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\5]_^a`Nbdc+eNf,e>gih!jlk�gnmWo,prqNbd]sgt^a`sgnf1cucuvNp_es^abdo,]�^a`Nf1^�^a`NgtmWo;]scuvNp_es^abdo,]�wxvN]smiy
^abzo,]{bdc|mWo;]sm!f!}Bg�k|b~^a`(f,](�t��eshao��/vNmi^abdo,]�w�vs]Nmi^abdo;]��

��g_cu`No!k�^a`�f1^�^a`sg_cugi^�o,wtg!�lvNbd�dbdqshabdvNp�c�^ag!f,�/��y�c�^�f1^ag_�1haoZk0^a`�h�fZ^agWc�bzc%f,]
bz]l^agiha},f,�����+`sgW]�k�g{]No1^ag�^a`�fZ^_k|`NgW]�^a`Ngi��g��sbdc�^acWj0vs]NgW�;f,�db~^�f1habzf,]�gW��vsbd�zbdq/hab�f

f1hag�m�`Nf1h�f1mi^agihabd�Wg!��ql��`Nbd�,`Ngih�h�f1^agWc�o1w��,hao!k0^a` ^a`�f1]�gW�;f,�db~^�f1habzf,]�o;]sgWc�f,]N��j

p_o,hagWoZ}Bgih!j�`Nbd�;`sgih�g!�lvNbd�dbdqshabdvNp¡�1haoZk0^a`�h�f1^agicnmWo1huhagWcue>o;]N��^ao�`Nbd�,`Ngihn�zgi}BgW�dc�o,w

bz]sg!�lv�f1�zb~^7�l�¢�'�dcuonk�g+eshaoZ}Bg£^a`�fZ^¤g!f,m�`reNf1^a`rmio;]�}Bgiha�,gWc¢gWb~^a`Ngih¢^aonf,]%gW�Bf1�zb~^�fZhab�f1]

o,h:^aoto;]sg�o1wNvs]NgW�;f,�db~^�f1habzf,]%g!�lvNbd�dbzq/habzf/�¤�Ho|k|`�fZ^:g!�lvsbz�dbdqshabdvsp¥f|e�fZ^a`�mio;]�}Bgiha�,gWc

�sgWe>gW]N�sc0o,]�^a`Ng�bd]sbd^abzf1�:�sbdc�^uhabdqNv/^abdo;]{o1w:k+g!f1�~^a`F�
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�����������! #"%$'&)(* �"+ -,� .�0/1$'/�/+ .�2/+�3���54)$��6&7 # .�98:�!,#;)�+�+ .�9���5/<4= >"+ .(3$'/+�3���)�+4=�3?@&7 �/BAC # .�

�3�= .D2;)$�(*�*/BEF$'�)�@ .,��0�=��G6��,1H0"+�IAJ/<4LK	�*�9?)$'"+/+��,�;=(�$'"-KM���N/+4= O�! #?7 #���! #�),# ��8P/+4) ��!E2Q

�)$�GR��,#���'8PH�"<�IAJ/+4S���N�=�3��/+"<�*&);!/+�3���F��8JAC .$�(T/<4VUW8:�0"�$X�+;="<Y� #E0KZ�+ # 0K� 0[ H�[*K	\PH04=�3���F �/

$'(][�U É.^0^�^2_�_ [�`a�b/+4=����?)$'?7 #"-KIAC ���/+;)�!Ec/<4=�3�	�! .?� .�)�! .�),� C�*��$d8:"%$'G6 #AC��"<ef��8)$'�� .�)�!�0H� �Q

�=�0;)��H�"<�IAJ/+4�G6�!�! #(!Ad�*/+4�/+4) C,#���),.$gY� �,#���)�+;=G6?!/<�*�0��8:;=�),�/+�3���OU:�0".KI -D0;)�*YI$'(3 #�2/<(*E0KI/+4= 

,��0�hY� �ij�<$gYh�*�)Hk8:;=��,l/+�3��� _ [

m 4= n$0�+�+;=G6?!/<�*�0�o/+4)$'/1/+4= S,��0�)��;)GR?=/+�3���o8:;=�),�/+�3���V���j,#���),.$gY� X�=$'/+ -�1&)$0,%eN/+�

p  #Eh�= -�cAd4=�OAd"+��/+ R/+4)$'/jqI[3[*[ Ad�T/<4S/+4= 6H�"<�IAJ/+4n�*�rAC .$�(T/<49s ,��0GR -�Bt	/<4= 1�!�3GR�3�=����4)�*�=H

G�$'"<H��3�)$'(�?="+�0?� .�)�+�T/BE�/+��,��0�)��;)GR 0[*[3[Wq�U p  .E2�) .�.K É-^�u0v K=?L[ u'w2^0_ [yx�G6?=�3"+��,#$�(Z .Yh�3�! .�),� 

Uz�+ # 0K� �[ H)[3K|{�;)�+$�"<�=�cU É.^�^0v0_+_ �+4=�IAP�b/<4)$I/6/+4) G�$'"<H��3�)$�(�?="<��?7 #�����*/BES/+�r,�������;=G6 �3�

�+;=&)��/<$'�2/<�3$�(*(3E64=�*H04= #"�8:��"d,#���)�+;=G6 #"%�|Ad�*/+4(*�IA}AC .$�(T/<4j�0"�(3�IA}�*��,���G6 f/+4)$��18:�0"J,#���!Q

�+;=G6 #"%�JAd�T/<4�4)�*H04AC .$�(T/<4�0"d�*�),#��G6 �[

\y�kAC$0�b�=�'/<�3,# .�r&hEF~2/+�3H�(3�T/<��U É-^�v0^0_ KZ�*�N/+4= j,.$��+ ��'8d �i!�0H� #�)��;)��H0"+�IAJ/<4LK��*8d/+4= 

�<$gY2�3�=Hn8:;=�),�/+�3���5�3�1,#���hY� #i�KM/+4= X�=�3��/+"<�*&);!/+�3���5�'8c�*�),#��G6 >$'�)�9AC .$'(*/+45G6�*H042/�/+ #���

/+�IAJ$'"%�N$}q%/BAC�'Qa,�(�$��<�gq6 .D2;=�3(*�3&="<�*;)G�&=;!/14)�3��$��)$'(3E!�����RAC$0���)�'/1�! �/%$'�3(* -��[}\�G6��"< 

�! #/<$'�3(3 .�1$��)$'(3E!�����|��8�/+4= b,#���hY� #i6�<$gYh�*�=H�8:;=�),l/<�*�0�jAJ$���?="<��?7�0�+ .��&hE1~!,%4=(3�3,%42/�U É.^h�'�0_

Ad4=�6��4)�IA� -�6/+4)$'/C;)�= #H2$'(3�T/%$'"<�3$��1$��CA� .(*(�$0�| .H0$'(3�*/<$'"<��$'�1 -D0;)�*(3�*&)"+��$�G6�3H�42/C&7 �(*�!,.$'(3(*E

��/<$'&)(* 0[N`a�5�C�0;="+H0;=�3H��=�0��U É-^��KÉg_ /<4= OA� .(T8z$�"+ �*G6?=(3�3,.$I/<�*�0�)�6�'8P/<4= >,��h �i!���B/< #�),# ��8

 #H2$'(3�T/%$'"<�3$��F$'�)�@;=�= #H2$'(3�T/%$'"<�3$��N�B/%$'&=(3 j -D2;=�*(3�3&="+��$XAC #"< j,#���)�+�3�= #"< .�����T/6AC$0�k?)"+�IY0 .�

/+4�$I/.K2Ad4= .�6/+4= .E� #ih����/.K2;=�= #H2$'(3�T/%$'"<�3$��6(*�!,#$�(*(3E���/<$�&=(3 P .D2;=�3(*�3&="<�3$b$�"+ d�M$�"+ #/+���+;=?� ."+�3��"

/+�6 .H0$'(3�*/<$'"<��$'�j�0�= .�.[

`a��/+4=���J?)$'?7 #"-K!AC �,#��G�&=�*�) y/<4= �$��<��;)GR?=/+�3���/+4)$'/C/<4= �,��0�)�+;=G6?!/+�3���j8:;=�),l/<�*�0�O�3�

�



,��0�),#$gY0 PAd�*/+4O$'�\ p ?="<�!�!;),�/+�3���18:;)�),l/<�*�0�L[��=�0(*(3�IAd�*�)H��="%$'�)e� #(	U É-^�v2��_ $'�)���d��G6 #"

U É-^��0v0_ A� b$��<�+;=G6 f/<4)$I/J/< .,%4=�=�0(*�0H���,#$�(7eh�=�IAd(3 .�=H� cH�"<�IAP�C$�;!/+�0G�$I/+��,#$�(*(3E�Ad�*/+4>,#$�?=�TQ

/<$�( [

�  c��4)�IA9/<4)$I/|/+4= c�� #/��'8� -D0;)�*(3�*&)"+�3;=G �B/< .$��=E0Qa��/<$I/< PH�"<�IAJ/+46"%$I/< .�M����$����*�2/< #"<Yg$�( [

m 4= .�bA� M�=��/+ 	/<4)$I/�Ad4) #��/+4) #Ec �i!�3��/<�.K-;=�= #H2$'(3�T/%$'"<�3$��f -D2;=�*(3�3&="+��$d$'"< �,%4)$�"<$0,l/+ ."+�3�# -�P&hE

4=�3H�4= ."P"%$I/+ -�J�'8MH�"<�IAJ/+4/+4�$'�> #H2$'(3�T/%$'"<�3$���0�= .�y$'�)��K�G6��"< #�IY� .".Kh4=�3H�4) #"P -D0;)�*(3�*&)"+�3;=G

H�"<�IAJ/+4"<$'/+ -�d,���"<"< .�+?��0�)��/<��4=�*H04= #"d(3 #Y0 #(��J�'8	�*�) .D2;)$'(3�*/BE�[|\y(3�+�6A� b?="<�IY� f/+4�$I/P .$0,%4

?)$'/+4,#���hY� ."+H0 .�| #�*/+4= ."J/+�6$'�� #H0$�(*�*/<$�"+��$'�j��"�/+�6���= c�'8�;=�= .H0$'(3�*/<$'"<��$'�1 -D0;)�*(3�*&)"+��$=[ m �

Ad4)$'/� .D2;=�3(*�3&="<�*;=G $�?)$'/+4�,��0�2Y0 #"<H� -���= #?7 #�)�=�|���R/+4) P�*�)�T/<�3$�(��!���B/<"+�3&=;!/<�*�0�6�'8�A� -$'(*/+4L[
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m 4= O?="<�h�=;),l/<�*�0�5�+�3�= ���8P/+4) > .,��0�=��G�Er�3���! -�+,#"+�3&7 .�5$���8:��(3(*�IAP�.[ m AC��8z$0,l/+�0"<�

�'8J?="<�!�!;),l/<�*�0�LK	,#$'?)�T/%$'(
K

$��)�S �&� .,l/<�*Y0 1(�$'&7��;="
L
K�$�"+ �;)�+ .�n/<�>?="+�!�!;�,� j$>�+�*�)H�(3 

H��h�!�6$�,.,���"%�!�3�=Hc/+�k$��= #�!,�(�$��<�+�3,.$'(!?="<�!�!;),l/<�*�0�68:;=�),�/+�3���
F (K, L)

[|�C$'?=�*/<$�()�!�h .�|�=�'/

�! .?="+ -,���$I/< ���/+4) R?)"+�!�!;),�/+�3����8:;=�),l/<�*�0�nH0�*Y0 .�c�= #/��0;!/+?);!/b�=�'/��*��,�(3;)�!�3�=H�/+4= 6�=�0�)�! �Q

?="< .,#�3$'/+�3�=H�,#$'?)�T/%$'(][ �  �$��<��;=G6 ('y$�"+"<�!�hQ �= #;!/<"<$�(�/+ -,%4=�=��(3��H0�3,.$'(�?="<��H0"+ -�+��)
L = AL

K

Ad4= ."+ 
L
���J/<4= k?7��?=;)(3$'/+�3���>$'�)�

A
���d/<4= ���/<$'/+ b��8�/< .,%4=�)��(3��H�E0[��	�0?=;=(�$I/+�3���O���y,#���!Q

��/<$'�2/k�IY0 #"b/<�*G6 0[S\f��8:�0"�/+4) ���/<$'/+ 1��8d/+ .,%4)�=��(3��H0E�K	A� $��<��;=G6 �8:�0(*(3�IAd�3�=H*�="%$'�)e� #(

U É-^�v2��_ /<4)$I/c�T/��3�c?="<��?7��"+/+�3����$'(�/<�1/+4) R,#;="+"< #�2/c .,��0�=��G�E2Q]Ad���! �$gY� ."<$�H� b��8�?=4hEh�+��,#$'(

,#$�?=�*/<$'(�?7 #"dAC��"<e� ."�)

A =
1

k

K

L

u



Ad4= ."+ 
k > 0

����$��1 �i!�0H� #�)��;)�+(*ERH��3Y� .�1?)$�"<$�GR #/+ .".[�` /�8:�0(*(3�IAP�M/<4)$I/
K/L

���| -D0;�$'(�/+�

k
$��)�X4= .�),� ��3��,#���)��/<$��0/c�IY� ."P/+�3G6 �[ m 4= R�*�2/< #"< .��/f"%$I/+ ��3�

r = FK(K, L)
$'�)�X/+4= 

AJ$'H� b -$'"<�= .��&hE����= b;=�)�T/c�'8M �&� .,�/+�3Y� �(�$'&7��;="f�3�
w = FL(K, L)

[f��(* -$'"<(*E0K
r
$'�)�

w

$'"< �$'(�����,��0�)��/<$'�2/d�IY� ."|/<�*G6 0[

� � ��!���� " � !

m 4= #"< c�3�C$�,#���2/+�3�h;=;=G �'8�8z$'G6�*(3�3 .�C�*�j/+4= c .,#���=�0GkE0[ m 4= .E1$'"< y���! #�2/<�3,.$'(7�*�j/+4= .�*"

 �i!�0H� #�)��;)�k?)$'"%$'G6 �/< #"%�#[N~h;)?=?��2�� �/<4)$I/�$I/1�+��G6 1/<�*G6 
t
/+4) O$�G6��;=�2/6�'8y &7 -,l/+�3Y� 

(�$'&7��;="C�'8Z$k8z$'G6�3(*E����
lt > 0

$��)��/<4)$I/C/+4= �H0"+�2�+���+$gYh�3�=H0���'8L/<4=���|8z$�G6�*(3Ej$'"< 
Zt > 0

[

�  �$��<�+;=G6 �/+4�$I/� .$�,%4>;)�=�T/��'8� &7 -,l/<�*Y0 �(�$'&7��;="f�*��/+4= k8z$'G6�3(*E> -$'"<�)�
w
�!;="<�*�=Hj/+4= 

?7 #"<�*�!��[ m 4= .��/+4= bH0"+�2�+��A� -$'(*/+4O�'8Z/+4= �8z$�G6�*(3E$'/C/<�*G6 
t + 1

���
(1 + r)Zt + wlt

[M` /

���c�=�*Yh���! .���*�2/+��,��0�)��;)GR?=/+�3���
Ct ≥ 0

�'8�/<4= �8z$'G6�*(3EX$'�����<$gY2�3�=H2�
Zt+1 ≥ 0

�'8|/+4= 

8z$'G6�3(*E0[��CEj�! ����=�T/<�*�0�LK

Zt+1 = (1 + rt)Zt + wtlt − Ct

U É-_

m 4= F,��0�)��;)GR?=/+�3��� �= .,����+�*�0� ����G6$0�! r&hE}GR -$'�)����8R$5,�������;=G6?!/<�*�0��8:;)�),l/<�*�0�

c(·): R+ → R+
[ Ad4=��,%4V .��/<$�&=(3�3�+4= .��/+4= n"+ .(3$'/+�3���)�+4=�3?5&7 �/BAC # .�}/+4) XA� -$'(*/+4}��8b$

8z$'G6�3(*E6?7 #"C;=�=�*/C��8L �&� .,�/+�3Y� y(�$'&7��;)"C$��)�1,��0�)�+;=G6?!/+�3���1?7 #"C;=�=�*/J�'8L �&� .,�/+�3Y� f(3$�&��0;=".[

�CEk$��<�+;=G6?!/+�3���R�T/��3��/BAd��,� P,#���2/+�3�h;=��;)�+(3E��!� &� #"< #�2/<�3$�&=(* 0K0��/+"<�3,�/+(3E��3�),�"< .$0���3�=H)K'��/+"<��,l/+(3E

,��0�),#$gY0 �$'�)�n�+$'/+������ .�y/+4= �8:��(3(*�IAd�3�=Hj,#���)�=�T/<�*�0� )
0 ≤ c(y) ≤ y

[ m 4= �8z$�GR�3(3E�� ��,��0�!Q

�+;=G6?!/+�3���
Ct

���JH��3Y� .�&hE

Ct = ltc(
(1 + r)Zt + wlt

lt
)

` /O�+4=�0;=(3�o&7 S�=�'/< .�o/<4)$I//+4= n"+ .(3$'/+�3���)�+4=�3?V&� #/BA� . #�o/<4= nAC .$�(T/<4}�'8k$N8z$'G6�*(3E

w



$'���1/<4= b,�������;=G6?!/<�*�0���8�/<4=�3�d8z$'G6�*(3Ej,%4)$��=H� -�C�IY� #"�/+�3G6 b�*�O�+;),%4�$RAJ$gE6/+4)$'/d�T8�/+4= 

8z$'G6�3(*E � �LAC .$�(T/<4bH�"<�IAP��Ad�T/<4b/+4= ��+$�GR |"<$'/+ |$0��/+ -,%4=�=��(3��H0�3,.$'('eh�=�IAd(3 .�=H� �K#/+4= C$gY� ."<$�H� 

?="<��?7 #�)�+�*/BEf/<�b,�������;=G6 J�!�h .���=��/M,%4�$'�=H0 �[�\C/	/+4) J�<$'G6 �/+�3G6 �K'�*8)/<4= C8z$'G6�*(3E � �	AC .$�(T/<4

H�"<�IAP����(3�IAd(3E@UW8z$0�B/< #" _ /+4)$��n/< .,%4=�)��(3��H���,#$�(	e2�)�IAd(* -�!H� 0K�/+4= $gY� #"%$'H0 k?="<��?7 #�����*/BE>/+�

,��0�)�+;=G6 >�*�),#"+ -$��+ .�XU �! .,#"+ -$��+ .� _ [ � ��/+ X/<4)$I/A� �$0�+�+;=G6 O/+4�$I/�,#���)�+;=G6?!/<�*�0�5���j$

8:;=�),�/+�3���9�'8fAC .$�(T/<4@&=;=/R�*/��3�R�=��/6�!���1,�;=(*/6/+�F�+4=�IA /+4)$'/�/<4= O"+ -��;)(T/%��Ad�3(3(C&7 �/+4= 

�<$'G6 ��T8M,��0�)��;)GR?=/+�3�����3�d$R8:;=��,l/+�3���O��8Z�3�),��0GR 0[

` /P�3�y,����hY0 #�=�3 #�2/C/+�6�*�2/<"+�!�!;),# �/+4= ��<$gYh�*�)Hk8:;=��,l/+�3���
s(·)

)

s(y) = y − c(y)

��(3 .$'"<(3E�Kd/<4= S�<$gYh�*�)HF8:;=�),�/+�3���
s: R+ → R+

�3�/BAd��,� n�=� &� #"< #�2/+��$'&)(* 0Kf��/+"<�3,�/+(3E5�3�!Q

,�"< .$0���3�=H�K	��/+"<��,l/+(3EN,��0�hY� �iF$'���@�<$I/+��� �) .�k/+4= 8:��(3(3�IAd�*�=HS,��0�)�!�*/+�3��� )
0 ≤ s(y) ≤ y

[

�d .Ad"+�*/+�3�=H>U Ég_ A� �H� #/

Zt+1 = lts(
(1 + r)Zt + wlt

lt
)

U ��_

�  bAd�3(3(��! #�)�'/+ �&hE
zt

/<4= ��<$gY2�3�=H2��?7 #"d;)�=�T/f�'8Z &7 -,l/<�*Y0 b(3$�&��0;="�)
zt = Zt/lt

{L #/P;)�J�*�2/<"+�!�!;),# �/+4= b -,��0�=��G�E�� �CH�"<�IAJ/+4"<$'/+ �K
nt
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=
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∑
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=

N
∑
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$'"< 
z∗l
Ad�3(*(2&7 C,.$'(3(* -� !�� " � ��" � ! $��)��/+4)�0�+ �Ad4=�0�+ |�<$gYh�*�=H2�L?7 #"Z;=�=�*/���8= �&� .,l/<�*Y0 |(�$'&7��;="

$'"< 
z∗h � !���� "#� ! [
{L #/

σ
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φ(z)/z
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g(z) > 0

8:�0"
z > zmin

[b` 8�/<4= R$��)�+A� ."f���Rq�E� -�-qb/+4=����,�����,�(3;)�! .�

/+4) k?="<�h�'8B[y` 8|�+;),%4
zmin
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φ(z) = w + (1 + r)z − ln(1 + w + (1 + r)z)

� ���
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1 + w + (1 + r)z
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g(0) = − exp(−w) + 1 − w < 0.
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