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Abstract:

The purpose of this paper is to study a price ldyelamics in a simple four-equation model.
A basis of this model is developed from dynamicald¢rian model which could be noticed
very frequently in works of non-linear economic dymics. Our approach is traditional. The
difference is observed in a choice of an investnmfamiction. The investment function
depending on the difference of logarithm of produciand logarithm of capital (logarithm of
the productivity of capital) is in a form of thegistic function. These two equations create
relatively closed sub-model generating both pradacand capital stock trajectories. Two
other equations describe the price level dynamgsaaconsequence of money market
disequilibrium and continuously adaptive expectatdd inflation. Our investigation is firstly
aimed to core model dynamics, i.e., a dynamichefproduction and capital stock. Secondly
is to analyze dynamics of the model as a whade, tio the first part is superadded the price
dynamics and expected inflation dynamics dependmf@poth an adaptation parameter of the
commodity market and a parameter of the expectafidnirdly we compute Lyapunov
exponents for a simple model of closed economy sipv's a chaotic behavior. Simulation
studies are performed.
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1. Production Sector and Capital Formation Model -A Statement

The Kaldor model has became a kernel of nonlineadets of closed economy. There are
descriptions of the Kaldor model in many textbofiksthe economic dynamics. For example
we can take it in Lorenz, H.-W. (1994). The similarm of the Kaldor model is analysed by
Flaschel, P., Franke, R., Semmler, W. (1997). Alitienal form of this model has the
following form

Y =afI(Y,K)-S(Y)], (1)
whereY, K depend on time and stand for a production and @atagbock respectively. The
parameter > 0 is the adjustment parameter. Investmérgee increasing in th¥ and are
decreasing in th&. The saving$ are an increasing function %¥f The equation (1) describes
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a production dynamics which is expressed as a qoesee of disequilibrium between
investments and savings.
The capital increas& is equal to the difference of investment and ehmibnsumption. The
capital consumption is assumed to be an increaingtion of capital stock®(K). The
equation expressing capital dynamics is in the fasnfollows

K =1(Y,K)=D(K). (2)
The investment function is supposed to be the mroolupropensity to invegtdepending on
an expected productivity of capipaland a productiolY. As we assume that the individuals
expect the actual productivity of capital we have

=Y 3)
K

From the equation (3) we can obta&rIn ¥y = y—-k , wherey, k stand fory =InY ,

k =InK respectively. For the investment function we assume

L(Y,K) = () LY = j(YTK) LY. 4
Using this notation we get
J(Y/K) = j(e) = j(™)=i(y-kK). )

A propensity to investis an increasing function efand it is assumed that it approaches to
zero for decreasingto minus infinity and approaches to the maximuweldor increasing.
We assume that a product of a consjam@ind a logistic functiord, depending o, is the
fairly good approximation of the propensity to ist.eThe logistic functior is a solution of
the following differential equation
A

dd—,(;) = A(e)qa-bA(e)). (6)

Let us consider an initial conditior(0) =A,. Then the logistic functiori takes on the

following form

Ae) = al4, . (7)
bCA, +(a—-bA,)) &

We receive the propensity to invesh the following form

()= M) = — +(‘?f’é’é’1 it (8)

or

. alulA

i(y—k)=uD(y-k)= 0 : (9)

(y—k)=uti(y -k b + (@b, ) &7
For the saving function we have used the followirgression

S(Y)=(s,+s [y-s,[n)Y. (10)

The above equation describes the dependence ofgsawh investments as the product of a
productionY and propensity to save, +s [y—s,[77 which is not a constant. We assume
that it depends on a productigrand on an expected inflation The dependence on thas
positive; the dependence on the expected inflatiols a negative. The higher expected
inflation 7 the higher reduction of savings. Let us rearratige equation (1) using the
expressions for investments and savings. We get

Y=ali(y-k) Y - (s, +5 Oy - s, 0n) [Y]. (11)
Dividing the equation (11) by, we get
y=allily-k) -(s+sly-s,[n)]. (12)



Let D = B[K”, 8,y 0(0,1) denotes a capital consumption expressingépeeciated portion

of capital. A capital formation in the closed econois described by the following
differential equation

K=1(Y,K)-BIK". (13)
or by the following one
K=i(y-k)IY - B[K". (14)
Dividing the equation (14) bl we get
K_. Y o 15
K Siy-RE - BK (15)
Using logarithms instead of original valuesyadndK we get
k=i(y-k) @™ - gre” ¥, (16)

The equations (12) and (16) describe the produateramics and the capital formation, i.e.
the dynamics of Kaldor model. The final forms o#$k equations are as follows

y = atut (17)
e b A, +(a—b5n(;)e-a(y-k)_ “(H+sy-s, DT)}
alulh, 18)

k = @Yk — gk
b, +(a-bA,) &™), o

2. Price Level and Expected Inflation Dynamics

Let us add to the considered model the equationa farice level and an expected inflation
dynamics. Price level dynamics outflows from theedjuilibrium in money market. Demand
for money in the money market is assumed to benglwe Fisherian demand for money
equation
Mi=—1 pry. (19)
V(m)
where M? - demand for moneyP - price level,V - the velocity of moneyz - expected
inflation. A velocity of money is assumed to increase with an expected inflatibaking
the logarithm of the above equation we get
m’ = p+y-v(n). (20)
wherem” - logarithm of demand for monep, - logarithm of price levely - logarithm of the
velocity of money. Logarithm of the velocity of mmnis assumed to be given by the
following equation
V(1) =v, +k16(n). (21)
where a constang is determined by technological level of the banking sector. A partne
k is a constant anis a logistic function solving the logistic equomati
%@: o(m)lg ~hB(). 22)
Supplying an initial conditior153(0)=t90 we get particular solution of the above differahti

equation.
glé

0
hig, +(g-hy,) "
Now we are ready to introduce an equation for thHeeplevel dynamics in the extended
model. The price level dynamics is a consequendbkeotlisequilibrium in money market. An

8(m) = (23)




equilibrium is expressed by the difference betweapply of moneym® and demand for
moneym’, so we get

p=om -md). (24)
wheres is an adjustment parameter. Replagifigrom (20) and using (21), (24) yields
p=cm* - p-y+v, +kB(m)]. (25)
An adaptive expectation of inflation is expressgd b
n=«l(p-n. (26)
Substituting from (25) to (26) we get
1= wloOm® - p-y+v, + « B(7)| - 7} (27)

Using the relation (21) we get the final form oftlequations describing the price level
dynamics and the adaptive expectation of inflation.

g8, j (28)

D=0m’—y-p+v,+k
P [E YRR T g, 4 (g - he) e

: s v+ gD?O (29)
nmr=wdyoudm —y- V, K /i
YT T N, + (g -, e

This system is, in the final form, composed by e¢igus (17), (18), (28), and (29). The
Jacobian of this system has the following form

Al A, as, 0
A = A,q A 5, 0 0
-wo 0 A 33 - wo
-0 0 A 43 -0
_ aa’ud (a-bh,) ex| -4 y-§) <1 A, = —aa’u, (a-b,) exil -4 yIZ)
© b+ (a-bA,) exe o y-H)[ [bA,+ (a-bA,) exel A y-§)]

___adexp(y-k) | aud exp(y-K)(ady )exp(-aly-
7 bA,+(a-bh, Jexp(-a(y-k) (b, +(a-b, Jexp(-a(y-k))’

A = aukexpy-k)  _ dud exply-K)(ag )exp(-aly-
? bl+(a-bl,Jexp(-a(y-K)  (bA,+a-bA, Jexp(-a(y-k))

_ wokg’6,(g- h,) exr{- @) 1 _ okg°6,(g- 6, exi(- ar))

(n6, + (9~ 18,) exi(~ @) (g +(9-19,) exi(- a1))’
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3. Numerical Example of the Extended Model
Let us calibrate the model by numbers in accordantethe following table

Table 1
a b A S S S o p
1 1 0.5 0.2 0.05 0 35 0.1
y o © 0 g h 6, K Vo m’
1 0.6 0.8 0.25 1 1 0.5 15 1 2

The propensity to invest and the propensity to seyeessed by the equations (9) and (10)
respectively have after the calibration the follogvform

_ 025
Y=k =T (30)
s=0.2+ 005y.

Using them in the equations (12) and (16) we getraerical form equations for a simulation
of the simple model of the closed economy
production dynamics equation

025
/=350 — (02+ 005y) |. (31)
y 35[E1+e_y+k 02 OOSy)}
capital formation equation
= %ey‘k -01. (32)
1+e”’
price dynamics equation
- 075 33
p=062-y-p+l+——1|. (33)
l+e
adaptive expectation of inflation
75
=08 06/ 2-y—-p+1+ -7T|.
8{ {z-y-prne ) } ©Y

The initial conditions were chosen ¥®)=3, k(0)=10, p(0)=1, and(0)=0. The trajectories
and phase portrait of the numerical example are/shio Figures 1-4.
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The phase portrait is demonstrated in Fig. 5

Phase Behavior of IKaldorian Model

(pP.P,¥)

Figure 5



Eigenvalues of this system equations are as follows

(00240373 )
0.02 - 0.373%
-0.6
—0.999

eigenvals(4) =

Lyapunov exponents have the following values 0.0&38, -0.0005, -1.7475. The Lyapunov
dimension has the following value 3.03. A behavidr Lyapunov coefficients, and the
Lyapunov dimension for the simple model of the etbseconomy are demonstrated in Fig. 6.
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Conclusion

The four-equation model was formulated in this pagdis model is actually augmented

Kaldor model which is not only very well known bist intensively studied in economic

dynamics. The original Kaldor model had been crkdig the equations (17) and (18). We
have used a non-linear investment function, wheckhe product of the production and the
propensity to invest. The logistic function was st for the approximation of the propensity
to invest. Another type of non-linearity in our n@bds the non-linearity used in a velocity of
money. The velocity of money is defined in our agwh by the non-linear function of

expected inflation. The logistic function as a igta approximation of the velocity of money

was chosen as well. By simulations of numericahgxas this augmented Kaldor model has
demonstrated more complex behaviour of the simpdsed economic system. Values of
Lyapunov coefficients demonstrate a chaotic belaxithis model in spite of its simplicity.
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