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Abstract: 
The purpose of this paper is to study a price level dynamics in a simple four-equation model. 
A basis of this model is developed from dynamical Kaldorian model which could be noticed 
very frequently in works of non-linear economic dynamics. Our approach is traditional. The 
difference is observed in a choice of an investment function. The investment function 
depending on the difference of logarithm of production and logarithm of capital (logarithm of 
the productivity of capital) is in a form of the logistic function. These two equations create 
relatively closed sub-model generating both production and capital stock trajectories. Two 
other equations describe the price level dynamics as a consequence of money market 
disequilibrium and continuously adaptive expectation of inflation. Our investigation is firstly 
aimed to core model dynamics, i.e., a dynamics of the production and capital stock. Secondly 
is to analyze  dynamics of the model as a whole, i.e., to the first part is superadded the price 
dynamics and expected inflation dynamics depending on both an adaptation parameter of the 
commodity market and a parameter of the expectation. Thirdly we compute Lyapunov 
exponents for a simple model of closed economy showing it’s a chaotic behavior. Simulation 
studies are performed. 
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1. Production Sector and Capital Formation Model – A Statement 
 
The Kaldor model has became a kernel of nonlinear models of closed economy. There are 
descriptions of the Kaldor model in many textbooks for the economic dynamics. For example 
we can take it in Lorenz, H.-W. (1994). The similar form of the Kaldor model is analysed by 
Flaschel, P., Franke, R., Semmler, W. (1997). A traditional form of this model has the 
following form 

( ) ( )[ ],, YSKYIY −= αɺ  (1) 

where Y, K depend on time and stand for a production and a capital stock respectively. The 
parameter α > 0 is the adjustment parameter.  Investments I are increasing in the Y and are 
decreasing in the K. The savings S are an increasing function of Y. The equation (1) describes 
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a production dynamics which is expressed as a consequence of disequilibrium between 
investments and savings.    
The capital increase Kɺ  is equal to the difference of investment and capital consumption. The 
capital consumption is assumed to be an increasing function of capital stocks D(K). The 
equation expressing capital dynamics is in the form as follows 

)(),( KDKYIK −=ɺ . (2) 

The investment function is supposed to be the product of propensity to invest j depending on 
an expected productivity of capital c and a production Y. As we assume that the individuals 
expect the actual productivity of capital we have   

.
K

Y
=χ  (3) 

 From the equation (3) we can obtain ky −== χε ln  , where y, k stand for Yy ln= , 
Kk ln=  respectively. For the investment function we assume 

.)/()(),( YKYjYjKYI ⋅=⋅= χ  (4) 
Using this notation we get 

)()()()/( kyiejejKYj ky −=== −ε . (5) 

A propensity to invest j is an increasing function of ε and it is assumed that it approaches to 
zero for decreasing ε to minus infinity and approaches to the maximum level for increasing ε. 
We assume that a product of a constant µ and a logistic function λ, depending on ε, is the 
fairly good approximation of the propensity to invest. The logistic function λ is a solution of 
the following differential equation 

( ) ( ) ( )).(
d

d ελελ
ε
ελ ⋅−⋅= ba  (6) 

Let us consider an initial condition 0)0( λλ = . Then the logistic function λ takes on the 

following form 

ελλ
λελ ⋅−⋅⋅−+⋅

⋅=
aebab

a

))(
)(

00

0 . (7) 

We receive the propensity to invest i in the following form 

ελλ
λµελµε ⋅−⋅⋅−+⋅

⋅⋅=⋅=
aebab

a
i

)(
)()(

00

0 . (8) 

or 

( )kyaebab

a
kykyi −⋅−⋅⋅−+⋅

⋅⋅=−⋅=−
)(

)()(
00

0

λλ
λµλµ . (9) 

For the saving function we have used the following expression 
( ) .)( 210 YsyssYS ⋅⋅−⋅+= π  (10) 

The above equation describes the dependence of savings on investments as the product of a 
production Y and propensity to save π⋅−⋅+ 210 syss  which is not a constant. We assume 

that it depends on a production y and on an expected inflation p. The dependence on the y is 
positive; the dependence on the expected inflation p is a negative. The higher expected 
inflation p the higher reduction of savings. Let us rearrange the equation (1) using the 
expressions for investments and savings. We get 

].)()([ 210 YsyssYkyiY ⋅⋅−⋅+−⋅−⋅= παɺ  (11) 

Dividing the equation (11) by Y , we get 
)]()([ 210 πα ⋅−⋅+−−⋅= sysskyiyɺ . (12) 
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Let ,γβ KD ⋅=  β, γ ∈ (0,1) denotes a capital consumption expressing the depreciated portion 
of capital. A capital formation in the closed economy is described by the following 
differential equation 

γβ KKYIK ⋅−= ),(ɺ . (13) 

 or by the following one 
γβ KYkyiK ⋅−⋅−= )(ɺ . (14) 

Dividing the equation (14) by K we get  

.)( 1−⋅−⋅−= γβ K
K

Y
kyi

K

Kɺ
 (15) 

Using logarithms instead of original values of Y and K we get 
kky eekyik ⋅−− ⋅−⋅−= )1()( γβɺ . (16) 

The equations (12) and (16) describe the production dynamics and the capital formation, i.e. 
the dynamics of Kaldor model. The final forms of these equations are as follows 

( ) .)(
. 210)(

00

0




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
⋅−+−
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  2. Price Level and Expected Inflation Dynamics 
 
Let us add to the considered model the equations for a price level and an expected inflation 
dynamics. Price level dynamics outflows from the disequilibrium in money market. Demand 
for money in the money market is assumed to be given by Fisherian demand for money 
equation  

YP
V

M d ⋅=
)(

1

π
. (19) 

where Md - demand for money, P - price level, V - the velocity of money, π - expected 
inflation. A velocity of money V is assumed to increase with an expected inflation. Making 
the logarithm of the above equation we get  

)(πvypmd −+= . (20) 

where md - logarithm of demand for money, p - logarithm of price level, v  - logarithm of the 
velocity of money. Logarithm of the velocity of money is assumed to be given by the 
following equation 

)()( 0 πθκπ ⋅+= vv . (21) 

where a constant v0 is determined by a technological level of the banking sector. A parameter 
κ is a constant and θ is a logistic function solving the logistic equation  

 
( ) ( ) ( )( )πθπθ
π
πθ ⋅−⋅= hg

d

d
. (22) 

Supplying an initial condition ( ) 00 θθ =  we get particular solution of the above differential 

equation. 

( ) πθθ
θπθ ⋅−⋅⋅−+⋅

⋅=
gehgh

g

00

0)( . (23) 

Now we are ready to introduce an equation for the price level dynamics in the extended 
model. The price level dynamics is a consequence of the disequilibrium in money market. An 
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equilibrium is expressed by the difference between supply of money sm  and demand for 
money dm , so we get 

)( ds mmp −⋅= σɺ . (24) 

where σ is an adjustment parameter. Replacing md from (20) and using (21), (24) yields 
)]([ 0 πθκσ ⋅++−−⋅= vypmp s

ɺ . (25) 

An adaptive expectation of inflation is expressed by  
).( πωπ −⋅= pɺɺ  (26) 

Substituting from (25) to (26) we get 
( )[ ]{ }.0 ππθκσωπ −⋅++−−⋅⋅= vypms

ɺ  (27) 

Using the relation (21) we get the final form of the equations describing the price level 
dynamics and the adaptive expectation of inflation.  
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This system is, in the final form, composed by equations (17), (18), (28), and (29). The 
Jacobian of this system has the following form 

0

0 0

0

0
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σ σ

ω σ−

− −

−
=

1 1 1 2

2 1 2 2

3 3

4 3

A

A

A A

A A
A

 

 
 

( ) ( )( )
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0 0
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α µλ λ
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( ) ( )( )

( ) ( )( )[ ]
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( )
0 0 0

2
0 0 0 0

2a exp(y-k) a exp(y-k)(a-b )exp(-a(y-k))
+
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µλ µλ λ
λ λ λ λ
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3. Numerical Example of the Extended Model 
Let us calibrate the model by numbers in accordance with the following table 

Table 1 
a b 0λ  s0 s1 s2 α β 

1 1 0.5 0.2 0.05 0 35 0.1 
 

γ σ ω µ g h 0θ  κ v0 ms 

1 0.6 0.8 0.25 1 1 0.5 15 1 2 
The propensity to invest and the propensity to save expressed by the equations (9) and (10) 
respectively have after the calibration the following form 

kye
kyi +−+

=−
1

25.0
)( , 

ys 05.02.0 += . 

(30) 

Using them in the equations (12) and (16) we get a numerical form equations for a simulation 
of the simple model of the closed economy 

production dynamics equation 






 +−
+

⋅= +− )05.02.0(
1

25.0
35 y

e
y

ky
ɺ . (31) 

capital formation equation 

1.0
1

25.0 −
+

= −
+−

ky
ky

e
e

kɺ . (32) 

price dynamics equation 










+
++−−= −πe

pyp
1

75.0
126.0ɺ . (33) 

adaptive expectation of inflation 

 






 −








+
++−−= − ππ πe

py
1

5.7
126.08.0ɺ . (34) 

 
The initial conditions were chosen as y(0)=3, k(0)=10, p(0)=1, and p(0)=0. The trajectories 
and phase portrait of the numerical example are shown in Figures 1-4.  
 

 
Figure 1 

dm  



 6 

 
Figure 2 

 
Figure 3 

 

 
Figure 4 

The phase portrait is demonstrated in Fig. 5 

 
Figure 5 
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Eigenvalues of this system equations are as follows 
 

 
 

Lyapunov exponents have the following values 0.0635, 0.0, -0.0005, -1.7475. The Lyapunov 
dimension has the following value 3.03. A behavior of Lyapunov coefficients, and the 
Lyapunov dimension for the simple model of the closed  economy are demonstrated in Fig. 6. 
 

 
 

Figure 6 
 
 
Conclusion 
 
The four-equation model was formulated in this paper. This model is actually augmented 
Kaldor model which is not only very well known but is intensively studied in economic 
dynamics. The original Kaldor model had been created by the equations (17) and (18). We 
have used a non-linear investment function, which is the product of the production and the 
propensity to invest. The logistic function was chosen for the approximation of the propensity 
to invest. Another type of non-linearity in our model is the non-linearity used in a velocity of 
money. The velocity of money is defined in our approach by the non-linear function of 
expected inflation. The logistic function as a realistic approximation of the velocity of money 
was chosen as well. By simulations of numerical examples this augmented Kaldor model has 
demonstrated more complex behaviour of the simple closed economic system. Values of 
Lyapunov coefficients demonstrate a chaotic behavior of this model in spite of its simplicity.     
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