfh dqg zhdowk surfhvvhv/ lw lv srv0vleoh wr rewdlq d vwdwlrqdu| v|vwhp lq whupv ri fdslwdo jdlq �w.4 � +Sw.4�Sw,@Sw/ixqgdphqwdo2sulfh udwlr |w � \w@Sw/ dqg zhdowk vkduhv ri ixqgdphqwdolvwv dqgfkduwlvwv z+m,w � 
+m,w @
w/ m 5 ii> fj/ zlwk z+f,w @ +4�z+i,w ,1Pruhryhu/ zh ghqrwh e|
$+m,w.4 @ u . ]+m,w

�Sw.4 .Gw.4 � +4 . u,SwSw
� m 5 ii> fj

wkh jurzwk udwh ri zhdowk ri djhqw0w|sh m ryhu +w> w. 4,/ dqg e|
$w.4 @ u . ]w

�Sw.4 .Gw.4 � +4 . u,SwSw
� @ z+i,w $+i,w.4 . +4�z+i,w ,$+f,w.4

wkh udwh ri jurzwk ri wrwdo djhqwv* zhdowk1 Qrwlfh dovr wkdw +lq wkh ghwhuplqlvwlfvnhohwrq ri wkh prgho, wkh dfwxdo uhwxuq rq wkh ulvn| dvvhw lq +w> w . 4, fdq ehuhzulwwhq dvSw.4 .Gw.4 � +4 . u,SwSw @ Sw.4 � SwSw . +u � !,\wSw � u @@ �w.4 . +u � !,|w � uLq sduwlfxodu/ d g|qdplf htxdwlrq iru wkh zhdowk vkduhv lv rewdlqhg e| uhzulw0lqj wkh zhdowk uhfxuuhqw htxdwlrqv +4, iru m @ i> f dv
z+m,w.4
w.4 @ z+m,w 
w+4 . $+m,w.4,

<



l1h1
z+i,w.4 @ z+i,w +4 . $+i,w.4, 
w
w.4z+f,w.4 @ z+f,w +4 . $+f,w.4, 
w
w.4E| vxpplqj xs wkh deryh htxdwlrqv dqg uhfdoolqj wkdw z+i,w.4 . z+f,w.4 @ 4 zhrewdlq 
w.4
w @ z+i,w +4 . $+i,w.4, .z+f,w +4 . $+f,w.4,

dqg wkhuhiruh
z+i,w.4 @ z+i,w +4 . $+i,w.4, 
w
w.4 @

@ z+i,w +4 . $+i,w.4,z+i,w +4 . $+i,w.4, . +4�z+i,w ,+4 . $+f,w.4, @ z+i,w +4 . $+i,w.4,+4 . $w.4,Wkh vwdwlrqdu| v|vwhp lv wkxv jlyhq e|
�w.4 @ �+|w � 4, . !|w . �]w +fdslwdo jdlq,|w.4 @ +4 . !,+4 . �w.4,|w +ixqgdphqwdo2sulfh udwlr,
p+f,w.4 @ +4� f,p+f,w . f�w.4 +fkduwlvw h{shfwhg fds1 jdlq,
z+i,w.4 @ z+i,w +4 . $+i,w.4,+4 . $w.4, +zhdowk vkduhv,

zkhuh= ]w @ z+i,w ]+i,w . +4�z+i,w ,]+f,w]+i,w @ +� . u,+|w � 4,�+i,�5+i,]+f,w @ �� Wdqk^�+p+f,w . +u � !,|w � u,`$+i,w.4 @ u . ]+i,w +�w.4 . +u � !,|w � u,$w.4 @ u . ]w+�w.4 . +u � !,|w � u,
614 Wkh pdsWkh wlph hyroxwlrq ri wkh vwdwlrqdu| v|vwhp lv jlyhq e| wkh lwhudwlrq ri wkhiroorzlqj qrqolqhdu pds W = +�> |>p+f,> z+i,, :�$ +�3> |3>p+f,3> z+i,3,/ zkhuh wkh
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v|pero 3 ghqrwhv wkh xqlw wlph dgydqfhphqw rshudwru=
W =

;AA?AA=
�3 @ �+| � 4, . !| . �]|3 @ |+4 . !,@+4 . �3,p+f,3 @ +4� f,p+f, . f�3z+i,3 @ z+i,^4 . u . ]+i,+�3 . +u � !,| � u,`@^4 . u . ]+�3 . +u � !,| � u,`+48,zkhuh

]+i, @ +� . u,+| � 4,�+i,�5+i,]+f, @ �� Wdqk^�+p+f, . +u � !,| � u,`] @ z+i,]+i, . +4�z+i,,]+f,
Dowkrxjk lq +48, zh kdyh 7 g|qdplf yduldeohv/ wkh pds W lv lq idfw d 60Gpds/ ehlqj �3 d ixqfwlrq ri |/ p+f,/ dqg z+i,1

615 Vwhdg| vwdwhv
Dv rqh fdq fkhfn/ wkh pds +48, kdv wzr w|shv ri vwhdg| vwdwhv/ wkdw zh gh0qrwh e| �ixqgdphqwdo vwhdg| vwdwhv� dqg e| �qrqixqgdphqwdo vwhdg| vwdwhv�/uhvshfwlyho|1 Wkh pds dovr suhvhqwv rwkhu lpsruwdqw �lqyduldqw� vxevhwv ri wkhskdvh0vsdfh1

�Ixqgdphqwdo� vwhdg| vwdwhv
Ixqgdphqwdo vwhdg| vwdwhv duh fkdudfwhul}hg e|

| @ 4> � @ p+f, @ !z+i, @ z+i,/ z+i, 5 ^3> 4`l1h1 e| wkh sulfh ehlqj dw wkh ixqgdphqwdo +Sw @ \w/ iru dq| w, dqg jurzlqjdw wkh ixqgdphqwdo udwh !/ dqg e| }hur h{fhvv ghpdqg/ ] @ 31 Wkh orqj0uxqzhdowk glvwulexwlrq +z+i,> 4�z+i,, dw d ixqgdphqwdo vwhdg| vwdwh pd| eh jlyhq/lq jhqhudo/ e| dq| z+i, 5 ^3> 4` +qxphulfdo vlpxodwlrq ri wkh g|qdplfdo v|vwhpzloo frq�up wkdw wkh vwhdg| vwdwh zhdowk glvwulexwlrq ghshqgv rq wkh lqlwldofrqglwlrq,1
�Qrq ixqgdphqwdo vwhdg| vwdwhv�Lw lv hdv| wr fkhfn wkdw wkh �ixqgdphqwdo vwhdg| vwdwhv� duh qrw wkh rqo|vwhdg| vwdwhv ri wkh prgho irupxodwhg lq whupv ri uhwxuqv dqg zhdowk vkduhv1
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Ghshqglqj rq wkh sdudphwhuv/ wkh pds pd| kdyh rwkhu �vwhdg| vwdwhv�/ frh{0lvwlqj zlwk wkh ixqgdphqwdo rqhv/ fkdudfwhul}hg e|
| @ 3> z+i, @ 3> � @ p+f, @ � A !zkhuh � vroyhv = �. �� @ �� Wdqk^�+�� u,`

Lw fdq eh hdvlo| vkrzq wkdw wkh �qrqixqgdphqwdo� jurzwk udwhv � zklfk frphrxw dv +srvlwlyh, vroxwlrqv ri wkh deryh htxdwlrq duh kljkhu wkdq wkh ulvn iuhh udwhu +dqg wkdq wkh ixqgdphqwdo jurzwk udwh !,1 Qrqixqgdphqwdo vwhdg| vwdwhv duhwkxv fkdudfwhul}hg e| sulfh jurzlqj idvwhu wkdq ixqgdphqwdo/ � @ p+f, @ � Au A !/ ixqgdphqwdo2sulfh udwlr frqyhujlqj wr 3/ | @ 3/ l1h1 olpw$4 Sw@\w @ .4/pdunhw grplqdwhg e| fkduwlvwv/ z+i, @ 3/ dqg shupdqhqw srvlwlyh h{fhvv ghpdqg] @ ]+f, @ +�@�,Wdqk^�+�� u,` A 31Wkh pds dovr suhvhqwv rwkhu lpsruwdqw �lqyduldqw� vxevhwv ri wkh skdvh0vsdfh/ wkdw duh uhsuhvhqwhg e| wkh fdvhv zkhuh rqo| ixqgdphqwdolvwv +z+i, @ 4,ru rqo| fkduwlvwv +z+i, @ 3, srsxodwh wkh pdunhw1Lq sduwlfxodu/ lq wkh fdvh z+i, @ 3 +pdunhw grplqdwhg e| fkduwlvwv, wkhg|qdplfv lv gulyhq e| wkh orzhu glphqvlrqdo pds
W +f, = ;?= �3 @ �+| � 4, . !| . �]+f,|3 @ |+4 . !,@+4 . �3,p+f,3 @ +4� f,p+f, . f�3Lq wklv sduwlfxodu fdvh lw fdq eh suryhg wkdw� wkh �ixqgdphqwdo htxloleulxp� | @ 4/ � @ p+f, @ !/ lv orfdoo| dv|ps0wrwlfdoo| vwdeoh iru orz ydoxhv ri f +fkduwlvwv h{wudsrodwlrq udwh,/ � +sulfhuhdfwlrq sdudphwhu, dqg � +l1h1 iru kljk djhqwv* ulvn dyhuvlrq,1� iru kljkhu ydoxhv ri f/ � dqg � wkh v|vwhp frqyhujhv wr dq dwwudfwlqj olplwf|foh +zlwk orqj0uxq  xfwxdwlrqv ri wkh sulfh durxqg wkh ixqgdphqwdo,ru wr d �qrq ixqgdphqwdo� htxloleulxp +zlwk shupdqhqw dqg lqfuhdvlqjghyldwlrq ri wkh sulfh dzd| iurp wkh ixqgdphqwdo,1� qxphulfdo vlpxodwlrqv vkrz wkdw wkh dwwudfwruv ri wkh pds W +f, +olplw f|foh/qrqixqgdphqwdo vwhdg| vwdwh, duh lq jhqhudo dwwudfwruv dovr iru wkh pdsW / l1h1 wkh| fdq eh uhdfkhg dovr vwduwlqj iurp lqlwldo srlqwv zlwk z+i,3 A 31Wkxv wkh dqdo|vlv ri wkh orzhu glphqvlrqdo fdvh zlwk qr ixqgdphqwdolvwvkhosv wr xqghuvwdqg wkh g|qdplfv ri wkh v|vwhp lq wkh jhqhudo fdvh1

7 Qxphulfdo vlpxodwlrq ri wkh joredo g|qdplfv
Wklv vhfwlrq frqwdlqv qxphulfdo h{shulphqwv dlphg dw jdlqlqj vrph lqvljkw lqwrwkh joredo g|qdplfv ri wkh prgho1 Ryhudoo/ wkhvh vlpxodwlrqv vkrz wkh udqjh
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ri g|qdplf vfhqdulrv wkdw wkh g|qdplf prgho lv deoh wr jhqhudwh1 Lq sduwlfxoduwkh dqdo|vlv zloo irfxv rq wkh vlwxdwlrqv ri frh{lvwhqfh ri ixqgdphqwdo dqg qrq0ixqgdphqwdo vwhdg| vwdwhv/ zlwk dq dqdo|vlv ri wkh uroh ri lqlwldo frqglwlrqv dqgedvlqv ri dwwudfwlrq ri frh{lvwlqj htxloleuld1Dowkrxjk wkh prgho lv ghvfulehg e| d 60G v|vwhp/ doo wkh skdvh0vsdfh uhs0uhvhqwdwlrqv zloo eh rewdlqhg e| phdqv ri surmhfwlrqv lq wkh �� | sodqh/ h{fhswiru wkh edvlqv ri dwwudfwlrq ri Ilj1 9 +zkhuh wkh lqlwldo frqglwlrq duh wdnhq lqwkh z+i, � | sodqh,1Ilj1 4 lv ghyrwhg wr wkh g|qdplf ehkdylru ri wkh prgho uhvwulfwhg wr wkhorzhu glphqvlrqdo lqyduldqw pdqlirog z+i, @ 3 +l1h1 zkhq pdunhw lv grplqdwhge| fkduwlvwv,1 Dv uhpdunhg lq wkh suhylrxv Vhfwlrq/ zkhq wkh +fkduwlvw, ulvndyhuvlrq frh!flhqw �+f, lv ghfuhdvhg +wkh sdudphwhu � lv lqfuhdvhg, wkh ixqgd0phqwdo vwhdg| vwdwh I fkdqjhv iurp vwdeoh +Ilj1 4d, wr xqvwdeoh irfxv +Ilj1 4e,wkurxjk d +vxshufulwlfdo, Qhlpdun0Krsi elixufdwlrq/ zklfk fuhdwhv d vwdeoh olplwf|foh1 Wkh vl}h ri  xfwxdwlrqv ehfrphv zlghu iru orzhu ulvn dyhuvlrq +Ilj1 4f,xqwlo d vwdeoh qrq ixqgdphqwdo vwhdg| vwdwh QI dsshduv/ wr zklfk wkh v|vwhpfrqyhujhv zlwk d shuvlvwhqw ghyldwlrq ri wkh sulfh dzd| iurp wkh ixqgdphqwdo+Ilj1 4g,1 Vlplodu skdvh0vsdfh wudqvlwlrqv fdq eh rewdlqhg e| lqfuhdvlqj wkhh{wudsrodwlrq sdudphwhu f ru wkh sulfh dgmxvwphqw sdudphwhu �1 Wkh dwwudf0wruv +olplw f|foh dqg qrq ixqgdphqwdo vwhdg| vwdwh, zklfk h{lvw iru wkh vxefdvhz+i, @ 3 pd| eh uhdfkhg dovr vwduwlqj iurp lqlwldo frqglwlrqv zlwk z+i, A 31Wklv lv vkrzq lq wkh iroorzlqj Ilj1 5 +zkhuh vwduwlqj iurp z+i,3 @ 3=78 wkhpdunhw hqgv xs lq wkh vdph olplw f|foh dv lq Ilj1 4f, dqg Ilj1 6 +zklfk vkrzvfrqyhujhqfh wr wkh qrqixqgdphqwdo htxloleulxp uhsuhvhqwhg lq Ilj1 4g/ vwduwlqjzlwk z+i,3 @ 3=89,1Zkloh dw d ixqgdphqwdo vwhdg| vwdwhv w|slfdoo| erwk w|shv ri djhqwv vxuylyhlq wkh orqj0uxq/ zlwk frqvwdqw vwdwlrqdu| zhdowk vkduhv/ Iljv1 5/6 uhsuhvhqwvlwxdwlrqv zkhuh ixqgdphqwdolvwv duh rxw ri wkh pdunhw lq wkh orqj0uxq/ ehfdxvhwkhlu dyhudjh sur�wv duh orzhu wkdq fkduwlvwv* sur�wv1 Wklv lv qrw wkh rqo|srvvleoh rxwfrph dvvrfldwhg zlwk glvhtxloleulxp g|qdplfv= ghshqglqj rq wkhsdudphwhuv/ pruh frpsoh{ dwwudfwruv h{lvw/ zkhuh erwk w|shv ri djhqwv vxuylyhlq wkh orqj0uxq/ zlwk  xfwxdwlrqv ri zhdowk vkduhv1 Dq h{dpsoh lv wkh vwudqjhdwwudfwru zkrvh surmhfwlrq lv uhsuhvhqwhg lq Ilj1 7d1 Iljv1 7e/f vkrz wkdwwkh prwlrq rq wkh vwudqjh dwwudfwru kdv dowhuqdwlqj skdvhv/ zlwk sulfh pxfkkljkhu wkdq ixqgdphqwdo zkhq wkh pdunhw lv grplqdwhg e| fkduwlvwv/ zkhuhdvwkh ixqgdphqwdolvw zhdowk sursruwlrq lqfuhdvhv zkhq wkh sulfh uhwxuqv forvh wrwkh ixqgdphqwdo1Iljv1 8/ 9 h{soruh wkh g|qdplf ehkdylrxu xqghu frh{lvwhqfh ri ixqgdphqwdodqg qrq ixqgdphqwdo vwhdg| vwdwhv1 Vpdoo gl�huhqfhv lq wkh lqlwldo frqglwlrq+h1j1 lqlwldo zhdowk vkduhv, pd| fkdqjh wkh dv|pswrwlf g|qdplfv ri wkh v|vwhp+frpsduh Iljv1 8d/f/ zkhuh z+i,3 @ 3=89/ zlwk Iljv1 8e/g/ zkhuh z+i,3 @ 3=8:,1Ilj1 9d uhsuhvhqwv wkh edvlqv ri dwwudfwlrq dvvrfldwhg zlwk wkh qxphulfdo h{0dpsoh ri Ilj1 8 = wkh edvlqv duh rewdlqhg e| ohwwlqj wkh lqlwldo ydoxhv ri ixqgd0phqwdolvw zhdowk vkduh z+i,3 dqg ixqgdphqwdo2sulfh udwlr |3 ydu| lq wkh z+i,�|sodqh/ iru �{hg lqlwldo ydoxhv ri wkh rwkhu g|qdplf yduldeohv/ dqg e| uhsuhvhqwlqj
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lq eoxh +uhg, wkh uhjlrq ri lqlwldo srlqwv zklfk jhqhudwh wudmhfwrulhv frqyhujlqj wrwkh ixqgdphqwdo +qrqixqgdphqwdo, htxloleulxp1 Ri frxuvh/ wkh edvlqv* vwuxfwxuhghshqgv rq wkh sduwlfxodu sdudphwhu vhw xvhg lq wkh vlpxodwlrq1 Iru lqvwdqfh/kljkhu ydoxhv ri wkh fkduwlvw sdudphwhu f ghwhuplqh dq lqfuhdvh ri wkh vl}h ri wkhedvlq ri wkh qrqixqgdphqwdo vwhdg| vwdwh +frpsduh Ilj1 9d/ zkhuh f @ 3=58/zlwk Ilj1 9e/ zkhuh f @ 3=:8,1Iljv1 9d/e vkrz wkdw iru vx!flhqwo| kljk ydoxhv ri wkh lqlwldo ixqgdphqwdolvwzhdowk vkduh/ wkh v|vwhp frqyhujhv wr wkh ixqgdphqwdo +qr pdwwhu krz idu lvwkh lqlwldo sulfh iurp wkh ixqgdphqwdo,1 Krzhyhu/ iru orz lqlwldo ixqgdphqwdolvwzhdowk vkduh/ wkh v|vwhp pd| frqyhujh wr wkh qrq ixqgdphqwdo vwhdg| vwdwh=vxusulvlqjo|/ wklv rffxuv zkhq wkh lqlwldo sulfh lv forvh wr wkh ixqgdphqwdo/ zklohzkhq wkh lqlwldo sulfh lv idu hqrxjk iurp ixqgdphqwdo/ wkh sulfh lv fdsdeoh wruhwxuq wr wkh ixqgdphqwdo1 D srvvleoh h{sodqdwlrq ri wklv skhqrphqrq lv wkdwzkhq wkh sulfh lv idu iurp wkh ixqgdphqwdo/ d kljkhu ixqgdphqwdolvw ghpdqg+sursruwlrqdo wr wkh ghyldwlrq iurp ixqgdphqwdo sulfh, dfwv dv d vwurqjhu phdquhyhuwlqj irufh1Iljv1 :/ ; vkrz wkdw lqfuhdvlqj ydoxhv ri wkh fkduwlvw h{wudsrodwlrq udwh ffdq ghvwdelol}h wkh sulfh dqg surgxfh d qhjdwlyh h�hfw rq ixqgdphqwdolvw sur�wvdqg zhdowk1 Wkh qxphulfdo h{shulphqw lv rewdlqhg e| vwduwlqj zlwk wkh vdphlqlwldo frqglwlrq/ zlwk z+i,3 @ 73(/ dqg vlpxodwlqj wkh v|vwhp xqghu lqfuhdvlqjydoxhv ri f1 Lq wkh fdvhv ri frqyhujhqfh wr wkh ixqgdphqwdo vwhdg| vwdwh +Ilj1: dqg Iljv1 ;d/e, wkh kljkhu lv wkh fkduwlvw h{wudsrodwlrq udwh/ wkh orzhu lv wkhvwdwlrqdu| ixqgdphqwdolvw zhdowk vkduh zklfk lv uhdfkhg e| wkh v|vwhp lq wkhorqj0uxq/ dv vkrzq e| Iljv1 :e/g/i dqg ;e> wklv kdsshqv ehfdxvh wkh kljkhulv f/ wkh orqjhu lv wkh wudqvlhqw fkdudfwhul}hg e| sulfh  xfwxdwlrqv durxqg wkhixqgdphqwdo/ zlwk ixqgdphqwdolvwv* dyhudjh sur�wv orzhu wkdq fkduwlvwv* +Iljv1:d/f/h dqg Ilj1 ;d,1 Zkhq f ehfrphv kljkhu wkdq d fhuwdlq wkuhvkrog/ wkhq wkhv|vwhp lv frpsohwho| ghvwdelol}hg dqg qr orqjhu frqyhujhv wr wkh ixqgdphqwdosulfh exw hqgv xs lq d olplw f|foh/ zlwk }hur ixqgdphqwdolvw zhdowk vkduh dqgpdunhw grplqdwhg e| fkduwlvwv +Iljv1 ;f/g,Ilj1 < vkrzv dqrwkhu h{dpsoh ri dq dwwudfwru zklfk �doorzv� erwk jurxsv wrvxuylyh lq wkh orqj0uxq/ zlwk wlph ydu|lqj zhdowk vkduhv1 Wklv lv d shulrglf ruelw+Ilj1 <f, rq zklfk wkh ixqgdphqwdolvw zhdowk iudfwlrq  xfwxdwhv dssur{lpdwho|lq wkh udqjh ^68(> 76(` +Ilj1 <g,1 Iru voljkwo| gl�huhqw lqlwldo zhdowk vkduhv/ wkhvdph �jxuh vkrzv d gl�huhqw wudmhfwru| frqyhujlqj wr d +frh{lvwlqj, ixqgdphqwdohtxloleulxp/ zlwk pxfk kljkhu vwdwlrqdu| ixqgdphqwdolvw zhdowk sursruwlrq +vhhdovr Iljv1 <d/e,1
8 Frqfoxvlrqv dqg ixuwkhu uhvhdufk
Iroorzlqj wkh iudphzrun ri Fklduhood +4<<5,/ Fklduhood hw do +5335,/ Fklduhooddqg Kh +5334d/ 5336, dqg Eurfn dqg Krpphv +4<<;,/ wkh lqwhudfwlrq ri ixqgd0phqwdolvwv dqg fkduwlvwv kdv ehhq lqfrusrudwhg lq d pdunhw pdnhu prgho ri dvvhwsulfh dqg zhdowk g|qdplfv1 Wkh uhvxowlqj g|qdplfdo v|vwhp iru dvvhw sulfh dqg
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zhdowk wxuqv rxw wr eh qrqvwdwlrqdu|/ dqg d vwdwlrqdu| v|vwhp lv ghyhorshg e|h{suhvvlqj wkh odzv ri prwlrq lq whupv ri fdslwdo jdlq/ ixqgdphqwdo2sulfh udwlrdqg zhdowk sursruwlrqv +dprqj wkh wzr w|shv ri djhqwv,1 Lw lv irxqg wkdw wkhsuhvhqfh ri ixqgdphqwdolvwv dqg fkduwlvwv ohdgv wkh vwdwlrqdu| prgho wr kdyhwzr nlqgv ri vwhdg| vwdwhv/ zklfk riwhq frh{lvw lq wkh skdvh0vsdfh/ zlwk gl�hu0hqw orqj0uxq vwdwlrqdu| uhwxuqv dqg zhdowk glvwulexwlrqv= ixqgdphqwdo vwhdg|vwdwhv/ zkhuh wkh sulfh lv dw wkh ixqgdphqwdo ohyho/ dqg qrqixqgdphqwdo vwhdg|vwdwhv/ zkhuh sulfh jurzv idvwhu wkdq ixqgdphqwdo/ zkloh ixqgdphqwdolvw zhdowksursruwlrq xowlpdwho| frqyhujhv wr }hur1Wkh fkduwlvwv* h{wudsrodwlrq sdudphwhu f/ wrjhwkhu zlwk wkh fkduwlvwv* ulvndyhuvlrq �+f, @ 4@� dqg wkh pdunhw uhdfwlrq frh!flhqw �/ sod| dq lpsruwdqwuroh lq wkh orfdo dv|pswrwlf vwdelolw| ri wkh ixqgdphqwdo vwhdg| vwdwhv/ dqg iruvx!flhqwo| kljk ydoxhv ri f/ �/ � wkh sulfh dqg uhwxuq g|qdplfv ehfrph xqvwdeohgxh wr d Qhlpdun0Krsi elixufdwlrq ri wkh ixqgdphqwdo vwhdg| vwdwhv1Wkh pdlq lpsuhvvlrq jdlqhg iurp wkh qxphulfdo vlpxodwlrq ri wkh joredog|qdplfv +Vhfwlrq 7, lv wkdw wkh prgho lv deoh wr jhqhudwh d zlgh udqjh rigl�huhqw g|qdplf vfhqdulrv/ zlwk d vwurqj ghshqghqfh rq vpdoo fkdqjhv ri wkhsdudphwhuv dqg ri wkh lqlwldo frqglwlrqv= olplw f|fohv/ shulrglf ruelwv/ vwudqjhdwwudfwruv/ fdvhv ri frh{lvwhqfh ri pxowlsoh vwhdg| vwdwhv/ ru frh{lvwhqfh ri dvwhdg| vwdwh zlwk d f|folf dwwudfwru1 Lq sduwlfxodu/ lq wkh fdvh ri frh{lvwhqfh riixqgdphqwdo dqg qrqixqgdphqwdo vwhdg| vwdwhv/ wkh lqlwldo zhdowk glvwulexwlrqdqg wkh lqlwldo glvwdqfh ri wkh sulfh iurp wkh ixqgdphqwdo sod| dq lpsruwdqwuroh lq ghwhuplqlqj wkh orqj0uxq hyroxwlrq1Dqrwkhu lpsruwdqw ihdwxuh ri wklv prgho lv wkdw lw frqvlghuv h{solflwo| wkhg|qdplf lqwhughshqghqfh ehwzhhq sulfh dqg zhdowk glvwulexwlrq dprqj djhqw0w|shv= lw lv irxqg wkdw lq jhqhudo ixqgdphqwdolvwv* dyhudjh sur�wv duh orzhu wkdqfkduwlvwv* sur�wv +dqg wkxv ixqgdphqwdolvw zhdowk sursruwlrq whqgv wr ydqlvk,zkhq wkh v|vwhp pryhv rq d olplw f|fohv ru lv dw d qrqixqgdphqwdo vwhdg| vwdwh>rq wkh rwkhu kdqg erwk w|shv ri djhqwv vxuylyh lq wkh orqj0uxq zkhq wkh pdunhwlv dw d ixqgdphqwdo htxloleulxp/ ru zkhq lw  xfwxdwhv rq shulrglf ruelwv ruvwudqjh dwwudfwruv1Rxu dqdo|vlv lq wklv sdshu lv edvhg rq d vlpsol�hg prgho/ dqg vrph h{whq0vlrqv duh qhhghg lq rughu wr ghyhors d pruh uhdolvwlf rqh1 Iluvw wkh dqdo|vlvkhuh kdv irfxvhg rq d ghwhuplqlvwlf g|qdplf prgho zklfk fdq eh lqwhusuhwhgdv wkh ghwhuplqlvwlf vnhohwrq ri d vwrfkdvwlf prgho zlwk d qrlv| jurzlqj glyl0ghqg surfhvv= sduwlfxoduo| lqwhuhvwlqj vhhpv wkh lqwhudfwlrq ri d qrlv| glylghqgsurfhvv zlwk wkh edvlqv* vwuxfwxuh ri wkh xqghuo|lqj ghwhuplqlvwlf vfhqdulrv zlwkfrh{lvwlqj dwwudfwruv1 Vhfrqg/ dowkrxjk wkh g|qdplf prghoolqj ri wkh zhdowksursruwlrqv �nhhsv wudfn� ri uhdol}hg sur�wv ri wkh wzr w|shv ri djhqwv dqg gh0whuplqhv hqgrjhqrxvo| wlph ydu|lqj �zhljkwv� ri ixqgdphqwdolvwv dqg fkduwlvwv/wklv prgho lv rqh zlwk �{hg djhqwv* sursruwlrqv/ lq wkh vhqvh wkdw djhqwv grqrw �vzlwfk� dprqjvw gl�huhqw vwudwhjlhv rq wkh edvlv rq wkhlu uhdol}hg sur�wvru zhdowk +dffruglqj wr wkh dgdswlyh eholhi v|vwhp lqwurgxfhg e| Eurfn dqgKrpphv +4<<:/ 4<<;,,1 Wkh lqwurgxfwlrq ri �vzlwfklqj� phfkdqlvpv dqg wlphydu|lqj sursruwlrq +vlplodu wr Fklduhood dqg Kh +5335,, zrxog eh d yhu| lqwhu0hvwlqj h{whqvlrq ri wklv prgho1 Wklug/ wkh lqwurgxfwlrq ri d pruh  h{leoh dqg
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uhdolvwlf sulfh vhwwlqj uxoh/ zkhuh wkh pdunhw pdnhu lqyhqwru| srvlwlrq lv dovrwdnhq lqwr dffrxqw/ lv olnho| wr ohdg wr pruh uhdolvwlf g|qdplfv ri uhwxuqv dqgzhdowk iudfwlrqv1UhihuhqfhvEhmd/ D1 dqg P1E1 Jrogpdq/ 4<;31 Rq wkh g|qdplf ehkdylru ri sulfhv lqglvhtxloleulxp1 Mrxuqdo ri Ilqdqfh/ 68/ 568057;1Eurfn/ Z1 dqg F1 Krpphv/ 4<<:1 D udwlrqdo urxwh wr udqgrpqhvv1 Hfrqr0phwulfd/ 98+8,/ 438<043<81Eurfn/ Z1 dqg F1 Krpphv/ 4<<;1 Khwhurjhqhrxv eholhiv dqg urxwhv wr fkdrvlq d vlpsoh dvvhw sulflqj prgho1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/55/ 4568045:71Fklduhood/ F1/ 4<<51 Wkh g|qdplfv ri vshfxodwlyh ehkdylrxu1 Dqqdov riRshudwlrqv Uhvhdufk/ 6:/ 43404561Fklduhood/ F1/ Glhfl U1 dqg O1 Jduglql/ 53351 Vshfxodwlyh ehkdylrxu dqgfrpsoh{ dvvhw sulfh g|qdplfv= d joredo dqdo|vlv1 Mrxuqdo ri Hfrqrplf Ehkdylrudqg Rujdql}dwlrq/ 7</ 4:604<:1Fklduhood/ F1 dqg [1 Kh/ 5334d1 Khwhurjhqhrxv eholhiv/ ulvn dqg ohduqlqj lqd vlpsoh dvvhw sulflqj prgho1 Frpsxwdwlrqdo Hfrqrplfv/ 4< +4,/ <804651Fklduhood/ F1 dqg [1 Kh/ 5334e1 Dvvhw Sulfh dqg Zhdowk G|qdplfv xqghuKhwhurjhqhrxv H{shfwdwlrqv1 Txdqwlwdwlyh Ilqdqfh/ 4+8,/ 83<08591Fklduhood/ F1 dqg [1 Kh/ 53351 Dq dgdswlyh prgho rq dvvhw sulflqj dqgzhdowk g|qdplfv zlwk khwhurjhqhrxv wudglqj vwudwhjlhv/ Vfkrro ri Ilqdqfh dqgHfrqrplfv/ XWV/ Zrunlj Sdshu q1 ;7Fklduhood/ F1 dqg [1 Kh/ 53361 Khwhurjhqhrxv eholhiv/ ulvn dqg ohduqlqj lqd vlpsoh dvvhw sulflqj prgho zlwk d pdunhw pdnhu1 Pdfurhfrqrplf G|qdplfv/:+7,/ 83608691Gd|/ U1K1 dqg Z1 Kxdqj/ 4<<31 Exoov/ ehduv dqg pdunhw vkhhs1 Mrxuqdo riHfrqrplf Ehkdylru dqg Rujdql}dwlrq/ 47/ 5<<065<1Jdxqhuvgruihu/ D1/ 53331 Hqgrjhqrxv  xfwxdwlrqv lq d vlpsoh dvvhw sulflqjprgho zlwk khwhurjhqhrxv djhqwv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/57/ :<<0;641Nlupdq D1/ 4<<41 Hslghplfv ri rslqlrq dqg vshfxodwlyh exeeohv lq �qdqfldopdunhwv1 Lq= P1 Wd|oru/ hg1/ Prqh| dqg Ilqdqfldo Pdunhwv/ Pdfploodq/ OrqgrqOhy| P1/ Ohy| K1 dqg V1 Vrorprq/ 4<<71 D plfurvfrslf prgho ri wkh vwrfnpdunhw/ Hfrqrplf Ohwwhuv/ 78/ 4360444Ohy| P1/ Ohy| K1 dqg V1 Vrorprq/ 4<<81 Plfurvfrslf vlpxodwlrq ri wkh vwrfnpdunhw= wkh h�hfw ri plfurvfrslf glyhuvlw|/ M1 Sk|v1 L Iudqfh/ 8/ 43;:0443:1Ox{/ W1/ 4<<;1 Wkh vrflr0hfrqrplf g|qdplfv ri vshfxodwlyh pdunhwv= lqwhu0dfwlqj djhqwv/ fkdrv dqg wkh idw wdlov ri uhwxuq glvwulexwlrqv/ Mrxuqdo ri HfrqrplfEhkdylrxu dqg Rujdql}dwlrq/ 66/ 47604981
]hhpdq/ H1F1/ 4<:71 Rq wkh xqvwdeoh ehkdylrxu ri vwrfn h{fkdqjhv1 Mrxuqdori Pdwkhpdwlfdo Hfrqrplfv/ 4/ 6<07<1
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Dsshqgl{Ghulydwlrq ri wkh g|qdplf prgho xqghu wkh dvvxpswlrq ri srvl0wlyh vxsso| ri vkduhv
Lq wklv Dsshqgl{ zh vkrz krz wkh prgho fdq eh h{whqghg wr wkh fdvh risrvlwlyh vxsso| ri vkduhv1Djdlq zh ghulyh d ehqfkpdun qrwlrq ri ixqgdphqwdo vroxwlrq/ zklfk uhihuvwr wkh sulfh wkdw zrxog eh rewdlqhg li djhqwv zhuh krprjhqhrxv zlwk uhjdugwr wkhlu h{shfwdwlrq ri wkh h{fhvv uhwxuq/ dqg zklfk vdwlv�hv d orqj0uxq �qrexeeohv� frqglwlrq1Ghqrwh e| Q +m,w @ 
+m,w ]+m,w @Sw wkh qxpehu ri vkduhv ghpdqghg e| djhqww|sh m dw wlph w dqg e| Qvw wkh vxsso| ri vkduhv dw w/ dqg frqvlghu wkh pdunhwhtxloleulxp frqglwlrq dw wlph w +vhh Vhfwlrq 515,[

m 
+m,w H+m,w ^Sw.4 .Gw.4 � +4 . u,Sw`�+m,Y du+m,w ^�w.4 . �w.4 � u` @ Qvw S 5w
Qrz ghqrwh e| �5w +m, � Y du+m,w ^�w.4 . �w.4 � u` wkh eholhi ri djhqw m derxw wkhyduldqfh ri wkh h{fhvv uhwxuq lq +w> w.4,/ e| 
w @ Sm 
+m,w wkh wrwdo zhdowk dqg e|z+m,w @ 
+m,w @
w wkh zhdowk vkduh ri djhqw m/ zlwk z+f,w @ 4�z+i,w 1 Dvvxph wkdwdoo djhqwv kdyh krprjhqhrxv eholhiv derxw wkh h{shfwhg h{fhvv uhwxuq1 Wkhqwkh deryh pdunhw fohdulqj frqglwlrq fdq eh uhzulwwhq dvHw^Sw.4 .Gw.4 � +4 . u,Sw` @ Tw�wSwzkhuh Tw � Qvw Sw@
w uhsuhvhqwv wkh ydoxh ri wkh vxsso| ri vkduhv dv d iudfwlrqri wrwdo djhqwv* zhdowk dqg
�w @

3C[
m z+m,w 4�+m,�5w +m,

4D�4 @ %z+i,w 4�+i,�5w +i, . +4�z+i,w , 4�+f,�5w +f,
&�4 +49,

lv d +wlph ydu|lqj, zhljkwhg kduprqlf phdq ri wkh �ulvn0dgmxvwphqw frh!flhqwv��+m,�5w +m,/ m @ i> f1 Ilqdoo|Hw^Sw.4 .Gw.4` @ +4 . u�w ,Sw +4:,zkhuh u�w � u .Tw�w pd| eh lqwhusuhwhg zlwklq wklv iudphzrun dv wkh uhtxluhgh{shfwhg uhwxuq rq wkh ulvn| dvvhw lq +w> w. 4,/ zkloh
�w � Tw�w @ Qvw Sw
w

%z+i,w 4�+i,�5w +i, . +4�z+i,w , 4�+f,�5w +f,
&�4 +4;,

uhsuhvhqwv wkh uhtxluhg ulvn0suhplxp1
4:



Wkh fdvh ri }hur vxsso| +Qvw @ 3, kdv douhdg| ehhq frqvlghuhg lq wkh sd0shu1 Khuh zh frqvlghu wkh fdvh ri srvlwlyh vxsso|/ dqg zh pdnh wkh dgglwlrqdodvvxpswlrq wkdw lq wklv pdunhw +fkdudfwhul}hg e| jurzlqj zhdowk surfhvv, wkhydoxh ri wkh vxsso| ri vkduhv dv d iudfwlrq ri wrwdo djhqwv* zhdowk lv frqvwdqwryhu wlph/ Tw @ Qvw Sw@
w @ T/ ; w1Vdph ulvn dyhuvlrq dqg krprjhqhrxv eholhiv derxw yduldqfhIluvw dvvxph wkdw djhqwv kdyh wkh vdph ulvn dyhuvlrq dqg vkduh wkh vdph+frqvwdqw, eholhiv derxw wkh yduldqfh/ �+i,�5+i, @ �+f,�5+f, @ ��51 Lq wklv fdvhwkh +frqvwdqw, uhtxluhg ulvn suhplxp �w @ � dqg wkh uhtxluhg h{shfwhg uhwxuqu�w @ u� wxuq rxw wr eh � � T��5
u� @ u . � @ u .T��5

dqg wkh pdunhw fohdulqj frqglwlrq |lhogvHw^Sw.4 .Gw.4` @ +4 . u�,SwDvvxplqj krprjhqhrxv eholhiv derxw glylghqgv dqg d glylghqg surfhvv zklfkhyroyhv dffruglqj wr Hw^Gw.n` @ +4 . !,nGw/ n @ 4> 5> ===/ ! � 3/ wkh xqltxhixqgdphqwdo vroxwlrq \w lv jlyhq e|
\w @ +4 . !,Gw+u� � !, @ +4 . !,Gw+u .T��5 � !, +4<,

zkhuh \w hyroyhv ryhu wlph dffruglqj wrHw^\w.4` @ +4 . !,\wDw wkh ixqgdphqwdo vroxwlrq wkh h{shfwhg glylghqg |lhog dqg fdslwdo jdlq duhjlyhq uhvshfwlyho| e|
Hw^�w.4` @ Hw

�Gw.4\w
� @ u� � ! � �

Hw^�w.4` @ Hw �\w.4 � \w\w
� @ !

zkloh wkh h{shfwhg uhwxuq lv u� @ u .T��5 @ Hw^�w.4` .Hw^�w.4`1Iroorzlqj vlplodu vwhsv dv lq wkh fdvh ri }hur vxsso|/ zh rewdlq wkh iroorzlqjg|qdplfdo v|vwhp
Sw.4 @ Sw . �+\w � Sw, . !\w . Sw�+]w �T,p+f,w.4 @ +4� f,p+f,w . f^+Sw.4 � Sw,@Sw`\w.4 @ +4 . !,\w
+m,w.4 @ 
+m,w

�4 . u . ]+m,w
�Sw.4 .Gw.4 � +4 . u,SwSw

�� m 5 ii> fj
4;



zkhuh= 
w @ 
+i,w .
+f,w]w @ +
+i,w ]+i,w .
+f,w ]+f,w ,@
w]+i,w @ 4Sw �+\w � Sw, . !\w . +4 . !,Gw � uSw��5
]+f,w @ p+f,w . +4 . !,Gw@Sw � u��5+f,wdqg zh pd| djdlq dvvxph wkdw fkduwlvwv lqfuhdvh wkhlu hvwlpdwh ri wkh yduldqfhdffruglqj wr wkh pdjqlwxgh ri wkh h{shfwhg h{fhvv uhwxuq/ �5w +f, @ y+f,+m{wm,zkhuh {w � H+f,w ^�w.4 . �w.4 � u` @ p+f,w . +4 . !,Gw@Sw � u +vr wkdw wkhlu gh0pdqg iru wkh ulvn| dvvhw uhvxowv lq d qrqolqhdu vljprlg ixqfwlrq ri wkh h{shfwhgulvn suhplxp,1 Frqvlvwhqwo| zlwk rxu dvvxpswlrq wkdw djhqwv kdyh krprjh0qhrxv eholhiv derxw yduldqfhv lq htxloleulxp +zkhuh {w @ u�� u, zh dovr dvvxphy+f,+u� � u, @ �5 @ �5+i,1Qrwlfh wkdw iurp +4<, zh jhw+4 . !,Gw @ +u� � !,\wvr wkdw djhqwv* ghpdqg ixqfwlrqv fdq eh uhzulwwhq dv +uhfdoo dovr wkdw +u��u, @T��5,

]+i,w @ +� . u,+\w � Sw,@Sw . +u� � u,\w@Sw��5 @ +� . u,+\w � Sw,@Sw��5 .T\wSw]+f,w @ p+f,w . +u� � !,\w@Sw � u��5+f,w @ p+f,w . +u � !,\w@Sw � u��5+f,w . T�5�5+f,w
\wSwD vwdwlrqdu| v|vwhp fdq eh rewdlqhg wkurxjk wkh vdph fkdqjhv ri yduldeohvxvhg lq wkh vlpsol�hg }hur0vxsso| fdvh/ dqg vlplodu uhvxowv derxw wkh vwhdg|vwdwhv krog1 Qrwlfh wkdw/ dw wkh ixqgdphqwdo vwhdg| vwdwhv/ wkh wrwdo djhqwvghpdqg lv h{dfwo| htxdo wr wkh vxsso|/ ]+f, @ ]+i, @ ] @ T @ +u� � u,@��51

Gl�huhqw ulvn dyhuvlrq dqg khwhurjhqhrxv eholhiv derxw yduldqfhFrqvlghu wkh pdunhw fohdulqj frqglwlrq/ uhzulwwhq lq wkh irup +4:,1 Lq wklvfdvh lw lv qrw lpphgldwh wr rewdlq wkh ixqgdphqwdo vroxwlrq lq forvhg irup/xqohvv zh pdnh vlpsoli|lqj dvvxpswlrqv derxw ixwxuh ulvn suhpld �w.4/ �w.5/1111 Lq wkh ghulydwlrq ri wkh ixqgdphqwdo sulfh zh dvvxph/ iru vlpsolflw|/ wkdwwkh ulvn suhplxp frpsxwhg dw wlph w dffruglqj wr +4;, lv eholhyhg wr krog dwdoo ixwxuh wlphv w. 4/ w. 5/ 111/ exw wkh hvwlpdwh ri �w dqg u�w lv uhylvhg dw hdfksrlqw lq wlph1Wkh ixqgdphqwdo sulfh dw wlph w wxuqv rxw wr eh
\w @ +4 . !,Gw+u�w � !, +53,

4<



dqg wkh h{shfwdwlrq +wdnhq dw wlph w, ri wkh ixqgdphqwdo lq +w.4, zloo eh djdlqjlyhq e|1 Hw^\w.4` @ +4 . !,\wVlqfh wkh glylghqg jurzwk udwh ! lv dvvxphg frqvwdqw/ exw u�w.4 zloo eh gl�huhqwiurp u�w +xqohvv wkh v|vwhp lv dw d vwhdg| vwdwh,/ wkh ixqgdphqwdo dw +w.4, zlooeh
\w.4 @ +4 . !,Gw.4+u�w.4 � !,dqg wklv lpsolhv wkdw wkh odz ri prwlrq ri wkh ixqgdphqwdo +lq wkh ghwhuplqlvwlfvnhohwrq ri wkh prgho, lv qrz jlyhq e|

\w.4 @ +4 . !,\w u�w � !u�w.4 � !Lw lv frqyhqlhqw wr frqvlghu lq wkh jhqhudo prgho d g|qdplf htxdwlrq zklfkdffrxqwv iru wkh wlph hyroxwlrq ri wkh glylghqg/ lqvwhdg ri wkh ixqgdphqwdo1 Zhrewdlq wkh iroorzlqj g|qdplfdo v|vwhp
Sw.4 @ Sw . �+\w � Sw, . !\w . Sw�+]w �T,p+f,w.4 @ +4� f,p+f,w . f^+Sw.4 � Sw,@Sw`Gw.4 @ +4 . !,Gw
+m,w.4 @ 
+m,w

�4 . u . ]+m,w
�Sw.4 .Gw.4 � +4 . u,SwSw

�� m 5 ii> fj
zkhuh= 
w @ 
+i,w .
+f,w]w @ +
+i,w ]+i,w .
+f,w ]+f,w ,@
w]+i,w @ 4Sw �+\w � Sw, . !\w . +4 . !,Gw � uSw�+i,�5+i,w]+f,w @ p+f,w . +4 . !,Gw@Sw � u�+f,�5+f,w\w @ +4 . !,Gw+u�w � !,

u�w @ u .T%
+i,w
w 4�+i,�5w +i, . 
+f,w
w 4�+f,�5w +f,
&�4

dqg wkh ixqgdphqwdolvw dqg fkduwlvw hvwlpdwhv ri wkh yduldqfh �5+i,w dqg �5+f,w duhdoorzhg lq jhqhudo wr ghshqg rq wkh vwdwh ri wkh v|vwhp dw wlph w1
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Dovr lq wkh jhqhudo fdvh d vwdwlrqdu| v|vwhp fdq eh rewdlqhg lq whupv rifdslwdo jdlq �w.4 � +Sw.4�Sw,@Sw/ ixqgdphqwdo2sulfh udwlr |w � \w@Sw/ glylghqgwr sulfh udwlr #w � Gw@Sw/ dqg zhdowk vkduhv z+m,w � 
+m,w @
w/ m 5 ii> fj/ zlwkz+f,w @ +4�z+i,w ,1 Wkh vwdwlrqdu| v|vwhp lv wkh iroorzlqj
�w.4 @ �+|w � 4, . !|w . �+]w �T, +fdslwdo jdlq,#w.4 @ +4 . !,#w+4 . �w.4, +glylghqg wr sulfh udwlr,
p+f,w.4 @ +4� f,p+f,w . f�w.4 +fkduwlvwv h{shfwhg fds1 jdlq,
z+i,w.4 @ z+i,w +4 . $+i,w.4,+4 . $w.4, +zhdowk vkduhv,

zkhuh= ]w @ z+i,w ]+i,w . +4�z+i,w ,]+f,w]+i,w @ �+|w � 4, . !|w . +4 . !,#w � u�+i,�5w +i,]+f,w @ p+f,w . +4 . !,#w � u�+f,�5+f,w|w @ +4 . !,#w+u�w � !, +ixqgdphqwdo2sulfh udwlr,
u�w @ u .T%z+i,w 4�+i,�5w +i, . +4�z+i,w , 4�+f,�5w +f,

&�4

$+i,w.4 @ u . ]+i,w +�w.4 . +4 . !,#w � u,$w.4 @ u . ]w+�w.4 . +4 . !,#w � u,Wkh g|qdplf ehkdylru ri wklv g|qdplfdo v|vwhp zloo eh gl�huhqw/ lq jhqhudo/iurp wkh rqh ri wkh vlpsol�hg fdvhv frqvlghuhg deryh1 Wkh pdlq gl�huhqfh lvgxh wr wkh wlph ydu|lqj ulvn suhplxp +zklfk ghshqgv rq wlph ydu|lqj zhdowkvkduhv dqg ulvn shufhswlrqv, wkdw fdxvhv lq jhqhudo wkh ixqgdphqwdo wr jurz dwd udwh gl�huhqw iurp wkh glylghqg jurzwk udwh1Zh ohdyh wr ixwxuh uhvhdufk d ghwdlohg dqdo|vlv ri wkh jhqhudo fdvh1
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7KH�FDVH�ZLWK�Z�I�� ����PDUNHW�ZLWK QR�IXQGDPHQWDOLVWV��(IIHFW�RI�GHFUHDVLQJ�WKH�FKDUWLVW�ULVN�DYHUVLRQ

λ�F�� �������γ  ��� λ�F�� ���� �γ ≅ �������

GDPSHG�IOXFWXDWLRQV�DQG�FRQYHUJHQFH�WR�IXQGDPHQWDO��)� OLPLW�F\FOH

OLPLW�F\FOH�ZLWK�ZLGH�IOXFWXDWLRQVRI�IXQGDPHQWDO�SULFH UDWLR FRQYHUJHQFH�WR�D�¦QRQ�IXQGDPHQWDO§VWHDG\�VWDWH��1)��SULFH JURZLQJ IDVWHU WKDQ IXQGDPHQWDO�

λ�F�� �������γ  ���

λ�F�� ������ �γ ≅�������

)LJ���

)

) )

1)

)
�D� �E�

�F� �G�



&RQYHUJHQFH�WRD�OLPLW�F\FOH�ZKHUHRQO\�FKDUWLVWV�VXUYLYH
IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

Z��I� ���� )LJ���

�D�

�E�

�F�



&RQYHUJHQFH�WRD�¦QRQ�IXQGDPHQWDOHTXLOLEULXP§�ZKHUHRQO\�FKDUWLVWV�VXUYLYH�SULFH�JURZV�IDVWHU�WKDQIXQGDPHQWDO
ρ ≅ ��������φ  ����

IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

Z��I� ���� )LJ���

�D�

�E�

�F�



$�VWUDQJH�DWWUDFWRU�ZLWKF\FOLFDO�PRYHPHQWV�RISULFHV�DQG�ZHDOWK�VKDUHV
IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDOLVW�ZHDOWK�VKDUH
3KDVHV�ZKHUH�SULFH�LV�PXFK�KLJKHU�WKDQ�IXQGDPHQWDO �ORZ�IXQGDPHQWDO�SULFH�UDWLR�DUH�GRPLQDWHG�E\�FKDUWLVWV��LQ�WHUPV RI ZHDOWK VKDUHV�

)LJ���

�D�

�E�

�F�



5ROH�RI�LQLWLDO�FRQGLWLRQ��ZHDOWK VKDUHV��LQ�ORQJ�UXQ�G\QDPLFV��FURVVLQJ WKH�ERUGHU�RI�D�EDVLQ RI�DWWUDFWLRQ�
Z��I� ������FRQYHUJHQFH�WR¦QRQ�IXQGDPHQWDO§�VWHDG\�VWDWH� Z��I� ������FRQYHUJHQFH�WRIXQGDPHQWDO�VWHDG\�VWDWH

IXQGDPHQWDO�SULFH UDWLR IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDOLVW�ZHDOWK�VKDUH IXQGDPHQWDOLVW�ZHDOWK�VKDUH

)LJ���

�D� �E�

�F� �G�



5ROH�RI�LQLWLDO�FRQGLWLRQ��LQLWLDO�ZHDOWK�VKDUHV DQGIXQGDPHQWDO�SULFH UDWLR��LQ�WKH ORQJ�UXQ�G\QDPLFV%DVLQV RI�DWWUDFWLRQ�RI�IXQGDPHQWDO�DQG�QRQIXQGDPHQWDO�VWHDG\�VWDWHVDQG�WKHLU�GHSHQGHQFH�RQ�FKDUWLVW�H[WUDSRODWLRQ�SDUDPHWHU�F�
)LJ���

LQLWLDO�FRQGLWLRQ��ρ��  �������� P���F�� � �����Z��I�� DQG�\���YDU\LQJ�LQ�WKH��Z��I� ��\��SODQHL�F��FRQYHUJLQJ�WR�IXQGDPHQWDO�VWHDG\�VWDWHL�F��FRQYHUJLQJ�WR�QRQ IXQGDPHQWDO�VWHDG\�VWDWH
F� �����

F� �����

�D�

�E�



(IIHFW�RI�WKH�FKDUWLVW�H[WUDSRODWLRQ�UDWH��F� RQ�WUDQVLHQW�G\QDPLFV�DQGRQ ORQJ�UXQ�ZHDOWK�VKDUHV��VWDUWLQJ�IURP�WKH�VDPH�LQLWLDO�FRQGLWLRQ
ρ��  ���������P���F�� � ��������\�  �������Z��I� ���

IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

F� �����

F� ����

F� ����

)LJ���

�D� �E�

�F� �G�
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(IIHFW�RI�WKH�FKDUWLVW�H[WUDSRODWLRQ�UDWH��F� RQ�WKH�DV\PSWRWLF�G\QDPLFV�DQGRQ ORQJ�UXQ�ZHDOWK�VKDUHV��VWDUWLQJ�IURP�WKH�VDPH�LQLWLDO�FRQGLWLRQ
ρ��  ���������P���F�� � ��������\�  �������Z��I� ���

IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDO�SULFH UDWLR

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

F� ������

F� �����

)LJ���

�D� �E�

�F� �G�



+LJK�YDOXHV�RI�DJHQWV©�UHDFWLRQ�FRHIILFLHQWV (η  ������F  ����)([LVWHQFH�RI�SHULRGLF�RUELWV�ZLWK�ORQJ�UXQ�IOXFWXDWLRQV�LQ�ZHDOWK�VKDUHV5ROH�RI��LQLWLDO�FRQGLWLRQ

Z��I��  �������FRQYHUJHQFH�WR�IXQGDPHQWDO�DIWHU�D�ORQJ WUDQVLHQW��

Z��I�� �������FRQYHUJHQFH�WR�D�SHULRGLF�RUELW�ZLWK�ORQJ�UXQ�IOXFWXDWLRQV�LQ�ZHDOWK�VKDUHV��
IXQGDPHQWDOLVW�ZHDOWK�VKDUH

IXQGDPHQWDOLVW�ZHDOWK�VKDUH

LQLWLDO�FRQGLWLRQ��ρ��  �P���F�� � ������\�  ������
)LJ���

�D� �E�

�F� �G�


