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Abstract

We consider a finite horizon discrete time model for bond market where bond prices are
functions of the short rate process. We use a variant of the Ito’s formula to decompose
the bond price process into unique drift and martingale processes. We then apply the
Girsanov’s Theorem for finding a change of measure under which the discounted bond
price processes are martingales, thereby implying the existence of an arbitrage-free bond
market. We next show that under a particular martingale measure given by a specific
form of the Radon Nikodym derivative, the bond price process of exponentially quadratic
form reduces to the well known exponentially linear form. We further prove that the
bond market is incomplete and and the set of martingale measures is not a singleton.
The analytical formulation of all martingale measures is difficult to obtain. A finite
discretization of the state space of the rate process and subsequent solution of a set of
martingale equations generates the set of all martingale measures in an incomplete bond
market. A suitable cost function is then minimized to obtain a particular martingale
measure. Linear programming and Dynamic programming approaches for solving the
minimization problem are discussed. Assuming compactness of the bond price process,
we further prove the convergence of the optimal solution of the discretized problem to the
optimal solution of the original problem.

1 Introduction

Interest rate modeling lays the foundation for pricing, hedging and trading the whole class of
interest rate contingent securities from bonds to fixed income derivatives. The fundamental
question is to model the law of the rate process under the risk neutral measure. The theory
of bond pricing assumes the bond prices to be functions of the short rate process, and the
affine class turns out to be the most commonly used one, primarily due to their easy analytical
solutions. The momentum gained from its popularity and extensive research led analysts to
migrate to the next obvious function on the hierarchy, namely the quadratic class. An explicit
method of pricing for bond options for the quadratic class is given by Jamshidian [1]. Recently,
Leippold and Wu [2] have constructed a quadratic class of bond prices and have shown their
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existence. First, these works deal with the continuous time formulation. Furthermore, in
these recent works the bond prices are still considered exponentially quadratic function of a
state vector, not of short rate. An introductory work on discrete-time affine bond pricing was
presented by Backus, Foresi and Telmer [3]. However, the question of “Completeness” of the
bond market was not addressed to while giving a pricing methodology. We formulate a version
in which we discuss the nonlinearity in the bond prices by making the prices to be exponentially
quadratic function of the rate process. In this paper we show the existence of an arbitrage-free
market for the quadratic model and conclude that such markets are incomplete in most cases.
Nevertheless, a trader can hedge any final payoff in the mean square deviation sense as opposed
to hedge the payoft faithfully.

2 Discrete-time Ito’s formula for decomposing the bond
price process

Consider the interest rate model given by:

P — oot = f(rp—1) + 0 (rn_1)én (1)

where 1 and o are bounded polynomial functions of the short rate process and € = (€1, €, ....)
is a sequence of independent standard normally distributed random variables, €, ~ N(0,1). We
assume that the value of a bond which matures at time N is a function of the short rate. Let
the price of a bond at time n be F, = F(r,,n,N) := F(r,) with the terminal condition
Fy = F(ry,N,N) = 1. Let T(r,) ( :=T,) be the discounted price of a bond at time n. We
would like to discuss the properties of T'(r,) where T' : R — R be a function of class C'™.
We assume without loss of generality that 7" has a compact support, and so T, DT, D?T are
bounded. For n > 0, the discrete 1t6’s formula yields:

T(ry)

= T(r0) + S DT (rpor) (rp ~ rya)] + D[ T () = 7y’

= T(r0) + S DT (rpor)(rp — rpt)] + D[ T(rpr)(rp = 7y’

+ Y 0) ~ T}y — 1) 2

where 7, (w) = 151 (w) + 0,(w)(rp(w) — 1p—1(w)) for some 6, (w) satisfying 0 < 0, < 1, w € Q.
(In the continuous time It6’s formula, the last term in (2) becomes zero due to the continuity
of the function T'. However, in the discrete-time situation, the It6’s formula has a modification



where the last term does not vanish.) Now,

T(ry) = T(ro) + ) _[DT(rp-1)(p(rp-1) + 0 (rp-1))]

+ [7T(Tp—1 + 0p(rp — 1p-1))(rp — Tp—1)2]
=T(ro) + Z DT (rp-1)p(rp-1) + Z DT (rp-1)o(rp-1)€p

p=1 p=1
+ Z TT(Tp—l + O0p(rp — 1p—1))(rp — Tp-1)
p=1

=T+ T+ T+ Ty, (3)

2.1 Decomposing the terms of the bond price process

Note that we have three types of terms - predictable drift term (77 + T7;), a martingale (T7;)
and an adapted term (77y). Since, Ty has finite absolute first moments, i.e., E[|Tv|] < oo
for n < N, we have by Doob decomposition,

Trv = A} (predictable term) + M, (martingale term)
Also, Ty + Ty = A2 (predictable term), Ty;; = M7 (martingale)
Thus, T,, = T(r,) = A} + M, + A2 + M?
Define, A} + A% := A,, & M} + M?:= M,
Thus, T, = T(r,) = A, + M,.

2.2 The condition for no-arbitrage in the bond market

Let P be locally absolutely continuous with P. Then there exists Radon-Nikodym derivative
Zn

(density processes) Z, with E(ay|M, — My_1[[Sp-1) < 00, Vp,an = 72-1(z, >0y and [M,] <

oo, Vn such that the sequence Tn has a representation Tn = fin + M,, where

Ay = Ap+> By AM,|S,1); M, =M, =Y E(0,AM,[S,_1)

p=1 p=1

are the drift and martingale terms with respect to the new measure P. The no-arbitrage
condition demands the discounted price processes to be martingales. This implies that under a
change of measure the drift term should vanish and we are left with only the martingale term:

Ay = A+ E(apAM,|S,-1) = 0.

p=1

3 Exponentially quadratic bond price process

We consider that the price of a bond at time n, maturing at time N (< oo) is a function of the
short rate and given as

F(rp,n,N) = F(rn,) = exp(—a, — byry, — Cn’ri) (4)



where n’ = N —n. F(ry,N,N) = 1 implies that ag = by = ¢y = 0. We name this class of
bond pricing models as Exponentially Quadratic class. Note that we let interest rates assume
a continuous range of real values.

In an arbitrge-free bond market the conditional expectation (under a martingale measure)
of the discounted value of the future bond price is equal to the current value of the bond:

Xk T () = EleXi=0 T F(r,)| S 1] (5)
F(rat) = Bl exp(=r) ()| S (6)

We are in search of a process Z,, such that (6) holds.

We guess Z, = exp[— > r_,(dxex + %)] where dj is $;_; measurable. The variable dj is
also known as the market price of risk. This form of Z,, is motivated from the discrete version
of the Girsanov’s theorem. We can now show that Z,, is a valid density process; we do not
present details here.

3.1 Pricing bonds in the arbitrage-free situation

We denote our interest rate model to have a form given by:
Tn — Tne1 = iW(rn_1) + 0(rn_1)€n. (7)

For pricing zero coupon bonds in an arbitrage-free situation we compute the values of a,, b,/
and ¢, such that the bond prices follow (6). Thus,

[ o
E[F(ry)|Sn-1]
d2
— E[e_Tn_an/ _bnlﬂ(rnfl)_bnlrnfl_Cn/H(T7L71)2_Cn/T72L,1_2/»14(T’7L71)717L71

e[—bn/o(rn,1 )—QM(T'n,1 )0’(7‘,”,1 )Cn/ —QCn/O'(T‘n,1 )7‘,”,1 —dn]en-i-O'(Tn,l )26% |g ]
n—1

= () ®)
We denote
— Qp — bn’,ul(rn—l) - Cn’,ul(rn—1>2 - Cn"ri_l - (2M(Tn—1> + bn’)rn—l = Kn

—byo(rn_1) — 2u(rp_1)o(rn_1)cn — 2¢w o (rp_1)rn_1 := Ly

Further by using Elexp(ae + be?)] = exp(2(1“—_22b))(1 — 2b)71/2 for (8) we arrive at our Pricing

Equation under the Arbitrage-free condition:

—2(1 + 2¢0(rn_1)?) In((1 4 2¢ 0 (rn_1)*) Y2 F (rp_1))
—200(rn_1)?d% — 2L, d,, + L2 + 2K, + 4K,cpo(r, 1) =0 (9)

3.2 Computing the coefficients of the price processes with Vasicek’s
interest rate model

For the Vasicek’s model we have: 7, — r,_1 = k1 + (k2 — 1)r,_1 + o€,



where k1,0 and ko are constants. The Pricing Equation (9) gives us the following recursions:

2Cn/]€%
Cn'—1 = 577 5. o\
2(14 2¢,0?)
b . 2bn/k’2 + 4Cn//{51/€2 + 2(1 + 2Cn/0'2) — 4dnk‘20'6n/ (10)
v 2(1 + 2¢,00?)
Iy
Ap'—1 =

2(1+ 2¢,0?)

where J, = —2¢,0%d% + 2d,b,y 0 + 4d,okicy + V2,07 — 20,
— 2bn/]€1 — 2Cn/]€% — 4Cn/O'2CLn/ — (1 -+ 20n’02> 111(1 + 2Cn/0'2)

with ag = b(] = Cy = 0.
The co-efficients a,,, b, & ¢,» computed recursively in the above manner will thus lead to
an Arbitrage-free bond market.

Estimation of the parameters of the Vasicek’s model

The data are the monthly estimates of annualized continuously-compounded zero coupon US
government bond yields computed by Mc Culloch and Kwon (1993), January 1952 to February
1991 (470 observations). We choose the parameter values to approximate some of the salient
features of the bond yields. We consider our estimation horizon to be evenly distributed with
monthly observations from January 1952 to December 1981. By considering the modeling
period as a month we actually consider the continuously-compounded zero coupon yield of a
bond with 1 month maturity as the prevailing short rate.

Properties of US Government 1-month maturity bond yields:
‘ Mean ‘ St. Dev ‘ Skewness ‘ Kurtosis ‘ Autocorrelation ‘

14.65081[3.06 [1.434  [2239 [0.976 |

: E}CQ is the unconditional mean of the short rate process and we set it equal to the sample

mean of the one-month yield as given in the table above. The factor 1200 converts an annual
percentage rate to a monthly rate.

ki 4.65081
1—ky 1200
The mean reversion parameter ko is the first autocorrelation of the short rate and hence

ko = 0.976. Thus, k£ = 0.000093024. We choose the volatility parameter o to equate the
unconditional variance of the short rate process:

= 0.003876

o? (3.06
1—k2 11200

)%

With ks = 0.976, the implied value of o = 0.0005553.



3.3 Computing coefficients for Cox-Ingersoll-Ross’s interest model

We take the CIR model given by,

rn=(1—=0¢)0+ ¢rn_1+ 0\/Th_16n.

An important point to make at this moment is that the market price of risk d,, in this case is
taken to be proportional to /r,—1. It is evident that a simple additional adjustment to the form
of the market price of risk helps us to get affine bond prices. Now considering d,, = A,/Tr—1,
for an arbitrage-free market, we compute the co-efficients recursively:

B,0?
"20 — b, (11)

Qp/—1 = Qp/ + bn’(]- - ¢)97 bn’—l =1+ bn’¢ -

with ag = b(] = Cp = 0.

We thus see that the bond prices under the CIR model also reduces to the affine model.
However, it would even have not retained the affine structure, had we not introduced the
dependence of d,, on r,. Thus, there is a strong relation between the market price of risk and
the instantaneous rate process for various term structure models.

Estimation of the parameters of the CIR model

We set the autocorrelation parameter ¢ equal to the autocorrelation of the short rate: ¢ = 0.976.
We set 6 equal to the mean short rate, which implies # = 0.003876. We choose ¢ to reproduce

the variance of the short rate:
Oo? 3.06

1—¢2 (120())2’

which implies 0 = 0.00627.

3.4 Reduction to the linear structure from the quadratic model

We observe that the terminal condition ¢y = 0 makes all subsequent values of ¢,, = 0 thereby
reducing the exponentially quadratic model to the well known exponentially linear structure.
This leads to the following two propositions.

Proposition 1 Assume that the price of a bond is a function of the short rate process having
the Vasicek’s structure. Let the price of a zero coupon bond F(r,,n, N), having maturity date
N at timen (< N < oo) be given by,

F(rp,n,N) = F(r,) = exp(—au — byrn — cur?), wheren' = N —n.

2
Then, under a martingale measure given by Z, = exp[> . (—d—P —€pdy)], we have ¢,y =0, Vn'.

p=1 2
Proposition 2 Assume that the price of a bond is a function of the short rate process where
the “drift” and “diffusion” terms of the short rate process are polynomial functions of the short
rate itself. Let the price of a zero coupon bond F(r,,n, N), having maturity date N at time n
(< N <o) be given by,

F(rp,n,N) = F(ry) = exp(—au — byr, — cur?), wheren' = N —n.

2

" (—%” — €,d,)], we have ¢,y =

Then, under a martingale measure given by Z, = exp[y_

0, Vn'.



4 Incompleteness of the Bond Market

We present here a proof for the incompleteness of our discrete-time bond market model. This
suggests that the set of martingale measures is not a singleton. It further motivates the use of
Linear and Dynamic programming for finding the Minimum Variance Martingale Measure.

4.1 Proof for Incompleteness

To show that the proposed discrete-time model is incomplete, we will prove that it is impossible
to find a replicating portfolio for an §y-measurable contingent claim (An European Option in
this case)!.

Consider a (B, F')-market formed by a bank account B and a bond F. We first construct a
portfolio with the Value process V and a strategy m = (3,7). Observe, that § = (5,)n>0 and
v = (Vn)n>0 are predictable processes (By definition).

The value process is given by,

Vi, = BuBn + vy

Further, for a self-financed portfolio we have,

Vn—l - ’YnFn—l
Bn—l

6n:

Thus, we have,

B,
Vn = (Vn—l - anFn—l)B— + VnFn
n—1

so that this holds for both (w,_1,w,) and (w,_1,W,).
B,
Vn(wn—la wn) - (Vn—l - ’}/nFn—l)(wn—l)B—l + ’yn(wn—l)Fn(wn—b wn)-

B,
Bn—l

Vn(wn—h CJn) = (Vn—l - VnFn—1>(wn—1> + f}/n(wn—l)Fn(wn—lv ujn)
At each w,_1,

Vn(wn—la wn) - Vn(wn—la C‘)An)

’}/n(wn—l) - Fn(wn—lawn) - Fn(wn_l’(ﬁn)

Recall that for the Europen call option, a replicating portfolio satisfies Vy = (Fy — K)™, and
under this constraint the portfolio will not satisfy the previous equation for n = N.
In particular, yx(wy_1) = 0 since for some (w,_1,w,),

FN_lerN(ww) —-K <0, FN_leTN(w}\r) —~ K <0,
but also vy (wn—1) = 1 since for some (w,_1,wy)
Fny_1e&™NeN) — K >0, Fy_1e"™WN) — K >0,

with the impossibility that 0 = yx(wy_1) = 1. Thus, for the discrete-time exponentially
quadratic model has no replicating portfolio.

IThe proof is a bit unorthodox in nature since we prove Incompleteness by showing the impossibility of
constructing a replicating portfolio. An orthodox way of showing incompleteness would be to show the ana-
lytical formulation of a martingale measure other than the Esscher Transformation that satisfies our pricing
methodology. We however, were unable to analytically construct one.



4.2 The EMM set

It is well known that in the case of a complete bond market situation the set of martingale
measures is a singleton. We will restrict our attention to martingale measures such that the
Radon-Nikodym derivative ( Z,, = %\%n,o < n < N) is a P-square integrable martingale,
i.e., sup,cio Ny B[Z2] < oo. Recall that we have assumed that the price process F(r,) follow
F(r,) = emntumentone \p < N. Let M be the set of all martingale measures equivalent
to the original subjective measure. We next find one such measure given by the FEsscher
transformation.

Proposition 3 The set U of equivalent martingale measures given by the Esscher transform
d
is the set of probability measures Q% such that %Bn = 74 where

n n

a2y
Zin = eXP(Z[_% + apYp€p + apgpefz)] H V1—=2a,9,.

=1 (1 = 2a,g,) 1

We thus point out that the martingale measure P, is not unique in general (the measure corre-
sponding to the Esscher transformation is just one of the many possible martingale measures).
Further, the different possible solutions of a,,’s which satisfy (3.2) for a given set of x,, s, y,s and
gns. We thus explore other conditions [8] which would help us to next select a unique pricing
strategqy for the bond issuer.

Definition 1 Let () be an equivalent martingale measure with respect to the subjective measure
P. The minimal variance criteria for an EMM is defined by:

% _ _ ZN: —rn
V(Q'.P)= inf V(Q.P) = jnf Varg[e™i=o ™ — R (12)

where QQ* is the minimum variance Martingale Measure (MVMM).
We have,

V(Q, P) = Varg[eXi= " — Fy] = Eg[(eXro " — Fy)?| + (EgleX™io ™ — Fp))>  (13)
= Bgl(e=ho ™ — Fy)’ (14)

Remark 1 Note that the cost function is linear in Z since EQ[(eZiV:O " Fy)2] = E[Zy(eXr=0 T
—Fy)?]. In fact Eq [f(erf:o ~"6)] is linear in Z for any well behaved f since Eq [f(erf:o )] =
E[ZNf(eZiLO ~"8)]. We will discuss the solution of such cost function through the LP and DP
method in later sections.

5 Construction of Radon-Nikodym derivatives

The construction of a martingale measure based on the conditional Esscher transformation
gives us only one particular measure, although the class of martingale measures equivalent to
the subjective measure P can be more rich. We discuss the construction of martingale measures
in the following section. We first characterize the density process Z = (Z,)n>1. Let Q << P.
P,

gp- is then a non-negative (P, (3,))-martingale with E[Z,] = 1. We

The density process Z, =



would next like to characterize the set of densities such that the discounted price processes are
martingales. For E[|eXk=1 —"% F(r,)|] < 00,Vp,0 < p < N, the no-arbitrage condition gives:

BoleSho B (r,)[S, 1] = €555~ F(r, ), (15)
EQ[e_TnF(Tn”%n—l] = F(rn-1),
Z
E[Z—€ nF(Tn)|%n_1] = F(rn_l),
n—1
/ Zne=" F(r,)dP = / Z 1 F(rn1)dP, for cach A € S, ;. (16)
A A

The set of martingale measures is thus characterized by the non-negative density processes
that are P-martingales with expectation one and satisfying (16). However, it is difficult to
guess a functional form for the density process from the above conditions.

Consider, a process h = (hy)p>1 = e2k=0 "*F(r,) such that E[|h,|] < co,Vn,1 < n < N.
For h to be a martingale under a measure () ~ P it should satisfy:

E[Znh'n|%n—l] = Zn—lhn—la (17)
/ Znh,dP = / Zp_1hp_1dP, for each A € &,,_1, (18)
A A
/(Znhn — Zn—1hy_1)dP =0, for each A € J,,_1, (19)
A
Zn
/ Zn_l(Z—hn — hn_l)dP = 0, for each A € gn—l (20)
A n—1

5.1 The finite state space model

We discretize the sample space of possible values of the short rate process r. We have assumed
the discounted price process h to be a function of the process r. In practice, we have to assume
that r has a finite/countable state space as against our earlier assumption of continuous state
space. Let Q = {w', w? w3, ..., w™}, thereby restricting our state space to cardinality of m.

Thus, (17) translates to:

E[Znhn|gn—l] = Zn—lhn—b (21)
Z Z¥REP(hy, = B by, By, oo 1) = Zp_1 Py (22)
For n =1, > ZEWEP(hy = hf|ho) = Zoho, (23)
k=1
> ZEWEP(hy = hY) = Zoh. (24)
k=1

Also note that we have the normalizing condition, F[Z;] =1

i Z¥P(Zy=7ZF) =1 (25)

k=1



and the property that 7, is a P-martingale:
E[Zn‘%n—l] — Zn—l- (26)

Note that (24), (25) and (26) are the governing equations from which the density process at
n = 1 has to calculated. We now show the calculations for n = 2.

For n = 2, ij ZShEP(hy = hF|hy) = Z1hy,
. (27)
with the additional constrains, zm: ZVP(Zy =78 =1 (28)
- and E[Z5|31] = Z4, (29)
E[Z) = 1. (30)

5.2 The two states case, m = 2

We define the two states of the process r as r' and 72 and h' and h? as the respective discounted
prices. We associate probabilities P(h,, = hl) = p and P(h,, = h%) = q.

2
For n =1, > ZEWEP(hy = hf|ho) = ho, (31)
k=1
ZihiP(hy = hy) + ZhiP(hy = h}) = h, (32)

with the additional constraint,
IiP(Z, = Z)+ ZiP(Z, = Z}) = 1. (33)
Assume h} > hg > h? > —1. From (32) and (33) we get:
L ho — h? 1
LRI P = )
_hi—hg 1
b= hiP(hy=1h2)
Observe finally that the values are unique and hence the martingale measure given by (34)

& (35) is the only one. The above model is an extension of the CRR model associated with
stocks.

Z (34)

Z? (35)

5.3 The Incomplete Bond Market

We observe that equations (21) and (26) are the only equations that are to be satisfied for a
price process h, to be a martingale. Further, it suggests that for any model which has more
than two possible states for the price process at any time t is incomplete, since the values of
corresponding Radon Nikodym derivatives are not unique as in the CRR model.

Since, the choice of martingale measure is not unique and any martingale measure doesn’t
ensure faithful replication of final payoff, from now onwards, we mean square deviation as
criteria to choose a martingale measure from the set of measures available.

We thus are interested in finding the value of Z which minimizes

Eql(eXr=0 " — Fy)?] = E|Zy(hy — ho)?].



5.4 The m state model

N-1
minimize Ina(Zo) = > {E[Zrs1(hisr — ho)? = Zi(hi — ho)?]} (36)
k=0
subject to E[Z,hn|Sn-1] = Zn—1hn—1, Yn,0 <n < N,
E[Zn‘%n—l] = Zn—h Vn,O S n S N,

E[Z,] =1, Vn,0<n <N,
Zp >0, Yn,0<n < N.

Let the number of states be m and let p; be the probability of occurrence of i state.
The problem then simplifies to:

For n = 1, we have

minimize Ji(Zo) = Zplzl (hi — (41)
subject to Zp,-Zih’i = hy, (42)
> piZi=2Zy=1, (43)
i=1
Zi>0,Vi,i=1,..,m. (44)
For n = 2, we have
minimize Jor(Zo) = {Z Z [pip; 23 (W), — z:pzZZ (R} — ho)?} + Zp,-Z{'(hi — hyg)?
j=1 i=1 1=1
(45)
subject to > piZih, = ZihiVii = 1,2, ..m, (46)
> piZy =7y Vii=1,2,..m, (47)
j=1
> piZi =7y =1, (49)
Z Zpiijéj =1, (50)
j=1 i=1
Z8>0,Yii=1,..,m &Z¥ >0,Vi,Vji=1,...m,j=1,.m. (51)

Observe that the (50) is a linear combination of (47) .



For n = t, we have

minimize Jix(Zo) = Z{(H Z)[(H Pik)Z:LliZ"'in(hizn - h0)2] (52)

—<ﬁ2>[<Hpik>Zz“‘i SR b))

k=14ik=1 k=1

subject to Zp,k i = Z,’c ’1 R e 1,‘v’zk F=1,2....mVkk=1,2..1t,

k=1

(53)
S puzp T = 2P VR =12 m Yk k= 1,21, (54)
k=1
HZ le 1=1,Yn,n=1,2,. (55)
k= 1ﬁ 1 =
ZUe s O,Vzk,zk =1,2...,m, Yk, k=1,2...,1t. (56)

Observe that (55) is a linear combination of (54) .

6 LP formulation

For n = t, we have

minimize Jix(Zo) = Z{(H Z)[(szk)zflllzln(hg - h0)2] (57)

n—1 m n—1

— (I DI [ p)Zis ™ (h ) = ho)™]}

k=1ik=1 k=1

subject to S puZi Ty = ZE T Y = 1,20 m Yk k= 1,208,

ik=1

(58)
= it42...ik iti2.3k ik k
> iz = Zi TR R =12 om Yk k=1,2....t,  (59)
k=1
HZ Hp, "=1Yn,n=12, ..t (60)
k=1ik= 1 =
ZUP > 5,Vzk,zk =1,2....mVk k=1,2..t (61)

For a given ¢, the problem can be solved by Linear Programming. However, the number of
variables to be found at time ¢ is very large ( = %) and hence the method becomes com-

putationally tedious. Observe that (60) is a linear combination of (59) i* = 1,2....,m,Vk, k =
1,2t —1.



7 DP formulation

We explore the dynamic programming approach to find the minimal variance martingale mea-
sure in a finite horizon market model. The stochastic optimal control problem is characterized

by:
1. An underlying discrete-time dynamic system, and
2. a cost function that is additive over time.

The stochastic optimal control problem can be written as:

N-1
minimize Ina(Zo) = > {E[Zrs1(hisr — ho)? = Zi(hi — ho)*]}
k=0
subject to E[Z,h|Sn-1] = Zn—1hn—1, Vn,0 <n < N
ElZ,|Sn-1] = Zp-1, /0,0 <n <N
E[Z,) =1, Vn,0<n <N
Z, >0, ¥n,0 <n < N.

We first analyze the case where the discounted price process h can assume three values (3
state space problem). Let p, ¢&r be the respective probabilities of associated with the three
values. The control problem can be written as:

For n = 1, we have
minimize Ji.:(Z0) = pZi(hi — ho)? + qZi (k] — ho)* + rZ3(h} — ho)?
subject to pZiht + qZih? +rZ3h? = hy
pZi +qZi+rZ} =1

For n = 2, we have
minimize  Jox(Zo) = [ppZy" (hy — ho)* — Zi (hy — ho)?] + [paZ3" (hy — ho)* — ZF(hi — ho)?]

+ [prZ3Y(hy — ho)? — Z3 (B3 — ho)?] + [apZ32(h2 — ho)? — Z1(ht — ho)?]
+[qqZ3(h3 — ho)? — Z?(h? ho)?] + [qrZ33(h3 — ho)* — Z3(h — ho)?]
+ [rpZ3H (RS — ho)? — Z3hl — ho)?] + [rqZ32(h3 — ho)? — Z3(h? — ho)?]
+ [ Z8 (03 — ho)? — Z3(h? — ho)?] + pZL(hl — ho)?

+qZ7 (B — ho)* + 1 Z7 (h§ — ho)?

subject to pZy hy + qZy ks + 12y hy = Z1hy
pZ3hy + qZ3hy +rZ3°hy = Z1hi
pZ3hy + qZ3 ks + rZs hy = Z7h3
P2y +4Zy" + 12" = 7
PZ3 4 qZ3 + 125 = 2}
pZ3t +qZ¥ + 123 =7}
pZihl 4+ qZ2ht +rZ3h3 = hy
lel + qu2 + er’ =1
ppZy + paZ3t + prZit + qpZs? +qqZ3 + qrZst + rpZst +rqZy +rrZy =1



Observe that the set of possible values of Z is uncountable when the state space of the rate
process is greater than or equal to 3. Since our state parameter Z is also the control parameter,
uncountability of the control parameter results in uncountability of the state parameter. In
particular, it is necessary that admissible policies consist of Borel measurable functions p;. An
alternate solution to the uncountable state space problem may be resolved by discretizing the
space and considering only a finite number of elements of that set. The deterministic finite-
state optimal problem is equivalent to the shortest path problem the optimal solution of which
can be easily found by the forward DP algorithm.

7.1 Formulation of the 3 state DP Problem

We will first discuss the above case where the state space of the rate process is restricted to
three states. We consider a part of Z; as the state variable denoted by Z7 and the other part
as control variable.

For n = 1, we have
minimize J1.:(Zy) = lel(h% - h0)2 + qu(h% - h0)2 + er’(hi’ — h0)2

. ph} qh% _le___Zoho—er’hi’
subJectto{ » ¢ _Z12___ Zo — 173
(2L [ pht ah3 7' Zoho —rZ3R3
Zr L p o« Zy—rZ3}
gs_ | 2] _ [ phi ahi Tl he —rhd ][ Z
1 _le_ P q 1 —r Zf’
s_-le-_ 1| ho —Th‘z) 2
=z | =4 [1 || 2

73 = f(Zo, uo, 1) where ug = 73

The control parameter Z} € (0,1). The state parameter Z; is thus a function of the state at a
previous time Z, and the control parameter Z7, and the stochastic variable h;. The problem
can hence be formulated in the DP format provided the inverse of A exists. The inverse of A
exists when hl # h?. As we have already assumed a much stronger condition i.e., hl # h? # h3,
we can formulate it as a DP problem.

For n = 2, we have

minimize Jo.x(Z0)
[ phy g3 0 0 0 0 [ Z' | [ Zhy—rZ?h3 ]
0 0 phi gpd 0 0 ||z Z2h3 — rZ8h
. 0 0 0 0 phy g2 || 22| | Z3hi—rZ8h3
sublecttol 0 0 0 0 || z2 | T | Zl-rzd
0 0 p ¢ 0 0 ||z 72 —rz3
L0 0 0 0 p q ||z | Z-rz8




We consider a part of Z; as the state variable denoted by Z§ and the other part as control
variable.

Z [ phl qh2 0 0 0 0 | [ Zlhd—rZ¥h3 ]
712 00 0 phl ghi 0 0 2202 — r 2203
o | B0 0 0 0 phy g Z3h3 — rZ5h3
Vis p g 0 0 0 O Zt—rZ33
Z3 0O 0 p ¢ 0 0 7% —rZ3
| Z5? ] o o0 0 0 p ¢ | 2P —rZP ]

735 = g(Zy,uy, hy) where u, = {Z5°, Z3%, 73}
Thus the problem can be formulated as a DP problem given that
p3q3(h§ - h§)3 7é 07

which is assured as hi # h3 # h3. The control parameter u; = {Z3* € (0,%),2223 €
(0,57),Z5% € (0,70)}-

' qr T rr

| n | Equations | Unknowns | Variables to be fixed | Condition for DP |
]2 3 ] pg(hl — h3) # 0
2[6 9 3 PPq’(hy — h3)> #0
3|18 27 9 p°q°(hd — h3)? #0
4 | 54 81 27 p?"®"(hd —h3)2T £0
k|3 1x2 |3 3k ¥ ¢ (h =13 #0

7.2 m state DP problem

We consider a part of Z; as the state variable denoted by Z; and the other part as control
variable. We first discuss the discretization of the control space.

7.2.1 Discretizing the Control Space

Zy = f(Zt—lu ut—1)>
where u;_q = {Z/ 7T i =12 om k=12, ., t—1&i' =3,...,m},

it 1

ZtiliQ.“itill S (07 9 Zk - 17 27 (S m7 k = 17 2a °e t - ]' & it = 37 "‘7m'
Dirpir...pit-1pjt—1

The minimization problem can easily be solved by the Backward DP algorithm if we have a
finite control state space. The control space associated with each control parameter Z; "¢
can thus be partitioned into g discrete points Vi¥ = 1,2,..m, k= 1,2, .,t —1& it = 3,...,m
and the Minimum variance measure according to the quadratic cost criterion can be found.



For n = t, we have

minimize J; (Zo) = E

subject to

le
le..,2
Z21
Zt21...2

ml...1

Zt 1...2
ml...
Zt

ZtlQ.,.l
Z7512"'2
Zt22...1
Zt22...2

mm...1
Zt

mm...2
Zt

0

Let, A=

0

A has a non-zero determinant since,

Determinant(A)

[ p1hi  poh?

-n 1 Zn 1
_hO sz ( n—1
[z, -
Zidhi, -
Z}-n
Ztlilllhifl_
Zt1¥211ht171_
o . . o o 1°"
thf 0 0 0 0 Ztl;“flh%_l
0 0 pihy p2hi Zmhty —
0 e 0 0 Ztl_}—
pa 0 0 0 0 Ztl_f
0 0 pm P2 | Zi
Ztl'_lll_
Ztl._211_
ZEmt —
i Zﬁlm_

0 0
0 0 O 0

0 0 pihf poh?
A 0 0
0 0 0 0

00 pm D2

k—1 k-1
=p" Py (hy =B

Thus, the above problem can be formulated as a DP problem.

t = [A]th*IXth’l[B]th*IXh
Zy = f(Zi—1,ut-1, ht).

Jd2mt—1x2mt—1

TN £0 for bl # B2

— ho)*]}

SimapiZi Ul
s piZi P hy

- 223 piZtl"mihzZ;

STz i
Zizg piZtl'mlhllf

- Sitynzi g

m 1..1
Zi:?,pizt !
m

- Z;ig piZtl”mi

m 1.11%
Z'L 3pzZt !
m 1.214
Zz 3 ZZ !

21 3]7121 .mli

| n | Equations | Unknowns | Variables to be fixed | Condition for DP |
112 m m-2 pip2(ht — h?) #0
2 [ 2m m m(m-2) P (=R Z0
3 | 2m? m m2(m — 2) pl m’ z(hl f)mz #£0
4 | 2m3 m m3(m — 2) pl (hl h2)m® £ O
k | 2mF—! m mF=t(m — 2) pr 1 “(hl—n2)™T £0




8 Discretizing the Bond Price process

We have assumed that the price of a zero coupon bond is a function of the rate process:
h, = eXk=0 " F(r,) endowed with a probability density function. We consider finite partitions
of the the pdf such that the discretized pdf converges to the the given pdf. We show the
convergence of the discretization method for lognormal bond price process. Observe that the
rate process is stationary under the Vasicek’s model as shown below:

T'n —Th—1 = kl + (k2 - 1)rn—1 + o€,
If |ky — 1] < 1 and E|r¢| < oo, then

-k  k

Elry) = kY Elro] + 1T as n — 00
and if Var(rg] < oo
. 0.2(1 _ k,2n)2 0.2
Var[r,] = k3"Var[re) + 1 k‘g — 1 k%;
2km
Cov(ry, Tnem) — 10_ 2]{%

k‘1 0’2 )
1—kp? 1-k3 /)

then r = (r,)n>0 is a stationary Gaussian sequence (both in wide and the strict sense) with

Moreover, if the initial distribution (the distribution of r¢) is normal, i.e., ro ~ N(

0.2

p— 1 . —
T Varlr,]

8.1 Moment matching method

Representative values are assigned so that the first several moments of the distribution match
the moments of the continuous distribution. Such approximations work because a density
function is a limit of discrete mass functions. A distribution function is, in general, uniquely
characterized by its moments. So, if we are progressively able to match all higher moments of
a discrete distribution to the moments of a continuous distribution, then the two distributions
converge in the limiting case. In general, n points of the discrete distribution can match 2n —1
moments [4].

The intuition is that as more and more number of moments are matched, the neat structure
of the optimization problems will lead to a closer and closer approximate solution that could
be justified by variants of weak convergence results.

8.2 Calculating the Approximating Probabilities

We want to find a set of values and probabilities such that:

o N
< a® >::/ :Ekf(x)cm:z:pixf, for k=1,2,....
- i=1

A discrete approximation with N probability-value pairs can match the first (2N — 1) moments
exactly by finding p; and x; that satisfy the following equations:



P1+p2+ps+ +py =< 79 >= 1,

b1 —l-pzivz +p3$3 T —l—pN;BN =< >
plx% + p2l’§ —|—p31’§ T -+ le’?V =< $2 >, (62)
T R o Y e T 1 e

(63)

There is a well-known method for solving these equations. First, define the polynomial:

N

m(x) = (r —x1)(x — x2)(x — 23)....(x —2Ny) = chxk.

k=0

It follows from this definition that ¢y = 1 and 7(x;) = 0 for i = 1,2,.., N. Taking the first N
equations we multiply the first equation by ¢y, the next by ¢y, etc., and then add them to get:

N N
Zpﬂr(:zi) =0= Zcozck.
i=i k=0

Now taking the second equation through (N 4+ 1)th equation and multiplying by the coefficients
of the polynomial again we get:

N
Zpixm(xi) =0= Z cpat T
i=1

k=0

This process is repeated N times to yield the following set of linear equations.

<2'>c+<zr>a+<zi>coF . +<aV t>seyy=—<alV >,
<r>ct<iE>a+<ad>co+ . +<a¥ >eyig=—<alVtt >,
<>+ <B>a+<zt>e+ o + <Ml s ey =— < V2>,
<N tset<aV >+ <a™ >+ +<a?N 2>y =— <ot

These equations can be solved for the coefficients of the polynomial, and then the x; can
be determined by finding the zeroes of the polynomial. Finally, the p; can be determined
by substituting the x; into the original set of equations for the moments of the approximate
distributions. (The p;s can be determined without solving another set of N linear equations.)
It can be shown that if the original moments are finite and are derived from a probability
distribution, this procedure must yield N real, distinct values, x;, which all lie within the interval
spanned by the original distribution. It must also produce positive probabilities.



8.3 Error of Approximation

minimize IN=(Zo) = E|Zn(hn — ho)?] = / Zn(hy — ho)*dP
A

(

subject to E[Z,h|Sn-1] = Zn—1hn—1, Yn,0 <n < N, (
ElZ0|S01] = Zn_1, ¥n,0 <n < N, (66

E[Z, =1, Vn,0 <n < N, (

Zp >0, VYn,0<n<N. (

~— ~— ~—— — ~—

The above problem can be written as:

minimize In=(Z0) = E[Zx(hy — ho)?] = / Zn(hy — ho)*dP (69)
A
Zn € MR C [0, 00), (70)

where MR is the set of Radon Nikodym derivatives (RNDs) generating Equivalent Martin-
gale Measures.

Remark 2 The framework is similar to the Finite Horizon Problem by Ferretti [5], where an
upper bound on the error estimate is calculated.

Here, Zn(hy — ho)? is the cost function, P is some continuous distribution function on R and
Zn € M is the feasible set (the set of Radon Nikodym derivatives that generate an Equivalent
Martingale Measure). Denote by Z* = argminy [, Zy(hy —ho)*dP, (We suppose for simplicity
that it is unique, Quadratic cost function!). Let P, be the approximate discrete distribution,
1.€., we minimize
Ine(Zo)m =Y Zn(hy — ho)?dPp; Zy € MR,,.
Am

We define the approximate error e(J, J,,) := J(argming,, J,,) — J(argming J). Notice that
e(J, Jm) > 0. The error however is difficult to calculate. It is in fact easier to find an upper
bound.

Proposition 4 e(J, J,,) < 2supy |J — Jp.

Proof: Let Z*argmin J and Z, = argmin .J,,.
Set ¢ = sup, |J(Z) — Jnu(Z)|. Let M = {Z : J(Z) < J(Z*) + 2¢}. Suppose that Z* & M.
Then,

J(Z°)+2e < J(Z) < In(Z))+ e < Ju(Z7)+ e < J(Z7) + 2e.

This contradiction establishes Z € M, i.e.
e(J, Jm) =J(Z) — J(Z") < 2e.

Remark 3 The steady decrease of the error term for large values of m and subsequently to
zero is discussed by Ferretti [5] for non-quadratic cost functions.



9 Convergence of optimal solution in the one period
problem

Let Z} be the value of the Z; obtained by approximating the distribution of h; with m random
variables and minimizing the Y " | Z1,,(h1m — ho)?pm subject to martingale constraints. Let
the probability measure Q, be given by Q% (A) = [, Z:dP,, A € $,, € 3. Assuming h; has
a compact support, let Q% converge weakly to Q*, i.e., QF —? Q.

Remark 4 Observe that P,, —* P (by construction,).

Claim 1 Q* is an EMM.

Proof: ()}, is absolutely continuous with respect to P, and Z}, = % is a P,, martingale.
Further, Ef=[Z* | = 1 makes Q*, a probability measure (specifically an equivalent martingale

measure). Thus, we have QF, << P,.

Suppose, Q* is not absolutely continuous with P.

Thus, for some A, € I, Ip > 0, such that V¢ > 0, for P(A;) < ¢, we have Q*(Ay) > p.
Q. —4 @Q* and P’ —9 P* further implies that 3Imyg, s.t. for all m > mg, we have, for
P,(A,) < % implies Q;,(Ay) > £,V¢ contradicting the absolute continuity of @, with respect
to P,,. Hence Q* << P.

* . dQ*

Moreover, we have, E[Z*] = 1 and E[Z*|S¢| = E[Z*] = 1 making Q* an equivalent martingale
measure.

Claim 2 E9 [(hy — ho)?] < E9[(h1 — h)?],VQ € M.
Proof: For any Q,,, Q,, € M, we have
E9n[(hy — ho)?] < E9"[(hy — ho)?].
We first consider the case when h; has a compact support. Taking limits on both sides,

lim E9n[(hy — ho)?] < lim E9™[(hy — ho)?;

m—00 m—00

implies E9 [(hy — ho)?] < lim E9[(hy — ho)?].

m—00

10 Numerical Solution of the ’one’ period problem

10.1 MVMM for Lognormal bond prices

We consider the bond price process h to be lognormal with parameters 4 and o. For a lognormal
variable X ~ LN (ju,0), the n-th moment is given by [6]:

n20.2

2

Elz"] = exp(np + ).

An important observation while approximating a lognormal random variable is the moments
grow exponentially for larger n’s. Further, when solving for the co-efficients cg, 1, co, ... by using



MATLAB for higher n’s the values we get are highly unreliable. If A is a square matrix, A\ B
is roughly the same as inv(A) x B, except it is computed in a different way. If A is an n-by-n
matrix and B is a column vector with n components, or a matrix with several such columns,
then X = A\B is the solution to the equation AX = B computed by Gaussian elimination. A
warning message gets printed if A is badly scaled or nearly singular.

The Table below shows the minimum value of the cost function Z;E[(h; — hg)?] when the
lognormal distribution is approximated with N random variables, thereby matching its first
2N — 1 moments. We consider Z; > 6,0 = 0.01.

‘ N ‘ Minimum Cost ‘
4 10.01023659729930
0.03260498418877
0.03755310515767
0.03419657511033
0.02676107361828
0.01738206877951
0 | 0.00719783570787

=[O 00| 3| O Ot

Remark 5 Observe that the minimum cost steadily decreases after we increase the number of
approximating random variables (N) beyond 6.

The Radon Nikodym Derivative Z; corresponding to the MVMM for N = 7 is given by:

‘ Zl ‘ Minimum Zl ‘
Z110.01053570010757
Z% 1 0.01000004744816
Z3 1 0.01000000161230
Z+ 1 0.01000000031368
Z7 | 0.01000000035239
Z% | 1.40434853801986
Z7 | 9.74146229882888

Remark 6 We observe that the values of Z1, 23, Z3, Z} ~ 0.01.

Remark 7 The primal is infeasible for N = 3. This is because both E[Z1hy|So] = Zoho = 1
and E[Z1] = 1 cannot be satisfied for Z1 > §. In MATLAB, once the preprocessing has finished,
the iterative part of the algorithm begins until the stopping criteria are met. If the residuals are
growing instead of getting smaller, or the residuals are neither growing nor shrinking, then the
problem is usually infeasible.

10.2 MVMM for bond prices with triangular distribution
The probability distribution function f of the bond price process h is given by:

2(h —a)

(b —a)(c—a)
_ 2(b—h)
_—(b—a)(b—c) forc<h<b

We consider a = 0.01,b=3,c=1.

f(h) =

fora < h <g;



The Table below shows the minimum value of the cost function Z;E[(h; — hg)?] when the
triangular distribution is approximated with N random variables, thereby matching its first
2N — 1 moments. We consider Z; > 6,0 = 0.01.

‘ N ‘ Minimum Cost ‘

5 | 0.0939
6 | 0.0639
7 10.0304
8 | 0.0512
9 |0.0183

Remark 8 The minimum cost increases when the price process is approximated by 8 random
variables. For higher of order discretization, calculating the random variables and their corre-
sponding probabilities becomes computationally difficult. This is because the calculation involves
wverting some nearly singular matrices in the moment matching method.

11 Multi-period Problems

We show numerical solutions for the two and three period problems respectively. The follow-
ing observations are for lognormal bond prices, the parameters of which were estimated from
historical data. We can observe that the minimum cost decreases as we increase the number of
random variables for approximating the bond price process.

11.1 Two period model

‘ N ‘ Minimum Cost ‘
4 10.65995110654808
0.88906263588492
0.22928906886193
0.14774246209004
0.03428916742700
0.00626970588837
0 | 0.00369256412862

=] O 00| 3| O Ot

Remark 9 Observe that the minimum cost steadily decreases after we increase the number of
approzimating random variables (N) beyond 5.

11.2 Three period model

‘ N ‘ Minimum Cost ‘
4 10.68609629492469
0.59977289393892
0.35861641706338
0.11466908485029
0.07380469227943
0.07828389730531
10 | 0.01118382079643

O 00| | O O

Remark 10 Observe that the minimum cost steadily decreases after we increase the number of
approzimating random variables (N) except from step 8 to 9.



12 Conclusions

The exponentially quadratic form reduces to the exponentially linear form in an arbitrage-
free market given by a specific form of the Radon-Nikodym derivative. We have shown that
a discrete-time bond market with uncountable state space for the short rate is Incomplete.
Further, the analytical solution for Radon Nikodym derivatives were difficult to obtain and
hence an approximation of the subjective measure by a discrete measure by Moment matching
approach is used. The approximate distribution converges to the original distribution in the
limiting case. Pricing of bonds can thus be seen as a minimization problem in an Incomplete
market setup. Further, both the Linear Programming and Dynamic Programming approaches
to solve the minimization problem were dicussed.
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